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1 Introduction

A direct formulation of 6d non-Abelian M5 brane theory has been a long-standing prob-
lem. The recent proposal of [1, 2] that M5 brane theory compactified in the M-theory
circle direction with radius R, is dual to 5d maximally supersymmetric Yang-Mills theory
(henceforth referred to as N/ =2 SYM or MSYM) as the worldvolume theory of D4 branes
is of particular interest in the sense that the latter may be used as a definition of the former
M5 brane theory. The 5d MSYM coupling is related to the circle radius R by

gvu = 47°R (1.1)

This bd MSYM theory involves a solitonic sector of instanton particles corresponding to
DO branes bound to D4 branes, and the required KK spectra along the M-circle (fifth)
direction are correctly reproduced by them [2]. Indeed, for the U(1) case, the D4/M5 cor-
respondence has been checked explicitly by direct computation of partition functions from
both sides [3]. However the 5d U(N) MSYM theory with N > 2 is certainly perturbatively
nonrenormalizable and turns out to involve infinity at six-loop order [4]. Hence the check
of the proposal is not possible in the standard field theoretic framework.

The DLCQ definition of M5 brane theory [5, 6] can be of rescue to this situation. (For
the effort along the idea of the deconstruction, see refs. [7—-9].) The DLCQ description
of k DO-brane sector agrees with that of the N' = 8 quantum mechanics (four complex
supercharges) on the moduli-space of k instantons based on the ADHM construction of the
5d MSYM theory [8, 10]. Our N' = 8 quantum mechanics below is slightly different in the
sense that it involves a potential arising from turning on the scalar vacuum expectation
values (vev) [11] which introduce another mass scale ¢g = (¢°) to the problem in addition
to the M-circle radius R. This N’ = 8 quantum mechanics can be understood from the fol-
lowing DLCQ limit of the 5d MSYM theory. For the k instanton sector, the corresponding
KK momentum is given by

(1.2)

P’ =E=\/p2+H. (1.3)

Hi = Huma + O[p1 (R?p1)"(R*¢5)™] + O[p? (601" (R*¢5)™]
Hma = p7 +V (1.4)

and the energy by

where

with n,m non-negative integers and n +m > 1. p, denotes the transverse directional
moduli momentum and V is the potential which is of order gb%. As the 2° direction is circle
compactified with the radius R, we have the identification

2 ~ 2° 4 27R (1.5)
and let us boost the system in the 2 direction with a velocity u

1 1 ; .
2’ = ——— (2% —ua®), 2’ = ——— (" —wa®), 2 =2 (1.6)

7\/1—u2 7\/1—u2
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Let us further introduce x (2% & %), which, under the boost, transform as

S

2

-1
T =et, T =2 (1.7)

with € = \/(1 —u)/(1 + u). In the € — 0 (infinite momentum) limit, we have the identifi-
cation

@, 27, ") ~ (at, 2~ +2nR, oY) (1.8)
where R’ = % and we keep R’ finite by sending also R to zero. In this DLCQ limit with
k>0,

k k
Po=p" =540 - & (1.9)
/ /= R 2 2 R 2
pPy=p :ﬁ(P¢+V)+O(€ ) — ﬁ(pj_‘i'v) (1.10)

while the anti-instanton sector with £ < 0 decouples from the instanton sector completely
because their states become infinitely heavy. A few comments are in order. The resulting
DLCQ Hamiltonian is precisely that of the moduli space approximation supplemented by
the above mentioned potential term. Its A/ = 8 supersymmetric completion is uniquely
fixed by the moduli space metric together with the triholomorphic Killing vector G' [12-15],
which describes k£ DO brane (Coulomb-branch) dynamics in the presence of N parallel D4
branes. Due to the potential, we do not have any possible danger since the potential is
confining asymptotically leading to a finite mass gap in the fluctuation spectra near the
instanton configurations. There are no interactions between different k sectors as is usual in
light-cone frame dynamics. Hence each k sector of the dynamics can be studied separately.
As we shall see below explicitly, this quantum mechanics for a finite k sector is indeed well
defined and regular.

In this paper, we study the ¥ = 1, N/ = 8 quantum mechanics for the gauge group U(N).
In order to avoid the singularity of the modular space geometry, we turn on the spatial (anti-
self-dual) noncommutativity. We adopt then the ADHM construction [16, 17] of instanton
solutions with general ADHM data. By solving the ADHM constraints explicitly, we shall
find the moduli space for an arbitrary N, which corresponds to the Calabi space [18] times
the overall translation R*. By turning on the vev of ¢% the gauge symmetry is broken
down to U(1)N. We shall compute the potential explicitly in terms of the moduli-space
coordinates. Thus we claim that the resulting A/ = 8 quantum mechanics describes the
k = 1 sector of the circle-compactified M5 brane theory in the DLCQ limit.

We test the resulting quantum mechanics by computing the index partition functions
for their 1/4-BPS states and find a perfect agreement with the result in [19] from the
index computation using localization of the 5d MSYM theory. These 1/4-BPS states are
associated with the dyonic (electrically-charged) instantons (DO-F1 bound states) which
amount to F-strings stretched between D4 branes in the presence of instantons [11]. For the
minimal N = 2 case, we are led to the Eguchi-Hanson (EH) space [20] times the overall R*
as the moduli-space geometry [21]. We shall present rather detailed constructions of related
1/4-BPS states as well as their supermultiplet structures based on the results in [22].



In order to compute the index partition function of the 1/4-BPS states, we use the
property of the deformation invariance of the number of 1/4-BPS states. A detailed account
of the relevant index theorem can be found in [23]. Here we present a brief account of the
index theorem relevant for our discussions. We note that our N’ = 8 Lagrangian admits a
deformation

L — T°L (1.11)

under which the central charge Z(¢, Q) as a function of only the vev and electric charges,
remains invariant. Furthermore the index

I = number of selfdual states — number of anti-selfdual states (1.12)

remains invariant. There is no net contribution coming from non-BPS states to the in-
dex [23]. Also it has been made plausible (and was proven for N = 2 [23]) that the number
of anti-selfdual 1/4-BPS states vanishes, so that the index counts precisely the number of
1/4-BPS states. Now in the limit where 72 goes to infinity (R — 0), the states are localized
around the zeroes of the potential which is non-negative definite. There are N such minima
around which the relative moduli-space becomes (R*)N~1 which we may interpret as the
world volume of N D4 branes where the dyonic instanton Hilbert space at one of these D4
branes has been deleted, henceforth referred to as deleted location.! In each of the relative
R*, there lives a 4d A/ = 8 superharmonic oscillator, for which we shall find the 1/4-BPS
states explicitly. Due to these N deleted locations, the number of states of one instanton
involving a singly connected F-string scales as %GN 3 for the large N, which is unexpected
from the N2 scaling of the MSYM field degrees of freedom.

It should be mentioned that our N' = 8 quantum mechanics describes not just the
1/4-BPS states but also generic non-BPS ones of the system. This is contrasted to the
index computation in [19], where we do not know the way to deal with the non-BPS states
due to the lack of the formulation.

The paper is organized as follows. Section 2 presents the 5d U(N) MSYM theory with
the noncommutativity turned on. We give the basic properties of the dyonic instantons
which are 1/4-BPS. In section 3, the N' = 8 quantum mechanical sigma model [12] is
described. Together with the potential, we set up the BPS equation [13] whose solutions
the 1/4-BPS states of dyonic instantons. In section 4, we review the ADHM construction
of the instanton moduli space. We obtain the moduli-space metric explicitly for the k =1
sector leading to the Calabi metric of the relative space. We also compute the potential
as a function of moduli coordinates and identify the triholomorphic Killing vector G. In
section 5, we compute the number of states associated with an instanton involving an F-
string singly connected from one D4 to another D4. This is done adopting the 72 — oo
deformation of the quantum mechanics leading to N distinct localization points in the
relative space [24]. Each of the localized point is characterized by one deleted location of
D4 at which no dynamical degrees live. On the other hand, in each of the remaining D4

'If we compactify one spatial direction of D4 on a circle and T-dualize along that circle, then what we
refer to as deleted location corresponds to the D3 brane on which a dipole instead of a monopole is located,
and whose dipole charge corresponds to the noncommutativity parameter [24].



branes, the associated part of the moduli-space becomes R?, in which lives one set of 4d
N = 8 superharmonic oscillator. Based on this localization, we compute the & = 1 index
partition function of dyonic instantons in section 6. Section 7 is devoted for the discussion
of the spin and R-symmetries of dyonic instanton states. In section 8, we take the EH case
of N = 2 and give the detailed description of states, spin and R-symmetry of the dyonic
instanton states based on the results of [22]. We also present the full general treatment of
1/4-BPS states of the 4d N’ = 8 superharmonic oscillator problem. Based on these results,
we compute the more refined version of the index partition function with extra chemical
potentials for the spin (J3%) and the R-charges (R3*) and find a full agreement with the
index computation of the 5d MSYM theory in [19]. Finally we show that the counting of
states has a smooth commutative limit. Various technical details as well as some explicit
constructions are collected in appendices.

2 Five-dimensional A/ = 2 SYM and the dyonic instanton

We will use 11d notation [2] for the 5d N' = 2 super Yang-Mills (SYM) theory. The classical
action is given by

1 1 1 i i 1. 4 3
S = —— [ dtd*z tr< = Fw " — §DM¢AD”¢A + ZW’ $P)?
9y m
. 1 X
+5 XDy + 5 X Ts [0, >d> (2.1)
where
Fu = 0,A, —0,A, —i[Au, A (2.2)
The spinor y is subject to an 11d Majorana and a 6d Weyl condition
x=x"C
Leyx = —x (2.3)

where I'6) = Fo12345. Our conventions for the gamma matrices are collected in appendix A.

The on-shell supersymmetry variations read

5o = iwDAy
514“ = Z'(I)F“Fg)x
1 i 1 AR N
ox = §F””F5wFW + TV ;wD, ¢ — §FABw[¢A, o (2.4)
The supersymmetry algebra in a massive dyonic instanton background reads [2]
A7’k
{Q.Q"} = M -1 5+ Qg (2.5)
9y m

Here the central charges are given by
1

k = W d4$6ijkltl‘ (FZijl)
1
QE = gT . d3Qit1“ (’U6F0i) (26)
Y M =



This algebra shows that the dyonic instanton requires a nonvanishing vev v% = <¢6>,
carries instanton charge k, electric charge Qp, preserves 1/4 of SUSY and has the BPS
mass M = |k|/R+|Qg|. There are 12 broken supercharges out of which 6 become lowering
operators. Acting with these lowering operators on a highest weight state we generate
a supermultiplet with 26 = 64 states [2]. This analysis does not give us all the 1/4-
BPS states though. This is so because we have more fermionic zero modes than broken
supercharges, unless the gauge group is U(1) in which case we cannot have any vev and
no dyonic instanton. For gauge group U(2) we will obtain 2 copies of the above 64-state
supermultipliet.

In this paper we will explore the k = 1 sector of the dyonic instanton for higher-rank
gauge groups U(N). To find all 1/4-BPS states, we count number of solutions of the 1/4-
BPS equation by transcribing the fermionic zero modes into form-fields on moduli space.

For this analysis we need to regularize the instanton moduli space. We will make a
noncommutative deformation

[mi,xj] = 291] (2.7)

where, for the selfdual instanton, we shall assume that 6;; is antiselfdual. Such a deforma-
tion breaks SO(4) = SU(2)+ x SU(2), rotation symmetry down to SU(2)4 x U(1),. To see
this we consider a variation

ot = elini[jia:j (2.8)
This gives
5i[$i,$j] == ieli[nli,e]zj (29)

This commutator vanishes for §* which means that SU(2); C SO(4) is unbroken by this
antiselfdual noncommutativity deformation. On the other hand SU(2); is broken down to
U(1)p.

3 The N = 8 quantum mechanics

The instanton background preserves 8 real supercharges. The low-energy dynamics of
zero modes of the instanton is therefore described by an NV = 8 supersymmetric sigma
model in one dimension (quantum mechanics) with a potential for the charged or dyonic
instanton [11, 12, 14, 15]

1 o _ 1 - -
5= / dt (gm (X’“XS +m’“v°Dt¢S) + gRrstuWWM“
—grsGrAGSA _ ZD'I‘GéwT(QAw>S> (31)

N = 8 supersymmetry requires the moduli space metric g,s to be hyper Kahler thus
supporting three covariantly constant complex structures (JI ~)'s. The G™ must be tri-
holomorphic and mutually commuting Killing vector fields. The moduli space is on the



form
M =R x Mg (3.2)
The three Kahler forms living on this space are on the form
K' = Kfs+ Ky, (3.3)

and the associated complex structures obtained by rising one index by the inverse moduli

I, o
J- = ® (3.4)
< 0 I-/I\/lrel )

In later sections when we discuss the relative moduli space we will use the shorter notations

space metric, are on the form

I' in place of T /IVlrel' This action describes the dynamics of the moduli parameters X" and
Y" (which thus have been given a time dependence) of a dyonic instanton particle. Here
" are two-component Majorana spinors. Despite we have just one time direction here,
it is useful to define gamma matrices (associated to an N = (4,4), 1 + 1 dimensional
sigma model) as Y = io?, y! = ¢! and v = ¢® where o!,0%, 0% denote the 2 x 2 Pauli
sigma matrices. The R symmetry group is SO(5) which rotates A as a vector index. If we
decompose A = (I,m) where I =1,2,3 and m = 4,5, then the 0A satisfy the half-Clifford
algebra of half-gamma matrices

{QI7QJ} — 25IJ
{Qm Q" = —26™"
Q0" =0 (3.5)
where Q! are hermitian and Q™ are antihermitian. One gets hermitian generators of SO(5)
out of these as follows

17 _ Yol ol
= -[Q",Q
RY = 200,07
i
mn _ _Z[1m_Qn
RI™ = ~Qlqn (3.6)
One could imagine that we had introduced full hermitian gamma matrices on a doubled
space
=0 g
I = Q™ ® (—io?) (3.7)

Being hermitian, we must take (™ antihermitian. These satisfy the Clifford algebra
{FA,FB} = 2648 Generators of SO(5) are KAB = %[FA,FB] and K7 = R ® 1,
K™ = R™ @1 and K™ = R'™ © ¢3. We then project onto o3 = 1 subspace where we
recover the above half-Clifford algebra. An explicit realization is given by

Qf =i(J),
0t = i5§71
Q° =ity (3.8)



The covariant derivative is given by
D" = "+ TT X! (3.9)

where I'], is the Christoffel symbol. Conjugate momenta to X" are
i i _
Pr = grs (X *+ 2Pfuwtv°w“) (3.10)

In this paper we will assume that GAT = 545G which corresponds to one SYM scalar field
acquires a vev <¢6> =diag(v',...,v"). In this case the 8 real supercharges are given by

Qo = Yopr + (VOV)aﬁngr
Qb = i) (vare + (1*)a 036 ) (3.11)

We have the supersymmetry algebra

{Qa, Q) = 2 (Houp — Zoyg)
{QL, Q%Y = 26" (Héup — Zolp) (3.12)

where H is the Hamiltonian and Z is the central charge
Z = Gp, — %DTGS@WOW (3.13)
We define 4 complex supercharges

Q = (@1~ Q)

ol = — (Qf —iQ}) (3.14)

5l -5

Also defining Q* = Q and letting i = (I,4), the superalgebra generated by them reads

{Q', 9"} = 20" H
{Q, 97} = 2i67 2 (3.15)

This can be further rewritten as
. . . N T ..
{Ql +iQ", (@ +iQ') } — 45Y (H + 7) (3.16)

Since the left-hand side is non-negative we see that H > |Z| where equality holds for BPS
saturated states. The condition for a BPS state |§2), which corresponds to the case Z > 0
reads

(@' —ie") |2, =0 (3.17)
and for an anti-BPS state we have the condition

(Qi +z‘QiT) ) =0 (3.18)



which corresponds to Z < 0. If Z = 0 we require both BPS conditions, which amounts to

Q') =0
QT Q), =0 (3.19)

and we have no broken supersymmetries in the N’ = 8 sigma model. This case corresponds
to a pure instanton.

The fourth supercharge has a particular nice form after transcribing it to form space
[13],

Q' = —i(d—ig) (3.20)
and the dyonic instanton BPS equation with Z > 0 becomes
[(d —ig)+id —@)|e=0 (3.21)

The other BPS equations (Q —iQ'T) |Q) 4+ = 0 will be automatically satisfied since the
mass of the solution saturates the BPS bound. We can then read the equation (3.16)
backwards. Its left-hand side would have been positive definite had (Qf —iQ! T) 2) . been
non-zero, contradicting the fact that the right-hand side is zero. Therefore solving (3.21)
will be sufficient.

4 Brief review of the ADHM construction

Here we review the ADHM construction of instantons [16, 17] which is necessary for our
construction of the moduli space metric and the corresponding potential induced by the
vev of the scalar field.

The basic object for the ADHM constraint is the (N 4 2k) x 2k complex-valued matrix
Axma, which is assumed to be linear in the 4d spatial coordinates x; (i,7,--- = 1,2,3,4).
Only in this section we will assume a generic instanton number k and let the instanton
indices m,n,--- run over 1,2 ---k. Later on we will fix kK = 1. The indices A\, u, -+ =
1,2,--- , N + 2k are decomposed as u ® ma, v ®nf, --- with u,v,--- =1,2,--- ,N. We
use the notation A4 = (Axma)*. Then A can be parametrized as

W+
Axna = A Y, = une 4.1
,NQ uPma,nc < (Ximn + $1‘5mn)qmo} ( )
where Gjnq are as specified in eq. (A.4). We shall require the ADHM constraint
AN s =05 (4.2)

where f is an z-dependent k£ x k£ Hermitian matrix. To get the instanton solution, one
introduces an (N + 2k) x N matrix Uy, satisfying

AMAYN, =0, UUy, = 6% (4.3)



Then the gauge field is given by
(A" = iU Uy, (4.4)

whose field strength is self-dual (F' = x4F"). We choose noncommutativity parameter de-
fined by (2.7) as 6;; = CU?j_ as suitable for selfdual instantons. Then the ADHM constraint
becomes

0= wmd’“wu’nﬂ(oj)ﬁ a+iXi+x, X5+ xj]mn’r/i[ji

= @7 w, (01 6+ X X1l — 487" (4.5)
together with XI.T = X;.
4.1 Moduli space metric
The moduli space metric can now be computed starting from the flat metric

ds* = try, (dw®dwg + dX'dX") (4.6)

by imposing the ADHM constraint and an appropriate U(k) gauge fixing condition. We
will clarify this construction in section 5 where we obtain the moduli space metric for k = 1.
4.2 Potential

The scalar field equation in the instanton background
D;D;j¢p=0 (4.7)

can be solved for any given ADHM data. The solution is given by (see for instance the
appendix in ref. [17])
- ~(® O
p=UJU =U U 4.8
0 @laxo (4.8)
where ¢g is the vev of the scalar field (which we will choose as an N x N diagonal matrix)
and ¢ is the k x k xz-independent Hermitian matrix satisfying

1, . . .
[Xi, [XZ QDH + 5 (lﬂawd@ + gO’LZ)awa> = wPowe (4.9)
The potential of the N’ = 8 supersymmetric quantum mechanics can then be obtained by
evaluating
1 1
=— [ d'strDi¢Di¢p = — [ d°Qtr$D; 4.1
V=g ateeDioDe = o [ doens (4.10)
With a short computation, one has
Di¢p = —~U(0;A)fAU — UAF(0;A)U (4.11)
and 1
a:Zquﬁ - —5 ((ﬁowdwd + wdwd(ﬁo - 2wdg0wd> (4.12)
x
leading to the potential
22 ; .
V = g—T;tI‘ (’Lﬁa(ﬁ%wd — waqbowdgo) (4.13)

~10 -



5 Calabi metric from ADHM constraints

Let us now consider k = 1 of U(N) noncommutative instanton problem. Since the center-
of-mass part of the metric decouples, we shall set X; = 0 and consider only the relative
part. Our starting point is the flat metric on HY = R*N. We map 4N real coordinates vl
(u=1,---,N) into N quaternionic coordinates

Yu = Yl (5.1)

using the quaternion basis (A.4). The flat metric on HY can be expressed as

N
ds® = dy.dg, (5.2)
u=1
Here we suppress the overall coefficient of this metric, which is given by % = 49%2 with

k = 1.2 By introducing the Hopf map HY — R3V,
YusTu = Aahqr (5.3)

the above flat metric takes the form [25]

N
3y (cudfi + c;laiu) (5.4)
u=1
Here &, refers to . and
1

with x, = \/2Z2. Associated with the circle-fiber over R3" we define
Oy, = dpy, + Ay (56)

The 4m-periodic angles 1, are defined from the quaternions by

1= e (1) -
with a, = —a, purely imaginary. The vector potentials A, are related to the functions
C, as
x dA, = dCy (5.8)
If we parametrize
Ty = @y (8in Oy oS ¢y, sin Oy, sin ¢y, cos 6,,) (5.9)

2Qur convention for the Lagrangian for the SUSY quantum mechanics is given in (3.1) and this fixes
the normalization of the moduli space metric gys.

- 11 -



where the coordinates (6, ¢,) are the usual polar coordinates on S? base manifold, then
we have

Ay = (14 cosby,)doy, (5.10)

In the original Cartesian coordinates we find that
1
Ay = ———— (2lda® — 22da! 5.11

We present a derivation of this form of the flat metric in the appendix B.
The ADHM constraints (4.5) are expressed in terms of wyg € C2V. Therefore we wish
to have a map HY — C2V. In the 2 x 2 realization of quaternions we find that

Ju = Yl (5.12)

and

Wi —p
Yu = ( ulo ) (5.13)

where we define

Wi = Yud — 1Yu3
Wyo = Yu2 — 1Yul
_1 .

,w'u = Yud + 2Yu3

W = Yua + it (5.14)
This now defines a map HY — C?V,
The ADHM constraints
> waalon) g™ = 46 (5.15)
u
can now be written as
> yugstu = 4rar (5.16)
u
and can be solved as
N-1
Fy=—Y &a+(es (5.17)
A=1
Our indices range as u,v,--- = 1,--- ,N and A, B,--- = 1,--- , N — 1 respectively, and

és = (0,0,1). We insert this into (5.4) to eliminate Zy. Furthermore we have the U(1)
symmetry

Yu — Yu exp (gst) (5.18)

which acts as a translation of the angles

Yy = Py + 21 (5.19)

- 12 —



Since we shall mod out this U(1) symmetry, we introduce U(1) invariant angles
YA =vA— YN
and define corresponding one-forms
Opy =dpa+As— AN

As an intermediate step in obtaining the metric, we compute

1 1
25, M= g

gmuaiu ZmA< — 1 (a:A%A)Z)

1 2
+L <U¢N + LCL‘AU@A>

+Z—NdmA dZp

where we define

L:qu
u

(5.20)

(5.21)

(5.22)

(5.23)

We now mod out by the U(1) gauge symmetry by putting the momentum conjugate to ¥y

to zero. This kills the last term. The resulting metric is the Calabi space metric [18, 24,

26, 27
ds® = CupdZa - dZp + CXEUAUB
where
) 1
Cap = =2 4 —
T A N
Cip = TA0AB — T TATE
6 The potential for the Calabi space
We take the scalar vev
¢o = diag[vy,va, -+, vN]
For the k =1 case, the scalar data ¢ is given by
W Powg
- wd’u}d
Then the potential becomes
o2 (WY powe,)?

Noting

~13 -

(5.24)

(5.25)



which follows from (5.23) together with the usual relation between the radii of spheres,
4z, = wuaw™ in the Hopf map S3 — 52, this is evaluated as

272 5 1 2
V2?4<Z$u%—z(z$uvu) ) (6.5)
u=1 u=1
One may rewrite this as

272
V= T quxv(vu —uy)? = QTCAB2(UA —oN)2(vp — vN) (6.6)

Hence one can see that each Killing direction ¢4 is weighted by 2(v4 — vy), which cor-
responds to an F-string (W-boson) connecting D4y to D44. When v, — v, # 0 for any
u # v, the U(N) gauge symmetry is maximally broken down to U(1)". For this case, one
finds that the potential is non degenerate near any zeroes of the potential and receives

the nontrivial quadratic contributions. Finally the corresponding Killing vector G' can be

identified as .

— 0
G = 2(vqg —ON)=— 6.7
> 2va - un)g s (6.7
The electric charge @ 4 is defined by
Qa=—-2iLy,, € Z (6.8)

while Qn = — ) 4, Qa due to the overall U(1) invariance of the Calabi metric.

7 Localization to R*™~1) and counting of 1/4-BPS states

We now come to the central part of this paper. We will count the number of 1/4-BPS
states for U(N) gauge group in the sector with instanton number & = 1. In subsequent
sections we will also classify these states according to their representations of the unbroken
global symmetry group G = SU(2) x SO(4) (this symmetry group will be explained in great
detail in subsequent sections. Let us for now only mention that G corresponds to unbroken
Lorentz times R-symmetries) of the underlying 5d SYM theory. We have not succeeded
to find exact solutions to the relevant 1/4-BPS equation (3.21), not even for the simplest
case when N = 2. (A vev when N = 1 has no significance so there would be no 1/4-BPS
states in that case.) Instead we will make use of the index (1.12) to count the number
of 1/4-BPS states. A detailed account of this index can be found in ref. [23]. The index
is invariant under the rescaling (1.11), which allows us to localize to points of minima of
the potential where the potential is that of an N' = 8 supersymmetric harmonic oscillator,

and the moduli space metric is locally flat and on the form R*WV—1)

. Furthermore, it will
be sufficient to solve this BPS equation in R* (corresponding to taking N = 2) due to a
factorization property of the harmonic oscillator. This BPS equation and its solutions have
been obtained in [23] by viewing R* = C?. However for our purpose of classifying these
BPS states according to their representations of G we find it more convenient to obtain

these solutions in a vielbein basis which is constructed out of the Maurer-Cartan forms on
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IR N
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Figure 1. We illustrate D4 brane configurations with various deleted locations for N = 3.

S3 = SU(2) and hence our view is that R* = R, x §3. We present this BPS equation along
with detailed steps on how to obtain its solutions in appendix D.

Let us now describe how the Calabi metric near any of the minima of the potential
becomes flat RYN=1_ The Calabi metric can be expressed as

N N

ds® = ;;di‘%+ Mu;:l!ﬁuxv(gu —0y)° (7.1)
where we define
on =0 (7.2)
and we assume that
B4 +in=C (7.3)

The central charge is given by

N
G =) v"VQ, (7.4)
u=1

Minima of the potential are uniquely characterized by specifying a D4 brane ug that we
refer to as deleted location (see also [24]). We thus specify ug = 1,--- , N and take z,, = ¢
while all other x, = 0 (u # up). The metric near the minimum with a deleted location at
ug is given by

1
ds? = Z x—dfﬁ + Z L0y — 0y )? (7.5)

uFug uFuQ

(N

This metric is flat and describes the space R*V =1, We identify this part of moduli space

with space of N — 1 out of N D4 branes as illustrated in figure 1.
The U(1)N~! angles ¢, where we define ¢ = 0, sit in the metric as

N
> (dou — depuy)? (7.6)

u=1

which motivates us to define local U(1)N~! angles

Pu = Pu— Pug (7.7)
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where apparently ¢,, = 0. The associated charges are related as

Qu = QIMN u 7 ug
Qup = — Y Qu (7.8)

uFug

The relation (viewed as a map from N — 1 charges into N — 1 charges) can be inverted as

Qa=Qa, A#ug
No1

Qv=-> Qa (7.9)
A=1
forug=1,---,N — 1. If u9 = N, we have
Qi = Qa (7.10)
The central charge can be expressed as
N ~
G =) (" —v")Q, (7.11)
u=1

in terms of local charges.

In ref. [23] was obtained the number of 1/4-BPS states. We present another derivation
of this result as well as further details on representations of these states in section 9.2.
These studies show that as factorized 4d superharmonic oscillators, labeled by u # ug, one
has the following number of BPS states at each such w:

4|Qy| if (v* —ov™)Q, > 0
Ny = 1 ifov*—ov* £0and Q, =0
0 otherwise

and the total number of 1/4-BPS states is given by the product

n=[] nu (7.12)

uFug

We are interested in the case of one connected F-string stretching from D4, to D4,, (which
we denote by F,,) where 1 < u < v < N and we may order the branes such that3

VL >V > > UN (7.13)
Such a string is associated with charges

G=1 (a=u,---,v-1)
¢o = 0 otherwise (7.14)

3This ordering of vev is always possible by utilizing a group element of the U(N) gauge symmetry which
is a permutation.
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Figure 2. Various configurations of F-strings stretched between D4 branes and corresponding
charges are illustrated for N = 3.

The charge assignment of (), can be understood from the caloron picture. An alternative
derivation of the Calabi metric starting from the caloron dynamics is presented in appendix
C and, there, the relation between @,, and the string charges ¢, is explained in detail. We
present here simply the result: the charges are related by

Q1=q —qn
Q2=q¢—q
QN = qN —qN-1 (7.15)

where only N — 1 of these charges are independent due to the constraint ), @, = 0. The
ga counts the number of F1 441 4-strings. gy vanishes in the decompactification limit of
the caloron configurations.

In our case of an F,,-string stretched between D4, and D4,, we now find that

Qu =1
Qv =-1 (7.16)

and Q. = 0 for w # u,v. These charge assignments are illustrated in figure 2.

We now map this to charges as seen by the local flat metric near the minima. Let us
first assume that v = 1 and v = N. Then we have Q1 = 1, Qn = —1 and all the other
charges are zero. Then

Q=1

Qn = -1 (7.17)
if ug # {1,N}. If up = 1 then @1 is not defined and the only nonvanishing charge is
Qn = Qn = —1. If ug = N then Qn drops out and the only nonvanishing charge is

@1 = 1. If ug = 1 then the central charge is

G = (vN —v')Qn (7.18)
which is positive so this yields 4 BPS states. If ugp = N then the central charge is

G= (' -V (7.19)

which is positive, so this yields 4 BPS states. Let us now take ug = 2,--- ,N — 1. Then
the central charge is

G = (vl — v"0) Q1+ (UN —v"0) QN (7.20)

Both terms are positive so we find 4 x 4 = 16 BPS states.
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Let us now assume that 1 < u < v < N. Then ¢, = --- = ¢,—1 = 0 and the rest is
vanishing. Then

Qu =1

Q, = —1 (7.21)
For ug # u,v and we get

@u =1

Q, = —1 (7.22)

and all other charges are zero, including @ ~- If ug is not at the boundary of the F-string,
then the central charge is

G = (0% —v")Qy + (V¥ — v™)Q, (7.23)

This is positive if © < ug < v. Otherwise the two terms have opposite sign and we get no
BPS states, unless ug is at the one boundary, say uy = u and then Qu gets absent while
we get Q ~ = 0 and so the only non-vanishing charge is Qv = —1. The central charge is

G = (' —v")Q, (7.24)

and this is positive and so we find 4 BPS states. For the other boundary, ug = v we find
@ = 1 as the only non-vanishing charge. The central charge is

G =" —v")Qu (7.25)

which is again positive and so we find 4 BPS states.
Let us summarize our findings. If an Fqy-string is connected from D4y to D4y, the
number of BPS states becomes

4% 2416 x (N —2) (7.26)

where 8 comes from the two boundary deleted locations whereas the 16(/N —2) comes from
the contributions of the internal deleted locations. If an F,,-string is connecting D4, to
D4, with v < v, the number of BPS states is

Ax2416% (v—u—1) (7.27)

where 4x 2 comes from the deleted locations at the boundaries D4,, or D4, and 16 x (v—u—1)
comes from the internal deleted locations. If the deleted locations are located at D4 branes
outside F,,-string, one does not have any BPS states.

We have dyonic instantons which correspond to Fy,-strings with deleted locations at
either one of the two boundary D4 branes of the string. There are
N(N —-1)

2
such dyonic instanton states. We also have dyonic instantons which correspond to F,-

2 x 4 (7.28)

strings with their deleted location at an internal D4 brane. The number of such states is
N(N —-1)(N —-2)
6

4 x4

(7.29)
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Figure 3. An Fi3-string connecting D4; to D43 with three deleted locations is illustrated.

8 The one-instanton partition function

In the brane picture we have N separated D4 branes with separations
Uy = Uy — Uy (8.1)

where again v; > v9 > --- > vy. We select an index ug = 1,--- , N and a corresponding
brane D4,,. This brane is distinguished by that no 1/4-BPS states can be located at
this brane irrespectively how the F-strings are being stretched. The instanton partition
function is given by the sum over deleted locations

N
N = Zuyn (8.2)

up=1
Assume that we have an F,,-string that stretches between D4,, and D4,. A deleted location
ug can be classified into three types: internal if u < ug < v, boundary if w = u or w = v,
and exterior otherwise. In figure 3 we illustrate two boundary deleted locations and one
internal deleted location for an Fi3-string connecting D41 to D4s.
We will proceed by induction. When N = 2 we have two boundary deleted locations
only. From any one of these boundary deleted locations we have the contribution

oo
Zy =1+ Z dne= P2 = coth? Puiz (8.3)

n=1 2
Here n counts the number of F-strings stretching between D37 and D3s. In the exponent
we have the central charge or the BPS energy times a parameter 8. These strings are BPS
and the energies add up so that n F-strings have the energy nvis. The degeneracy of a
state of energy nvis is 4Q)1 if the charge given by Q1 = g1 — g2 = n — 0 is positive. If
the charge vanishes, @1 = 0, we have instead degeneracy 1 and we have n = 0 and energy
FE,—o = 0. This state gives the contribution 1 to the instanton partition function Z,.

For general N, the central charge is

N—-1
G = Z UANQA = Z Uuquu (84)
A=1 u
The state is BPS only if
Uuuoéu >0 (85)
for each u. Since vyy, > 0 for u =1, -+ ,up — 1 and vy, < 0 for u = up+1,--- , N, this

condition is equivalent with
0<q1 <q2<- < qu-1
Quo > Quot+1 >+ > qn =0 (8.6)
We illustrate this BPS condition in figure 4.
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Figure 4. Left picture is a BPS configuration in which the chages ¢, do not increase in the both
directions away from the deleted location. Right picture is a non-BPS configuration since the chages
¢y increase at least once away from the deleted location. .

Let us assume that N = 3. For the various possible deleted locations at ug = 1,2,3
respectively, we find the potential is given by

G(up=1) = 021@2 + U31C;2~v3
G(uo = 2) = v12Q1 + v32Q3
G(up = 3) = v13Q1 + v23Q2 (8.7)

We are only interested in BPS states. For ug = 1 this means

Q2 = —m

Qg = "N (88)
For ug = 2 this means

Qi =m

Qg = —Nn (8 9)
and for ug = 3 this means

Qi =m

Q2 =n (8.10)
Here m,n =0,1,2,---. The partition function is

coth? 6212 coth? ﬁ??’ + coth? % coth? % + coth? % coth? % (8.11)

where each term corresponds to ug = 1,2, 3 respectively. To see this, we use that for any
given deleted location, if m = n = 0 we have one state. For m = 0 and n > 0 we have
1 x 4n states. For m > 0 and n = 0 we have 4m X 1 states. For m > 0 and n > 0 we have
4m x 4n states.

To obtain the partition function of higher N, let us first assume the deleted location
is on the first brane ug = 1 and let us denote the partition function at N by Z}. Then
add an (N + 1)-th brane at vy;. The corresponding partition function will then become

ZL 1 = Z) coth® Puin+i (8.12)
We also know that for N = 2 we have
Z} = coth? % (8.13)
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The recursion relation can now be solved with this boundary condition as

N Bv
Zk = th? = 8.14
N H co 9 ( )
u=2
By reflection symmetry we also deduce that if the delocation point is ug = IV, then

N—-1

B’UuN
zN — th? = 8.15
N ul_[l CcO 5 ( )

We proceed by induction to compute Zn41. Let us assume the partition function for N is
known and given by

N
Iy =Y Zy (8.16)
up=1

By adding an (N + 1)-th brane at vy, we find that

Uug,N+1
Zy., = Z} coth® Prupn 1 5 -

for up = 1,--- , N. If the deleted location is placed on the brane ug = N + 1 we get the

(8.17)

contribution

N Bu
H coth? % (8.18)
v=1
In summary we find
N B N Bu
ZN41 = Z ZK,O coth? UOT’NH + H coth? % (8.19)
up=1 v=1

This recursion relation with given boundary condition is uniquely solved by

N

Zy =3 ] coth? B% (8.20)

u=1v#u

Let us now compare this to the result that was obtained in [19]. In this reference a
generalized Witten index was computed. By specializing this to the one-instanton k£ = 1
sector and by choosing parameters appropriately,® we can descend to the quantity

trk=1,1/4—BPS states &XP (=B(H — vuQu) — puQu) (8.21)

We can furthermore bring this into a partiton function over 1/4-BPS states, try—1,1/4Bps
exp (—(BH), by taking

My = Buy (8.22)

which leads to a perfect match with our partition function Zy.

4As explained in [19] this amounts in the notations of this reference to taking 2 = 7 in order to cancel
the (—1)¥ factor in their index. Also we shall take yg = 0.
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Let us comment that the two methods to compute this partition function is very
different. While we rely on moduli space of dyonic instantons, ref. [19] makes no use of
this moduli space.

We can consider a refined index where the spin content of the 1/4-BPS states is taken
into account by including chemical potentials. We compute the refined index in section 10
but before that we need to understand the spin content of our 1/4-BPS states.

9 Spin and R-symmetry representations

We will now obtain the SU(2); x SO(4) representations of the 1/4-BPS states we have
constructed as p-forms on moduli space. Since the moduli space is on the form of (3.2) we
can study this problem for each factor of moduli space separately.

9.1 Center of mass R* part of moduli space

We let 6, A; denote bosonic zero modes where r = 1,--- , dimMy is a curved index on the
one-instanton moduli space My and ¢ = 1,2,3,4 is a spatial index of 5d SYM. We can
then express the fermionic zero modes y as

x = 6 AlELYT (9.1)

where 9" are 2-component Majorana spinors. Since these correspond to broken supersym-
metries, we take

Fyx = —x
P&y =&y (9.2)
Here £, is a commuting spinor. We represent the 5d MSYM gamma matrices relevant for
us as
I'i=v®1
Li=v)®7; (9.3)

These can be used to construct generators of SU(2)4 x SO(5) rotational times R-symmetry.
Here 7(4) = 71234. We reserve the 5th index for the M-theory circle. Our R symmetry
indices range over A = 6789(10). From our realization we see that I'(4) = 714y ® 1. We may
then write out all 2-component spinor indices

Xa T = 60 Ay €07 0" (9-4)
Here 8’ and 7" are 2-component indices such that 3’4" is a 4-component spinor label of an
SO(5) R symmetry spinor, 1/}”" is a 2-component Majorana spinor. Let us first consider
the SU(2)4 rotation

1
ox = el (9.5)
This amounts to
)
0Xa = g5 (@)o" x5 (9.6)
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We next note that

1 .
T (N @i = — 600580 (9.7)
as a consequence of the gamma matrix identity %eij [Vij> Vk) = —€kj7yj- This means that we
can write
OXa = —0r4; ew o Bwr (9.8)
We next expand
e = et (9.9)
and we use the identity
S Am = —0sA;(JT)* 9.10
177” sA4;( )°r (9.10)
where we define
(J1E),s = / tr (6, AibsAj) n)* (9.11)

JIi

Using the completeness relation of modes [29] it can be shown that obey the same

algebra as 17Z ;- We now find the following SU(2)+ action on the Fermi zero modes
5wr _ €I+(JI+)T5¢S (912)

A subgroup of SO(4) R symmetry® is the SU(2)_ generated by three complex struc-
tures. By the same analysis as for SU(2)1 we find that SU(2)_ acts as

oY = ()0 (9.13)

Since SU(2)_ commutes with SU(2), we shall associate J/~ with SU(2)_. We can
also understand the appearance of J!/~ for the SU(2)_ R symmetry by studying how
supersymmetry is induced from 5d MSYM. We have the following supersymmetry variation
of the gauge potential,

0A; = i@o'éqféﬁo‘lXB (9.14)
In the moduli approximation we may put
0A; = 0X"H,.A; (9.15)

by including a gauge variation. We then act by f d*ztr§,A;, expand the zero mode x in
collective coordinates ", and we get

SXT = i@ i (JIT) b (9.16)

®The original SO(5) R symmetry is broken to SO(4) by the vev.
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Here € = o1&, and € = wo! ® 01€,. By the well-established theory of the N' = 8 (four
complex supercharges) sigma model, we can now reliable identify J/~ as the generator of
SU(2)_ subgroup of the SO(4) R symmetry generated by the three complex structures on
moduli space.

In order to map spinors to forms, we first define complex spinors

§ =1 — iy (9-17)

We then map
& ~dX" (9.18)
For the overall R* part of the moduli space on which lives one-forms dX; (i = 1,...,4), we

further define complex one-forms

dwi = dX4 — ing
dws = dXy — idX; (9.19)

The generators are realized as follows. The SU(2) generators act on dX; as

1
(JI+)ijde = *577{]+de (920)
The SU(2)_ generators act as
. (-
(J17)ijdX; = _Q”Z‘IJ‘ dX; (9.21)

We can establish this by noting that for the overall R* part of the moduli space, the zero
modes are

5;A; = Fy; (9.22)

From this, we find that Jini ~ nifji. It is important to note that J/~ may be identified with
the subset %6[ Jik Ryk of the R symmetry generators (3.6). This means that we must have
the vector embedding of SU(2)_ ~ SO(3) into SO(5). In terms of complex coordinates we
have

dw. dw; dw. dwi
dw 1 dw dw 1| —dw
3+ 2 2 3— 2 2
= _ .2
J dw! 2 | —dw' |’ J dw! 2 | —dw! (9.23)

div? —dw? di? div?

To find the third Cartan generator we change the sign when acting on the last two entries,
compared to how J3~ acts, so that

dun dwq
dwsg 1| —dws

K3 = - 9.24
dwt 2| dwt (9.24)
diwv? —dw?
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We can verify that this gives a consistent embedding of SU(2)_ in SO(4) R symmetry
by extending this construction to the other generators J!/~ and construct corresponding
generators K! by again changing the sign when they act on the two last entries. This way
we find that R'* = } (J/= + K') generate SU(2)., x SU(2)x which is consistent with the
fact that J!~ define a vector embedding in SO(4).

Given this, we build a multiplet of states

1
dwg, do®
dw;dw dwg dw? dw! dip? (9.25)
dw! ddwg dw; dwsdi®
dw; dwsdiv! div®

with corresponding weights of Cartan generators (J3T, J3~, K3)

(0,0,0)
(0,0,jzl)
1.0.0 -1,0,0 9.26
(1,0,0) 0 41.0) (~1.0.0) (9.26)
(-1, £1,£d) (3, 71,41
(0,0,0)

We then recognize that these states fill up a 16-dimensional massive instanton-particle
multiplet

3;1,1) o (1;2,2) @ (1;1,1) @ (2;2,1) & (2;1,2) (9.27)

of the SU(2); x SO(4). Here we label the representations of SO(4) by the dimensions of
SO(4) = SU(2) x SU(2)r whose Cartans are

R¥* = (J*” £ K?) (9.28)

N | =

It should be noted that SU(2)_ which is generated by J/= = R'* 4+ R/~ is the diagonal
subgroup of SU(2)r, x SU(2)g.

But for the charged instanton this is not the full story as the dyonic instanton-particle
also carries internal degrees of freedom whose spin quantum numbers we will obtain in the
next section.

9.2 Relative part of moduli space — localization to R* and classification of
BPS states

In this section, we shall describe the localization of states to the flat space, R?*, starting
from the Eguchi-Hanson space. Since the index is essentially invariant under the scaling
of the potential and the corresponding central charge is basically determined by charges,
we may compute the 1/4 BPS free energy exactly by taking the limit where the vacuum
expectation value (vev) of the scalar field becomes large. In this limit the states of the
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system are localized around the zeroes (minima) of the potential. We have shown that,
at each localization point, the space becomes R*™~1 At each copy of R%, the system is
described by the N/ = 8 supersymmetric quantum mechanics of 4d harmonic oscillators.
Below we investigate multiplet structures of this N' = 8 quantum mechanics focusing on
its BPS sectors.

As we show in appendix E, the Calabi metric when N = 2, is equivalent with the
Eguchi-Hanson metric

2 2
ds? = o? [d” n % (d92 + sin? 0d¢? + K2(di + cos 0d¢>)2>]

K?
dp2 /02

2
by a coordinate transformation. Here K2 =1 — %, the overall coefficient is a? = 2 x 49%2
and

o1 +ioy = €™ (idf + sin Od)
o3 = di + cos 0dop (9.30)

where the coordinate ranges are ¢ € [0,27] and ¢ € [0, 2], such that in the limit ( — 0
the Eguchi-Hanson space degenerates to the orbifold C2/Zs. In particular the Calabi space
fiber coordinate ¢ = 2¢ is ranged in [0, 47]. From the form of the Killing vector in eq. (6.7),
which in our case of N = 2 reduces to

0
G=v,- 9.31
Y35 (9.31)
where v = v; — v, we see that the potential takes the form
1 1 1 4¢?
V= igrsGTGS = §g¢¢02 = §a2v2 <p2 - pg cos? 9> (9.32)

The localization occurs at the points where V' becomes zero, and there are two localization
points for the case of N = 2: one is at the north pole # = 0 of the sphere p? = 2¢ and the
other at the south pole # = 7 of the same sphere.

Around the north pole, we introduce coordinates

agK:,ﬁHO, ot =0-0

(VRIS

By introducing p = pcos g and 0 = psin g, the metric, to the quadratic order in p, becomes
_2 _ B B
ds? = dp? + % [d92 + sin2 0dy? + (2de + (cos B + 1)du))?

= dp® + % [5% + 53+ 6%} (9.33)

where
G, +ioy = €® (z’dé + sin édd?)
o3 = dé + cos O dip (9.34)
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with

20+
b (9.35)

ASNRSW
I

Note that ¢ is ranged over [0,47]. We have two U(1) charges corresponding to two com-
muting Killing vectors

15 = —iLo,

qp = —iﬁ% (9.36)
which can be related to the following two commuting Killing vectors of Eguchi-Hanson
metric,

Qy = —iLy, (9.37)
as

Ry = g5+ 45

Qg = 2q3 (9.38)

Here Qy/q; and Qy/q; are integral/half-integral quantized.
Around the south pole, we introduce coordinates

agK:ﬁ—>0, ag(w—e):é—m (9.39)

By introducing p = ﬁsing and 0 = pcos g, the metric, to the quadratic order in p, becomes

=2
ds? = dp? + 'OZ [d§2 + sin2 Gdy? + (2de + (cos f — 1)du))?

= dp® + 'OZ [5% + 53+ 5?,} (9.40)
where
6 =2
b=y (9.41)
The angle ¢ is again ranged over [0, 47] and
Qy = a5 +45
Q¢ = 2q; (9.42)

where the minus sign in front of v reflects the change of the relative orientation of the
tangent space at the south pole in comparison with that of the north pole. We furthermore
have that Q_y = —Qy. Introducing vielbeins by

& =dp, &= g51 (9.43)
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the metric for R* takes the form

ds? = %" + e'e! (9.44)
Furthermore,
G = 0,
V= 2v (9.45)
and the potential becomes
V= %@2;32 (9.46)

locally near the north or the south pole.
In order to construct the generators for the SU(2),, part of the R-symmetry, we need
the expressions for the three complex structures given by

I = €0i€1 — elieo + E[JKEJ’L'EK (9.47)
Upon localization, they are reduced to
It = EY%pr — Fligo + e1yx Eigx (9.48)

where the new set of vielbein is defined as

B 4iE? = gew (z'dé +sin édgz),
E° +iE3 = dp+ ig(diﬁ + cos 0 do) (9.49)
These satisfy
Itl; = =015 + ey lKk (9.50)

9.2.1 BPS states in R*

In this subsection, we would like to describe the general structure of BPS states of the
N = 8 supersymmetric harmonic oscillator in R*. We are interested in the solutions of the
BPS equation

(d—ig)+i(d —G)Q=0 (9.51)

where d = — % dx. Since the BPS operator Q — iQ' is commuting with the self-dual or
anti-self-dual projections, one can separate states into a sum of self-dual and anti-self-dual
parts

Q=0 +0_ (9.52)

Within the BPS sector, the even-form and the odd-form part of the wave functions are de-
coupled from each other. We shall call the even-form/odd-form part as bosonic/fermionic,
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the meaning of which will be clear when we discuss the spin content of BPS multiplets.
The BPS states are characterized by the central charge

Z

vg >0 (9.53)
where the charge g is half-integral quantized with the charge operator
q= —iﬁ% (9.54)

Below we shall concentrate on the BPS states with © > 0 and ¢ > 0 and the case with
? < 0 and ¢ < 0 will be briefly discussed at the end. The BPS solutions exist only in the
self-dual sector. To classify the solutions we will use spherical coordinates (p, @, ¢,v) on
R* and we introduce the Wigner D-function

D}, = (jmloliq) (9.55)

where |jm) denotes a spin-j state of SU(2) with m,q = —j,—j +1,---,j. We define

Qi
|

=g dg
— (i3 ¢i0)2 i s (9.56)

QI

where Jr generate SU(2) with commutation relations [Jr, J;] = ierjx Jx. The components
of ¢ = a;Jy are given in (9.34). Expressing the D-function as

Dj,, = emitiasgl (4) (9.57)
we see that
qDJ,, = qDi, (9.58)

When ¢ =0,1/2,1,3/2,--- we find the following bosonic multiplet of charge ¢ = ¢ states
as solutions to the 1/4-BPS equation (9.51)

08, = D&, 0% e 17 (1 4 &'e)(1 + &%) (9.59)
QL.t = DL gD i (@0 + i) (6! +ie?) (9.60)

Our notation is such that the states Q{nq carry charge ¢ = ¢ and fall in a j-multiplet of
states with m = —j,—j + 1,--- ,j. We will occasionally suppress the labels mq and write
these states as Q9 and Q97 !. The j = ¢ — 1 multiplet exists only for ¢ > 1 and has charge
4 = q as a consequence of §(é! +ie?) = 1. We obtain these states in appendix D by solving
the BPS equation. By acting with the supercharge Q + iO" on these bosonic states, we
obtain two j = ¢— % multiplets Q=3 when q> % These multiplets are fermionic and we
will describe their spin content below. Therefore, for ¢ > 0, we have the following multiplet
of 1/4 BPS states

(2¢+1) @ (2¢—1) @ 2¢" @ 2¢~ (9.61)

~99 —



Here representations of SU(2) are labeled by their dimension. The physical role of this
SU(2) will be clarified shortly and will be identified as the unbroken SU(2), Lorentz sym-
metry. Thus we find in total 8¢ states for ¢ = 1/2,1,3/2,---. For ¢ = 0 we have on the
other hand a unique state

2

P(1+e'e?) (14 &%) (9.62)

NI

Qo =e
which is annihilated by all supercharges
00 =00y =0 (9.63)

Therefore no new odd-form state is generated by the action of the supercharges and the
corresponding g = 0 state is unique.

For v negative, the charge ¢ has to be non-positive definite, since the central charge Z
is non-negative definite, and the corresponding number of degenerate states remains. To
show this, one may use the parity symmetry of the system

b=t m, 010, ¢ —0, (9.64)

and
v— —0 (9.65)
Consequently, one finds the same number of states as is demonstrated in the appendix

explicitly. Therefore, the number of degenerate BPS states with charge ¢ is

8lq| = 41Q) i 5g > 0
ng = 1 ifg=0and v#0 (9.66)
0 if vg <0

where @ is the eigenvalue of the integral-valued (F-string) charge

~

Q =2¢=—iLy, (9.67)

9.2.2 Rotation- and R-symmetries

The Eguchi-Hanson space is invariant under the action of SU(2)/Zy x U(1) transformation.
The SU(2)/Zs isometry generated by the Killing vectors

~ 1
EH | ;7 EH _ ig(:9 _
LT +iLy e (169 cot 00y + sin98w>
¥ =9, (9.68)
acts triholomorphically as
Lypnl” =0 (9.69)

as a consequence of £ LEHO] = 0 where o7 are the Maurer-Cartan forms given by eq. (9.30).
The remaining U(1) generated by 0y, has nothing to do with the F-string charge. As derived
in the context of ADHM construction, the triholomorphic vector field G relevant for the
F-string charge has to do with the other U(1) generated by 0s. In the presence of the
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potential, the SU(2)/Zy symmetry of the quantum mechanical system is further broken
down to the U(1),. Hence once the vev of the scalar is turned on, the quantum mechanics
is no longer invariant under SU(2)/Zs x U(1)y% but only under U(1)4 x U(1)y. The SO(4)
little group of the SO(5) R-symmetry will remain and below we shall focus on the SO(3)
subgroup of this SO(4). As discussed in the previous section, this SO(3) R symmetry is
generated by the action of the three complex structures I/. Their action on a form is
multiplicative and satisfies the usual Leibniz rule:

Irds' = da? (1), " (9.70)

and
Irdz' A da? = (Ipda') A da? + da' A (Ipda?) (9.71)

We would now like to understand the multiplet structure of the states we have con-
structed by the localization to R*. In case of the R symmetry, the story is rather clear
since the complex structures I’ of the Eguchi-Hanson space has a natural realization in
R*: their explicit form in R* is given in (9.48). Next we would like to identify the SU(2),
spatial rotation. Since R* has SU(2) x SU(2) symmetry, it is rather clear that a par-
ticular combination of the SU(2)’s realizes the SU(2);. Let us denote the two SU(2)’s
by SU(2)s and SU(2)y where U(1), and U(1), subgroups are included into SU(2), and
SU(2),, respectively.

For reasons described below, we find that SU(2), = SU(2). First of all, the multiplets
are labeled by a fixed U(1)4 charge, which is physically interpreted as F-string charge of
the dyonic instantons. If the SU(2)4 rotation involves this U(1)y, then there is no way
to understand the multiplet structure of the above states. Secondly the U(1)4 belongs to
SU(2)/Zy of the EH space which is originated from the SU(N) gauge symmetry of the
SYM theory instead of any spacetime symmetries. Finally, with the choice of SU(2),, for
the rotation symmetry, one can understand the full multiplet structure in a natural manner
as we shall demonstrate shortly. A similar choice can be realized for the general SU(V)
Calabi space upon localization and the rotational SU(2) in each R* should be chosen such
that this SU(2)+ do not include the U(1) responsible for the F-string charges.

By localization the symmetry U(1), is enhanced to SU(2),. On the other hand, by
turning off the noncommutativity parameter the rotation symmetry SU(2); gets enhanced
to SU(2)4+ x SU(2)p. Very naively then, since we have enhancements to SU(2),, and SU(2),
both being related to the noncommutativity parameter in various limits, one may think
that these two SU(2) shall be identified. But this is incorrect. Localization limit effectively
means sending noncommutativity parameter to infinity which is a completely different
limit from turning off the noncommutativity parameter. The noncommutativity parameter
is related to the localization point because the potential, and its zeroes, depend on the
noncommutativity parameter. As we approach the localization point the U(1), symmetry
is enhanced to SU(2),, and the localization point is not rotated by SU(2),, which is a tangent
space symmetry at the localization point. Neither is the noncommutativity parameter

®Note here that, without introducing the noncommutativity, the U(1) is enhanced to SU(2), symmetry,
which apparently rotates the noncommutativity parameter 6;;.
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rotated by SU(2). This shows that we cannot identify SU(2), with SU(2), which would
rotate the noncommutativity parameter. We conclude that we must identify SU(2), =
SU(2)+ since SU(2)+ leaves the noncommutativity parameter fixed, just like the tangent
space group SU(2)y at the localization point is supposed to leave the localization point
fixed.

The SU(2), is generated by the the Killing vectors

_ _ - _ 1
; _ W9 _ _ _
L+ zljz =e (zBe cot eaw + sinéa )

L3 = 9y (9.72)
The orbital angular momentum is generated by the Lie derivatives
M; = _iﬁil = —i(diZI + ’iZId) (9.73)

It is straightforward to demonstrate that the vielbein e* = (€°, &) is invariant under the
action of Mj:
Me* =0 (9.74)

One then recognizes that the states Q29 and Q471 fall in (2¢ + 1) and (2¢ — 1) dimensional
representations of SU(2).
The R-symmetry generators

Ry = %II (9.75)

satisfy the SU(2) algebra
[R], RJ] =iergk Ri (9.76)

It is straightforward to show that R transforms
[Mr, Ry] = ierjx Ric (9.77)

as a triplet under M;. The desired total angular momentum including the spin part should
be chosen as [22]
Jr=Mr— Ry (9.78)

which satisfy the SU(2) algebra
[J1,Js] = tergx Ik (9.79)
Furthermore, one finds that the R-symmetry and the rotation generator commute, i.e.
[Jr,R;] =0 (9.80)

which is required from the first principle construction of the generators starting from the
SYM theory. One finds that Q7 and Q9! are SU(2); R-symmetry singlets,

R =0
RQT 1 =0 (9.81)
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so that
Q1= (2¢+1,1), Q1= (2¢—1,1) (9.82)

where the first and the second numbers in the bracket denote the dimensions of represen-
tations of SU(2)4+ x SU(2)r.

Let us now turn to the case of odd-forms. As we said before, the odd-forms can
be generated by applying the combination of supercharges to the even-form solutions. To
understand the corresponding multiplet structure, we note that the supercharges transform
as a singlet plus a triplet under M; = Jr + Ry,

[My,Q] =0 [My, Q)] =ierjx QK (9.83)

As the four supercharges belong to doublets under Ry, they must form doublets under Jr
as well. Indeed one may construct one doublet of J; by

Q; =i(Q°—iQ"), 9 =i(Q'—iQ? (9.84)
with [R3, Q7] = —4 Q7. The second combination
of =i(Q'+i0Q?), 9t =-i(Q*+iQh (9.85)

forms a doublet under J; with [R3, Qf] = %QI Then by the action of the appropriate
combination of Q7 to Q4@ 971, one generates states Q=93 while, by Qf, one generates

states Q7972 Thus the odd form states form the representation
QFIr g QI = (2¢,2) (9.86)
For ¢ = 0, there is a unique state
Qo = (1,1) (9.87)
which is 1/2 BPS. The minimal ¢ = % multiplet is
Q)@ Q@0 e0 ) = (2,1)e (1,2) (9.88)

which consists of 4 states.
The 1/4-BPS dyonic instanton multiplet with 64 states [2] can be obtained by taking
the tensor product of the 16 states in R* with the above 4 states at the localization point,

(BLDe 28118 @22 1) e (21,2)
® ((2; 1,1) & (12, 1)) (9.89)
Here we have included the trivial representation (which is 1) of the additional representation
of an SU(2)r which is inside the full unbroken SO(4) = SU(2), x SU(2)z R-symmetry and
which is not generated by the three Kahler forms which generate the SU(2);. Thus the

above denotes representations of SU(2)4 x (SU(2)r x SU(2)r). Expanding out the tensor
product we recover the multiplet of [2].
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10 Refined partition function and index

The spin content can be seen by computing a refined partition function

Z(,B,CL, b, C) — tr1/4BPS <efﬂHeJ3+a+R3+b+R3_C>

(10.1)

where J3, R3* are Cartans of SU(2), x SU(2)r x SU(2)g. For BPS states over which we
trace, the Hamiltonian can be replaced by the central charge. For N = 2 this is given by
Z = vQ = 2vq. Furthermore, as we have identified SU(2); = SU(2),,, we shall take

T =£Qy = q+4qy
on north and south pole respectively. Using this, we get
Z = tr1/4BPS (6_‘1(25”—0)€q¢a+R3+b+R370>
and explicitly

Z =14 e 10 529+ 1,1) + 5(2¢ — 1,1) + 5(2¢, 2)]
q

where we define

$(2 + 1,2k +1) =Y _e¥mtn
m,n

andm=—-j,—j+1,---,j—1,5andn=—-k,—k+1,--- ,k—1,k. We find

sinh (4 (24 + 1)) sinh (5 (2k + 1))

: a . b
sinh 5 sinh 3

$(2j+1,2k+1) =

We get

2Bv—a+b

2Bv—a—b
h 4 4

cosh

COSs

sinh @ sinh %
We can now also compute the index
Index — tr ((_1)F675H€J3+a+R3+b+R3—c>
as follows
Index = 1+ Z eI [5(2¢ + 1,1) + s(2¢ — 1,1) — 5(2¢,2)]
q
with the result

2Bv—a—b 2Bv—a+b
4 4

sinh

sinh

Index =
sinh 6”2—_“ sinh %
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(10.3)

(10.4)

(10.5)

(10.6)

(10.7)

(10.8)

(10.9)
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We may notice that
Index (b + 27i) = Z(b) (10.11)

and indeed this relation can be explained by noticing that e2miRT — (—=1)F. Finally we
notice that our result agrees with [19] if we make the following identifications

a = 2ivR
b= Qi’yg
Bv = p (10.12)

where definitions of parameters on the right-hand side are found in [19].

In the index we do not need to restrict ourselves to 1/4-BPS states since all non-
BPS states are paired by a superpartner state with opposite (—1)¥. But for the partition
function over 1/4-BPS states we can not drop the projection onto 1/4-BPS states. However
this can again be expressed as an index by noting that

3+
tryon-pps (-1 T =0 (10.13)

To see this we first note that none of the supercharges Qi can annihilate a non-BPS state.
As we act with a sequence of these supercharges on some bosonic/fermionic non-BPS state
they will generate 8 states with (—1)f = +1/ — 1 representations (3;1,1) @ (1;1,1) &
(1;2,2) and (—1)F = —1/ 41 representations (2;2,1) @ (2;1,2) (tensor multiplied with the
representation of the non-BPS states with which we started). By inspection we see that
(_1)F—|—2R3+

the sum of cancels for the 8 bosonic and 8 fermionic states separately. We can

now express the 1/4-BPS partition function as the following index
Z(B,a,b,¢) = tr ((—1)F +2R* —fH eJ3+a+RS+b+R‘°"C) (10.14)

where we can drop the explicit projection onto 1/4-BPS states due to the cancelation
between non-BPS states as we argued for above.

11 The commutative limit

Our index and partition function do not depend on the noncommutativity parameter (.
We claim that noncommutativity parameter can be smoothly taken towards zero. We can
justify this claim for U(2) gauge group. In the commuting limit the Eguchi-Hanson space
becomes the orbifold C?/Zy with metric

ds>

2
dp?® + % (d6? + sin? 0d¢? + (dy + cos Od¢)?)

dp? +

(d6* + sin® Odyp? + (dg + cos Odip)?) (11.1)

N

where ¢ and ¢ are 27 ranged. The fact that we can exchange v and ¢ in this metric can
be traced to the fact that S® can be described either in terms of left-invariant or right-
invariant Maurer-Cartan forms. This symmetry is present only in the commutative limit
and is not a symmetry of the Eguchi-Hanson metric.
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By now substituting 0,1, ¢ with 0,1, ¢, we see that we have already obtained all these
1/4-BPS solutions in eq. (9.61). The only difference is that here ¢ is 2m-ranged instead
of 4m-ranged, so that the corresponding electric charge @y = —iLy, is integer quantized.
Let us denote the charge integer-eigenvalue on a state by ). Then the bosonic states with
charge () are given by

vp2
Dgle=o = Digp®le™ & (1+e'e?) (14 %)
0p?
02 emo = D29 1p* @ Ve (0 +ic®) (e +ie?) (11.2)

Let us comment that it seems out of reach to find corresponding exact BPS solutions away
from ¢ = 0 where we instead must rely on localization computations.

These states carry U(1) charges that is most conveniently labeled by Qg = @ and by
@y = m. To understand that the commutative limit is smooth, we need to match the
U(1) charges of these states with corresponding U(1) charges of the states we found on the
Eguchi-Hanson space by the localization computation. Since () is integer quantized and ¢
from localization computation are half-integer quantized, we must have that

Q =2q (11.3)

since otherwise we could never hope to match these states in a one-to-one fashion. On the
north pole we have the states Qf,, and Q%{ql and we have corresponding states on the south
pole. All these states carry charge Qg = 2q. We then recall the relations

Qy = * (95 + 43) (11.4)

where + is for the north pole and — is for the south pole. Then we find on the north pole
that the j = ¢ multiplet has Qy = m + ¢ = 0,1,---,2¢ and the j = ¢ — 1 multiplet has
Qy=m+q=12,---,2¢g — 1. On the south pole we find that the j = ¢ multiplet has
Qy = —2¢,---,0 and the j = ¢ — 1 multiplet has Q, = —(2¢ —1),--- , —1. Thus collecting
the states, and recalling that () = 2¢, we see that we indeed have states with

Qw:_Qv"'7Q
Qu=-(Q-1),-,Q-1 (11.5)

which matches with the multiplet of states Q%|.—o ® Q9~1|;—o that we found above. The
odd-form parts can be related in a similar manner.

Let us finally confirm that these bosonic states in the orbifold limit are really singlets
under the SU(2);, R symmetry generated by the three complex structures on the Eguchi-
Hanson space in the orbifold limit. We have the Kahler form

K3 = €% 4 ele? (11.6)
and indeed the corresponding complex structure

Iy = €% — e3ig0 + el — €ip (11.7)
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leaves all the bosonic states invariant,

9% = = 0
9 g =0 (11.8)

We thus find exactly the same states in the orbifold limit and so we conclude that the
orbifold limit appears to be smooth, although we do not have a direct proof for this for the
higher-dimensional Calabi spaces.

12 Discussion

We have computed the index and the partition function of one 1/4-BPS dyonic instanton
in noncompact 5d MSYM with U(N) gauge group being maximally broken to U(1)N~!
by a generic vev of one of the five scalar fields, which induces a potential term in the
corresponding sigma model. The number of states does not quite sum up nicely to the
anomaly coefficient ~ N (N2 — 1) but probably there is no reason to expect this number to
emerge here as we only consider the £ = 1 instanton sector.

One obvious direction to look at further is the higher & generalization. The general form
of the metric and the potential are not known yet especially with the noncommutativity
turned on. We leave this for the future study.

It would be very interesting if one can understand what happens when the gauge group
is not maximally broken.

We can also ask what happens if we compactify one direction of D4 on a circle. In that
case we expect the theory to have an S-duality, and it would be interesting to confirm that
the 1/4-BPS dyonic instanton states and the monopole-string states carry the same spin
quantum numbers so that they can be mapped into each other under S-duality [19, 28].
As it was argued in [8], showing that 5d MSYM is S-dual would also give strong evidence
that 5d MSYM and the corresponding 6d (2,0) theory on a circle, are equivalent.
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A Spinor conventions
We represent the 11d gamma matrices as

FO = Y(4) ®io9 ® 1

Fi :’}’i®1®1
F5 :"}/(4)®0'1®1
FA = Y4) ® 0374 (A.l)
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where we split p = (0,4) and i = 1,2,3,4. We define v(4) = y12314. We let A=6,7,8,9, (10)
and reserve the index 5 for the M-theory circle. The 11d charge conjugation matrix is
chosen as

C =Ty (A.2)

We represent SO(4) gamma matrices in quaternion Weyl basis
0 q‘-w
W=\ (A.3)
qiaB

q; = (—iU], 1)
q; = (iU], 1) (A4)

Here

are quaternions and their conjugates in the 2 x 2 representation where

) () ()

are the Pauli matrices. We have the relations

qiq; = 0ij + im-I-_UI
q@iq; = 0ij + ;5 o1 (A.6)

where the selfdual and antiselfdual t Hooft tensors are given by

777,'Iji = €rij4 = (51'15;1 - 5]]'521) (A7)

B Flat metric on H = R4

Let us begin with a description of H. We introduce a coordinates y = y;¢; in H where
(y;) € R*. Thus y; — y = y;¢; is a map R* — H. The flat metric reads

ds? = dydy = dy;dy; (B.1)

Note that the quarternion y can be represented as y = ae®¥/? with a being purely imagi-
nary, i.e. a = —a . We further introduce

drrqr = yq3y = agsa (B.2)
With this definition, one finds

dzs = y3 +yi — (Vi +v3) = a3 — (a} +a)) (B.3)
2(x1 +ix2) = y3y1 + yaye + i(ysy2 — yay1) = az(ar + iaz) (B.4)
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Representing a by

0 0
a = 2\/xsin §(q1 cos ¢ + qo sin @) +2q3\/§cos§ (B.5)

one finds
Trqr = x(sinﬂ(ql cos ¢ + g2 sin @) + g3 0089) (B.6)

The flat metric dqdg then becomes
1 1
ds® = dada + Zaadw + 5 dv(agsda — dagsa) (B.7)

Introducing b by a = 2,/xb, the metric can be presented as

dxqdz, - -
ds? = & . Ya 4 2 (di + bgsdb — dbqsb)? (B.8)

Note that 1
d(bgsdb — dbqzb) = *3d; (B.9)

By explicit compution, one can show

oy = dip + (bgzdb — dbgsb) = dip + A = dyp + (cos — 1)d¢ (B.10)
Therefore one is led to
ds? di” + z0? (B.11)
= — o .
T p

C Calabi metric from the caloron dynamics

In this section we shall derive the Calabi metric for the £ = 1 instanton starting from the
known caloron dynamics. This will be helpful in understanding the corresponding brane
picture. We begin with the metric for the U(N) caloron [24],

_ 472

ds?® = ?L4 [ Myodi, - dijy + My, oc, 0¢, | (C.1)
where N
L 5, ity | dd iy
Muvdyu~dyvszudyg+m+@m+w (C.2)
u—1 Yin Y21 YNN-1
with
oo = o — o+ - 0] (€3)
4
The coordinate &, is ranged over [0, 47| and we introduce
og, = d&u + Wuw - dy (C.4)
where
Vp X Wy = VpMyy (C.5)
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L4(= 27 Ry) is the circumference of the x4 circle of D4 branes on RY3 x S1 and the mass
parameter m,,
€y
—— C.6

with 25:1 €, = 1 is related to the Wilson line expectation value (A4). The caloron system
is related to the dynamics of N distinct monopoles sustained between T-dual D3 branes,
whose total magnetic charges vanish. ¥, is the position of monopole (D-string) connecting
D3, and D3, (with D3y =D3() and the mass parameter is then related to the mass of
each distinct monopole. The positivity of m, implies that we order the D3 brane locations
along the x4 direction monotonically.

Starting from this metric, we now derive the Calabi metric of £ = 1 U(N) instanton.
First we introduce the relative and the center-of-mass coordinates by

TA=YAA_1 (A:1,2,'--N—1) (C.7)
and 5 .
R 5 w MuYu

N = Zcom = ZuTnZ (C-S)

and we shall denote this transformation by

Ty = Upo o (C.9)
Introducing
M= UhH"mu! (C.10)
the metric becomes
2 471'2 — N N Tr—1
ds> = L, [dea;u CdEy + Myloy, o, (C.11)
g
where we introduce
Pu = vaq;} » O, = 0¢, 1;11 (C.12)
Then the derivative % satisfies % =Uw (%J, i.e.
0 0 0
= — (C.13)
Opa 064  0&a 1
and 9 9
— =1L My —— C.14
890N * ; uafu ( )
where we have used the fact ), m, = 1/L4. Note that the charge ¢, = —21’% is integral
quantized, i.e. g, € Z and Q4 = —21’% = g4 — qga—1 € Z. Thus it is clear that ¢4 is
again ranged over [0,47]|. One can check that
O = dipy + Ay - d7, (C.15)
where
Vp X Ay = VM, (C.16)
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Let us introduce the relative mass puap by
al —2 df?:om - =
Zmudyu: T4+,LLAdeA-de (C.17)
u=1

The metric then takes the form

Ar2 Ly [di? ~ R o ~_
ds® = ;2 1 [ chm +L4dg0?V+MABd:UAod:cBJrMAéU(pAUSOB (C.18)
where ) )
~ dx dx
]WABdQ_Z'A-deZ,U,ABde-de-f—ﬂ-f-'”'f-ﬂ (C.19)
X1 N

Now the Calabi limit is defined by taking the decompactification limit Ly — oo with
the rescaling

1
TA— —T4 (C.QO)
Ly
In this limit the metric becomes
o _Am i - S -1
ds® = 92 [dxcomdxcom + CypdZa - dip + CABUSDAUSDB] (C,Ql)

where z

i (= 4
Here ' = (Zeom, T com

com)

matrix Cyp is as defined in (5.25).

= L4pn is noncompact after taking the limit. The

Since we are taking the decompactification limit, putting an electric charge to the
monopole connecting D3y to D3; becomes impossible. Hence in our interpretation of
electric charges, the corresponding charge gy vanishes.

D Dyonic instanton BPS states in R*
The instanton 1/4 BPS equation localized to R* reads
d—igﬂ(dT—G)}Qi —0 (D.1)
where
G = ?53 (D.2)

using the notation of section 9.2. We use the same letter for the one-form as for the
corresponding dual vector field. We make the following Bose (even-form) ansatz

Qgt = DqA()i + Dq—lAli + Dq+1A_1i (D.3)
where

Aor = fr(1 + &% e%e?) + gu (e8> + ete?)
Ay = ct (éo + iéB)(él + ’iéZ)
A1 = di(e® Fied) (e —ie?) (D.4)
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and D, denotes here the highest weight Dg g Note that j > q. The states with

Dj,, = emmi-iadai, ()

(D.5)

can be obtained by applying the lowering operator L_ using the SU(2) rotational symmetry.

Further using the rotational symmetry, the coefficient functions fi, g+, c+ and d+ are only

functions of p.
By applying exterior derivative, we get
150 150 51 52 49 012
dAor = f'e" £ ge e e —dgown—€ € €
4 P
c
dA 1. = tcie’e®et — i0qown—ele et

4d
dA_1+ = Fdie"ee™ — by, —e'ede
D

(D.6)

where we define dqown = 1 for lower sign and dgown = 0 for upper sign, and dyp = 1 — dgown-

We use

2 ' i
dD, = iDq?qég + Z%D,HEF + %Dqﬂé‘

where

ng=+ij(G+1) —qlg—1)
=ViG+1) —alg+1)

>~
<

and

Aoy = f&d +gete’e
et Aoy = fet + gelele™

e3Ay = —celelet

A1y = —deede
e Ax = —2ic(e® +ied)ele?
etA_11 = 2id(e’ Fie)e'e?
é+A1:|: =0
e A1+=0

and

xed = —elele?

xe’ = e'e’e’

xet = Fieledet

and the fact that *x = —1 on all these odd-dimensional forms. We also note that

. v
zGe?’:—p
ice® =0

igéi =0
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(D.7)

(D.8)

(D.9)

(D.10)
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We now find

Qs =

and

3. 2q
€3Z_Dq Tf
-0 p/
+e' Dy f
2 Ag—
+e'e?edin, [iqg + 20 loc 4 MqHM}
p p p
+é+iDq 1 7f
, )\
+e iDgy1 ?f
2(g—1 4
+éoégé+iDq71 ['u_qg - MC +d - 6d0wn_c:|
p p p
A 2 1 4d
+e’&3eiDy 41 [qg g+ 1) )d d — Sup ]
p p
Ag— 4
+€ e 62D |: q7 120 — quij_le + 9/ - 6downg:|
p p p

Ag— 4
1% dQ) = égiDq |: q7 ! 2c — Mq/;—l 2d + g/ - 5d0wn5:|

We also have

1GQ =

w\%l

and

p
Hq+1 24
p p
+ete?edin, f!
2(g — 1 4
é+iDq_1 ['qu - MC + — Odown C:|
p p p
A 2 1 4d
+(—)e"iDg11 [_qg 4+ )d d' = dup ]
p p
+e’e*etiD, 4 —f
A

+(—)é°é3é*z‘Dq+1 gy
p

012 29
+60€1€2Dq ?f

[iDy(fe* £ ge'e*e®) — iDy_1ce’e’e” — iDg1de’e’e]

. vpK ) ) _
icQ) = P [ (:Ffeo le2 _ O)iqu_lce+:Fqu+1de ]

The BPS equation is

that we write as

2

dQ —igQ = LixdQ +1GQ

AQFi*dQ = iGQ+ i
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The 1.h.s. now becomes

2 Ag—
(e == eoeleQ)Dq [—g' — 45downg + qu F %126 + Mq_ﬂ2d]
p

2 Ag—
+ (e — &'e?e®i) D, [ F— fqg —Zatlge M‘]HQd]
p

p p
1
+ (e Z:F€O€3€+Z)Dq 1 [—c’ —4(5down§ + qu(f:Fg) + (qi )c]
pp p
A 2 1
+ (e ixee’e i)Dyyr {—d —45upg+fq(f:|:g):|: (qj_ )d] (D.17)
poop p

The r.h.s. is the sum of

1GQ =

w\%l

[iDy(fe® + ge'e?e®) — iDy_1ce’e®e™ — iDy1deede |

and

, vp _ , _ , __
icQ) = ?’O [Dy(Ffe’e'e® — ge”) £ iDy_1cet FiDgyide | (D.18)

Thus r.h.s. is

% X [(éf’z‘zpéoélé?)qu
+ (&° :FeleQe?’l) (—)g
+ (etiF e’e*eTi)Dy o (
+ (e i F e’e*e i) Dyra(

+)e
:F)d} (D.19)

Subtracting r.h.s. - Lh.s., we have

2 A p 4
(e == 606162)Dq [—g’ + qu Qazlon 4 Ha+1 2d — pf — 5d0wng:|
p p p

A -
+ (% —e'e®e*i)D, [f’ ~ 29— = “qﬁ“m + Ung}

2(q—1 0p 4

+ (e Z:F6063€+2)D [—c + = (fng) (qﬁ >CJF %c_ C]
/\ 2(q+1 0p 4d
+ (e7i £ e%PeTi)Dyia [ d+ 24 (f tg)F (q:)d L, 5“1’/;]

Thus for upper sign (SD case) we have the BPS equations

% . A op
g Dp oty Hatlyy TPy
L A2
frog o falge g Batlag PPy g
pop P2
—c’—l—ﬂffl(f—g)“‘;(qf_ )C_%C:O
NI A
_d’+;(f+g)—(q_}_)d+02pd—pd:0 (D.20)
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and for lower sign (ASD case) we have the BPS equations
2 Ag— up, 4
—g + 2 P e Bty Py 2 g
p p p 2 p
2 Ag— up
g tlae - Bitlag y 2y — g
p p p 2
2(g—1 vp 4
c + %(f +9) - M 4

C+76—ECZO

2 1 up
_d’+>§(f—g)+(qu)d—1g)d=0 (D.21)

For the upper sign, we define h = f + g and s = f — g. Then the equations become

;P 2q Ag—1

§ ——8+ —8— — 4c =0
2 p
2q—1
P (q_ )C Fag _
2 2p p
By Py 2y Pty g
2 p
5 20q+1). A
d %d+ @D, ey _ (D.22)
p

First consider the case of j > ¢. One finds that \j_1 = pg and \j = pg41 are
all nonvanishing. Requiring the normalizability of the wave function, one can show that
s =c¢=h =d = 0. Hence such states do not exist. The brief discussion of the proof is as
follows. Let us consider the first two coupled equations. Eliminating s, one finds

d\2 . d o*pt .
[(pdp) + 2pd—p — Tp + 2q0p° — 2¢(q — 1)] c= 4/120 (D.23)

One can rearrange this equation to the following form

1 d *3i U'O_2q>2]c:—4('u3_q)c (D.24)

— _—q 4_ ,+< .
[ Pdp” dp \2 T P>

Note that ug — g > 0 since we are interested in coupled case requiring j > ¢ when q > %
and j > 1 if ¢ = 0. Performing an integration with respect to p after multiplying (D.24)
by p3c* (i.e. [y° dpp®c* (D.24)) , one finds that the Lh.s. is positive definite while the r.h.s.
is negative definite unless ¢ = 0. Therefore we conclude that s = ¢ = 0 once the two
equations are coupled with each other. A similar argument goes through for the latter two
equations leading to h = d = 0.

For j = q, A\j—1 and p4 are nonvanishing while A\; = py11 = 0. Then again requiring
the normalizability, one finds s = ¢ =d =0 and

552
f=g=p"eF (D.25)

which leads to the j = ¢ multiplet. For j = ¢ — 1, h = s = d = 0 by definition. One has

2

c = prla Ve (D.26)
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Similarly one can show that the ASD sector does not have any solution based on the
fact that four are all coupled among themselves.

For the case with negative v, ¢ has to be non-positive definite. One finds the following
solutions by the same argument as the positive ¢ case in the above. For j = |q|, one finds

lo1p%

with ¢ =d = 0. For j = |¢ + 1| with ¢ < —1, one has

lo1p%

d = a1~ (D.28)

with f =g=c=0.

E Eguchi-Hanson metric

For N = 2 we can directly solve the ADHM constraints as

U1 —u2
9= < ) ) (E.2)
Uz U

ub = cos D eitwre)/2

where

and

u? = singei(d’*‘z’)ﬂ (E.3)
We can in addition make a U(1) gauge transformation
Wen — € Ewgy, (E.4)
of our solution. After this transformation, the metric (4.6) induces the metric

042

2
dﬁ—m%@+£ﬁ-m%mmhdﬁ (E.5)

where
a = —iwaudo™ + idwa, 0™ (E.6)

Here £ is a cyclic coordinate, in the sense that the metric does not depend on £ (but only
on df). The conjugate momentum

[0
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to £ is a conserved quantity. Modding out by U(1) gauge symmetry amounts to putting
pe = 0. An alternative approach is to define a covariant derivative

Dwéw = dwéw — iAwém (ES)
define the moduli space metric as
ds* = Dwgy D™ (E.9)

and use the Gauss law constraint, which amounts to extremizing this metric with respect
to A. Either way the moduli space metric becomes

42
dp® + pPdugdu® — % (iudug)? (E.10)
p

2 _
ds® =2 e

o1
From (E.3) we get

dugdu® = % (d6* + sin? Od¢® + (dp + cos 0dg)?)

iudug = —% (dp + cosOdo) (E.11)
and thus

dp? 2 42
ds* = 2 ! p4<2 —i—i(a%—i—og—k(l—fi) a%) (E.12)
- %

where

0} + 03 = db* + sin® Odp?
03 = di + cos 0d¢ (E.13)

This is the Eguchi-Hanson metric.

E.1 Coordinate map from Eguchi-Hanson to Calabi metric

We have seen two different ways to obtain the moduli space metric from ADHM constraints
by factoring out the U(1) gauge symmetry. For N = 2 the two methods must give the same
moduli space, which means that the Calabi metric must be equivalent to the Eguchi-Hanson
metric by means of a coordinate transformation. To find the coordinate transformation we
will now more carefully compare the two methods we used to obtain these two metrics.

In the Calabi case and for NV = 2 we eliminate T by expressing it in terms of the
Calabi space coordinates

- 1 i f
T = Zwldaaﬂw’f (E.14)

From (E.1) we have

wig = (wipy, —u?p-) (E.15)
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where we define py = \/p? + 2(. Using the parametrization (E.3), we get

1
= i (—p4p—sinfcos)
1
i = 1 (p4p—sinfsine)
1
z} = i (p*cos 6+ 2() (E.16)
and we may recall that #3 = —z1, 22 = —22 and 23 = ¢ — 3. Tt is convenient to introduce
the notation 2, = 2} and z_ = z3. Then
Zy = 1 (:l:p2 cos 6 + 2()
4
re = /22 + 22+ 22 (E.17)
Quite remarkably we find the square root of a perfect square
_ 2
r+ = A (p? 2 cosb) (E.18)
From (5.25) we then get
2p?
C = E.19
XN~ @0 cos?h) (E.19)
The fiber coordinate and gauge potential in Calabi coordinates is given by
o =11 — o
A=A — As (E.20)
respectively, where
A 1 (xyd dz,,) (E.21)
= — (T — XL .
In Eguchi-Hanson coordinates the Calabi space gauge potential becomes
2(pt — (20)%) cosf
A= d E.22
p* = (2¢)2cos?2 0 v (E-22)
We shall identify
=20 (E.23)

in order to match Calabi metric with Eguchi-Hanson metric. Thus the fiber direction which

is parametrized by v in the Eguchi-Hanson metric shall not to be confused with the fiber

over R? of the Calabi metric which is parameterized by .
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E.2 Properties of Calabi space

The Eguchi-Hanson metric gives us the vierbein

o by
o2 = Py2
2
ed = ;;;KUS
4 P
= = E.24
o =1 (E.24)
up to a local SO(4) rotation. We define the spin connection w® by
de® 4+ wPe® = 0 (E.25)
Defining ¢!%* = 1 we have [20]
1
wab — 56abcdwcal (E.26)
The three Kahler forms are now given by
1,
I = 577517 e el (E.27)

We can see that these are closed by the following argument. We first obtain
drt = néljwacec Aeb (E.28)
We then expand the selfdual spin connection as w® = n/Fw” and we find that
dIf = = 7 awe® A’ =0 (E.29)

To obtain Kahler forms on Calabi space we start with flat space HY = C?V with
metric (5.4). Three Kahler forms are given by

N
= Znigreg Aeb (E.30)
u=1
where the vielbein is given by
1
el =2 clixi
er = Cy oy, (E.31)
By using
1
doy, = —36”Kx£da?;{ A dz (E.32)
2z
we may check that
drt =0 (E.33)

To derive the Kahler forms on Calabi space we eliminate ¥y using the ADHM con-
straint (5.17) and we define o, as in (5.21). We then get

1
LK pdxdy A da (E.34)

II:da:IILl/\UA—i-ie
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