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1 Introduction

The study of two-dimensional conformal field theories in terms of their minimal model
description, their Landau-Ginzburg phase or as gauged linear sigma-models has proven to
be very useful [1, 2]. It has taught us about the space of two-dimensional conformal field
theories, and its geometrical structure. The study has had a profound impact on our under-
standing of compact Calabi-Yau manifolds and mirror symmetry, and it has had interesting
applications in the field of singular manifolds and toric varieties (see [3] for a review).

The extension of this study to include theories with non-compact targets, and in par-
ticular non-compact Calabi-Yau manifolds is very interesting. It is a natural generalization
from the perspective of studying Calabi-Yau manifolds locally, or from the viewpoint of
understanding holography in curved non-compact spaces that asymptotically have a linear
dilaton profile [4, 5]. This field has already given rise to many results including a study of
the map between deformations of the geometry and the spectrum of non-compact confor-
mal field theories [6-10], mirror symmetry for non-compact Gepner models, as well as an
intriguing relation between orbifolds in asymptotically linear dilaton spaces and flat space
toric orbifolds [10]. However many of the results have been based on studying the chiral
(anti-chiral) rings of the theory.

Recently, there has been a lot of progress in our understanding of the elliptic genus of
non-compact N = 2 superconformal field theories with central charge larger than three [11-
13]. In particular, it was understood that the elliptic genus is modular covariant and real.
Non-holomorphic contributions arise from the continuous part of the spectrum of the two-
dimensional conformal field theory. This has led to a physical understanding of the modular
completion of mock modular forms in terms of both a modular Lagrangian path integral
description [11], and a Hamiltonian viewpoint in terms of an integral over a difference of
spectral densities for right-moving primary bosons and fermions [13].

In this paper we apply these new insights to the study of conformal field theories which
are tensor products of N = 2 minimal models and N = 2 Liouville theories (or N = 2
cigar coset models), and their orbifolds. The elliptic genus of tensor product theories is the
product of the individual elliptic genera. For orbifold theories, we can often identify the
elliptic genus via standard twisting procedures.

For orbifolds of products of compact Gepner models, there have been many interesting
results [14-18], especially in the context of mirror symmetry. Given a Landau-Ginzburg
formulation of a compact Calabi-Yau, there is an algorithmic way to construct the mirror.
Most of the results on elliptic genera rely on the fact that, given the Poincaré polynomial
of the target space, there is a unique extension to the elliptic genus and the identification
of mirror pairs thus becomes simpler.

For non-compact conformal field theories, our generic construction will give rise to a
large new class of real Jacobi forms. In particular, when more than one non-compact model
is involved, the product of elliptic genera gives rise to a modular completion of the product
of mock modular forms. Conformal field theory elliptic genera thus provide a natural way
to complete the product of two mock modular forms.

We apply this general reasoning to non-compact Gepner models and their orbifolds in



type 1I string theory. The knowledge we gained about non-compact elliptic genera allows
us to check mirror symmetry explicitly in these models in a way coherent with modularity
and ellipticity. The check includes some long multiplet contributions. Our analysis is
constructive in the sense that, starting from the elliptic genus of a given orbifold theory we
rewrite it such that the final expression has a natural interpretation as the elliptic genus
of the mirror model. Under the mirror transform, the Liouville factors naturally go over
into their cigar counterparts.

The paper has the following organization. In section 2 we discuss the elliptic genera
of the basic models, which are the minimal models with ¢ < 3 and the two types of non-
compact models with ¢ > 3, the Liouville and cigar theories. We also describe how to put
these together and construct the elliptic genera of tensor product and orbifold models. In
section 3 we restrict to orbifold models which are non-compact generalizations of Gepner
models in type II string theory. Examples with central charge ¢ = 6 are provided in
section 3.3 and those with central charge ¢ = 9 are discussed in section 4. The technical
ingredients necessary for the calculations in these sections are provided in appendix A. We
end in section 5 with a number of proposals for how to extend our class of examples to a
broader domain.

2 Elliptic genera

In this section, we review the elliptic genera of N = 2 minimal models and N = 2 super-
conformal field theories with central charge greater than three, since these conformal field
theories form the building blocks of the models we study in sections 3 and 4. We also pause
to make a point about an embryonic example of mirror symmetry.

2.1 Definition and properties

We study N = 2 superconformal field theories with a left U(1)r charge Jy and a right
charge Jy, as well as scaling dimension operators Ly and Lg. The elliptic genus x [19, 20]
is defined as a twisted partition sum with periodic boundary conditions for the fermions:

X(q,2) = Tr (=1)Fghosiglo=si 2o, (2.1)

We will also use the notation x(q,z) = x(7, ) for the elliptic genus, where the arguments

2miT 2T

are related through the equations ¢ = e and z = € . The elliptic genus has elliptic

and modular covariance properties which make it a Jacobi form.

2.2 The building blocks

In this subsection, we list the elliptic genera of the elementary building blocks that we will
use to construct our models.



2.2.1 The N = 2 minimal models

The elliptic genus of an N = 2 minimal model with central charge ¢ = 3 — % and k a
positive integer is given by [1]:

fule=t) <q’ Z%) . (2.2)

k:—)(q,z) = T
x(k; —)(q,2) PR

This is also the elliptic genus of the compact Landau-Ginzburg model with superpotential
W = X*. It can, moreover, be derived from the gauged Wess-Zumino-Witten description
of the model. We denote the level of the minimal model as an extra argument for the
elliptic genus, followed by a semicolon. The elliptic genus of the minimal model has an
expansion in terms of twisted Ramond sector characters [1, 21]:

k=2

N ‘

X(ks =) (q,2) = Cliin(0,2) . (2.3)

j=

(=]

1
yo e

The basic definitions and the modular and elliptic properties of these characters are re-
viewed in appendix A.

2.2.2 The N = 2 Liouville model

Next, we consider models with central charge ¢ = 3+ ? with the level [ equal to a positive
integer. The Z; C U(1)g orbifold of the SL(2,R);/U(1) coset theory with central charge
¢ =3+ % has elliptic genus [11]:

i(a2) = U Ayt ). (2.4)

The level | of the non-compact model follows the semicolon. This elliptic genus is also
the genus of a generalized non-compact Landau-Ginzburg model with superpotential W =
e~ coinciding with N = 2 Liouville theory at radius R = v/1c/.

Let us discuss these points in some detail, since it provides an important embryonic
example of mirror symmetry that pervades the rest of our paper. Note that there are
two known ways to obtain the expression (2.4) for the elliptic genus. The first way is
through the non-compact Landau-Ginzburg model, where one identifies the R-charges of
the fields, and their proper configuration space, then to do a free field calculation to obtain
the holomorphic part of the elliptic genus [11]. A scattering calculation using the Landau-
Ginzburg potential will then further provide the remainder term in the elliptic genus [13],
thus proving that expression (2.4) is the elliptic genus of N = 2 Liouville theory at radius
R = Vlo/. Alternatively, a path integral calculation shows that this is also the elliptic
genus of the Z; orbifold of the cigar coset conformal field theory [11, 13]. This provides
further evidence for the equivalence of these models [22, 23] in terms of the match of a
modular covariant partition sum.



The mock modular form, of which the elliptic genus is the completion, is a holomorphic
Appell-Lerch sum which has an expansion in terms of twisted Ramond N = 2 supercon-
formal characters Ch extended by spectral flow (see [23, 24| for our conventions for the
arguments):

Xhot (= Z Ch (J, ST ) (2.5)

2j—1=0
2.2.3 The coset conformal field theory

The SL(2,R);/U(1) supersymmetric coset theory, which we refer to as the cigar theory, has
an elliptic genus obtained by taking the Z; orbifold of the elliptic genus quoted above. It
is given by

14611(q, _2mimamy _mg . 1 my 2mimy
x(=:0)"(q,2) = 1753) S e T T T Ayeig e T 2%g). (26)

Ma,MpEZL

We have denoted the orbifold group as a superscript to the elliptic genus. It is also the
elliptic genus of N = 2 Liouville theory at radius R = y/a//l. The holomorphic part of the
elliptic genus can again be expanded in terms of the extended characters:

Xhol(* lZl Z Ch (]7 ( 1) q,z ) : (27)

27—1=0
2.3 Tensor product theories

An elementary but important point is that the elliptic genus of a tensor product conformal
field theory is the product of the individual elliptic genera:

X(®,CFT;) = [[x(CFT;). (2.8)

For example, for the tensor product of compact and non-compact Landau-Ginzburg models
with central charges associated to the positive and integer levels (k1, ko, ..., kp;l1,l2, ..., 1),
the elliptic genus reads:

q 1

1
0 ) R 9 ) 1.
X(klkaa'” 7kp;llal27° "’lq)(Qa Z) — H H q H 1 q (Zl] 722;(1)' (29)
i=1 O11(q, 2% ) j=1

One can generalize this elliptic genus to one which keeps track of the R-charges of the
individual factor theories. We find a generalized elliptic genus:

p k- q 1
011(q, i611(q, z4) i
X<k17k27"'7kp;l17l27'"7lq)(qazi72j> H 1 q L H L q 2 (Z;]7Z?7Q)

(2.10)

This is one of many generalizations of the twisted index. Omne can write down similar
expressions where we replace some of the Liouville factors with cigar coset theories.



2.4 Twisted blocks

In the following, we consider orbifolds of tensor products of the above models. For sim-
plicity, we restrict our orbifold groups to be discrete subgroups of the product of the U(1)
R-symmetry groups of the factor models. In these circumstances, it is straightforward
to generalize the techniques of [14] to describe the twisted partition sums from which we
build the elliptic genus of the orbifold. In each factor theory, we have partition sums in
the sectors twisted by the generator of an orbifold group Z, to the power m, € Z, and
we can insert an operator corresponding to a generator of the orbifold group to the power
my € Zy. We then obtain the twisted partition functions:

_ _2mitmeamy 627ri ¢ (m214+2mya)

Xima,m, (¢ 2) = €776 61 X(T, a0+ mgT + my). (2.11)

The transformation properties of these twisted elliptic genera are (with A\, u € Z):

1 « ¢ a?
o 2mie =
Xmams (= 302 ) = T ()

Xma,mp (T +1, a) = Xma+mp,mp (T7 Ck)

271§ (Mapp—mpA—Au) e—27ri§ (A27+2)a)

Xmamy (T + AT +p) = e XrmatAmy+u(T: 2). (2.12)

We assign a canonical phase factor to each factor model:
e(mg,mp) = (—1)Matmetmams, (2.13)

which will ensure that the total orbifolded model is free of discrete torsion. For the partition
sum including the phase, we use the notation:

Nmamy = €(Ma, M) Xima,m,- (2.14)

The twisted building blocks for the R-symmetry orbifolds can be simplified using the ellip-
ticity and modular properties of theta functions and completed Appell-Lerch sums A (see
appendix A for details). It will be convenient to express the twisted building blocks X, m,
of the minimal models and the non-compact conformal field theories in terms of the twisted
Ramond sector characters of the conformal field theory. This renders the transformation
properties of each term under the insertion of a generator in the trace manifest. We find
the twisted blocks:

e for the minimal models

2mimamy 2mimy,

Xma,mb(k"; _) =e k €

IENC o, (0,2). (2.15)

~ 27mmamb 2 27mmb

Xmamy (K3 —)Zk =e Z G+l —2j—1—2m, (¢, 2). (2.16)
_nl
=03,



e for the holomorphic part of a Liouville factor:
-1
~ 2mwimagmy 2mimy, . X 1
Xhol;ma,mb(_§ l) =€ L Z e ! (2 DCh <]§ _5 + Mq; q, Z) . (2‘17)
2j—1=0
e for the holomorphic part of a cigar factor:
2mimy,

-1
2mwimagm . ].
Kholmamy (=3 DA == T Y e <2ﬂ1>Ch(j;—2—(2j—1>+ma;q,z).
2j—1=0

(2.18)

The completed twisted blocks for non-compact factors are recorded in appendix A.

3 Mirror symmetry for Gepner models

In this section we recapitulate the construction of mirror Gepner models [26], generalized
to include non-compact conformal field theories.

3.1 Non-compact Gepner models

Gepner’s construction of string compactifications in terms of exactly solvable N = 2 super-
conformal field theories [25] can be suitably extended to include factor models with central
charge larger than 3 (see e.g. [10]). We study non-compact Gepner models consisting of p
minimal models at levels k; and ¢ non-compact models at levels [; tensored with RA-L1,
They can be characterized in the light-cone as having a

U, x UWE < [TUe x [J (), (3.1)
i=1 j=1

worldsheet current algebra. The level 2 factors refer to worldsheet fermion numbers, and
the U(1) current algebras at level k; and [; are the R-currents of compact and non-compact
N = 2 superconformal field theories. We have the corresponding charge vectors r:

r = (S_d%z;,...,80781,...,sp+q;n1,...,np;mel,...,meq), (3.2)

with inner product:

L (2 oo e
4 2k1 2

We introduce a vector Sy such that twice its inner product with the left-moving charge

(3.3)

vector is proportional to the left-moving R-charge. It satisfies §y - o = —1. We fix
conventions such that S5y is equal to:

Bo=(1,...,1,1,...,1;1,...,1;1,...,1). (3.4)

If we start from a model diagonal in the charge lattice quantum numbers, then we must
perform an orbifold to render the model local on the worldsheet, in the sense of containing

Z§+q+(d_4)/ 2 orbifold involves

only purely NS or purely Ramond states. The necessary
discrete torsion [26]. To obtain the type II Gepner model, one further performs an integer

R-charge orbifold, and a Zy GSO projection.



3.2 Mirror symmetry through orbifolds

Mirror symmetry is implemented in Gepner models through orbifolding by a subgroup of
the discrete group Gphase = [ by Zi,; ¥ ngl Zy, of the U(1)r symmetries of the factor
theories [26]. The integer R-charge orbifold Z, is already such a subgroup.! The maximal
subgroup H of the group Gphese Which preserves space-time supersymmetry gives rise to
the mirror theory. Thus, the group H will be the maximal subgroup of Gpnase/Zyn which
preserves the condition that the left and right R-charge remain integer. Let us denote the
original Gepner model by M, and the mirror model by My = M;/H. Then if we consider
orbifolds of theory Mj by the subgroup Hy C H, we will find that the theory M;/H; is
mirror to the theory Ms/(H/H;).

We further note that the maximal allowed orbifold will give rise to (the GSO projection
of) the T-dual of the original model (before GSO). In the T-dual, all left-moving angular
momenta will have an opposite sign. These statements are true for the compact theory
because a Zj orbifold of the minimal model gives rise to its T-dual. For a singular non-
compact theory (described by a purely linear dilaton background), the statement also
holds. For the deformed or resolved non-compact theories, we need a mild modification.
For instance, the Z; orbifold of Liouville theory at radius R = VI’ is Liouville theory
at radius R = \/OT/Z. That is T-dual to the cigar theory at radius R = vlIa/. Thus
orbifolding is equivalent to T-duality only for the compact factors. For the non-compact
factors, we must combine orbifolding with an exchange of deformation and resolution in
order to obtain the T-dual model. We confirm this picture by the direct evaluation of
elliptic genera for the mirror pair.

3.3 Models with central charge ¢ =6

In this subsection, we get our feet wet with simple examples of non-compact Gepner models
with central charge ¢ = 6, and make some preliminary observations. We concentrate on
models involving one compact and one non-compact model at equal levels. As a starting
point, we take a product of a minimal model with central charge ¢ = 3—6/k and an N = 2
Liouville theory at radius R = vka' with central charge ¢ = 3 + 6/k. The integer R-
charge orbifold is an orbifold by the group Zi. The conformal field theory describes strings
propagating on a space which is asymptotically locally flat, with a linear dilaton slope. It
has a deformed C?/Z;, singularity at the center. Asymptotically, it is T-dual to S3 x R
with a linear dilaton along the non-compact radial direction, and & units of three-form H s,
flux on the three-sphere. Near the center, the geometry is deformed to the T-dual of k
NS5-branes spread on a circle in a two-dimensional plane, in a doubly scaled near-horizon
limit. See [10, 27] for detailed discussions. The elliptic genus of this theory is given by the

'Here we ignore the fermionic entries in the charge vectors, which we can do if we allow for flat space
charge conjugation.



orbifold formula applied to the two factor theories:

Mg, mp=0
b k=2
1Z911 q; 2 2mimy (25+1) mg  2mg
Z e k q* z k
a,mMp=0 j=(, % .
j N 1 mq 2mimy, 2 2mg
CQj+1—2ma(Q7Z) Aogi(zkq v e & 2% iq) - (3.5)

3.3.1 The ground states

To link our results to known results on massless states, we observe that we can recuperate
the Poincaré polynomial of the target space from these expressions, by taking the limit that
projects onto left-moving (R-charged weighted) Ramond ground states. One thus recovers
the results described for instance in [10].

3.3.2 Mirror symmetry

To advance our analysis of mirror symmetry we first observe that, for this ¢ = 6 model,
the maximal group H of phase symmetries that we can mod out by while preserving
supersymmetry is trivial. Thus, the model must be self-mirror. This can also be seen as
a consequence of the (generalized) hyperkéhler structure of the target space. We conclude
that the elliptic genus of the model has to be equal to the elliptic genus of a diagonal
minimal model times the cigar model at radius vko' modded out by the integer R-charge
and GSO projection. The latter elliptic genus is given by:

k—1
1 N -
X/(k; k)Zk - % Z Xma,mp (k; _)Xma,mb(_; k)Zk

Mea,mp=0
1 i011(1, ) . 2mimy(2j+1) M2 2mg
— J
2 773 Z Z € . qrzk C2j+1—2ma(qu)
Ma,Mp= O] 0727
,2 ) ! . /
_mg _ 2mimgng A 1 matmg 27r1(mb+mb)
x Y g re R Ay(zrg F e k227 q). (3.6)
ml,,my €L

The equality of the elliptic genera in equations (3.5) and (3.6) is non-trivial. To prove
the equality, it is useful to render the N = 2 superconformal representation content of
the compact and non-compact elliptic genera manifest. In particular, let us write the
holomorphic part of the elliptic genus (3.5) in terms of the characters of the minimal
model and the analogous extended characters (2.15) and (2.17):

. 7 . 27rimb 2 1 27 1 . ]_ .
Yot (k3 k) = Z Z e Cl2i+1)+ (22— )}Cﬂjl+1 om, (@5 % )Ch(gg,—z—i—ma,q,z

J1,92 Ma,my€Zy,

(3.7)



The sum over my imposes the GSO constraint and relates the spin of the two individual
factors. In order to render the mirror interpretation manifest, we shift the twisted sector
label m, by —(2j2 — 1). We then use the integer R-charge constraint in the angular
momentum quantum number of the minimal model character, to end up with the final
expression:

Xhoz(k;k)zkzz Z o TEL (21 +1)+ (22— 1))

J1,J2 Ma,myEZLy,

‘ 1 .
10210 (25 o = (2 = i 0.2) (35

Repackaging this in terms of the twisted blocks, we find

k—1
| ) _
(B k)5 =2 Komam (3 =) Xnotime m, (=3 £)™ (3.9)

Meq,mp=0

We recognize this to be the elliptic genus of an anti-diagonal minimal model times the cigar
theory at R = vka/, the whole orbifolded by Zj. Performing a similar calculation for the
non-holomorphic long multiplet contributions gives rise to the modular completion of the
above formula.

In order to fully appreciate the relation between expressions (3.5) and (3.6), we have to
go a bit further. We will give more details in the intricate ¢ = 9 examples, but we already
outline the idea here. We wish to re-interpret the mirror model as an orbifold of a diagonal
model. For this purpose, we note that the elliptic genus of the anti-diagonal minimal model
is related to the diagonal minimal model elliptic genus through a sign flip in the second
argument «, and the addition of an overall sign (see equation (A.6)). Analogously the non-
compact elliptic genus is invariant under such a sign flip (see equation (A.21)). Rewriting
in terms of the twisted blocks we find

k—1
1 5 -
X(k§ k)Zk (7_7 a) = _% Xma,mb(k; _)(Tv _a)Xmmmb(_; k)Zk (7_7 a)
Meq,mp=0
= —X(k; k)™ (1, —a). (3.10)

Therefore the elliptic genus of the original model is self-mirror and furthermore equal to
the elliptic genus (3.6), up to an overall sign and a sign flip in the second argument a.. The
calculation provides a proof of a non-trivial relation between products and sums of theta-
functions and completed Appell-Lerch sums. In the following sections, we will consider
more involved examples of mirror symmetry, including infinite families of mirror pairs,
and many more details on the long multiplet contributions, in the context of non-compact
Gepner models with central charge ¢ = 9.

4 Models with central charge ¢ = 9

In this section we will study two types of models with central charge ¢ = 9. The first
type has tensor products of two minimal models and a Liouville/cigar model. The second

,10,



type has a single minimal model tensored with two non-compact factors. We consider
supersymmetric orbifolds of these models and exhibit families of mirror pairs. The first set
serves to generate an infinite set of mirror pairs (see also [10]), and illustrates in a fairly
simple setting how mirror symmetry acts on elliptic genera in the non-compact case. The
second set analyzes more deeply how mirror symmetry operates in the long multiplet sector.
The models correspond to Gepner points in target space geometries that are close cousins
to non-compact Calabi-Yau manifolds. They differ in that their asymptotics contains linear
dilaton directions. The topologically non-trivial content of the geometries is coded near
the origin, where we can approximate the models by an abelian orbifold of C3. The linear
dilaton profile can lift some deformations of the flat model. See [10] for more details.

4.1 The (2k,2k; k) model

From the general discussion on mirror symmetry via orbifolds, it is clear that we must
identify the largest subgroup H of the phase symmetries with which one can orbifold and
still preserve supersymmetry. Let us perform this calculation for the (2k,2k;k) model
corresponding to two diagonal minimal models and one N = 2 Liouville theory at radius
R = Vka!. There exists a Landau-Ginzburg (LG) model which flows to this conformal field
theory in the infrared and it is sometimes convenient to think in terms of such a description.
The LG model contains three chiral superfields X1, Xo and Y3 with superpotential:

W= X4 X2k 4 e M5 (4.1)

The phase symmetries of the model are given by Gphese = Zok X Zay, X Zy,. We can identify
the elements of the group Gppese With charge vectors in the following manner. A group
element corresponds to a charge vector -~y if it multiplies a state with diagonal charge vector

r by the phase e2™7"

. We can choose generators «; in each factor of the group Gppase such
that ~; is the charge vector with entry 2 in the spot corresponding to the relevant U(1)
charge (see definition (3.3)).

We identify the group G = (Zop X Zop X Zy)/Zsy as the subgroup by which we can
divide after taking into account the integer R-charge orbifold Z, = Zs,. The maximal
subgroup H of G that preserves supersymmetry corresponds to charge vectors 3, which

are integer linear combinations of the charge vectors ;. The generators 5, need to satisfy:
Bm = Zcfn’yi and B, - Bo € Z. (4.2)
i

Using our conventions for g, this is equivalent to

Z;’?—Zcﬁez, (4.3)

i=1 v =1

O

where the k; are the levels of the minimal models while the [; refer to the levels of the non-
compact models. The ¢!, are integers. In our specific example, we have three coefficients

=123 for each generator f3,,, which have to satisfy:
1 2 3
24 e Z. 4.4
Tor o Tk € (44)

— 11 —



The integers ¢!, are defined modulo (2k, 2k, k). The integer R-charge orbifold corresponds
to ct, = (1,1,1). Thus, we can use the gauging of the integer R-charge orbifold to put the
last entry to zero. Note also that if we consider the element of the R-charge orbifold group
that squares to one we find that it corresponds to the vector ¢!, = (+k, —k,0). Thus, we
conclude that the elements of the group H have representatives where the first two entries
are opposite and that these entries are only non-trivial modulo k. We therefore find that
the group H 1s the Zj group generated by multiplication of the phases of X7 and X5 by

27i

e and e~ 3% respectively.

4.1.1 An infinite family of mirror pairs

To generate an infinite family of mirror pairs, we can consider subgroups of the group H.
We suppose that the level k of our initial models is equal to the product of two positive
integers k = k1ko. We can then consider orbifolds of our diagonal model with the subgroup
Loy X Ly, (or strictly speaking, their semi-direct product) where the first factor corresponds

to the integer R-charge orbifold and the second factor to the subgroup Zj, of the group

H generated by the phase multiplication eﬂ’”

2k acting on the fields X . Each group
element of the orbifold group is labeled by a pair of integers (m,n), taking values in Zj

and Zy, respectively.

Details of the calculation

In what follows, we begin with the elliptic genus of this doubly orbifolded model and show,
analogous to what was done for the ¢ = 6 case, that we are able to rewrite it as the elliptic
genus of the mirror model. In this case, the mirror is a Zyy X Zy, orbifold of a product
conformal field theory with two minimal model factors and the cigar conformal field theory.

We start out with the holomorphic part of the orbifolded elliptic genus written in terms
of the twisted blocks. It depends only on the charges of the fields under the orbifold group:

1 -
Xhol(2k7 2]{3; k)Z%’Zkl :% Z Z Xma+kana,mp+kang (Zk; _)

Ma,MpELog Na,NbELy,

)Zma—k’znmmb—k’gnb (2]€a _)S(hol;ma,mb (_§ k)(45)

The first minimal model factor contributes

B _ 2mi(ma+tkona)(mytkonyg)
Xma+kana,my+kang (2k;—) =e 2k

2k—2
2 ) )
2mi(mp+kang) (271 +1)
J1
X z : € ok C2_]1+1 2(mqg+kanag )( ) (4 6)
j1:07%7"'

and similarly for the second minimal model factor with a sign flip for the n,, n, quantum
numbers. For the Liouville sector, we have

k—1

. 271'2ma 2mimagmy (QJd 1)
Chotsmamy (=3 k) (7, @) = Z 2rimy o, (B,

1
+ma;q,2) . (4T
2j3—

2
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Putting all the factors together we obtain:

Xnot(2k, 2k; k) 7217 :214:11431 Z Z Z

J1,J2,33 Ma,mp €Lk Na,npELK,

2mimy, 2ming,

o gt 2 (2714 1)+(2j2+1)+2(23 1)) , 72ry - (2141) = (272+1) =2kana)

: ) 1
C%}1+1—2(ma+k2na)(q7 Z)C%§2+1_2(ma_k2na)(% z)Ch (]3;2+ma; q, Z> .

(4.8)
The sum over the twist insertion my then imposes the desired integer R-charge constraint:

4o 4 9i
J1TJ2 336

p Z. (4.9)

A second constraint arises from the sum over the values of ny:

J1 — j2 — kang

7. 4.1
— (4.10)

Indeed, for any projection beyond the initial integer R-charge projection, we will find a
constraint between spins and a new quantum number. In order to rewrite this as the mirror
elliptic genus we find it useful to eliminate the twisted quantum numbers n, in terms of
the spin quantum numbers. In order to solve for the second constraint, recall that the
angular momentum quantum number in the minimal model factor is defined modulo twice
the level. Using this we find that there are precisely ko solutions to the second equation
(where k = k; - k2). Solving for n,, we substitute:

kong = j1 — j2 + nizkl with n; € Zy, . (4.11)

This leads to

Xhot (2K, 2k; k)72 Pk :2k1k:2 > X >

J1,92:J3 Mea My €ELag nfyny €2y,

2mimy,

2min’, . .
e~k ((2j1+1)+(2j2+1)+2(2j371))GT;((2J1+1)—(2J2+1)+2k‘1n&)

J1 92
E : C2j2+1—2(ma+k1nf;)(q’ Z>C?j1+1—2(ma_k1”3)(q7 )
[CASZS,

1
X Ch<j3; —3 + Mg q, Z) .
(4.12)

The sum over the integer n; € Zj, ensures that the numbers nj, ji and jo satisfy the
constraint (4.11). We now use the integer R-charge constraint to eliminate the spin jo in
the first minimal model and the spin j; in the second minimal model character. After a
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shift in the m, variable by —(2j3 — 1), we obtain our final expression:

2mimy,

1 . ) )
N L2ko Ly — E: E: [(271+1)+(252+1)+2(253—1)]
Xhol(2k72k7k) 2k _2]{3]{72 e 2k J1 J2 J3

J1,J2,93 Ma,mpELay

2min} . . .
e 2k2b((291+1)*(2]2+1)+2k1"&) J1 ( Z)
§ : —2j1—1-2(ma+kint, ) \D

nfl,ngezb
' 1 .
Cj—22j2—1—2(ma—k1nfl)(q’ z) Ch(js; ) +mg —2j3 — 1;q,2). (4.13)

Rewriting this back in terms of the twisted blocks, we find that the final expression is
equal to:

1 -
Xhol(zk, 2k; k)Z%’Zkl :% Z Z Xma"l‘kln:pmb“l‘kln/b (Qk; _)Z%

Ma,MpELok ng,ngeZkQ
Xmafkmg,mb*kmg <2k; _>ZQk>2hol§ma7mb(_; k)%&'lél)

To infer the mirror we have more work to do. Firstly we have to ensure that the non-
holomorphic part of the orbifold elliptic genus can also be written such that it is the
appropriate modular completion of the above mock modular form. Secondly we need to
have the orbifold of a diagonal model in order to read of the mirror.

4.1.2 The long multiplet sector

In order to complete our matching of elliptic genera of the mirror pairs, we also need to

check the equality for the states in the long multiplet sector. For simplicity, we restrict to

the case in which the levels satisfy k1 = k and ko = 1. The generalization to the other

cases is straightforward. The remainder term of the orbifold elliptic genus takes the form
1

Xrem(Qk, 2k‘; ]{)Z%’Zk = 27]{2 Z Z Xma+na,mb+nb(2k_;)

ma,mbEZQk na,nbEZk
Xma—na,my—ny (2k_; )X’/‘E’n’l;mavmb (_; k) .
(4.15)

In order to proceed we require the twisted blocks that correspond to the non-holomorphic
piece of the elliptic genus. These are given in appendix A. Using these blocks along with
the expressions for the minimal model elliptic genera, we obtain

]_ 2mimy, . .
Loy, 7 ——2((2 1 2 1
Xrem(2k, 2k R)P2e e = 0 S Ty T eTar ()RR L)
J1,J2 Ma,myE2Lay,
3 o SRR (2141~ (2j2+1) —2n4)
N Ny ELY
S gt o 0.9 02)
21 +1—2(ma+na) D #1425 11-2(mg —na)\D
w,neL
1 .01 (7, ) [Too70€ ds $2 | (n—kwt2ma)? 2 | (ntkw)?
(—1)*1'711( ’ ) q?"‘ gr T

4k q k 4k

T o eelic 2is+n + kw
(4.16)
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The calculation follows the same scheme as the previous one. The sum over the integers
my and ny again imposes the desired constraints:

271+1 25+1 n
J1 +.72 47

7
& 2k kST
J1 J2 Ng
JL_J2_Dacg 4.1
’ ? keZ (4.17)

We eliminate the twisted quantum numbers n, in terms of the spins and obtain:

Lok Tk — T (25141 +(252+1))
Xrem (2K, 2k; k) 5205k = 5 Z Z e —ar (251 jo

Ji,J2 ma,mbézzk
27_”" n— ku1+2ma Jl j2
E : 2jo+1— 2ma(‘Ja )C2j1+1—2ma(Q7Z)
w,neL
1.011(7, @) /+°°i6 ds 2, (n—hwt2mg)? 2 (n+hw)?
T — .
3

1= - qgF 1k gk
( )7r n —oo—ic 2is+n+kwq 1

We substitute the integer R-charge constraint in the angular momentum variable of the
two minimal models and shift the variable m, to m, — n + kw and find:

1 2mimy, . A
PRy = 3 ((271+1)+(252+1)
Xrem(2k:,2k:,k') 2k>5k — % e 2k J1 ]2

J1,J2 Ma,myELaj,

27”""7'13 7n+kw+2mu ]1 j2
Z € c ~2j1—1—2ma (q,2 )672j27172ma(q72)

w,nEZL
. 1 .01 (T, ) [HooTie ds s;+(—n+mik+2ma>2 _f+(n+412w>2
(_ )72 3 2% L q q
T n —oco—ijc 21Stn+kw

(4.18)

We then flip the sign of the variable my, and find that all individual factors combined
indeed agree with the twisted blocks of the mirror model:

1 . - -
Xrem<2ka Qk; k)Z%Zk = ﬂ Z Xma,mb(2k; _)Z% Xma,mb (ka _)Z2k Xrem;ma,mb <_; k)Zk .

Ma,MpELok

(4.19)
This is the modular completion of the mock modular form defined in equation (4.14) for
k1 =k and kg = 1. We thus extended the proof of the equality of elliptic genera of mirror
symmetric models to the long multiplet sector.
Finally, we can rewrite the formula for the mirror elliptic genus in terms of characters
which are more easily read as being associated to a diagonal spectrum. We find that the
mirror can be written as:

1
N Zow 7 _ - .
X(2k, 2k; k)72F (1, ) =% E Xrna,my (2k; =) (T, —c)

Ma,mpELaoy
Xima,my (2K =) (T, =) Xy, (=5 B) 7 (7, —a), (4.20)

where we have flipped the sign of the summation variables. We have used two facts which we
already encountered while discussing the self-mirror ¢ = 6 example. Firstly, that the anti-
diagonal minimal model elliptic genera are equal to their diagonal model counterpart, up to
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an overall sign change and a change in the sign of the second argument (see equation (A.6)).
Secondly, that the elliptic genus of a non-compact model is equal to itself under the sign
flip of the second argument (see equation (A.21)). Note how a sign flip in the left-moving
angular momentum comes down to T-duality for the compact factor, which is self-dual
under T-duality. For the non-compact factor, the sign flip changes its nature from Liouville
theory to cigar model.

Our final expression is consistent with our expectations about the mirror model. The
original model M; was a (2k, 2k; k) model with Liouville deformation at radius vko/. The
Loy, X Ly, orbifold of the model gives rise to the mirror Mj of this model which is a (2k, 2k; k)
model at radius R = vko/ modded out by Zsy, x Zy,. If the original model M is (Liouville)
deformed, then the mirror M, is expected to be (cigar) resolved, which is indeed the case.
We have thus exhibited an infinite family of models, parameterized by a pair of integers
(k1, ko) that are mirror to one another and for which the elliptic genera match.

4.2 The (k;2k,2k) model

We next consider the model with two non-compact factors and one minimal model. The
non-holomorphic sector of this model has qualitatively different features from the models of
subsection 4.1 since it involves the modular completion of a product of two mock modular
forms. The Landau-Ginzburg description of the model is given by the superpotential

W = X7 4 e 22 | o725 (4.21)

We consider the orbifold by the group Zsg X Zj, generated by:

2mi

(Xl,efyg,efy?’) — (eTXl,e%e*YQ,e%e*YS)
(Xl,e_YQ,e_Y?’) — (Xl,e%e_YQ,e_%e_YB) ) (4.22)
For simplicity we only focus on the orbifold by the full group H = Zj.

4.2.1 The short multiplet bound states

Using the twisted blocks in equations (2.15) and (2.17), the holomorphic part of the elliptic
genus of the double orbifold takes the form:

(i 2k, 207 P = ST S S

J1,J2:J8 Ma,mpELay Na,npELE

2mimy, 2ming

e ar - (2201 +1)+(2j2— 1)+ (23— 1)) p =55 2 (272—1) = (253 —1)+2na)

. 1 1
C%}H—l—ZmaCh (]2;_2+(ma + na); q, Z) Ch (]3;_2+(ma o na); 9 Z) :

(4.23)
We find the constraints:

2J1 + J2 + J3 '
—= " c 7 d =4 —€Z. 4.24
? € an A + ? IS ( )
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As before we will find it useful to eliminate the twisted quantum numbers n, in terms of the
spins, while retaining the integer R-charge constraint as it is. We then substitute the R-
charge constraint in the angular momentum variable of the two Liouville factors. Redefining
the variable m,, variable to m], = m, — (2j; — 1), we finally obtain the expression:

1 —omi 2j1+j2+3i3
ot (k; 2k, 2k)Z2mZr — o Z Z o 2mimy, =H2E Cj—12j1—1—2ma(q’z)

Ma,mpELak J1,J2,J3

1 1
Ch(]’z; —5 T ma = 2ja — 13 ¢, Z> Ch<j3; —g5 T Mma = 2j3 — 1;q, Z) . (4.25)

Repackaging this in terms of the twisted blocks, we find:

1 N - -
X(k; Qk, 21{5)2%72}C = ﬁ Z Xma,mb(k_§ )Zthol;ma,mb(_; Qk)ZQthol;ma,mb(_; 2]{)2% .

Ma,mpELay

(4.26)
As was done in the earlier examples we turn now to a calculation of the non-holomorphic
completion of the elliptic genus in order to read off the mirror model. The non-holomorphic
contribution for this model is qualitatively different in nature and throws up new and

interesting points.

4.2.2 The long multiplet scattering states

Schematically, the fully modular elliptic genus of this orbifold model can be decomposed
into a holomorphic and non-holomorphic piece as follows:?

1.2.3 2 3 2 3 2 3 2 3
X=X X X = Xllwl (Xhothol + [Xhoerem + XremXhol + Xreerem]) ) (427)

where we have suppressed the summation indices over the twisted blocks of the orbifold.
The terms in the square parenthesis are the non-holomorphic completion for the product
of two mock modular forms. The mirror analysis of the first two terms in this comple-
tion parallel the discussion in the previous subsections and we do not show the details of
the calculation since we obtain the expected result parallel to the one obtained in equa-
tion (4.26). The last term is of a new type, and we consider it in detail below. Denoting
it by 73, and reinstating the missing summation indices, let us use the twisted blocks for

2We elaborate on this point in section 5.
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the non-holomorphic sector and write it out in full glory:

2k—1 k—1
1 - - -
T3 = 9%2 Z Z Xma,mb(k; _)Xrem;ma+na,mb+nb(_; 2k)Xrem;mafna,mb7nb (_; 2]{3)

Meq,Mmp=0nq,np=0

1 (i6n)’ mimy (21 41)—ma) s
:2k2<72r77131> 222 2 Ze%%;ﬁl—ma

J1 wWi1,n1 w2,n2 Mae,Mp Na,Np

% e%((mb+nb)(n1+(ma+na))+(mb—nb)(nz-‘r(ma—na)) nli%wlgkz(ma“m) + "272kw2;r,3(m“7"a)

) x 2

dsy ﬁ+(”1*2kw1+2(ma+na))2 7ﬁ+(n1+2kw1)2
. q 2k 8k q2k 8k
2is1 + ny + 2kwn
d82 £+(”272kw2+2(ma*na))2 7ﬁ+(n2+2kw2)2
- qz2k 8k q2k 8k .
2isy + ng + 2kws

(4.28)

The phase factors give rise to the two constraints:

ny — 2kwq ng — 2kwsy 271 +1

o ok z
ny — 2kwq _ ng — 2kwo . 2N
2k 2k 2k

€z,

€. (4.29)

We have used the fact that n, is defined modulo k. As before we can solve for the variable

ng using the second constraint:

2ng = (ng — 2kwy) — (N1 — 2kw,) . (4.30)

The variable n, appears in two different combinations with the other variables in both of
the non-compact factors. Let us label those combinations e; and eo, where

e1 = (n1 — 2kwy) + 2(mg + ng) and es = (N2 — 2kws) + 2(my — ng) - (4.31)
Substituting for n,, we see that the combinations e; and ey become
e1 = ny — 2kws + 2m, and es = ny1 — 2kwi + 2my . (4.32)
We use the integer R-charge constraint in equation (4.29) to obtain:
e1 = —(n1 —2kwy) 4+ 2mg —2(251 + 1) and eo = —(ng — 2kws) +2my —2(251 + 1) .

(4.33)
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Shifting the variable m, by (—2j; — 1) and substituting for the combinations e; in the
expression for T3, we find the final form:

1 1 011 2 2mimy (2(251+1)+n1+n9) (=n1+2kwy+2ma) | (—np+2kwy+2ma)
fe g (L) D T e ey i
2k \ 7w n3

J1 wi1,n1 w2,n2 Ma,Mmyp

dsq §+(—7zl+2k;1;61+2ma)2 _§+(7zl+::w1)2
9is1 + ny + 2kwy | q
dSQ 5% (77L2+2k:w2+2'ma>>2 ‘S% (n2+2kw2)2 .
2% T g2k T J1
. q2k 8k q2k 8k C*2j17172ma
27132 +no + Qk’wg
1
X Y k) L2k 5 o1\
- % Z Xh0l§ma7mb(k7 _) erem;ma7mb(—,2k') QkXTem;ma,mb(—,Qk‘) 2k
Ma,Mp
(4.34)

The factors agree with the twisted blocks of the mirror model. Indeed, one can now
combine all terms in equation (4.27) and rewrite the full elliptic genus as the integer R-
charge orbifold of an anti-diagonal minimal model at level k, tensored with the two cigar
theories at level 2k. Thus, all terms in the elliptic genera confirm the mirror symmetry
of the models, including the long multiplet contributions. We can also rewrite this as the
elliptic genus of a diagonal minimal model combined with two cigars (up to an overall
minus sign, and a minus sign in the second argument of the elliptic genus). Note how our
calculation again gives rise to non-trivial identities between the orbifolded product of two
modular completed Appell-Lerch sums A.

Finally, let us stress that our method, ultimately based on T-duality, will work for any
number of products of minimal models and Liouville/cigar theories and their orbifolds.

5 Notes on mock modular forms

In this section, we make various remarks on mock modular forms, a field which is in full
development in both mathematics (see e.g. [29, 30]) and physics (see e.g. [31-35]). We
propose that the embedding of the mathematics of mock modular forms in our present
conformal field theory perspective provides a fruitful point of view.

5.1 The shadow

As a prelude to our discussion, it will be useful to introduce the concept of a shadow. It
is sometimes convenient to make explicit the dependence of the twisted partition function
(which is a real Jacobi form) on the anti-holomorphic parameter 7. Once the partition
function is known, this dependence can be read off from its anti-holomorphic derivative
which we refer to as the shadow [29, 30]. For starters, let us explicitly compute the
shadow [29] of the elliptic genus of N = 2 Liouville theory at radius R = Via! directly from
the partition function [11].> The shadow is defined (up to normalization and conjugation)

3The shadow was also obtained in this fashion by Sameer Murthy.
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as the anti-holomorphic derivative of the real Jacobi form x(—;):

Xshad(—31) = O=x(—;1)
1 0]_]_(7—, O[) n—Ilw (nflw)2 7(n+lw)2
= - - e— z 1 n+lw q 4 q @
4\/% 773 w;GZ ( )
1 /16 3
-7y 7&3704) Z Gm,l(q7z%>@n2”<‘j)a (5.1)
2 T2 77 meZQZ )

where we used the definitions of the theta-functions of weight 1/2 and 3/2 at level I:

Omilg, 2) = Z g P et g

PEL
3 m m
0z,(a) =) <p+ 2l)ql(p*?l g (5.2)
PEL

The shadow is a sum of terms which are the product of a holomorphic theta-function of
weight 1/2, and an anti-holomorphic theta-function of weight 3/2.

5.2 The product of mock modular forms

Modular forms exhibit a ring structure. In particular, the product of modular forms gives
rise to another modular form. For mock modular forms, the corresponding ring structure
is not yet fully understood. We therefore believe that it is interesting to observe that if
mock modular forms can be interpreted as the holomorphic parts of the elliptic genera of
conformal field theories, then their product can be interpreted as the holomorphic part
of the elliptic genus of the tensor product conformal field theory (as in equation (2.8)).
Thus, the tensor product operation on conformal field theories can give rise to a natural
product of mock modular forms, or to a suggestion of how to extend the definition of mock
modular forms to include these products. Clearly, the completions of these products of
mock modular forms will include products of mock modular forms and remainder functions,
as well as the product of remainder functions. Indeed, imagine we have two real Jacobi
forms x'2, which are modular completions of mock modular forms X,ll’ozl, then their product
will have a remainder term of a new type:

1.2 1 2 1 2 1 2 1 2
X' X" = XnolXhol T (XnotXrem + XremXhol T XremXrem)- (5.3)

These sums of products of holomorphic and non-holomorphic pieces give rise to generalized
shadows including the product of remainder terms (consisting of properly weighted modular
integrals of theta-functions) and the shadows of individual non-compact elliptic genera (for
example as in equation (5.1)).

5.3 The orbifolds of completions of mock modular forms

We gave an explicit example of an orbifold of such a product of completed mock modular
forms in subsection 4.2. It is clear that our construction gives rise to a large class of
real Jacobi forms that is non-trivial. The corresponding mock modular forms may contain

— 20 —



multiple poles.* Beyond the orbifolds discussed in this paper, we can imagine many different
types of mock modular forms and their completions that can arise in physical contexts.
Instead of performing R-charge orbifolds as we have done up to now, we can extend the
orbifold group much further.

For instance, we can consider symmetric product orbifold groups. It is straightforward
to write down the elliptic genus of a symmetric product orbifold, using its Lagrangian
description in terms of a sum over coverings of the torus by the torus. The result is
a new Jacobi form obtained from the seed through Hecke operators. The Hamiltonian
interpretation of the resulting formula could prove interesting. Moreover, we can introduce
discrete torsion in more general abelian or non-abelian orbifolds, further enlarging the class
of expressions that one can obtain on the physics side, providing more examples of what
could be called (generalized) mock modular forms.

Yet another class of theories that can be examined, are Landau-Ginzburg theories with
mixes of polynomial potentials, and exponentials. One can compute their elliptic genus
using free field techniques. For the polynomials, one uses the techniques of [1] while for
the exponentials, one uses the approach of [11]. This could potentially open up a whole
new realm of mock modular forms, corresponding to elliptic genera of conformal field
theories that may not be exactly solvable but that can be described as infrared limits of
supersymmetric field theories.

5.4 Uniqueness

Since the mathematics of mock modular forms is not yet set in stone, it is harder at
the moment to prove the uniqueness of modular completions of the largest class of mock
modular forms (see however [28-30] for interesting results in this direction). In particular,
the approach (used for compact models) of identifying polar parts and using ellipticity and
modularity to prove equality of elliptic genera is not yet available for generic completed
mock modular forms (though it may apply to the case of a single non-compact factor
examined in subsection 4.1.2). Such a general mathematical theory could give rise to the
physical statement that the long multiplet sector matching is guaranteed by ellipticity
and modularity. That would provide interesting information on the asymptotics of these
non-compact Gepner models from their bound state spectrum, and vice versa.
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A Characters

A.1 Minimal model characters

One way to define N = 2 minimal model characters is implicitly:

S GO, )0 ( —ij‘) (7,008 (7, —a). (A1)

nGsz

We used the theta-functions defined by the formula:

Oui(r,a) = Y emiThlmt g erioklmgp), (A2)
mez

The Ramond sector ground states correspond to states with R-charges £((2j+1)/k—1/2).

The characters for representations built on ground states are C%J(E) and Ci‘ (2_j17)1‘ We note
that these two lists are in fact identical when we use the equivalence relation (j,n,s) =
(k/2—j—1,n+k,s+2). From their implicit definition, we find the character transfor-
mation rule:

2

CI) (7,0 + mar + my) = g~ 5z §me 2T —5)me IS 2ma) (1) (A.3)

We also need the twisted Ramond sector characters CZL which we define as:

i = i — iV, (A.4)

n

They satisfy the transformation rule:
Co (T, + mgr +my) = (1)t mogTEMa T E e 2T M) L (ra), (AB)
as well as the equality:
¢’ (r,a) = =Ci(7,—a). (A.6)
A.2 Minimal model twisted blocks

In computing the minimal model twisted blocks, we assume that for an individual model
we have a partition function in which we sum over left and right spins which satisfy s = s
modulo 2. This is a diagonal sum in terms of NS and R sectors. We then find for the
elliptic genus:

k—1 k=2
O11(q, 2 %) : ;
Xhi=)=———75—"= Cy11(a,2). (A7)
Oi(g,2%) 01
727"'
The twisted blocks are:
k=2
2
Xma,mp (k; _) - eQm’%mambe%rig(mgT-i-?maa) C%jJrl (7_7 o+ Mg T + mb)
7=0.3,
k=2
2
_ 6271'16mamb( 1>ma+mb Z e27rzmb JI:" 62j+1,2ma (7_704). (A 8)
j:07%7' .
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Inserting the standard phase €, we obtain

v ‘

2mimamy

Xma,mb (k; _) =e€ k €
j=

2j+1

k C§j+l—2ma (1, ). (A.9)

2mimy,

(=]

1
K 2 AR

We have used the known elliptic properties of the Ramond sector characters in order to
derive the twisted blocks. Equivalently, we can perform the calculation using the ellipticity
properties of the theta-function. We obtain

2mwimy,

l)_
k'q” Tk e k
1

_ma 011(2
k

)zmaymb(kl; _) ==z mg  2Timy (A]‘O)

O11(zkq ke &
We note in passing that with this choice of phase ¢, the twisted blocks of [14] and [16]
agree. It remains to compare this to the sum of the Ramond sector characters. We rewrite:

1y _
—mq 011(2"07%) gmasq)

X k:—) ==z , A1l
Xma,mb( ) (911<Z/%; q) ( )
with
2 = zq™Ma 2T (A.12)
Using the elliptic property of the theta-function, we can write this as
mg 2wimagm 9 /(l_l)'
Sy (k=) = (~1)7eq B 0=B) pmati=po-tripm Il Fi0) (A13)

011(2'%; q)
The ratio of theta functions can be expanded in terms of the Ramond-sector characters
as in equation (A.7). We then again use the elliptic properties of the minimal model
characters (A.5) to find that the result agrees with equation (A.9). We have come full
circle.

A.3 The Z; orbifold and mirror symmetry

Consider the Zj, orbifold the N = 2 minimal model (with s = § mod 2) of central charge
¢ =3 —6/k. Let us calculate the elliptic genus of the orbifold:

1
(ks =) =2 D> Komamy (ki =)
M, MpELL
k=2
1 —om; b - 2mimy, 2L o5
= d e ; XTI C g, (T ). (A.14)
m,neLy =0

1
VE e
The sum over the variable my puts m, = 25 + 1 (mod k) and adds a factor of k. We can

most easily eliminate m, from the sum and find:

x(k; )Zk = Csz—l(Tv o)
7=0,3,
B
2 .
- _ i (T —0). (A.15)
i=0.3,
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This is one of the simplest examples of mirror symmetry in conformal field theory. We
recognize the previous to last line as the elliptic genus of the anti-diagonal minimal model.
Note that for these compact models, the Z; orbifold is equivalent to performing T-duality.

A.4 Characters at ¢ > 3

The elliptic genus of N = 2 Liouville theory at radius R = v/la/ contains a holomorphic
part and a remainder term, namely it is a completed Appell-Lerch sum Ay

X(al) = Xhol T Xrem

= MAQZ(ZZ 2*;q)

n
2
(7_ Oé) qlm ZZm
mez L —*1q
1 911 T CK n— lw +oo—ie ds 2+(n lw) 7+(n+lw
Xrem(;1) = —— ——q gl 7 (A.16)
rem 7r Z oo—ie 2tS+mn+lw

w,neL

The holomorphic part of the Liouville elliptic genus can be expanded in terms of the twisted
Ramond sector characters. We have the equation:

1911( q,2) qlm2 am m(2j—1)
Xnol(—31) = Z 7 Z @=
27—1=0
-1 1
= > Ch(ji —5:4:2). (A.17)

We notice that the elliptic genus is expressed as a sum over extended characters. These
correspond to ordinary characters summed over spectral flow orbits that shift the angular
momentum quantum number by multiples of the level [.

The holomorphic part of the cigar elliptic genus can also be written in terms of these
extended characters:

lefmeZw— %

9 )
Z Z = q 1— quw—m

m=0,1,.1—1 w

Xhol(_; Z)Zk (q7 Z)

= Y Ch(ji—5 — (27— 1);q,2). (A.18)

The modular and ellipticity properties of the extended characters are (for mq, my € Z):

¢ 2mimy (2j+2r")

Ch(j;r'; q,zqm“ezmmb) = (—1)m“+mbq*%mgz*§m“e ] Ch(j;r' +ma;q,2). (A.19)

The angular momentum of the representations corresponding to these characters is 25+ 2r”.
We also have the following transformation rules for the holomorphic and remainder term
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of the elliptic genus:

0
Xhol(_; l)(T’ —Oé) = Xhol(_; l)(T, Oé) — % Z qkaZQm
meZ

0 2
Xrem(_§ l)(Ta _a) = X?"em(_; l)(T, a) + % Z qkm Z2m. (AQO)
il meZ
The extra term is a reminder of the ambiguity of the holomorphic part of the elliptic genus,

due to the bound state spectrum touching the delta-function normalizable continuum.
Together, these equations give rise to the equality:

XGO(r, —a) = x()(7, ), (A.21)

which can also be derived directly from the integral representation of the non-compact
elliptic genus.

A.5 Twisted building blocks at ¢ > 3

A.5.1 Character formulae

Using these properties, we can calculate the holomorphic part of the twisted blocks for the
Liouville and cigar elliptic genera:

-1
. o 1
X (=5 1)(7 ) = g g mirsznee) 57 O~ mar +m)
2j—1=0

-1 .
_ (—1ymatmenigmams 3 ewmb%lch(j;—;+ma;7,a).
2j—1=0
(A.22)

We use the value of the central charge ¢ = 3 + 6/, multiply by the phase factor ¢ and
obtain:

-1
~ 2mimagm (2j-1) i . 1
Xhotimamy (—30) =€~ T~ Y e F 2 ZmbCh(J; —5 +maig, Z)- (A.23)
2j—1=0
For the cigar, we find:
-1
B 2mwimagm —(2j—1) . . 1 .
Xhol;m,l.mb(_S l)Zz e b Z eig 2mmbCh (]; —5 — (2] — 1) + ma;q,z).
2j—1=0

(A.24)
A.5.2 Twisted blocks for the non-holomorphic sector

For the continuous character part of the elliptic genus we find, for the Liouville theory
twisted block:

- (_1)l’[/w Z 62Tri(n+7r;“>mbzn—lwl+2ma

Xrem;ma,mb (_ ; l)

3
g N w,neZ
Foo—ie ds s2 | (n—lwt2ma)? 2 | (nlw)?
,7(]7+ py CjTJF . (A.25)
co—ic 2t +n+lw
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For the cigar theory, we end up with:

. 1 6 Ie% . _
Xrem;ma,mb(_;l)zl — e27rzmalmb (_1)71—111577—:;) Z e—Qﬂzmb%z_n llw+27‘;7,a

w,NEL

+oo—i€ 2 o 2 9 2
ds  fplctecama? 20l o o)
% q q
Coo—ic 2084+ n 4+ lw

A.5.3 Exact expressions for twisted blocks

Finally, we give the expressions for the complete twisted building blocks, for the Liouville
theory:
2nimamy,  mg  2mg 1011(T, Q) 1

Xmam,(—30) =€ T g T 271 TAZ(Z

mg  2mimy
l

qgle 1 ,z2q2m“;q), (A.27)

and for the cigar theory at radius R = vlia/:

2rimamy  mE 2mg Zﬂn(T, a)

~ . Z o ta

Xmmmb(*vl) '=e ! qtlz! 3

n

!
1 m, 2 2mim! n! . 1 ma+"ll 2Tri(mb+mg7)
- - a—a - = 2 2mg.
X 7 Z g e T Ag(zigm T e ! ,27q"Me; q). (A.28)
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