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1 Introduction

The LHC has collected a wide range of high quality data, and the lack of discovery of new
physics beyond the standard model has shifted attention over to precision measurements
and phenomenology. Events studied at the LHC are modelled as high energy perturbative
interactions that evolve into a detectable final state. The initial stage of high energy
collisions i.e. the hard process can be treated in perturbation theory. Remarkably accurate
predictions have been made using perturbative QCD, exploiting asymptotic freedom of the
underlying partonic degrees of freedom. For example, in the case of event shapes [1] significant
progress has been made in fixed-order calculations performed at next-to-next-to-leading order
(NNLO), e.g. [2-8], and all-order resummations have been performed to next-to-next-to-leading
logarithmic order (NNLL) e.g. [9-23], and in some instances next-to-next-to-next-to-leading
logarithmic order (N3LL) e.g. [24-27]. A complete description, however, requires one to
account for the inevitability that the partons must form colour singlets, hadronizing into said
detectable final state, resulting in calculations being complicated by hadronization corrections.

Hadronization models used by Monte Carlo (MC) event generators such as the Lund
hadronization model implemented in Pythia [28] and the cluster hadronization model [29] in



Sherpa [30] and Herwig [31, 32] are excellent phenomenological tools. It is however difficult to
understand uncertainties due to the model dependency and the number of parameters available
to tune. In addition, if the parton level prediction of the event generator differs from a given
fixed-order or resummed analytical calculation, then adding the hadronization correction
extracted from the event generator to that calculation is inconsistent. This motivates the use
of analytic methods which exploit soft-gluon universality, have fewer free parameters needed to
quantify hadronization effects and are more tailored to the perturbative calculation at hand.

For infrared and collinear safe observables, effects of hadronization are suppressed by
powers of (Aqcp/@)", where Aqep is the energy scale at which the perturbative picture
breaks down. The size of the hadronization correction depends on the observable under
investigation and its sensitivity to soft-gluon radiation. Typically event shapes exhibit linear
n = 1 power corrections. For () ~ M, the hadronization correction can numerically compete
with terms at order O(a?) [33-36] and obstruct vital precision measurements such as the
extraction of ag [37-40]. On the other hand, more inclusive observables do not exhibit such
leading linear power correction (eg. cross sections, rapidity, and pp distributions of colour
neutral particles [41-43]). In addition to scaling with the hard scale, the coefficient of the
power correction is also observable dependent [42].

Power corrections are associated with renormalons, which are factorial divergences
appearing in the coefficients of the perturbative expansion when one considers so called
renormalon “bubbles” on gluon lines. One finds a factorial divergence in the perturbative
expansion due to the gluon momenta in the ultraviolet (UV) and infrared (IR). One technique
to address a divergent series is Borel summation. While UV renormalons are Borel resummable,
there is an ambiguity in the inverse Borel transform due to IR renormalons whose size is
related to non-perturbative power corrections [42, 44-46].

In this paper we shall focus on the topic of linear power corrections, i.e. terms of the
form Aqcp/Q. As already mentioned, event shapes are an example of a class of observables
that are measurable and calculable order by order in perturbation theory but are known to
receive such corrections. Other examples include properties of jets, such as a jet’s transverse
momentum [47, 48]. A typical event begins with highly boosted partons which emit radiation
and decay into a collimated spray of particles known as a jet. Jet clustering algorithms
are a set of rules used to uniquely associate each particle in the event with a jet [49]. The
defined jets then act as a proxy for the initiating partons, allowing one to infer important
properties of the initial hard parton, such as the information about its colour factor. Jet
substructure techniques such as grooming and prong finding can then be applied on top of
such an algorithm to aid in tagging an underlying particle, and in turn, potentially a new
resonance [50, 51]. Jet studies however are also complicated by hadronization corrections
that can numerically compete with perturbative corrections [48], and this complication must
be accounted for in order to unlock the full potential of jet substructure as a precision tool.

In this article, we explore the effect different jet definitions have on power corrections
to QCD observables. We build on existing calculations [47, 48] to quantify the effect
hadronization has on the shift in a jet’s transverse momentum dpr, in the small R limit,
where R is the radius of the jet. In particular we extend previous one-loop analyses of a jet’s
power corrections to two-loop accuracy, necessary for reasons discussed below.



A one-loop analysis of power corrections can be carried out on the basis there is a
correspondence between renormalons and perturbative calculations performed with an infrared
cutoff [52, 53]. One introduces a small gluon mass A in the calculation of radiative correction
diagrams [54, 55], whose effect on the phase space manifests as a (A/Q)P power correction,
with p = 1 for event shapes. In another related approach, the Dokshitzer-Webber (DW)
model [34] assumes the strong coupling has an infrared-regular effective form. It makes use
of a coupling whose definition is extended to the IR by setting the argument of the coupling
to the transverse momentum of the soft gluon [56], as is done in the perturbative case, but
also assumes the Landau pole of the non-perturbative coupling is absent, rendering it finite
and universal. The moment of the coupling below an IR cutoff p; enters as a free parameter
that must be simultaneously fitted alongside a.

A more formal approach uses a dispersive treatment [43], where one works with a massless
gluon field and introduces a dispersive variable p, which plays the role of a small gluon mass
in perturbative calculations. The dispersive method then gives a correspondence between
terms non-analytic in p?/Q? and infrared renormalons. Power corrections are factorised
into an observable dependent coefficient one obtains by integrating over the entire phase
space except for the dispersive variable, which multiplies a universal free parameter one
must fit to experiment.

A deficiency in the one-loop approach lies in the fact certain observables are sensitive to
additional gluon mass effects depending on how the mass of the gluon is included in definition
of the observable ! [43, 55]. In addition, Nason and Seymour pointed out that there exists a
modification to power corrections at the two-loop level due to the fact one cannot naively
inclusively integrate over the decay products of the non-perturbative gluon triggering the
power correction when the observable in question relies on the non-inclusive kinematics of
the 4-parton phase space [44]. It has been shown that a full calculation, without such an
approximation, simply results in an overall universal factor in the case of jet shape observables
that depend linearly on the soft-gluon triggering the hadronization correction, known as the
Milan factor [35, 36]. Jet clustering algorithms however depend non-linearly on the final-state
parton momenta and as a result the universal Milan factor for event shapes cannot be applied.
While framing the calculation as a correction to the naive approximation is not necessary,
it is useful especially in our case since only the non-inclusive piece is clustering-algorithm
dependent. In addition, two-loop accuracy is necessary if one is to study hadronization
corrections to any observables that apply a jet clustering step, eg. soft drop [58], as clustering
algorithms are sensitive to details of the gluon branching.

Ref. [47] first extended existing one-loop calculations [48] for the change in pr for small
R jets, to two-loop level. It calculated an enhancement factor for the k; algorithm at hadron
colliders [59, 60] that differed from the universal Milan factor known for event-shapes.

However, the k; algorithm’s tendency to cluster soft wide-angle radiation for example
is not ideal at hadron colliders, as this can relate to the enhancement of underlying event
and pileup contamination of the jet. Hence, in the context of jet clustering and substructure
studies, the anti-k; [61] and Cambridge-Aachen (C/A) [62, 63] algorithms have grown in
popularity. The C/A algorithm is the primary choice of jet grooming algorithms such as the

'For a concrete example, see discussion around [43] eq. (4.78) in relation to the inclusion of the gluon mass
effects in the thrust’s normalisation factor used in [57].
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modified Mass Drop Tagger [50] and more generally soft drop [58], due to its clustering history
retaining the angular-ordered QCD dynamics which unlike the anti-k; distance measure, is
related physically to parton branching dynamics. In the case of soft drop, changes in the
subjet pp can result in significant changes in the groomed jet mass, and the leading hadronic
correction scales as 1/R, [64-67]. These boundary effects have only been considered at an
inclusive (one-loop) level, and the true non-perturbative correction to the shift in a given
jet’s pr using the C/A algorithm has yet to be found [50]. The use of C/A based declustering
is also inherent in the Lund plane construction of event shapes and calculations of linear
power corrections in these cases should also involve a C/A clustering Milan factor [68, 69]. In
the context of interjet energy-flow, the effect of clustering on the perturbative result [70, 71]
has recently been extended to the C/A case [72]. Such mounting interest in applications
of C/A algorithm was not present at the time of [47].

Ref. [48] also performed an MC study which analysed the modification to the p; of jets
due to hadronization (figure 1 in ref. [48]). The MC results for hadronization indicate that the
leading 1/R correction for all algorithms is of the same order as the leading-order (one-gluon)
analytical result which is independent of the algorithm. To remain consistent with the MC
studies of ref. [48] the Milan factor for all algorithms should evidently be of order 1.

With this in mind we extend the analysis of [47] to the C/A algorithm using an alternative
phase-space parametrisation in which our integration variables are the angles between final
state partons, and the soft and triple-collinear limit relevant to the leading power correction
is taken from the start. The soft limit is responsible for linear power corrections, while
the triple-collinear limit, in which all angles between final state partons are taken to be
comparably small, captures the leading 1/R behaviour at two-loop level. The alternate
parametrisation is better suited for observables that apply a clustering step, whereas the
parametrisation adopted in [47] is better suited for event shapes. This is due to the fact
that the former observables are inherently dependent on the clustering of partons in the final
state which occurs at particular angular and energy thresholds depending on the clustering
algorithm used. Our parametrisation works explicitly with these variables, and therefore
allows us to more easily deduce the regions of phase space that correspond to a unique
expression of the observable. We also re-derive the known result for the k; algorithm as both
an additional consistency check on our new phase-space parametrisation and approximations,
as well as an independent verification of this result.

The layout of this paper is as follows. In section 2 we review hadronization corrections
at two-loop level, first briefly discussing the dispersive approach and then the naive one-loop
approximation, as well as the corrections necessary to resolve the ambiguities in the single
massive gluon calculation. In section 3, we set up the calculation of the non-inclusive correction
in the context of jet clustering algorithms with an alternative phase-space parametrisation
to that traditionally used in Milan factor calculations. Section 4 is dedicated to the results.

Our conclusions are presented in section 5.

2 Hadronization corrections at two-loop level

In this section we will highlight the work done in [35, 47, 48], and make connection with
our calculation. Before we do that though, we will quickly review the dispersive approach
to hadronization corrections.



2.1 The dispersive approach

The dispersive approach to dealing with hadronization corrections [43], begins with the
assumption the running coupling can be expressed as a dispersion relation

o dm?

5k2 = -

(m?), (2.1)

where in the following calculations the dispersive variable, m, enters as the gluon mass, and
p(m?) is the “spectral density”. From this an effective coupling is defined in the following way,

d
P(m2) = maeﬂ?(WQ)» (2.2)
such that for ay; <« 1,
Qoff = . (2.3)

With these definitions, the effective coupling acts as an extension of the perturbative
coupling down to scales at which hadronization effects arise. Such an effective coupling
can then be split into two terms,

ei(m?) = ol (m?) + daeg(m?), (2.4)

where daeg(m?) is the modification to the effective coupling with support in the non-
perturbative regime, and it is moments of this modification that enter as universal non-
perturbative parameters one must fit to experimental data.

2.2 (dpr) to two-loop accuracy

In this article we consider the change in jet transverse momentum Jdpr after applying a
clustering step. As discussed in the introduction, the massive gluon approach is insufficient
when the observable under consideration is non-inclusive with respect to the gluon decay
products, and this is indeed the case for jets. It has already been shown that, in the case of a
jet defined by the k; algorithm, a proper treatment results in a non-universal Milan factor [48].

Typically such calculations are split into three parts. The naive calculation, and two
O (ag) corrections, one inclusive and the other non-inclusive. In the case of event shapes,
this allows one to calculate an overall factor applicable to any observable in the same
universality class. While the clustering algorithms we will consider depend non-linearly on
final state momenta, and hence do not have a universal Milan factor, we will show that
only the non-inclusive piece is algorithm dependent and as such it allows us focus on the
algorithm dependence.

Rather than introduce the three parts individually, it is useful to instead consider the
full calculation to O (ag) accuracy and divide it up accordingly. The change in jet transverse
momentum at O (a?) accuracy is given by [35, 36, 47]

2
o = 2 [ a0 (0.0) +amcd 8 40 fars () AR i . 29



where the gluon has been dressed with renormalon bubbles, which sets the argument of the
coupling to the mass of the gluon, hence the first term on the right hand side featuring
a5(0) in the single real emission case. The second term involving x is the virtual correction
to the single emission case. The third and final term takes into account the parent gluon
decaying into two quarks or gluons. Note that in the single emission case, the observable
depends on the parent gluon k, meanwhile when integrating over the two-parton phase space
it depends on the decay products ki, ks.

In order to make manifest the naive, inclusive and non-inclusive piece we must first
divide the final term. Let

dpr(ki, ko) = dpr(ki, k2) — dpr (k1 + k2) + opr (k1 + k2), (2.6)
= 5ani + 5PT17

where we have defined the inclusive definition of the observable

dpri = dpr(k1 + ka), (2.7)

and the non-inclusive definition
Oprn; = 0pr (K1, ko) — opr (k1 + ka). (2.8)

Note here that by construction we have introduced the term dpr (k1 + k2), in which the
observable is written in terms of the reconstructed parent k = k1 + k2. One can choose k to
be massive or massless. While the inclusive and non-inclusive terms individually depend on
this choice, the ambiguity will cancel due to how we have defined eq. (2.6). Traditionally in
Milan factor calculations a massless reconstructed parent is used. In our evaluation of the
non-inclusive correction we will use a massive definition throughout, and add a correction
term at the end to make connection with the usual Milan factor. We shall return to this
point in section 4.3.

Integrating the inclusive piece over the two parton phase space, one can show [36],

2
/dr2 <O‘siZ‘2)> oprs _/ a m?( m2 + kz)de <O‘Si;n2)>

2(1.2 2
x (—50+20A1HW> Spri, (2.9)

where in these variables, « is the Sudakov longitudinal energy fraction the parent gluon takes
from the quark which is initiating the jet, k; is the transverse momentum of that gluon and
11 2

=—N.— -ny. 2.10

Bo 3 Ne— 30 (2.10)

In what follows, we shall swiftly review the naive case and inclusive correction using

the traditional phase space parametrisation and massive definition of the parent, and only
introduce the alternative parametrisation for the non-inclusive case we are interested in.



2.3 The naive case

Assuming we have a valid dispersion relation eq. (2.1), at one-loop level we have

as\?>  d aer(m?)
B () - (2.11)

A

we can then combine the first term in eq. (2.9) with the single real gluon emission case
(first term in eq. (2.5)) [36]

da dmPdk? [ aeg(0 1 d  oeg(m?
<5PT>O :4CF/ t { ﬁ( ) ff( )

— op (k) — — ops(kr + ko) p . (2.12
o k} +m? 47 pi(k) m2dln m?  Arx pe(h1+ 2)} (2.12)

The observable integrated over the energy fraction « is defined as the trigger function
(see [35, 36, 47] for details)

1 do
Qo (k2 2 :/ —Oopp(k =k + k 2.1
0( ; +m ) (24m?)/s @ D ( 1+ k2), (2.13)

allowing us to write the above equation as follows

dm?2dk? [ ae(0 d  eg(m?
(0pr)° = ACF [ 15 { 6475 ) 5(m?) — dm264(77) Q (k7 +m?), (2.14)
t
CF dm2

- Waeg(mQ)Qo(mQ),

where we have extended the integration limits of m? to infinity and integrated the term
2
involving ﬁ%;”)

dpr was derived in the context of hadron collider dijets at threshold 2. The change in jet

by parts. We follow the treatment of [48], where an expression for

transverse momentum with respect to the beam direction due to the emission of a parton
k can be split into two terms, the first contribution when the parton recombines with the
parton that emitted it, giving a mass to the “trigger jet”

where /s is the centre of mass energy of the collision, and a second contribution when the
parton does not recombine, in which case the recoil jet receives a mass

_ M?
(5pT(kZ‘) = —2\/5.

Consider the Sudakov decomposition of an emission k;,

ki = cip + Bip + Ky, (2.15)

2Although we have illustrated our arguments on hadron collider jets the conclusion we shall reach for 1/R
contributions shall also apply to eTe™ jets, due to their process independent collinear origin.



where we have decomposed the vector into light-cone (Sudakov) variables. Ignoring recoil, p
and p are identified with the quark and anti-quark 4-vectors respectively. For partons that
recombine with the emitter, the jet mass is given by

2

where we have used the fact by definition 2p - p = s. On the other hand for partons that
do not recombine, the mass of the recoil jet is given by

2
M} = (Zk#p) = 2%;-p=s) .

In the collinear limit we are interested in, 8; and in turn the trigger jet mass vanishes
resulting in a negligible contribution when the gluon k; is recombined with the jet. As a
result, we only consider the case where the gluon lies outside the jet. In the naive case
we only have a single emission k, and so

opi(k) = pra®ou (k) = pra®©(0; — R), (2.16)

where 0y, is the angle between emission k and the jet, and R is the jet radius. We have
also used the fact that at threshold pr = /s/2.
We can get an expression for 0; by squaring the 4-momentum of the massive parent gluon,

k= ap+ Bp+ ki,
squaring the above,
P2
k=m?="Taf -k,
4
and rearranging,

ik?—i—mz

B_k-p _ 0f
> — ==Y (2.17)
Py« a k-p 4
where in the final line we have approximated k to be massless, and taken the collinear limit.
This gives us an expression for 0); and a allowing us to integrate the trigger function (2.13).
Note in performing this integral, we use the convergence of the « integral to extend the upper
limit to infinity, while setting the lower limit to 0 as done in [47]. Hence (2.14) can be written as
1Cp [ dm?

(6pr)” = "R Waeff(mz)m- (2.18)

Finally, we substitute in daeg, and our final answer for the naive case is given by

24
(6pr)° = —?1, (2.19)

where we define non-perturbative moment of the coupling Aj,
C dm?
=£ ﬂéaeﬁ“(mQ)m. (2.20)

==2E
o m?2



Figure 1. A virtual gluon k decaying into ki and ks. k takes a fraction of energy 1 — z from the
quark line, and the decay products each take a fraction of energy from the parent z; and zo. z3 is the
fraction of energy that the quark initiating the jet retains. In the soft limit, z — 1.

2.4 The inclusive correction

The inclusive correction arises from an incomplete cancellation between the virtual correction
to the single gluon emission case, namely the second term in eq. (2.5) and the second
term in (2.9). While the integrands are equal, the observables definitions differ, and we
are left with [35, 36]

g(m?) d dk? 1nk?(k?+m2)
4 dm? ] kF+m? m4

(6pr)™¢ =8CrCafo / dm?2e {Qo(k1t2+m2> —Qo(kf)} ;

(2.21)

Qo(k? +m?) — Qo(k}) = —% (w/kf +m?2 — k:t> : (2.22)

Using the convergence on the k; integration we can extend the upper limit to infinity,

where

performing the integration over k; we arrive at

inc 2 Qet(m?) d
= — 12 .2 2.2
(3pr)™ = 8CRCaBy [ dm? 22 (om (3.209)) (2.23)
20pCy [ dm?
= 3.299 W;OA /%mdaeﬁa
which is related to eq. (2.19) in the following way
(5pr)ne = (6p7)°3.299C 4/ Bo = (6pr)0r . (2.24)

The Milan factor is to be applied to the naive case, and can be written as
M=1+r® 40 (2.25)

where the 1 simply accounts the naive case and () is the inclusive correction we have just
calculated above. The rest of this paper is dedicated to calculating 7™ for different jet
clustering algorithms.

2.5 Non-inclusive correction

The non-inclusive correction to the change in jet transverse momentum to two-loop accuracy
is given by

Qg M?

2
(Opr)ni = 4CF/dF2 () — OPThpis (2.26)
47 21



where dI'; is the two-body decay phase space, and M? the corresponding squared matrix
element for the “parent” gluon decaying into two partons.

One extracts the non perturbative correction by first carrying out the dispersive procedure,
with the dispersive variable being the parent gluon (k) “mass” m, which eventually decays
into two quarks or gluons (k1, k2). z is the fraction of energy the energetic quark initiating
the jet retains after emitting k. We opt to use the following mass variable

m? 6?2

p= Rpr? zp(1—2)(1 - 2)257 (2.27)

where z, denotes the fraction of energy ki takes from k, and similarly (1 — z,) for ko (see

figure 1). We also define v = ;2 In these variables eq. (2.11) is simply

2 d Qleff
—Po (47() ~dnp 4r’ (2.28)

Fixing p then substituting eq. (2.28) and integrating by parts as usual, we get

(OpT)ni who / 0 Qleff — {/dfg P — 0p1m; 0(p — 2p(1 — 2p)(1 — 2)21))} . (2.29)

As mentioned in the introduction, we are looking for the leading R~! behaviour.
We expect

1 dp
ni X — off = - 2.
(0pT)ni X 7 /dm Qloff = 2 \f (2.30)

which suggests the term inside the curly brackets of eq. (2.29) goes as
[arap 55 5p:rm 5(p— z(1 — 2)(1 - 2)%) x V7, (2.31)

and upon evaluating the exact form of (2.31) and replacing the effective coupling with the
non-perturbative modification daeg we get the hadronic correction

ni — - = effy 2.32
(0pr) - prr 7p dtefr (2.32)

where the non-inclusive contribution to the Milan factor 7(™) commonly defined in literature
is given by

= pT2,Bo / s S 5an1 3p = 2p(1 = 2)(1 = 2)"), (2.33)

and in our variables the moment of the coupling A; is given by
A1 = 7RpT/ \/»5(183 (2.34)

The calculation we perform amounts to evaluating eq. (2.33) with the corresponding
clustering algorithm dependent definition of dpr,;.
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3 The non-inclusive case in the new parametrisation

In this section we will setup the calculation of the clustering-dependent non-inclusive piece in
our alternate phase space parametrisation for a general jet clustering algorithm.

3.1 The collinear splitting functions

We are considering the splittings ¢ — ¢qq, and ¢ — qgg. As we will see in section 3.2,
the regions of phase space in which we receive a non-inclusive correction are around the
jet boundary. This is because by definition the non-inclusive correction accounts for the
mismatch between defining the observable with a massive parent gluon versus taking into
account the exact kinematics of the decay products, eg. one decay product inside the jet, one
outside the jet, while replacing both decay products by a single entity, the parent gluon, only
allows for configurations where both partons are inside or outside the jet. In addition, we
are interested in the collinear limit as that is where the leading 1/R power correction comes
from. As a consequence, in the small R limit, the phase space of interest is the region very
collinear to the initiating parton. A natural starting point is then to use the triple-collinear
splitting functions, in which the angles between all partons are small and comparable. For
the case where the parent gluon decays into a quark-anti-quark pair we have [73]

N 1 1 12 423 + (21 — 29)2 s
Py o) = = __ty | Amtlcam), L Sz (3.1)
172 2 5123512 8125123 z1+ 22 8123

2
_pr
Sij = ZziZjeij,

1 = (1 - Z)Zpa

zo=(1—-2)(1—2p), (3.2)
23 = Z,
$123 = Zsij7
4]
2 (21 — 2’2)
t = — - .
123 P (21523 — z2513) + e +zz)812

The z; denote the fractions of energy of the partons involved as outlined in section 2.5.
The angles 6;; are those between the final state partons, with ¢ = 3 denoting the hard
parton initiating the jet.

Eq. (3.1) is accompanied by the phase space factors

1 3A_1

Ji=—2p(1 —2p)(1 — 2)° A7 2, (3.3)
T

A= 49339%3 - (9%2 - 9%3 - ‘953)2~

Note the positivity of the Gram Determinant, A, results in an additional constraint
on the phase space. As we are interested in the soft limit, we take z — 1 and eq. (3.1)

— 11 —



can be written as

By v = 2 B9 2) vl +y(L = 5)) (3.4)
T T R (1= 2) (1= ) (02 + (1= )7 |
2 2 2
T = @ _ 0% _ 0 (3.5)

RQ’ y:ﬁ7 U:ﬁ'

The % factor is cancelled by a factor of R* in the phase space when switching over to
our new integration variables z,y and v. The (1 — 2)* divergence from the matrix element
combines with the (1 — z)3 from the phase space to give a (1 — z) soft divergence. The
observable dpr vanishes in the soft limit as we are working with a soft gluon, and as a result
comes with a factor of (1 — z) which eventually cancels the soft divergence.

The non-abelian contribution can be split into two parts. One captures the leading
infrared contribution of the non-abelian piece, and the other is the less singular remainder,

A 2 (x+y—v)

P, = — .
( 9192Q3>S RE vry(l — 2)42,%(1 — zp)g? (3.6)

(P Vo, = 1 (@ +y? 4 6y — v+ y) @z +y( = %) — 2ay(z — y)°2(1 - 2)
I v2ay(1 — 2)4z,(1 — 2) (v2 + y(1 — 2))2 ’
(3.7)

where we have used the S,H, and H, subscripts to make connection with [35] (see eq. (A.6)).

3.2 The observable in the non-inclusive case for a general clustering algorithm

In this section we will derive the form of eq. (2.8) for a general clustering algorithm. The
non-inclusive correction to the observable is given by the difference between the correct and
naive inclusive definitions of the change in jet transverse momentum with respect to the
beam direction after applying the chosen clustering algorithm. In analogy with eq. (2.13),
the non-inclusive trigger function calculated in [35, 47] is obtained after integrating eq. (2.8)
over the energy fraction of the parent gluon® and written in terms of dimensionless fractions
of the rescaled transverse momentum. As shown in appendix A, the clustering condition
manifests itself as a complicated division of the phase space. The division is shown visually
in figure 1 appendix A of [47].

As claimed in the introduction if one retains the angular variables as in our approach,
there is an intuitive way to divide the phase space. We only have to consider the three
following configurations which depend on locations of k, k1 and ko (figure 2):

e A. kout, kq in, ko out,
e B. kin, kq in, ko out,
e (. kin, k1 out, k9 out.

Regions A and B must be accompanied by a factor of 2 in order to account for the
possibility of interchanging k1 and ks.

3Note here that within our parametrisation we are not required to invoke the approximation used to
calculate (2.13), namely extending the « integration to infinity

— 12 —



Region A Region B Region C

ks

Figure 2. Three regions of phase space we must consider. The red line represents the jet boundary of
radius R. The gluon decays into two partons (black). We receive a contribution when the reconstructed
parent (green) pulls a decay product into or outside of the jet. For example, in region A ko is pulled
out of the jet by clustering.

It is helpful to first divide the observable for a given clustering algorithm into two terms.
The first term corresponds to the case of a rigid cone algorithm, in which one only clusters
partons within a radius R of the initiating hard parton to the jet, while the second term
singles out the dependence on a chosen clustering algorithm,

5ani = 5pTcone + 5pTcluster' (38)

Let us first consider the rigid cone case. ki and ko contribute independently to the
correct definition of the observable (the first term in (2.8)) depending on whether or not
the partons are inside or outside the jet [47, 48],

opr(k1, k2) = dpr(k1) + dpr(ke), (3.9)
opr(ki) = 6p7(ki)Oout (i), (3.10)
opr (ki) = —prai, (3.11)

where «; is the longitudinal momentum fraction as described in section 2.3. In the inclusive
case (the second term in (2.8)), the observable only depends on k = ki + ko,

(5pT(k =k + kg) = (5p;~(k)@out(k).
The observable then in the rigid cone case is then given by

5pTcone = 5p;(k1)®0ut(k1) + 52?% (k2)@out(k2) - 5p;(k)@0ut(k)a
= _pTzleout(kl) - pTZ2@out(k2) +pT(Zl + 22)@0ut(k3)a
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where we have used the fact o; = z;. We define 6, to be the angle between the reconstructed
parent k and the jet, rescaled by the jet radius R

(3.12)
For each of the regions we outlined above, we can write

e A 0PTconea = Prz10(z — 1)0(1 — y)O(0, — 1),

e B. 0preone.s = —prz20(x —1)0(1 — y)O(1 — 0,),

e C. 0pTeonec = —pr(21 + 22)0(x — 1)O(1 — 3)O(1 — 0,).

Now we must calculate the clustering algorithm dependence. This is a simple extension
of what we have done above. Consider region A where k is outside the jet. In the region
that the C/A algorithm combines the decay products ki, ko into k, the contribution due to
ko is unchanged as it was already outside the jet. However, now k; gets pulled outside the
jet. So, in region A the clustering correction to the observable reads

5pTcluster,A = _pTzlEA@(x - 1)@(1 - y)@(Gp - 1) = _5pTconeE'Aa

where we have introduced Za to encapsulate the clustering condition for a non-zero contribu-
tion to region A. Let the combination of step functions that define the region be denoted by
©4, Op and O¢, for example O4 = O(z — 1)O(1 — y)O(0, — 1). Then the total observable
in each region can be written as,

0PTnia = Pr21(1 — Z4)04,
0prnip = —prz2(l — =B)O5, (3.13)
(5an170 = —pr(z1 + 22)(1 —E¢)O¢.

We can now simply integrate the non-inclusive piece eq. (2.33) in these three regions
using the corresponding observable. Due to the fact our parametrisation worked directly
with the angles between partons in the final state, we were able to categorise our calculation
into three distinct and intuitive phase space regions, as illustrated in figure 2. This approach
stands in contrast to that of ref. [47], where the parametrisation was not finely tuned to the
observable at hand and destined the calculation to result in a series of unintuitive phase space
regions i.e. which are hard to visualise in terms of the essential physical origin of the effect
we are computing. Next, we will evaluate =5, Zp and Z¢ for the C/A and k; algorithms.

3.3 A general jet-clustering algorithm

Generally, sequential clustering algorithms for events involving incoming hadrons are defined
by a longitudinally invariant distance measure between the partons or jets in the event d;;
and a beam distance d;p, equipped with a jet radius R [49],
2
AR
R2Z

. 2 2
dij = mlH(K,TI;, I{TI})

(3.14)
diB :K‘%};a

AR} = (yi —y5)° + (00 — 6))%.
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Kk7; is the transverse momentum of parton i with respect to the beam direction. For
partons produced perpendicular to the beam this will be equivalent to the longitudinal
momentum with respect to the jet prz;. y; and ¢; are the rapidity and azimuth of the ‘"
particle. In the collinear limit ARZ?]- is simply the small angle between the two particles
92-2]-. Therefore in the collinear limit we have

2 . 2 2 iJ

dij = pr min(z", 27") 25 (3.15)
2p 2

dip = prZip~

4 Results

In this section we will evaluate the algorithm clustering conditions =4, =g and Z¢ for each
algorithm, and then substitute them into the general form for dpr,;, eq. (3.13).

4.1 The observable in the non-inclusive case for the C/A algorithm

Unlike the k;, anti-k; or unmodified Cambridge algorithm, there is no k; dependence in
the distance measure in the C/A algorithm [62, 63]. We set p = 0 in eq. (3.15). In the
collinear limit d;; is simply the small angle between the two particles (or particle and jet)
rescaled by the jet radius.

62.
dij = R7j27 (4.1)
dip = 1.

Partons are sequentially clustered by first finding the smallest d;;. If it is smaller than
the parton to beam distance, d;p, partons i and j are clustered. d;p prevents clustering of
partons a distance greater than R from each other. In what follows, we will use our rescaled
angular variables z, y, and v, namely

dig=x, doj=1y, di2=n0. (4.2)

Region A. We get a clustering correction in region A if k1 and ks cluster, and so we require
both v < 1 and for v to be the smallest distance measure v < min(z,y). In region A, k;
is inside the jet and ks is outside the jet, therefore,

r<l, y>1. (4.3)
Requiring v < = then automatically ensures v < 1. This leads to the clustering condition
= = 0@z —v), (4.4)

and therefore the change in jet transverse momentum is given by

Sprsiy = przi(l — O(z — v))O04, (4.5)
=pr(l —2)2,0(v — )0 4.
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Region B. The condition for clustering in region B is the same as region A, and so
(5pT§i/}B =—pr(1—2)(1—2,)0(v—x)Op. (4.6)

Region C. In region C both k; and ko are an angular distance greater than R from the
hard parton initiating the jet, so the condition for either to independently cluster to the jet
cannot be met. But k = k1 + ko is inside the jet, and so if k1 and ky are clustered by the
algorithm into k first, the resulting entity will be within a radius of R of the initiating hard
parton and therefore capable of clustering to the jet. The condition for clustering is then
simply di2 < d;p, where ¢ = 1,2. In other words v < 1, which gives us

=5h =01 —v), (4.7)
and so the change is jet transverse momentum is given by
5pT§i/}C =—pr(l —2)0(v—1)0¢. (4.8)
4.2 The observable in the non-inclusive case for the k; algorithm

Setting p = 1 in eq. (3.15), we obtain the k; distance [59, 60]

02,
dij = prmin(z2, 27) -2

% ])ﬁv (49)

22
diB =p7rZ; -

Region A. Once again we get a correction if k1 and ks recombine into k. This occurs
if di2 < dyy. Using eq. (4.9) this results in the condition 22z > min(z?, 23)v, where recall
21 = zp(1 — z) and 22 = (1 — z,)(1 — z) (3.2). This can be split into two terms, depending
on if z, < 1/2 or z, > 1/2,

=ht = 0(r —v)0 (zp < ;) +0 (m - (1;221))2v> © (zp > ;) . (4.10)

P

The change in jet transverse momentum in this region for the k; algorithm is then given by
1 1—2,)? 1
Spr't 4 = pr(1— )% {@(v 00 (< 5) -0 ((2) - x) o(s>5) } N
P
(4.11)
Region B. Once again the condition for clustering in region B is the same as region A, and so

2
R
(4.12)

Region C. In the case of the k; algorithm, Region C has the same clustering condition as
the C/A algorithm and hence the same value of the observable and phase space restrictions,

oprit o = —pr(l—2)0(v - 1)O¢. (4.13)
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4.3 Massive gluon correction

As mentioned in section 2.4, the Milan factor can be split into three terms. The naive case and
the inclusive and non-inclusive corrections. In defining the latter two of pieces, we added and
subtracted an inclusive term in the observable. This inclusive piece is dependent on the angle
of the parent with respect to the jet, and therefore whether or not one defines the parent to be
massive or massless. In eq. (2.17) we have assumed parent to be massless, for which we obtain

kQ +m2
N = 62,2, + 02,(1 - z), (4.14)

where here m is the invariant mass of the two parton system. This is the definition used

traditionally in Milan factor calculations. A massive parent would instead use the definition

Oy = —L = \/91sz +02,(1— 2) — 02,25(1 — 2). (4.15)

We have used the second definition throughout our calculation of the non-inclusive
correction. But as mentioned, the original calculation [35] used the first definition in both
the non-inclusive and inclusive correction. We would like to simply quote the result for the
inclusive case from the original article and focus on the non-inclusive correction as that is
where the clustering dependence lies. In order to do this, we must correct our answer. This
amounts to changing the definition of 8, when calculating the cone case

012, = 2’3‘2] =xzp +y(1 —2p) —vzp(1 — 2p) — 512, =xz, +y(1 — 2p). (4.16)

In regions A, B and C the corrections would be
S = pra©(a — 1)0(1 - ) {03, 1) ~ 06, - 1)}, (4.17)
Sprime ™ = —prz®( — )01 —y) {01 - 8,) - O(1 - 6,) }, (4.18)
Spregeen = —pr(zi+ )0~ 101 —y) {01~ G,) ~O(1 -6} (419)

4.4 Numerical integration of dpr

In this section we present results for the non-universal Milan factor in the case of the C/A
algorithm, and also check to see if we reproduce the known k; result.

4.4.1 C/A result

Recall we are calculating eq. (2.33). It is standard to divide the total matrix element squared
into three pieces, namely equations (3.4), (3.6) and (3.7). We will go into detail for the first
case, in which the gluon decays into a quark-antiquark pair. We have

n CA 2
Pt = 60” [ drs (Pge) o258 60— 2p(1 = 5)(1 = 2%0), (4.20)
5pT = 5an1 AT 6an1 BT 5an1 ,Ch (421)
dl'y = dwdydvA~2 Jy, (4.22)

where A, J; are given in eq. (3.3) and z,y, z are the rescaled angles defined in eq. (3.5).
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CA
The subscript on r(”)n ; denotes the fact this term is proportional to the number of
flavours ny. We will refer to this as the ny piece. The other terms are related to the gluon
splitting into two gluons and are proportional to Cjy.

Region A. We substitute into the above equations (3.3), (3.4), and only retain the con-
tribution to the observable from region A, namely eq. (4.5). After fixing z using the delta
function, we have

CA 1 ny 1 (q:—y)2zp(1—zp)—v(xzp—l—y(l—zp))

r(")nva:——— /dxdydvA‘i
Po m v (22p+y(1—2p))2 2p(1— 2p)

2pO(v—2)O(A)BO 4.

(4.23)

The factors of pr and p cancel out leaving a constant. Recall ©(A) comes about due
to the positivity of the Gram determinant and this imposes limits on v

(Vo —vy)? <v< (Vo + vy (4.24)

and ©4 = O(xz —1)O(1 — y)O(0, — 1) restricts us to region A. 6, is given by the first relation
in eq. (4.16). Upon integration we obtain

n)CA _i

LA . nr. .
f,A 50 f ( )

Regions B and C. We repeat the above calculation, but instead using (4.6) for region
B and (4.8) for region C. We obtain the results

1
Pt = 2-0.0963n;, (4.26)
0
(n)CA 1
e = 5 0.0881n;. (4.27)

The massive gluon correction. The massive gluon correction is then simply an extension
of the above calculation. We correct for our massless treatment of the inclusive piece by
instead substituting in for our observable eq. (4.17) in region A, eq. (4.18) in region B and
eq. (4.19) in region C. Doing so, we obtain

CA i 1
p(m) % SO~ 0.0812n, (4.28)

h Bo

CA correction 1
p(m) 8 SO~ 0.0591n, (4.29)

I Bo

CA correction 1
P, = 0.0067n;. (4.30)

0

Non-inclusive correction for the ny piece. Recall that contributions from regions
A and B must be accompanied by a factor of 2 in order to account for the possibility of
interchanging the decay products k; and ky. Summing up the contributions eq. (4.25)—(4.30)

CA 2
ng = ——00.087nf. (4.31)

()
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Full non-inclusive C/A correction. Repeating the above exercise using eq. (3.6) and
eq. (3.7) as our matrix element squared we obtain the full result for the non-inclusive C/A
correction

2
P G (F1885C.+0.519C, — 0.087ny). (4.32)
0

We substitute this term, along with the inclusive correction eq. (2.24) into eq. (2.25) to
produce an overall factor one can use to correct for the naive inclusive treatment eq. (2.19),

2A , CA 2A
(opr) O = =21 (1 NG R ) = -2 Men, (4.33)

where A is given by eq. (2.34). Using C4 = 3,ny = 3 and quoting the known algorithm
independent inclusive piece from [35] () = 3.299% we find the non-universal Milan factor

MEA =1.16. (4.34)

4.4.2 k; result

Full non-inclusive k; correction. Repeating the exercise above but instead using observ-
able after applying the k; algorithm eq. (4.11), eq. (4.12) and eq. (4.13), we obtain
n)kt 2

= %(—2.1400,4 +0.608C4 — 0.096n ) (4.35)

7«(

which within numerical integration error is consistent with [47]. As a result we recover the
known non-universal Milan factor for the k; algorithm

MFEe=1.01. (4.36)

5 Conclusions and future prospects

In performing an O («) analysis of non-perturbative effects, one can exploit the correspon-
dence between renormalons and perturbative calculations performed with a finite gluon mass
in order to quantify hadronization corrections. However, a two-loop analysis is at the very
least necessary to quantify the scale at which non-perturbative physics breaks down. In
addition, there are further issues that render a massive single gluon approach insufficient for
determining the magnitude of power corrections. There is an inherent ambiguity brought
about by the inclusion of small gluon mass effects, namely how to include the gluon mass
consistently throughout the calculation [43, 55]. As well as this, a one-loop massive gluon
approach entails inclusively integrating over the gluon decay products. This does not account
for a complete description of the 4-parton final state kinematics that some observables rely
on in order to predict accurately the magnitude of their power correction [35, 36, 44]. One
must extend the analysis to two-loop accuracy in order to resolve these problems.

While an O (ag) analysis has been carried out for the 1/Q power corrections to jet shape
variables, the universal Milan factor that is used to correct for a naive one-loop analysis of jet
shapes can only be applied to observables that depend linearly on the final state momenta.
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Observables calculated with a jet-clustering step must be treated more carefully. While the
rigid cone algorithm only depends linearly on the final state momenta, practical algorithms
used in phenomenology, such as the k;, C/A and anti-k; algorithms, involve sequential
clustering and hence depend non-linearly on final state momenta.

In this paper we have used a dispersive method to carry out an O (ag) analysis of the
leading hadronic correction to the change in jet transverse momentum after applying a jet
clustering algorithm in the small R limit. We restricted ourselves to the soft limit which is
responsible for hadronization corrections, and the triple-collinear limit which is sufficient to
capture the leading 1/R hadronization effect. This approach allowed us to define the inclusive
and non-inclusive corrections [35] necessary to accurately predict the magnitude of the power
correction. We focused on the non-inclusive correction as it is the only contribution dependent
on the clustering algorithm. For the inclusive correction, we quoted the known result [35].

We have also utilised an alternate phase-space parametrisation in which one can easily
divide the phase into three regions intuitive for calculations that include a jet clustering
step. This is because the regions are ultimately defined by whether a particular final state
particle is inside or outside the jet, which then defines the observable in that region. We
believe this parametrisation is superior to that used in ref. [47]. While it was natural to
adopt the parametrisation used in ref. [34], the work of ref. [47] inspired us to search for a
parametrisation better suited for observables which apply a jet clustering step. This study
highlights the strength of our alternate parametrisation for potential future studies.

In this paper we have found a new result for the Cambridge Aachen algorithm. We have
derived an O(1) correction factor, analogous to the Milan factor for jet shapes, required
to correct for the inadequacies of a one-loop analysis. This is given by M = 1.16. As a
cross-check, we also re-calculated the k; case and independently reproduced the results of [47]
with our new phase space parametrisation, confirming M* = 1.01.

Our result for the C/A algorithm is important since it is the primary choice of clustering
algorithm for the application of jet substructure techniques e.g. soft drop, in which the
groomed jet mass is sensitive to changes in sub-jet p; [50]. Such techniques are vital in
LHC phenomenology, and have also been used for the extraction of as. State of the art
as extraction has set high standards on the level of accuracy necessary for a competitive
extraction [40]. To achieve the required accuracy, precise predictions of the magnitude of
hadronization corrections to such quantities are of importance. In addition, an order O (1)
result for the C/A case using our alternate approach, as well as the independently verified k;
result, is consistent with the general expectation for size of the non-universal Milan factor
for QCD jets as predicted in the initial MC study ref. [48].

It is to be hoped that our work in the present article will be useful for future more
accurate studies of corrections for observables that involve a clustering step.
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A Cambridge Aachen under previous parametrisation

Here we state the clustering conditions and non-inclusive trigger functions for the CA case, and
recalculate the result using the method outlined in [47]. The clustering function is given by

’_‘Oclﬁ’,(kl) = @out(kl)
— Oout (K1)Oout (k2)O12(k1, ko) O(R? — 07 5)]
+ On (k1) Oout (k2) [O12(k1, k2)O (67, — R*)O(67; — 67,)]
— Oout (k1)Oin (k2)O12(k1, k2)@(02J - 912)9(32 - 9Jk)- (A.1)

After integrating over the gluon mass o (what we labelled 1 — z), we obtain

1
i = [’“TI+/<:T2—\/k%+m2+szA<q1,q2)+(1—z)fCA(qza<n> . (A2)

where the function f* encapsulates the algorithm dependent contribution. It is given by
FMa1,q2) = — U(min(q1, ¢2) — max(q, k7))
+ U (min(ge, kr) — max(q1,))O(q1 — q)
— ¥(q1 — max(ga, ¢, kr))O(q2 — 9). (A.3)

In the above we have adopted the notation of [47], U(z) = 2O(x). One then defines

u; = %, Qui(uy, uz) = Qni(ql,QQ)% and X = \/zu% + (1 — 2)u3 — 2(1 — ). One assumes

u1 > uz and doubles the answer at the end. Separating the trigger function into the various

regions of phase space, we obtain purely the clustering correction which we label as Qaitr

1< X <us = Qug = (X — zup — (1 — 2)ug] O(ug — X),

1<us <X = Qaig = (X — zuy — (1 — 2)ug] O(X — ug),

Uy < X <1 = Qug =0,

X <uy<1l = Ququg =0,

up <1< X = Qg =0,

X <l<uy = Qug = [1—zu; — (1 — 2)ug]. (A4)

Comparing to [47], The primary difference between the clustering functions of the k;
and C/A algorithms is that Q(uz — min(1, %5)) — Q(u2 — 1)). As a result, in addition
to u; < 1 collapsing any potential clustering from the algorithm, so does us < 1. Regions
A, A and D remain the same. Regions B and C' now have no corrections from clustering,
similar to the phase space region D.

One now calculates the non inclusive correction using the above trigger function

(n)l/l/mduu/ooduu M o
who Jo z(1—2)Jo e T+ (1= 2)ad T (u, wo)

@(‘](ulv u2))a
(A.5)
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M? is defined as the non-abelian contribution to the matrix element squared rescaled such
that it is written purely in terms of the u; variables,

M2 (ur,uz) = 2C4(28 + Hy) + 2nH,
= [204(2S + Hy) + 2npHyJm?(2q; + (1 — 2)q3)
= M?(ky, k2)m® (247 + (1 — 2)g3), (A.6)
S is the leading infrared contribution of the non abelian piece while the remainder H,, H,
are related to the parent gluon decaying into quarks and gluons respectively of the same

order. J is the Jacobian factor resulting from changing the transverse and azimuthal phase
space variables to the w; variables

J = ((ug + U2)2 - 11— (ug — U,Q)Z), (A.7)

and the Qy; is the non-inclusive trigger function. In the case of clustering corrections, as
explained in this article, the naive and inclusive trigger functions will not change between
different clustering algorithms. As a result, this is the only contribution we will consider.

CA 2

P70 = 2 (—1.227C4 + 0.365C4 — 0.052n;
—0.610C 4 + 0.154C4 — 0.035n;
—0.003C'4 + 0.001C4 — 0.000n), (A.8)

combining this with the inclusive correction r(*) [35], which by definition is unchanged by
clustering, for Cy4 = 3, ny = 3,

(5pi) = 2211 479 10

= —2‘;1%1(1.160), (A.9)

where A; is the first moment of the non-perturbative coupling
_ Cp [ dm?

= ) mZ méaeg(m?). (A.10)

Ay

B A dictionary between the two methods

We instead write our two-body phase space as

O12 013 023

dl’y :dr2(1—27§7§,§72p)a (B.1)
where R is the jet radius. A dictionary between the two sets of integration variables is as follows
a=(1-z2), (B.2)
@] _ s 32| b2
u = — = —, Uy = —— = , B.3
YT 0 Ty 012 (B:3)
Uy = uy + uo, U_ = Uy — Usg, (B.4)
q=1q — @ = (1 — 2)prbia. (B.5)
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Now z represents the energy fraction retained by the quark emitting the gluon, hence 1—2z

is the fraction of energy the gluon takes from the quark. z, and 1 — z, represent the energy

fractions the decay products take from the parent gluon now that z has been repurposed.

As a reminder, g; were the rescaled transverse momenta with respect to the jet, %,

hence the connection to the angles between said partons and the hard parton initiation the

jet 6;3. Additionally, the dictionary above is only valid in the collinear limit.
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