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ABSTRACT: We calculate the one-loop partition function for a massless arbitrary-spin field
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We use these results to compute the one-loop partition function for a Vasiliev theory in
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1 Introduction

The holography of higher-spin theories has been a topic of some sustained exploration [1]-
[13]. This interest has essentially been fuelled by two motivations. Firstly, standard
AdS/CFT arguments lead us to believe that the twist-two sector of a (free, planar) CFTy
— such as N' = 4 SYM — would be described in the AdSzy1 bulk by a consistent clas-
sical theory with an infinite tower of arbitrary-spin particles. It is natural to expect that
this bulk theory would be a Vasiliev theory. See [14] for details and [15] for a review of
Vasiliev theories in general dimensions. Since a free CFT is in some sense a natural starting
point for organising the boundary theory into a string theory (see [16-18] for a systematic
approach) probing these questions would be helpful in order to learn about the general
mechanics of gauge-string duality. Equally intriguingly, there is the additional possibility
that even when the boundary theory is not free, higher-spin symmetries are still present
in a higgsed phase [19]. This, if true, would afford us insight into the full set of gauge
invariances of string theory. Secondly, in the low-dimensional examples of AdSs and AdSy,
these theories are expected to have CFT duals in their own right [1, 6, 8, 11, 12]. Typi-
cally, the best known and studied examples of AdS/CFT are supersymmetric [20], because
supersymmetry allows us the freedom to reliably compute and extrapolate results on both
sides of the duality. However, there are good reasons to believe that the general phenomena
of gauge-string duality and holography are not tied to supersymmetry. A natural allied
question is to ask what role does supersymmetry play in AdS/CFT. In this regard, the



holography of higher-spin theories is interesting because many of these dualities are non-
supersymmetric [1, 6, 9] and offer us an opportunity to concretely explore AdS/CFT away
from supersymmetry.

Studies of the asymptotic symmetries of higher-spin theories in AdS3 have recently led
to remarkable progress in their holography, including the formulation of an explicit duality
between Vasiliev theories in AdS3 and Wy minimal models [6]. It was shown in [4, 5] that
the asymptotic symmetry algebra of (a class of) higher-spin theories comprises of two copies
of a W algebra. This was checked in [21] by computing the one-loop partition function of
the theory, to obtain a vacuum character of left- and right-moving WV algebras. The results
of [21] were in fact a key ingredient in formulating the duality of [6]. The analysis carried
out in [21] drew heavily on the heat kernel methods of [22]. Essentially, the message to
take away from these computations is that the second-quantised partition function contains
information about additional symmetries which act on multiparticle states of the theory.

While a Brown-Henneaux like analysis for Vasiliev theories in dimensions higher than
three is prohibitive, the one-loop partition function may be computed readily. The essential
ingredients are again the quadratic action for higher-spin fields, which is well known (see [5]
for a recent review), and the determinants of the Laplacian, which have been computed
in [23].

In this paper, we shall carry out precisely such a computation for a Vasiliev theory in
general-dimensional AdS spacetimes. In particular, we shall evaluate this partition function
on a thermal quotient of AdS. As mentioned above, for the one-loop partition function of
a theory the details of the interactions are not important. The only information that
enters is the quadratic action and the spectrum. We shall choose the spectrum of all spins
s=0,1,2,...00 appearing once.! We shall obtain a form for the partition function which
is suggestive of a vacuum character of a symmetry group. We also express the partition
function in a form (2.23) which is closely related to the d-dimensional MacMahon function.

A brief overview of this paper is as follows. In section 2 we compute the partition
function of a massless? spin-s field in AdSp by the heat kernel method.? We show that
the degrees of freedom that contribute to the one-loop partition function are encoded in
symmetric, transverse, traceless (STT) tensors of rank s, and s — 1. These determinants
have been evaluated in [23] We obtain an answer consistent with the the partition function
of the spin-s conserved current in CFTp_;. As we outline later (see the discussion just
above section 2.1), while this analysis goes through for general dimensional AdS spacetimes,
though the expressions for AdS5 are perhaps the nicest, and we concentrate on this case
in the main body of the paper.

L As is well known, there is a also minimal Vasiliev theory with only even spins. We consider the theory
containing all spins in its spectrum. On the boundary CFT, this corresponds to considering conserved
currents built out of complex scalars. Also see [24, 25] for representations of the higher-spin algebra in
AdSs.

2The notion of masslessness for a tensor field is slightly ambiguous on a curved manifold such as AdS,
by ‘massless’, we mean that the action has a gauge freedom, which we specify in (2.2).

3We evaluate these determinants explicitly for odd-dimensional AdS spacetimes. For a very general
class of tensors, which includes STT tensors, the analysis for even dimensions greater than two is entirely
analogous and we do not repeat it here. See [23] and references therein.



For evaluating these determinants to arrive at concrete expressions for the partition
function, we begin with the relatively simpler case of thermal AdSs, i.e. turning off all other
chemical potentials, in section 2.1. We observe simplifications due to which the partition
function of the theory arranges itself into a form reminisctive of the MacMahon function,
and also write down a nested, vacuum character like form for this partition function.
Expressions for the partition function of the higher-spin theories in AdS, and AdS7 are
available in appendix A.

In section 3 we generalise to the case of non-zero chemical potentials for the SO(4)
Cartans of the AdS5 isometry group. We find that the essential simplifications in section 2.1
remain, due to which it is still possible to write the answer in terms of a (shifted) two-
dimensional MacMahon function. We also obtain a nested form for the answer, suggestive
of a vacuum character interpretation. We then discuss our results in section 4. Some
calculational details are available in the appendices.

2 The partition function for a higher-spin field in AdS

We begin with computing the partition function of a massless spin-s field in an arbitrary
dimensional (Euclidean) AdS spacetime. Our starting point will be the functional integral

1
- / Do) et 2.1
Vol(gauge group) [ ¢(S)] € ) (2.1)

which we shall compute in the one-loop approximation. Hence, only the spectrum of
the theory and the quadratic terms in the action are of relevance to us. The quadratic
action for higher-spin fields has already been worked out in an arbitrary dimensional AdS
spacetime [26, 27] (also see the related work [28, 29]*). We shall briefly recollect the main
elements of the story.

Our starting point is a quadratic action for a symmetric rank-s tensor field which is
invariant under the gauge transformation

Purepss = Pprecpts T V(urSpnopis)- (2.2)

For a consistent description, it turns out that the fields ¢ necessarily satisfy a double-
tracelessness constraint which is trivial for spins 3 and lower.

P ..prs—avp P =0. (2.3)
The gauge transformation parameter £ then satisfies a tracelessness constraint
é,ul...,us,gy Y'=0. (2.4)

Note that this constraint is non-trivial — and is imposed — even for the spin-3, which has
no double tracelessess constraint. With these conditions, a quadratic action for the spin-s
field in AdSp, invariant under the gauge transformation (2.2) may be written down.

~ 1 o
S [¢(S)} = / AP fge e <}—u17--~7us - 29(u1u2‘7:#3...us),\/\> g (2.5)

4We thank M. Tsulaia for bringing these to our attention.



where
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We now evaluate the functional integral (2.1) with the action (2.5) using the method
adopted in [21, 30, 31] which we now summarise. Since this action has a gauge invariance
associated with it, we need to gauge fix. Typically this involves the introduction of Faddeev-
Popov ghosts. In this case however, there is a natural choice of integration variables for
the functional integral. We use the decomposition

Ppy.ps = Zf-.us T Yo Priseps) T V(1 Epioeopss) (2.8)
where ¢ and ¢ are respectively symmetric traceless rank s — 2 and s — 1 tensors. We note
that the last term is just the gauge transformation of the field ¢ under which the action 2.5
is invariant. This is the choice of integration variables employed in [30] for the spin-2 field,
and subsequently generalised in [21] to higher-spin fields in AdSs. The measure for the
functional integral changes under this change of variables.

(Do) = 25 (DTN DG ()] [DE—1)] . (2.9)

where Zg(z) is the ghost determinant that arises from making the change of variables. Now,

using the gauge invariance of the action, we have

S ] =5 [cb(T? + 955(3_2)} - (2.10)
One may further show that
$[6™ + 99| = 5 [677] + 5 |94 (2.11)
where )
s[or) =y [p- TEEEOIE2R g ey

Therefore, the contribution to the one-loop partition function is given by

s (04 OO0 209N 17 (g |

z() =z

(2.13)
where the subscript (s) on the second term reminds us that the determinant should be
evaluated over rank s STT tensors. This expression should be compared to Equation (2.8)
of [21]. Also, the ghost determinant may be evaluated using the identity

1= / [Dys)] e PP = 2, / [Dé(o)] [Dde2| [Dep] e vl (2.19)



as in [21, 30]. The evaluation is entirely analogous to the procedure adopted in [21], and
we merely mention the final result. The partition function Z() is determined to be a ratio
of functional determinants evaluated over STT tensor fields. In particular,

[det (—D B (5—1)(§;D_s)> ] 2
Z6) = (-] (2.15)

1
[det (7D i 52+(D—6;§—2(D—3)>(S):| 2

The numerator is a determinant evaluated over rank s —1 STT tensor fields. These deter-
minants were evaluated explicitly in [23] for Laplacians over quotients of AdS. In particular,
for the thermal quotient of AdSs, 11, we find that

X —mpB(s+2n—2)

logZ(S) = Z €

e (ds - ds_le—mﬁ) : (2.16)
m=1

where we adopt the notation ds for the dimension of the (s,0,...,0) representation of
SO (2n). We would like to exponentiate this expression to determine the partition function
Z() The following identity is useful for this purpose.

00 —mA o)
q 2n+m — 2 1
_—— = log————— 2.1
Z m(1 B 2n Z ( n —1 ) 08 1 _q(A+m—1)’ ( 7)

m=1 qm) m=1

where we have defined ¢ = e™”. Using (2.17), we find that

m+2n—2)
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(2.18)

m=1

This is the contribution of a single spin-s field to the partition function of the theory in an
odd dimensional AdS spacetime. The case of even dimensions is similar, see appendix A.
Now, it will be apparent to the reader that many of the subsequent steps that we shall now
undertake will follow in arbitrary dimensions as well. However, the resulting expressions
are perhaps the nicest for the case of AdS5; and we shall focus on this case from now
onwards. We refer the reader to appendix A for the expressions for the blind partition
function in AdS; and AdS7.

2.1 The blind partition function in AdS;

While we shall finally work with nonzero chemical potentials for the SO(4) Cartans of AdSs
as well, it is useful, for intuition, to start with the case where they are zero, i.e. thermal
AdS5. This will also yield some curious forms for the partition function. We have, on
setting n = 2 in (2.18),

m—+2
O (1 _ q(s+m+2))s2 ( 3 )

z6) = (2.19)

m=1

(1- q(s+m+1))(s+1)2



This is the contribution of a single spin-s field to the partition function of the theory.
To determine the full partition function, we need to specify the spectrum of the theory.
We choose the spectrum s = 0,1,2, ..., 00, with each spin appearing only once. The full
partition function of the theory is then

z=1]2%. (2.20)
s=0

Note that there are cancellations between the numerator of Z() and the denominator of
Z(+) for s > 1 because they are both of the form (1 — q(5+m+2))a. We finally obtain

1 > 1
Z= H H s+m+2)4(8+1)(m;'2) ' H mi2) (2.21)

s=0m=1 1_q m=1 (1_qm+1)( 3

We can assemble the first product into a single product over k = s 4+ n. This is given by

HH : (") H . : (2.22)

(1 — gemt2yt ety " k=1 (1— qk+2)4(kg4)

We then obtain

o0

> 1 1
= 1:[ ol 11 Ty (2.23)

gk+2) o1 (1— qm+1)( 3

This form of the answer is closely related to the d-dimensional MacMahon function (see [35]
for a recent review)

I;Il—q)

We remind the reader that in [21] a form for the partition function of a higher-spin theory

) (2.24)

in AdS3 was obtained in terms of the (two-dimensional) MacMahon function and bore an
interpretation as the vacuum character of Wy, the asymptotic symmetry algebra of the
theory [4, 5]. We also observe the existence of a ‘nested product’ form for this answer.

ZHHHHHH (2:25)

S1=3 82=81 S3=82 S4=583 S5=84 N=S5

The reader may verify that this expression does indeed reduce to (2.23). We also remind
the reader that an analogous expression for AdSs was interpreted in [21] as the vacuum
character of the W, algebra. It would be very interesting to see if our five-dimensional
answer also admits a similar interpretation.

2.2 Additional chemical potentials in AdSs

From now onwards we turn on chemical potentials (5, aq,as) for AdSs, where § is the
inverse temperature and a1, ag are chemical potentials for the SO (4) Cartans of the AdSs
isometry group SO(4,2). To explicitly evaluate (2.15), we will need the character given in



equation 5.3 of [23], where we specialise to n = 2, i.e. AdS5, and focus on the case of STT

tensors. ' sow) SO
(8,01, a9) = e‘lmx(s 0 (6, 2) + & (gbl’ ”) (2.26)
X(xs) (P, 1, Q2) = e—2B]eB — ¢i%1|2[eB — €z¢2|2 :
We can evaluate these characters to obtain
2cos (BA) sin((s+1)ag)sin((s+ 1) ag)
= . . 2.27
X (B, 01, 02) e=2B|ef — eid1)2]ef — €922 sin () sin (ag) (2.27)
where the ¢s and as are related by
o1 =0+, P2 =0 —as. (2.28)

The partition function of a massless spin-s particle may then be computed to obtain

s — —_—
log 2% = Zl m |1 — e=m(B—id1) 2|1 — e~m(F~id2) |2
m=

SO(4) _ _SOM) —m
[X(s,o) ~ X(s-1,0¢ I, (229)

where the SO(4) characters are evaluated over the angles (m¢;, me2). This is precisely the
answer that would be obtained via a Hamiltonian computation, as carried out in [32] using
the results of [33, 34].

3 The refined partition function in AdSs

Having acquired some intuition for the kind of simplifications we may expect by looking
at the blind partition function, we shall now now turn to the case of non-zero chemical
potentials 1 and as and exponentiate the expression (2.29). This will enable us to write
down another nested form for the partition function. It would be again useful to introduce
notation

e P =q €M=p €92=r (3.1)

We finally obtain

Z(S) 0 Hkl 0( m1+m2+m3+m4+s+3pm1+m3+8—lrm1+m4+8—lﬁm2+m4+2kfm2+m3+2l)
o Hkl:o 1 qm1+m2+m3+m4+s+2pm1+m3+srm1+m4+spm2+m4+2k77m2+m3+21) ?

(3.2)

where the product over m; collectively denotes a product over myq,...,my4. It turns out

that even for the refined case, the ratio of the numerator of Z(*) and the denominator of
Z(5+1) ig again simple. This leads to the following form for the one-loop partition function
of the theory.

om OH 1_qm1+m2+m3+m4+s+3pm1+m3+s Lpmi+mat+s— lpm2+m4+2krm2+m3+2l)
1
(3.3)

where the hatted product in the denominator runs over the following values of k, [,
k=0,1=0; k=0,l=s4+1; k=s+1,1=0 k=s+1,l=s+1
k=0,l=1...s; =0, k=1...8; k=s+1,l=1...s; l=s+1,k=1...5s,



and we have used the fact that (pp)2(r7)? = 1. It is useful to define the following combi-
nations

@ =pr, @ =pPr, q3=pr, q4=pr. (3.4)
The expression (3.3) may be simplified using the procedure outlined in appendix B. We

finally find that the partition function may be written in terms of the product of four
nested product expressions.

Z=Z0) 20y 20) Z3) " Z@4), (3.5)
where Z ) is the partition function of the scalar, which may be computed to obtain
Z0) = H 1- ¢ m1 1m2 m3 may
¢* (qq1)™" (q92)™ (q93)™ (qq4)™)

mi1,2,3,4

(3.6)

and

1
H H H H k, matk ma+k m4)' (3.7)

n
k=0mz2 3,4 s=1n= s( ) qk+m2+m3+m4+2q qds qs3 4y

This has been explicitly evaluated in appendix B. The other Z ;s have similar expressions
which we now enumerate.

T 1I HH( — ry (3.8)

n
k=0 M1 2.4 51 n=s qqs)" ghtmatmatmat2gm gt gk

qqa)" grtmmatmat2 T IR g ST g

00 00 00 00 1
Z(3) - H H H H (1_( mi1+k _mo ms+k k) (39)

zo=11 II 1111 ! — mM) (3.10)

k
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4 Discussion

In this paper, we applied the heat kernel results of [23] to compute the partition function
of a higher-spin theory in AdSs. To get a better feeling for the possible content of the
answer it is useful to recollect elements of the corresponding story for pure gravity and
higher-spin gravity in AdSs. This discussion is qualitative, and we refer the reader to the
original papers for more details. As we remarked previously, the asymptotic symmetry
algebra of pure gravity on AdSs comprises of two copies of the Virasoro algebra [36] and
for higher-spin gravity comprises of two copies of the W algebra [4, 5], while the gauge
symmetry is SL(2, R) x SL(2, R) and SL(N, R) x SL(N, R) or hs(1,1) respectively. One
manifestation of the asymptotic symmetry algebra is in the one-loop partition function of
the theories expanded about their AdS vacua. For the higher-spin theory with spectrum
of spins s = 2,..., 00, the partition function is [21]

Z= H H X0 (Wos) X Xo Wao) - (4.1)

sQns



This is (two copies of) the character evaluated over the Verma module built out of the

AdS3 vacuum as the lowest weight state and the raising operators W(j%l,

§ =2,...,00,
acting on it. This is the sense in which the second-quantised partition function is supposed
to encode information about multiparticle symmetries of the theory. The corresponding
expressions for pure gravity [22, 37, 38] are perhaps more familiar to the reader. The
partition function is then a character of the Virasoro algebra, again with the AdSs vacuum
as the lowest weight state and the generators L_,, acting as raising operators, for m > 2.
These generators, when acting on the AdSs vacuum generate large gauge transformations
to create multiparticle states — boundary gravitons — over the AdS3 vacuum.

We obtained a form for the answer that is suggestive of a vacuum character of a larger
symmetry group than the higher-spin symmetry. In particular, following the reasoning
suggested above, it leads us to speculate that there are additional generators in the sym-
metry algebra that act on multiparticle states built out of twist-two operators, which sit in
the vacuum representation of the symmetry algebra. It would be very interesting to verify
if this is indeed the case. A natural candidate symmetry to relate these results to is the
Yangian symmetry of N' = 4 SYM. However, we do not know of an apparent connection,
especially since the Yangian algebra does not close over the set of gauge-invariant opera-
tors.® Alternatively, this might be related to the additional symmetries of free Yang-Mills
noted in [39]. There is additionally the intriguing possibility that these might be connected
to multiparticle symmetries already noted in the literature for higher-spin theories [40-42].

Note. After an initial version of this paper appeared on the arXiv, we learned of [43—45],
in which additional enhanced symmetries for higher-spin theories had been observed.” It
is also possible that our results are related to these symmetries.

We leave the exploration of these questions to future work.
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A Blind partition functions for AdS, and AdS;

We shall begin by using (2.18) to obtain the blind partition function of the Vasiliev theory in
AdS7. Observations parallel to those in section 2.1 lead us to conclude that the expressions
for the partition function are again simple. We need to evaluate the product

oo o 1
L TN oo )’ (A1)

where ds denotes the (s,0,0) representation of SO (6). Computing these dimensions
(see [23] and references therein), we find that the partition function of the Vasiliev theory
may be expressed as the product

z=z20-][11] e (et (#-2)

oo (1 — germaay ("5 ) (degi—de)

where Z(g) is the partition function of the scalar, given by

o0

1
2(0) = n:!_;[l (1- qm+3)(m;-4) : (A.3)

We finally obtain

° nHl (1-— qm+3)(m;4) . (1— qm+4)4(m;8)+(m;r6)+(mg5)a (A.4)

which is again related to the d-dimensional MacMahon function (2.24).

We now turn to the case of AdSy. The entire heat kernel analysis of this paper and [23]
may be applied to even dimensional hyperboloids. We merely mention the final result for
AdS,. We find that

= 1
T L sy GO G M

This is again related to the d-dimensional MacMahon function (2.24).
B Computing the refined partition function

We outline some of the main steps involved in reducing (3.3) to the nested form (3.5).
We begin by expanding out ] that appears in (3.3) into two products A and B. We will

,10,



evaluate

[o.¢] (e.)
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and
o0 o0 S
— _ mitmatmat+mats+3,mi+ma+s+1, mi+matst+lmatmymmatms+2k
B= 1—q D r p /8

1— m1+mo+ms+mg+s+3 m1+m3+s+lrm1+m4+s+1

q p —m2+m4+2k,’7m2+m3+2(s+1))

p
p p
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( P

H H H 1 _qm1 +m2+m3+m4+s+3pm1 +m3+s+1rm1+m4+s+1 —m2+m4+2(s+1)fm2+m3+2k>
m;=0s=1k=1
(B.2)

The full partition function of the theory is the inverse of the product of A and B. We will
now simplify these expressions.

_ +mao+mz+ma+s+3 mi+s+1l_mo _ms3 m
A—H (1—qm1 m2rm3+mqrs q 1 05 2(]3 3q4 4)
mi,s
X (1 _qml +m2+m3+m4+s+3q;n1 qgnz qg13+s+1q£n4>
+mo+maz+ma+s+3 m1 mo _m3z ma+s+1
H (1_qm1 ma2+ms3+mq+s q1 1q2 2q3 3q4 4 >
m;,s

mi+mo+ms+ma+s+3 _mi1 _mo+s+1 _ms3 _my
><(1—q1 PRI g gy qs q4),

where we have used the fact that pp = 1 = r7. In each product, there is a pairing of one
of m; and s. We use this to write

o oo
mi+1 m3—+1
A= H (1 _ qM+s+3q{n1+1qgizqgn3qZ@4) H (1 o qm+s+3q{n1qngq§n3+1q2u>
m;=0 m;=0
oo o
1 ma+1 1 mo—+1
I1 (1 — "I g2 g gt ) 11 (1 — "I gt qé,”‘”’ﬂ”“) ,
mi:0 mi:O
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where we have defined m =), m;. Now each product is of the form

[Ta-ag)"=TI1] -, (B.4)

s=1n=s

where « is independent of n. This gives a (two-dimensional) MacMahon function form for
this sector of the partition function, which we can arrange into a nested form. For example,
the first product reduces to

I1 <H I1 (1 — (qq)" m2+m3+d+2qm2qm3qlf4>> : (B.5)

ma,m3,m4=0 \s=1n=s

There are similar expressions for the other three products, which arise by permuting g¢;’s
above. We will now look at the B term, and obtain its nested product representation.
Written in terms of the ¢;s, the first product that enters in B is

oo oo S
1 k 3+k
H H H (1 B (qql)(m1+s+ )qm2+m3+d+2q£n2+ qgns—f— qZu;)

m;=0s=1k=1 (BG)

oo o0 o0

_ H H H (1 . (qql)(m1+s+1) qm2+m3+d+2q£n2+kqg13+kq£n4> 7
m;=0 k=1 s=k

where we have changed the products over k and s. This enumerates the same combinations
(k, s) as the previous product. Again, redefining a + s to a, and s — k to s, we get

0o oo s
H H H (1 o <qq1)(m1+s+1) qk+m2+m3+m4+2qkqm2+kq§n3+kq214)
m;=0 k=1 s=0

-1

(B.7)
)(m1+1) k+mao+ms+ma+2 k _mot+k ma+k m4)m1+1
)

(qq q q19- s ay

\'\»:18

from which we can write the nested form

H H H H (1 ~ (qq)" k+m2+m3+m4+2qkqm2+kqug+kqm4) (B.8)

k=1mg23 4 s=1n=s

Note that (B.5) is just the & = 0 term in this product. We can write the contribution of
these two terms together as

0o oo
— H H (H H (1_ qq ” k-‘rmz+m3+m4+2qkqm2+kqg13+k’q£n4)) ] (B.g)

k=0m2,34 \s=1n=s

The other three contributions to the partition function may be similarly written down by
combining the second, third and fourth terms respectively from A and B, we obtain the
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nested product forms

o o0 o o0
Z&% — H H (H H (1 ~ (qq3)" qk+m1+mz+m4+2qm1qglerququrk)) . (B.10)
;2,4 S

k=0m1,2 =1ln=s
oo 00 0o 00

Z(_)l = H H (H H (1 — (qQ )n qk+m1+m2+m4+2qm1+kqm2qgnSJrquII)) (B.ll)
k=0m1,23 \s=1n=s
oo 00

Z(Z)l = H H (H H (1 _ qqz)n qk+m1+m3+m4+2qm1+kq2q;)ngqm4+k)) ) (B.12)
k=0m1,3,4 \s=1n=s

Putting these expressions together yields the expression for Z in (3.5).

C A consistency check

We finally show that the expressions obtained in section 3 for the refined partition func-
tion (3.5) are consistent with the blind partition function. To do so, we shall set all the ¢;s
to one. Then (3.5) reduces to

H HH( — m+a+b+c+2> (1)

mabc=0 s=1n=s

We arrange this into a sum over d = m + a + b + c¢. We obtain

H H H ( g3 n+s) 4("5?) _ (C.2)

d=0s5=0n=0

Then, the sum over n and s can be converted to a sum over s. d can be renamed to n, and
shifted by 1, and we finally obtain

H H n+s+2 (5+1)(n§2) ) (CS)

s=0n=1

This precisely matches with the first product that appears in (2.21).
We can also obtain the nested form (2.25) from the expression (C.1). to do so, we
start with (C.1)

[ ole olNe S HNe O lNe S lNe o)

H H H< " m+a+b+c+2) H H H HHH( " m+a+b+c> . (C4)

mabc=0 s=1n=s s=3n=s m=0a=0b=0c=0

Now on defining n’ = n + m, we may write

ﬁ ﬁ (1_ ntm a+b+c> H H ( n+a+b+c>4, (C.5)

n=s m=0 s9=8n'=s9

and hence (C.1) reduces to

[© I e CINe olNe o]

[TT1 I IITIIL (- o) (C.6)

s=3 s2=8n/=s9 a=0b=0c=0
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We can similarly absorb the products over a, b, ¢ to write (C.1) as

INRIRIRIRIEE N (C.7)

$=3 52=5 53=52 54=53 55=54 N=s5

which is the familiar form that appears in (2.25) with the replacements s — s, and N — n.
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