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ABSTRACT: We study the collinear splitting functions needed for next-to-next-to-leading
order calculations of jet production in the vacuum and in dense QCD matter. These
splitting functions describe the probability of a parton to evolve into three-parton final state
and are generalizations of the traditional DGLAP splitting kernels to a higher perturbative
order. Of particular interest are the angular distributions of such splitting functions, which
can elucidate the significance of multiple parton branching for jet observables and guide
the construction of parton shower Monte Carlo generators. We find that to O(a?) both
the vacuum and the in-medium collinear splitting functions are neither angular ordered
nor anti-angular ordered. Specifically, in dense QCD matter they retain the characteristic
broad angular distribution already found in the O(as) result.
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1 Introduction

To understand the various aspects of an experimental measurement, the LHC program relies
on simulations from parton shower Monte Carlo codes like PYTHIA [1] and HERWIG [2].
One of the ingredients of such event generators are the collinear Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) splitting functions [3-5]. These functions describe to leading
order O(ay) collinear radiation on distance scales of the order of the inverse transverse size



of a typical jet. Coherent branching effects [6, 7] are encoded in some of these generators,
like HERWIG, in a way that forces subsequent branchings to happen at smaller angles than
the previous ones. This property is known as angular ordering. Typical parton showers
resum leading order collinear large logarithms, while the angular-ordered parton shower
has been argued to include leading order infrared logarithms.

While implementations of angular ordered parton showers have been phenomenologi-
cally successful, they suffer from a conceptual inconsistency. Angular ordering is directly
applied to the collinear splitting functions. The coherent branching is correct in the soft
gluon emission limit from a hard N-parton final state. Conversely, the collinear (DGLAP)
splitting functions are derived in the small angle approximation, factorize from the hard
scattering and have no knowledge of the global event structure. In this paper we are
interested in characteristics of well-separated and energetic jets. In order to understand
the properties of highly-collimated showers and, in particular, the questions of angular
ordering, angular anti-ordering, or lack of any ordering, we investigate the higher order
O(a?) collinear splitting functions. In the vacuum, all such 1 — 3 parton branchings have
already been calculated [8, 9]. We use Soft Collinear Effective Theory (SCET) [10-13] to
demonstrate, on the example of the ¢ — ggq splitting, that it recovers these results. Our
main focus, however, are the medium-induced splitting processes, where the characteristic
large-angle radiation pattern, first understood in the soft gluon approximation limit [14],
is the theoretical basis for interpreting jet production in heavy ion collisions at the LHC.
Naturally, the question of what effects, if any, multiple branchings may have on the angular
distribution of an in-medium shower is a very important one. So far, possible qualitative
features of the gluon bremsstrahlung have been discussed on the example of a dipole an-
tenna model [15, 16]. Actual calculations of 1 — 3 parton branching in dense QCD matter
are absent in the literature. We use Soft Collinear Effective Theory with Glauber glu-
ons [17-23] (SCETg ) to derive the splitting function of a quark to emit two gluons and
study the angular distributions in such higher order medium-induced splitting. This infor-
mation might lead to important insights as to what corrections arise to fixed order and/or
resummed calculations [24-32] and Monte Carlo simulations [33-37] of jet observables in
heavy ion reactions. It will also help interpret the exciting experimental measurements
with jet final states in heavy ion collisions at the LHC, see for example [38-41].

Our paper is organized as follows. In section 2 we derive the vacuum g — ggq splitting
function using SCET. In section 3 we review the basics of Soft Collinear Effective Theory
with Glauber gluons. In section 4 use SCETq to derive the first order in opacity medium-
induced splitting function of ¢ — ggq. In section 5 we study the angular distributions of
vacuum and medium-induced 1 — 3 splitting functions. We conclude our paper in section 6.

2 The g — ggq splitting function in the vacuum

In this section we calculate the vacuum splitting function for ¢ — ggq.! We use SCET
and show that our SCET calculation yields the same result as obtained in the collinear
approximation of massless QCD, ref. [8].

Note that to O(a?) the kinematic variables, such as the light cone momentum fractions and transverse
momenta, do not factorize.



We follow the method used in ref. [20] for evaluating radiative energy loss. We use
the light-cone gauge which allows us to work directly with physical transverse polarization
vectors. The gluon polarization vector € in light-cone components is

(2.1)

_ |a 2PLEL
[n-e,nee ] =0, ——,e1 |,
where we have used the gauge conditions (p)-p = 0,7-e = 0. The spin sum matrix of these
transverse polarization vectors is

Z el el =6 (2.2)

gluon polarizations

¢ and 7' are indices in Euclidean three-space.

2.1 Notation and kinematics

We consider a general hard scattering amplitude J that creates, apart from other partons,
the collinear parent quark with momentum pg. This parton subsequently emits two gluons
with momenta p; and ps, and the final-state quark emerges with momentum ps. The
Feynman diagrams for matrix elements? M%O) and ./\/lfIOJ)r2 in SCET are shown in figure 1.
These matrix elements equal to

M%O) = Xn,po’]ﬂ (2'3)
M)y = gP e €2 Rnpa T, (2.4)

where Y, is the gauge-invariant collinear quark field of SCET and the expression for Ieg
follows directly from the Feynman rules of SCET. The squared matrix elements can be
written as

> jme)

=Tr <Z”'P0 J(Po)j(P0)> ; (2.5)

spin,color
© 12 _ am (% 7
> ‘sz =g Tr<2n-p3J(po)J(po)po)7 where (2.6)
spin,color
2
po= > A TEE)OTHE (2.7)
i1,i2=1

The trace in the equations above is over spin and color indices. To obtain eq. (2.6) we have
used eq. (2.2) to sum over the gluon polarizations. If

Po = Yo (HDirac) (Hcolor) > (2'8)

with 1 a real number,? the n + 2 parton matrix element and the n parton matrix element

can be related

2

2 4 ~
S M| = 40Py ) M (2.9)

=2
5123

2Subscripts (¥ refer to the fact that we deal with vacuum splittings in this subsection.
3 As you will see in the vacuum this is always the case. In the medium this is the case if the jet has been

created by a pure QCD interaction.
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Figure 1. Definition of the matrix elements Mr(LO) and Mffgz and the Feynman diagrams in SCET

that contribute to the splitting ¢ — gggq.

The sums are over spin and color. The splitting function® for ¢ — ggq

> 235793
(Fy—ggq) = ?%bm (2.10)
where z; = n-p;/fi-(p1 + p2 + p3) = 7-p;/N-po, and s123 = (p1 + p2 + p3)?, is calculated
by substituting eq. (2.8) into eq. (2.6) and comparing with eq. (2.5) and eq. (2.9). The
factorization formula eq. (2.9) and the splitting function eq. (2.10) were first derived in
ref. [8]. Note that if not for eq. (2.9), a process independent splitting function could not
be defined.

In section 2.2 we use the vectors

, j j j j
U’ =n-po| = 1L _ 21 — 1L 2J_7 2.11
QR1,Q2 n-Qr n-Qs 20, 20, ( )

where the four-vectors Q1 and (o are linear combinations of pi, ps, p3. They are related to
sij = (pi + pj)? via

2
Pp1,p3’

2

p2,p3? S512 = 2122 IJ2 (2.12)

s23 = 2223 U p1,.p2’

§13 — Z21%3 U

These relations are needed to compare our results to ref. [8]. Note that out of the six
transverse vectors that appear in vacuum Feynman diagrams (see section 2.2), U, ,.,
Uy, ps> Upioss Upsprtpss Uptpotpss Uprtpaps, only two are linearly independent.’ They
can be all written as linear combinations of U,, ,., Up, p, and, moreover, any product of
these six vectors can be written as combination of s13, s23, s12 with coefficients that depend
on 21, 22, 23.

2.2 Individual contributions of diagrams

In this subsection we calculate the diagrams that contribute to the effective vertex I'e,
shown in figure 1. We use the SCET Feynman rules, the polarization vectors in the light-

4The brackets in this notation indicate that we sum over the initial quark polarization. In all splittings
that we consider in this paper we do the same. Spin correlations in the vacuum splittings have been studied
in refs. [8, 9].

5Due to boost invariance along the collinear direction only two of the three momenta pi,ps,ps are
independent.



cone gauge given in eq. (2.1), and the relation

o o 3.0
Yoy = —6% — €353 where i,j = 1,2, and ¥ = <O;) 3> . (2.13)
o
The explicit form of the matrix 33 is only valid in the Weyl representation. Its properties,
23t = 33 and (£3)2 = 1, which we use in section 2.3, however, are independent of the
representation. For the contributions from each of the four diagrams to ['eg we obtain
C; "2 with

1 . . o
Cl = ?237 lellz — (TmTaz Oﬁ;z + T(IQT(II Olﬁ)@g) ’ (214)
= = j i1i2]1]
2= 5123513 Ly = Z TT* Up py Ups py 195 02 717, (2.15)
J1,J2
_ . j i1
= 5123523 Ty =3 TT UL, Uy g 05, (2.16)
J1,J2
O — 1 Fi1i2 _ T a2 Ujl Uj2 Oi1i2j1j2 917
4 5193512 4 7 Z[ ’ ) p1.p2 ©p1tp2,p3 U4 . (2.17)
J1,J2

The operators O; depend only on 21, 22, 23 and X3 and are defined as
la >

_ i1i2. yiti2. Hi1i2d1j2. Hlit2jige. iii2gig2
O_( O O ; O3 3 Oy )7

Q= (51112; ghi2d, g1 gizje. §itj2gi2di. ghiagitjz, §itjigizged. gizjaghiind. 511125J1J23) ,
O;

=Y ;M (2.18)
J
The 8x5 matrix M is equal to
M, = (2.19)
1 2(z1—=22) 1 2(z1—=22)
1—2z2 __(221-1'22;2 1—2z; vz(]hj-zziz 0 0 0
_—1+§2 —1+§1 0 0 0
0 0 (2722)(2’1 +223) Z122 722’2(1+2’3)
0 0 2129 (2—21)(ZQ+223) —221(1+23)
0 0 —Z122 —Z122 %;%(ZFZS)
0 0 41‘22(21 +223)Z3 1(72+Zl)2’223 2i22(21 +2’2)23
0 0 ’iZl (—2+22)23 —’iZl (ZQ+2Z3)23 222’1 (Zl +22)E3
0 0 0 —2i((—1421)22+2123) 23 22'2%23

Ji

Note that eq. (2.14) and eq. (2.17) do not coincide exactly with the corresponding
diagrams 1 and 4 in figure 1 since we have rearranged terms in these equations. The terms
proportional to 2(21 — 22)/(21 + 22)? in the first row of M;; are included into operators
01, and Oqp and therefore contribute to diagram 1. In figure 1, these terms are contained
in diagram 4. This rearrangement does not effect the sum of diagrams 1 and 4 and is

especially convenient for the in-midium calculation.



2.3 Result for the vacuum splitting

As one can see from the previous subsection, the sum of all four diagrams can be written

in the following form,
4
rie = Z C T = [T‘”T“Q (o/fff + io/;j? E3> + e (o/ﬁ? + ia%z 23” .
k=1
= > o (ap + alin?) (2.20)
- J Lj 2,3 ) ’
J

0. 1 o
In general, e§ ) is a list of color operators and a'?, ay'?* are complex numbers. In our case
9. 9.

650) =T™NT%, 6;0) =TT and a1, agj are real functions which can be extracted from
egs. (2.14)—(2.19).
Squaring I'sg yields

2
po= > P TE)OTEE = S D)) (Re (af a1 + ab ji0ny))
i1,i2=1 73

—¥3Im (o jr-ooj — % -0 5)) - (2.21)

In the equations above, the dot between «’s is a shorthand notation for summing over
. * 2 i1iok 0192 i
i1, 19, for example o oy = Zilh:l oy ot Note that the Gram matrix for the two

basis color operators e,

x Toolor, (2.22)
Cr (Cr-%) c2

is symmetric® and proportional to unity in color space. Since the tensors o are real the
imaginary part in eq. (2.21) vanishes and the Dirac part is also proportional to unity. As
a direct result we obtain that eq. (2.8) holds,

PO = ¢0 (]IDirac) (Hcolor) ) where (223)
Yo =Cp [CF ((Oél,l + 042,1)2 + (04172 + 042,2)2) —Cy (a171'a271 + Oé1,2-042,2)] . (2.24)

As before, it is understood that a square or a product contains summation over i1, is.
Substituting eq. (2.24) into eq. (2.10) yields

(Pyrgaas) = CHAPolys) + CrCa(BRan)), where (2.25)
2
~ zZ3S
<Pg(1a§2)q3> - 34123 ((041,1 + 042,1)2 + (1,2 + a2,2)2) ) (2.26)
> (nab) 238%23
( 9192q3> = 4 (—ar1-a01 —a12-a22). (2.27)

SWe used that the Gram matrix (eg.(,)) |e;0)> is a symmetric matrix to arrive at eq. (2.21).



In the abelian part, the contribution from I'y cancels exactly in the sums o171 + g1 and
a1 + ag o because of the color commutator in eq. (2.17). The remaining three diagrams
result in

(P(ab) ) = 3%23 z3(1 + 2’32,) n s12323(1 —2z1) + (1 — 22)3 | s;3
919243 25135823 2122 513 2129 13

+(1+2). (228

The non-abelian part reduces to

b
<Pg(il;2q)3> - T3t 29 1— 23

[2(21523 — 22813) + (Zl — 22)812]2 1 8%23 1+ Z% 1+ (1 — 22)2
22 +
4(z1 + 22)%s7y 4 2s12813

B s3ys  23(1+ 23) L 5128 21(2 — 221 + 22) — 29(6 — 622 + 232)
4813823 Z1%9 2812 22(1 — Zg)

| 5123 (1—22)% 4 2% — 2 ozl —z)+ (1 - 29)3
2313 22(1 - 23) 2172

)+QH®. (2.29)

Both eq. (2.28) and eq. (2.29) are in agreement with ref. [8] for ¢ = 0.

2.4 Cascade approximation for the two-gluon splitting function

In this section we derive an approximation for the ¢ — ggq splitting function based solely
on our knowledge of 1 — 2 splitting functions. We refer to this approximation as ”cascade”,
since it is closely related to how parton shower generators would approximate such higher
order collinear splitting function. We start from the definition of arbitrary 1 — 2 and
1 — 3 splittings

0 |2 2¢°
MO =22 ROl Y MO (2:30)
spin,color gk spin,color
0 |2 44
ML = s o)) Y MY (231)
spin,color jkl spin,color

2
MgLOJ)rz by iteratively applying eq. (2.30) twice and

Next, we calculate an expression for
summing over all possible branching sequences that produce two gluons. Comparing this
expression to eq. (2.31), we obtain the cascade 1 — 3 splitting function

(pease [p1,p2.p3)) ) =

- ( (Pi%galp2. ps + 1)) (PiBgalpr. 3]} | (Pi%galpr,ps + pal) (P hgulp2. ps))
513 523

o (Pl + 2, o)) (PR [m,pzD) | (2:32)

512

In section 5.1 we compare the cascade approximation to the full splitting. The cascade
formula omits certain interference terms, which are contained in the full 1 — 3 splitting.



3 Soft Collinear Effective Theory with Glauber gluons

When a highly energetic parton traverses dense QCD matter, the perturbative QCD ap-
proach can be used to describe its elastic and inelastic interactions and the formation of an
in-medium parton shower. In this approach, the medium can be modeled as consisting of
effective scattering centers that provide a color-screened Coulomb potential, which serves
as a background field for the partons that travel through the medium [42]. Consequently,
the processes that characterize the evolution of a parton shower in strongly-interacting
matter, which can be cold nuclear matter or a quark-gluon-plasma (QGP), can be divided
into two categories. In the first category the familiar soft and collinear splittings appear
at leading order at high energies, analogously to the vacuum case. The second category
involves elastic scattering with the medium quasi-particles. The first type of processes are
described by the known Soft Collinear Effective Theory. For example, small angle collinear
radiation in the parton shower is correctly captured by the SCET Lagrangian. However,
the elastic scattering off of medium quasi-particles forces us to go beyond traditional SCET.

Soft Collinear Effective Theory with Glauber gluons (SCETq ) is an effective theory
appropriate for describing parton shower formation in the ambiance of dense QCD matter
and the corresponding jet observables in heavy ion collisions. In addition to the interactions
of SCET, it has interactions of collinear quarks [17, 20] and collinear gluons [20] with
t— channel off-shell gluons with momentum scaling” (A2, A2, \), which are usually called
Glauber gluons. So far, the soft gluons have been neglected and SCETg contains only
interactions of collinear fields with Glauber gluons. Because this mode is off-shell, the
proper description for it is to treat the source field and the Glauber gluon as a background
field. Thus, based on the assumptions for the momentum scaling of the source, as well
as on the gauge fixing, one can derive the scaling of the background field created by the
source. With this scaling at hand, it is a matter of putting this background field into the
covariant derivative of the SCET Lagrangian to extract the Feynman rules of SCET¢ .
The resulting Lagrangian of SCETq is [20]:

LsceTc(éns An, Ac) = LsceT(én, An) (3.1)

49 (6,0 6 — i AL i) 1A ).
p.p’

The details of the Lagrangian depend on the type of the source and the gauge fixing
condition. In [20] different types of such choices have been considered. The Lagrangian
above corresponds to the static source with the momentum scaling psource = Mv+ k, where
the mass of the source particle M — oo and k ~ (A, A\, A). As for the gauge choice, it is
the hybrid gauge, when the collinear gluons are quantized in the light-cone gauge and
the potential off-shell Glauber gluons are quantized in the covariant gauge. This choice is
simple for two reasons. First, the number of Feynman rules and their structure is minimal
with this choice. For example, one can compare the two terms in eq. (3.1) with similar

"This statement is correct for the static and collinear sources. However for the soft source the correct
mode is (A, A%, \) [20].



Lagrangians of SCETq derived in [20] using covariant or light-cone gauge. Second, the two
Wilson lines that appear in matrix elements of the effective theory, the collinear Wilson
line and the transverse gauge link, do not add additional diagrams® [20].

The Lagrangian in eq. (3.1) contains the background field in position space. The
Feynman rules of such a Lagrangian contain the Fourier transform of the vector potential
n-Ag(z) — [diq/(2m)* e'%%v(q). For the static source v(q) = 276(q°)(q) due to the fact
that the recoil energy is negligible. This formally follows from time independence of the
background field Ag(z).

Since every appearance of the Glauber gluon interaction leads to the integral over the
Glauber gluon momentum, the following notation will be useful:

d4%‘

o, =
4% = ()

eiqida:i 'U(Qi), dd;, = e—iqﬂ5xi @(qil)’ (3.2)

where dx; = x; — xg, o is the space-time position where the jet was created, and z; is the
space-time position of the interaction with the medium quasi-particle . The transverse
part of the four-vector dz; is defined as dx;. The relation between these two definition
is simple:
d(n-q;) .05
4d; = db;, (2 QZ) ez(n~qz)5zz, (33)
T

where 0z; = (53:?. Finally, in order to relate the cross section to physical observables as
elastic scattering length and cross sections, we use:

C%, for qq— qq
C%, for gg—gg p. (34)
CrCa, for qg — qg

doel (R.T) = Ca(R) Co(T) |o(qu)|? _ 4a? ‘
d?q 7 da (2m)2  da(aq] + p?)?

In the equation above, C3(R) and Co(T) are the quadratic Casimirs of the incident parton
and target (source) representations. d4 = 8 is the dimension of the adjoint representation.
The formula above is valid in the high energy limit and neglecting the masses of the partons.
As a result, one can read out the value of 9(qy) = 4ras/(u? + q?).

4 The q — ggq splitting function in dense QCD matter

In this section we calculate the ¢ — ggq splitting function in the medium to first order
in opacity using SCETg and keeping the full 21, 22, 23 dependence. First order in opacity
contains single Born diagrams, representing interactions of the propagating system at lon-
gitudinal positions xf’ It also contains double Born diagrams, which can be viewed as the
contact limit x? — a3 of 2 interactions. In the first type of interactions one Glauber gluon is
exchanged in both the matrix element and the complex conjugate of the matrix element. In
the second type two Glauber gluons at the same point are exchanged either only in the ma-
trix element or only in the complex conjugate of the matrix element. The organization of the
opacity series is independent of the propagating system, for more details see refs. [43, 44].

8The latter was derived specifically for the static source.
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Figure 2. Single Born diagrams. See text for explanation of the different topologies.

The calculation in medium is very similar to the one in vacuum and we use many
definitions from section 2 in this section. In particular, since Glauber gluons do not carry
large momenta, the entire part that depends solely on 21, 23, 23 is identical in the vacuum
and medium calculations. Thus, we use the same operators O; given in eq. (2.18) as well

as the same matrix given in eq. (2.19).

4.1 Single Born diagrams

All single Born graphs are shown in figure 2. Graphs 1-4 have the same collinear structure
as the vacuum graph 1 in figure 1, and we refer to them as topology 1. Graphs 59 are
of topology 2, graphs 10-14 are of topology 3, and graphs 15-19 are of topology 4. The
amplitude of an arbitrary single Born graph k with 1 < k < 19 looks like

MW = gz g, ( / A%, C P;gﬁl,g”) J. (4.1)

The minus sign in eq. (4.1) cancels when squaring the matrix element. It is chosen for
convenience, since it leads to a color operator matrix with more positive than negative
numbers, see eq. (D.1). In the remainder of this subsection we give detailed expressions
for the longitudinal integrals I 121)7 the factors C}, and effective vertices Fi;”é.

~10 -



The longitudinal integrals are defined as

do= .
I,ff) = /;relq % 2g(Q1,9) - Ag(Qnyr9), (4.2)

where the integrand contains the product of all propagators with momentum @; — ¢, that
depend on the medium transfer momentum ¢

Ay(p.a) = [Qp.ar) — ¢~ +ig/ap] ", (4.3)
_ 2
Qp.ar) =p - w. (4.4)

For diagram k the number of ¢ dependent propagators is Ni. For single Born diagrams
Ny is at least Ny, = 1 and at most Ny = 2 for topology 1 and Npyax = 3 for the other
topologies 2, 3, 4.

Performing the integrals yields

II(Q1)7 if Nk = Nmin
)= L(Q1,9Q), if Ny=Npm+1 9, (4.5)
I3(Q1,99,9Q3), if Ny = Npin +2

where Q; = Q(Q;,q. ) and

L(Q) = —iehdz, (4.6)
ein(Sz o eiﬂl(SZ
IQ(Ql,QQ) =1 W, (47)
eng(Sz . einéz eng,(Sz . ein(Sz 1
I5(Q, 0y, Q) = i - . 48
3(021, 0, Q3) Z( N 00 )Qs—ﬂz (4.8)

For details on the longitudinal integrals of single and double Born graphs, see appendix C.
The factors Cj, and effective vertices I'}!"* are

1 .
. . - if Ny = Nyin
ritiz — (@) giriz 4 (0) Oz, Cp=1{ 5123~ ’ 4.9
k k “la kY1 k ﬁ}pw it N = Ny + 1 (4.9)
1 - _ N
L Aoy | e Yo
U = e U, o, Uniy e, O Ci= nper AL Ne=Nnin +15, (4.10)

- Pr, TPrg) B0 if Np = Npin + 2

where py, , pr, are the two four-vectors that come out of the second collinear splitting and
similarly pg,, px, are those coming out of the first splitting. Since Ug, ¢, is antisymmetric
under exchange of its arguments Q1 <> @2, we need to define the order of the arguments:
for ¢ — gq splittings, the gluon momentum is the first argument of U followed by the quark
momentum; for g — gg splittings, the momentum containing p; is the first argument of U
followed by the momentum containing ps.

The color operator for single Born amplitudes e is provided in appendix D in the

(1)

basis of six elements e; , see section 4.3. For topology k = 1 there are two color operators
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per diagram, with indices (@) and @, while for the other topologies there is only one color
operator per diagram, consistent with the notation in eq. (4.9) and eq. (4.10).

Note that egs. (4.9) and (4.10) are very similar to the corresponding vacuum equations,
egs. (2.14)-(2.17).2 We also have used the same rearrangements between topology 1 and 4
as in the vacuum case, mentioned at the end of section 2.2.

Even though we provided all rules necessary to evaluate any single Born graph in this
U

subsection, we also summarize all values for Cj, U 1 ,gl) in appendix B.

Dk Pky? = Phg:Pky>

4.2 Double Born diagrams

All 34 double Born graphs are presented in figure 3. Graphs 1-7 are of topology 1, graphs
816 are of topology 2, graphs 17-25 are of topology 3, and graphs 26-34 are of topology
4. A general diagram k with 1 < k < 34 equals

Mfc) = g%l €% Xnp </ d®1, d®s, Cy, F?h[}g%)) J, (4.11)

where C}, and Fz}iz are identical to the single Born case, given in eq. (4.9) and eq. (4.10). But
for double Born diagrams, Ny, and Ny ax are both larger by 1 in comparison to the single
Born case. The maximum number of g—dependent denominators is still Nyax = Npin + 1
for topology 1 and Nyax = Nmin + 2 for the remaining topologies.

The longitudinal integrals for double Born diagrams are defined similarly to eq. (4.2),

dor dos . s .
I]£2c) _ [ 4% 99 i1 021+iq; 622 Ag(Qla @) ... Ag(QNka (ij), (4.12)
2 2w
where ¢; is q1, g2 or q1 +¢2 dependent on the diagram. The results can be expressed through
the same functions Iy, I3, I3 defined in eq. (4.6)—(4.8),

(

I(92)/2, if ng=(1,0,1)
(D, 93)/2, it ng = (1,0,2)
I3(Q2,Q3,94)/2, if ni=( )

189 = (). () + Q9. Q3), if ng=(1,1,1) p, (4.13)
I3(Q, 0 + Q3,02 +Q3), if ng = ( )
I3(4, Q1 + Q2,0 + Q3), if ng = ( )

Ig(Ql+QQ,Qg,Q4), if Nk = (1,1,2)

/

where n, = (ng,,Ng,y, Ngy,), With ng being the number of ¢; dependent denominators,
etc. Obviously Ny = ng, + ng, + ng,,. For details on how to perform single and dou-
ble Born longitudinal integrals see appendix C. The €; in eq. (4.13) are defined as:
M... 0y, for g1 dependent propagators, {1y, 41...8y, 4n,, for g2 dependent propagators,
and an1+nq2+1. .. an1+nq2+n412 for g1 4+ g2 dependent propagators.

9This similarity is very much expected due to the fact that Glauber exchanges do not change the large
momentum fractions z1, z2, z3 and, thus, the part of the amplitude that depends only on these fractions
is identical to the vacuum case. Hence, the operators Oy, are equivalent to eq. (2.18) and eq. (2.19), and
tr = 2,3 or 4 depending on the topology of the diagram.

- 12 —



(1,01, 1)

(n“"Z'. {Lz,[)z)

- —

_ : : : :
] - - . —
llll—.ulﬁlu ~ R.. =)~ ﬁ -~ H - - 2 -~ ! _. 2 .ll% - :
bt T —-—=Jd =l - ==l ot --& ) ol A ~=J
\ \ s -® S \ \ \ s F--®
\ A Y A Y A Y A Y A Y A Y \
\ ~ \ < --® \ . \ ~f - -
h < « « < « < R
-
e i
LR . . - . \ -- -0 N - \ \
\ --m \ \ AN s \ © L - \
ST A L A L AS 1 N"" 4 \ v \Y r Ay P
N7 wlow N |- N7 vl - a® \ vl -®
\\ﬂz \.\Mt. E - =0 \\ﬂl \\.ﬂf & \\4¢ \\4& \.\Mt- = - P - - ()
’ \ ’ ’ \ # N ’ . ’ N ’ ’ \
® \ o N N A E N\ A
- - =&
~ L T ~ - =% ~ ~ ~ Y L N ~
III S f @ III ] III III = =) Ilfu - - I-II ® III
~) k- -2 ~ ~) ~ ~) ~ ~)
- ® - -®
L I ~ ~ ~ -~ ~, b JUPSRN p—— ~.
N9 = ~ ~. LU S-S T ® ~ N & ST -
- -® e Y ey Y i S ey Y
- = (S
o
= ~ ~ ~ ~ ~ S
Ss Rk R k- S - -® S . N
_ . ~F-® PN e - w -
Tq 4 - E - - P r
= == Xl S -~ - \n\-.u- -~ -
.|m|W@ \Nu\-xun.um \\\ \\\ \\\ @ \\\ \\-‘uuu..uu®
=
2y

Figure 3. Double Born diagrams. See text for explanation of the different topologies.
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The color operators ey, for the double Born amplitudes in the basis of 24 basis elements

el?

: ) (see section 4.3) are provided in appendix D.

Even though we provided the rules necessary to evaluate any double Born graph in
this subsection, we also summarize all values for Cj, Upk-l,pkz , Upk:3 Py I ]ch) in appendix B.

4.3 Squaring the matrix element

In this subsection we combine vacuum, single and double Born amplitudes and derive a
formula for the total squared matrix element averaged over the dense QCD matter. We
start from general expressions for vacuum, single and double Born amplitudes

M£LO+)2 = g2V el Xnps Z 650) <o/11;2 + oz;f;? iZ?’) J, (4.14)
J
MY, = g% eR / 4@, Y e (B + gyt U, (4.15)

J

MPY) = g e el Ny / A®11d®y Y el (7 + ok is?) g (416)
j

The tensors structures a2, 312,712 can be directly read off from the results in sec-
tions 2.2, 4.1 and 4.2. The basis of color operators for these three cases is:

e = (araz)r, (a201)r, (4.17)

e = (a1a2b) R, (a1baz) g, (baia2) g, (a2a1b) g, (a2bai)r, (bagal)g, (4.18)

e® = (a1a2b1b2) r, (a1b1a2b2) R, (b1aiazbe) R, (a2a1b1b2) R, (a2biaib2) g, (b1azaibe)r,
(a1a2bab1) R, (a1b1boas) R, (bra1beas) r, (a2a1b2b1) R, (a2b1b2a1) R, (brazbaar) R,
(a1b2asby) R, (a1babraz) g, (b1beaiaz) g, (a2baaib1) g, (a2b2biar)r, (b1b2aza1) g,
(baaiagbi) R, (baarbiaz) g, (b2biaiaz)r, (baazai1bi)r, (b2asbiar) g, (ba2biazar)r. (4.19)

For brevity, we have omitted the overall medium color structure of (b); for the single Born
and (by1);(b2); for the double Born color basis elements. Combining, squaring, and averaging

over the position of the medium scattering centers we get:

2
S ([0 Ay | > (.20)
spin, color qaL
4 7 7 I N d2QJ_

Note that the term oc TrM;OJZ];MgllQ vanishes and the term o< Tr./\/lfifg./\/ln 5 contributes

to higher order in opacity [43, 44]. Here, pg is given by the vacuum splitting and has been
calculated in section 2.3. The single and double Born terms p; and p(y. are:

p1 = Z (1) (Re [B5-Buy + B3 - Bag] T—Tm [B5 ji-Bag — B3 ;-Br] %), (4.21)

P(2¢) —QZ )\6(2) Re [01] ’Y1,g+0623 723] [+ Im [Oégj V1,5 — alj ’727]} 23)

— 14 —



In the equations above for the single Born expression we have used the fact that the Gram
matrix of color basis vectors is symmetric. This is explicitly shown below in this subsection.
The dot products between the tensor structures «, 3, indicate contractions, for example
By B = i i 5*’”2 ’”2 The Gram matrices of the color vector basis necessary for the
evaluation of the squared matrlx element are straightforward to obtain

Cl1 C2 C3 C2 C3 C4

C2 C1 C2 C3 C4 C3

1), (1 C3 C2 C1 C4 C3 C2

<e§,)]e§- )>:TR , (4.22)
C2 C3 C4 C1 C2 C3

C3 C4 C3 C2 C1 C2

| C4 C3 C2 C3 C2 C1

< )’6(2)> C1 C2C3 C2C3C4C1 ClLC2C2C2C3C2C1CC3C2C2C3CC1CqC3C2

C2 C3 C4 C1 C2 C3 C2 C2 C3 C1 C] C2 C3 C2 C2 C2 C] C] C4 C3 C2 C3 C2 C) .
(4.23)

Because every element of these two matrices above is a number times a unit matrix in color
space, the squared matrix element of both single and double Born amplitudes automatically
is a singlet in color space. The color factors as functions of the SU(3) quadratic Casimirs are

C1 IC%, CQZC%(CF—CA/Q), CgZCF(CF—CA/Q)z,
¢y = Cp(Cp —Ca)(Cp —Cy/2) =2c3 — ca. (4.24)

Unlike in vacuum, the squared two gluon amplitude in medium is in general not a
singlet in Dirac space. This was also found for the single gluon probability kernel in ref. [20].
In vacuum o1 ; and ag; are real and, hence, the X3 piece cancels. This is not the case in
medium, because the longitudinal integrals have a non-zero complex phase. However, if
the jet has been created by a pure QCD interaction, the trace Tr (% JJ 23> = 0 and the
medium-induced two gluon emission factorizes from the production process, similarly to
the single gluon emission [20].

4.4 Cascade approximation for the two-gluon splitting function

We define the 1 — 2 and 1 — 3 splittings in the presence of dense QCD matter

0 1 2 2¢> 2
S (MO M+ > = 2Pl Y \MS{” ,
spin, color qL Jk spin,color
MO, e @ m) ) 22 MO
n+2 + n+2 + n+2 : = 82 < i—jkl p]apkapl Z
spin, color qL Jkl spin,color
(4.25)
The full splitting functions become a sum over the opacity series
0 1
(Pisilps,pl) = (PO lps,pal) + (P ps, pal), (4.26)
0 1
(Pisjrilpjs pr, 1)) = <P,~(_>)jm[l?j7pkapﬂ> + <‘Pz‘(—>)jk;l [Dj> PksD1))- (4.27)
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The first term corresponds to the vacuum splitting function'® and the second term corre-
sponds to the first order in opacity term, including both single and double Born graphs.
Note that p;,p;, pr,pi are momenta of external partons and independent of the medium
averaging, which is not shown in the above equations but is present in the second terms.
The medium-induced cascade formula, similarly to the vacuum case, is based on the ap-
proximation that the probability to emit two gluons can be approximated by a product of
single gluon emissions. This approximation is valid up to certain interference terms. The
splitting function of the medium-induced “cascade” is

<P;i§§gq[P1,P2,p3]>(l) =

(<Pé°lgq D2, p1 + p3]) (P galp1, p3]) + (Pgalpa, 1 + pa)) (P g1, p3])

5123
513

AP galor, 2+ ps)) (Pygulpa.ps)) + (Pilgalpr. p2 + p3]) (P galp2. )

523
AP galpr + P2 p) (Pygolpr. p]) + (Pigalps + p2. ps]) (Py g [pl,p2]>> (428)
512

This equation is derived analogously to the one in vacuum, eq. (2.32), and takes into account
that the interaction with the medium can happen either in the first or the second splitting.'!
The medium-modified 1 — 2 splitting functions are related to the medium-induced splitting
kernels  dN/dx dk calculated in ref. [20, 21] and are reviewed in appendix A.

5 Angular distributions of splitting functions

In this section we study the angular distributions of the collinear vacuum and medium-
induced splittings. We start with an overview of coherent branching and angular ordering,
following closely ref. [45]. Consider an arbitrary hard process with a total of n incoming and
outgoing quarks and/or gluons and an exclusive differential cross section o,,. In addition,
we define 0,41 as the lowest order differential cross section to emit an ultrasoft (eikonal)
gluon with momentum scaling (A%, A2, A\?) from either of the external legs. Using the well
known eikonal approximation of QCD we find

dw dQ ag
,]=

where w is the energy of the emitted gluon, Cj; is a color factor and

W2 pi-p; 1—cosb;;
Wi — J &Y . 5.2
Y pirgpirq (1= cosbig)(1 — cos ) (52)

Each term of the sum in eq. (5.1) corresponds to a different interference term, where the
ultrasoft gluon is attached to the leg 7 in the matrix element and leg j in the complex

1074 is identical to it due to our normalization
HThere can be medium interactions in both splittings at higher orders in opacity.
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conjugate of the matrix element. Thus, the ultrasoft branching depends on the global
structure of the event. We have assumed that all external legs are massless, p; is the
momentum of leg ¢, ¢ is the momentum of the emitted gluon and the angles between legs
i and j and leg 7 and the soft gluon are defined as 6;; and 0;,, respectively. The function
Wi;; has the well known property of angular ordering. Namely, if one rewrites

Wiy =wi+whl (5.3)
where

0oLy 1 1 4
Wi 2 < 0T " cos Oiqg 1—cosbiq)’ (54)

and a similar definition for Wl[]ﬂ with ¢ <> 7, then Wl[;] has the property

doig /10 )

W' = ———0(0;; — 0iq). 5.5
/ 2r Y 1 —cosby (6 7 (5:5)

The integration over the azimuthal part of d2 in eq. (5.1) is performed while fixing the z
axis along the direction of parton i. Thus, the angle 0;, is kept fixed while 8;, varies as
cos B4 = cos B;j cos biq+sin b, sin 04 cos ¢iq. eq. (5.5) means that after azimuthal averaging
the interference term WZ[;] emits radiation only inside the cone Rl[zj}
centered around parton . I/Vz[j]] obeys an equation analogous to eq. (5.5) and only radiates
soft gluons inside the cone RZ[?]. In the remainder of this paper we will refer to the cones Ry]]

with opening angle 0;;

and Rg] as angular ordered cones. It follows from these properties and equation eq. (5.1)
that in the eikonal approximation the radiation obeys angular ordering in the sense that
the emitted gluons are emitted only inside the angular ordered cones for all i and j.
Having reviewed the known properties of coherent branching, we turn to the question
of how the collinear branchings behave in terms of angular distributions. In the high energy
factorization picture of hard scattering processes there are three widely separated distance
scales: the scale of the hard process ~ 1/4/s, the scale of collinear splittings or showering
~ 1/p1, where p| is the scale of the transverse size of the jet, and the scale of soft recombi-
nation processes ~ 1/Aqcp. The coherent branchings discussed in the last paragraph which
lead to angular ordering correspond to the soft scale. Angular ordering is widely used in the
literature on parton showers and is implemented in some of them, for example HERWIG
and PYTHIA. To our knowledge, the study of angular distributions of collinear splittings,
which are characterized by the intermediate scale of the parton shower, does not exist in the
literature. In what follows we perform such a study in the vacuum and the medium using
full 1 — 3 collinear splittings which include all interferences. For the vacuum we use results
from ref. [8], where all 1 — 3 parton collinear splittings have been calculated. In section 2
we derived one of these splittings, ¢ — ggq, in SCET and confirmed the result in ref. [8].
In medium we use our new SCETq result for the ¢ — ggq splitting presented in section 4.
For later use, we define

1 1 1
Xij=—= (Wi — - 5.6
" 2 ( Y 1—cosy 1-— cosejq> ’ (5:6)

17 -



which has the property of anti-angular ordering

ddig  _ 1 .
/ St X = T oo, OB~ ) (5.7)

5.1 The vacuum case

We consider the five 1 — 3 splitting functions, calculated in ref. [8], and study their angular
distributions. Our goal is to clarify if collinear splittings exhibit a feature like the angular
ordering of soft coherent branching, discussed in the previous subsection. It is clear that
the notion of angular ordering is only applicable in deterministic parton showers with
sequential branching. The obvious example is precisely the ¢ — ggq splitting, where the
two gluons are indistinguishable. In order to define a notion of first and second splitting,
we choose the limit when one of the three partons in the final state is much softer than
the two others, z; < 29, 23. One has to be careful in taking this limit, since the collinear
power counting breaks down if parton ”1” becomes too soft. So we have to ensure that
the energy carried by parton ”1” is much smaller than the one carried by partons ”2” and
73”7, but still much larger than Agcp. In other words, we take the limit in the collinear
branching 1 — 3 such that the second branching is at larger distance than the first one,
but still in the collinear region, not in the soft recombination regime. In contrast to the
ultrasoft branching in the previous subsection, this limit is process independent because
the collinear splitting functions we started with are process independent.

Taking this limit for the five splittings: ¢ — ¢'¢'q,q¢ — qqq,q9 — 999, 9 — 994, 9 — 999

yields
CrTRr (1 — c3) (1 — 22) (2(1 — 22) + 23) 9
<PQO%fﬂqétI3> = 21 29 <W2[3} + X23> ) (5'8)
Cr(1 — co3 1—2)(1+ (1 — 29)? 9
<Pq0—>671q2q3> = (Z) TR (( )( ( ) ) <W2[3] + X23>
1 22
29(1 + 22) 3
(1_722§ (Wz[g] + XQ,?,) + 2(0F - CA/Q) X23 ,
40}7(1—023) 1—22+Z2/2 3 2
(Pgo—g19203) = Z—%ZQ(l - z2)T2 (CF (W2[3] + X23) +Ca <W2[ })) )
~ 2TR(1 — ca3) 2 2 2] (3]
(Proosgun) = — g za(1=22) (5 + (1=22)?) (O (W + WE] ) + Ca (X))
1
4C*2 (1—623) 22 1—29 2 3
(Poo—sgr1g298) = — 25— 2 22(1—22)<1_22 - + 22(1 — Z2)> (W2[3] + W2[3} + X23)7

where co3 is defined as the cosine of the opening angle between the partons 2 and 3.

We see from the presence of both terms WZ[]Z] and X;; that the splittings are neither
angular ordered nor anti-angular ordered. However, some individual pieces are. For exam-
ple, the non-abelian part of the third splitting and the abelian part of the fourth splitting
are angular ordered. The identical particle piece of the second splitting proportional to
Cr(Cr—C4/2) and the non-abelian part of the fourth splitting are anti-ordered. All other

pieces are neither ordered nor anti-ordered. Note that, as expected, the last three splittings
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are proportional to the reduced vacuum 1 — 2 splitting of the initial parton into partons
727 and ”3”. Conversely, the first two splittings do not exhibit any similar relation. In
addition, the soft behavior of the first two splittings compared to the last three differ. The
first two splittings, where the anti-quark is taken to be the softer parton, are proportional
to 1/w ~ 1/z; and thus free of soft singularities after including the phase space factor
dz1 z1. The last three splittings are proportional to 1/z? which leads to a soft singularity.

Next we compare the small z; limit of the full ¢ — ggq splitting, given in eq. (5.8), to
the small z; limit of the cascade eq. (2.32),

4Cr 2o+ 25/2
<ch(?§g?§2q3> = (1 —c23)—5 22 T (1 - 22)2222/
X (CF <W2[§] + X23) +Cy (WQ[? + X23>) . (5.9)

The cascade reproduces the abelian part exactly, while only the singular behavior is re-
produced for the non-abelian part. The numerical comparison of the full splitting to the
cascade is shown in the middle right panel of figure 4. As expected from the analytical
formulas, the cascade reproduces both collinear singularities. In the tail of the distribution
the cascade is larger by a factor (Cr + C4)/CF compared to the equivalent piece (Xs3) in
the full splitting.

To visualize the angular distribution we plot the splitting function averaged over the
azimuthal angle of the softer parton (z;) with respect to the decaying parton as a function
of the angle between the decaying parton and the softer parton (z;). No other phase space
factors are included. We fix the angle between the second (third) parton and the decaying
parton to be 10 degrees (20 degrees). We set the energy of the initial quark Ey = 100 GeV,
z1 = 0.03 and 2z = 2/3,23 = 1/3. Note that z; is much smaller than 2z, and z3 but the
enrgy of parton ”1” is still much larger than Aqcp. Thus, this choice of parameters obeys
the desired limit. For the numerics we exploit the fact that partons ”2” and ”3” have to be
approximately back-to-back in the transverse plane in order to balance the total transvers
momentum. In figure 4 we present these plots for all five splittings, which we discuss in
the following:

e Each splitting has a collinear singularity at angles of 10 and 20 degrees as expected.

e The steepness of the angular distributions outside the angular ordered cones (at 40
and 50 degrees with respect to the initial decaying parton) is ~ 1/ 93(1 in the cases
when there is angular ordering and ~ 1/ 9(2)q when there is no ordering, consistent with
equation eq. (5.8). Note that in the situations when there is ordering, radiation is still
present outside the angular ordered cones, though it is power suppressed compared
to the case of no ordering. The reason for this is that we are averaging over the
azimuthal angle with respect to the initial (decaying) parton, not with respect to one
of the partons ”2” or ”3” like in eq. (5.5). Since Wl[J] and WZ[J]} become non-positive
definite outside the angular ordered cones they cannot be interpreted as probabilities

anymore. Since the solid angle of the emitted gluon is ~ df2_, the amount of radiation

Ogq>
outside of the cone depends on the cone size logarithmically for the power law ~ 1/ ng,

but by an inverse power for the power law ~ 1/ 93(1
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Figure 4. Angular distributions of 1 — 3 splittings in the vacuum.
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e In the middle left panel of figure 4, for the gy — ¢192gs splitting, the abilian con-
tribution dominates in the tail, while the non-abilian contribution to the full result
is only marginal. This can be understood qualitatively. When a gluon is emitted at
large angle, it cannot resolve the small angle between go and ¢3. Thus, the gluon
is effectively emitted from an on-shell quark (gp). A similar argument holds for the
splitting go — ¢192G3 and leads to the non-abilian radiation dominating over the abil-
ian radiation in the tail, consistent with the bottom left panel of figure 4. The same
qualitative analysis yields that the tail of the angular distribution for the splitting
g — ggg is not ordered.

e Note that we plot the absolute value of the angular distribution for the identical-
particles term of the splitting ¢ — ¢qgq and the non-abelian term of the splitting
g — ¢gqq. In both cases, the distribution is not always positive and could not be
shown in a logarithmic plot. In the first case the true contribution is positive for
fp1 < 10°, zero for 10° < 61 < 20° and negative for #p; > 20°. In the second
case, the true contribution is negative for fy; < 10°, zero for 10° < fp; < 20° and
positive for 6g; > 20°. The difference in sign between first and second case is due
to Cp — C4/2 < 0. Both cases exhibit angular anti-ordering, as can be seen from
eq. (5.8). Indeed the radiation drops to zero between 10deg and 20deg. The radiation
outside this range but still inside the cone can be explained similarly to the residual
radiation outside the cone in the angular ordered case.

In conclusion, we find that inside the collinear parton shower there is no angular
ordering in contrast to the ultrasoft coherent branching. The implications of this result for
parton showers remain to be studied phenomenologically by concentrating on observables
related to collimated, isolated jets. This will be done elsewhere.

5.2 The dense QCD matter case

In section 4 we calculated the medium-induced splitting qo — g192¢3 using SCETq , which
was the most technically demanding part of this paper. See appendix A for details on
the full calculation and an approximate reduced formula valid in the small z; limit. In
this section, we perform an analysis of the angular distributions of the medium-induced
splitting similarly to the one in vacuum. In vacuum, we considered five splittings and were
able to analize the angular distributions in the small z; limit analytically. In medium, we
just perform a numerical analysis of the splitting ¢ — ggq.

To model the QCD medium, we use the following input parameters: the Debye screen-
ing scale in the medium is p = 0.75 GeV, the size of the medium L = 5fm, and the elastic
scattering length of gluons in the medium Ay = 1fm. These values have been used in [21]
and are characteristic of the quark-gluon plasmas created at RHIC and LHC. The numer-
ical results are shown in figures 5, 6, 7. These plots are the medium equivalent of figure 4,
but this time we consider two different sets of parameters. In scenario 1 (figure 7 and top
plots in figures 5, 6) we use the similar values like in section 5.1 for vacuum: Ey = 100 GeV,
z1 = 0.03, z9 = 0.643, 02 = 10°, 030 = 20°. In scenario 2 (bottom plot in figures 5, 6) we
use: Eg = 100GeV, z; = 0.03, zo0 = 0.282,09 = 25°,639 = 10°. We present the total

— 21 —



Splitting function g—ggq

107;\ rrrrrrrrrrrrrrrrrrr1rr1r1rr1rr1rrrororrorrT E
g — — Vacuum 1
i Medium full| |
10°: | ]
e ]
kY 105%_ 7 !
& F 1
L - ]
§ 1042 .
— r N E
[ ~ - 1
1035 ~ -~ E
0 10 20 30 40 50 60 70
901[deg]

Splitting function g—ggq
1O7§ | — — Vacuum 4
g ' Medium full | ]
A 105k
Lo :
°~ r ]
v [ -
& 100t~ ]
Q E ]
S ]
= - ]
104§ g
103

0 10 20 30 40 50 60 70
Bo1[deg]

Figure 5. Angular distributions of 1 — 3 splittings in vacuum and the medium. Color coding is as
follows: red — vacuum splitting, black — medium splitting. The first plot corresponds to scenario
1, the second plot to scenario 2. Further details are given in the text.

medium splitting (solid black curve), medium cascade (dot-dashed green curve) and the
vacuum splitting (dashed red curve). In figure 5 we compare medium to vacuum splitting,
in figure 6 medium splitting to the medium cascade and in figure 7 medium to vacuum
splitting but in three dimensions. We make the following observations:

e The collinear singularities are present in both single and double Born graphs. When
combining single and double Born graphs we find large (90% to 99%) cancellation for
both scenarios. The collinear behavior, corresponding to the gluon z; being parallel
to the quark zs, is in both scenarios significantly reduced.
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Figure 6. Angular distributions of 1 — 3 splittings in the medium. Color coding is as follows:
black — medium splitting, green — medium cascade. The first plot corresponds to scenario 1, the
second plot to scenario 2. Further details are given in the text.

e For both scenarios the tail of the angular distribution is larger for the medium-
induced splitting than for the vacuum splitting. Moreover, in the direction of the
parent parton (small 6y;) there is significant cancellation in the splitting probability.
These features are in agreement with the previously noted features of medium-induced
radiation. Namely, the O(as) ¢ — qg splitting in dense QCD matter is wider than

in the vacuum [14].

e As one can see in figure 6, the cascade formula for the medium-induced splitting
describes the features of the full splittings for angles between the peaks and in the
tail reasonably well. The cancellation of the splitting probability along the direction
of the parent quark is not reproduced by the cascade.

e We compared our full medium splitting formula to the approximate formula presented
in appendix A.2, which includes only topologies two and four and is valid for small
z1. For both scenarios the difference between the exact and approximate formula is
smaller than the visible thickness of the lines in our logarithmic plot, figure 5. This

is a nice cross check on our numerics.

e In figure 7 the spacial distribution of the medium-induced splitting is compared to
that of vacuum. The collinear radiation is significantly reduced in the medium, while
the medium-induced radiation is larger in the far tail.

In conclusion, the medium-induced splitting exhibits no angular ordering or angular
anti-ordering, similarly to the vacuum splitting. The splitting probability distribution is
larger in the tail in comparison to the vacuum splitting. Moreover, there is a cancellation of
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Figure 7. Angular distributions of 1 — 3 splittings in vacuum and medium. Further details are

given in the text.

this probability in the direction of the original parton. These features have been described
previously for the lowest order medium-induced parton branchings. From a practical point
of view, our results imply that in constructing Monte Carlo generators to describe jet
physics in heavy ion collisions, an approach without angular ordering would be preferred.



6 Conclusions

In this paper we studied the angular distributions of final-state 1 — 3 collinear splitting
functions at order O(a?) in vacuum and in dense QCD matter. We concentrated on the
splitting ¢ — ggq. In the vacuum, by comparing the angular distribution of this splitting
function to the ones of the other splitting functions, for instance g — ggg, we showed that
q — ggq is a representative example. Using SCET, we calculated the vacuum splitting
function to demonstrate that collinear modes are sufficient to reproduce the result obtained
by Catani and Grazzini [8]. In dense QCD matter we used SCET to derived the medium-
induced g — ggq splitting to first order in opacity, keeping the full z1, zo dependence.

In the vacuum, we studied all five O(a?) splitting functions, originally derived in ref. [8].
In all cases we find no angular ordering. This result is also supported by the fact that the
angular distribution of the ¢ — ggq splitting can be reproduced well by a parton cascade
based on binary branchings. Note that our approach differs from the coherent branching
ansatz which yields angular ordering and is widely used in parton shower generators like
HERWIG. We study angular distributions of collinear splittings instead of ultrasoft gluon
emissions. Thus, the momentum scaling in our approach differs from the one in coherent
branching and hence, the different result is not unexpected. Nevertheless, the qualitative
argument of color screening used to explain Sudakov effect in QED still works in our case.
In large angle gluon emission from a gg antenna, the emitted gluon is only sensitive to the
color charge of the initial quark.

Our results indicate that the proper angular distributions inside the collinear parton
shower are different from the traditional coherent branching ansatz. Still, the traditional
approach to parton showers, which applies angular ordering to the collinear splitting func-
tions, is claimed to resum large infrared Sudakov logarithms and is phenomenologically suc-
cessful. One thing which would be interesting to verify is whether the amount of collinear
radiation leaking outside of the angular ordered cones leads to a significant correction to
parton shower phenomenology. This would have to be checked for intra-jet observables,
such as jet shapes of well-isolated jets. We leave this for future work. The same conclusion
holds for the medium induced parton shower. Our detailed analysis found no evidence
of angular ordering or angular anti-ordering. An important feature is that the notice-
ably broader angular distribution compared to vacuum, found in O(«as) 1 — 2 branchings,
persists to higher order.

A  Medium-induced splitting functions

In this appendix we review the basic formulas for medium-induced splitting functions and
how they are related to the splitting kernels.

A.1 Leading order O(as) splittings

The medium-induced splitting kernels have been calculated in ref. [20, 21] retaining the
full = dependence (beyond the soft gluon approximation) using SCETq . We rewrite them
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(9—99) (9—4qq)

(g—ag)
k| a, Q. oy

) b.<b_c+a§;> 2b- (b —a — &2) 2b-(b—a+]§cz_f‘1>

2 | c(2c—a—Db) 20-(c—a—%) 20-(c—a—|—]\?02__5‘1>

3| b-c b-c —2Nkc’2'fl
(a—d)

4| a(d—a) a-(d—a) 2aN?7_1

5| —a-d —a-d 2Ni£1

Table 1. The coefficients needed for the evaluation of the medium-induced 1 — 2 splitting func-
tions. Further details are given in the text.

in a slightly more compact form:

5

dN®) « dAz 1 dog
— = pO d%q © (1 —cos® Al
QodZk, ~ on2 Leel(®) / e Y g, kz cos P)- (A1)

We define the transverse vectors
A, =k, Bi=k trq,, Ci=k; —(1-2)q1, D=k —qi. (A2
In terms of these vectors, the five phases ®;. are equal to

d; = UB2, &y = UC?, &3 =U(C2 —B?), &, = VA%, &5 = U(A%2 —D?),

where W — — 2% (A.3)

x(1—z)n-po
We recall that Az is the spacial separation between the hard scattering, producing the
collinear parent parton, and one of the subsequent medium interactions via a Glauber gluon
exchange. The coefficients a,(;) are summarized in table 1. To relate the medium-induced
splitting function to the splitting kernel we have to remove the phase space contributions;

recall that

AN
d0n+1 = dO'n m dx dzkj_, (A4)
1 2

Using that the splitting function is defined as a ratio between the squared matrix element

after emission and before emission gives

dAz 1 do
POV@D  _ pi) () |2 / d%q — E (z) 1—cos® A6
< >1 Vac( ) s /\z(z) Lo—el d2CU_ £ ( k) ( )

where the coefficients a,(j) are provided in the table 1. Table 1 uses the notationa = A | /A%
and similar definitions for b, c,d. Note that the ¢ — gq kernel is obtained from the ¢ — qg
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kernel via the substitution x — 1 — z. For the normalized elastic scattering cross-section

we get
1 dog ,u2
—_ a2 = 9 2 (A7)
cadaL 7 (g% + p?)
consistent with section 3.
A.2 Next-to-leading order O(a?) splittings
For the ¢ — ggq splitting function to first order in opacity we find
2 s2 dAz 1 dog
p) _ 2 sigg / /d2 1 doa A8
( )a—ggq N. 4 z3 A (2) aL o d2q (p1 + p(20)) ) (A.8)

where p; and p(y.) are provided in general form in eq. (4.21). For the special case when
parton one has softer momentum than the other two partons, z; < z9, z3, these formulas
reduce to'?

2;2 10 ’ o~ ~
L~ 4<1—:<:2 + 2) > (el P ey e e (uph o) (Ul up?)
k

2
1 k=1
xRe I 1Y
22 o 0)’ 2)"\ ~(0) ~(2 21 21 2 22
P2y ;34(1—2'2 + 22> 3 (e @) GO (U,g )ut >) (U,g )ut ))
k'=1,2:k=1,18
x2Re 1% (A.9)
ko :

where for p; the sum over k runs over the 10 single Born graphs of topologies 2 and 4;
for p(yc) the sum over k runs over the 18 graphs of topologies 2 and 4. In the vacuum
only topologies 2 and 4 matter in this limit. Our notation for UMD U2 Uth U2 js
as follows. For a given single Born graph, UMD UU2) are the first and second transverse
vectors in the corresponding entry in the third raw in the table 2. Similarly, U®ZY, U2
are the first and second transverse vectors in the corresponding entry in the third raw in the
table 3. T(M) and I'® are defined in eq. (4.22) and eq. (4.23). All other ingredients follow

from the rules in section 4 for longitudinal integrals, coefficients C and color operators ey.

B Feynman graphs

In section 4 we presented rules to extract an analytic expression for any single and double
Born Feynman diagram. eq. (4.9) and eq. (4.10) are valid for any Feynman graph. In this
appendix we give explicit expressions for all coefficients Cy, longitudinal integrals I, and

transverse vectors Up, p,  Up, py, -

12For any diagram, vacuum, single born, double Born, we have defined Ci = Ry, C, where Ry, = 2 (1—22)
for topology 2 and Ry = —2 23 for topology 4.
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k| Cy Uﬁl Py Uﬁg Phy I Igl)

1 | 1/s123 — 11 ()

2 | 1/a-po = I5(€Q0, Q22)

3 | 1/a-po — I5(0,)

4 | 1/n-po - I5(€0,Q23)

5 | 1/s135123 Ubos Upl oy i 11 ()

6 | 1/n-posis U{}l 3 Ufz—q,ps-l-pl I5(Q0, 22)

7 | 1/(-po)* (21 + 23) Uill_Q7p3U;227p3+pl_q I3(S20, 11, 05)
8 | 1/(rpo)(z1 +23) | UL U2 | I3(Q0,93,05)
9 | 1/n-posis UL s U;QQ,p3+p1—q 15(80,$25)

10 | 1/s935123 Up s Uy i ()

11| 1/n-pos2s UL, s Uﬁ —q,p3+p2 1€, 1)

12 | 1/(7-po)*(22 + 23) Uila—q,psUﬁm#-pz—q I5(S20, 22, Q14)
13 | 1/(7-po)*(22 + 23) Ug)lz,pquffl pa—gtps | 13(80, 03, Q4)
14 | 1/7-posas Upss U i | 12(Q0, Q)

15 | 1/s125123 U%117P2U£21+p2,p3 11(0)

16 | 1/(7-po)*(z1 + 22) U;{;ll,pQ—qUﬁvaz—q,ps I3(S20, 22, Q)
17 | 1/(R-po)* (21 + 22) Uill—q,mUﬁ—q-sz,ps I3(S20, 21, ©26)
18 | 1/n-posi2 U%117P2Ug’21+p2,p3*q I>(S20, 23)

19 | 1/7-posi2 U)o U:Z;21+p2—q7p3 1>($20, )

Table 2. Entries for single Born graphs.

In figure 2 and 3 all 19 single Born and 34 double born Diagrams are shown, re-
spectively. The corresponding analytic components can be read off tables 2 and 3. The
frequencies are defined as

Qo =Q(p1 +p2 +p3,41),
Q1 = Qp1,q1), Qo = Q(p2,q1), Q3 = Q(ps3,q1),
Q= Qp2 +p3,91), Qs =Qp1 +p3,a1), Q=01 +p2,91), (B.1)

and

Q= Y(qL —0), Q=Y (qL — —qu), where 1 =0,1,2,3,4,5,6. (B.2)
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k| G Ul oy Ubiy o, 1> /()

1 | 1/s123 - 1, (£0)/2

2 | 1/n-po - 1>(90,Q2)/2

3 | 1/n-po - I>(90,Q1)/2

4 | 1/A-po - 1>(90,Q3)/2

5 1/7-po — [2(907(22 +Q3)

6 1/7-po — [2(907()1 + Q3)

7 | 1/fpo - (90, Q2 + 1)

8 | 1/s13s128 S 11(Q0)/2

9 | 1/n-posis U 55U oy I2(Q0,Q2)/2

10 | 1/(n-po)*(z1 +23) | UP, 5 U2 4 I5(Q0, 0, 95) /2

11 | 1/(-po)*(z1 + 23) Ug,psUg,p3+p1 I3(Q0,93,95) /2

12 | 1/n-posis U3t Up st (90, 95)/2

13 | 1/(fopo)®(z1 + 23) | UL, U2, | I3(€0, Q2 + Q3, Qo + Q)
14 | 1/(A-po) (21 +23) | U _, 02 | I5(Q0, Q5,01 + Q)

15 | 1/(m-po)*(21 4 23) | UP—4ps Ut rapgim—a | 3(%0, 922+ 1,02 + Q)
16 | 1/n-posis U2 55U 4 a.ps 491 —a I3(Qo, 05 + $22)

17 | 1/s23s123 Ubt 0 Up st L(Q0)/2

18 | 1/n-pos2s Ush 0 Up st I2(Q0,21)/2

19 | 1/(R-po)* (22 + 23) | UPb s UR2 i I3(Q0, Q2, Q) /2

20 | 1/(A-po)®(22 + 23) | U p U oy I5(Q0, 03, 24) /2

21 | 1/f-posas Uig’ngﬁ,p3+p2 I5(Q0,4) /2

22 | 1/(apo) (2 +2s) | UL U2 | I3(Q0, Q1 + Q4,1 + Q)
23 | 1/(fopo)? (22 +23) | UL, U2 | I3(Q0,Q4, Qo + Q)

24 | 1/(apo) (2 +23) | UL _, U2 o | 13(Q0, Q1 + Q2,01 + Q)
25 | 1/n-posas U s Uptamsima—a | 12(Q0, Q4 + )

26 | 1/s125123 U2 U, s 11(Q0) /2

27 | 1/(Apo)?(z1 + 22) | UL, U2 13(90,92,9Q6)/2

28 | 1/(i-po)* (21 +22) | URL U2 I5(Q0,01,Q6)/2

29 | 1/f-posiz2 Uf}l,mUﬁer%pg I5(Q0,93) /2

30 | 1/f-posiz2 Uiill,P2UZ121+p2,P3 I5(Q0,9%) /2

31 | 1/(Apo) (21 +22) | UL U2 s | 13(Q0,Qs + Q2, Q3 + Q)
32 | 1/(epo) (1 +22) | UL _ U2 _ | Is(Q0, Qs + Q1, Qs + Q)
33 | 1/(po) (1 +22) | UR_, U2 I3(Q0, 6, 0 + Q)

34 | 1/fi-posiz Ug;ll,szir‘;+p2,q’p3+q I>(90, Q3 + Qo)

Table 3. Entries for double Born graphs.
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C Longitudinal integrals

In this appendix we derive all necessary formulas to calculate the single and double Born
longitudinal integrals that appear in our paper. All single Born diagrams are of the form

Nq

I,(:;)(ai,éz) —/Cm_eiqézH ! (C.1)

2m a;—q
=g i 4

where n, is the total number of g-dependent propagators in the graph and o; = Q(Q;,q1 )+
ie/n-Q;. Integration is straightforward using Cauchy’s theorem

"q . o1
1 o . N\ Az
Ir(Lq)(O%‘SZ > 0) = (—i) Z 6 (Tm ;) e H o (C.2)
i=1 I=1,l#1¢
1 _ _ 1 ) i
]7(1(1)(0[1.752« =0) = 63211017(%)((11,6,2), if ng > 1, (C.3)
IV (a;,62=0) = L im I (v, 62), if ng = 1. (C.4)

2 6z2—+0

The first two equations simply follow from Cauchy’s theorem when closing the contour
above. The third case is more subtle since the boundary term at infinity cannot be ne-
glected, which causes the factor 1/2. We explain this in more detail at the end of this
section. The single Born diagrams in this paper take values of n, = 1,2, 3 only. The three
corresponding master formulas for these longitudinal integrals are

1 (a1, 62) = —iei@%, (C.5)
1 » eiagéz _ eialéz
Ié )(Oél,O(Q,&Z) =1 s — g ) (CG)
iagdz i1z iazdz i1z 1
I:gl)(Oél,OéQ,Oé:g,(SZ) =1 (e © S © > . (C.7)
a9 — O] o3 — o1 a3 — Q3

Any double Born integral can be written as

( ) dq_ dq_ Lo 1 e 1
2 R _ 1 2 iqq 0z1+iq, 0z
I"fzp”flzv"fla (cis By, 021, 022) = or 21 © e (11 o — q1_> . H

1=

« (H 1) , (C.8)

ol Yk T @1~ 4o

where oy, 8,7, are frequencies that appear in the poles of A,(Q;,q) with Glauber gluon
momenta q1, g2, ¢1+qe, respectively. Performing the g, integration using Cauchy’s theorem,
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the remaining ¢; integration can be expressed by a single Born integral

I,Sa,n%nqg (cis Bjs ks 021, 022) = (C.9)
- Goe 11 L
(=) ) 0 (Imp)) %= ] 5= Dot (s — By, 621)
=1 I=1,0£ PP
Mgy . Nqyo 1 )
+H(=0) Y 0 (my) ey [ ——— 10, (i — By, 621 — 6z2).
k=1 m=1,mzk 1™ Tk

This equation solves any longitudinal integral of the double Born graphs in this paper.

For the first order in opacity calculation we need the contact limit of this integral, i.e.
I7(l3)17RQ2,nq3 (045 Bjs Yk, 02,02). The result can be obtained by applying egs. (C.2)-(C.4)
to eq. (C.9).

The longitudinal integral of any double Born diagram in this paper can be relateed
to one of seven master integrals by ny = (ng,,ng,,nq,). This master integrals can be

calculated to

( ILi(n)/2, if = ( )
I(m,72)/2, if ng=( )
Is(v1,72,73)/2, if nx=(1,0,3)

IIE.QC) = (—i)- L(ay + B1,7), if np=(1,1,1) 3 (C.10)
I3(ar + Br,a2 + B1,7), if np=(2,1,1)
I3(oq + B, 00 + B2, 1), i ng = ( )
Is(a1 + B1,71,72 ( )

~— — — —

L if np = (1,1,2

Vg

where the functions Iy, I, I3 are the same as in egs. (C.5)—(C.7). There is one technical
issue when deriving eq. (C.10). By definition ay, 55,y all have positive imaginary parts,
due to the ie-prescription. However, one has to be careful when considering the complex
number vy, — f; in eq. (C.9). For all calculation we are concerned with, this number has a
negative imaginary part. We have also checked that the results of the double Born integrals
do not depend on the sign of the imaginary part of 73, — 3;. The crucial point is that none

of these numbers lie on the real axis.

Now let us return to the subtlety in Ifl)(ozl,éz = 0). For ny = 1 and 0z = 0 the
boundary term at infinity does not vanish and the integral Ifl)(ozl, 0z = 0) becomes ill-
defined. To solve this issue one has to recall that the factor ©(q) also depends on ¢~,
(g ,qL) ~ Wlﬂq*)?’ but we dropped this dependence since it is power-suppressed.

Re-introducing this extra ¢~ dependence cures the boundary term probem and yields

L(L? (i, 6z = 0) = —i/2 and the overall factor 9(0,q,). One can convince oneself that
in the other integrals, like I&Ll(ai, 0z = 0) or IT(L? (i, 6z > 0), re-introducing the factor

9(q~,q) does not change anything to leading power in the EFT.
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D Color operators

In this appendix we present the color operators of all single and double Born graphs in the
paper. For the single Born graphs the color operators in terms of the basis vectors given
in eq. (4.18) are

o
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For the double Born graphs the color operators in terms of the basis given in eq. (4.19) are
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