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1 Introduction

The use of holomorphy has shed light on the dynamics of N = 1 gauge theories in four

dimensions [1], giving insights into the dynamics and the role of electric magnetic duality.

Following the original papers [2–4], there has been progress in finding a similar picture in

3d N = 2 theories (and interconnections with string theory), see e.g. [5–11], and many

others. The 3d theories exhibit several interesting elements that are not present in 4d:

1. Abelian gauge groups can have non-trivial IR dynamics.

2. There are real parameters: masses and FI terms,1 which do not reside in (background)

chiral superfields. So the power of holomorphy does not help to control them.

3. Chern-Simons parameters; they are quantized and cannot be continuously varied.

4. Coulomb branches, associated with expectation values of vector superfields; the chiral

operators thus include monopole operators [2, 3, 5, 15, 16].

The presence of real parameters has deep consequences: it allows for interesting phase

transitions. This differs from 4d SUSY theories, where all the parameters are background

chiral superfields, so complex. Then, if supersymmetry is unbroken, there are no phase

transitions [1, 17]. There are no first order transitions, since the vacuum energy is zero,

and any second or higher order transitions are associated with the expectation value of

1Real Fayet-Iliopoulos terms are also present in 4d. But since they are associated with U(1) gauge

theories, which are not asymptotically free, they cannot be present in the UV Lagrangian. Moreover, FI

terms cannot be generated by the dynamics [12–14] and hence cannot be present in the IR Lagrangian.

Therefore, their impact on the dynamics is less interesting than in 3d.
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a chiral superfield order parameter. Such regions are subspaces of complex codimension,

e.g. a point in the complex plane that can be in a new phase (e.g. interacting SCFT vs.

IR free). Since it is always possible to move around such regions, there cannot be walls

separating different IR phase regions in 4d. But there can be in 3d.

We will here encounter the following phases2

1. Higgs. This includes non-compact or compact moduli spaces, or isolated points.

2. Coulomb. This includes both non-compact and compact (as in [6]) possibilities.

3. Topological: isolated vacua of theories with Chern-Simons terms keff 6= 0.

Most of our examples will be based on U(1) and SU(2) gauge theories, but they can be

easily generalized to more complicated gauge groups.

We will discuss, compare, and make distinctions between, several different notions:

1. The supersymmetric vacua and their moduli.

2. Vortices. (Particles, localized at points in space.)

3. Monopole operators. (Localized at points in spacetime.)

These notions are inter-related. The Coulomb branch of say a U(1) gauge theory can be

labeled by expectation values of a chiral superfield X. On the Higgs branch, there can

be vortex particle states, which can be BPS for non-zero FI term. In [3] it was suggested

that the Coulomb branch 〈X〉 can be related to a condensate of massless vortices. This

is motivated by mirror symmetry [20], which exchanges the Higgs and Coulomb branches

of dual theories: the vortices can be the quanta of dual, charged matter. More generally,

we can consider monopole operators, which are UV operators, independent of the vacuum,

which insert a flux unit at a point in spacetime. The above notions will be discussed, and

distinguished, extensively in this work.

1.1 Moduli spaces of vacua

The theories in flat spacetime have a rich variety of possible vacua. For generic real

parameters, 3d N = 2 theories have isolated vacua, with a mass gap. In some cases,

supersymmetry is spontaneously and dynamically broken.

In general, upon tuning the real parameters to special values, there can be moduli

spaces of supersymmetric vacua, which can be non-compact or compact. Consider, for

example, a U(1) gauge theory, with some charged matter content. The gauge field strength

and superpartners can be written in terms of a real, linear multiplet

Σ ≡ − i

2
ǫαβDαDβV = σ + · · ·+ 1

2
θγµθF νρǫµνρ ≡ 2πJJ ; (1.1)

2There is also the confining phase, as in [18], for 3d theories with N ≤ 1 SUSY; see [19] for discussion

of the confining phase in N = 2 SQED.
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where σ is the real scalar in the vector multiplet and . . . includes the photino terms. Here

JJ is the current supermultiplet for the conserved, U(1)J global symmetry, with charge

qJ =

∫
d2xj0J =

∫
F

2π
= c1(F ) ∈ Z. (1.2)

The linear multiplet (1.1) satisfies D2Σ = D
2
Σ = 0.

When there is a Coulomb branch, the fields in (1.1) are massless, and the real linear

multiplet (1.1) can be dualized to a chiral superfield X, with DαX = 0 or, as an operator

statement, [Qα, X] = 0. The Coulomb modulus X carries qJ charge ±1, so 〈X〉 6= 0

spontaneously breaks U(1)J . The field X can also acquire charges under the other global

symmetries, as can be seen in terms of one-loop induced Chern-Simons terms [3].

1.2 Monopole operators

A monopole operator changes the boundary conditions of the gauge field, inserting a unit of

qJ charge at a point in spacetime. It is a disorder operator, like the ’t Hooft operator in 4d:

it is most naturally defined by how it affects the fields in the functional integral; see e.g. [21,

22] for analogous discussion for line and surface operators. As a UV operator, the definition

of the monopole operator is independent of the IR choice of vacuum. Nevertheless, the

monopole operator is not-unrelated to the Coulomb modulus X, which labels the vacuum,

and which also carries qJ charge. Also, there is a connection to vortices. When the

monopole operator acts on the vacuum, it creates particle states with qJ charge, like the

vortices discussed above.

It had been anticipated [3] that the Coulomb branch moduli can be given a mirror

dual [20] interpretation as the Higgsing moduli associated with a condensate of vortices.

This notion was made much more precise in the works [5, 15, 16]. The latter works focus

on the theory on a spatial sphere S
2, which eliminates some technical challenges. The

physics is quite different between the flat space theory and the theory on a sphere, and we

will here discuss aspects of the monopole operators in non-compact spacetime, where it is

interesting to understand the connection with the Coulomb branch moduli space of vacua

(which are only superselection sectors on non-compact spacetime).

Inserting a monopole operator of charge qJ at a spacetime point x0 introduces a mag-

netic source there, with flux qJ on any (Euclidean) S
2 surrounding x0, as in (1.2). For a

chiral monopole operator, this leads to

D2Σ = 0, D
2
Σ = qJ2πδ

(3)(x− x0)θ
2, (1.3)

(with the roles of D2Σ and D
2
Σ reversed for the anti-chiral monopole operator). This de-

fines the monopole operator in the UV, independent of the choice of vacuum. Indeed, (1.3)

implies that the Coulomb branch coordinate σ = Σ| is pushed to an asymptotic region

close to the monopole,

σ → qJ
2r
, for r → 0, (1.4)
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with r the Euclidean spacetime distance to the insertion point.3 Here, (1.4) gives the

relation between the microscopic operator, whose definition is independent of the vacuum,

and the Coulomb branch moduli space. Moreover, the quantum numbers of the monopole

operator are determined from the various Chern-Simons terms in this asymptotic region.

A Coulomb branch exists precisely when the monopole operator is gauge neutral. When

it is not, one can form a neutral composite of the monopole operator and the charged matter

fields, but they do not have the correct quantum numbers to give a Coulomb branch. See

also [23] for some discussion of monopole operators and the chiral ring.

1.3 Vortices

Though the elementary fields have charge (1.2) qJ = 0, they can lead to solitonic particles

with charge qJ 6= 0. A classic example is a 3d N = 2 version of the Abelian Higgs model,

which on the Higgs branch has qJ 6= 0 Abrikosov-Nielsen-Olsen (ANO) vortices, with BPS

mass given by the FI parameter, m = |Z|, Z = qJζ. There had been some issues in

literature as to whether there are two or four states in BPS vortex SUSY representations,

whether their spins are half-integral or ±1
4 , and issues related to the zero modes, so we

will give a detailed discussion. Some of the issues connect with the distinction between the

monopole operators, which are chiral operators, vs. the vortex BPS states.

We note that, while chiral operators O and BPS states are both annihilated by half the

supercharges, they are annihilated by different supercharges (linear combinations). Acting

with a chiral operator on the vacuum gives a tower of energy states, and the BPS state is

found by projecting to the lowest energy state in the tower. The basic BPS representation

is two-dimensional, and it becomes four-dimensional upon including its CPT conjugates.

In theories with non-minimal matter content, there are additional Bose and Fermi

zero modes of the soliton or vortex solutions,4 which have log-IR-divergent norm when

the theory is on non-compact space. This was first noted in [24] for solitons in the 3d,

non-SUSY CP 1 sigma model, and it also occurs in the Abelian-Higgs UV completion, and

more generally in theories with more than one charged field.

We will here give an interpretation5 of these non-normalizable zero modes, which does

not rely on the presence of vortices: the modes are present also in the qJ = 0 sector. As we

will further discuss, such zero modes should be interpreted as non-dynamical parameters,

labeling different superselection sectors of the quantum field theory, analogous to vacuum

moduli. For the non-normalizable Fermi zero modes, our prescription is to quantize them,

which leads to a Fock space of states. Because we take space non-compact, this Fock space

gives multiple, disconnected Hilbert spaces. As we discuss, these zero modes affect the

3This behavior also entered in the analysis of [16] on the theory on S
2 × R. The 1/r there fits with the

operator dimension ∆(Σ) and one can rescale r → 1.
4For the monopole operator on S

2, the σ 6= 0 in (1.4) lifts the matter fields, so there are then no zero

modes [16]. Indeed, even the operators in the same supermultiplet have different operator dimension, so

they have different energies on S
2.

5An interpretation discussed in [25] and references cited therein is that these new parameters are the

relative locations of partonic constituents of the solitons or instantons, which are frozen by strong binding

forces, as evident from the mirror dual [20] variables and gauge fields.
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vortex quantum numbers, and we will see how vortex quantum numbers match those of

the monopole operator, thanks in part to the zero mode contributions.

1.4 Generic real masses: a mass gap

3d N = 2 theories with generic real masses, Chern-Simons terms, and FI parameters

have a mass gap, with isolated vacua. These could be isolated SUSY vacua, or SUSY

could be broken. One of the most basic diagnostics of the dynamics is the Witten index

Tr(−1)F [26]. The Witten index of a theory in D spacetime dimensions can be computed

by considering the theory on R× T
D−1. Let us contrast this torus-index with the sphere-

indices, on R × S
D−1 or S

1 × S
D−1, which have been of recent interest. The torus-index

counts SUSY vacua, whereas the sphere-index (also called the super-conformal index6)

index counts the BPS operators. Indeed, the theory on a torus can have multiple vacua,

whereas the theory on a sphere always has a unique vacuum (the identity operator, in the

operator/state correspondence). In theories with non-compact moduli spaces of vacua the

Witten index is ill-defined. This is not an issue for the sphere index.

The index7 of 3d SUSY Gk Yang-Mills-Chern-Simons theories, without matter, has

been studied, starting with [28]. But the index of theories with matter has not yet appeared

in the literature,8 (as far as we are aware). We here compute the index of N = 2 theories

with matter, for non-zero real masses. With massless matter, the index is generally ill-

defined. By turning on the real parameters, the space of vacua can be made compact,

which leads to a well-defined, finite index, which we compute.9

As we vary the parameters there can be phase transitions, where massless moduli arise.

If the moduli are compact, the index remains well-defined and cannot change through the

transition. We will see examples of this, e.g. changing the sign of a FI parameter can

open up a compact CPN moduli space. We will also see examples where there are phase

transitions where a non-compact moduli space arises. Since the index is ill-defined at such

a transition, it could in principle differ on either side, with additional vacua coming in

from infinity, or disappearing to infinity.10 We show that the index of 3d N = 2 theories

actually does not change through any transitions, even in the non-compact case.

As a general argument as to why the index does not change, consider compactifying

the 3d theory on S
1
R of radius R (such a compactification is needed anyway to define the

index). The low-energy theory is a 2d N = (2, 2) theory with massless matter, and a

tower of massive matter fields from the Fourier modes with non-zero momentum on the

6This is a misnomer, as the sphere index is not restricted to superconformal theories, see [27].
7In what follows, “index” refers to the Witten (or torus) index. Also, Gk denotes gauge group G with

Chern-Simons coefficient k.
8It was observed via branes and the s-rule that certain 3d CS theories break supersymmetry [29, 30] and

that N = 2 U(Nc) has SUSY vacua if Nf ≥ Nc − |k| [31].
9Note that theories related by dimensional reduction generally do not have the same index. Susy vacua

can move in or out from infinity, as the radius R of the S
1
R compactification circle of dimensional reduction

varies between R = 0 and R = ∞. E.g. 4d N = 1 SYM has h = C2(G) SUSY vacua [26, 32, 33], whereas 3d

N = 2 SYM (with k = 0) has a runaway, with no SUSY vacua. The h 4d SUSY vacua are lost, at infinity

in field space.
10See e.g. [34, 35], and references cited therein, for 4d examples where that happens when SUSY is broken.
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S
1
R. In that theory, the real parameters of the 3d theory become complex parameters,

background expectation values of twisted-chiral superfields.11 Holomorphy constrains the

2d twisted-chiral superfield parameters, much as in 4d, so any phase transitions are of

complex codimension, and can thus be avoided [36]. This proves that the Witten index

of 3d N = 2 theories cannot change as we vary the real parameters. Even though this

proof is complete, it is nice to verify it explicitly, as we will in several examples. We will

see that the fact that the index does not change looks highly non-trivial, as the vacua are

rearranged from the 3d perspective as we cross the phase transition.

We find that the index of a general N = 2 Gk theory, with generic real parameters, is

Tr(−1)F = JG(k
′), k′ = |k| − h+

1

2

∑

f

T2(rf ), (1.5)

where JG(k
′) is the number of primary operators of Gk′ WZW theory. The

∑
f in (1.5)

is a contribution from the matter fields, Qf , in representations rf of G, with T2(rf ) the

quadratic index of the representation (the number of ψrf Fermion zero modes in a 4d

instanton). When there is no matter, the result (1.5) follows from the argument in [28]:

the −h shift in (1.5) comes from integrating out the gauginos (with h = 1
2T2(adj) the dual

Coxeter number, and this contribution is twice that in [28], since here we consider N = 2

rather than N = 1), and connection between the index of the 3d Chern-Simons theory and

the 2d WZW theory follows from [28, 37]. The matter contribution in (1.5), shifting k′ by
+1

2

∑
f T2(rf ), is a new result, that will be explained here. For example, for U(1)k gauge

theory with matter chiral superfields Qi of charge ni, our result for the index is

Tr(−1)F = |k|+ 1

2

∑

i

n2i , (1.6)

(with a modification for chiral theories with small |k|). The matter shift of k′ could roughly

be anticipated from the shift k → keff from integrating out the real-massive matter fields,

though it will be seen that the details are much richer than this rough argument.

If k′ < 0 in (1.5), then the theory dynamically breaks supersymmetry for generic real

parameter deformations. For example, that is the case for SU(Nc) or U(Nc) with Nf

fundamental flavors if k − h +Nf < 0. Though supersymmetry is broken for generic real

parameter deformations, there are generally moduli spaces of supersymmetric vacua for

tuned, non-generic real parameters. This will be illustrated in the examples.

If k′ = 0 in (1.5), it follows that there is a unique supersymmetric groundstate

Tr(−1)F = 1 : Gk gauge theory with |k| − h+
1

2

∑

f

T2(rf ) = 0 (1.7)

since Gk′=0 WZW theory has only the identity operator. As explained in [28] (for pure

N = 1 SUSY Chern-Simons theory without matter, but the same explanation applies

here), confinement of electric flux can occur only if the center of G acts trivially on the

states, and that requires k′ = 0. So simply confining theories must have k′ = 0.

11Specifically, mR → m̃C and ζ → ζc = ζ + iθ, where θ is the 2d theta term iθF and the additional

parameters in mC are twists by global symmetry phases when circling the S
1.
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Dual theories must have matching index. This gives another test of dualities, in ad-

dition to matching the moduli spaces, discrete parity anomaly matching for the global

symmetries in theories with12 k = 0, and the more detailed checks of matching of the

S
2 × S

1 partition function and S
3 sphere indices. For example, it was found in [3] that

SU(Nc)0 and U(Nc)0, with Nf = Nc, has a simple dual description, to a theory of chiral

superfields, without gauge fields. The matching of Tr(−1)F gives an immediate check, and

classification of possible generalizations. Such dual theories, without gauge fields, all have

a unique SUSY vacuum upon adding real masses

Tr(−1)F = 1 : no gauge fields, all matter with real masses. (1.8)

So we see from (1.8) that only k′ = 0 theories can have a simple dual description, without

gauge fields. This matches the observation mentioned above, that the argument of [28]

shows that k′ = 0 is a necessary condition for simple confinement. The condition (1.8) is

indeed satisfied e.g. for SU(Nc)k and U(Nc)k when |k|+Nf = Nc, agreeing with the known

cases in [3, 31] of theories with simple duals, without gauge fields.

1.5 Aharony duality and Giveon-Kutasov duality

We discuss some aspects of Aharony duality [40]. The electric theory is U(Nc)0, with Nf

flavors, and the dual theory is U(Nf −Nc)0 with Nf flavors and some added singlets with

superpotential terms. The unusual aspect of this duality is how the electric vs. magnetic

monopole operators are dualized, with the dual monopole operators explicitly appearing in

the dual Lagrangian. This peculiarity does not occur in 4d duals. For example, consider 4d

N = 1 electric-magnetic duality [41], e.g. for the case of SO(N) theories [42]: the magnetic

monopoles of the electric theory map to the fundamental matter fields qi of the dual, not to

monopoles in the dual. The difference in 3d can be anticipated from the fact that monopole

operators of U(Nc) carry a conserved global charge qJ (1.2).

For theories with non-zero Chern-Simons terms, Giveon and Kutasov [31] proposed

an interesting duality, between U(Nc)k with Nf flavors and U(|k| + Nf − Nc)−k with Nf

flavors. Here k 6= 0 eliminates the monopole operators. Correspondingly, this duality is

more conventional than Aharony duality, in that the dual theory does not contain monopole

operators in the Lagrangian. It has been shown [9, 31] that, starting from Aharony duality

in the UV, there is a deformation that gives an RG flow to Giveon-Kutasov duality in the

IR. So Giveon-Kutasov duality can be derived as a consequence of Aharony duality.

We here discuss a reversed RG flow, from Giveon-Kutasov duality in the UV to Aharony

duality in the IR. In this way, we derive the peculiar monopole operator coupling of

Aharony duality as an output, rather than assuming it as an input. There has been much

recent evidence for both Aharony and Giveon-Kutasov duality from considering the theories

on spheres, see e.g. [9, 23, 43], and our connection here between the two dualities in flat

spacetime provides additional evidence. Adding generic real masses to both sides of either

Giveon-Kutasov, or Aharony, duals gives another check: the massive matter fields can be

12When k 6= 0, P is broken. While the parity anomalies must still match, the check becomes unconstrain-

ing, as global Chern-Simons coefficients can then have more general RG running [9, 38, 39].
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integrated out, and the low-energy Chern-Simons theories are related by level-rank duality.

In particular, their indices from (1.5), match.

Our methods are also useful for upcoming work on relating 4d and 3d dualities [44].

1.6 Outline

The organization of this paper is as follows. In section 2, we give some background material

on U(1) gauge theories and the Higgs, Coulomb, and topological vacua. In section 3, we

discuss general aspects of monopole operators and vortices, and the distinction between

them. In section 4, we discuss examples of U(1) gauge theories with Higgs or Coulomb

moduli spaces, which can be either non-compact or compact (in this context, compact

Coulomb branches first appeared in [6]). In section 5, we discuss some generalities about

the Witten index [26], in general spacetime dimension, and we recall the results of [28] for

the index of 3d SUSY Chern-Simons theories without matter.

In section 6, we discuss the Witten index of 3d N = 2 gauge theory, with gauge group

U(1), with Chern-Simons term k, and general matter content, with generic real mass mi

and FI term ζ. In section 7, we compare the Tr(−1)F index of some dual theories. In

section 8, we discuss SU(2)k gauge theory with various matter content. In section 9, we

discuss aspects of general SU(Nc)k and U(Nc)k theories. In section 10, we discuss a RG

flow from Giveon-Kutasov duality in the UV to Aharony duality in the IR.

In appendix A, we collect some details about our conventions, the SUSY algebra and

Lagrangians, vacua, and aspects of BPS vortices and zero modes. In appendix B, we recall

how the Coulomb branch is dualized via a Legendre transform between the linear multiplet

and chiral superfields [4, 45], and how this can imply non-renormalization of the Kähler

form [46]. In appendix C, we comment about modes with log-divergent norm. In appendix

D, we provide some details about the derivation of Tr(−1)F for U(1)k with matter, explicitly

verifying that the result is independent of variations of the real parameters.

2 3d, N = 2 SUSY U(1) gauge theories

Consider a U(1) gauge theory with classical Chern-Simons term k, Fayet-Iliopoulos term

ζ, and matter fields Qi of charge ni, and real mass mi. Consistency for compact U(1) (as

opposed to R) requires all ni ∈ Z and

k +
1

2

∑

i

n2i ∈ Z; equivalently, k +
1

2

∑

i

ni ∈ Z . (2.1)

The unbroken global symmetry for generic ζ and mi is U(1)R × U(1)J ×∏iU(1)i /U(1),

where U(1)R is an R-symmetry, U(1)J is associated with the topological current (1.1),

U(1)i rotates Qi by a phase, and the /U(1) is for the gauged U(1). The parameters mi

and ζ can be thought of as background values of scalars in classical gauge fields for these

global symmetries.13 Since one linear combination of the U(1)i generators is gauged, one

13Therefore, if mi 6= 0, any added Wtree, e.g. complex mass terms, must not break the U(1)i symmetry.

Doing so would lead to explicit supersymmetry breaking.
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linear combination of mi and ζ is redundant, and can be absorbed in shifts of the scalar

σ = Σ| in the dynamical gauge superfield (1.1),

σ → σ + δσ, ζ → ζ − kδσ, mi → mi − niδσ . (2.2)

It is important that the parameters mi and ζ are bottom components of linear su-

perfields. Therefore, they are renormalized at most at one loop. Nevertheless, the actual

masses of fields with nonzero real masses are renormalized at all orders, because of Kähler

potential renormalization. We will continue to refer to the parameters mi as real masses,

even though they are not precisely masses of particles.

The semi-classical effective potential of the theory, with Wtree = 0, is14

Vs.c. =
e2eff
32π2

(
∑

i

2πni|Qi|2 − ζeff − kσeff

)2

+
∑

i

(mi + niσ)
2|Qi|2 (2.3)

(Qi includes the Zi renormalization factor). The effective real mass of Qi for σ 6= 0 is

mi(σ) = mi + niσ, (2.4)

so Qi is massless at σ = σQi
, with mi(σQi

) = 0:

σQi
≡ −mi/ni. (2.5)

The quantum-corrected keff and ζeff include renormalization from integrating out matter

Qi with real masses mi(σ) but, we emphasize, they must be piecewise field independent

constants, modulo discontinuous jumps at the σQi
(2.5). Indeed, we have

ζeff = ζ +
1

2

∑

i

nimi sign(mi(σ))

keff = k +
1

2

∑

i

n2i sign(mi(σ))

ζeff + keffσ = ζ + kσ +
1

2

∑

i

ni|mi(σ)| ≡ F (σ).

(2.6)

These expressions are similar to the ones in [6, 7]. Condition (2.1) ensures that all

keff ∈ Z; this is required for consistency. There are no higher order perturbative corrections

to (2.6): keff must remain quantized, and ζeff is a component of a background linear

superfield. Higher order perturbative corrections cannot maintain these properties. The

function F (σ) in (2.6) is the combination appearing in the potential (2.3), and is continuous:

the jumps at σQi
are in the slopes of F (σ). Using (2.6), the discontinuities of keff and ζeff

for σ just above and below σQi
for generic mi are

k+eff,i−k−eff,i = n2i sign(ni) = ni|ni|, and ζ+eff,i−ζ−eff,i = nimi sign(ni) = |ni|mi. (2.7)

14Our normalization of the FI term has an unconventional factor of 1/2π (and an opposite sign); this is

natural in the context of 3d field theory, where ζ can be regarded as coming from a mixed Chern-Simons

term kGJ = 1 between the U(1) gauge field and a background field ΣJ | = ζ for the topological U(1)J global

symmetry. This will eliminate many factors of 2π in later expressions and is also natural in terms of the

mirror symmetry map [20] m ↔ ζ.
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The semi-classical vacua of (2.3) can be found via solutions of
∑

i

2πni|Qi|2 = F (σ), and mi(σ)Qi = 0, for all i . (2.8)

We refer to the SUSY vacua solutions of (2.8) as follows:

1. “Higgs:” vacua with some 〈Qi〉 6= 0, and thus σ = σQi
, as in (2.5). With non-generic

real masses and opposite sign matter, there can be non-compact Higgs moduli spaces

of vacua, similar to those of 4d theories. With generic real masses, on the other hand,

the Higgs vacua are isolated, with a mass gap, and only exist if the sign of F (σQi
)

in (2.8) coincides with that of ni. For later use, we define

si ≡ Θ(niF (σQi
)), where Θ(x) =

{
1 forx¿0

0 forx¡0,
(2.9)

so, for generic real masses, there is a Higgs vacuum at σQi
iff si = 1.

2. “Coulomb branch:” vacua with 〈Qi〉 = 0, and thus F (σ) = 0 in (2.8). We reserve the

name “Coulomb branch” for the case where there is a continuous (possibly compact)

moduli space of such vacua, i.e. a range of σ where ζeff = keff = 0.

3. “Topological vacua:” there is a low-energy U(1)keff , with all matter massive and

integrated out, 〈Qi〉 = 0. Such vacua are isolated, with a mass gap for keff 6= 0,

located at the zeros of F (σ),

σI = − ζeff(σI)
keff(σI)

, i.e. F (σI) ≡ ζ + kσI +
1

2

∑

i

ni|mi(σI)| = 0, (2.10)

When there is a Coulomb branch, it is convenient to dualize the linear multiplet Σ

to a chiral superfields X±, with U(1)J charge (1.2) qJ = ±1 [3, 4] (see appendix B for a

review). Sometimes the X± fields are related to monopole operators, though we will here

make the distinction between the Coulomb vacuum modulus and the monopole operator.

Semi-classically, for a U(1) gauge theory, or for SU(2) → U(1), these are given by,15

U(1) : X± ∼ e±(2πσ/e2eff+ia), or SU(2) : Y ∼ e4πσ/g
2
eff+ia, (2.11)

with a the 2π periodic scalar dual to the photon, Fµν = e2effǫµνσ∂
σa/2π, and a can also

be regarded as the massless Nambu-Goldstone boson [2] for spontaneously broken U(1)J
global symmetry for X± 6= 0. With real masses, the Coulomb branch can become quite

intricate, with non-compact and/or compact regions, as depicted in figure 1. Monopole

operators push σ to ±∞ and hence are associated with the non-compact regions (X1−
and X4+ in figure 1) on the ends. The compact Coulomb regions are also parameterized

by chiral superfields (e.g. X1+ and X2− = 1/X1+ in figure 1); they do not correspond to

monopole operators in the UV theory. Instead, these compact regions lead to Skyrmions,

which we will describe below.
15The relation is as follows. The standard normalization for the SU(2) Lagrangian, broken to U(1) on the

Coulomb branch, gives L = − 1
4g2

∑3
a=1 F

a
µνF

aµν → − 1
g2
FµνF

µν ≡ − 1
4e2

FµνF
µν , so g2SU(2) = 4e2U(1). Here

Fµν ≡ 1
2
F a=3
µν , and Aµ ≡ 1

2
Aa=3

µ , with the 1
2
introduced to couple to the fundamental with U(1) ⊂ SU(2)

charges ±1 rather than ± 1
2
; likewise, σU(1) =

1
2
σSU(2).
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Figure 1. Quantum moduli space of U(1) with flavors with (CP symmetric, mQi
= −m

Q̃i

) real

masses. M i
i are mesons parameterizing Higgs branches, X1− and X4+ parameterize noncompact

Coulomb branches and the remaining Xi± (with X1+ = 1/X2−, etc.) parameterize the compact

regions of the Coulomb branch. For more details, see below.

As usual, it is useful to tabulate the charges of the chiral superfields under the sym-

metries. When keff 6= 0, fields with qJ charge, in particular the fields X±, become charged

under the U(1)G gauge group. Likewise, X± get charges under the global U(1)i and U(1)R
symmetries,16 via their induced mixed Chern-Simons terms with the U(1)G gauge field [3]

kG,i =
1

2
ni sign(niσ +mi), kG,R = −1

2

∑

i

ni sign(niσ +mi) (2.12)

from integrating out the Qi matter. In particular, for the asymptotic regions σ → ±∞,

which we associate with operators X±, respectively, this gives the charges

U(1)G U(1)j U(1)R U(1)J
Qi ni δij 0 0

X± ∓(k ± kc) −1
2 |nj | 1

2

∑
i |ni| ±1

(2.13)

where the asymptotic values of keff(σ) for σ → ±∞ are:

keff(σ = ±∞) = k ± kc, kc ≡
1

2

∑

i

ni|ni|; (2.14)

kc vanishes in theories with vector-like matter, where charge conjugation C: ni → −ni is a
symmetry. The charges in (2.13) are computed by going to σ = ±∞, which is only possible

when there is a non-compact Coulomb branch, i.e. k = −kc (or k = +kc), so keff = 0 in

the asymptotic region (2.14), and X+ (or X−) is gauge neutral. The charges (2.13) should

thus be understood as being applicable only when the U(1)G charge of X vanishes. For

kc = 0, both X+ and X− can be neutral, while for kc 6= 0 at most one can be neutral,

corresponding to a non-compact Coulomb branch.

16The U(1)R symmetry given here is simply a particular choice; one can obtain other conserved R-

symmetries by mixing with the U(1)i global symmetries. In particular, the superconformal R-symmetry is

determined as in [47, 48] (including also any accidental global U(1) symmetries).
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Another condition for the X± Coulomb branch to be unlifted is that the asymptotic

value of the FI parameter obtained from (2.6),

ζeff(σ = ±∞) = ζ ± ζc ζc ≡
1

2

∑

i

|ni|mi (2.15)

must vanish, ζ → ∓ζc. This can equivalently be understood from theX± quantum numbers

in (2.13): since mj is a background for U(1)j and ζ is a background for U(1)J , the real

mass of X± (its central charge Z) is determined by the charges in (2.13) to be

mX±
=
∑

j

mj

(
−1

2
|nj |
)
± ζ, (2.16)

so X± is massless only if k = ±kc and ζ → ∓ζc.
The chiral monopole operator is related to an insertion of the operator X±, so it

must have the global quantum numbers of X± in (2.13), in cases where there is a non-

compact Coulomb branch. In [16], the global quantum numbers of the monopole chiral

operator were determined, for the example of U(1) with Nf vector-like flavors, by instead

considering the energy spectrum of the theory on S
2, with the BPS monopole gauge field

background, computing the vacuum charges by heat kernel regularization. The charges

in (2.13) reproduce the results of [16] via the simpler (but conceptually equivalent) method

of using the induced Chern-Simons terms (2.12) of the theory on non-compact space.

For a U(1)k theory with N+ matter fields Qi of charge +1, and N− fields Q̃ĩ of charge

−1, the global symmetry is SU(N+)× SU(N−)×U(1)A ×U(1)R ×U(1)J , with charges

SU(N+) SU(N−) U(1)A U(1)R U(1)J
Qi N+ 1 1 0 0

Q̃ĩ 1 N− 1 0 0

M i
ĩ
= QiQ̃ĩ N+ N− 2 0 0

X± 1 1 −1
2(N+ +N−) 1

2(N+ +N−) ±1

(2.17)

The charges of X± are as in (2.13) and [3, 10] and follow from (2.13), via the induced

mixed Chern-Simons terms kGA = 1
2(N+ +N−) sign(σ) = −kGR between the gauge U(1)G

and U(1)A and U(1)R, with sign(σ) = ±1 for X±. As in (2.13), the operators X± are only

gauge neutral if keff = 0; if not, X± are removed from the chiral ring of spin zero, gauge

invariant operators and, correspondingly, there is no Coulomb branch. Using (2.6),

keff = k +
1

2
(N+ −N−) sign(σ), (2.18)

for mi = mĩ = 0. So there is a non-compact half-Coulomb branch for k = ±1
2(N+ −N−),

upon taking ζ → 0, parameterized by X∓.
As a soon-useful aside, we comment on the case when the charges ni all have a common

integer factor, i.e. all ni = nñi, with n and ñi integers. This motivates the rescaling

V → Ṽ ≡ nV, e2 → ẽ2 ≡ n2e2, ni → ñi ≡ ni/n, k → k̃ ≡ k/n2, ζ → ζ̃ ≡ ζ/n.

(2.19)
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If the gauge group is non-compact, i.e. R instead of U(1), the original and rescaled the-

ories would be physically identical. For compact U(1), with k̃ an integer, the rescaled

theory (2.19) is a Zn orbifold of the original theory. Indeed, even if all 〈Qi〉 6= 0, the

original U(1) gauge group is not fully broken, U(1) → Zn. If the original theory has

qJ =
∫
F/2π ∈ Z, the rescaled theory (2.19) has q̃J =

∫
F̃ /2π ∈ nZ. The scalar dual to

the photon of the rescaled and original theories are related as ã = na/n2 = a/n (the 1/n2

is from ẽ2), so while a ∼= a+ 2π, the periodicity of ã is 2π/n, i.e. it is a Zn orbifold.

3 Aspects of vortices and monopole operators

As discussed in the introduction, we are here interested in vortices and their connection

with monopole operators in flat spacetime. Many aspects of such operators were elucidated

in [15, 16], focussing on the theory on S
2 × R for technical reasons. Here we focus on flat

R
1,2 spacetime. A key physical difference is that theories on non-compact space can have

multiple vacua, including continuous moduli spaces, which are superselection sectors. We

will discuss some additional superselection parameters. Theories on compact space, e.g.

S
2 × R, instead have a unique vacuum, with classical moduli integrated over.17

To insert a monopole operator, say at x = 0, one removes a small ball from R
3 around

the origin and imposes boundary conditions on the field strength, as in (1.2), around the

hole, setting the charged matter fields to zero there, Qi = 0. In our supersymmetric

context, we are interested in monopole operators that are chiral, annihilated by half the

supercharges. In superspace, this chiral condition is written as (1.3) for Σ, which requires

that σ = Σ| satisfies
− ∂2Eσ = 2πqJδ

(3)(x) (3.1)

with ∂2E the 3d Euclidean Laplacian. So the solution near the hole is

σ ≈ qJ
2r

, (3.2)

with r the Euclidean radial distance to the hole. Indeed, in order for the configuration to

be chiral, annihilated by half of the supercharges, requires the dimensional reduction of the

4d condition that the field strength be self-dual, which gives

r2∂rσ
∣∣∣
r→0

= −1

2
qJ , (3.3)

so the solution near the hole is again given by (3.2).

As the hole becomes small and r → 0, the field σ at the hole, given by (3.2) has

σ → ∞ sign(qJ). The monopole operator insertion thus forces the field σ nearby to be out

in an asymptotic infinity region on the Coulomb branch. This is intuitively satisfying: it

explains why this operator is associated with the Coulomb branch. The inserted operator

of charge qJ is chiral, XqJ
+ for qJ > 0, or X

|qJ |
− for qJ < 0. Anti-chiral operators have

opposite sign in (3.1), (3.2) and (3.3); they are (X†
−)

qJ for qJ > 0 and (X†
+)

|qJ | for qJ < 0.

17Moreover, as in [27], to have unbroken supercharges on S
2 ×R requires a background U(1)R gauge field

bµ leading to ∆L = − 1
2
bµJFZ

µ , here with b0 ∼ −1/r. For the Euclidean theory S
2 × RE or S

2 × S
1, these

backgrounds are imaginary [27].

– 13 –



J
H
E
P
0
7
(
2
0
1
3
)
0
7
9

3.1 Chiral operators vs. BPS states

Monopole operators are chiral operators, whereas vortices are BPS states. We here em-

phasize the general distinction between chiral operators vs. BPS states.

The supersymmetry algebra is (see appendix A for details)

{Qα, Qβ} = 2γµαβPµ + 2iǫαβZ, (3.4)

where the SL(2,R) Lorentz spinor has (Qα) = Qα. The energy P 0 = −P0 is positive. The

central element Z gets contributions only from the global (not gauge, see [3] for discussion),

non-R, U(1) charges and associated real parameters

Z =
∑

i

qimi, (3.5)

where qi is the charge under the global U(1)i symmetry, and the sum includes the U(1)J
global symmetry, with mJ = ζ the FI parameter.

It is convenient to define

Q± =
1

2
(Q1 ± iQ2), Q± = Q∓ =

1

2
(Q1 ± iQ2), (3.6)

such that Q± and Q± have spin ±1
2 . In terms of these, the algebra (3.4) is

{Q±, Q±} = ±iP1 + P2, {Q±, Q∓} = P 0 ± Z. (3.7)

A chiral operator O(xµ), at spacetime point xµ, preserves half the supercharges,18

[Qα,O(x)] = 0. (3.8)

The two Q’s puts the operator O(xµ) in a four dimensional representation

O; Ψα(O) = [Qα,O]; F (O) = {Q, [Q,O]} (3.9)

(IfO has spin, it is more complicated.) IfO is complex, CPT means that this representation

appears twice. The equation of motion can reduce the representation, and can make it 2d.

For example: the bottom component of a free chiral superfield (even with real mass) satisfies

the Klein-Gordon equation, the Fermions satisfy the Dirac equation, and F = 0.

When Z = 0, the representation is completely analogous to 4d N = 1. On the other

hand, when a chiral operator O is charged under a global non-R U(1)i symmetry, with real

parameter mi non-zero, then O creates states with Z 6= 0 in (3.5). The representation is

still four-dimensional (3.9), but the algebra acts on this representation differently.

For a massive particle state, we can go to the rest frame, P1 = P2 = 0, P 0 = m. A

BPS state with Z > 0 is annihilated by Q− and its complex conjugate Q+ in (3.7),

Z > 0 : Q−|BPS〉 = Q+|BPS〉 = 0. (3.10)

18Note that we cannot pick O to be annihilated by one of the Q’s and one of the Q’s: that would be

incompatible with Lorentz invariance.
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The remaining two supercharges make a two-dimensional representation

Z > 0 : |BPS〉 =
(
|a〉
|b〉

)
, Q−|a〉 = 0, |b〉 = Q+|a〉. (3.11)

The CPT conjugates have Z < 0 and are thus anti-BPS states, with

Z < 0 : Q−|BPS〉 = Q+|BPS〉 = 0 (3.12)

and with Q− and Q+ forming a two-dimensional representation

Z < 0 : |BPS〉 =
(
|a〉
|b〉

)
, Q−|a〉 = 0, |b〉 = Q+|a〉. (3.13)

The R-charges and spins of these states are19

U(1)R U(1)spin Z

|a〉 r s > 0

|b〉 r − 1 s+ 1
2 > 0

|a〉 −r s < 0

|b〉 −r + 1 s+ 1
2 < 0

(3.14)

The simplest example is a free chiral superfield with real mass m. The real mass m

couples to a global U(1) symmetry under which the chiral superfield has charge +1. Z

is the product of this charge and m. For positive m we have two states with charge +1:

a scalar and a Fermion with spin +1
2 and their CPT conjugate states with charge −1: a

scalar and a Fermion with spin +1
2 . This corresponds to the states with s = 0 in (3.14).

To clarify the relation between the chiral operator O (3.8) and the BPS states, consider

the state O|0〉. While O|0〉 is annihilated by Qα, it is not a BPS state: it is not annihilated

by any Qα. The BPS states (3.11) are obtained by projecting to the lowest energy state

in O|0〉:
|a〉 = lim

τ→∞
e−(H−Z)τO|0〉 |b〉 = Q+|a〉, (3.15)

where the global charges qi of the operator O must be such that (3.5) has Z > 0 for the

limit (3.15) to give a non-zero state. Similarly, upon projection to the lowest energy state,

anti-chiral operators with Z < 0 can create anti-BPS states (the CPT conjugates of (3.15))

|a〉 = lim
τ→∞

e−(H+Z)τO|0〉 |b〉 = Q+|a〉. (3.16)

3.2 BPS states from solitons

In appendix A.3, we summarize aspects of BPS vortices for general U(1)k gauge theory

with matter. There are (anti) BPS field configurations when the FI parameter ζ 6= 0, which

are particles with m = |Z|, with Z = qJζ. The BPS field configurations are annihilated by

19The state and its CPT conjugate have the same spin (P and T both flip the sign). For example, for

Chern-Simons-Maxwell theory, the spectrum includes a single kind of particle with spin sign(k), which is

its own CPT conjugate.
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Q− and Q+ (3.11), which acting on the Fermions give the BPS differential equations for

the bosonic fields. The (anti) BPS equations indeed require Z > 0 (Z < 0). The vortex-

soliton with charge qJ = ±1 always has a single normalizable zero mode supermultiplet.

The bosonic component gives the position of the BPS particle in the spatial plane. Its

Fermionic superpartner is quantized and gives the BPS doublet (3.11).

For U(1) with a single matter field, these are the only zero modes. With additional

matter fields, there are restrictions on the vacuum in order to admit BPS configurations:

essentially, the vacuum must have a single field having non-zero expectation value. In such

configurations, each matter field has a zero mode supermultiplet. The matter field with

expectation value gives a normalizable zero mode with the same interpretation as above,

giving the BPS particle position, and the doublet structure. The additional matter fields

contribute non-normalizable zero modes, whose interpretation is more subtle. These issues

are discussed further in appendix C.

A Chern-Simons term k affects the Gauss’ law constraint, giving

1

e2

∮

∞
Eidx

i ≡ qGauss = qelec + kqJ , (3.17)

where qelec is the charge of the matter fields. In the Higgs phase, Ei/e
2 → 0 in the IR, so

qGauss = 0 and thus vortices have electric charge (which is anyway screened) when k 6= 0,

qelec = −kqJ . (3.18)

This affects the spin of the vortices as in [49, 50]

∆s = −1

2
kq2J . (3.19)

We will show in the next section that, when a Coulomb branch exists, the quantum

numbers of a vortex coincide with those of the monopole operator in (2.13). The Coulomb

branch exists precisely when there is a spin zero, neutral vortex state, whose condensation

can be interpreted as giving the Coulomb branch as a mirror Higgs branch.

4 Examples of U(1) gauge theories with moduli, and vortices

We here discuss some examples with compact and non-compact Higgs or Coulomb branches,

and aspects of the connection between the Coulomb branch and moduli operators. For

general U(1)k theory, with matter fields Qi of charges ni, the theory with generic real

parameters mi and ζ has only isolated vacua, with a mass gap; that case will be discussed

in section 6, where we compute the Witten index. In the present section, we discuss tuned

values of k, mi and ζ, that lead to moduli spaces.

As we noted after (2.14), the asymptotic regions σ → ±∞ of the Coulomb branch,

corresponding to X±, only exist if keff there vanishes, i.e. if k = ∓kc. As seen from (2.8), a

Coulomb branch, where all Qi = 0, requires F (σ) = 0, i.e. both keff = 0 and ζeff = 0, and

using (2.6) this requires a particular value of both k and ζ, to get F (σ → ±∞) = 0:

non-compact Coulomb, X = X± : for k = ∓kc, and ζ = ∓1

2

∑

i

|ni|mi. (4.1)
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Semi-classically, the Coulomb branch X+ in (4.1) has σ ∈ (σmax
Qi

,+∞), where σmax
Qi

is the

largest of the σQi
in (2.5), and likewise X− has σ ∈ (−∞, σmin

Qi
). There will instead be a

compact Coulomb branch if k and ζ are tuned such that the function F (σ) in (2.6) vanishes

in an intermediate region for σ, in between two σQi
values.

There will be a non-compact Higgs branch moduli space if two (or more) σQi
, with

opposite sign ni, are tuned to coincide. There will be a compact Higgs branch if two

(or more) σQi
, with the same sign ni, are tuned to coincide and ζ is chosen such that

sign(F (σQi
)) = sign(ni), to satisfy (2.8).

We now illustrate these moduli spaces in simple, characteristic examples.

4.1 U(1)k with one field, Q, of integer charge n > 0

For the n = 1 case, we refer to this theory as Nf = 1
2 (Nf = 1 has Q and its charge-

conjugate, Q̃). The quantization condition (2.1) is k + 1
2n ∈ Z; so n = 1 has k + 1

2 ∈ Z,

hence k 6= 0. As we will discuss, the general n case is a Zn orbifold of the n = 1 case.

Vacua. The theory has a single real parameter, which we take to be ζ (using (2.2) to set

mQ = 0). The effective CS and FI terms are (2.6)

keff = k +
1

2
n2 sign(σ), ζeff = ζ. (4.2)

For generic k and ζ, the theory has a mass gap, with isolated supersymmetric vacua. As

in (4.1), there is a Coulomb branch solution of (2.8) if keff = ζeff = 0, i.e.

non-compact Coulomb, X = X± : for k = ∓1

2
n2, and ζ = 0. (4.3)

There are conserved U(1)R and U(1)J global symmetries with charges as in (2.13): the

Coulomb modulus X has R(X) = 1
2n, and qJ(X) = − sign(k) (we take R(Q) = 0, as

in (2.13), so 〈Q〉 6= 0 does not break U(1)R).

The n = 1 case of (4.3), with |k| = 1
2 , is dual to a single, free chiral superfield [8, 9, 51],

which fits with R(X) = 1
2 . The duality requires that the Kähler potential for X be smooth

at the origin (i.e. in the region |X|2 ≪ e2)

K(|X|) ∼




e2
[
log(|X|)

]2
|X| → ∞

|X|2 |X| → 0
(4.4)

where the U(1)J symmetry implies that K only depends on |X| and we included the large

|X| dependence that’s known from the perturbative U(1) limit. Since the duality maps the

global symmetry U(1)J → U(1)X , it maps ζ → mX : the FI parameter ζ of the U(1) theory

to the real mass parameter mX for the free superfield X of the dual. For ζ = mX = 0, the

dual theories have the same, non-compact moduli space. Turning on ζ 6= 0, or mX 6= 0 in

the dual, gives Tr(−1)F = 1 supersymmetric vacuum.

The Coulomb branch theory (4.3) for integer n > 1 is, as discussed after (2.19), a Zn

orbifold of the theory with n = 1. The Coulomb coordinate can be written in terms of X̃

which has the quantum numbers of X1/n, e.g. it has the U(1)R charge of a free field, but

with a Zn phase identification. The local theory for n > 1 is free, but there are twisted

sector, codimension two, line-operator fields associated with the orbifold.
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Vortices and monopole operators. We take Q to have U(1) charge n = 1. Taking

ζ > 0, there is a Higgs vacuum, |Q1|2 = ζ/2π, breaking U(1). This is the N = 2 version

of the classic Abelian Higgs model, which has ANO vortices and has been much discussed

(with some debates) in the literature; see e.g. [50, 52, 53]. The necessary presence of the

Chern-Simons term k 6= 0, since k+ 1
2 ∈ Z, has important effects. As in the analogous case

of 2d LG theories [54, 55] the BPS solitons are doublets, and the spins are half-integral

rather than semionic.

The fields for the static soliton with winding number qJ have the standard vortex

asymptotics far from the core [56],

lim
z→∞

Q1 =

√
ζ

2π
eiqJθ + . . . Aθ = qJ + . . . , (large |z|) (4.5)

where z = x + iy = |z|eiθ is the space coordinate, and the . . . are higher order in 1/|z|.
The deviations from the asymptotic behavior (4.5) is here exponentially suppressed: since

the theory is in the Higgs phase, the magnetic flux is confined by the Meissner effect to a

thin flux tube, with core size set by the photon mass.

For the N = 2 theory, the self-duality equations [56] are the BPS soliton equations [50].

The vortex with U(1)J charge qJ = 1 has a zero mode which forms one chiral superfield

particle degree of freedom, with complex Bose component associated with the position of

the vortex in the spatial plane. The complex Fermi zero mode superpartner is δ+, and

complex conjugate δ−, associated with the broken supersymmetries Q+ and Q−. The δ+
zero mode has R-charge +1 and spin −1

2 and its complex conjugate, from δ−, has the

opposite charges. The quantization of δ+ and δ− leads to the BPS doublet of states |a〉
and |b〉 in (3.14), with charges (using (3.19))

U(1)spin U(1)J U(1)R
|a〉 −1

2k − 1
4 1 1

2

|b〉 −1
2k +

1
4 1 −1

2

(4.6)

Because we consider compact U(1) (as needed for vortices), the k quantization condi-

tion (2.1) is k ∈ Z+ 1
2 . So the spin in (4.6) is always half-integral or integral, not semionic.

The solitons (4.6) have BPS mass m = |ζ|.
We have seen that the theory with k = −1

2 has a gauge-neutral operator X+, which

is a chiral superfield with zero spin and R = 1
2 . For ζ = 0, X+ is massless and there is

an associated non-compact Coulomb branch. For k = −1
2 , we can indeed identify |a〉 with

the projection (3.15) of X+|0〉, since |a〉 has the same quantum numbers (4.6) as X+ for

k = −1
2 . The state |b〉 in this case is similarly obtained from the Fermionic superpartner

Ψ(X+)|0〉. The conjugate states |a〉 and |b〉 are likewise created by the anti-chiral operator

X†
+ and its Fermionic partner. For k = +1

2 , on the other hand, the state |b〉 in (4.6) has

spin 0, with R = −1
2 . In this case, the state |b〉 has the quantum numbers to be identified

with the projection of X†
−|0〉, and |a〉 is created by the Fermionic parter of X†

−.
For |k| 6= ±1

2 , the vortex has nonzero charge (charge is anyway screened in the Higgs

phase) (3.18) and spin s 6= 0 (4.6). Therefore, they cannot condense without spoiling
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rotational symmetry. This fits with the fact seen from (2.13) that X± are only gauge

neutral operators if |k| = |kc| = 1
2 , so the Coulomb branch only exists in that case.

4.2 U(1)k with N fields Qi of charge ni = +1

The quantization condition (2.1) here requires k+ 1
2N ∈ Z. Using (2.2), we take mi in the

Cartan subalgebra of the SU(N) global symmetry,
∑

imi = 0.

Vacua. There are Higgs vacua, for any k, at σQi
= −mi if ζeff > 0. For generic mi, these

are isolated SUSY vacua, with a mass gap. Upon tuning two or more mi to coincide, they

instead lead to a compact Higgs branch moduli spaces of vacua. Taking all mi = 0, the

theory with ζ > 0, and any k has a compact Higgs branch MH = CPN−1.

Now consider Coulomb vacua. Non-compact Coulomb branches (4.1) X± exist for

k = ∓1
2N , and ζ = 0. For |k| < 1

2N , and mi chosen appropriately and ζ appropriately

tuned, there is a compact CP 1 Coulomb branch, for σ between the neighboring values

of σQi
= −mi where keff = 0. Consider e.g. N = 2 fields, with m1 = −m2 = m > 0.

Then (2.6) gives

F (σ) = ζeff + keffσ = ζ + kσ +
1

2
|σ +m|+ 1

2
|σ −m|. (4.7)

For k = 1 (or k = −1) and ζ = 0, there is a non-compact Coulomb branch (4.1) with

σ < −m (σ > m). For k = 0, at ζ = −m, there is a compact Coulomb branch, |σ| < m,

giving MC
∼= CP 1 upon including the compact scalar a dual to the photon [6]. The local

theory on this CP 1 Coulomb branch is everywhere smooth. In particular, at σ = −m (or

σ = m), the metric is smooth as in (4.4), as the low-energy theory there is U(1)klow , with

klow = −1
2 and one charged field Q.

For generic mi, the non-compact or compact Coulomb branches mentioned above are

all smooth, and free. Upon tuning two or more mi to coincide, the low-energy theory

has a singularity associated with additional massless degrees of freedom. To illustrate it,

consider taking all mi = 0, so (2.6) gives keff = k + 1
2N sign(σ) and ζeff = ζ. There is a

non-compact Coulomb branch X+ (or X−) for k = −1
2N (k = 1

2N) and ζ = 0, with σ ≥ 0

(σ ≤ 0). The theory at the origin, X = 0, is singular for N > 1, i.e. there are additional

degrees of freedom there; for general N and k, it is an interacting SCFT.

Solitons (for mi = 0). For ζ > 0 and any k, the vacuum is on the compact Higgs

branch MH = CPN−1; by an SU(N) rotation, we take the vacuum to be Qi| =
√
ζ/2πδi,1.

This theory has BPS vortices, where Q1 and Aθ have the same field configuration solution

as in the N = 1 case, with asymptotic behavior (4.5) far from the core. The solution has

the same, associated, normalizable chiral superfield zero mode, giving the particle’s spatial

position and super-doublet structure (3.11). The matter superfields, Qi>1, provide N − 1

additional chiral superfield zero modes, satisfying DzQi = 0, with charge ni = 1 coupling

to the winding gauge configuration Aθ of the vortex.

As discussed in appendix C, these additional zero modes are non-normalizable. The

bosonic components are frozen, superselection sector parameters. The question then arises

whether or not to quantize the non-normalizable Fermion zero modes. As we discuss in
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appendix C, the Fermi components are to be quantized, but map between different Hilbert

spaces, so they affect the vortices’ quantum numbers, but not the number of states.

This U(1) linear sigma model gauge theory is the UV completion of the low-energy

CPN−1 non-linear sigma model. The U(1) vortices are, correspondingly, the UV completion

of the Skyrmionic lump solutions [24] of the low-energy CPN−1 sigma model, associated

with field configurations that wrap the non-trivial two-cycles in the moduli space, Σ2 ⊃
MH , with size

∫
Σ2
ω = ζ calibrated by Kähler form ω, around the two dimensional space

surrounding the soliton. Indeed, there are BPS solutions that interpolate between the ANO

vortices and the CPN−1 Skyrmionic lumps; see e.g. [57, 58]- [59].

Following the prescription in appendix C, the upshot is that there are BPS vortices as

in (3.14), with U(1)R charge r = 1
2N and U(1)spin, s = 1

2(k ± 1
2N). When k = ∓1

2N , we

find the spin 0 states, matching the quantum numbers of X+ and X†
−, which are neutral,

matching the existence of non-compact Coulomb branches for |k| = 1
2N .

When there is a compact Coulomb branch, we can likewise consider BPS Skyrmions

which wrap the compact Coulomb vacua. Consider e.g. the N = 2 case with real masses

m (4.7), where for k = 0 there is a compact Coulomb branch for |σ| ≤ m, MC
∼= CP 1.

The BPS mass of the Skyrmion is given by the size of the CP 1, which is calibrated by a

Kähler form which is non-renormalized, see [4, 46] and appendix B. So the BPS Skyrmion

mass is

mBPS =

∫
Ω =

∫
1

4π
dσida

i = |m|. (4.8)

We will discuss an analogous setup in the next subsection, which will be more interesting, in

that the Coulomb branch Skyrmions map to the quanta of the Higgs branch meson operator.

In the present case, this does not happen, as there is no non-compact Higgs branch and,

correspondingly, no gauge-invariant analog of the meson chiral operator, because here Q1

and Q2 both have positive charge. We identify the topological charge of the Skyrmion in

the present example with a U(1) ⊂ SU(2)F ; this interpretation is consistent with (4.8).

4.3 U(1)k with Nf = 1 flavor of matter, Q and Q̃, of charge ±1

We take mQ = m
Q̃
= m ≥ 0. The function F (σ) is

F (σ) = keffσ + ζeff = ζ + kσ +
1

2
|σ +m| − 1

2
|σ −m|. (4.9)

Vacua. For m = 0, there is a non-compact Higgs branch moduli space MH of SUSY

vacua, labeled by arbitrary 〈M〉 with M = QQ̃, for all k and ζ. The metric on MH

depends on ζ, e.g. it can be singular at M = 0 for ζ = 0, where there is an interacting

SCFT for all k. For m 6= 0, MH is lifted, and there is instead an isolated supersymmetric

Higgs vacuum at σ = −m (or σ = +m), for ζ positive (or negative). The low-energy theory

there is U(1)keff with light field Q (or Q̃) and keff = k− 1
2 (or keff = k+ 1

2) from integrating

out the other field.

Now consider the topological or Coulomb vacua, where (4.9) gives F (σ) = 0. For

k 6= 0,−1, there are no Coulomb vacua, only isolated topological vacua, for any m. For

k = 0, there are non-compact Coulomb branches where σ → ±∞, labeled by X±, for
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ζ = ∓m. The X+ non-compact Coulomb branch starts at σ = m, where Q is massless

and Q̃ can be integrated out, leading to U(1)− 1
2
there: this is the theory of subsection 4.1,

which is dual to a smooth, free field theory X. Likewise, the X− non-compact Coulomb

branch, for σ < −m, comes from the CP conjugate theory, U(1) 1
2
, with massless field Q̃

at σ = −m. Upon tuning m → 0, X±, merge together and the theory at the origin is an

interacting SCFT, dual to W =MX+X− [3].

For k = −1, there is a compact Coulomb branch for ζ = 0, with F (σ) = 0 for |σ| ≤ m.

Including the dual photon, this MC
∼= CP 1. The CP 1 is everywhere smooth; in particular,

the local theory at σ = ±m is the U(1)k=∓ 1
2
theory, dual to a free field.

Solitons. There is a Higgs-branch BPS vortex for non-zero ζ and any k, m. For m 6= 0,

where the Higgs vacua are isolated with a mass gap, the vortex is essentially that of the

low-energy Nf = 1
2 theory (4.5). For ζ positive (negative), the light field Q (or Q̃) has

winding expectation value (4.5) in the low-energy theory at σ = −m (or σ = −m). The

other field has real mass, and does not contribute any additional Bose or Fermi zero modes.

For m = 0, for any k, there is a BPS vortex for any non-zero ζ, but only for one,

special vacuum on the noncompact Higgs branch. For ζ > 0 it is the vacuum with |Q|2 =

ζ/2π, with Q̃ = 0. The BPS soliton has Q = Q1 and gauge field as in the Nf = 1
2

theory, (4.5). There is the same, normalizable Bose and Fermion zero modes as the Nf = 1
2

theory, associated with the super-translations of the soliton core. There is a complex, non-

normalizable Bose and Fermion zero mode associated with Q̃. Following the prescription

in appendix C, this mode gives superselection sectors, which contributes to the vortex

quantum numbers in the spectrum (3.14), but not its number of states.

There is also a Coulomb branch Skyrmion for k = −1, ζ = 0, where MC
∼= CP 1,

since π2(MC) = Z. As discussed in the previous subsection, for Higgs-branch Skyrmions,

qJ is given by the π2(MH) winding number. We have here a mirror-dual situation, where

now π2(MC) gives the charge qM = 1
2qA under the global U(1) symmetry which assigns

charge 1 to M (so 1
2 to Q and Q̃). In particular, the basic Skyrmion wrapping the MC

Coulomb branch has the same quantum numbers as the operator M , so can potentially be

identified as the BPS state associated with the chiral operator M . The BPS Skyrmion has

mass given as in (4.8). It becomes massless as m → 0, and it can there condense and be

interpreted in terms of the non-compact Higgs branch which exists for m = 0.

4.4 U(1)k with N+ matter fields Qi of charge +1, and N− matter fields of

charge −1

The CS term satisfies (2.1), k + 1
2(N+ + N−) ∈ Z. Taking the real masses to vanish, the

global symmetries are as in (2.17). There is a non-compact Coulomb branch, parameterized

by X±, for k = ±1
2(N+ − N−), and ζ = 0. There is a Higgs branch MH , of complex

dimension dimCMH = N++N−−1. For N+N− = 0, MH is compact and only exists for ζ

of correct sign. For N+N− 6= 0, the Higgs branch is non-compact, and can be parameterized

by M i
ĩ
= QiQ̃ĩ with rank 1,

ǫij...ǫ
ĩj̃...M i

ĩ
M j

j̃
= 0 . (4.10)
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When ζeff → 0, the Higgs branch can touch the origin, Qi = Q̃ĩ = 0, where it can connect

with the Coulomb branch, when it exists. For ζeff 6= 0, the Higgs branch fields are away

from the origin, and there can be BPS solitons on special points or subspaces of MH .

We can turn on real masses mi for Qi, and mĩ for Q̃ĩ, in the Cartan subalgebra of

SU(N+)× SU(N−)× U(1)A. Let us consider the case mQi
= m

Q̃
ĩ

= m, i.e. a background

value for U(1)A only; by using P , we can take m > 0 without loss of generality. Using (2.6),

we find

keff = k +
1

2
N+ sign(m+ σ) +

1

2
N− sign(m− σ),

ζeff = ζ +
1

2
mN+ sign(m+ σ)− 1

2
mN− sign(m− σ).

(4.11)

There is a Coulomb branch when keff = ζeff = 0. So there is a non-compact Coulomb branch

X+, for σ > m, if k = −1
2(N+ − N−) and ζ = −1

2m(N+ + N−), as then keff = ζeff = 0.

Likewise, there is a non-compact Coulomb branch X−, for σ < −m, if k = 1
2(N+ − N−)

and ζ = 1
2m(N+ +N−). The global charges of X± are as in (2.17).

There is also a compact Coulomb branch, with |σ| < m, if k = −1
2(N+ + N−), and

ζ = −1
2m(N+−N−). The low-energy theory at σ = −m, after integrating out the massive

Q̃ĩ fields, has N+ massless fields Qi of charge +1, and klow = −1
2N+. This low-energy

theory is smooth at σ = −m only for N+ = 1, otherwise there are additional degrees of

freedom. The low-energy theory at σ = +m likewise has N− massless Q̃ĩ fields of charge

−1, with klow = −1
2N−, and is smooth there if N− = 1.

4.5 U(1) with N+ = N fields Qi of charge +1, and N− = 1 field20 Q̃ of charge −1

These theories are a special case of those of the previous subsection, and the discussion

of the Coulomb branches there directly apply here. The nice aspect of this class is that

the Higgs branch simplifies, as it is simply given N unconstrained moduli Mi = QiQ̃. The

classical metric on MH can be found from

Kcl = Q†
ie

VQi + Q̃†e−V Q̃− ζV (4.12)

upon integrating out V , which gives

Kcl =

√
ζ2 + 4M †

iM
i + ζ log(

√
4M †

iM
i + ζ2 − ζ). (4.13)

For ζ = 0, Kcl = 2

√
M †

iMi is singular at the origin, while for ζ 6= 0 MH is smoothed out.

For ζ < 0, MH is topologically trivial, MH
∼= C

N . For ζ > 0, on the other hand,

c1(MH) 6= 0 and there is a Kähler form that calibrates a two-cycle in MH , with volume

∼ ζ, similar to the Fubini-Study Kähler potential of CPN−1. These two cases can be seen

from the behavior of (4.13) near the origin:

Kcl(M
†
iM

i ≪ ζ2) ≈
{

1
ζM

†
iM

i + ζ log(M †
iM

i) ζ > 0
1
|ζ|M

†
iM

i ζ < 0
(4.14)

20These theories arise via M theory on local fourfolds with G flux [10].
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with both cases smooth at the origin for ζ 6= 0. Far from the origin, (4.12) gives

Kcl(M
†
iM

i ≫ ζ2) ≈ 2

√
M †

iM
i +

1

2
ζ log(M †

iM
i). (4.15)

The ζ log(M †
iM

i) term can be eliminated by a Kähler transformation for N = 1, but leads

to a non-zero contribution to the Kähler metric for N > 1. Quantum effects will of course

locally modify the classical metric, but we expect that the full quantum metric on MH

has the same topology, with a non-trivial two-cycle, of size ∼ ζ for ζ > 0. So the ζ > 0

case has BPS Skyrmion, similar to those of the CPN−1 sigma model.

4.6 U(1)0 with Nf = N+ = N− = 2, with nonzero real masses

We recall this case [3] to illustrate the possibility of a moduli space with multiple compo-

nents, both compact and non-compact. Taking mQ1 = −m
Q̃1

= −mQ2 = m
Q̃2

= m > 0,

and ζ = 0, the moduli space has two singular points, σ = ±m, each of which has a low-

energy U(1)k=0 with Nf = 1 light flavor, i.e. the W =MX+X− SCFT. The moduli space

is similar to figure 1. The theory is dual to [3]

W = −M1
1X1+X1− −M2

2X2+X2− + λ(X1+X2− − 1), (4.16)

with λ a Lagrange multiplier. X1− and X2+ parameterize the Coulomb branches that look

like non-compact cones. The compact MC
∼= CP 1 region in between has local coordinates

X1+ and X2− near the two points where the CP 1 intersects the non-compact Higgs and

Coulomb branches (M1
1 and X1−, or M2

2 and X2+, respectively).

Since the low-energy theory at σ = −m and σ = +m are each a copy of U(1)0 with

Nf = 1, each has corresponding Higgs branch BPS vortices for ζ 6= 0. As ζ → 0, the

vortices on the M1
1 Higgs branch can condense to give the X1± Coulomb branch moduli.

Likewise, vortices on the M2
2 branch can condense to give the X2± moduli. On the other

hand, the chiral monopole operators are defined via (1.3) independent of the vacuum,

which leads to (1.4), σ → ±∞, so always corresponds to non-compact Coulomb regions;

specifically here, X1− or X2+.

We can also consider Skyrmion solitons wrapping the compact CP 1 part of the

Coulomb branch, though the local theory at σ = ±m is not smooth, but contains the

additional degrees of freedom of the interacting SCFT there. This soliton has the quantum

numbers of M2
1 or M1

2 .

5 Generalities about the Witten index

We here recall a few standard aspects about the Witten index [26], I = Tr(−1)F of SUSY

theories in D spacetime dimensions. The index can be computed by reducing the theory to

SQM on T
D−1×R, or from the partition function on Euclidean T

D, with periodic boundary

conditions for the Fermions in every S
1. The index is ill-defined if the theory on R

1,D−1 has

a continuous, non-compact moduli space of vacua. Such vacua are superselection sectors

of the theory in D ≥ 3 non-compact spacetime dimensions, but are integrated over when

the theory is put on T
D−1, leading to an ill-defined Tr(−1)F .
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5.1 The index for 3d SUSY CS theories with no matter

Consider first pure, N = 0 Chern-Simons theory, with gauge group G and Chern-Simons

coefficient k, without the Maxwell term, gauginos, or matter, on a spatial torus T
2. This

theory has a moduli space of flat connections that are zero energy states and, upon quanti-

zation, are related [37, 60] to the conformal blocks of the 2d Gk WZW theory. The number

of vacua is thus JG(k) ≡ the number of conformal blocks of Gk WZW theory. This is also

the number of vacua of the theory with the Maxwell term added, since the Maxwell term

is irrelevant in the IR compared with the Chern-Simons term.

TheN = 1 supersymmetric version of this theory, without matter, was analyzed in [28].

The result is that the vacua counted by JG(k) count the supersymmetric groundstates, once

one accounts for a shift of the level from integrating out the gauginos:21

Tr(−1)F ≡ I(k) = JG(|k′|), |k′N=1| = |k| − 1

2
h, |k′N=2| = |k| − h, (5.1)

(h = N for SU(N)). The index of pure N = 2 gauge theory without matter is then

Tr(−1)F = JG(|k| − h), (5.2)

with supersymmetry broken22 for |k| < h.

For U(1)k, the number of conformal blocks is JU(1)(|k|) = |k|, as seen by bosonizing

the U(1), with k vertex operators Vq = eiqφ/
√
k, q = 0, . . . , k − 1. So (5.2) gives

U(1)k with no matter : Tr(−1)F =

{
|k| fork 6= 0

ill defined fork = 0.
(5.3)

For k 6= 0, there is a mass gap and the single classical SUSY vacuum at σ = 0 acquires

a topological multiplicity of |k|. For k = 0, the index is ill-defined, because of the unlifted

Coulomb branch.

For SU(Nc)k, the number of SU(Nc)k′ conformal blocks is

JSU(Nc)(k
′) =

(Nc + k′ − 1)!

(Nc − 1)!k′!
. (5.4)

For example, JSU(2)(k
′) = k′ + 1, from the SU(2)k′ representations with j = 0, . . . 12k

′.
Accounting for the shift (5.2), this gives for the index

N = 2 SU(Nc)k : I(k) =





(|k|−1)!
(Nc−1)!(|k|−Nc)!

for|k| ≥ Nc

0 (gapped) for0 < |k| < Nc

0 (runaway) fork=0.

(5.5)

21There is also a +h contribution to the WZW level from integrating out gluons, but it was stated in [28]

that such bosonic contributions are already accounted for, without shifting k′. This subtlety was debated

and analyzed in detail in [61] and references therein. The upshot is that the original result of [28] is correct:

only the Fermionic shifts to k′ should be included. See also [62].
22For N = 1, SUSY is broken for |k| < 1

2
h [28].
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For |k| = Nc, strictly speaking, the above argument does not work (k′ = 0 incorrectly sug-

gests the absence of a gap), but the result (5.5) is nevertheless applicable, giving the correct

(as we will show) result that Tr(−1)F = 1 in this case. For 0 < |k| < Nc the vanishing

index (along with our results in the following sections) is consistent with supersymmetry

being broken in a stable vacuum, with a massless Goldstino, and a mass gap for the other

fields. For k = 0 there is the non-gapped runaway, with no stable vacuum, as in the SU(2)

case [2].

6 Computing the Witten index for U(1)k with matter

We now compute the Witten index for U(1) gauge theory, with CS term k, with matter

fields Qi of charge ni, and generic real parameters, mi and ζ. The vacuum solutions of (2.8)

are then isolated, with a mass gap: the Higgs and topological vacua, which contribute

U(1)keff “topological” : Tr(−1)F |σ=σI
= |keff(σI)|

〈Qi〉 6= 0 “Higgsed” : Tr(−1)F |σ=σQi
= sin

2
i ,

(6.1)

see (2.9). The topological vacua, at σ = σI where F (σI) = 0 (2.10), have |keff | vacua,
the topological multiplicity (5.3) of the low-energy U(1)keff theory with no matter. The

Higgsed vacua, at σ = σQi
(2.5) where mQi

(σ) = 0, exist if si = 1 in (2.9), as then ζeff has

the right sign for 〈Qi〉 6= 0. Now 〈Qi〉 breaks U(1) → Zni
, with ni the U(1) charge of Qi,

and the associated Zni
orbifold leads to a Higgs vacua multiplicity23 of n2i .

The total index is obtained by summing the contributions (6.1) over all the vacua

Tr(−1)F =
∑

σI

|keff(σI)|+
∑

σQi

sin
2
i . (6.2)

The individual terms (6.1) generally depend on the real parameters, mi and ζ, but the

sum (6.2) independent of the real parameters. As we vary mi and ζ, the vacua σI and σQi

can move around and collide, leading to phase transitions. We have already given a general

argument, in the introduction, that Tr(−1)F must be invariant under deformations of the

real parameters mi and ζ, since they become complexified upon compactifying on S
1
R.

We will explicitly verify the mi and ζ independence of (6.2), and evaluate the sum, in

appendix D. The final result is (in terms of the critical kc from (2.14))

Tr(−1)F = |k|+ 1

2

∑

i

n2i for |k| ≥ |kc|, (6.3)

Tr(−1)F = |kc|+
1

2

∑

i

n2i for |k| ≤ |kc|. (6.4)

These results apply whenever the index is well-defined, i.e. whenever there is no non-

compact moduli space of vacua. Non-compact moduli spaces occur on the Higgs branch,

if two σQi
, with opposite sign charges ni, are tuned to coincide. Such moduli spaces also

occur on the Coulomb branch if k = ±kc and tuned ζ, as in (4.1). It is interesting that the

23In D spacetime dimensions, a Zn orbifold gives a nD−1 multiplicity, from the twists on T
D−1.
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results (6.3) and (6.4) are independent of mi and ζ even in cases where they cross through

Tr(−1)F ill-defined locations, since vacua could have there moved in or out from infinity.

As an illustrative example of (6.2) yielding (6.3) or (6.4) , consider U(1)k with N fields

Qi of charge +1. It suffices to set all real masses mi = 0, with the FI parameter ζ varying.

If ζ > 0, there is a compact Higgs branch moduli space of SUSY vacua, MH
∼= CPN−1,

with index given by the Euler character, while for ζ < 0 there are no Higgs vacua, so

Tr(−1)F |Higgs =
1

2
(1 + sign(ζ))χ(CPN−1) =

1

2
N(1 + sign(ζ)). (6.5)

Topological vacua exist at σI = −ζ/keff if sign(σI) fits with the sign of the shift in keff :

U(1)k± 1
2
N : σI = − ζ

k ± 1
2N

, if ∓ ζ

k ± 1
2N

> 0. (6.6)

For |k| ≥ 1
2N , one or the other of the solutions in (6.6) exist, depending on sign(ζ). For

|k| < N/2, both exist for ζ < 0, and neither exists for ζ > 0. In sum, this gives

Tr(−1)F |topological =
∑

|keff | =
{
|k| − 1

2N sign(ζ) for|k| ≥ 1
2N

1
2N(1− sign(ζ)) for|k| ≤ 1

2N
. (6.7)

The separate contributions (6.5) and (6.7) depend on sign(ζ). Indeed, at ζ = 0 the topo-

logical and Higgs vacua locations collide, σQi
= σI = 0, so the individual vacua can there

become rearranged. Their total is properly independent of all real parameters, with sign(ζ)

canceling between (6.5) and (6.7): Tr(−1)F = |k|+ 1
2N for |k| ≥ 1

2N , or Tr(−1)F = N for

|k| ≤ 1
2N , agreeing with (6.3) and (6.4). For k = ±kc = ±1

2N , and ζ = ζcrit = 0, there

is an unlifted Coulomb branch, so Tr(−1)F is ill-defined. Again, we note that Tr(−1)F

nevertheless takes the same value for ζ > ζcrit and ζ < ζcrit.

Finally, note that vector-like matter, i.e. pairs Qi and Q̃i with charges ±ni, do not

cancel in the index (6.3) and (6.4). This might seem strange, since one could decouple

such matter with a complex mass term W = mCQiQ̃i, and Tr(−1)F is invariant under

localized, continuous deformations. The point, again, is that real vs. complex masses are

mutually exclusive if SUSY is not explicitly broken. Since (6.3) and (6.4) apply for generic

real masses, they cannot be continuously connected with mC 6= 0, while keeping Tr(−1)F

well defined. The only option is to go through mi = mC = 0, where the theory has an

unlifted Higgs branch moduli space of vacua, so Tr(−1)F is ill-defined, and vacua can move

in or out from infinity upon taking mC 6= 0. The existence of real masses is special to odd

spacetime dimensions, which fits with the index contribution scaling as nD−1
i , so vector-like

matter contributions do not cancel for D odd.

7 Comparing the index Tr(−1)F of dual theories

Obviously Tr(−1)F must agree between dual theories; we here mention a few examples.

As mentioned in the introduction, any gauge theory that is dual to a Wess-Zumino theory,
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without gauge fields, must have Tr(−1)F = 1. Indeed, if the dual theory has fields Φi with

real masses mi (suppressing flavor indices),

Leff ⊃ K(Φ†
ie

miθθΦi) → Veff ⊃ m2
i

∂K

∂|Φi|2
|Φi|2, (7.1)

with a unique SUSY vacuum at Φi = 0 for smooth, non-degenerate Keff(Φ
†Φ).

On the gauge theory side, Tr(−1)F = 1 requires (1.8) |k| − h+ 1
2

∑
f T2(rf ) = 0 (with

|k| replaced with |kc| for |k| < |kc|). For the example of U(1)k gauge theory with N±
matter fields of charge ni = ±1, we found Tr(−1)F = |k| + 1

2N+ + 1
2N− (as in (6.4) we

replace |k| with |kc| for |k| ≤ |kc|, and here kc = 1
2(N+ − N−), see (2.14)). So the cases

that can be dual to Wess-Zumino theories are the examples that we have mentioned. One

is U(1)k, with |k| = 1
2 and a single matter field Q of charge |ni| = 1, which is dual to a free

chiral superfield, X. Another is U(1)0 with Nf = 1 flavor of fields, Q and Q̃, of charge ±1.

This theory is dual to W = MX+X− [3]. The dualities for the two cases discussed above

provide a basis for deriving other duality examples, see e.g. [8].

Let us explicitly verify that Tr(−1)F matches for the duals of [3], between N = 2 U(1)0
with Nf flavors, and the U(1)

Nf

0 /U(1) quiver, analogous to the N = 4 mirror symmetry

dual of [20]. The U(1)0 theory, for generic FI parameter and real masses has, according

to (6.3) with k = kc = 0, Tr(−1)F = Nf . To evaluate the index of the U(1)
Nf

0 /U(1)

mirror dual, it is convenient to consider first U(1)Nf , and then mod out by the overall

U(1). Integrating out the bifundamentals, the real masses induce kabmag = 1
2~n

a · ~nb = Cab,

where ~na is a vector with components nai the charges of bifundamental matter fields, and

Cab is the Cartan matrix of the affine SU(Nf ) extended Dynkin diagram. Note that kabmag

has a zero eigenvalue, corresponding to the overall translation. For example, for Nf = 2

we get k =

(
2 −2

−2 2

)
, while for Nf = 3 we get the Cartan matrix of affine SU(3)

kmag =




2 −1 −1

−1 2 −1

−1 −1 2


 . (7.2)

To get the U(1)Nf−1 theory we need drop the zero eigenvalue, and rescale the remaining

eigenvalues to have properly normalized U(1) factors. For example, for Nf = 2 the eigen-

values are 0 and 4, but the relative U(1) has Nf = 2 (this case is self-dual), so we rescale

to k = 2. In general, for all Nf , the index of the magnetic dual is given by

Tr(−1)Fmag =
1

Nf
det′kmag = Nf , (7.3)

where det′ means to omit the zero eigenvalue, and the factor of 1/Nf is to have properly

normalized relative U(1) charges. The result (7.3) indeed agrees with (6.3) in the dual.

8 SU(2)k gauge theory

Recall first the case of N = 2 SU(2)0 theory, with k = 0. There is a classical Coulomb

branch moduli space, where the real adjoint σadj ∼ diag(σ,−σ) breaks SU(2) → U(1), and
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we impose σ ≥ 0 since the SU(2) Weyl symmetry makes σ and −σ gauge equivalent. The

moduli space can be labeled by the chiral superfield Y ∼ eσ/g
2+ia (analogous to X for the

low-energy U(1)). For the theory without matter, the Coulomb branch is lifted by a 3d

instanton (4d monopole) [2] and the theory has no static vacuum.

SU(2)0, Nf = 0 : runaway Wdyn ∼ 1

Y
. (8.1)

For the SU(2)k theory with matter fields Qi, i = 1 . . . 2Nf , we can form gauge invariant

mesons Mij = QicQjdǫ
cd = −Mji (with c, d the usually-suppressed SU(2) color indices).

The classical Higgs branch, for the theory with zero superpotential and real masses, is

given by 〈Mij〉 subject to the classical constraint that rank(M) ≤ 2. The SU(2)0 theories

with 2Nf fundamental matter fields Qi, were analyzed in [3], for vanishing real masses and

integer Nf .

The result for Nf = 1 is a quantum moduli space of SUSY vacua, merging the Higgs

(with M ≡M12) and Coulomb branches:

SU(2)0, Nf = 1 : smooth SUSY Mquantum = {M,Y | MY = 1}. (8.2)

For Nf = 2, the theory has a dual with chiral superfields Mij and Y , with

SU(2)0, Nf = 2 : simple dual Wdual = Y PfM . (8.3)

The SU(2)0 gauge theory and its simple dual (8.3) flow to the same interacting SCFT at

the origin. For Nf > 2, there is an interacting SCFT at the origin, with additional degrees

of freedom beyond Mij and Y [3, 40, 44]. In this section, we generalize the above to allow

for k 6= 0, real masses, half-integral Nf , and other matter representations.

For generic k and real masses, there are isolated supersymmetric vacua, with a mass

gap. The index for the theory with 2Nf matter fields in the fundamental is found to be

Tr(−1)F = |k|+Nf − 1. (8.4)

More generally, for matter fields Qi in representations ri of SU(2), the index is

Tr(−1)F = |k|+ 1

2

∑

i

T2(ri)− 1. (8.5)

Supersymmetry is dynamically broken for |k|+Nf ≤ 1: SUSY is broken with a mass gap

for SU(2)1 with Nf = 0 and SU(2)0 with Nf = 1 and generic real masses. With non-

generic real masses, and general k and matter content, there can be Higgs and/or Coulomb

branches, and interacting SCFTs. The details will be given in the following subsections.

8.1 Some generalities

Consider generally SU(2)k with matter fields Qi in representations ri of SU(2). If the

matter fields are given real masses mi, they can be integrated out, and the low-energy

theory is SU(2)keff with no matter, with (writing k = kSU(2) here for clarity’s sake)

kSU(2),eff = kSU(2) +
1

2

∑

i

T2(ri) sign(mi), (8.6)
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where T2(ri) = 2(2Ii + 1)Ii(Ii + 1)/3 is the quadratic index if representation ri is labeled

by its SU(2) isospin Ii (i.e. ri is the 2Ii+1 dimensional representation), with T2(rfund) = 1

for the fundamental. The quantization condition on k, required for gauge invariance, is

kSU(2) +
1

2

∑

i

T2(ri) ∈ Z. (8.7)

In particular, for 2Nf fundamentals (8.7) shows that

kSU(2) +Nf ∈ Z. (8.8)

The semi-classical SUSY vacua satisfy

(σaT a
ri +mi1|ri|)Qi = 0, Da ∝ −keff

2π
σaadj +

∑

i

Q†
iT

aQi = 0, (8.9)

where σaadj = Σa|, a = 1, 2, 3, are the real scalars in the vector multiplet. When 〈σa〉 6= 0,

the gauge group is broken, SU(2) → U(1), and by an SU(2) gauge rotation we can set

σ1 = σ2 = 0, σ3 = σ ≥ 0. The low-energy theory for σ > 0 is U(1)kU(1)
, with kU(1) rescaled

to account for the normalization of the generators

kU(1) = 2kSU(2) ≡ 2k. (8.10)

More generally, for σ > 0, breaking SU(2)k → U(1)2k, an SU(2) isospin Ii rep matter

field Qi decomposes into 2Ii + 1 U(1) charged matter fields, Qni

i , where 1
2ni ∈ {Ii, Ii −

1, . . . ,−Ii}, with ni ∈ Z the U(1) charge. These U(1) charged matter fields have real masses

as in (2.4), mni

i (σ) = mi + niσ. So there is a massless component at σQni
i

= −mi/ni, if

this respects the SU(2) requirement that σ ≥ 0. The charge ni component can thus be

massless if sign(ni) = − sign(mi). In the low-energy U(1)2k theory we define, as in (2.6),

F (σ) ≡ ζeff + kU(1),effσ = 2kσ +
1

2

∑

i

Ii∑

ni
2
=−Ii

ni|mi + niσ|. (8.11)

This expression is valid only in the semiclassical region e2|k| ≪ σ, where the signs of

the gauginos real mass are determined by σ and they do not contribute. In particular, a

fundamental matter field Q with real mass m contributes

∆F (σ)fund =
1

2
(|m+ σ| − |m− σ|) =

{
m σ > |m|
σ sign(m) σ < |m|.

(8.12)

Note that kU(1),eff → 2k for σ → ±∞; comparing with (2.14), here the quantity kc = 0,

because SU(2) representations are symmetric under ni → −ni. Because kc = 0, there will

not be an analog of the case (6.4) for the index of SU(2)k theories.

The vacua can be found by a semi-classical analysis in the low-energy U(1)kU(1),eff

theory, which is a good approximation for sufficiently large σ ≫ e2, i.e. for |mi| ≫ e2.

Corrections from instantons in the broken SU(2)/U(1) need to be added to the low-energy

U(1) theory.
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The quantum vacua are as follows:

1. Higgs vacua, moduli spaces or isolated points. At the origin of the Coulomb branch,

σa = 0, setting mi = 0, the fields Qi can have non-zero 〈Qi〉 ∈ MH solving (8.9).

The moduli space MH is the same as for the corresponding 4d N = 1 theory, which

can be given as the gauge invariant composite chiral superfields, subject to classical

constraints. The space MH is unaffected by k and unmodified by quantum effects

(aside from the special case (8.2)), and is generally singular at the origin. The theory

at σa = Qi = 0 is typically an interacting SCFT, which depends on the matter

content and k. For mi 6= 0, there are Higgs branches where some mi + niσ = 0

in (8.9). These can be analyzed in terms of the low-energy U(1)kU(1)
theory and,

depending on the matter content and mi, can be non-compact, compact, or isolated

points.

2. Coulomb moduli space, when keff = 0, setting Qi = 0 and σ 6= 0. As we will see, this

can occur in non-compact or compact regions. The semi-classical Coulomb branches

can be lifted by an instanton superpotential, in some cases, similar to [2].

3. Topological vacua. For keff 6= 0, when the matter fields have real masses and are

integrated out, the low-energy SU(2)keff theory with no matter |keff | − 1 topological

vacua at σ = 0. For σ 6= 0, there can be |keff,U(1)| additional topological vacua, at
locations σI where (8.11) vanishes.

The global symmetries for a general theory with matter fields Qi and real masses mi

includes U(1)i, which acts only on Qi, and a U(1)R symmetry, with charges

U(1)j U(1)R
Qi δij 0

Y −Kj −2 +
∑

j Kj

(8.13)

Kj can be computed in the low-energy U(1) theory, where Y ∼ X+, with charges similar

to (2.13) obtained from the induced, mixed Chern-Simons terms (2.12) between the low-

energy U(1) gauge group and the U(1) global symmetries. This (or, equivalently, the Callias

index theorem [63]) gives

Kj =
1

2

2Irj
′

∑

n=−2Irj

n sign(nσ +mj), (8.14)

where the ′ is a reminder that the sum is only over even or odd n, depending on whether

Irj is integer or half-integer. For example, for matter in the fundamental, I = 1
2 ,

Kfund =
1

2
sign(σ +m)− 1

2
sign(−σ +m) = Θ(σ − |m|). (8.15)

In general, for |σ| > |mj |, a Fermion in the 2I + 1 dimensional SU(2) representation has

Kj = I(I +1) for integer I, or Kj = (I + 1
2)

2 for half-integer I. The results (8.1) and (8.2)

and (8.3) are compatible with these charges.
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A non-compact Coulomb branch exists semi-classically when keff and ζeff vanish for

σ → ∞. Using (8.11), we find

keff∞ ≡ lim
σ→∞

keff = 2k, ζeff∞ ≡ lim
σ→∞

ζeff =
∑

i

Ki∞mi, (8.16)

where Ki∞ is the index (8.14) in the limit where σ > |mj | for all mj ,

Ki∞ = lim
σ→∞

Ki =
1

2

2Iri
′

∑

n=−2Iri

|n|. (8.17)

In particular, if all matter is in the fundamental, then Ki∞ = 1 and (8.16) gives ζeff∞ =∑
imi. There is a non-compact Coulomb branch only if k = 0 and ζeff,∞ = 0. The latter

condition fits with the real mass assignment for the field Y , which follows from the U(1)i
charge assignment of Y in (8.13)

lim
σ→∞

mY = −
∑

i

Ki∞mi = −ζeff∞, (8.18)

so the non-compact Coulomb branch remains unlifted when mY = 0. When k = mY = 0,

the non-compact region of the Coulomb branch cannot be lifted by an instanton, if there

is matter (unlike pure Yang-Mills [2]), since the U(1)i and U(1)R charges in (8.13) are

incompatible with a holomorphic superpotential if Ki,∞ 6= 0. We will see examples where

some compact semi-classical Coulomb branches are lifted by Winst ∼ 1/Y , which can

happen in regions where all Kj = 0, as in (8.15) for σ < |mj |.

8.2 The index for general k and matter fields Qi

For generic k and real masses, the theory has isolated vacua with a mass gap, so the index

is finite and well-defined. The index is then the sum of contributions from the SU(2)keff
topological vacua at σ = 0, and any Higgs or topological vacua at σ 6= 0:

Tr(−1)F = Tr(−1)F |σ=0 +
∑

i

Tr(−1)F |σ
Q
ni
i

+
∑

σI

Tr(−1)F |σI

= |k| − 1 +
1

2

∑

i

T2(ri).
(8.19)

The individual terms on the top line depend on the real parameters, while the sum of

course does not. We here briefly illustrate that. The σ = 0 term is from the topological

vacua of the low-energy SU(2)keff theory:

Tr(−1)F |σ=0 = |k + 1

2

∑

i

T2(ri) sign(mi)| − 1 (8.20)

The σQni
i

= −mi/ni and σI terms in (8.19) are from the possible Higgs or topological vacua

in the low-energy U(1)keff theory:

Tr(−1)F |σ
Q
ni
i

= n2iΘ(−mi/ni)Θ(niF (σQni
i
)), (8.21)

Tr(−1)F |σI
=

∣∣∣∣
dF (σ)

dσ

∣∣
σI

∣∣∣∣, (8.22)

where F (σ) is as in (8.11) and σI are the topological vacua, where F (σI) = 0.
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The fact that (8.19) is independent of the values of mi can be proved by compactifying

on an S
1 and using holomorphy in the twisted chiral parameters, as mentioned in the

introduction. Or it can be proved directly, much as in the U(1) case, discussed in appendix

D. We can thus evaluate the index for a convenient choice ofmi. We use the P symmetry to

take k > 0, and choose all mi > 0; in the end, we can replace k → |k| for generality. With

this choice, the index comes entirely from the vacua at the origin (8.20). Indeed, using (8.11)

here yields F (σ) > 0 for all σ > 0, so there are no vacua σI 6= 0 where F (σI) = 0, and

there are also no Higgs vacua, since only negative charge ni < 0 components Qni

i become

massless, and F (σ) has the wrong sign for Qni

i 6= 0. So the topological vacua at σ = 0

yields the result (8.5), which is the complete, general answer.

If some sign(mi) 6= sign(k), some Higgs or topological vacua compensate for the dif-

ference, leading again to (8.5). As an illustration consider a theory with 2Nf fundamental

flavors, with k > 0 and all real massesmi = m < 0. Then the vacua at the origin contribute

Tr(−1)F |σ=0 = |k −Nf | − 1. (8.23)

To look for the Higgs and topological vacua away from the origin, we consider F (σ) (8.11),

which using (8.12) here gives

F (σ) =

{
2kσ + 2Nfm σ > |m|
2(k −Nf )σ σ < |m|

. (8.24)

The low-energy U(1) theory has 2Nf massless matter fields, with ni = +1, at σ = |m|.
These give a CP 2Nf−1 compact Higgs branch if F |σ=|m| > 0, and no SUSY vacua otherwise:

Tr(−1)F |σ=|m| = 2NfΘ(k −Nf ). (8.25)

Finally there are 2k topological vacua at σ = Nf |m|/k, if Nf/k > 1:

Tr(−1)F |σ=Nf |m|/k = 2kΘ(Nf − k). (8.26)

Adding (8.23) and (8.24) and (8.25) indeed gives the index (8.4), Tr(−1)F = |k|+Nf − 1.

If we had taken m > 0, all of these vacua would have instead been at the origin.

This illustrates a point about decoupling matter fields via large |m|. If the sign of m is

the same as the remaining keff , the additional vacuum or vacua associated with the heavy

matter field remain at the origin, staying in the low-energy theory via increased |keff |. If

the sign of m is opposite to the remaining keff , the additional vacuum or vacua associated

with the heavy matter runs off to infinity, σIheavy = O(|m|), e.g. as in (8.25) or (8.26).

8.3 SU(2)k with Nf = 1
2 , a single fundamental matter doublet, Q

The condition (8.8) requires k ∈ Z+ 1
2 . The global symmetry is U(1)Q × U(1)R. Q’s real

mass m is a background field for U(1)Q. By P symmetry (m → −m and k → −k), we
could always restrict to m > 0, or k > 0, but we will not do so for the moment. This

theory does not have a Higgs branch at σ = m = 0, because there is no non-trivial 〈Q〉 6= 0
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solution of the SU(2) D term equations (8.9); this fits with the fact that no gauge invariant

chiral operator can be formed from a single Q field.

First consider the isolated Higgs and topological vacua for m 6= 0. At σ = 0, we can

integrate out Q, to obtain a low-energy SU(2)k+ 1
2
sign(m) theory without matter; so

Tr(−1)F |σ=0 = |k + 1

2
sign(m)| − 1 (8.27)

topological SUSY vacua, with a mass gap. The cases k = ±1
2 will be discussed separately.

For σ 6= 0, breaking SU(2)k → U(1)2k, the low-energy effective U(1) theory has the

Q components Q±, with mass m± = m ± σ. When |m| ≫ e2, we can analyze the theory

semi-classically in the low-energy U(1) theory, with (8.11) given by

F (σ) ≡ ζeff + keffσ = 2kσ +
1

2
|m+ σ| − 1

2
|m− σ| . (8.28)

It follows from (8.21) that there is a Higgs vacuum at σQ = |m| if F (|m|) < 0 for m > 0,

or if F (|m|) > 0 for m < 0. There are no topological vacua σI 6= 0 to contribute to (8.22),

since F (σ) has no non-trivial zeros. The total index is then given by the result (8.4) for

Nf = 1
2 ,

Tr(−1)F = |k| − 1

2
. (8.29)

The cases k = ±1
2 dynamically break SUSY, fitting with Tr(−1)F = 0 (8.29). The

case k = +1
2 sign(m) leads to a mass gap, keff = k + 1

2 sign(m) = ±1, and none of the

topological nor Higgs vacua exist in this case, since |keff | = 1 and F (|m|) has the wrong

sign for 〈Q〉 6= 0. The case k = −1
2 sign(m) is more involved, since keff = 0, and thus

a semi-classical Coulomb branch, for σ ∈ [0, |m|], which gives MS.C.
Coulomb

∼= CP 1 upon

including the dual photon. The region σ > m is lifted by a potential, since the low-energy

U(1)eff theory has keff = 2kSU(2) 6= 0 (and ζeff = m).

The semi-classical MS.C.
Coulomb

∼= CP 1 for k = −1
2 sign(m) is lifted by an SU(2) instanton

superpotential, Wdyn = 1/Y , where Y is a local coordinate on the CP 1. This Wdyn is

generated as in the Nf = 0 case [2] and is compatible with the symmetries (8.13), because

the instanton does not have a Q Fermion zero mode for σ < |m| (see (8.15)). Unlike

the Nf = 0 case, here there cannot be a runaway to infinite distance on the moduli

space, because CP 1 is compact: Wdyn pushes Y to the end where semiclassically σ → |m|
(1/Y → 0) where there is a stable vacuum, with SUSY broken by the small non-zero

vacuum energy from Wdyn (and the global symmetries unbroken).

The case k = ±3/2 is also interesting, since (8.29) then gives Tr(−1)F = 1. For

k = 3/2 and m > 0, the vacuum is at σ = 0, while for k = 3/2 and m < 0 the vacuum is

at σ = O(|m|).

8.4 Nf = 1: matter fields Q1 and Q2

The global symmetry group is SU(2)F ×U(1)Q ×U(1)R. Consider first the theory with all

masses set to zero. For all k, there is a Higgs branch, with 〈M〉 arbitrary, whereM = Q1Q2

is an SU(2)F singlet, with U(1)Q charge equal to 2. For k = 0, the quantum moduli space
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is the smooth spaceMY = 1 (8.2), while for k 6= 0 there is no Coulomb branch Y modulus.

For |k| = 1 and zero mass, as we will see via added matter and flowing down, the theory

at the origin is an IR-free field theory, consisting of the chiral superfield M , with W = 0.

For |k| > 1, the theory at M = 0 is an SCFT labeled by k.

We now turn on real masses, m1,2 for Q1 and Q2; m1 + m2 is a background gauge

superfield of the U(1)Q symmetry, and m1 − m2 is a background for U(1) ⊂ SU(2)F .

Without loss of generality we can take m1 ≥ |m2|. The modulus M has real mass mM =

m1 + m2. So if m1 + m2 6= 0, the Higgs branch is lifted by mM 6= 0. For m1 = −m2,

mM = 0 and the Higgs branch is unlifted, for all k. For generic m1 and m2, there is a mass

gap and (8.4) gives Tr(−1)F = |k|. In particular, for k = 0, SUSY is broken for generic

mi. Let us illustrate some aspects in more detail.

We consider first the semiclassical theory with

e2 ≪ |m1|, |m2| . (8.30)

The interesting points on the Coulomb branch are σ = 0, |m1|, |m2|. Integrating out the

massive matter gives an SU(2)keff theory at σ = 0, with, see (8.6),

keff = k +
1

2
(1 + sign(m2)). (8.31)

There can be semi-classical Coulomb vacua when keff = 0, i.e. k = 0 with m2 < 0, or

k = −1 with m2 > 0. If keff 6= 0, the IR theory at σ = 0 has a mass gap, with |keff | − 1

SUSY vacua, and no SUSY vacua for |keff | ≤ 1. For σ 6= 0, we can use the low-energy U(1)

effective theory (with instanton corrections), with F (σ) given by (8.11) and (8.12),

F (σ) = keffσ + ζeff =





(2k + (1 + sign(m2)))σ 0 < σ < |m2|
(2k + 1)σ +m2 |m2| < σ < m1

2kσ +m1 +m2 m1 < σ

(8.32)

Consider the k = 0 case. The low energy theory around σ = 0 is SU(2) 1
2
(1+sign(m2))

with Nf = 0, which does not have a SUSY vacuum. It is clear from (8.32) that for

k = 0 there are no σI 6= 0 topological vacua, where F (σI) = 0. There are also no Higgs

vacua: the massless field at σ = m1 has charge −1, and F (m1) = m1 +m2 > 0 has the

wrong sign for it to have an expectation value. At σ = |m2|, the massless field has charge

−sign(m2) and the low-energy theory is U(1)1+ 1
2
sign(m2)

, and shifting σ to vanish there

leads to ζ = m2 + |m2|. There is no Higgs vacuum there since ζ either vanishes or has the

wrong sign for the massless charged matter to get a Higgs vev. In sum, the k = 0 theory

with generic real masses breaks SUSY.

Now consider k = 0 for m1 = ±m2. For m1 = m2, the low energy theory around

σ = m1 is U(1)1 with F (σ) = 2m1 and two massless chiral superfields with charge −1.

This theory breaks supersymmetry, since F (σ) has the wrong sign for satisfying the D-term

equations with nonzero charged matter vev. For m1 = −m2, on the other hand, the low

energy theory around σ = m1 is U(1)0 with ζ = 0 and Nf = 1 massless flavor of chiral

superfields of charge ±1. This low-energy theory has a moduli space of SUSY vacua with
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three non-compact branches, two Coulomb and one Higgs, meeting at σ = m1, i.e. it is the

Wlow,U(1) =MX+X− theory.

We now consider nonperturbative corrections from SU(2). For m1 + m2 6= 0 the

potential is everywhere nonzero, except perhaps at σ = 0, where we know that SU(2)0 has

a runaway to large σ and in SU(2)1 supersymmetry is broken. So the m1 +m2 6= 0 theory

breaks supersymmetry; we will momentarily give an independent derivation.

Now consider the SU(2) nonperturbative corrections for m1 = −m2, where we have

seen that the low-energy U(1) theory near σ = m1 is the Wlow,U(1) = MX+X− theory.

The low-energy SU(2)0 theory σ = 0 gives a Winst correction, coinciding with that of [2]

since the low-energy SU(2)0 theory has no light matter: Winst = 1/Y . Now the Coulomb

branch modulus Y at σ = 0 is related to the modulus X− at σ = |m2| by Y X− = −1;

this is exactly as in the identification in [3] in the context of Fig 2 there, written there as

Vi+Vi+1− = 1. The instanton of [2] thus generates a term Winst = −X− in the low-energy

theory at σ = m1, leading to the dual theory there (as also briefly discussed in [3]):

W =MX+X− −X− . (8.33)

The F-terms of (8.33) set X− = 0 and MX+ = 1. So the low energy theory has a smooth

moduli space of vacua, MX+ = 1, and therefore Tr(−1)F is ill-defined.

Let us see how we can derive the same results in the limit opposite to (8.30)

e2 ≫ |m1|, |m2| . (8.34)

We start with the smooth moduli space of Nf = 1 with mi = 0, MY = 1 [3], and turn on

the real masses mi as a small perturbation. Since the global SU(2) symmetry does not act

on the low energy theory, only m1 +m2 affects it. In particular, if m1 +m2 = 0 the real

mass has no effect and we end up with the same smooth one dimensional moduli space of

vacua MY = 1. This result is in accord with our conclusion in the opposite limit (8.30).

For m1 +m2 6= 0, there is a background expectation value for U(1)Q, which leads to

a real mass on the MY = 1 moduli space of vacua, mM = −mY ∝ m1 + m2, since the

U(1)Q charge of M is 2, and that of Y is −2. This breaks supersymmetry, reminiscent of

the quantum moduli space DSB models in 4d [34, 64], with the classical supersymmetric

vacuum at the origin eliminated by the quantum constraint. Using the asymptotic form of

the Kähler potential

K ∼
{
|M | = 1

|Y | |Y | → 0

(log(Y ) + log(Y ))2 |Y | → ∞
(8.35)

we learn that the potential is V = −K(Y emY θθY )|
θ2θ

2 = m2
YKY Y |Y |2:

V ∼
{
(m1 +m2)

2|M | = (m1+m2)2

|Y | |Y | → 0

(m1 +m2)
2 |Y | → ∞

(8.36)

and it is never zero. Since, before turning on the real masses, the moduli space was

smooth, and the symmetry associated with m1+m2 is everywhere broken, supersymmetry
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is necessarily broken when m1 + m2 6= 0. This breaking can be associated with one or

several metastable states at finite Y . The Fermion component of the MY = 1 modulus

remains massless, playing the role of the Goldstino. For Y → ∞ there is a classically

massless pseudomodulus superpartner, seen from the classical flat direction in (8.36). To

determine whether the potential has a stable minimum, or a Y → ∞ runaway, we now

determine the leading quantum correction to K in (8.35) for Y → ∞.

The one-loop correction to the Coulomb branch metric can be written as in [4, 65]

ds2 =
1

4

(
1

e2
+
s

σ

)
dσ2 +

(
1

e2
+
s

σ

)−1

da2 (8.37)

where s = Nf − 3 for N = 2 SUSY SU(2) with 2Nf doublets, see e.g. [66, 67] and

references therein. The chiral superfield Φ = log Y and the linear multiplet Σ are related

by a Legendre transform [4, 45, 46], as reviewed in appendix B, which here implies that

KY Y |Y |2 = K ′′(Φ + Φ) =

(
∂(Φ + Φ)

∂Σ

)−1

=

(
1

e2
+
s

σ

)−1

. (8.38)

The potential V = m2
YKY Y |Y |2 thus has slope with sign(dV/dσ) = sign(s), pushing σ

toward the origin for s > 0, or away from the origin for s < 0. In the present context,

SU(2) with Nf = 1, s = −2 < 0, so the potential is a runaway, |Y | → ∞. For small m, we

can regard this as a small correction to the MY = 1 quantum moduli space. Then Y → ∞
means the runaway vacuum has M → 0.

The result that the m1 +m2 6= 0 theory breaks supersymmetry is in accord with our

conclusion in the opposite limit (8.30), and it shows that SU(2)1 without matter breaks

supersymmetry, consistent with Tr(−1)F = |k| − 1, vanishing for k = 1. This is also

compatible with our result that SU(2)± 1
2
, with Nf = 1

2 breaks supersymmetry, since we

can flow to that case by decoupling say Q2, by taking |m2| ≫ |m1|.
In conclusion, SU(2)0 with Nf = 1 and m1 + m2 6= 0 breaks supersymmetry. For

m1+m2 = 0, there is moduli space of SUSY vacua, MY = 1, with Kähler potential (8.35).

8.5 Nf = 3
2 : matter fields Qi=1,2,3, with k ∈ Z+ 1

2

For zero mass, there is a Higgs branch labeled by Mi = ǫijkQ
jQk, in the 3 of the global

SU(3)F . The theory at the origin of this Higgs branch is an interacting SCFT, labeled by

k, for |k| > 1
2 (it is perturbative for large k). For k = ±1

2 , on the other hand, the theory

at the origin is a free field theory of the unconstrained chiral superfields Mi. This will be

justified in the following subsection, upon giving a real mass to RG flow from Nf = 2, with

k = 0, to Nf = 3
2 , with |k| = 1

2 . A check is that, for generic real masses, we get for the

index Tr(−1)F = |k| + 1
2 SUSY vacua, so the k = ±1

2 theory has Tr(−1)F = 1, matching

that of a dual theory of free chiral superfields (1.8). The SU(3)F global symmetry has,

in terms of the original Q fields, background CS term kSU(3) ∈ Z. The theory of the Mi

fields contributes kSU(3)F ∈ Z+ 1
2 , so parity anomaly matching implies that the low-energy

theory requires an added contribution ∆kSU(3) =
1
2 , which can be induced by the RG flow,

as in [39], because the original SU(2) theory anyway has parity violating kSU(2) 6= 0.
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We now consider the SU(2) 1
2
theory, turning on various real masses mi for the matter

fields. The location of the vacua depend on the sign of the mi. For example, if all mi > 0,

the SUSY vacuum contributing to Tr(−1)F = 1 is at the origin, from the low-energy

SU(2)2 theory. If, on the other hand, all mi = m < 0, the low-energy theory at the origin

is SU(2)−1, which does not have a SUSY vacuum; the SUSY vacuum is at σ = 3|m| and
runs off to infinity as |m| → ∞. The σ location of the vacuum is not evident in the dual

description of the freeMi fields, which gives a supersymmetric vacuum atMi = 0 regardless

of the sign of the mi.

Consider the SU(2) 1
2
theory with a real mass m3 for Q3, with m1 = m2 = 0. This

gives real mass to M1 and M2, leaving M = M12 = M3 massless, so there is a Higgs

branch labeled by 〈M〉, and the low-energy theory near the origin is SU(2) 1
2
(1+sign(m3))

with

Nf = 1 massless flavor. This low-energy theory is thus qualitatively different depending

on the sign(m3). For m3 > 0, the low energy SU(2)1 has no Coulomb branch, and there

are no other vacua for σ 6= 0. For m3 < 0, the low-energy theory at the origin is SU(2)0
with Nf = 1, so there is a classical Coulomb branch, with 0 ≤ |σ| ≤ |m3|. The low-energy

U(1) theory for σ 6= 0 has

F (σ) = σ +
1

2
(|m3 + σ| − |m3 − σ|) = ζeff + keffσ (8.39)

so there is a compact Coulomb branch, where F (σ) = 0, for |σ| < |m3|; the Coulomb

branch is lifted for |σ| ≥ m3, where F (σ) = σ +m3. Classically, there is thus a compact

Coulomb branch which is topologically a CP 1. The end near σ ≈ |m3| is smooth, since the

low-energy U(1) theory near σ = m3 is U(1) 1
2
with a single charge +1 matter field, dual

to a free-field theory. The Coulomb modulus Y has R(Y ) = 0 (Q1,2 have a Fermion zero

mode (8.15) K1,2 = 1, while Q3 has K3 = 0), so Wdyn(Y ) = 0. The low-energy Nf = 1

theory has the smooth, quantum-deformed moduli space (8.2), MY = 1, with Y → ∞
corresponding to σ ≈ |m3|.

In conclusion, the theory with finite m3 has a smooth moduli space parameterized by

M = M12. As m3 → ∞ the point M = 0 is pushed to infinite distance. In the dual

description, this detailed structure is simply replaced with a free field M . The Kähler

potential information about the distance to, or location of M = 0 is not immediately

apparent in the dual description.

Now consider SU(2) 1
2
for m2,3 6= 0, with m1 = 0. If m2 +m3 = 0, there is an unlifted

Higgs branch moduli space of supersymmetric vacua, labeled by the massless field M1. For

m2 +m3 6= 0, the low energy theory has a mass gap. For m2 and m3 both positive, the

low-energy theory near the origin is SU(2) 3
2
with Nf = 1

2 , which has Tr(−1)F = 1 SUSY

vacuum (8.29). For m2 and m3 both negative, the low-energy theory near the origin is

SU(2)− 1
2
, which does not have a SUSY vacuum. The location of the SUSY vacuum can be

seen from the low-energy theory on a hypothetical Coulomb branch, using (8.11)

keffσ + ζeff ≡ F (σ) = σ +
1

2
(|m2 + σ| − |m2 − σ|) + 1

2
(|m3 + σ| − |m3 − σ|). (8.40)

For m2 and m3 of opposite signs, the low-energy theory near the origin is SU(2) 1
2
, which

again does not have a SUSY vacuum. Taking the decoupling limit of large m2,3, the SUSY
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vacuum is near the origin only if m2 and m3 are both positive, but in every other case the

SUSY vacuum should decouple with large m2,3.

Now consider SU(2) 1
2
for m1,2,3 all non-zero and generic. The theory has a mass gap

and Tr(−1)F = 1 SUSY vacuum. In terms of the low-energy theory of the Mi fields, the

real masses are mMi
∝∑j 6=imj , e.g. M3 is massless if m1 +m2 = 0, and there is a mass

gap if all mMi
∝ ∑

j 6=imj 6= 0. Note that the SUSY vacuum must run off to infinite

distance for |m1| ∼ |m2| ≪ |m3| → ∞, since we can there decouple Q3 and connect to the

low-energy SU(2) 1
2
(1+sign(m3))

effective theory, with Nf = 1, which does not have a SUSY

vacuum for m1 +m2 6= 0. Again, these Kähler metric details are less evident in the dual

description in terms of the Mi fields.

8.6 Nf = 2 flavors: Qi=1...4, with k ∈ Z

For mi = 0 and any k, there is a Higgs branch labeled by M ij = QiQj , subject to the

classical constraint PfM = 0; the theory atM ij = 0, for all k, is an interacting SCFT. The

k = 0 theory has the dual (8.3), which matches the moduli space and the parity anomalies

of the original SU(2)0 theory [3]. For generic real masses, the theory with general k has

index (8.4), Tr(−1)F = |k|+1. So the k = 0 theory has Tr(−1)F = 1, which is an additional

check of the duality of (8.3).

In the rest of this subsection, we consider the k = 0 theory, with various non-zero real

masses mi for the Q
i, flowing down to the theories considered in the previous subsections.

Without loss of generality, we can take m4 > 0 and m4 ≥ |m3| ≥ |m2| ≥ |m1|. In terms of

the dual (8.3), the masses are

mM ij = mi +mj , mY = −(m1 +m2 +m3 +m4), (8.41)

as seen from matching the global symmetries.

Using (8.12), the low-energy theory on a hypothetical Coulomb branch has

F (σ) ≡ ζeff + keffσ =





m1 +m2 +m3 +m4 σ > m4

m1 +m2 +m3 + σ m4 ≥ σ ≥ |m3|
m1 +m2 + σ(1 + sign(m3)) |m3| ≥ σ ≥ |m2|
m1 + σ(1 + signm3 + signm2) |m2| ≥ σ ≥ |m1|
σ(1 + sign(m3) + sign(m2) + sign(m1)) |m1| ≥ σ ≥ 0.

(8.42)

The asymptotic σ > m4 region of the Coulomb branch has ζeff =
∑4

i=1mi and is lifted

unless ζeff = 0; this agrees with the dual theory (8.41), since mY = −ζeff .
Consider first the case m4 > 0, with m1 = m2 = m3 = 0. Using (8.42), the Coulomb

branch is always lifted, either by ζeff = m4 for σ > m4, or by keff = 1 for σ < m4. This fits

with mY = −m4 6= 0 in (8.41). The Higgs branch moduli M i4 are also lifted by m4 6= 0.

The remaining massless moduli in the low energy theory are Mk = ǫijkM
[ij] = ǫijkQ

[iQj]

(with i, j, k = 1, 2, 3) in the 3 of the unbroken SU(3)F . In terms of the dual (8.3), the fields

M i4 and Y are massive and can be integrated out, and the low-energy theory consists of

the Mi fields, with W = 0. This derives the dual of the Nf = 3
2 theory, discussed in the
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previous subsection, from the Nf = 2 dual (8.3). Note that integrating out M i4 from the

Nf = 2 dual (8.3) induces the background Chern-Simons term for the unbroken SU(3)F
global symmetry, ∆kFF = 1

2 , which we saw in the previous subsection was needed as an

additional contribution in the low-energy theory of the Mk fields, to match the SU(3)F
parity anomaly kFF ∈ Z of the original Q fields. Note also that the SU(2)0 theory with

Nf = 2 and the SU(2) 1
2
theory with Nf = 3

2 have the same index, Tr(−1)F = 1, so no

vacua need to move out or in from infinity in the m4 → ∞ decoupling limit.

We now consider the SU(2)0 theory with m3,4 6= 0, with m1,2 = 0. For general

m3 + m4 6= 0, only M12 remains massless in (8.41); the remaining M ij , and Y become

massive. In particular, (8.42) shows that the σ → ∞ region of the Coulomb branch is lifted

by ζ = m3 +m4, if non-zero. For m3 +m4 = 0, on the other hand, Y and M34 become

massless. More generally, M12, M34 and Y are all massless when m3 +m4 = m1 +m2 =

0. Setting the other, massive fields to zero in the superpotential (8.3), the low-energy

superpotential for the light fields in the dual theory in these cases is

Wlow = YM12M34, (8.43)

which looks similar to the W =MX+X− dual of Nf = 1 SQED — it flows to a nontrivial

fixed point, which is often referred to as the “XY Z-theory.”

The dual (8.43) in this case seems at odds with the semi-classical picture of the moduli

space, from the electric variables and (8.42). The semi-classical picture on the electric

side suggests that there are two distinguished points on the Coulomb branch, σ = |m2|
and σ = m4, where the two Higgs branches have their roots. These points separate the

Coulomb branch to three distinct branches: 0 ≤ σ < |m2|, |m2| ≤ σ ≤ m4 and σ > m4. If

we consider |mi| ≫ e2, the low-energy theory near both σ = |m2| and σ = m4 is a copy of

Nf = 1 SQED, so the situation looks similar to (4.16).

In fact, instanton effects modify this semi-classical picture, and the result is perfectly

compatible with (8.43). First, an instanton leads to Wdyn 6= 0 in the region σ < |m3|, as
in [2], since there the instanton does not have any matter Fermion zero modes (see (8.15)).

Next, the Coulomb branch region m4 > σ > |m3| gets quantum-merged, as in (8.2), with

the M12 Higgs branch; this is because the instanton there has precisely two two matter

Fermion zero modes (for the fields Q1 and Q2). The upshot is perfectly compatible with the

dual (8.43): theM12 andM34 branches do intersect each other, despite their semi-classical

separation by distance ∆σ = |m4| − |m3|, because the separation becomes part of the M12

Higgs branch. The non-compact Y Coulomb branch also intersects this point, and there is

an interacting SCFT there.

Now consider the case wherem3 andm4 are non-zero, withm3+m4 6= 0, form1 = m2 =

0. There is the unlifted M12 Higgs branch at σ = 0. For sign(m3) = − sign(m4) = −1,

the low-energy theory is SU(2)k=0, and there is the associated unlifted Coulomb branch

|m3| ≥ σ ≥ 0, where F (σ) = 0 in (8.42); this region gets quantum-merged together with

the M12 Higgs branch, as in (8.2). The other regions of the Coulomb branches are lifted

by F (σ) 6= 0 in (8.42). As seen from the dual (8.3), the low-energy theory consists of the

IR-free field modulusM12. In terms of (8.43), the fields Y andM34 are set to zero by their

real masses mM34 = −mY = m3 +m4. For m3 = m4, the low-energy theory at σ = m4 is
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SQED with two massless fields of charge −1, but we see from (8.42) that F (σ = m4) > 0,

which is the wrong sign for obtaining a compact CP 1 Higgs branch there.

For m3 and m4 large, the low-energy theory is SU(2) 1
2
(1+sign(m3))

with Nf = 1 light

flavor. According to (8.4), this low-energy theory has Tr(−1)F = 0 for m3 < 0, or

Tr(−1)F = 1 for m3 > 0. In sum, upon turning on small m1 and m2 to lift all mod-

uli, the supersymmetric vacuum of the Nf = 2 theory should either run off to infinity and

decouple, if m3 < 0, or remain near the origin for m3 > 0. Again, these Kähler metric

details are less evident in the W = Y PfM dual description.

8.7 N = 2 SU(2)k with matter Q in a triplet

One can consider matter in general representations, with no analog of the 4d asymptotic

freedom restriction on the matter representation. Here we just briefly mention one example.

Consider the theory of a single matter field Q in the adjoint representation. The index (8.5)

gives24 Tr(−1)F = |k|+ 1 when Q is given a real mass. The theory with massless Q has a

moduli space, where M = Q2 has an expectation value, breaking SU(2)k → U(1)2k, with

no matter. The non-compact M moduli space means that Tr(−1)F is well-defined only if

the adjoint is given a real mass mQ 6= 0.

The index gives a simple check of the duality in [68] between SU(2)1, with an adjoint

and a free field theory with fieldM = Q2, plus a topological sector. If not for the topological

sector, there would be a mismatch. Upon giving Q a real mass, the index is Tr(−1)F = 2,

whereas an IR-free field M contributes Tr(−1)F = 1 for mM 6= 0. The index matching

works upon including the tensor product with the topological sector U(1)2, which is the

low-energy theory left unbroken by 〈M〉 for mQ = 0, and which indeed has Tr(−1)F = 2.

9 Preliminary aspects of SU(Nc) and U(Nc)

We here briefly discuss, in parallel, gauge groups G = SU(Nc) and G = U(Nc), with N+

matter fields Qf ∈ Nc and N− matter fields Q̃
f̃
∈ Nc. We can turn on real masses mg

f and

mg̃

f̃
for the matter fields, and Chern-Simons term k. For the case of U(Nc), we can also

add an FI term L ⊃ −
∫
d4θ ζ

2πTrV . (In this case we can also have different Chern-Simons

coefficients for SU(Nc) and U(1), but we will not do it here.) The classical vacua satisfy
(
σc

′

c δ
f ′

f + δc
′

c m
f ′

f

)
Qcf = 0

(
−σc′c δf̃

′

f̃
+ δc

′

c m
f̃ ′

f̃

)
Q̃

c′f̃
= 0

Dc′

c ∝ − k

2π
σc

′

c − ζ

2π
δc

′

c +Q†
cfQ

c′f − Q̃†c′f̃ Q̃
cf̃

= 0.

(9.1)

For G = SU(Nc), we set ζ = 0 and relax the r.h.s. of the last line in (9.1) to be proportional

to δc
′

c . We can always choose the real Coulomb moduli σc
′

c = σcδ
c′
c to be diagonal by a gauge

24This theory differs from N = 3 SYM, which has a complex mass superpotential term, with mC = k,

see e.g. [5]. Since mC 6= 0, the adjoint of N = 3 SYM cannot be given a real mass, and so the theories

need not have the same index. Indeed, the N = 3 SYM theory has |k′
N=3| = |k′| − 3

2
h in (5.1), so it has

Tr(−1)F = |k| − 2. The N = 4 case has k = 0, so the index is ill-defined.
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rotation; the off-diagonal components are eaten by the massive gauge fields in the breaking

to the Cartan subgroup, U(Nc) → U(1)Nc or SU(Nc) → U(1)Nc−1. We can restrict the σc
to the Weyl chamber σ1 ≥ σ2 ≥ · · · ≥ σNc .

The semi-classical vacua are obtained via (9.1) with k and ζ replaced with the one-

loop exact quantum corrected expressions, much as in (2.6). One then adds in the effects

of instanton corrections. Consider, for example, U(Nc)k, with massless matter, expanded

around σc
′

c ≈ σδc
′

c , with σ large. Then U(Nc) is approximately unbroken, and the matter

fields are massive and can be integrated out leading to

keff(σ → ±∞) = k ± kc, kc ≡
1

2
(N+ −N−) (9.2)

as in the U(1) case (2.14). For k 6= ∓kc, this region of the Coulomb branch is lifted by

keff 6= 0. For k = ∓kc, there is a non-compact Coulomb branch, which is partially lifted by

instantons.

When the σc all differ, we are out along the Coulomb branch, G → U(1)r, and the

theory can be approximately analyzed in terms of the low-energy U(1)r gauge theory, with

the matter charges given by its G-rep weight vector. We then need to add instanton effects

in the broken SU(2) subgroups of G. In particular, each low-energy U(1) gauge factor yields

an approximate U(1)J global topological symmetry, so there is an approximate
∏r

i=1U(1)Ji
global symmetry. Instantons explicitly break Nc − 1 of these global U(1) factors, so U(Nc)

has a single U(1)J global symmetry, while SU(Nc) has none. The Coulomb branch can be

described either in terms of real, linear multiplets Σc, in the U(1)r Cartan subalgebra, or

dualized to chiral superfields. In U(Nc) we can have Xi± ∼ e±(σi/e
2
eff,i

+iai), with charges

±1 under the erstwhile global U(1)Ji charge of the low-energy U(1)r Abelian theory. In

SU(Nc) it is better to use Yi ∼ Xi+1,−Xi,+.

As discussed in [3, 4], instantons indeed generate superpotential terms which lift most

of the Coulomb branch moduli. For SU(Nc), a single Coulomb branch chiral superfield, Y ,

remains unlifted. For U(Nc), two Coulomb branch chiral superfields, X±, remain unlifted.

It will be soon useful to recall here how this works. Semi-classically, Xi+ ∼ 1/Xi− and the

SU(2) subgroups of G have Yi ∼ Xi+1,−Xi,+ ∼ 1/Xi+1,+Xi,−, i = 1 . . . Nc − 1, with global

U(1) charges which are similar to (8.13), but with the Callias index giving Fermion zero

modes, Kj 6= 0, only for the Yi0 instanton factor which has σi0+1 > 0 > σi0 . Instantons in

these SU(2) subgroups of G generate the dynamical superpotential [2, 44]

Wdyn =
∑

i

1

Yi
. (9.3)

The effect of this superpotential, is to set σ2 = · · · = σNc−1 = 0. For SU(Nc), there is a

single, unlifted Coulomb modulus, Y , given by

Y =

Nc−1∏

i=1

Yi. (9.4)

For U(Nc), there are two unlifted Coulomb moduli, X+ ∼ X1+ and X− ∼ XNc−, and we

can replace Y → X+X−.
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We recall, for example, that SU(Nc)0 and U(Nc)0, with Nf = Nc flavors, has a nice

dual description in terms of the unlifted Coulomb moduli, together with the Higgs branch

moduli, with superpotential [3]

SU(Nc)0 : with Nf = Nc : W = −Y (detM −BB̃), (9.5)

U(Nc)0 : with Nf = Nc : W = −X+X−detM. (9.6)

The quantum description for Nf < Nc follows from (9.5) or (9.6), upon adding complex

mass terms and integrating out flavors. For example, the theories with Nf = Nc − 1 have

quantum moduli space of supersymmetric vacua, with a constraint that follows from (9.5)

or (9.6) upon adding W = mNcMNcNc and integrating out the massive flavors:

SU(Nc)0 with Nf = Nc − 1 : Y detM = 1. (9.7)

U(Nc)0 with Nf = Nc − 1: X+X−detM = 1. (9.8)

For Nf < Nc − 1, this yields a runaway superpotential for Y or X+X−, so the theory with

zero masses has no stable vacuum; upon adding real masses, they break supersymmetry.

The quantum description for Nf > Nc requires additional degrees of freedom, e.g. those of

the Aharony dual [40].

We now consider these theories with k 6= 0, and more general matter content. Consider

the case of N+ matter fields Q in the fundamental and N− matter fields Q̃ in the anti-

fundamental. For k = 0, the quantum numbers are similar to those in [40], with Nf there

replaced with Nf ≡ 1
2(N+ +N−) for the U(1)A and U(1)R charges. For SU(Nc)0,

SU(Nc)0 SU(N+) SU(N−) U(1)A U(1)R
Qi N+ 1 1 0

Q̃ĩ 1 N− 1 0

M i
ĩ
= QiQ̃ĩ N+ N− 2 0

Y 1 1 −2Nf 2(Nf −Nc + 1)

(9.9)

For U(Nc)0, there is the extra U(1)J symmetry, and we replace Y → X+X−

U(Nc)0 SU(N+) SU(N−) U(1)A U(1)R U(1)J
Qi N+ 1 1 0 0

Q̃ĩ 1 N− 1 0 0

M i
ĩ
= QiQ̃ĩ N+ N− 2 0 0

X± 1 1 −Nf Nf −Nc + 1 ±1

(9.10)

There is no analog of superpotentials (9.5) or (9.6) if N+ 6= N−, since the holomorphic

SU(N±) singlet object detM can only be formed from M i
ĩ
if N+ = N−.

Consider the general N± case, with all matter fields massless, mf ′

f = mf̃ ′

f̃
= 0 in (9.1).

There is a non-compact, classical Higgs branch Mcl
H moduli space of solutions of (9.1), at

σc
′

c = 0, as long as N+N− 6= 0. Taking N+ ≥ N− > 0, on Mcl
H the gauge group is broken

as SU(Nc) → SU(Nc −N−), or U(Nc) → U(Nc −N−). So the SU(Nc) gauge group is fully
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broken if N− ≥ Nc−1, and the U(Nc) gauge group is fully broken if N− ≥ Nc. In the cases

where the gauge group is fully broken, there is a quantum Higgs branch moduli space of

SUSY vacua, MH
∼= Mcl

H . When the gauge group is not fully broken, the unbroken gauge

group will break supersymmetry if |k| < Nc −N−, with a runaway Coulomb branch in the

k = 0 case.

10 From Giveon-Kutasov to Aharony

Aharony duality [40] is unusual in that the dual Lagrangian contains terms explicitly

involving the dual theory’s monopole operators. One might reasonably question whether

or not this is a legitimate theory: is one allowed to include monopole operators in the

defining Lagrangian of a theory? We here show how to UV-complete this theory to one

without the monopole operators in the Lagrangian. We do this by showing that Aharony

duality can be derived via an RG-flow, as an IR-consequence of Given-Kutasov duality in

the UV. The monopole operators in the dual Lagrangian are in this way UV-completed to

a more-conventional theory without them.

In the following subsections, we briefly review these dualities in greater detail, and

then show how to derive Aharony duality as a consequence of Given-Kutasov duality.

10.1 Review of Aharony duality

The electric theory is a U(Nc)0 gauge theory, with Nf flavors in the fundamental and anti-

fundamental, Qcf and Q̃
cf̃
. The gauge and global charges, including those of the composite

meson M = QQ̃ and the monopole operators X±, are as in (9.10) with N+ = N− = Nf .

The dual theory [40] is a U(nc = Nf − Nc)0 gauge theory with quarks and anti-quarks q

and q̃, and the elementary fields M , X±, with quantum numbers

U(nc)0 SU(Nf ) SU(Nf ) U(1)A U(1)J U(1)R
qc̃f nc Nf 1 -1 0 1

q̃f̃c̃ nc 1 Nf -1 0 1

Mf

f̃
1 Nf Nf 2 0 0

X± 1 1 1 −Nf ±1 Nf −Nc + 1

(10.1)

The dual theory has the superpotential [40]

W =Mqq̃ +X+X̃− +X−X̃+ . (10.2)

where X̃± are the monopole operators of the magnetic theory. It should be stressed that,

due to the explicit appearance of the magnetic operators X̃± in the Lagrangian, the mag-

netic theory is not a standard weakly coupled renormalizable Lagrangian. At weak coupling

the last two terms in (10.2) are high dimension operators.

10.2 Giveon-Kutasov duality

The electric theory is U(Nc)k theory withNf quarks. The quantum numbers are as in (9.10)

with N+ = N− = Nf except that, for k 6= 0, we should omit the operators X± which are
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not gauge invariant (as in (2.13), they get charge ∼ k from the overall U(1) ⊂ U(Nc)).

U(Nc)k SU(Nf ) SU(Nf ) U(1)A U(1)J U(1)R
Qcf Nc Nf 1 1 0 0

Q̃
cf̃

Nc 1 Nf 1 0 0

Mf

f̃
1 Nf Nf 2 0 0

(10.3)

The dual theory [31] has gauge group U(nc)−k, with nc = Nf + |k| −Nc and matter

U(nc)−k SU(Nf ) SU(Nf ) U(1)A U(1)J U(1)R
qcf nc Nf 1 -1 0 1

q̃
cf̃

nc 1 Nf -1 0 1

Mf

f̃
1 Nf Nf 2 0 0

(10.4)

The dual has the superpotential [31]

W =Mqq̃ . (10.5)

As a warmup, we outline how Giveon-Kutasov duality can be derived from Aharony

duality. Consider starting with an electric U(Nc)0 with Nf + |k| flavors, and turn on equal

mass m for |k| flavors, with sign(k) = sign(m). In the U(Nf + |k| − Nc)0 Aharony dual

of the original electric theory, the real masses map to real masses −m for |k| flavors, real
masses for X±, and real masses for the (Nf + |k|)2 − N2

f components of the singlets M

with flavor indices for the massive electric flavors. The masses follow from the U(1)A
assignments in (10.1). Integrating out the massive flavors on both sides, the electric theory

flows in the IR to U(Nc)k with Nf flavors, and the Aharony dual flows in the IR to the

U(Nf + |k|−Nc)−k Giveon-Kutasov dual. The peculiar X̃± of the UV Aharony dual (10.2)

decouple in the IR limit, together with the elementary fields X±, which got real masses.

10.3 Turning on a real mass for one flavor in U(Nc)k

We start with the electric side (10.3) of Giveon-Kutasov duality, U(Nc)k theory with Nf

quark flavors, Qf and Q̃
f̃
, and consider turning on real masses. The classical vacua sat-

isfy (9.1), where we set the FI term ζ = 0. For simplicity, consider the case where we give

a non-zero real mass to only one flavor, giving the same real mass to QNf and Q̃Nf
,

mf ′

f = mδfNf
δf

′Nf ; m̃f ′

f = mδ
f̃Nf

δf̃
′Nf (10.6)

and we take m > 0; the results for m < 0 are similar. The solutions of (9.1) are:25

1. σ = 0, with QcNf = Q̃cNf
= 0. The theory here has a Higgs branch for the remaining

Nf − 1 massless flavors. Integrating out the massive flavor, the low-energy theory at

the root of the Higgs branch is a U(Nc)k+1 gauge theory with Nf − 1 flavors. The

case k = −1, where there is a Coulomb branch, will be discussed separately below.

25A closely related discussion appeared in [69].
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2. σNc

Nc
≈ −m, with the other entries of σ vanish, breaking the gauge symmetry as

U(Nc) → U(Nc−1)×U(1). The unbroken U(Nc−1) factor is similar to the previous

case: it hasNf−1 massless flavors and one massive flavor, which leads to U(Nc−1)k+1

with Nf −1 massless flavors. The unbroken U(1) gauge factor has Nf fields of charge

±1, from the c = Nc color component of the original Qf and Q̃
f̃
. Of these Nf

charged flavors, Nf − 1 have real masses ±σNc

Nc
, so they can be integrated out and

their one-loop corrections to ζeff and keff in (2.6) cancel. The U(1) charge +1 matter

field QNc,Nf has real mass σNc

Nc
+ m ≈ 0, so it is light and kept in the low-energy

theory. The U(1) charge −1 matter field Q̃Nc,Nf
has real mass m−σNc

Nc
≈ 2m, so it is

integrated out and then (2.6) gives ζ → ζ +m, k → k + 1
2 . It is natural to shift σNc

Nc

by δσ = m to vanish in the vacuum; as in (2.2), this additionally shifts ζ → ζ + km.

In sum, in addition to U(Nc−1)k+1 with Nf flavors, there is a low-energy, decoupled

U(1)k+ 1
2
factor, with a single light field Q = QNc,Nf , of charge +1 and

ζ = m(k + 1) . (10.7)

We analyze this low-energy U(1)k+ 1
2
theory as in the discussion following eq. (2.8),

with klow = k + 1
2 and ζ given by (10.7). According to (6.3), this U(1)k+ 1

2
theory

generically has Tr(−1)F = |k + 1
2 | + 1

2 SUSY vacua, but the topological vacua do

not count, since they are far from σNc

Nc
≈ −m, so outside of our low-energy effective

theory; only the Higgs vacua are in the low-energy theory. For generic k < −1, the

effective FI term F (σQ) < 0 and there is no supersymmetric vacuum. For k > 0, there

is an isolated supersymmetric vacuum, with a mass gap, on the Higgs branch, with

Q ∼ √
ζ. The U(1) gauge field and charged matter Q are massive, so the remaining

low energy theory is U(Nc − 1)k+1 with Nf − 1 flavors. Again, k = −1 is a special

case, giving ζlow = 0, klow = +1
2 , which we discuss separately below.

3. σNc

Nc
≈ m, with the other entries of σ vanish. The analysis here is similar to the

previous case with Q↔ Q̃. The low-energy theory is U(Nc−1)k+1×U(1)k+ 1
2
, where

the U(1) has a single light field, of charge −1, with ζ = −m(k + 1). For generic k,

there is a supersymmetric vacuum on the Higgs branch if k > 0, with Q̃Nc,Nf ∼ √−ζ,
and no supersymmetric vacuum if k < −1.

4. The only nonzero entries of σ are σNc

Nc
= −σNc−1

Nc−1 = m, breaking U(Nc)k → U(Nc −
2)k+1 × U(1)k+ 1

2
× U(1)k+ 1

2
. This is similar to the above two cases: the U(Nc − 2)

factor has Nf − 1 massless flavors, and the U(1)k+ 1
2
each have a single charged field,

Nf = 1
2 . Again, for k < −1 these U(1) factors do not give supersymmetric vacua

within the low-energy theory, while for k > 0 they give a single supersymmetric

vacua, with only U(Nc − 2)k+1 with Nf − 1 flavors remaining light.

Next, consider the special case k = −1 and follow the four cases mentioned above:

1. The low energy theory is U(Nc)0 with Nf − 1 flavors and a Coulomb branch.

2. The U(1) factor is U(1)− 1
2
with a single charge +1 chiral superfield and no FI-term

(see (10.7)). This theory is dual at low energies to a single chiral superfield U+ (the
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reason for the subscript will be clear below), representing half of the Coulomb branch

of this chiral Abelian theory. The U+ chiral superfield must couple to the U(Nc−1)0
fields and in particular, to the operator X− associated with the U(1) ⊂ U(Nc − 1).

The original U(Nc) theory had a single topological symmetry under which U+ and

X− have opposite charges. Therefore, effects in the broken high energy U(Nc) theory

must break the separate topological symmetries of the two factors U(Nc − 1)×U(1).

In particular, monopole configurations that acts as 3d instantons must do the job

and produce a superpotential as in (9.3)

W ∼ U+X− . (10.8)

In conclusion, the low energy theory is U(Nc − 1)0 with Nf − 1 flavors and a chiral

superfield U+ with the superpotential (10.8).

3. This case is similar to the previous one. The low energy theory is U(Nc − 1)0 with

Nf − 1 flavors and a chiral superfield U−. In addition, it has a superpotential

W ∼ U−X+ , (10.9)

where X+ is constructed out of the U(Nc − 1) fields.

4. Repeating the discussion in the two previous cases, we find a U(Nc− 2)0 theory with

Nf − 1 flavors and two chiral superfields U± with the superpotential

W ∼ U+X− + U−X+ . (10.10)

10.4 Flowing by real masses from a pair of dual Giveon-Kutasov theories

The previous discussion can be interpreted as flowing from the electric Giveon-Kutasov

theory. We see that the answers depend on the value of k. It is straightforward to repeat

this analysis in the magnetic theory U(nc = Nf + |k| − Nc)−k with Nf flavors, chiral

superfieldsM and the superpotential (10.5). The electric real masses (10.6) map, according

to the global symmetries, to real masses in the dual for qNf
, q̃Nf , Mf

Ñf

, and M
Nf

f̃
. The

discussion is similar to the above so we will not repeat it in detail. Again, there are four

kinds of vacua to consider and the answers depend on if k > 0, k < −1, or k = −1. The

main point is that the four kinds of vacua in the electric theory and the analogous four

kinds of vacua in the magnetic theory are mapped as

1 ↔ 4

2 ↔ 3
(10.11)

In particular, starting with U(Nc)−1 withNf flavors on the electric side, vacuum 1 gives

a low-energy U(Nc)0 theory with Nf−1 flavors. In the magnetic dual, we start with U(Nf+

1−Nc)1 and flow in vacuum 4 to U(Nf − 1−Nc)0 theory with the superpotential (10.2),

where the X+X̃−+X−X̃+ terms come from the analog of (10.10) in the magnetic dual, so

U± → X± and X± → X̃±.
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We learn several lessons from this analysis. First, flowing from a Giveon-Kutasov

dual pair we find a pair of Aharony duals. This gives additional evidence for the two

kinds of dualities. Furthermore, we see where the mysterious fields X± in Aharony duality

come from, and how to interpret the superpotential (10.10), which couples to complicated

operators U±. We also derived a new duality (which can be derived trivially from Aharony

duality) from the 2 ↔ 3 vacua duality exchange: the electric theory is a U(Nc)0 theory

with Nf flavors, a singlet U+ and a superpotential (10.8) U+X−. The magnetic theory

is a U(Nf − Nc)0 theory with Nf flavors, singlets M , a singlet X̃+, and a superpotential

qMq̃ + U−X̃+ where U− is constructed out of the magnetic gauge fields. Finally, we can

extend this analysis and flow in the entire chain of dualities by turning on positive and

negative real masses. The main subtlety is how to flow to k = 0, where additional fields

show up. Our discussion shows how to do it.
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A Notation and additional details, review

We here set our notation. There are some crucial relative signs and normalizations, between

the Chern-Simons term, the Fayet-Iliopoulos term, and the sign of their shifts when matter

is integrated out, which must be properly fixed to obtain consistent results.

A.1 Susy algebra and conventions

We use the conventions of [70], reduced to 3d, e.g. the metric is26 ηµν = diag(−++). The

supersymmetry algebra is

{Qα, Qβ} = 2γµαβPµ + 2iǫαβZ. (A.1)

The 3d γµ matrices satisfy (γµ)α
β(γν)β

λ = ηµνδα
λ + ǫµνρ(γρ)α

λ. We choose the spinor

basis27 that diagonalizes γ0αβ:

γµ=0,1,2
αβ = −1, σ1, σ3, (A.2)

26In Euclidean space, iSM → −SE , e.g. introducing an i factor in the Chern-Simons action.
27Another sometimes-convenient basis is one that diagonalizes (γ0)α

β , and the 1
2
[γ1, γ2] angular momen-

tum contribution, (γµ=0,1,2)α
β = (iσ3, σ2, σ1).
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which are the (σµ)αβ̇ of [70], reduced along the xµ=2 direction, and the sign of γ0 fits with

positive energy, P 0 = −P0 ≥ 0.

Indices are raised, lowered, and contracted with ǫαβ or ǫαβ (as in appendix B of [71]),

e.g. ψχ ≡ ǫαβψαχβ , and ψχ ≡ ǫαβψαχβ. In this notation,28 (ψχ) = ǫαβχβφα = −χφ,
and iθθ and θγµθ are real, with e.g. (θθ)2 = 1

2θ
2θ

2
. Supercharges Qα are represented in

superspace by differential operators Qα which act on superfields O similar to [70]

δζO = i[ζQ− ζQ,O] = (ζQ− ζQ)O, (A.3)

where the supercharges can be written as

Qα =
∂

∂θα
− iγµαβθ

β
∂µ, Qα = − ∂

∂θ
α + iθβγµβα∂µ. (A.4)

The superspace derivatives, anti-commuting with (A.4) are

Dα =
∂

∂θα
+ iγµαβθ

β
∂µ, Dα = − ∂

∂θ
α − iθβγµβα∂µ. (A.5)

A.2 Gauge fields and Lagrangians

A U(1) gauge theory has vector multiplet (in Wess-Zumino gauge [70]) V = −iθθσ −
θγµθAµ + iθ2λ− iθ

2
θλ+ 1

2θ
2θ

2
D. The gauge field strength is in the real linear multiplet

Σ ≡ − i

2
ǫαβDαDβV ≡ 2πJJ = σ + θλ+ θλ+

1

2
θγµθF νρǫµνρ+

+ iθθD +
i

2
θ
2
θγµ∂µλ− i

2
θ2θγµ∂µλ+

1

4
θ2θ

2
∂2σ,

(A.6)

with D2Σ = D
2
Σ = 0. Then (A.3) gives, for example, the photino variation

i{Qα, λβ} = γµαβ(−i∂µσ +
1

2
F νρǫµνρ) + iǫαβD. (A.7)

JJ is the current superfield for the U(1)J global symmetry, with topological current, jµJ ≡
1
2π ǫ

µνρ∂νAρ, so j
0
J = F12

2π ≡ B
2π . The gauge kinetic, CS, and FI terms are29

Lgauge =

∫
d4θ

(
− 1

e2
Σ2 − k

4π
ΣV − ζ

2π
V

)
(A.8)

where e is the gauge coupling constant. The terms involving the gauge field include

Lgauge ⊃ − 1

4e2
FµνF

µν +
k

4π
ǫµνρAµ∂νAρ +Aµj

µ
matter, (A.9)

28The notation of [72], where indices are contracted with Cαβ = iǫαβ nicely eliminates the minus sign

and i above, but we will use the above convention to remain closer to [70].
29Our sign convention is that integrating out a Fermion of real mass m > 0 induces ∆k > 0. The following

are odd under parity and time reversal: k, mi, σ. Under charge conjugation C, V → −V , or equivalently

we can leave V alone and take ni → −ni; other quantities are C even. The following quantities all have

dimensions of mass: e2, Σ, ζ; while k and V are dimensionless.
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so the Aµ equations of motion are

− 1

e2
∂νF

νµ = jµmatter + kjµJ ≡ jµGauss. (A.10)

The CS term k thus imparts electric charge to states carrying U(1)J topological charge,

as in (3.17). For states with qGauss = 0, as in (3.18), qmatter = −kqJ . Vortex states with

qJ 6= 0 acquire electric charge −keffqJ , from (3.18) in the effective theory. The consistency

condition (2.1), keff ∈ Z, then follows from the Dirac quantization condition.

For U(1)k with chiral superfields Qi of charges ni, the matter has classical terms

Lkin =
N∑

i=1

∫
d4θQ†

ie
niV+imiθθQi. (A.11)

The auxiliary D component of the U(1) gauge multiplet appears in the Lagrangian as

Lcl ⊃
1

2e2
D2 +

D

2

(
∑

i

ni|Qi|2 −
k

2π
σ − ζ

2π

)
. (A.12)

Solving for 〈D〉,

〈D〉 = −e
2

2

(
∑

i

ni|Qi|2 −
ζ

2π
− k

2π
σ

)
, (A.13)

the classical potential of the system is

Vcl =
e2

32π2

(
∑

i

2πni|Qi|2 − ζ − kσ

)2

+
∑

i

(mi + niσ)
2|Qi|2 . (A.14)

Quantum corrections modify ζ and k in (A.14), as in (2.3). More generally, including

the gauge kinetic term, the quantum corrections to (A.8) are of the form

Lgauge,eff = −
∫
d4θ

(
f(Σ) +

1

4π
(keffΣV + 2ζeffV )

)
, (A.15)

where keff and ζeff are one loop exact, as in (2.6). The function f(Σ) in (A.15) is given at

one loop by

f(Σ) =
1

e2
Σ2 + 2sΣ log(Σ/e2) + · · · , (A.16)

with s = 1
2

∑
i n

2
i for the U(1) theory. The non-Abelian case is similar, see [4, 65], with

negative contributions to s in (A.16) from integrating out the massive, non-Cartan gauge

fields on the Coulomb branch, e.g. s = Nf − 3 for SU(2) with Nf flavors.

For a non-Abelian gauge theory, the N = 2 SUSY Chern-Simons term is

SN=2
CS =

k

4π

∫
Tr

(
AdA+

2

3
A2 − λλ+ 2Dσ

)
(A.17)

(see e.g. [73–75]–[76] for SN=2
CS written in superspace). If the gauge group is U(Nc) we

can also add a FI term L ⊃ −
∫
d4θ ζ

2πTrV . For the N = 2 theory with matter chiral

– 49 –



J
H
E
P
0
7
(
2
0
1
3
)
0
7
9

superfields in representations rf of the gauge group G, the quantization condition is k +
1
2

∑
f T2(rr) ∈ Z, with T2(rf ) = 1 e.g. for a fundamental or anti-fundamental of SU(Nc)

or U(Nc). Integrating out massive matter shifts keff = k + 1
2

∑
f T2(rf ) sign(mf (φ)). For

keff = 0, there is a Coulomb branch with G → U(1)r; when keff 6= 0, the Coulomb branch

is lifted.

A.3 Vortices and their zero modes

We here review and collect some formulae for vortices in 3d, N = 2 SUSY, U(1)k Chern-

Simons-Maxwell theory with matter. See e.g. [50, 56] for more details.

BPS field configurations are annihilated by Q− and Q+, and anti-BPS configurations

are annihilated by Q+ and Q−, with Q± = 1
2(Q1 ± iQ2) and Q± = 1

2(Q1 ± iQ2) (3.6). In

Wess-Zumino gauge, the variations of the photino, with λ± = λ1 ± iλ2, are

{Q−, λ−} = Fzt + ∂zσ {Q+, λ+} = Fzt − ∂zσ

{Q−, λ+} = Fzz + ∂tσ − iD {Q+, λ−} = Fzz + ∂tσ + iD
(A.18)

with Fzz = iFxy since z = x+ iy. The complex conjugate equations are obtained via Q± →
Q∓, λ± → λ∓, z ↔ z. The variation of a Fermions in chiral multiplets Qi = φi+θψi+θ

2Fi,

with charges ni, for mass mi = 0, are (with Dµ → ∂µ − iniAµ and Dz ≡ 1
2(Dx − iDy))

{Q+, ψi+} = Dzφi, {Q−, ψi−} = Dzφi,

{Q+, ψi−} = iDtφi + niσφi, {Q−, ψi+} = −iDtφi + niσφi,

{Q−, ψi+} = Fi, {Q+, ψi−} = Fi.

(A.19)

with similar complex conjugate equations for the Fermions in the anti-chiral multiplets.

The BPS equations obtained from (A.18) and (A.19) are thus

∂tσ = 0, Fzt + ∂zσ = 0, i∂tφi + ni(σ +A0)φi = 0, (A.20)

Fzz − iD = 0, (A.21)

Dzφi = Fi = 0. (A.22)

Equations (A.20) can be solved in a static configuration, setting all ∂t → 0 and A0 = −σ.
Integrating (A.21) over the spatial plane yields

2πqJ = −i
∫
d2zFzz =

∫
d2zD ≡ ζe2

4π
R2

core, (A.23)

where Rcore is the length scale of the vortex core, where the φI ≈ 0 and σ ≈ 0 in (A.13).

The signs in (A.23) show that (A.21) is only consistent if Z = qJζ > 0. Likewise, anti-BPS

states have z ↔ z in (A.21) and (A.22), and the analog of (A.23) requires Z = qJζ < 0.

B Coulomb branch and Kähler form nonrenormalization

Consider first an Abelian gauge theory. The massless modes along the Coulomb branch

are the microscopic gauge fields Vr, r = 1, . . . , n. They can be described by the linear
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superfields Σr = − i
2DDVr, and the effective Lagrangian is given by a real function f :

Leff = −
∫
d4θf(Σr). (B.1)

The kinetic terms for σr = Σr|θ=θ=0 is determined from the metric

ds2 = f rsdσrdσs, with f rs ≡ ∂r∂sf(σc). (B.2)

In a sensible theory, the Hessian f rs > 0 is a positive definite matrix.

It is convenient to dualize the linear multiplets Σr [4, 45]. Locally, this is achieved by

adding Lagrange multiplier chiral superfields U r and studying the Lagrangian30

∫
d4θ

(
−f(Σr) +

(
U r + U

r) Σr

2π

)
. (B.3)

Where the bottom component of U r| has

(U r + U
r
)| = 2φr, (U r − U

r
)| = 2iar, (B.4)

so e.g. U r +U
r ⊃ −2θγµθ∂µa

r. The normalization of the added term in (B.3) is such that

ar have 2π periodicity, given that Jr = Σr/2π, the conserved current for a U(1)Jr global

symmetry, has integral charges qJr =
∫
d2x1

2ǫ
0νρFνρ/2π (1.2). The shift symmetries

U r → U r + iαr, (B.5)

with real αr, shifting ar → ar + αr in (B.4), reflect the conserved U(1)Jr currents Σr/2π.

Since the low energy theory is IR free, we can use the semiclassical approximation and

integrate out Σr by a Legendre transform

U r + U
r
= 2π∂Σrf(Σt)|Σt=ΣU

t
, (B.6)

where ΣU
t is the solution of (B.6), and we find the action

Leff =
∫
d4θK K = K(U r + U

r
) = −f(ΣU

r ) +
1

2π
(U r + U

r
)ΣU

r . (B.7)

The Legendre transform gives

∂UrK = ∂UrK =
1

2π
ΣU
r (B.8)

and the Hessian of K,

Krs = ∂Ur∂UsK =
1

2π
∂UsΣU

r , (B.9)

gives the inverse matrix of the Hessian of f in (B.2)

Krs = (2π)2f rs . (B.10)

30We use Lorentzian signature; in Euclidean space the second term has an imaginary coefficient.
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This determines the Kähler metric,

ds2 = 2KrsdU
rdU

s
= 2Krs(dφ

rdφs + dardas). (B.11)

The Legendre transform breaks down at the vanishing eigenvalues of f rs or Krs, where

there are singularities on the Coulomb branch.

To illustrate the above procedure, consider a single Coulomb variable with f(Σ) ≈
Σ2/e2 for large σ. Then (B.6) and (B.7) give K ≈ e2

16π2 (U + U)2, with

φ ≈ 2πσ/e2, ǫµνρ∂
ρa ≈ 2π

e2
Fµν , X = eφ+ia ≈ e2πσ/e

2+ia. (B.12)

The coordinates ar are natural because they are associated with the U(1)n isome-

try (B.5) of the space, and φr are related to them by the complex structure. Similarly, the

coordinates σr are natural because they are related by supersymmetry to the field strengths

and conserved currents. For large σ, (B.12) gives φ ≈ 2πσ/e2. But it is important that σr
and ar reside in different superfields.

Using the general Kähler metric (B.11), for any f(Σr) in (B.7), the Kähler form is

Ω =
i

2
KrrdU

r ∧ dU r
= Krsdφ

r ∧ das = 1

4π
dσr ∧ dar , (B.13)

where we used the above properties of the Legendre transform. In this context, this result

was derived in [46], where it was emphasized that the f independence of (B.13) means that

the Kähler form on the Coulomb branch is given exactly by its classical value.

This conclusion has several consequences and it can be extended in several directions.

First, consider a Coulomb branch of a non-Abelian theory. Because of magnetic monopoles,

the semiclassical Σr cannot be used beyond perturbation theory. In fact, as in [2], one must

first dualize to the variables U r and then the shift symmetry (B.5) is violated. Hence, the

Kähler form can be renormalized non-perturbatively.

It turns out that in many situations we can still prove such a non-renormalization

result. Consider for example an SU(2) gauge theory. The theory has a one dimensional

Coulomb branch and it is invariant under a global U(1) symmetry that semiclassically acts

on it as in (B.5). Depending on the number of flavors this symmetry is an R-symmetry

or an ordinary symmetry. Therefore, the Kähler potential must be of the form K(U +U).

Note that this is true even in the Nf = 0 theory, where a superpotential for U is generated

non-perturbatively. Now, we can run the discussion above in reverse, define Σ using the

Legendre transform and show that the Kähler form is given exactly by dσ ∧ da.
More generally, whenever the theory has an n dimensional branch with n shift symme-

tries (B.5) (which could be accompanied with an R-transformation), the Kähler potential

has the form K(U r+U
r
). Then we can define Σr as in (B.8), and conclude that the Kähler

form has the simple form (B.13).

This discussion breaks down at the singularities of the Coulomb branch. They occur

when the Hessian Krs has vanishing or divergent eigenvalues. Comparing with known

examples we can find one of the following situations:
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1. At some finite point, σr = σ
(0)
r the Kähler metric Krs has a vanishing eigenvalue.

This means that in terms of U r the space ends. Nevertheless, the moduli space of

vacua can continue beyond this point. Then, a new set of chiral superfields Ũ r are

needed on the other side. An example of this situation arises in a U(1) gauge theory

with several flavors with real masses mi. Here, the Coulomb branch of the moduli

space of vacua is parameterized by −∞ < σ < +∞. It includes various regions

mi < σ < mi+1 parameterized by different chiral superfields Ui (see, e.g. figure 1).

2. The classical Coulomb branch ends at some finite σr = σ
(0)
r , but in the quantum

theory σr is extended beyond this point. This is the case in an SU(2) gauge theory

with Nf = 1. The moduli space is parameterized by a meson M , which is related to

U through MeU = 1.

In the discussion above, we ignored the fact that the functions f and K could depend

on various parameters. In particular, locations of singularities on the Coulomb branch can

depend on real masses mi, or Fayet-Iliopoulos parameters. Such parameters can affect the

Coulomb branch because they can be regarded as background linear multiplet superfields.

It is then easy to argue that whenever the discussion above applies (i.e. when the theory

has a U(1)n isometry so that the Kähler potential depends only on U r +U
r
) the locations

of the singularities is not corrected from the semiclassical values. The singularities are at

Σ = Σi, where Σi is a background linear superfield, which accounts for the real masses and

FI parameters. The quantum corrections to the linear superfields Σi are very restrictive,

the only ambiguity is in shifts by some linear superfields, and the ambiguity by such shifts

is easily determined semiclassically.

This conclusion has important consequences. It is often the case that the theory has

such a U(1)n global symmetry so that we can apply the result above, and the Coulomb

branch has singularities. There can then be BPS states that wrap the regions in the

Coulomb branch between these singularities. The BPS masses of such Skyrmions are

determined by the Kähler form. Since the Kähler form is not renormalized, and its singu-

larities are easily determined in the classical approximation, we can easily determine the

masses of the BPS states. This result was found in Abelian theories in [46], and here we

extend it also to many non-Abelian theories.

C Comments about modes with logarithmically divergent norm

The purpose of this appendix is to clarify a confusing issue in the study of vortices in

theories with non-minimal matter, where it was found, starting with [24], that there are

non-normalizable zero modes. A typical example is the “semi-local vortex” of the Abelian

Higgs model with several fields [57]; it occurs both for vortex particles in 3d and for vortex

strings in 4d; see e.g. [77–81]- [82]. Various prescriptions have been given for handling the

non-normalizable modes — either to regulate the divergence, e.g. by putting the theory

on compact space, or to remove them, e.g. by giving them mass. We here interpret these

modes and explain how to treat them, without regulators or removing them.
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For concreteness, consider a 3d U(1) gauge theory with two complex scalar fields φi
of charge +1, and with FI term ζ > 0. This system describes the bosonic sector of our

SQED with two Qs with charge +1 (section 4.2). The low energy dynamics of this system

is the CP 1 model. Therefore, if our space is R2, the global SU(2) symmetry of the system

is spontaneously broken to U(1). If our space is compact, e.g. a sphere or torus, then the

symmetry is not broken.

More concretely, in finite volume V = L2 the system has a zero mode associated with

a global SU(2) rotation on the doublet φi. The norm of this constant mode is L2 and,

since it is finite, this mode is dynamical. As the volume of the compact space becomes

large, the norm of this mode diverges like L2, and it is frozen in the infinite volume

limit. Correspondingly, the Hilbert space breaks into superselection sectors labeled by the

boundary conditions on CP 1. Up to a global SU(2) rotation, we will take the boundary

conditions at infinity to be

φ2 → 0; |φ1| →
√

ζ

2π
. (C.1)

The configurations fall into sectors labeled by the vortex number (1.2)

qJ = − i

2π

∫
d2zFzz , (C.2)

where z and z parameterize space. The BPS static configurations with qJ > 0 are deter-

mined by a meromorphic function of z [24, 59]

w(z) =
φ2
φ1

=

qJ∑

I=1

ρI
z − zI

, (C.3)

where for simplicity we assume that all the poles are simple. When |ρI | are much smaller

than the separation between zI this configuration can be interpreted as qJ vortices each

centered around zI . |ρI | corresponds to the scale size of the I’th vortex and arg(ρI) is the

orientation in the target space. The moduli space of these vortices and the metric on that

space are analyzed in detail in [59]. It was shown in [57–59] that these vortices smoothly

interpolate between the ANO vortices and the CP 1 Skyrmions.

The large z behavior of (C.3) is

w(z) →
∑

I ρI
z

+O(1/z2) . (C.4)

The mode ρ =
∑

I ρI is interesting. Unlike all other modes in the system, which have finite

norm, the norm of ρ is logarithmically divergent. (In the finite volume system this mode

has finite norm proportional to logL.) Therefore, it is not dynamical in the infinite volume

system and it is frozen, as noted in [24].

We have seen two modes that should be frozen. The constant mode associated with

SU(2) rotations has quadratically divergent norm and ρ, whose norm is logarithmically

divergent. The constant mode is visible already in the sector of the theory with qJ = 0 and

its physics leads to the superselection sectors there and the corresponding spontaneous

symmetry breaking. But the physical interpretation of ρ appears to be mysterious. In
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particular, if the mode of the vortices ρ is not treated as a collective coordinate, then

the spectrum of the vortices appears to be a continuum labeled by ρ. This looks quite

unphysical, and indeed we will now argue that this conclusion is wrong.

We claim that, as with the constant mode, ρ is a superselection parameter already

for the qJ = 0 sector. Consider e.g. a single, real, massless scalar field ϕ, with boundary

conditions lim|z|→∞ ϕ = 0. Naively, we can set up the quantization of this system in a

standard way. However, consider a smooth configuration of ϕ at some fixed time t = t0

ϕ(z, z, t = t0) = Re
ρ

z
+O(1/|z|2) (C.5)

with some complex ρ. Setting the initial conditions (C.5) with ∂tϕ(z, z, t = t0) = 0

the configuration has finite energy and it spreads out. But since Reρz satisfies the static

equations of motion, no matter how much time we wait, the large |z| behavior of ϕ is

always as in (C.5). The value of ρ can be measured at infinity, and it does not change.

We see that the configurations of the classical system are labeled by the complex

parameter ρ and its value cannot change with time. This means that in the quantum

theory ρ labels different superselection sectors in the Hilbert space. Indeed, starting with

a state with some value of ρ and acting on it with any local operators, and letting the

system evolve for any finite time, we cannot find states with any different value of ρ.

Normally, we focus only on the states with ρ = 0. These states include the standard

vacuum and we can take its energy to be zero. The states with nonzero ρ are unusual.

Their energy is bounded below by zero. But there is no state with zero energy among

them. These states are necessarily time dependent.

Now we can move to the states with nonzero qJ . Here we find static states with any

ρ. The states with nonzero qJ can be created out of states with qJ = 0 by acting on them

with monopole operators. Such local operators cannot change the value of ρ.

We conclude that the Hilbert space breaks into superselection sectors labeled by the

continuous complex parameter ρ. If we want to focus on the standard vacuum with ρ = 0

we can limit the discussion of vortices to vortices with ρ = 0. Vortices with nonzero ρ are

excitations of states with qJ = 0 with nonzero ρ.

The discussion above of the Abelian Higgs model is easily generalized to N+1 complex

charged fields φi. Here the low energy theory is the CPN model. It has N modes with

quadratically divergent norm associated with the boundary values lim|z|→∞ φi (with fixed∑
i |φi|2). They are frozen when the system is in R

3 signaling the spontaneous breaking of

SU(N +1) → SU(N). In addition, there are N logarithmically divergent modes associated

with the 1
z fall-off of the scalar fields at infinity. As with our single ρ in the example above,

they are superselection sectors, and are present both with and without vortices.

We now consider the Fermionic zero modes. Again, some of them can have logarithmi-

cally divergent norms. On a compact space, such modes have finite norm and they should

be quantized. But when the system is on R
3 they are frozen. A simple way to handle them,

which is clearly motivated by our discussion above of the bosonic modes, is the following.

Start with the system in a compact space, where the quantization leads to a big Hilbert

space. Next, take the infinite volume limit and then this big Hilbert space breaks to dis-

tinct superselection sectors. Doing that with the Fermions, these different superselection
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sectors have different charges. Clearly, there are no transitions between states in distinct

superselection sectors and we can focus only on one of them.

The new point is the identification of all these superselection sectors, associated both

with the bosonic and with the Fermionic modes, also when qJ = 0 and there are no

solitons. Therefore, solitons with different values of ρ, and different non-normalizable

Fermi zero modes, are not merely in different sectors of the one body problem: they are

in different sectors of the whole quantum field theory. In each superselection sector of the

whole second-quantized system, we have solitons only with a fixed value of ρ, and with

some charges associated with the Fermion zero modes.

We end this appendix by pointing out that a similar phenomenon can take place in four

dimensions. In addition to its zero mode, a massless real scalar field ϕ can have asymptotic

behavior at spatial infinity analogous to (C.5), specified by a real parameter ρ

ϕ(~x, t = t0) =
ρ

|~x| +O(1/|~x|2). (C.6)

With such asymptotics, the energy is finite, the ρ-term satisfies the local equations of

motion, and the norm of the ρ-mode is (linearly) divergent. Hence, ρ leads to a new

superselection parameter.

D Derivation of Tr(−1)F for U(1)k with matter

We here derive the index (6.3) and (6.4), by explicitly verifying that the sum (6.2) is

independent of the real parameters mi and σ, and then evaluating it for a convenient

choice. Phase transitions can occur when, upon varying mi and σ, two (or more) σ vacua

locations collide. The Higgs vacua can exist at σQi
, the locations where the slope, keff(σ),

of F (σ) can change. Topological vacua are at σI , where F (σ) = 0. Varying the real

parameters, two σQi
vacua can cross each other, or a σQi

can cross a σI ; two σI cannot

cross each other, since the equation for σI is piecewise linear. We here verify that, although

the individual terms can vary, the sum (6.2) is unchanged by all such vacuum crossings.

As we vary the real parameters, the number of Higgs vacua at some σQi
can only

change if its si in (2.9) changes, which only happens if σQi
crosses a σI where F (σQi

)

passes through a zero. Likewise, the number of topological vacua at some σI can only

change if |keff(σI)| changes, which also only happens if σI crosses a σQi
. We verify that

these changes always cancel in the total Tr(−1)F . The dependence of (6.5) and (6.7) on

sign(ζ) illustrates this general result.

Consider first the case of two crossing σQi
and σQ′

i
, at the point, where σQi

= σQ′
i
.

If sign(ni) = sign(n′i), then si = si′ . For si = si′ = 1, there is a compact space of Higgs-

vacua MH at σQi
= σQi′

, and continuity of Tr(−1)F requires that these vacua contribute

Tr(−1)F |MH
= n2i + n2i′ , to equal those of the Higgs vacua at σQi

and σQ′
i
when they are

separated. For ni = ni′ = 1, the compact space of vacua is MH
∼= CP 1, which contributes

to the index according to its Euler character, Tr(−1)F |MH
= χ(MH) = 2. More generally,

for ni = ni′ , MH is a Zni
orbifold of CP 1, which gives Tr(−1)F |MH

= 2n2i . These cases

indeed agree with n2i + n2i′ . For ni 6= ni′ , the space MH is a singular weighted projective
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space and the contribution to Tr(−1)F is better computed via the UV U(1) linear sigma

model, which must give Tr(−1)F |MH
= n2i + n2i′ . If sign(ni) = − sign(n′i), then si 6= si′ :

only one contributes, both before and after the crossing. At the crossing point, there is

a non-compact Higgs branch, so Tr(−1)F is ill-defined; elsewhere, the index (6.2) is well

defined, and unchanged by the crossing.

Now consider the transition where a σQi
hits a σI , i.e. where F (σQI

) changes sign.

The effect depends on the relative sign of the slopes (2.7) k±eff,i of F (σ) on either side of

σQi
. If sign(k−eff,i) = sign(F (σQi

)), there is a σI topological vacuum at σI < σQi
, and if

sign(k+eff,i) = − sign(F (σQi
)), there is a σI vacuum at σI > σQi

. So if k±eff,i have the same

sign, the transition is that a single σI crosses over to the other side of σQi
. If k±eff,i are of

opposite sign, the transition is instead that two topological vacua σI and σI′ pair create or

annihilate when they meet at σQi
.

Consider first the same sign case, sign(k+eff,i) = sign(k−eff,i) ≡ sign(keff , i), and suppose

that initially σI < σQi
, and after the crossing that σ′I > σ′Qi

; the reversed situation is

analogous. So initially keff(σI) = k−eff,i, with sign(F (σQi
)) = sign(keff,i), and afterwards

keff(σ
′
I) = k+eff,i, with sign(F (σ′Qi

)) = − sign(keff,i). Using (2.7),

keff(σ
′
I) = k+eff,i = k−eff,i + n2i sign(ni), (D.1)

so the number of topological vacua counted in (6.2) changes after the crossing, by

∆Tr(−1)Ftopo = |k−eff,i + n2i sign(ni)| − |k−eff,i| = n2i sign(nikeff,i). (D.2)

The number of Higgs vacua counted in (6.2) also changes after the crossing, by

∆Tr(−1)FHiggs = n2i (si′ − si) = n2i (Θ(−nikeff,i)−Θ(nikeff,i)) . (D.3)

The changes in (D.2) and (D.3) indeed cancel: the total number of vacua remains constant,

though some of the Higgs vacua can become topological vacua, or visa versa.

Now consider the case of sign(k−eff,i) = − sign(k+eff,i), where topological vacua can pair

create or annihilate at σQi
. Consider the annihilation process; the reverse process is anal-

ogous. Initially, sign(k−eff,i) = sign(F (σQi
)) = − sign(k+eff,i), so there are σI and σI′ vacua

on either side of σQi
, which then annihilate when F (σQi

) changes sign. The number of

topological vacua counted in (6.2) thus changes by

∆Tr(−1)Ftopo = −|k−eff,i + n2i sign(ni)| − |k−eff,i| = n2i sign(nik
−
eff,i). (D.4)

The number of Higgs vacua also changes, and using (2.9) here gives

∆Tr(−1)FHiggs = n2i (si′ − si) = n2i

(
Θ(−nik−eff,i)−Θ(nik

−
eff,i)

)
. (D.5)

Again, the changes (D.4) and (D.5) cancel.

We have verified that (6.2) is invariant under all mi and ζ deformations, and can thus

evaluate (6.2) by a convenient mi, ζ choice. Note from (2.14) that F (σ) has asymptotic

slopes of the same (opposite) sign if |k| > |kc| (|k| < |kc|), and hence an even (odd) number
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of topological vacua. By the σI annihilation process, we can always adjust ζ such that

F (σ) has only one zero for |k| > |kc|, or no zeros for |k| < |kc|.
We first consider |k| > |kc|. We take signmi = signni, so that σQi

= −mi/ni < 0

for all fields, and choose ζ such that there is a single topological vacuum, at σI = 0,

F (σ = 0) = ζeff = ζ + 1
2

∑
i ni|mi| = 0. The topological contribution to (6.2) is then

Tr(−1)Ftopo = |keff(σ = 0)| = |k|+ 1

2

∑

i

n2i sign(nik). (D.6)

For the Higgs contributions, note that signF (σQi
) = − sign k, so

Tr(−1)FHiggs =
∑

i

sin
2
i =

1

2

∑

i

n2i (1− sign(nik)). (D.7)

Adding (D.6) and (D.7) gives the result (6.3) for the total index.

We now consider the |k| < |kc| case, and take ζ such that there are no topological

vacua, F (σ) 6= 0, by taking |ζ| sufficiently large with sign ζ = sign kc, so signF (σ) = sign kc
everywhere. Then (6.2) yields the result (6.4):

Tr(−1)F = Tr(−1)FHiggs =
1

2

∑

i

n2i (1 + signnikc) = |kc|+
1

2

∑

i

n2i . (D.8)
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