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1 Introduction

Recently, there have been some interests in three dimensional gravity theories containing
certain higher curvature terms in the action, which are initiated by the advent of the
new massive gravity(NMG) [1]. Though there are no propagating degrees of freedom only
with the Einstein-Hilbert term, the situation becomes different with these higher curvature
terms in the Lagrangian. It has long been known that the theory with gravitational Chern-
Simons term [2, 3] leads to massive gravitons and also allows black hole solutions [4]~ [9].
The newly proposed NMG theory can be thought as the non-linear extension of Fierz-Pauli
massive graviton theory, and it preserves parity symmetry compared to the topologically
massive gravity(TMG). Whereas it has also been shown that there are black hole solutions
of the usual BTZ type in the NMG with cosmological constants, there are new type of
black holes [10] and those with the warped AdS asymptotics [11].

There have been various studies on NMG, which include supersymmetric extension,
its black hole solutions, the central charge of the dual conformal field theory(CFT), new
type black holes, etc [1, 10]~ [17]. In the context of the quantum gravity, it is meaningful
to consider higher curvature corrections. The NMG may be regarded as three dimensional
gravity with curvature square correction terms. Therefore, it is natural to consider even
higher curvature corrections in the viewpoint of the quantum gravity or the string theory.

More recently, there are proposals to extend NMG to even higher curvature theories,
one of which is the extension of NMG to R? terms in the Lagrangian [18]. This is consis-
tent with the holographic c-theorem. The other is the extension to the Born-Infeld type
Lagrangian [19]. These may be a good playground to go toward the quantum gravity and
to test the AdS/CFT correspondence.



These two extensions become identical up to R? order terms when a suitable matching
among parameters is performed. The linearized theory, which tells us the properties of
gravitons, is not yet investigated on these theories. Instead of this direction, we investigate
the properties of various AdS black holes in these theories and dual conformal field theories.

In this AdS/CFT era, whenever there is a AdS solution in some gravity theory, it
is standard to envisage the existence of the dual CFT on the boundary and consider the
implications of the gravity for the dual CFT [20-22]. For the three dimensional gravity
theory, it is natural to conjecture the dual theory as a kind of two dimensional CFT. The
first thing one may try to do is to obtain the central charge of the hypothetical 2d CFT
from gravity theory. This is one reason to study the entropy, temperature, etc. in these
theories in the view point of AdS/CFT correspondence.

Now, there are several ways to obtain central charges of the dual CFT. In this paper,
we use mainly the “Cardy formula” to obtain central charges of the dual CFT [23, 24]. This
formula may be thought as the relation between temperature and entropy. Concretely, by
writing the black hole entropy in terms of the black hole temperature and interpreting those
quantities in the CFT side according to the usual prescription of AdSs/CFT, dictionary,
the Cardy formula is given by

2L

SBH = 3 (ctTr + crTR) .

Since the extended NMG theories considered in this paper are parity symmetric, the left
and the right central charge of the dual CFTs are identical ¢ = ¢, = cp. One of the main
results in this paper is to present central charge, ¢, of the dual CFTs, explicitly. For the
asymptotically AdS case, there is another way to obtain central charge, which is developed
in [25]~ [29], coined as central charge function formalism. We propose a slight extension
of this formalism to apply to new type black holes and show that it leads to the value
consistent with the above Cardy formula.

This paper is organized as follows. In section 2, we review briefly two types of the
extension of NMG proposed recently. One is the extension of NMG with curvature cubic
terms(R3-NMG) and the other is the Born-Infeld type extension of NMG(BI-NMG). In
section 3, after the some explanation of our method to obtain solutions, we present various
black hole solutions: BTZ black holes, warped AdS black holes and new type black holes.
Various physical quantities, especially the entropy and central charges of dual CFTs are
presented. Since this section is relatively long, we divide it into several subsections with
some introductory remarks. Our results are summarized and some future directions are
discussed in section 4. Some calculational details are relegated to the appendix.

2 The extended new massive gravity

There are new interests in three dimensional gravity theories with higher curvature terms.
Though there are no propagating degrees of freedom in three dimensions only with the
Einstein-Hilbert term, the situation becomes different with higher curvature terms in the
Lagrangian. It has long been known that the theory with gravitational Chern-Simons



term [2, 3] leads to massive graviton and also allows black hole solutions. Recently, another
type of massive graviton theory has been explored (see for a review [30]), which is named
as new massive gravity(NMG).

One reason of these developments comes from the implication of these theories in
two dimensional CFT through AdS/CFT correspondence. One may ask whether it is
possible to extend NMG theory to the theory with even higher curvature terms. There are
recent works to answer this question. In doing so, we need some guideline to go to higher
curvature terms. If these theories have a string/M-theory embedding, one can obtain the
higher curvature corrections systematically. However, this embedding is not done yet, and
moreover, it is unclear that there is such embedding at all. Therefore, it seems desirable to
have another way to obtain higher curvature corrections, for instance, through AdS/CFT
correspondence. There is a recent attempt [18] to extend the new massive gravity by
considering the central charge function and c-theorem, which basically utilize AdS/CFT
machinery. There is another attempt [19] containing an infinite number of higher curvature
terms, which becomes identical with the previous one up to the curvature cubic order by
a suitable parameter matching.

2.1 The R? extension of new massive gravity

The R? extension of New Massive Gravity (R3-NMG) [18] is

n 3 2 1 5 /
= dPay/— K K 2.1
S=, / z/ 9[0R+ pt oK+ 12 5| (2.1)

where 2k? = 167G is three dimensional Newton’s constant and 7, o and & take 1 or —1.
Here, K and K’ are defined by

3
K = R, R" — 832,
K' = 17R* — T2R,, R" R + 64R R/ R}’ .

At the level of equations of motion, the overall sign 7 of the action is meaningless, but it has
some important consequence in the black hole entropy and in the positivity of the central
charge of dual CFT. So, we allow the overall sign choice 7. Our convention is such that
k%, m?, u? are always positive, but cosmological constant, 1/I2 may be positive or negative.

Note that the above K and K’ satisfy the following interesting relations

oK 1 0K’
I oR,, — 4 IR,
The equations of motion for the R3-NMG are
1 1 19
O'G,ul/ - l29,ul/ + 2m2 K;w - 12#4 KLV =0, (22)



where

5 13
8

1
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Ky = g <3RaﬁRa R2> Ry =S8R RS+ (4V2RW ~V,V,R— gWVQR> :

~72 [ — 2RRyo RS — Rap R Ry — V2 (RR,)+ V.V (Rap R) +2V,,V (RS R)

1
o 9 R B R= g, VoV 5 (RR) =g, VA (Roy )|

3
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1 Q 3 o
+ 9 Ras R = 9,V aV (RS Rpﬁ)] .

+64[ ~3RLRS Ry~ VA(RyuaRS)+3Va V(RO RY)

2.2 The Born-Infeld extension of new massive gravity

The Born-Infeld extension of the new massive gravity (BI-NMG) [19] is also introduced,
whose action is

2m2 3 m o 1
S=-n 2 /d x\/—g[\/det (5y+m2G y>—1—2m2l2} , (2.3)

where G denotes the Einstein tensor, G*, = R", — 55“1,}%, and 7, o will be taken as 1 or
—1.
Expanding the square root expression, one obtains

n 3 2 1 o / 4
= — K — K . 2.4
S 0,2 /d zy/ g[UR—i— 2t oema S T O(R )] (2.4)

Note that this covers various cases by taking suitable signs of n and o. Up to R? terms,
the BI action becomes the same form of the previous extended new massive gravity by
choosing p* = 8m* and ¢ = —o. However, note that the sign of the R? term is fixed in
this case in terms of the sign of Einstein-Hilbert term.

Equations of motion for the BI-NMG with ¢? = 1 are given by

N 1
0= \/detA|:28 (MRV)a_BRMV] _QUmQQW <\/th A—-1— 2m212>

+ G |:VQV5 (Vaet A B7) V2 (Vlet A B)] (2.5)
+V,, 9, Vet A B) +V? (Vdet A By, ) = VoV, (Vdet A Byo ) = VoV, (Vdet A Bya )
where A and B are defined by

AL =61 + 7 GH ), B, = (A"HH, B=B".

3 Black hole solutions

There are various types of black holes in the above mentioned gravity theories. It has
already been known that BTZ black holes are still solutions of any higher curvature gravity



theories in three dimensions. Recently, it was shown that there are new type black holes [10]
and warped AdS black holes in NMG [11]. In this section, we will verify explicitly the same
form of the metrics are still solutions in the extended NMG case. Our main results are
the verification of the existence of such solutions and central charge expression of the
hypothetical dual CFTs.

Since we are dealing with higher curvature theories, the basic tool in obtaining black
hole entropy, which we will use, is the so-called Wald formula, pioneered in [32]~ [34]. This
formula was derived by interpreting the black hole entropy as the Noether charge on the
horizon. Using simplified version of this formula [35-37], we will present our results for
the entropy of various black holes. By writing the black hole entropy in terms of the black
hole temperature and interpreting those quantities in the CFT side according to the usual
prescription of AdSs/CFTy correspondence for the parity symmetric case ¢ = ¢f, = cg as

L 2L
Spu = (ctTr + crTR) = 3 c(Tr, + Tg), (3.1)

3

we obtain the central charges of the dual CFTs.

According to the AdS/CFT correspondence, the central charges should be written in
terms of the parameters in the dual gravity Lagrangian but not of those in black holes,
which means that the central charge represents the property of theory but not of a specific
state. In other words, when there are different black holes with the same AdS asymptotics,
one can expect that the central charges obtained through each black hole system should
be the same. In the R? extended NMG case, there are new type black holes of the same
asymptotic with BTZ ones, which are, henceforth, expected to lead to the same central
charges. In the following, we will show that there are new type black holes in the R?
extended NMG, like the NMG case, when parameters in the Lagrangian take specific
values. Indeed, when parameters are chosen accordingly, the central charge of the dual
CFT obtained from these new type black holes becomes identical with the central charge
given by BTZ black holes.

We use the dimensional reduction procedure of [11, 31, 38]~ [40] to find solutions
with stationary circular symmetry. This method have already been used to get black hole
solutions in TMG and NMG case. According to this method, we can take a metric ansatz
with two Killing vectors d; and J, as

ds® = Aap(p)dz®dz’ + ((p) " R(p)dp” , (3:2)

where 2 = t,2! = ¢, R(p)? = —detA and ((p) is the scale factor for arbitrary
reparametrizations of the radial coordinate p. The special linear group SL(2,R) in the
two Killing vector space is locally isomorphic to the Lorentz group SO(2,1), which sug-

gests the parametrization of the matrix A

_ [T +X(p)  Y(p)
= < Y (p) T(p)—X(p)> ’ 33

such that special linear transformations of A correspond to Lorentz transformations of the
vector X = (T,X,Y) and R? = X2 = ni; X' X7 = —T? + X% 4+ Y? is the norm in the



Minkowski space. As usual, we represent the scalar and vector product of two vectors X
and Y in the following form

)? . }7 = 77inin, (X N ?)Z = ﬁijejlele s (34)
with €p19 = +1 for the wedge product.
For the chosen metric ansatz, we can obtain the Ricci tensor components as [9, 11]
, d

Ry =5 (CRRY1+ (@0 ) A= —CCRRY + (X7, /= S (35)

where ¢ represents the matrix defined in terms of the components of the vector L =

(LT, X, 1Y) =X A X'
Y —rT4+rX
(= r . (3.6)
LT+LX LY

In the appendix we write down the details of this method in our case. Various curvature
scalars for the action in the case of R3-NMG are given by

R = o(? {—Q(RR’)’ + ;()?'2)} —20¢¢'RR’, (3.7)

K — C4 {;(EIZ) - le(RR/)/(XIQ) + 352()212)2}
w8 - RRE 4 D), (58)
9

1 _ 6 _3 IN (Y122
K= ¢ { = (RRY(P 4 ¢

(Xv‘/2)3 + 24(RRI)/(EI2) o 18()?/2)(1‘-;/2)}

+¢5¢ {— ;’ (RR)(X"*)? 4+ 24(RR')(L"?) + 48(RR"Y (L - L)

+24¢3¢3(RR)(L?) . (3.9)

Using these expressions, one can reduce the R3-NMG action to the one-dimensional form
given in the appendix up to a surface term. From the reduced action, we can derive the
reduced equations of motion. After variation of ¢ we can fix the gauge ( = const using
the reparametrization invariance of the metric (3.2). The first form (A.1) of the reduced
action in the appendix gives us the equation of motion after variation with respect to X as

1 1
OA+ 0B+ 0H =0, (3.10)

where dA,0F and 6H are written down explicitly in eq. (A.4)~ (A.6) in the appendix.

It is convenient to use the second form (A.2) of the reduced action for the variation with
respect to ¢, which gives us the following Hamiltonian constraint:

1 1 21

HE(5A—B')+CQ(3E—F’)+C4(H—J’)—EQC6 =0. (3.11)



In the BI-NMG case, we can obtain the equation of motion through the variation of the

action with respect to X

0 = 4(det A)*(S" — @' + P) — 4(det A)(det A")S" — 2(det A)(det A")S
+3(det A")2S + 2(det A)(det A)@, (3.12)

and from the variation with respect to {, we can also obtain the Hamiltonian constraint,

0 1 (det . A")

2 det A (8.13)

1
N+ M =N —2(det A) + 2(det A)*/? (1 - 2m2€2> ,

where M, N and det A are written down explicitly in eq. (A.23), (A.24) and (A.12) in the

appendix. The variation of the reduced action in both R3-NMG and BI-NMG cases are
presented in detail in the appendix.

In order to obtain exact solutions, we can take a vector X as follows:
X =dp’+Pp+7, (3.14)

where @, B and « are linearly independent constant vectors. Substituting this ansatz into
equation (3.10), we have to impose the following constraints on vectors @ and [ in order
to vanish the higher than the third order components which is given by

a=0, (a-f)=o0. (3.15)
These constraints induce two more constraints

aAB=ba, B2=0, (3.16)

with a real constant b. Using these conditions with (@-5) = —z, we can obtain the equation
of motion and the Hamiltonian constraint in the R3-NMG case as

334 2 2 Iy 17,5 pt ]
0= [5 (— q b*+30b%z+24z2 >_m2C2 4 b +2z _2C40 a, (3.17)
£ 3.6 2.2 4 3 2 1y 2 o b 2
0= — _b>—216b 36b%z—384 22— __b*+3b — . (3.18
12,4 8 2°+36b"z z +<2m2 SR +3b°z +C4 5 2 (3.18)

In the BI-NMG case, we obtain

2 2\ 2 2 /p2
det A = <1+Ufn24> {1—1—0@2 (4 —22)}, (3.19)

and note that det A’ = det A” = 0 under the above conditions. The equation of motion
and the Hamiltonian constraint are given by

m2  2mi 16 m6

C (e N, (3 ! (e, 7
0= 1+0m2 4b -z +m4 4b z |- 1+2m2€2 1—{—0m2 4b —2z . (3.21)

2 4 6
0= [a<2+5< Pro ) 64}&, (3.20)



As is given in the following, the case of @ = 0 in the eq.s (3.17) and (3.20) leads to BTZ
black holes, whereas the other condition of @ # 0 leads to warped black hole solutions.
This section is organized as follows. BTZ black holes are presented in subsection 3.1
with some explanation of generic features. In subsection 3.2, we present warped black hole
solutions. Finally, in subsection 3.3, we present new type black holes and propose some

straightforward extension of central charge function formalism for applying it to new type
black holes.

3.1 BTZ black holes

If we consider the condition & = 0, then the vector ansatz (3.14) reduces to
X=0p+7. (3.22)

Taking two vectors 3 and 7 to be § = [—(1 — €2)/¢2, —(1 + ¢2)/¢2,0] and 7 = [m(1 +
0%)/4,m(1—1?)/4,—75/2], then we find that the metric ansatz (3.2) becomes the BTZ black
hole solution [41, 42]

2 m _ me? dp?

ds® = <—€2p + 5 > dt? — jdtde + <2p + 5 ) d¢?® + 4o w22y (3.23)
(g2P 4 )

for ¢ =1 and b = 4/¢? [11]. If we change the coordinate p = r?/2 — /mf?/4, then we can
transform the (¢, p, ¢) coordinate system into the (¢,7,¢) one. We can also reparametrize
r —lr, t — —Lt and ¢ — L¢/l in order for ¢ and r to be dimensionless. With ( = ¢/L
and b? = 4/¢? we can see that BTZ black holes are solutions of the above equations of
motion, of which metric is given by

(12 —12)(r2 —12) .

dt* +

d 2 — L2 o
s r2 (r2 —7“3_)(7“2 —72)

2
dr? +r2<d¢+ TJ;;“*dt> ], (3.24)

where L is the AdS length. L should always be positive and it is natural to write physical
quantities in terms of this AdS length, L.

The Hawking temperature of the black hole can be obtained by dividing 27 of the
surface gravity k, which is, for the above ADM form of the metric, given by

10,N
T=r4 L \/grr

where ¢ is a null Killing vector at the Horizon with the normalization as ¢2 — —r? for

r — oo. This gives us

2

T+ =
Ty = <1 — > . 3.25
H= onlL 7“3_ ( )

Another way to obtain the Hawking temperature is to demand the regularity of the Eu-
clideanized form of the black hole metric with an appropriate choice of time coordinate
scale. The regularity condition in this case leads to the periodicity of the Euclidean time
and then it can be interpreted as the temperature. Using this approach, one obtains the



same result with the above one in our case. The angular velocity at the horizon can be

defined as 1 1
r_
Q= _N°0ry)= : 2
H= (r+) Lr, (3.26)
For BTZ black holes, the left and the right temperatures are given by [43]

T4+ 1o
T == T g
L ol 5 R

rL—7r_
2L

For higher curvature gravity theories, there are some difficulties to define conserved
charges and we need new ingredients to define various physical quantities like mass and
angular momentum [44]. Strictly speaking, it is required to define various physical quan-
tities in concrete ways and verify the first law of black holes systematically. However, we
will bypass these by assuming the validity of the first law of black holes in these higher
curvature gravity theories. Then, the mass and angular momentum of these black holes
may be read by integrating the first law of black hole thermodynamics

dM =TydSpy + QpdJ .

Note that the left and the right energies can also be defined as

2L 2L
EL = 7T6 CLTE, ER = 7T6 CRTIQ%,

which are related to mass and angular momentum in the BTZ case as

M = Er + Egr, J:L(EL—ER) (327)

For the parity symmetric case, one can see, through the above relations, that the mass and
angular momentum are proportional to the central charge ¢ = ¢, = ¢i of dual CFT, and
check in both cases that the integral Smarr relation holds as

1
M = 2THSBH +QHJ.

R3-NMG case. The condition @ = 0 gives the BTZ black hole solution (3.24), then this
solution has to satisfy the condition (3.18). With b? = 4/I? and ¢ = I/L, L? should satisfy

L § o (3.28)
o — — —_ = . .
2 Am2L2 ,u4L4
The entropy is
An § _
Spy = 4G77<O' + o2 2 + M4L4> , Apg =2nLry (3.29)

where L? is given by the solution of eq. (3.28). The mass and angular momentum are
given by

r2 + 72 1 & Lror_ 1 &
M=t J= 7 . (3.30
8G ”(U T omere Tt ,u4L4> ’ 4G 77<0 T omerze t M4L4> (3:30)



From Cardy formula, one obtains the central charge for of the dual 2d CFT as

3L 1 ¢

- 3.31
“=oaM7 T om2r2 T s (3:31)

Note that the above mass and angular momentum are proportional to the central charge, in-
deed.

For a comparison, let us consider the central charge of the dual CFT obtained from the
NMG AdS black hole solution written in the same form with (3.31). In our convention,’

it is given by

3L [ n 1 ]
c= o
2617 " am2r2]”
where ,
l 1
2 _
One can see that 7 = ¢ = 1 is the sign choice in [10] and n = 0 = —1 is the choice in [11].

BI-NMG case. In this case we have to consider the constraint (3.21) with b? = 4/I? and
¢ =1/L, then L? should satisfy

1 o <1 n 1 >

Lz 2 4m212)”’
where 1/12 is cosmological constant and may be negative, whereas AdS length, L, should
be always positive. One of interesting points of the higher curvature theories is that there

are asymptotically AdS solutions even though positive cosmological constants.
The entropy in this case is given by

. A tt o tt\—1 rr rry—1

r=r4

Ap 1 wLry 1
:7704G\/1+0m2L2:770 e \/1+0m2L2. (3.32)

By substituting L in terms of [ and m, the entropy may be written in terms of parameters
in the Lagrangian with r, for instance n = o =1, as

wlr 1 —1/2
Spm = . & >

26 <1 + 2m1212> <1 T oam2r

The mass of these black holes are given by

2 .2
ry+rZ 1 Lryr_ 1
M =no G \/1+0m2L2, J =no i 1+0m2L2. (3.33)

Noting that the Born-Infeld Lagrangian is also parity-symmetric, one can obtain the central
charge ¢ = ¢, = cp of the dual 2d CFT as

3L 1
=195 1—|—<7m2L2 . (3.34)

!This is consistent with results in [12]~ [10].

C

,10,



Note that the positive central charge is allowed only when no = 1, which is the standard
sign choice of the Einstein-Hilbert term.

All the above central charges for BTZ black holes can also be obtained by the cen-
tral charge function formalism, which may be thought as the compact summary of the

above procedure:
L oL

v . 3.35
QGQM 8RW ( )

Cc =

For instance, in the BI case
L Vet AB
c=no e
n e )
where
1 >3/2

Vdet A = (1 + Umsz

1 \-1
B=3(1+0 ,,) -
3.2 Warped AdS solutions

—3?p3 and (1 — 22) = (3%, then we

Setting the condition B =p=1, (ﬁ q) =
2 ) In addltlon to this condition we can choose

can get R? = (1 —22)p> + 72 = B%(p
vectors as follows [11]
0_2:(1/27_1/270)7 g:( - _1)
F=(2+u,z—u —2wz) (u=pF%p3/4z+ w2), (3.36)

which lead to the metric form

2

where A? is defined by

ﬁQPO
1 - B2
If we take ¢? = 3/(43% — 1) - 4/L? and reparametrize t — t/(¢3?) and ¢ — ¢/, then we
can obtain warped AdS black hole solutions as follows:

A? = p? + 2wp + 2u = p? + 2wp + (1 — (%)w? (3.38)

432 2 2 dp? 2
ds? = f%z LZ[ 7 pr P + A (dp - " (BQ Af o “at) } (3.39)
0

where we have chosen the overall coefficient such that L corresponds to the Ricci scalar

curvature as R = — To see this, one may note that the asymptotic region is given by

L2
taking p — oo as

4p% —1 dp? 11 \2
as* ="y LQ[—dt2+ pp2 +62p2<d¢—ﬂ2pdt) } (3.40)

which can be shown to be the warped AdSs in Poincaré coordinates by a suitable change
of variables.? It is an interesting fact that the above warped AdSs black hole metric has

2The coordinate transformations are not unique at the asymptotic region. For coordinate transformation
to the Schwarzschild type, see [45].

— 11 —



constant curvature invariants of the same values with the warped AdS3, which allows to
obtain it by the quotienting method from the warped AdSs space [29, 45].
By a suitable coordinate transformation with parameters relations

1 1 1/2 +3
p0:2(7'+—’l",), (1—62)(4):2<T‘+—|—T*—26\/’I“+’I“,>, ﬂ2: 12 ,
the above metric can be written as [45]
dr?
ds® = L | — N(r)%dt? 2(d6 + N°(r)dt)? 41
. (4 + REP0+ N')ie? + o SO @

where
2
£ 3)(r —r)(r— 1)
N2 = (v
") AR(r)? ’
NO(r) = 2ur — \/rir_ (V2 +3) 7
2R(r)?

R(r)? = Z (3(V2 — )4+ (P +3)(ry +r_) —dvror (V2 + 3)) .
We will use this form of the metric for the entropy, Hawking temperature, etc in the
following.

The black hole temperature and the angular velocity are given by

B 32 3 ry—r_ B 1\/4ﬁ2—1 1
e 27TL\/462_1 <T+—ﬁ\/r+r_> S L 3 <T+—5\/7“+7“_> - 842

The left and the right temperatures of these warped AdS black holes are given by [45]
_ =2 _ 2 _ 2
e Skt 0 MU O W

2nL 432 — 1 2n L 432 — 1
which are related to the above Hawking temperature and angular velocity as
1 I 4ﬁ2 —1 /T, +Tgr Qy 1
=TT — .
TH 3ﬂ4 TR ’ TH TRL

It was suggested in [45] that more useful charges in the warped case are the left and the
right moving energies which are defined by

’L ’L
ELE T CLTE, ERE T CRTIQ%.
6 6
By construction, these charges satisfy
oS 1 oS 1
BH _ BH _ (3.44)
OEL TL 8ER TR
The mass and angular momentum can be related to these charges as®
334 QCLE T
J=L(E;, — ER). 3.45
\/ 4 BQ _ 1 ) ( L R) ( )

*We have modified slightly the relations given in [45] in order to apply these to our case. These modified
ones also lead to the correct results in TMG case.
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One can check that (M, .J) defined in the above satisfy, through the formula (3.44), the
first law of black holes,
dM = TydSpy + QydJ .

By using the left and the right temperatures in terms of black hole parameters r4,r_ and
recalling ¢;, = cg = ¢ in our case, one may write the mass and the angular momentum in
terms of the central charges as follows:

P 3/2
M= GBL (4632ﬁ_ 1> r ke =28y e 340
2 2
J = 214 (45326— 1) [(m o= 20y/rpro)? = (re —ro)? ¢, (3.47)

where ¢ denotes the central charge of dual CFT. One may also write (M, J) in terms of the
black entropy since the central charges are proportional to the entropy in the present case.

Using black hole entropy, Spm, given in the following, one can show that the above
formula satisfies Smarr-like relation

M =TySpu +2QuJ,

and verify the differential form of the first law of black holes explicitly. We will not present
the mass and angular momentum explicitly in each of the extended NMG’s , since it is
straightforward to obtain those for the given central charges which are given in the follow-
ing.

R3-NMG case. Substituting the values v> = 1,z = (1 — 3?)/2 and ¢? = 3/(4p% - 1) -
4/L? into two equations (3.17) and (3.18),then we can see that L and 3 should satisfy
two equations

0— o 3(4p% —21) 1 27(48% - 3)(48* —15) 1
B 2(432 — 1) m2L? (484 —1)2 pALA’

0_ 432-1L% 3(168*—803%+63) 1 9(4/3%—3)(328*—-1083%+75) ¢
7 3 gt 4321 am2r2 " (481—1)2 pALA

Note that L can be solved as

12— (4ﬁ20_ 1) 4m32'u2 {(4ﬁ2 — 21),U2 + \/(4ﬁ2 _ 21)2M4 + 48{0(4ﬁ2 _ 3)(4ﬁ2 . 15)m4} _

Using Wald’s formula, one obtains

Ay 3(5 — 44%) 9(3 —46%)(13 — 1262)} ’ (3.48)

SpH = 4G”[U T ou@ — ym2r2 T8 (4t - 1)2uLe

3
Ag =27LR(ry) = 27TL\/4ﬁ2 _1 <7°+ — 6\/r+7“_) ,

where 3 and L? are given by the solutions of the above equation.
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The central charges for the warped AdS black holes can also be obtained by the

Cardy formula
2L 2
S=" "(c, Ty + cgTr) = "

L

3
which leads to

L \/3(452 -1 3(5 — 4/?) 9(3 — 462)(13 — 122)
- 2 7T oupe a2~ 8 y e ara | (349)
2G B 2(4p? — 1)m?L (43% — 1)2pAL
The naive application of the central charge function formalism leads to
3L 1 3(43% —3)(43% = 7)
C= 2077 |:U + Im2[2 - 5 (4ﬁ4 o 1)2/1'4L4 ) (350)

which gives the different answer in this case, which is not unexpected since the central
charge function formalism is developed for the AdS space not warped AdS space.

One can see that the above result (3.49) reproduces the new massive gravity case if
one set £ =0

1
2 _ 9272 272Y,7,2]2
16 4(1_le2)(21 9m-l i2\/3(7+5ml)ml),
1 20442 —1om? 20

22
1 272\,,,272 51
g = 3(452 21) —63l2(—39mliO\/3(7+5ml)ml>, (35)

which implies

gy = Au [ 3(6—44%) 1 Ag 16nc  Agy (4 6 >
BE= 467 7 o4p2 — 1ym2r2| ~ 4G 21 — 452~ 46 \57 " sm2r2)”
and
_8L/3(4p - 1)
176 g1 - ap2)
These results are consistent with the choice of n = o = —1 in [46].

BI-NMG case. Substituting the values b> = 1,z = (1—3?)/2 and ¢? = 3/(43*—1)-4/L?
into the equations (3.20) and (3.21), we obtain

270
L*=— 52
(182~ 1ym?’ (352
323%-1) o  54(B*-1) 1 1 3(432-3) o 12
0=1 — — 1 3.53
* 462—1 m2L? (465%2-1)2 m*LA ( +2m2l2>{ * 4321 m2L2} , (3:58)
where we may note that there are warped solutions only for o = —1.
Using Wald’s formula, one obtains (Ay = 27LR(r4))
_ AH ity tt\—1 rro o rry—1
Spy = —na4G\/detA(B (¢") "+ B"(g™) —B)‘p:po,
Ay 30 3482 —3) 172
= 1 1 . .54
e ( T g2 - 1)m2L2> [ 742 — 1ym2re (3:54)
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Using the Cardy formula, we also get the central charges,

L \/3(4p2-1) 30 3482 —3) 172
c=wae (1 g are ) [T ] 659

where L and (3 are given by the solution of egs. (3.52) and (3.53).

These may be written as

S Ay 4 AHS( 270 >—1/2’

a3 403 m2L2

2L [(4p-1) 1
T a\33-p2) 8

The central charge function formalism leads to central charge of the dual CFT as

2L (5 —4)

36" s (3.56)

L
c:UJQG\/detAB:

which is different from the above one.

3.3 New type black holes

There are new type black hole solutions, which exist for a specific values of parameters in
the Lagrangian in the R3-NMG case.? One can check these type black holes solutions exist
only in the R3-NMG case. These black holes are shown to exist in the NMG case, but
their properties are not investigated in detail even in the NMG case. (However, see [48] for
some study of their properties and extension to the rotating new type black holes in the
NMG case.) Its metric is given by

2

ds* = L*| — (r® + br + ¢)dt* + + r2d¢?| . (3.57)

r2 4+ br+c

When b is zero, this reduces the BTZ case of r_ = 0.
To satisfy the EOM’s, [? should satisfy the following equations

2 _ (120&m™* + pt)L? 4 6£6m?

m2(Sem? 4 L) (3.58)

and L? is given by
2= 4m02u2 (,ﬁ 4/t + 48a§m4> . (3.59)

Note that in the NMG limit (or £ — 0) these conditions become

I? = 2= !

= c=1.
m2’ 2m?2’

4This is already pointed out in [18].
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For the b # 0 case, the black hole horizon is at r+ = (—b4+/b? — 4¢)/2 and the entropy
and the temperature of the black holes are given by

7L Vb2 — 4c 1
= 2
SBH = 9 3 77{ J+2m2L2}’
Vb2 —de Ty —r_
TH = = )
4w L 4L

where we have used the value of L? given in eq. (3.59) to simplify the expression for the
entropy. For the above static black hole solutions, one may use AdS/CFT dictionary
_ 2m?L
- 3

SBH cI'y to obtain the central charge as

L 1
c= 4 20 + om22 | (3.60)
where L? is given in the eq. (3.59). This result is consistent with [47] in the limit of & = 0
with n = 0 = 1. One can see that this central charge is identical with (3.31) by noting
that the chosen value of L? in (3.59) leads to

=57 o)
= _(o— .
pArA 3 2m?2 L2

One way to define the mass of these black holes resorts to the AdS/CFT dictionary
through the relation M = E; + Egr. In this case, this relation becomes M = W?,’LCTIQJ
which leads to

b2 — 4c
M = 2 3.61
e M7 (3:61)

2m2L2]’
This mass formula satisfies the simple form of the first law of black holes, dM = TydSpy
and reduces to the correct value in the BTZ limit, b = 0. However, it is unclear how to
apply the first law of black holes in this case, since the nature of parameter b is obscure.
In fact, there is an attempt to realize the first law of black holes with the parameter b and
to understand its meaning as a new gravitational hair [48].

For new type black holes, the central charge function formalism leads to non-constant
central charge. This fact is simply the indication that the curvature invariants of new
type black holes are not constant. Therefore, we need some modification of the known
central charge function formalism in this case. However, by recalling the fact that dual
CFT resides in the boundary of bulk AdS space, it is very suggestive to define the central
charge in this case as

L
= . 2
c naQG\/detAB , (3.62)

r—00

where r is the radial coordinate and r = co denotes the position of the boundary. Because
the value obtained in this way is identical with the one by the Cardy formula, this formula
is a natural generalization of the usual central charge function formula.
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4 Conclusion

We have verified that BTZ, warped AdS black holes and new type black holes are solutions
in the extended new massive gravity theories, and investigated their properties in the view
point of the AdS/CFT correspondence.

Firstly, we have presented various physical quantities, mass, angular momentum,
Hawking temperature and entropy, of black holes in all the cases. Secondly, we have
obtained central charges of hypothetical dual CFT using Cardy formula and central charge
function formalism. Our results of entropy and central charges reduce to the known NMG
cases in the NMG limit.

We have considered two version of extended NMG, R3-NMG and BI-NMG, which seem
to be related intimately. One may regard BI-NMG as a natural extension of R3-NMG to
the case of an infinite number of higher curvature terms. However, it needs to be clarified
why the new type black holes exist only for the R3>-NMG case and whether the BI-NMG
can be derived by the same argument for the extension of NMG to R3*-NMG.

We have obtained central charges of the dual CFTs by assuming the validity of Cardy
formula, which is not self-transparent and may be thought as conjectural. Therefore, it
will be interesting to obtain the central charges in other ways and verify our results, for
example, by the approach in [25, 49]~ [51]. Mass and angular momentum are also derived
through the AdS/CFT dictionary. It is required to obtain these quantities as conserved
charges like in [44].

We have verified that the central charge function formalism leads to the same results
with the Cardy formula for asymptotically AdS black holes including new type black holes.
For the new type black holes, we need a simple extension of central charge function for-
malism to match the results. However, in warped AdS black holes, central charge function
formalism, which is developed mainly for BTZ black holes, leads to different results from
Cardy formula. It is very interesting to extend central charge function formalism to the
warped AdS case.

There are various direction to pursue in the future. First, though the gravitons are
massive in the NMG case, it is not yet known that is the case for the extended NMG case.
Therefore, it is necessary to analyze the linearized theory to see the nature of gravitons, and
to see whether massive gravitons and positive mass black holes are compatible, which was
not the case in the NMG or TMG case. It will also be interesting to study the possibility
of string theory embedding or the supersymmetric extension of extended NMG.

Finally, new type black holes should be studied in more detail to see their meaning.
They seem to have new type gravitational hair which is not yet understood completely.
The fact that BI-INMG doesn’t allow the new type black holes may also be addressed to see
whether the existence of new type black holes is artifact or leads to some important lessons.
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A Equations of motion

In the NMG case, the reduced one-dimensional action derived from the action (2.1) is
given by

S, = / dplAC + BCY + O3 + D + BC + PO+ GOC?
FHCHIC 4 ¢, (A1)

_ /dp |:<A_ ;B/> C5+CC3</2+DC2C/3+ <E— ;F/> C3+GC€12

N ;c—l} | (A2)
where
A = 5 {_3(X/2)3 B 3()?‘/2)2()2 .Xl/) +6[(Xv’/2) +4(Xv’ X”)](X /\X’H)Q}
12u4 8 2 ’
o § 3 VI2\2 (. Y v . Y/ \(V G112
B_12,u4 {—2( (X - X)) +24(X - XX AXT)
F12[(X72) + 4(X - XX A X! -()ZAX'")},
_ 1 1 AVE 2 AN 3 22
B {H AR - T - ) @)

and (AAB)-(CAD)=—(A-C)B-D)+ (A-D)(B-C). Other terms are not needed to
get equation of motion and Hamiltonian constraint.
The variation relative to X for the first form of the action (A.1) gives the equation of

motion as following

1 1
5A+<25E+<46H:0, (A.3)
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where

0A =

oE = —

0H =

1234 {(12(}(72) +48(X - X)X A (X" A X))

+(24(X?) +96(X - X"NIX'AX"ANX)+ XA X" ANX')+ X' N (X
+6(X?)X"ANXAX )+ X"AXAXD] +12(X - X)X A (XA
+(144(X" - X") 4+ 96(X - X"NX AN (X" ANX)+ X' N X"AX)+ X
+(72(X"?) +120(X" - X" + 48(X - X)X A (X" A X)]
_i(X‘/2)2X‘// + 36()2 A X‘//)2X‘// + 3(X‘/2)(X‘/ . X—‘//)X—‘/

"A XN
X'
A X" A XD

F72(X A X") (XA XX +72(X A X") (XA X)X
HA8(X' A X)X +48(X A X)X +48(X A X") - (X A X" X
+96(X" A X7 (X A X)X +96(X A X (XA X)X} - 6K, (A.4)
1
m2

9 e e d 1 e hd — 1 — — —
+4X’ AX'AXT) - 2X” AXAXT) - 8(X’2)X”} 0X, (A.5)

—oX".§X. (A.6)

Lo 52 o o= 35 Lo
{XA(XAX””)+2XA(X’AX’”)+2X’A(XAX”’)

The variation relative to ¢ for the second form of the action (A.2) gives the Hamiltonian

constraint

where

! ! 21
H= (A= B)+ LG8 = F)+ 4(H=J) =, =0, (A.7)

¢ 3 3 smo e o T
B = 12#4 _Q(XIQ)?, _ Q(X/Q)Q(X-X”) —G(XIQ)(X X/)(X,-X”)
+36(X?) X AX"V?+72(X - X)X AX")? +48(X - X)X AX") - (X AX")
172X XX AX) (XAX")+48(X - X)X AX) - (X AKX
F12(X?)(X A X)) - (XA XY +48(X - X")(X A XY - ()?A)?")'}, (A.8)
1 R, S o S o S = o ~
Fr= {(X/\X”)2 +(XAX) - (XAX")+ ;’(X AX) - (XTAXT)
m
1 F12\2 3 12\ (v 1!
J =20 {(X7?)+ (X - )?”)} . (A.10)
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Then the Hamiltonian constraint can be represented as follows

H = 125 . {—2(}2’2)3 —6(X?) (X AX")? 18X X AX)- (X' AX")
Ju!
—“12(X)XAX) (XAX") —12(X - X)X AX) (X AKX
+48(X - XY (X A X" —48(X - X)X AX') - (X A X"

—AR(X - XNXAX) (X AX"Y —48(X - X)X AX) (XA X‘//)/}

1 e = 1 — — — — —
+42m2 o (XA X")? — 2 (X2 —(XAX)-(XAX")

3 .o 11 - 2
—(XAX) - (X'ANX" ) — =0. Al

LR ONES O TN SR (A1)
In the Born-Infeld type case, the action is given by the form (2.3) and the determinant of
matrix A", = ", + 2 G*, is represented as a form

Ft e+ 7H, (A.12)

det A=1+ 02
m

where

LR (XX, (A.13)

G = (XX - (7)) -

F=¢X- X~
RPN (KXY~ (E- 1)
+,CCUR R - (1], (A.14)

S—
<
|
—~
i}
N
[\&]
S—
=

= Lo gy L6/ gn ¢ VN2 (YRNV .
H = 64C (X7)7 + 16< (X)X - X (X")(X-X
_1164.5(/()2/2)2()2)2/) + ;CEJC,(XQ)[(X X/)(XX/)/_ (EE,)]

1 — — — -
+16C4C’2(X'2)[(X - X')? = (L7). (A.15)
The variation of the BI type action relative to X for equation of motion is given by

58 ~ / d,o81<(det A5/ [4(det A)X(S" — O + P) — 4(det A)(det A) S

— 2(det A)(det A”)S + 3(det A")2S + 2(det A) (det A’)Q] 06X (A.16)
From this variation of action, we can obtain the equation of motion

4(det A)%(S" — @' + P) — 4(det A)(det A")S" — 2(det A)(det A")S
+ 3(det A')%S + 2(det A)(det AYG =0, (A.17)

,20,



where

1 ol el C6 1 — 1 — — — —
o X XI/ X// 12N\ 2 " X/2 X 3 X// X/I
N R ERANIMC OB M SR
L)X - (87X X)X} , (A.18)
C2 3 ! C4 3 2 / v v v/ C6 3 12\2 v/
= X XHX' 4+ (X - XX
Q=0"o X+ 4|, &)X +( X +0 76| 0 (X7)
1 oop o = 1 = 1 o apoo
+ 4()(’2)()( S XMX' 4 8(X XX - 8(X A X”)QX’] : (A.19)
ad C2 " C4 1 12\ v 1 v 2 " C6 1 v/2\2 v
= X XHX X
S 0m2X+m4 2( ) +2( ) +0 16( )
1,203 ane 1.oo . zovar 1,203 ams
+ 8(X'2)(X S XMX + 8(X2)(X’2)X” - 8(X’2)(X : X")X} (A.20)

with ( = const.
The variation of the action with ( is given by

1 _1/2 1 (detA/) . /
548~/dp2<2(det.4) {M+2 det A N —-N

2m20?

—2[(detA)—(detA)1/2 <1+ ! >H5<. (A.21)

From the above variation of the action, we can get the Hamiltonian constraint

1 (det A")

=0 A.22
2 det A ’ ( )

1
N+ M =N —2(det A) + 2(det A)*/? (1 - 2m2£2>

with ( = const.
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