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1 Introduction

Gauge/gravity duality has led to many useful insights into strongly coupled field theo-
ries. Recently, fluid/gravity duality has been widely studied, providing useful information
about conformal fluid dynamics, the effectively long wavelength description of conformal
field theory. Many crucial quantities characterizing conformal fluids can be obtained as
real-time Green’s functions in dual gravitational theories [1, 3].

The most celebrated example from holographic fluid dynamics is the ratio of shear
viscosity 7 to entropy density s, 7 = ﬁ [4-7]. The ratio seems to be universal for theories
with weakly coupled gravity duals.! However, in recent studies of anisotropic conformal
fluids [11, 13], the universality of the ratio turns out to be violated [14, 17]. These studies
have considered an exact solution of the bulk Einstein-SU(2)-Yang-Mills action? for an
AdS black brane in 5 dimensions with nonzero chemical potential. Corresponding to the
chemical potential, the temporal component of the gauge potential is proportional to o3 of
the SU(2) gauge group. The boundary metric enjoys SO(3) global symmetry (symmetry
under spatial rotations). At high temperature (equivalently small chemical potential pu),
the system stays in the isometric phase. However at a certain chemical potential . = p., the
SO(3) symmetry is spontaneously broken to SO(2) because one of the spatial components

of the Yang-Mills field develops a non-trivial zero mode (as a solution of the linearized

IThis universality can be violated when string effects or quantum effects are to be taken into account in
dual gravity [8-10].

2See [2, 20-22] for pioneering works on connection between Einstein-SU(2)-Yang-Mills and p-wave holo-
graphic superfluids.



Yang-Mills field equations) and it is normalizable solution. It turns out that in the region
of > e, this mode condenses and there is a new anisotropic superfluid phase.

As long as we are looking at a solution with SO(3) symmetry, the universality of
the ratio of entropy density and shear viscosity holds. This is because the shear viscosity
depends on gravitational perturbations in tensor modes of SO(3) in the dual gravity. Each
tensor mode satisfies a massless scalar field equation decoupled from the others, which
ensures universality. The anisotropic symmetry-broken phase provides an anisotropic shear
viscosity to entropy density ratio. The reason is that once SO(3) symmetry is broken to
SO(2), the gravitational wave modes in the broken-symmetry directions are no longer SO(2)
tensor modes. They are not decoupled from other fields and in fact interact with Yang-Mills
fields. Therefore, in this case the gravitational modes do not display universal behavior.

Near the critical point(s = ), the phase transition is expected to depend on o? =
g—§ [14], where k5 is 5-dimensional gravity constant and g is Yang-Mills coupling. If « is
less than a certain critical value .., the phase transition becomes second order. Near
the second order phase transition, the ratio displays a scaling behavior with some critical
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exponent [3,

where the value = 1.00 £ 0.03 has been calculated numerically, taking into account the
back reaction to the background metric. For @ > a4, the phase transition is first order.
Unfortunately, the large-a region has not been explored very well numerically, due to tech-
nical difficulties. Another interesting remark from [14] is that the critical exponent, 8 does
not seem to depend on a.

To examine such properties rigorously an analytic approach is needed. Our starting
point for such an approach is a zero-mode solution at zero gravitational coupling, which
is known exactly at the critical point [12]. In this note, we perturbatively analyze the
properties of the anisotropic fluid near the critical point. We obtain the back reaction to
the space time metric and also solve linearized equations of the gravitational perturbations
and Yang-Mills fields from the back-reacted metric, using a double expansion of inverse
Yang-Mills coupling o and eD;. ¢ is a dimensionless small parameter and D; is an SO(3)
symmetry-breaking scale appearing in the anisotropic part of the Yang-Mills field. Similar
perturbative expansions for different holographic models have been discussed by various
authors [15, 16, 18, 19]. However unlike those works, we consider both an anisotropy and
the gravitational back reaction from the Yang-Mills fields.

In our double expansion, the nontrivial leading order turns out to be O(a?e?). We
also get the shear viscosity and entropy density ratio up to this order. Nonuniversality
of the ratio of shear viscosity to entropy density shows up in the directions of broken
symmetry while the ratio in the unbroken direction displays the expected universality. In
our perturbative analysis we do not see the first order phase transition because « is small
in the perturbative regime. Near the critical point, our solution also presents the scaling
behavior as eq. (1.1) and it turns out that the critical exponent 5 = 1 up to the leading
order correction, which is consistent with the numerical result in [14]. In general, our
perturbative results agree with and complement the numerical results in [14].



2 Holographic setup and large coupling expansion

We consider the Einstein-SU(2) Yang-Mills system in asymptotically AdSs spacetime. The
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where M, N...are 5-dimensional space-time indices, a...are SU(2) indices and g is the

action is

Yang-Mills coupling. We conventionally choose L = 1. The Yang-Mills field strength F};

is given by
F{n = 0 A%y — OnAG — e AL A, (2.2)
where %€ is anti-symmetric tensor with ¢!?3 = 1. The equations of motion from the action
are obtained as
1
Wun = Run +4GyN — K2 <TMN - 3T1]33GMN> =0, (2.3)
YN = v FOMN _ gabe gb peMN _ ) (2.4)

where Ty is energy-momentum tensor, of which form is
1 1
Tun = 7 <F]?4PF}V’“ - 4FPQQFPQGGMN> . (2.5)

Our ansatz for the metric and Yang-Mills field are given by

A = ¢(r)r3dt + w(r)ride, (2.6)
ds®* = —N(r)o?(r)dt* + ]\CZ:) + 72 f A (r)da? + 2 2 (r) (dy® + d2?),
where 7% = % and s* are Pauli-matrices. The Yang-Mills field equations of motion in
terms of the above ansatz are
Yy (L 00 NG PO g SO
ey =0+ (7 50+ N 0 ) <O e =% D)
o2 (Y3 = & (r §_ U/(T) ) — f4('r)w2(r) r) =
o =)+ (2= 20 o) - Lo o,
and the Einstein equations are
2Wy _,o"(r) [ 60'(r)  N"(r)  3N'(r) 8 a'(r) N'(r)
No2(r) 2ot Trom T NG TrNe NG e Ny Y
262 (fHr)W(r) | 207(r) | 2fM ()¢t (r)wi(r) _
3 (F 2w i) ) =
W= S (TQ)ZV W+ 272N (r) W, (2.9)
L R0 L S0 2 (L PR
= -t 05 - P (0 e ) =0
W = 2Wy, + fo(r) W (2.10)
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Wy, = W (2.12)
A known exact solution of the equations of motion is the AdS charged-black-brane solution
given by
2
o(r) = n( —h) w(r) =0, (2.13)
9 m 2[120[21”%
o(r) = f(r)=1 and N(r) = No(r) =r° — 2 + B
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where [ is chemical potential, r, is the black brane horizon and m = r;ll +
the infinite Yang-Mills coupling limit as ¢ — oo, the last term in N(r) vanishes and the
solution becomes uncharged.

2.1 Large coupling expansion and its leading order corrections

In this section, we develop corrections to the metric and Yang-Mills field perturbatively in
a double expansion in eD; and o2 = Z—g. e is a dimensionless small parameter and D; is
the SO(3) rotational symmetry-breaking order parameter. We choose the horizon of the
black brane to be conventionally located at r = 1 by scaling r — rpr and {¢,z,y,2} —
i{t, x,y, z} and defining a new chemical potential p = % The equations of motion enjoy
a certain scaling symmetry [11, 13]. By means of these rescalings, we can choose the
asymptotic values of o(r = c0) = 1 and f(r = oo) = 1 at the large r boundary where
the spacetime becomes asymptotically AdSs. The value of the chemical potential in the
dual boundary field theory is taken to be p = 4 at the phase transition point. To obtain
corrections, we expand any fields a(r) appearing in the ansatz (2.6) as

a(r) = ao(r) + car(r) + 2aa(r) ... (2.14)
Fach term in the expression can in turn be expanded as
a;(r) = a;o(r) + a2ai72 + a4ai74(7") e (2.15)

The zeroth-order solution in ¢ is given in eq. (2.13), where only Ny contains a subleading
correction of order a? in the sense of the above expansion. Nop = 33—2 (%4 — r%) and the
higher-order terms in o vanish, Noi=0fori=4,6.... The detailed computations of the
nontrivial leading order corrections to metric and Yang-Mills field are given in appendix A.
Here, we briefly list the leading-order back-reaction corrections to the metric, which are

given by

2 213%(1_272)

flr)=1 TS (2.16)
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Any subleading corrections to the Yang-Mills field in o would not contribute to the lead-

rd r2

ing back-reaction corrections to the metric (Our aim is to get metric corrections up to
O(a?e?)). Therefore, we obtain the Yang-Mills field solutions up to ¢; ¢ and w;q only.
These are given by

.
w(r) = 6(75;1)2 +O(2), (2.17)

1 2p2 1+ 2r2 1 281 1
b(r) = 4(1 — rQ) + £ O <37f2(;r+:2))3 ~ 5+ Tes0 (1 - TQ)) +0(%). (2.18)

The black brane temperature is modified by the leading corrections to

1 16 17 -
T==(1-—a®+——Di?? 2.19
7r< 3¢ T 601 ) (2.19)
where T, = %(1 — 13—602) is the critical temperature at the phase transition from the

isotropic phase to the anisotropic phase. The black brane entropy is

27
S = ?‘/3, (2.20)
5
where V3 is spatial coordinate volume of the boundary space-time, Vi = [ dzdydz, in this
rescaled coordinate.

3 Anisotropy of shear viscosities

In this section, we calculate the ratio of shear viscosity to entropy density via the Kubo
formula, by considering fluctuations hpsn and §A¢,; around the background metric and the
background Yang-Mills field, respectively. We choose the gauge hyr = 6AY = 0. In the
anisotropic phase, the bulk gravity system enjoys residual SO(2) and Zs symmetries. The
modes may be decomposed according to their SO(2) representations as

e Tensor modes in SO(2): hy.; hyy — hez,
e Vector modes in SO(2): hyt,éAi’,; hxy,éA;,éA?/; B, 6A3; hyy 6 ALSA2,
e Scalar Modes in SO(2): hu,hyy + hez hpg hot 0 AT, §AS,

where each decoupled mode is categorized by semicolons. h,. is totally decoupled from any
other modes and satisfies a massless scalar field equation showing universality. However
hsy interacts with 5A; and 6A?2J, leading to nonuniversal behavior. In the following, we will
obtain solutions for h,. and h;, and show this explicitly. Other modes can be calculated
by the similar methods.



3.1 Universality of 77%

In this subsection, we calculate the ratio of shear viscosity to entropy density for the
shear mode h,., using the double expansion that we introduced in the previous section.
We consider fluctuations of the Yang-Mills field and metric fields around the background
metric (2.16) and obtain perturbative corrections up to O(g2a?). We only consider time
dependent fluctuations with frequency v and use small frequency expansion up to first
subleading order in v. Even in the presence of a nonzero symmetry breaking parameter
Dy, the rotational symmetry in y — z plane is not broken and the ratio 77% is universal. In
the following, as a warm up, we will explicitly calculate this ratio to be ﬁ up to leading-
order corrections in a?c?. To show this, we begin with the linearized equation of motion
of hy.(r) = r2f2(r)®(r,t),

0=®"(r)+ <1 + (3.1)

4r B a?re¢(r) , V2o, (r)
r NG 302(7“)]\7(?”))(1)()

where the prime denotes the radial derivative. For the field ®(r), we have used the Fourier
transform from real time to frequency, as

O(r,t) = /oo e P, (r)dy (3.2)

—00
The near horizon behavior of ®,(r) should be a purely ingoing solution

1 ) —i%(l+%60¢2—#2082a2ﬁf)+0(5kal)

D, (r) ~ (1 — - : (3.3)

r

where k and [ are integers with & > 2 or [ > 2. With this boundary condition, the solution
®,(r) is obtained as

N 4 (e 40 2) 10(eFal)
(T)> F(e,a?), (3.4)

where
o0
Fle,a®) = Y @9(r)e'a™. (3.5)
i,j=0
Each @; 2; and its near-AdS boundary expansion are given in appendix B. Here, we briefly
discuss the near boundary expansion of the solution to get 2. Defining the boundary

S

value ® = ®,,(c0), ®,(r) can be expanded as
D, (r— o0) =+ —ZZ@ + O(rivickal) (3.6)
T

in the large 7 limit (see eq. (B.6) in appendix B), where i < —4, j > 1,k > 2 or [ > 2.
Using the prescription to get retarded green’s function in [14], we get
—iv

R o _ 2
Gyz,yz(ya k= 0) - ng + O(V ) (37)



The shear viscosity in y — z direction is given by

1
R R
Nyz = gli% owi [Gy::,yz - Gyz yz] = ﬁa (38)

where star indicates complex conjugate. Using the entropy of the black brane (2.20), the
ratio of shear viscosity to entropy density is obtained as

n 1
% = (3.9)

This value turns out to be universal up to O(e2a?).

3.2 Nonuniversality of n%

We start with a set of equations with hyy = r2f2(r)¥(r, t), (5A11/ and 5A§. The superscripts
on ¢A fields note SU(2) indices and subscripts do space-time indices. We also solve these
equations in the frequency space by Fourier transform as in the previous subsection. The
equations in the frequency space are given by

" 1 47’ 6/'(r)  ra?¢(r) \ 1y v2U(r)
R ( T ) YO 60
Al’ B (r)¢2(r)5A;(r) N iyw(r)¢(r)5A§(r)
o NP N )
” 1 2f r) o(r , V2 4 ¢ (r
0= 6A) (r) + (T f N((T)) + Uér))) SAY (1) + (M) §A,(r) (3.11)
w (5A2
1P ()W (r) - - "f ity
2// 1 2f/ N'(r) | o'(r) 2, V2 + ¢3(r) 2
0= 0 G X+ o) O+ () 4 @
4 r v
fr(QN( () )5A2 N2(¢;()(r)(—f6(r)w(r)\lf(r) + 25A11!(r)).
We expand each field with the same fashion as eq. (3.4):
16a2_%62a2~% (ckal)
<N ) roe Gle, 0?), (3.13)
541 (r <N > T e e,
5A2 <N ) +3 o= 5egeca D1)+O(e o) I(E’ aQ)’
where the functions G(g,a?), H(e,a?) and I(e,a?) are expanded as
= Z W, 0i(r)e'a?, (3.14)

t,j=0



= Z 5Azl,2j(7“)5i042j,

7]70

and I(e,a?) Z(SAZQ] gla?,
4,7=0

The solutions of the equations are listed in appendix C. Corrections to the Yang-Mills
fields which are subleadings in &> do not contribute to the leading order corrections of the
shear viscosity, so we get 5141-170(7“) and 6AZ270(7") only (see eq. (3.10)). We also use small
frequency expansion as in the last subsection, and obtain the solutions up to O(v). We
specify purely ingoing boundary conditions for the fields, the form of which are the same
as eq. (3.3). Here, we discuss the near boundary expansion of ¥(r), obtaining the retarded
correlator of h;, and the shear viscosity to entropy density ratio, %

The near-AdS boundary expansions of W(r), (5A; and (5A12/ are given by

ZEV 0 ~ 0
6All/(r =00) = T <6A(1()) - 22A( ) D1¢(()78) + O(er?), (3.15)
ZE‘:T/ ~ (0 ~ 0
642(r = o0) = 12 (2241 — 641 - 11D1¢{) + O(er?),
and
W(r) = (Phg + iy + i) + (@) + eviy + 2p) (3.16)

Fu(Wg + Uiy + Ehg) +va’ (V) + vty + %))

( (%0 + ‘p(o) 2% o) %(%2 +e ¢12 52¢§?§)
+ 7( AN —11A7) + 0(u253a3)> .

The SO(3) symmetry is broken spontaneously, so the Yang-Mills field should not provide
any source terms to the dual field theory system. Therefore, A;('f‘) and Az(r) should
become normalizable modes of the solutions, then we have

6A() —2247) — D1y =0, and 224\ — 64 — 11D,y = (3.17)

The solutions of these equations are

11
112

Using eq. (3.18) and defining ¥(oo0) = ¥ as a boundary value of ¥(r), the near boundary

71(0
in=2

(0
7 112 woo, and Aig

1/10 0 (3.18)

expansion of ¥(r) is given by

2,2, 20iD}Y

v 04 —\I’ : 1
(r—00) =W+ S0 +eia’vorr g (3.19)
The prescription of the retarded green’s function in [14] provides
- sy 29
R —0) — 2 272 2
Goryay(Vs b =0) = 2/{5 <1 + 2065 @ D ) + O(v*) (3.20)



and the shear viscosity is calculated as

T R 1 29 5 979
Ney = lli)% E[Grywy - G:cy,xy] = 75 1+ ——ea”D7 |. (3.21)
Using entropy of the black brane (2.20), the ratio of shear viscosity and entropy density
obtained as

Ny 1 29 2 2712

— =— 14— Di|. 3.22

s 4 ( 896 ¢ 1 (3:22)

Therefore, the shear viscosity and entropy ratio in z — y direction is not universal, and we
have shown this up to non-trivial leading order correction in a and €. Using the temperature
of the black brane, eq. (3.22) can be written as

1—4n (3.23)

1— =
s 544

ey 130577, 7\"
-z

where g = 1. It is also shown that the critical exponent § = 1 up to corrections of order
e2a?, near the phase transition point 7' = T..

For the final remark, we note that non-universalities of the shear viscosities are only
valid for normal fluids. As followed by the discussion in [23], the dissipation parts of the
boundary energy momentum tensor may be given by

To, = =0 0,us — 00,05, (3.24)
where 77 and 77 are viscosity tensors for normal fluids and superfluids and wu,, and v, are their
velocities respectively. The velocity of superfluids will be formally given by v, = 94, where
 is an order parameter in the superfluid phase. In our case, however, the anisotropic order
parameter, w(r) does not depend on the boundary coordinate at all and for our computa-
tions of the shear viscosities, there are no fluctuations around it, i.e. 64% = 0. Therefore,
any boundary derivatives on the superfluid order parameter will vanish and which does not
contribute to the shear viscosities.
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A Leading order solutions

In this section, we solve eq. (2.3) and eq. (2.4) to get leading order back reaction to
the metric by symmetry breaking order parameter in Yang-Mills field, D;. Using metric
and Yang-Mills fields ansatz (2.6) and their expansions (2.14) and (2.15), we obtain the
equations order by order in € and «. Since the aim is to get leading back reaction to the
metric, we get Yang-Mills field solutions up to the zeroth order in « and the first order
in ¢ for w(r) but the second order in ¢ for ¢(r), both of which provide first leading order
corrections to the metric correctly. The first order Yang-Mills equations in € are given by

3 8
0 = G(r) + 264(r) - 501, (A1)
o L 2(rt+ 1) +r3Nj(r) 1601 (1)
0=t + (L + S T ) 40 e (4

and the first order Einstein equations in ¢ are

0 = o}(r), (A.3)
0 = 20, (r) + V() + 20 ( Bi(r) — 201(7“)>, (A1)
0 = 2rNy(r) + 72N](r) + 2(1 = 5rY) f1 () + 2 (1 — ) 1 (r) (A.5)

162

—W (727“2(2]\71(7’) + N (1)) — 8r(1 4+ = 2rYY f1(r) — r3(1 + r2)¢’1(7“)) )

We expand every field appearing in above equations using eq. (2.15). With this ex-
pansion, the solutions of metric are trivial, which are given by

o1,0(r) = 61,0, o1,2(r) =0, (A.6)
fro(r) = fio, fi2(r) =0,

NI,O 8 -~ 1 ]\71 2
Nio(r) = =5 Nia(r) = 3G < - r2>

where we set 719 = fl,o = 0 for the boundary values o(c0) = f(oc0) = 1. ]\7170 =0 and
Nl,g = 1 for the space-time has its horizon at » = 1. The Yang-Mills fields equations (A.2)
up to O(a?) are given by

0= o)+ T olr) + T, (A7)
0=uwly(r) + %wb(r) . Efzwfl(;) 12812’1;21(;_—15—)122)_5 2r)
The Yang-Mills field solutions are solved as
wio(r) = (T?fi)y (A.8)
p10(r) = C; (1 - :2> ; (A.9)

,10,



Dor? 128Dyr2 (7 241)3 136 1 29/
wia(r) = —2— 4 L /dy v+ 1) < + ln( Y > (A.10)

(PZ+12 T30 +1)2 Joo (02— \ 384 20 \)2+1
7+ 53y% + 43y* + 2790 + 64°
12(1 4 y2)° '
The second order equation of Yang-Mills field in ¢ is
3 8 4r?D?
0= dyo(r)+ ;fb/z,o(?“) - 730'5,0(7") - mv (A.11)
and Einstein equations are obtained as
1 3222  32a?
0 = 2No(r) + rNj(r) + 205(r) <r2 3T 32 5 ) (A.12)
64a2 [ 1 3
e (64 £r) + 4¢/2(7”)> ;
8a2D? T
0 = 6ah(r) — 1 A3
UQ(T) 3 (7’2 + 1)47 ( )
4 2D2 2 11 =6 2 4
0 = 11+ () + (=14 5rd) fy(r) — 20 DIrCm = DA = 67407 =y 4y

3 (1+172)5 ’

where the second order equation of w(r) is not given, because which provides subleading
corrections to the metric backreaction.
The Yang-Mills field solution of ¢(r) in O(g?) are given by

- - 1 (1+2r%)D3?
_ 1 — S s S Al
¢2,0(T) ¢2,0 + 02 ( T'2> 127"2(1 + T2)3 ( 5)
and the metric corrections are
02,0 = 02,0, (A.16)
2D? 1
_ = Al
022 = —5 <02,2 a +T2)3> : (A.17)
N.
Nao(r) = =57, (A.18)
16 { - C? Cy D?[ 14272 3r2
N. - [ Nyoy— 1 = -1 — Al
22(r) 3r2 ( 227 39r2 T 2 + 12 (7“2(1 +r2)3  2(1+ 7‘2)2> > (A-19)
foo(r) = fop, (A.20)
- (1-2r%)D?
_ P A21
faalr) = For = gy 2y

~ N2 ~ ~
where ¢29 = —% for the regularity of the Yang-Mills field at the horizon and Nz, f20,
oo and fa o are O(1) constants which are set to be vanished for f(co) = o(00) = 1. Ny =

2 ~ ~ ~
% + (5 for the space-time has its horizon at » = 1. 'y and Cy are coefficients of zero modes
of Yang-Mills field equations. Without loss of generality, we can set C; = 0. However, Cy =
%D% requesting ws o(r) to be normalizable mode and regular at the black brane horizon.

Then, we have metric backreaction only with Dy as a SU(2) symmetry breaking scale.

— 11 —



B Leading order correction of h,,

In this section, we briefly describe the solutions of eq. (3.1) using the form of expansion (3.4)
and (3.5). Each term in expansion (3.5) is given by

Doo(r) = 64 + vely + O, (B.1)
. 1 1
o (r) = By + v <¢8§ + 8ighy (ln (1 + ,,2) - T2>) +002), (B.2)
B1(r) = ¢\ + voly +O0W?), Bag(r) = ¢ih +vesy + O(?), (B.3)
. 1 1
B1a(r) = &) + v (¢>§}; +8ig\) <ln (1 - 7~2> -3 ) +0(?), (B.4)
and
_ 5O e (105 15 10
P22(r) = d22 922 ~ g < 00L1 < 21+ 2 T2 2 31+ (B:5)
35 279 6720¢;?3 ~9 .(0) (0) 1
e 27~2> 0 +192 (Df — 3565 ) In(1+ ) | .

We also obtain the near AdS boundary expansion of ®(r) as
D, (r — o0) = q)[()?()) + 5@%?3 + 62<I>$()) +a? (@é?% + 5@5?% + eszé?%) (B.6)
+v ((I)&% + 6(135}()) + 52<I>§8 + a? (q)(()l% + 5@8% + 5%)%%))

o (@ + =% +20f) + a2 (0} + oY) + £2a(}))

—l—O(ril/jekal),

where 1 < —4,j > 1, k>2o0r > 2.

C Leading order correction of hg,

In this section, we list the solutions of the set of equations (3.10), (3.11) and (3.12). We
listed our solution using the expansion (3.13) and (3.14). As explained in section 3.2, we
get 6AZ-170 and 5A1270 only for the Yang-Mills field solution. (5A(1]’0 and 5A3’0 are zero modes
of the solutions. Without loss of any generality, we set 5A(1)’0 = 6A(2)70 = 0. The first
subleading corrections of Yang-Mills fields in € are given by
r (0 (1 w (0
SAL(r) = e <Ag7g + VAT 1553 (6AL21 + 1" + 242 m(r) (C.1)
—8r2In(1 + %)) + 2[1%?)(5 — 117" — 40r% In(r) — 2472 In(1 4 ?))

— Dﬂ/)é%(].? + 7% + 5672 In(r) — 2472 In(1+ 7‘2))> + O(VQ)) ,

and

SAL o) = (A0 4 AN (24%(=5 + 117" + 40r2In(r)  (C.2)
1,0 - (1—1—7“2)2 1,0 1,0 1,0 .
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+24r% In(1 4 %)) — 6;1%?3(1 4+t 4 24r% In(r) — 8r2 In(1 + 2))
+ DigfR (5~ 115" = 40r In(r) = 2472 (1 +7%)) ) + O())

U(r) solution is also obtained as

Woo(r) = g +v %0 +0(7), (C3)
Wio(r) = ${9 + ve + 0(?), (C-4)
U o(r) = 5y + sy + 0(?), (C.5)
1
Woa(r) = via + vy + 8ivy) < <1 + 2) - 73> +0(?), (C.6)
1
Wia(r) = i + vl + Sy (1 ( (1 - T2> - r2> +0(?), (C.7)
and
A"D 241D
(0 Lo~ 1,01
‘112,2(7,') - 77/)272 + (1 T ’1“2)4 3(1 T ’)“2)3 (C8)
)4 8iD; (~3A1%) + 48iAV) + 1740 + 2D14{())
22 576 (1+4172)3
+2¢D1(3A§3 —5AWY +4Diy) 2Dy (—9AT) + 1941 + 37TD1yf)
1472 (14 7r2)2
+12D1(32A( O+ 48410 — 3iA) — D1y ., 36i (93D — 4480457)
(1472) 35r2
8iDy(2r? — 1) In(r) (0 0 —= (0
iy (—18A4%) + 1049 + 7D10{))
) ~(0) 7~ <(0) ~ 1814 ~
~4i(=3A{Dy + 547Dy — —~Df 28 + 230449 In(r)
24iD1(2r? — 1) In(1 + 72) ~(0 ~0) = (0
(1+r2) (—2A§,()) - QAE,(% + DIT/J((),O))
- 3628 -
+iln(1+1r2)(~64\) + 1041 — =Dt 200 +4608w20)>
+0(?).
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