PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: April 22, 2024
ACCEPTED: May 12, 202/
PUBLISHED: June 4, 202}

Anomaly of subsystem symmetries in exotic and foliated
BF theories

Shutaro Shimamura

Department of Physics, The University of Tokyo,
Bunkyo-ku, Tokyo 113-0033, Japan

E-mail: shimamura®@hep-th.phys.s.u-tokyo.ac.jp

ABSTRACT: We study the mixed 't Hooft anomaly of the subsystem symmetries in the exotic
BF theory and the foliated BF' theory in 2+1 dimensions, both of which are fractonic
quantum field theories describing the equivalent physics. In the anomaly inflow mechanism,
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symmetry-like operator. We also newly construct the foliated and exotic SSPT phases with
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to the characterization of the 't Hooft anomaly of subsystem symmetries.
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1 Introduction

Certain new types of phases of matter have attracted much attention in recent years. The
phases have characteristic excitations that cannot move in space: fracton, or can only move
along a certain dimensional submanifold like a line: lineon, or a plane: planon. They are
called fracton phases (See for reviews [1-3]). Fracton phases were originally motivated by
quantum storage and glassy dynamics [4-6].

The excitations with characteristic mobility originate from subsystem global symmetry,
which is one of the generalized global symmetries [7], whose symmetry operator is supported
on a submanifold of a certain shape in spacetime. The submanifolds are partially topological;
that is, they can only be deformed in certain directions, and the symmetry operators on
different submanifolds that cannot be deformed to each other are independent [8]. Fracton
phases have been studied not only as lattice models (earlier studies are in [5, 9-11]), but
also as effective continuum quantum field theories (QFTs) based on tensor gauge fields [12—
30]. Such fractonic QFTs have discrete rotational symmetry and the tensor gauge fields
respect the rotational symmetry. Related to the lattice-like spatial symmetry, fractonic QFTs
exhibit UV /IR mixing; the low-energy IR physics depends on some microscopic quantities in
short-distance UV physics. As a result of this phenomenon, the tensor gauge fields can have
some singularities and discontinuities in certain directions [15-17]. Subsystem symmetry in
fractonic QFTs is studied in the context of generalized global symmetries, and also related to
multipole symmetry [31, 32], non-invertible symmetry [33] and Symmetry TFT [34].

Although tensor gauge fields can describe some fracton phases, the QFTs constructed
from foliation structure also exhibit fractonic features, and such QFTs are called foliated



QFTs [31, 32, 34-42].1 A foliation is a decomposition of a manifold into an infinite number
of submanifolds: leaves. In the foliated QFT context, we consider foliations where the
intersections of leaves form a lattice-like structure. Foliated QFTs contain foliated gauge
fields, which are considered as lower form gauge fields on the leaves, and bulk gauge fields,
which mediate the foliated gauge fields. In contrast to foliated QFTs, we call fractonic QFTs
with tensor gauge fields exotic QFTs. Some foliated QFTs are equivalent to the corresponding
exotic QFTs [31, 34, 37, 39, 40]: this is called the foliated-exotic duality. For example, the
low-energy theory of the X-cube model [11] is described by both of the exotic and foliated
BF theory in 3+1 dimensions [17, 36], and the tensor gauge fields in the exotic BF' theory
explicitly correspond to the foliated and bulk gauge fields in the foliated BF theory [39].
This structure is specific to fracton phases, and is considered as a new type of duality.

On another topic, consider a d-dimensional QFT with a global symmetry G. The global
symmetry acts on a charged object as a global transformation. Then, we can couple the
global symmetry to a background gauge field A for G, and replace the parameter of the global
transformation with a local parameter, which is absorbed in the gauge transformation of A.
In this situation, the partition function may not be invariant under the local transformation

A — AY:
Z[A9] = A9 7[4]. (1.1)

If the function (A, g) cannot be canceled by a local counterterm of A and g, the QFT is
said to have an 't Hooft anomaly [51]. Due to the non-invariance of the partition function,
we cannot sum over the background gauge field A; the global symmetry cannot be gauged.
In the anomaly inflow mechanism [52], an ’t Hooft anomaly in a d-dimensional QFT is
captured by a classical field theory in d + 1 dimensions. In relativistic QFTs, the classical
field theories are called invertible field theories [53] or symmetry-protected topological (SPT)
phases [54, 55]. In this case, the classification of anomalies is interpreted as the cobordism
group classification of SPT phases [56-59].

Then, what about the case of subsystem symmetry? In some exotic theories [25, 30]
and simple foliated theories [37], anomalies of the subsystem symmetries are captured by
classical field theories called subsystem symmetry-protected topological (SSPT) phases [60, 61].
However, the relation between 't Hooft anomalies of subsystem symmetry and SSPT phases
is obscure. For example, the foliation structure of the bulk SSPT phase is not canonically
determined [25, 30]. This fact obstructs the classification of anomalies of subsystem symmetry.

In this paper, we discuss the Zy x Zy mixed 't Hooft anomaly?® of subsystem symmetries
in the exotic and foliated BF' theory in 2+1 dimensions [15, 39]. Although they are equivalent,
it is easier to couple the exotic BF theory to background tensor gauge fields and construct the
3+1d exotic SSPT phase with two simultaneous foliations that cancels the 't Hooft anomaly
of it. After constructing them, we will assume field correspondences between the exotic and

!Some lattice models can also be constructed by using foliation structure. They describe the foliated
fracton phases [43-47].

2These fractonic BF theories are similar to the ordinary relativistic BF theory [48-50] and have several
analogies with it.

3If two global symmetries can be gauged respectively, but cannot be gauged simultaneously, the system is
said to have a mixed 't Hooft anomaly.



foliated BF' theories extending the previous result without background gauge fields [39], and
construct the 2+1d foliated BF' theory coupled to background foliated and bulk gauge fields.
In the foliated BF theory, we find that the non-topological defect that describes a fracton
is considered as a symmetry-like operator. Next, using the field correspondences, we will
construct the foliated form of the 3+1d SSPT phase with two foliations that cancels the
't Hooft anomaly of the foliated BF' theory. Finally, we will construct a bulk SSPT phase
with three simultaneous foliations. In the foliated form, it is simple to construct the SSPT
phase with three foliations from the SSPT phase with two foliations we have constructed.
In the exotic form, on the other hand, the relation between the two SSPT phases is not
manifest. Here we will construct the exotic form of the SSPT phase with three foliations
via the foliated-exotic duality. This can be seen as a systematic way to construct exotic
QFTs with different foliation structures. In addition, we will see that these two foliated
SSPT phases are connected via a smooth deformation. This fact is considered as a hint for
characterizing 't Hooft anomalies of subsystem symmetry.

The organization of the rest of the paper is as follows.

In section 2, we will consider the anomaly of the 24+1d exotic BF' theory. In section 2.1,
we review the 2+1d exotic BF theory and its subsystem symmetries [15, 39]. In section 2.2,
we consider the 2+1d exotic BF' theory coupled to background tensor gauge fields. In
section 2.3, we construct the exotic form of the 34+1d SSPT phase with two foliations that
cancels the anomaly of the 241d exotic BF' theory.

In section 3, we will consider the anomaly of the 241d foliated BF theory [39]. In
section 3.1, we review the 2+41d foliated BF theory and the foliated-exotic duality in the
foliated and exotic BF theories. In section 3.2, we expand the field correspondences to the
background gauge fields and construct the 2+1d foliated BF theory coupled to background
foliated and bulk gauge fields. In section 3.3, we convert the SSPT phase with two foliations
from the exotic form into the foliated form.

In section 4, we will discuss changing the foliation structure from two foliations to three
foliations. The SSPT phase with three foliations also cancels the same anomaly of the 2+1d
exotic/foliated BE theory. In section 4.1, we see the change is easily carried out in the
foliated SSPT phase. In section 4.2, we convert the SSPT phase with three foliations from
the foliated form into the exotic form by assuming field correspondences.

2 Anomaly in the 2+1d exotic BF theory

In this section, we review the exotic BF theory in 241 dimensions [15, 39], which is the
low-energy effective QFT of the Zx plaquette Ising model [62], and consider the two types of
subsystem symmetries and their mixed 't Hooft anomaly. Due to the anomaly, we cannot
gauge both of the subsystem symmetries simultaneously. This anomaly can be canceled by a
classical field theory in one dimension higher, which is called a subsystem symmetry-protected
topological (SSPT) phase [60, 61]. We will consider the mixed 't Hooft anomaly and the
SSPT phase associated with the 2+1d exotic BF theory. In the literature [25], they studied
the mixed 't Hooft anomaly and the SSPT phase associated with the 3+1d exotic BF' theory,
and we basically proceed in parallel with that.



2.1 Exotic BF theory and symmetries

We take a three-torus of lengths [°, ', [? as a Euclidean spacetime and the coordinates
(20, 21, 22) on it. We consider the exotic BF theory, whose rotational symmetry is only the
90 degree ones. Such a theory has tensor gauge fields, each of which is in a representation of
the 90 degree rotation group Z4. Irreducible representations of Z, are one-dimensional ones
1, (n =0,+1,2), where n is the spin. The 2+1d exotic BF theory contains a compact scalar
$'2 in the representation 15 and a U(1) tensor gauge fields (Ao, A12) in the representations

(19,12). Their gauge transformations are

¢312 — qz@n + 2t — 22,
Ay — Ag + O,
Aip = Ao + 0100x,

k

where m” is an zF-dependent integer-valued gauge parameter, and « is a gauge parameter in

the representation 1y5. The gauge parameter « has its own gauge transformation: o — a +
2mn! + 27n?, where n* is an 2*-dependent integer-valued gauge parameter. Due to constant
parts of m* and nF, q@lz and « can be regarded as U(1)-valued: ¢312 ~ ¢312 + 27, a ~ «a + 2.
These tensor gauge fields and parameters can have particular types of singularities and
discontinuities [15, 39].

The exotic BF Lagrangian is*

N
,Q:%j”@Mu—&®my (2.4)

The equations of motion are

N R
010,02 =0, (2.5)
27
N 712
N
%(801412 — (9182A0) =0. (2.7)

Let us discuss symmetries. The subsystem symmetries are described by the partially
topological gauge-invariant defects and operators. Since the fractonic theory is not fully
rotational invariant, the time and space directions must be treated in different manners even
in Euclidean spacetime. This fact implies that we have two types of symmetries: space-like
symmetry and time-like symmetry [27]. A space-like symmetry has a charged operator in
space, and the corresponding symmetry operator acts on the charged operator. On the other
hand, a time-like symmetry has a time-like charged defect, whose manifold is a trajectory of
an infinitely heavy particle, and the corresponding symmetry operator in space can remotely
detect the time-like defect.’

4The subscript e means that the theory is written by using tensor gauge fields, which we call the exotic
form. Also, the subscript f, which will appear later, means that the theory is written by using foliated gauge
fields and bulk gauge fields, which we call the foliated form.

5In relativistic Euclidean QFT, which has the full rotational spacetime symmetry, time-like symmetry and
space-like symmetry are not distinguished.



The exotic BF theory has two types of space-like subsystem symmetries. One is the Zy
electric global symmetry that is generated by the symmetry operator

Via] = exp [i6"?] . (2.8)

The charged operators are the strip operators
Wl [Sﬂ = exp [2%1 dedx1A12] y (2.9)
52
WQ {S%} = exp [Z%Q dxldeAm] y (2.10)
SQ

where S% is a two-dimensional strip with a fixed width along the z* direction in the (z!,z?)-
plane. V[z] acts on Wy [Sﬂ as

Via)We [S5| Ve~ = /N Wy [S5] if af <ab <af, (2.11)

where S5 has the width of [z¥, 25]. The Zy electric global symmetry is a space-like subsystem
symmetry on a zero-dimensional submanifold. For the action on the field, V[z] acts as

A12 — A12 + A12 s (212)

where Ao is a flat Zy field, which satisfies

; 2
deldi* Ay € 27, ((k.4) = (1,2),(2,1)), (2.13)
Sk N

so then Ajs can be written as Ajp = QW” (%281711(331) + %18277/2($2)), where ng(z*) is an
zF-dependent integer-valued and single-valued function.
The other space-like symmetries are the Zy dipole global symmetries that are generated

by the strip operators W;[S5] in (2.9) and (2.10). The charged operator is V[z] in (2.8),
and the actions are

L -1 N~
Wi {Sﬂ V]z]Wy, [Sﬂ =e 7N Y], it 2 <ab <ab. (2.14)
For the action on the field, W} {Sﬂ acts as

P12 — ¢ + A2, (2.15)

where A2 is valued in 27Z/N, so A2 can be written as A2 = 22 (n1(2!) + na(2?)), where
nk(2¥) is an z¥-dependent integer-valued and single-valued function.

From the actions (2.11) and (2.14), each symmetry operator is the charged operator of
the other, which is similar to the symmetries in the ordinary BF' theory [48-50]. From this
fact, we expect that the two types of subsystem symmetries have a mixed 't Hooft anomaly.



We also have a time-like symmetry whose charged defect describes a fracton, which is
called the Zy tensor symmetry. The symmetry operator is a quadrupole operator:

T [0y (al, xh of o3)] = exp [~id12d (e}, 2}, o, 23)] | (2.16)

where A1p¢!2(af, 2}, 21,23) = §'%(x},23) — "2 (ag,21) — $' (2}, 23) + ¢ (af,2), and
C%Q’reCt(x%,x%,x%,xg) is a rectangle whose vertices are the four points above. This op-
erator is a product of the operators V = exp [z’qﬁlz} localized at the corners of the rectangle.

The charged defect is
F[CY] = exp [i?(o deAO] , (2.17)
Cl

where CY is a closed one-dimensional loop along the time z" direction. The deformation of
CY would break the gauge invariance of the defect, which means that this defect describes
a fracton that cannot move alone in space. The operator T {Cll zrect gl gl 2?2, x%)} detects

the fracton defect F[CY] as

T[C* (af, ab, 23, 23)| - FICY) = e 27N F[CY)], (2.18)

12,rect .
when C]*"" (2}, 23, 23, 23) surrounds C9.% For the action on the field,

T [0112,rect (x%’ .’L‘%, {L‘%, 1‘%)} acts as
Ay — Ag + Ao, 219

where Ag is a Zy field, which satisfies
27
dz’Ao € =7 2.20
f, 4 ho € 2. (2:20)

so then Ay can be written as Ay = %’rl%(nl (z') + no(2?)), where ng(z¥) is an 2*-dependent
integer-valued and single-valued function [27].
In addition, we can construct the defect that describes a dipole of fractons separated

in the x* direction. A dipole of fractons can be represented as
~ . ~ . xk
FICY(ah, 2| FICY (xh, 27)] 71 = exp ll%o /:) dmodxkf)kAo] , (2.21)
CY Jay
where CV(z!,2?) is a closed loop along the 2 direction at a point (x!,2?) in space, and
(k,j) = (1,2),(2,1). This defect is partially topological, that is, it can be deformed to

the strip defect

Wi dip [Sg’dip} = exp [z ﬁk7dip(dxod$kakA0 + da:jdxkAlg)] , (2.22)
2

where Sg’dip is now a two-dimensional strip with a fixed width along the z* direction
in spacetime.

5The edges of a rectangle C%Q’re“(x%, xd, x?, x3) cannot be remotely detected by other operators, but the

operator T[C%Q’r“t(aﬁ, x3,21,23)] is actually an operator on a rectangle. In fractonic theory, operators are
not necessarily remotely detectable unlike ordinary topological order or topological field theory [39].



2.2 Coupling to the background tensor gauge fields

In this section, we couple the subsystem symmetries to background gauge fields and replace
the parameters of the symmetry actions on the fields with local transformations. Then, the
local transformations are absorbed into the gauge transformations of the background gauge
fields. To gauge these symmetries, one has to sum over configurations of the gauge fields.
If the partition function is not invariant under the gauge transformations, we cannot gauge
all the symmetries at the same time, indicating a mixed ’t Hooft anomaly. We will see that
the partition function of the 2+1d exotic BF theory is indeed not gauge invariant and the
subsystem symmetries have a mixed 't Hooft anomaly.

The tensor time-like symmetry T {C’%Zrmt(x%,a}%,x%,x%)} and the electric space-like
symmetry V[z] are coupled to the U(1) gauge field Cp1z in 1. The dipole symmetries W), are
coupled to the U(1) gauge fields (C42, C) in (12,1¢). We will see later that the background
gauge transformations of Cpi2 and (6’12, C’) are absorbed into the local transformations of
(Ap, A12) and ¢312. The tensor gauge fields (Ap, A12) transform as

Ay — Ag + Ay, (223)
A12 — A12 + A12 N (224)

where Ay and Ao are background gauge parameters. Then, the background gauge trans-
formations of Cpig is

Co12 = Co12 + OoA12 — 01020 . (2.25)
The tensor gauge field gZA>12 transforms as
P — 12+ A2, (2.26)

where A12 is a background gauge parameter. Then, the background gauge transformations
of (C§2,C) are

Ci? = Gl 4+ oA "2, (2.27)
C — C+ 010,02 (2.28)

The Lagrangian including the background gauge fields is

N A IN 1A N N
Le |Cor2, C3?, C} =5 [¢12(50A12 — 010240 — Co12) + A1203% + AOC] (229)
2.29
N A A N
+ %X(aoc' — 0105C%%) + L>212C'012 ,
T 27

Since the symmetries coupled to the U(1) gauge fields are Zx symmetries, we need terms
of x and X'2 that are dynamical fields, so that the U(1) gauge fields Cpio and (062, C’) are
restricted to Zy gauge fields. x is U(1)-valued, and x'? is 2wZ-valued. Their dynamical
gauge transformations are

X—=X+oa, (2.30)

12— 2 4 2mmt — 2mm? (2.31)



Under the background gauge transformations, the Lagrangian transforms as

~ N iN 1 N o
84Le [Conz, €52, € = o [ (B0 A1z — 18240 — Conz) + A12(C5? + DoA™)
+A0(C + 0102A2) + A100A12 + 491 0,417 (2.32)
N " N N N -
= ;7 {—A120012 + A12(C%2 + 80/\12) + AO(C + 8132A12)} .

If Co1z and (Ag, A12) are absent or (C22,C) and A2 are absent, the partition function is
invariant. So we can gauge the one side of the symmetry solely, but we cannot gauge both of

the symmetries simultaneously. It is a mixed 't Hooft anomaly for subsystem symmetries
ZN X ZN [25].

2.3 Exotic SSPT phase in 341 dimensions

We saw the exotic BF theory in 241 dimensions has the mixed ’t Hooft anomaly. This
anomaly can be canceled by a classical field theory in one dimension higher, which is the
continuum description of what is called a SSPT phase. We consider the SSPT phase in 3+1
dimensions with the coordinates (2%, x!, 2%, #3) (the range of 23 will be mentioned later). The
foliation structure [35-37] of the SSPT phase is #! and 22 foliations, so it is a fractonic system
with two simultaneous foliations.” The SSPT phase has the 90 degree discrete rotational
symmetry Z4 for (z!,2%) and the continuous rotational symmetry SO(2) for (2%, 2!) as the
spacetime rotational symmetry. This theory has the background gauge fields (Co12, C312, Co3))
and (6'12, C, é%z), which are representations of Z4 x SO(2). Cpi2, Cs12, 6’62 and é§2 are in
15 of Zy4, C is in 1p of Z4 and 0[03} is an anti-symmetric tensor of SO(2). To restrict these
fields to Zy, we introduce dynamical gauge fields 42 in 15 and (Bo, P12, B3) in (19,12, 1p).
The background gauge transformations of (Cp12, C312, Clo3)) are

Co12 — Co12 + OpA12 — 01020, (2.33)
Cs12 = Ca12 + 03A12 — 01003, (2.34)
Clo3) = Clog) + GoA3 — I3/ .. (2.35)

The background gauge transformations of (C32,C,C12) are

Ci? = O + 9pA*2, (2.36)
C — C+ 010,02, (2.37)
Ci% — O3 + 95012 (2.38)

The background gauge transformations of 312 and (5o, f12, 83) are

B2 = B2+ A2, (2.39)
Bo = Bo — Mo, (2.40)
B2 = Bia — A1z, (2.41)
B3 — B3 — As. (2.42)

"The foliation structure is similar to the lattice. We will explain foliation in section 3.1. For example, z?
foliation on a three dimensional space is a decomposition into an infinite number of planes orthogonal to the
z! direction, so the space has lattice-like structure in the z' direction.



In addition, 312 and (fo, 12, #3) have dynamical gauge transformations:

B2 5 B2 4 oxst — 2n8?, (2.43)

Bo — Bo + dos, (2.44)

Bia — Bi2 + 01025, (2.45)

B3 — B3 + O3s, (2.46)

where §F is an zF-dependent integer-valued gauge parameter, and s is a gauge parameter in 1.

The SSPT phase is described by the Lagrangian

L3SPT,e [00127 Cs12, Clo3), Ci2.C, (7%2]

= % 312 (330012 — 00C312 — a1820[03})
» 2.47
+ % {50 ((93@ - 8132C'§2) + B12 (83632 - 80052) —Bs (800 - 8182062)} o
+ % (00120§2 — C12C5% + 0[03]é> :

If the theory is on spacetime without a boundary, it is gauge invariant. However if spacetime
has a boundary, the partition function of the 3+1d SSPT phase is not invariant. From the
anomaly inflow mechanism [52], this variation is expected to be canceled by the anomaly of
the 2+1d exotic BF theory on the boundary (2.32). To see this, we put the SSPT phase
on the region 23 > 0 with the boundary z3 = 0. From the gauge invariance, the boundary
conditions of 312’ Bo and P12 are

B2 a0 =0, (2.48)
BO |x3:0 = 07 (249)
B2 |zs—0 = 0. (2.50)

On the boundary, we put the 2+1d exotic BF theory coupled to the background gauge
fields (2.29), and the background gauge fields in the 34+1d SSPT phase are related to those
in the 241d exotic BF' theory as

Csspr,012 |z3—0 = CBFo12 , (2.51)
CS%PT,O |m3:0 = C%ZF,O ) (2-52)
CsspT |23—0 = CBF - (2.53)

Note that while the background gauge fields in the 3+1d SSPT phase are restricted to Zy
tensor gauge fields by the dynamical fields 312 and (Bo, P12, 83), those in the 2+1d exotic
BF theory are restricted by the dynamical fields x and %'2. Then, under the background



gauge transformations, the Lagrangian transforms as

iN
dgLSSPT,e = 51\12 (330012 —0pC312 — 315’20[03])

to [~ 80 (85C = 010:C52) = Aua (05C3% — 0C32) + Az (900 — 0100C? ) |
iN A A A
to- <001283A12 — C31200A " + Clg3)01 02 A"

+ (8o 12 — D102 M0) C22 — (8315 — D105A3) CE2 4+ (8p A3 — B3Mg) C
+ (8oA12 — 8192M0) D3 A2 — (B3A 12 — 01 85A3) BgA'2 + (g Az — D3 o) 3132[\12)

iIN _ 14 A A . «
= 503 A Coiz = AoC — A1 O}’ — 021824 — A1280A "] (2.54)
Thus on the boundary z® = 0, the term

iN 714 N o ~ “
0gSsSPT,e = — /dﬂﬁodwldng A2Co1a — A12(CF% + GpA™?) — A (C + 3132/\12)}

z3=0

(2.55)

arises. This boundary term matches the 't Hooft anomaly of the 241d exotic BF' theory (2.32)
on the boundary 23 = 0. Therefore we can cancel the 't Hooft anomaly of the 2+1d exotic
BF theory on the boundary by the gauge-variation of the 3+1d SSPT phase on the bulk.®

3 Anomaly in the 2+1d foliated BF theory

In this section, we first review the foliated BF' theory in 2+1 dimensions [39] and then
consider its mixed ’t Hooft anomaly. The mixed 't Hooft anomaly is considered to be the
same one as the exotic BF theory in 2+1 dimensions in section 2 from the foliated-exotic
duality. To see this anomaly, we have to couple the subsystem symmetries of the foliated BF
theory to background gauge fields, but in the foliated form, its construction is non-trivial. In
section 3.2, we will determine field correspondences between background tensor gauge fields
and background foliated gauge fields, and construct the foliated BF' Lagrangian coupled to the
foliated background gauge fields. Along the way, we will discuss a new type of symmetry-like
operator. Next, in section 3.3, we will construct the foliated SSPT phase in 3+1 dimensions
from the exotic SSPT phase in section 2.3 using the field correspondences. The foliated SSPT
phase is the foliated form of the exotic SSPT phase, so then we will have established the
foliated-exotic duality of the 34+1d SSPT phase.

3.1 Foliated BF theory and field correspondences

Again we take a three-torus of lengths [°, !, I? as a Euclidean spacetime and the coordinates
(20, 21, 22) on it. We consider a BF theory on the two-dimensional spatial manifold that is
regarded as a stack of an infinite number of one-dimensional spatial submanifolds. These

submanifolds are called leaves and such a structure of a decomposition of a manifold is called

8The anomaly (2.32) and the boundary term (2.55) have the same sign, so we have to consider the SSPT
partition function Zsspr,e = fdﬁdB eSSSPT.e

,10,



a codimension-one foliation. A QFT on such a manifold is called a foliated QFT (FQFT) [35—
37]. A codimension-one foliation is characterized by a one-form foliation field e, which is
orthogonal to the leaves. Here we consider two simultaneous flat foliations e* = dz* (k = 1,2),
where the indices k indicate the direction of the foliations.

The foliated BF' theory in 2+1 dimensions contains two types of foliated gauge fields,
which are regarded as gauge fields on the leaves, and bulk gauge fields mediating the foliated
gauge fields on each leaf [35-37, 39].° The foliated gauge fields are U(1) foliated A-type
(141)-form gauge fields A* A dz* and U(1) foliated B-type zero-form gauge fields B*.1°
The bulk gauge fields are U(1) one-form gauge fields a and b. The gauge transformations
of the foliated gauge fields are

AR A dab — AR A dab + deR A da
BF — B¥ 4 onfh — 4,

where (% A dz* is a (04-1)-form gauge parameter, t* is an 2*-dependent integer-valued gauge
parameter, and p is a zero-form bulk gauge parameter. The gauge parameter ¢* A dz* has
its own gauge transformation (¥ A da* — ¢*F A da¥ 4 2rd€F, where €F is an 2*-dependent
integer-valued gauge parameter. The gauge transformations of the bulk gauge fields are

2
a—a+dk— Zdexk, (3.3a)

b—b+du, (3.3b)

where k are zero-form bulk gauge parameters that have their own gauge transformations.
The gauge transformation of k is K — & + 27&1 + 27€2, where £F are the parameters for the
transformation of ¢*. Note that the constant modes of ¢€¥ make x a U(1)-valued parameter.
These foliated gauge fields and bulk gauge fields can have particular types of singularities
and discontinuities. (See [39] for more details.)
The foliated BF Lagrangian is
iIN & k
Li= Z(dB +b) A AF A da® +—b/\da (3.4)

27Tk1

where N is an integer. Due to the BF couplings, these U(1) gauge fields are Higgsed
down to Zy.
The equations of motion are

N ~
—(dB* +b)AndaF =0, 3.5
2
Y
N
N
—dAk AdzF =0, (3.7)
o (Z AR A dzk + da> =0. (3.8)
k=1

9The word “bulk” in the bulk gauge field has nothing to do with the word “bulk” in the bulk SSPT phase.
19%e use the words A-type and B-type used in [39)].
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This foliated BF theory is equivalent to the exotic BF' theory under field correspondences,
which is called a foliated-exotic duality [39, 40]. To show this duality, we must integrate out the
time component of the fields by, A} and A3 in the foliated BF theory, then solve the equations
of motion for b; and by, and plug them into the Lagrangian. However, from the form of the
couplings, this manipulation leads to the same result as integrating out b; and by instead of A}
and A2, then solving the equations for A} and A3, and plugging them in. Here we integrate
out b for simplicity, and then we can use the equation of motion (3.8), or in components,

N
%(A[l) + Opar — a1ao) =0, (3'9)
N
%(A(Q) + Opag — 62&0) =0, (3.10)
N
%(Aé—A%—k@gal —81&2) =0. (3.11)

The correspondences between the tensor gauge fields and the foliated and bulk gauge fields
11
are

A() ~agp,
Ao = Ab +doa,  (k=1,2),
Ajg =~ A} + Ohay = Af + Dray,
P BB
Note that the gauge transformations ¢(¥dz* and p in the right hand sides cancel out, so

the degrees of freedom of the fields are consistent. In addition, we have correspondences
between the gauge parameters

a~K, (3.16)
b~ {F (3.17)
nF o~ (3.18)

Then, the exotic BF' Lagrangian can be transformed to the foliated BF' Lagrangian after
integrating out b:

~
Le= 227</>12(80A12 — 010240)

~ %(Bl — B)(0A1s — D102 40)
~ BV B [A0(A} + aan) — 0a(4h + o)

_ %32 |00(A3 + D1a2) — 01(AF + Bpas) | (319
= IV [-00B A} + 3,81 Al + 05243 — 0,843

iN G Ak ok k
=5 > dABY A AR Adat
T =

" The symbol ~ means that the correspondence between the gauge fields or parameters in the exotic theory
and the foliated theory.
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We return b, and then we get the foliated BF Lagrangian
N 2 ~ N 2
Li=223"dBP A AR A da + b A (ZAMMM@) . (3.20)
27 2T
k=1 k=1
Using the field correspondences, we can also derive the gauge-invariant operators and

defects in the foliated BF theory. The symmetry operator associated with the Zy electric
global symmetry is

V]z] = exp [z(él - 32)} : (3.21)

The strip operators associated with the Zy dipole global symmetries are
Wi[S%] = exp [z f (AFndat + d(akda:k)ﬂ . (k=1,2). (3.22)
S2

The quadrupole operator associated with the Zy tensor time-like symmetry is
12, , A A
T [Cl rea(:c%,x%,x%,x%)} = exp [*’LAlg(Bl — B (z1, 23, x%,x%)} . (3.23)

The fracton defect is
F[CY] = exp [z f a} : (3.24)
c?

3.2 Coupling to the background foliated gauge fields

In section 2.2, we coupled the symmetries in the exotic BF theory to the background tensor
gauge fields. Since the foliated BF theory is equivalent to the exotic BF' theory, it should
be possible to couple the foliated BF' theory to the same set of the background gauge fields.
However, in the case of the foliated theory, the structure of symmetry operators seems to
be more complicated and it is non-trivial to find appropriate couplings. Here we construct
the foliated BF' Lagrangian including background foliated and bulk gauge fields using the
field correspondences in the foliated-exotic duality.
The exotic BF Lagrangian coupled to background tensor gauge fields is

Le [00127 CA%Q; CA’} = ﬁe,BF =+ Ee,;@ + ‘Ce,x ) (325&)
tN [ A A
Ee,BF = g |:¢12(80A12 - 8132140 — 0012) + A12062 + AoC} R (3.25b)
. IN
Leg = 127?(120012, (3.25¢)
N A A12
ﬁe,x = gx(%c — 618200 ) (3.25(1)

Firstly, we consider the BF part L gr. Under the equations of motion (3.9)-(3.11), the exotic
Lagrangian is equivalent to the foliated Lagrangian. When coupled to background gauge
fields, we assume that the background gauge transformations of the foliated gauge fields are

AR A dxb — AR A da® 4 NF A dz® (3.26)
a—a+ A\, (3:27)
B — BF 4+ \F (3.28)
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where \¥ A dz¥ is a (141)-form gauge parameter, ) is a one-form gauge parameter and Ak
is a zero-form gauge parameter. For the background gauge invariance, we demand that
the b equations of motion be

IN

ﬁ(A(l) + Ogar — Orag — 601) =0, (3.29)

iIN

g(A% + Ogag — Orap — 602) =0, (3.30)
%@42 — Al + Osay — O1ag + 612) =0, (3.31)

instead of (3.9)-(3.11), or in the differential form,

N 2
;ﬁ(szmxﬂda—c) =0, (3.32)
k=1

where c is the two-form gauge field that has a background gauge transformation

2
c—c+dA+ > N Adh. (3.33)
k=1

Then, we have the new field correspondences including c

Ao~ ag, (3.34)
Ao ~ Ak + day, — cor, (k=1,2), (3.35)
Apg ~ AL+ 0hay = A2 4+ D1as — 12, (3.36)
»'2~ B — B2, (3.37)

Due to cj9, the £ = 1 and & = 2 foliated gauge fields are not treated symmetrically.
From (2.23), (2.24), (2.26), (3.26)—(3.28) and (3.33), we derive correspondences between the
background gauge parameters

Ao = Mo, (3.38)
A9 ~ )\% + 091, (339)
A2~ 31— 32 (3.40)

Note that A\? and Ay do not appear.
Using the field correspondences, L. pr can be written as
iN 1 4 N R N
»ce,BF ~ % [(Bl — B2)(8DA% — 82_/4(1) + Oaco1 — 0012) -+ (A% + 82(11)062 -+ CL()C} , (3.41)
where we can replace 8014% — 82A(1) + Os¢p1 and A% + Ogay with 9pA? — 81A(2) + O1¢cp2 — Opci2
and A% + d1as — c12 respectively.

Since A* A da*, B* and a are the foliated gauge fields and the bulk gauge fields in
the foliated theory, we want to substitute some background foliated and bulk gauge fields
for the background tensor gauge fields Cgi2 and (C32,C). Therefore we introduce a U(1)
foliated A-type (2+41)-form background gauge field C* A dz* (k = 1,2), a U(1) foliated

— 14 —



B-type one-form background gauge field Ck (k =1,2) that obeys C’,’j = 0, and a bulk two-
form background gauge field ¢1 dor'dz?. Then, we assume correspondences between the

background gauge fields including ¢ as'?
Co1a == Coy + acor = CFy + drco2 — docra (3.42)
Ci2~ =2, (3.43)
C~ 816'21 — 82012 + C12. (3.44)

Note that the field correspondence of C is the same form as that of B in the foliated BF
theory with two foliations in 341 dimensions [40]. To impose Ciy+02co1 = CZ; +01co2 — ocia,
we must add to the Lagrangian the term %h S2_1(C* A da* — dc) where h is a zero-form
dynamical field, which has a dynamical gauge transformation

h — h+ 21w+, (3.45)

where w is an integer-valued gauge parameter, which is canceled by the gauge transformation
of %* mentioned later. The background gauge transformations of C* A dz*, C* and é19 are

CF A dxk — CF A dx® + d\k A da® (3.46)
Ck— CF +a\k — b, (3.47)
¢12 — C12 + (dD)12, (3.48)

where 7 is a one-form gauge parameter. Under the assumption, £e g can be written as

N [ A
Lopr =5 BN (@A} — 0,4} — Cfy) — B (@0 — 0145 — CFy)

(3.49)
+(A3 + 8201)C§ — (A3 + D10z — ¢12)C + ag(01C5 — CF + 1)) -
Integrating the é’f term by parts, we substitute
ao(alé% — 62612) — —0O1ag 021 + Ohag 012 (3 50)
~ —(A(l) + dpay — 001)021 + (A% + Opag — 002)012 . '
Then, we can obtain
iN G 4 .
Lopr = o3 [~ BF (dAF — CF) Nda® — CF A (AF ndak + d(agda?) )|
’ 2w
k=1 (3.51)
N .N A A~ A
+ Laoém de + Z7(0()1021 — 002012 — Clzcg)d?’x y
2 21
where d3z = dz%dz'dz?. We will see later that the term
1IN A A R
o (001021 - 602012 - 01203) A3z (3.52)

2Under the 90 degree rotation ' — z?, z? — —z', the C fields transform as Coi2 — —Coi2 and

Cl, < —C%, and the C fields transform as C’SQ — —6’62, ¢ C, CA*& ~ ég, C3 = —C? and €2 — C}. Thus
the rotational transformations on the both sides are compatible.
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can be dropped by combining the bulk SSPT phase as a counterterm, so we drop it here.
Restoring the b term and adding the h term, we get the foliated BF' Lagrangian including
the background gauge fields:

iN &

2T =1

Lipr = [ka (dAF — CF) A da® — CF A (Ak A dz® + d(akdxk))]

iN iN 2 iN (&
A 13 k k k k
+27ra0012dx+2ﬂ_b/\<g A" Ndx +dac>+2ﬂh<§ C*® Ndx dc),

k=1 k=1
(3.53)
or integrating it by parts,
iN G, ar A . .
Lipr=5- [(dBF — C% 4 b) A AF A da + BE CF pdak — OF A d(agda®)]
T
=1 , (3.54)
iN N N
+ S aptrndr + b A (da— o)+ ——h [ S CFAda —de) .
27 2 2 =
Then, b has the background gauge transformation
b—b—1, (3.55)

which is canceled by the background gauge transformation o of C* and ¢ up to a back-
ground term as

2
dp {z [(—C’k +b) A AP A dxb — CF A d(akd:ck)] + agtre B+ b A (da — C)}
k

=1
2 . 5 (3.56)
= Z U A d(agdx™) + ap(dv)12d’x — 0 A (da — ¢)

The background foliated gauge fields C* A dx* are coupled to the Zy electric symmetry (3.21),
the background bulk gauge field ¢ is coupled to the Zy tensor time-like symmetry (3.23),

and the background foliated gauge fields C* are coupled to the Zy dipole symmetries (3.22).
From the term %agélg d3x, we can say the background gauge fields éo dz'dz? is coupled

to the fracton defect F[C)] = exp [2 fc? a}. In addition, the quadrupole operator associated
with the Zy tensor time-like symmetry (3.23) can be written as

T {C’lu’rem(a:%,x%,x%, x%)} = exp [—iAlg(El — 32)@%, $%,x%,x§)}

' (3.57)
= exp lz %clmect b]

by using the equations of motion (3.5), and then the symmetry action (2.18) can be written as

T[C1>" (a1, 23, 2%, 23)| - FICY) = e 27/ P[CY)] (3.58)
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in the foliated form [36, 39]. Actually, T [szreet(x%, xd, 23, x%)} acts on the gauge field b,
but we can formally interpret the background gauge transformation of b (3.55) as being
passively acted by the defect F[CY]. If & were not a local transformation, this transformation
would not be a symmetry transformation in the original 2+1d foliated BF' theory (3.4).
Moreover, the fracton defect F[CY] is not topological, so the defect is not a symmetry
operator. However, this situation is similar to that of global symmetries, so we call the
fracton defect a symmetry-like passive action operator.

The remaining ¥'? and y terms can also be written as foliated forms. As for Loy, we
assume correspondences between the dynamical field ¥'? as

D G (3.59)

where X* (k = 1,2) are zF-dependent integer-valued dynamical fields. Their dynamical
gauge transformations are

= 1F + 21t 4 27w, (3.60)

where t* and w are canceled by the gauge transformations of B* and h respectively. Then,
we rewrite L.y as

~12
Ee,)% = —X “Co12

X' (Coy + Bacor) — R2(CGy + Drcoz — 30012)} (3.61)

As for L., we use x and introduce dynamical (0+1)-form fields x*dz* (k = 1,2) as
Ix = x*. (3.62)
Their dynamical gauge transformations are

X = X+kK, (3.63)
X" = xXF 4 Ok (3.64)

Then, we can rewrite Le, as

N A N
ﬁe% = ﬁx(aoc — 81820&2)

iN A A A A
3 [01(8003 — 3:63) — 928007 — 01GF) + doéra
iN . . ) )
=5 [alx(—aocg + 0C1) + Box(90C% — 01C3) + Xaoam}

12

(3.65)

N 2 .
— ;7 <Z xFda® A dCF + xdyéia d%) .
k=1
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To impose (3.62), we should add a term of dynamical bulk gauge fields éy;da’dz! and
¢oodx®dz?, and then we have the form

N (2 A
ﬁf’x = Z277r (Z Xkdl’k A dC* + x0oC12 d3x>

+ﬁYFmW‘—@M—me‘—@M} (3.66)

Z{ Fdak A ( d0k+c)+xdc] ,

where the background gauge transformations of ¢y; and ¢y are

o1 — Co1 + (dD)o1, (3.67)
o2 — Co2 + (dD)o2 - (3.68)
Note that we combine the background gauge field ¢9 and the dynamical gauge fields ¢o1

and ¢po into ¢ To obtain the exotic theory, we must integrate out ¢p; and épo.

After all, we have constructed the 2+1d foliated BF' Lagrangian coupled to the background
gauge fields. The full Lagrangian is

L {Ck A dxk, C’k, c, 612}

N 2 N . . .
- 127 [(dBF — CF 4 b) A A% pda® + BECF A dah — CF A\ d(ayda®)]
T k=1
iN : ) (3.69)
+2—a0c12d :1:+—b/\(da—c)+§h (;10 A dzF —dc)
iN & R
2—2 { R A da® + xFda® A (dCF + @) —i—Xdé} .

Under the background gauge transformations, it transforms as

. 2
5@:?2 [(dé’f—ék+b)AAkAdx’f+BdekAda:’f+Xk(c’f+dA’f)Adx’f
=
— C* nd(Mdat) — (dAF = 9) A d(agda® + Meda®)|
N
+%*%Wﬂudx+4*%@+dﬂmd$
iN 2
+b/\< Z)\k/\d ) V/\(da—c—Z)\k/\d:):k> (3:70)
k=1
iN Sk Ak k_ (Ak L a3k k k k Ny
= [A CE A da® — (CF 4+ dAF) A {AF A da® + d(da®) ] + 2= Moo da
21 = 2
+ﬂuA c+d)\—|—Z)\k/\d:r .
2 k=1

Note that to derive this formula from the exotic one (2.32) by using the field correspondences,
we have to take into account the dropped term ﬂ((:016’2 — c2C? — ¢12C3).
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3.3 Foliated SSPT phase in 341 dimensions

In section 2.3, we saw that the mixed 't Hooft anomaly in the 2+1d exotic BF theory are
canceled by the 3+1d exotic SSPT phase. In this section, we construct a description of the
foliated SSPT phase that is equivalent to the exotic one with two foliations by determining
field correspondences. Again we take the coordinates (z%, x!, 22, 23).

First, we introduce background foliated gauge fields C* A dz* (k = 1,2) and a background
bulk gauge field ¢, and assume correspondences between the background tensor gauge fields

(Co12, U312, Cp3)) in the exotic SSPT phase and CF A daF, ¢ as
Cor2 ~ Cgy + Oaco1 = C§y + d1co2 — Docrz (3.71)
C312 =~ C3y + Oacz1 = C3) + O1c32 — O3c12, (3.72)
Clog) =~ c03 (3.73)
810[03} ~ 033 + O3¢01 — Opesn ( )
820[03] ~ 083 + 63002 - 80632 ; ( )
where C* A da* is a U(1) foliated A-type (2+1)-form gauge field and ¢ is a U(1) bulk two-form
gauge field. These correspondences are consistent with the ones between the background
gauge fields in the 2+1d exotic and foliated BF' theories. To impose the constraints for
C* A dz® and ¢, we add the term %p A (Zzzl Ck A dak — dc) to the Lagrangian where p is
a dynamical one-form field. p has a dynamical gauge transformation p — p + do, where ¥ is
a zero-form gauge parameter. The background gauge transformations of C* A dz* and ¢ are

CF A dab — CF A da? + dNF AN dab | (k=1,2), (3.76)
2

c—ctdh+ > N Ada, (3.77)
k=1

where \¥ A dz is a (14-1)-form gauge parameter and X is a one-form gauge parameter. We
have correspondences between background gauge parameters:

AO ~ )\0 N (378)
A3 ~ )\3 y (379)
Ao ~ A+ o). (3.80)

Next, we introduce background foliated gauge fields Ck (k = 1,2) and a background
bulk gauge field ¢, and assume correspondences between the background tensor gauge fields
(C’&Q,C‘, 032) in the exotic SSPT phase and C*, ¢15 as

Ci2~ Ot -2, (3.81)
C ~ 81021 — 82012 + ¢12, (3.82)
C2~ -2, (3.83)

where CF is a U(1) foliated B-type one-form gauge field and é1o dz'dz? is a U(1) bulk
two-form gauge field. Their background gauge transformations are

Ch = CF+dl\r —p, (3.84)
12 — C12 + (dP)12, (3.85)
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where A is a zero-form gauge parameter and U is a one-form gauge parameter. Similarly,
we can get correspondences between background gauge parameters:
M2~ 332 (3.86)

To restrict C' and C fields to Zy in the exotic SSPT phase, we have introduced the
dynamical gauge fields B 12 and (S, B2, B3). We also introduce dynamical gauge fields Bk,
Bk A dz®, B, and assume correspondences

B2~ Bt - 57, (3.87)
OBo ~ Bs + OB + cor,  (k=1,2), (3.88)
Oy =~ B5 + 03P + ez, (k=1,2), (3.89)

Bra =~ By + 02y = B} + O1B2 + 12, (3.90)

where (¥ is a foliated B-type zero-form gauge field, 8 A da* is a foliated A-type (1+1)-form
gauge field and B is a bulk one-form gauge field. Moreover, to impose the constraint for
B¥ A dz¥, B and ¢, we introduce a bulk dynamical two-form gauge field ¢&;;dzidz? ((i,7) =
(0,1),(0,2),(0,3),(2,3), (3,1)), and add the term 5 (X7, 8* A da* + dB + ¢) Aé]ey,—o to
the Lagrangian. Their background gauge transformations are

Br — 4 Nk, (3.91)
BF A da® — BF A dak — NF A da® (3.92)
B—pB—=A, (3.93)
Cij = Cij + (dD)ij,  ((6,5) # (1,2)). (3.94)

They also have dynamical gauge transformations:
BE — B* 4 orak — o, (3.95)
BE A da® — gF A da® 4 duf A da® (3.96)
B — B+ du— 22: uFda® (3.97)

k=1

where @F is an z¥-dependent integer-valued gauge parameter, u*dz* is a (0+1)-form gauge

parameter, s is a zero-form gauge parameter, and ¥ is the gauge parameter of p. They
correspond to the dynamical gauge parameters of Bl2 and (Bo, P12, 83) as

gk ~ak (3.98)
w. (3.99)

Let us construct the foliated Lagrangian describing the 3+1d SSPT phase. The exotic
SSPT phase with two foliations is described by the Lagrangian (2.47)

12

1

S

Lsspr,e [0012, Cs12, Cpoz), €32, C, égﬂ = Logprep T L55PT.e.6 + Lagpr o006 (3.100a)
Lospres = %312 (330012 — 90C312 — 31320[03]> ; (3.100b)
L3SPT e = % [Bo (336' — 31(92@'%2) + B2 (336%2 — 306'3}2) — 3 (300 - 8132062)] ;
(3.100¢)
Losprece = % (Cor1oC32 = C312C? + CpgC) - (3.100d)
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Using the correspondences above, we can rewrite it in terms of the foliated fields. As for
Legpres and LsspTes, we have

N A
Lysprep = gﬁl {53(052 + 9ac01) — O0(C3y + Bacz1) — 82(C + D3co1 — 30031)}

N 4
- ;762 [33(031 + 81602 - 80012) - 80(09%1 + 81632 — 83c12)

3.101
- 81(033 + 83C02 — 80032):| ( )
N 2 .
= 5= > Ardct ndat,
=1
and

LSSPT,e,8
~ % (B0 (0501C3 = 3305CF + D12 — 0102C + 10:C3F)
+ Bz (05C5 = 35CF — 05 + 00 C3)
— B3 (000103 — 0002CF + Doérs — D10xCY + 0102CY) |
~ % = (B + 0081 + cor ) (9503 — 063 — (83 + Do + con) (—05CF + 01 C3)
+ Bodstra + (B3 + 061) (95C5 — 00C3) + (B + 0182 + c1) (—05CF + A0C3)
+ (B3 + 0581+ e31) (00C3 — uCY) + (83 + B3 + c32) (~00CF + 01 CF) — Badéaa]

N [ A 2 )
2r o 2 —
IN R . R ) R A
+ o [—601(33021 — 02C3) + co2(030% — 01C3) — ¢12(03C5 — 0yC3)

+¢31(00C3 — 32C3) — ¢32(00CF — 816’3)} diz, (3.102)

where d*z = dzPdx'dx?dz®. For later convenience, we have left the total derivative term.
For the constraints for C* A dz* and ¢, adding the term

N 2
;T(Z,Bk/\dl‘k—f—d,@-i-C)/\é‘éu_o
k=1 (3.103)
iN G o iN
== BAde* Ne+ —[BAde+cne+d(BAE) :
271' =1 27T ¢12=0
we have
iN[S o, A . R
'CSSPT,f,,B:T Zﬁ Ndz /\(dC -I-C)-f-ﬁ/\dc'f‘(C/\C)’élg:O
T lk=1
iN & k Ak o
+d gzwkc& ) A (dC" +¢) (3.104)
k=1

Z’ A A A A A PN
tos {—001(83021 — 0C3) + c2(05CF — 01C5) — c12(95C5 — 9o C3)
+ e51(00C3 — 32C) — es2(00CE — Y|
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where we dropped the x°-, z'- and x?-derivative term. Note that we combine the background
gauge field é;2 and the dynamical gauge fields é; ((4,5) = (0,1),(0,2),(0,3),(2,3),(3,1))
into ¢. To obtain the exotic theory, we must integrate out the dynamical parts é; ((¢,7) =

(0.1).(0.2). (0,3). (2.3). (3.1).
The CC part is rewritten as

iN A N
Logprec ™ o [(032 + Dc01)C3 — (CGy + Drcoz — Doc12)C3

— (03}2 + 82031)0(} + (Cgl + O1c39 — 83012)03 + 603(81621 — 82@12 + 612)}
N 2 Ak k k A 4
=5 ZC A C® ANdx" + é19cp3d™x
T =1

iN A N a N
+ o [32601 CY — (D102 — Doc12)Cs — Oacr Cf + (O1c32 — O3¢12)CE
— (83601 — 80031)6’21 + (83602 — 80032)012] d4x. (3-105)

Then, combining the last term with the last term of (3.104), we have
iN

o 105 (~c0103 + c0aCF — e1xC) | da. (3.106)

We will put the SSPT on the region 22 > 0 and the foliated BF theory on the boundary =3 = 0.
Then, the x3-derivative term cancels out the boundary term (3.52), so we drop this term.

Finally, we obtain the foliated form of the SSPT phase with two foliations in 341
dimensions:

LsSPT ¢ {C'k AdzF CF e, @12}

. 2
- % {Z [BdekAdx’Urﬁ’“Adx’“A(dé’“+é)} —i—ﬁ/\dé}
k=1

iN & N o iN [ ak ok ok (3.107)
+d | o > (Beda®) A dCR +8)| + o |3 CEACE Adat ene
k=1 k=1
N 2
+Zp/\<ZCk/\da:k—dc>.
27 =

As in the case of the exotic SSPT phase, if the theory is on spacetime without a boundary,
it is gauge invariant. However if spacetime has a boundary, the partition function of the
3+1d SSPT phase is not invariant. From the anomaly inflow mechanism [52], this variation is
expected to be canceled by the anomaly of the 241d foliated BF' theory on the boundary (3.70).
To see this, we put the foliated SSPT phase on the region 3 > 0 with the boundary = = 0.
From the gauge invariance, the boundary conditions of Bk , B A dz® and f are

(B' = B*)|as—0 = 0, (3.108)
Boles=0 =0, (3.109)

(B2 + 0281)|z3-0 = 0, (3.110)

(B + 0182 + c12) |30 = 0, (3.111)
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which are consistent with the boundary conditions in the exotic SSPT phase. On the boundary,
we put the 2+1d foliated BF' theory coupled to the background gauge fields (3.69), and
the background gauge fields in the 3+1d SSPT phase are related to those in the 2+1d
foliated BF theory as'3

Céspr N da¥ | jag = Chp N da (3.112)
Clispr 2320 = Chr (3.113)
CSSPT |23=0 = CBF (3.114)

CSSPT 12 |23=0 = CBF12 - (3.115)

Note that while the background gauge fields in the 3+1d SSPT phase are restricted to Zy
tensor gauge fields by the dynamical fields 3k , B¥ Adz* and $3, those in the 2+1d foliated BF
theory are restricted by the dynamical fields ¥*, x* dz* and y. Then, under the background
gauge transformations, the Lagrangian transforms as
iN N ik ok k \k k Ak o] Y R
§yLsSPTf = %kz::l [N dCH A dak = N A da® A (dCF +2)] — SN de
N 2 A
—d [Z > (Aeda®) A (dC* + @)

27 =
iN &« . .
+2—Z (ANF — ) A CF A da 4+ (CF + dNF — D) AdNF A da®
7T
k=l ) , (3.116)
+ <d)\+Z)\k/\dxk> Aé+ <c+d)\+ Z)\k/\dazk> Adﬁ]
k=1 k=1

N 2. R R
_ d{l 3 [,\k: CF A dxk — (CF + d\o) A (N A da® + d(y, dx’f)}
k=1

iN iN 2
+ o= Nolad®r + DA (c+dA+ Y N AdaF ) b
2m 2m P

Thus on the boundary, the term

N 2 A .
54SsSPT.e = — / dxod:clda?z? {Z AR CE A dak — (CF 4 dAF) A (N A dat + d( da)]
T k=1

2
+ Mérad®z + o A (c +dA+ D A A dmk> } (3.117)
k=1

arises. Note the total derivative term in (3.107) contribute to the boundary x* = 0 as a
counterterm, so that the boundary term of the 3+1d foliated SSPT phase matches the 't
Hooft anomaly of the 2+1d foliated BF theory (3.70) on the boundary z3 = 0. Therefore we
can cancel the 't Hooft anomaly of the 24+1d foliated BF theory on the boundary by the
gauge-variation of the 3+1d foliated SSPT phase on the bulk.

30n the boundary, ésspr,01 and ésspr,02 do not arise. Then, these have no relation to égr,01 and égr,o2.
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4 Change of foliation structure
In section 3.3, we obtained the 3+1d foliated SSPT phase with two foliations:
Lispr ¢ {Ck Adz®, CF e, 512}

N (s R
=1 {Z[5kdckAdxk+5kAda:kA(dck+a)]+,3Ade}

2 =1
iN & . iN [ . (4.1)
d|l=— dk d k N o k k dk A
+ %;(ﬁk ) A(dC + )| + o L;c ANCFANdaF +ene
N 2
+Zp/\<ZC'kAdxk—dc>.
2T —

Here we change the foliation structure from two foliations e* = da* (k = 1,2) to three
foliations ¥ = da* (k = 1,2,3). By adding gauge fields with k = 3 and modifying the gauge
transformations, we can easily construct the 3+1d foliated SSPT phase with three foliations.
The SSPT phase with a boundary also cancels the mixed 't Hooft anomaly of the 2+1d
foliated BF' theory on the boundary. The situation where other (exotic) SSPT phases with
different foliations cancel the same anomaly appears in [25, 30].

Then, we will assume field correspondences between the foliated and exotic SSPT phases
with three foliations, and convert from the foliated SSPT phase with three foliations to the
exotic one. While it is non-trivial to construct the exotic form of the 3+1d SSPT phase with
three foliations from the one with two foliations, we can construct it via the foliated form. It
is a systematic way to construct the exotic form using the foliated-exotic duality.

4.1 Foliated SSPT phase with three foliations

Firstly, we construct the 3+1d foliated SSPT phase with three foliations. We introduce a
U(1) background foliated A-type (2+1)-form gauge fields C* A dz® (k = 1,2,3) and a U(1)
background bulk two-form gauge field ¢ with background gauge transformations

CF Ndx® — CF N dak + NP A dab,  (B=1,2,3), (4.2)
3
c—>c+d)\+2)\k/\d:vk, (4.3)
k=1

where A* A dz* is a (14-1)-form gauge parameter and A is a one-form gauge parameter. As in
the case of two foliations, to impose the constraints for C*¥ A dz* and ¢, we include the term
%p A (Zzzl C* A dak — dc) in the Lagrangian, where p is a dynamical one-form field. p has
a dynamical gauge transformation p — p + do, where ¢ is a zero-form gauge parameter. Next,
we introduce U(1) background foliated B-type one-form gauge fields C* (k = 1,2,3) and
a U(1) background bulk gauge field &;; dx'da? (i, j) = (1,2), (2, 3), (3,1)) with background

gauge transformations

Ck = CF +d\k —p, (4.4)
& = Cij+ (dD)ij,  ((i,5) = (1,2),(2,3),(3,1)),

— 24 —



where \¥ is a zero-form gauge parameter and # is a one-form gauge parameter. To restrict
C* A dz*, CF and ¢ ((4,5) = (1,2),(2,3),(3,1)) to Zy, we introduce a dynamical foliated
B-type zero-form gauge fields 8 (k = 1,2,3), a dynamical foliated A-type (1+1)-form gauge
fields g% A dz* (k = 1,2,3) and a dynamical bulk one-form gauge field 3. Moreover, to
impose the constraint for 5% A dz* and 3, we introduce a bulk dynamical two-form gauge field
éijdxtdx? ((i,7) = (0,1),(0,2),(0,3)), and include the term % (Z%ZI BF A dx* 4 dp + c) A
C|éyp=ty3—ta,—0 in the Lagrangian. Their background gauge transformations are

gr — pr AR (4.6)
BF A dzF — BF A da® — NF A da (4.7)
B—B—=A, (4.8)
Cij = €5 + (dD)ij,  ((i,5) = (0,1),(0,2),(0,3)). (4.9)

They also have dynamical gauge transformations:
BE — BF 4+ 210k — o, (4.10)
B* A dzF — 8% A dx + duF A da (4.11)
B— B+ du— 23: ubda® (4.12)

k=1

where ¥ is a zF-dependent integer-valued gauge parameter, uFdzF is a (0+1)-form gauge

parameter, s is a zero-form gauge parameter, and ¢ is the gauge parameter of p. Then, the
3+1d foliated SSPT phase with three foliations is written as

3 k k Ak ~ A~ ~
L3sp f {C Ndz®,C",c, 01276237031]

. 3
_ ;ﬂ {Z {Bkdck A daz® + gF A da A (dCF +é)} —i—ﬁ/\dé}
T (k=1
B . (4.13)
;ﬂ > (Brda®) A (dCF + @)
T k=1

iN 3
+ —pA (ZC’k/\dxk—dc> .
2T P!

+d

N 3 ~
s Y CFACk ndaF +ene
21 =

If the theory is on spacetime without a boundary, it is gauge invariant. As in the case
of the SSPT phase with two foliations, if spacetime has a boundary, the partition function
of the 3+1d SSPT phase with three foliations is not gauge invariant and the variation is
canceled by the anomaly of the 2+1d foliated BF' theory on the boundary (3.70). To see
this, we put the foliated SSPT phase on the region 23 > 0 with the boundary z® = 0. From
the gauge invariance, the boundary conditions of Bk B* A dz® and B are

(B' = B%)]as—0 = 0,
Bolzs—0 =0,

(B2 + 02f1)|a3—0 = 0,

(BF + 0181 + c12)|a3—g = 0.
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On the boundary, we put the 241d foliated BF' theory coupled to the background gauge
fields (3.69), and the background gauge fields in the 34+1d SSPT phase are related to those
in the 2+1d foliated BF' theory as

C§SPT A dwk |a:3:0 = CEF N dxk ’ (k - 17 2) ’ (418>
ééCSPT |x3=0 = égF ) (k =1, 2) ) (4'19)
CSSPT |23—0 = ¢BF , (4.20)
CsspT12 |a3—0 = ¢BF12 - (4.21)
Then, under the background gauge transformations, the Lagrangian transforms as
. 3 .
3 _ iV NP k_ \k k Ak o] WY N
3o Lsprs = 5 ;; [\FdCh ndak = N A dah A (dCF + )] AN de
N 3 .
—d l;” > (A daF) A (dC +¢)
k=1
iN S, ¢ SR
+ 5 (X = 9) A CF pdak + (CF 4 d3F — 0) A ddF A dat]
i
=1 (4.22)
iN R iN ek
+o— (AN + D N Ad? | he+ = (et dA+ ) N Ada® | Adp
27 = 2 =

iN ok ko Ak L Rk k k k
_d{%kzl[A C" Ndz"” — (C% 4+ dX*) A (¥ A dz” + d( Mg dx )}

N 3
+ S NotradPe + 0 A <c+d)\+ SN /\dxk>} :
27 P

On the boundary z3 = 0, the terms containing dz>, such as the foliated fields with k = 3,
do not appear, so we have

N [ 1 R .
8y S3spr.e = — / dmod:vldﬁ;—w {Z [\FCE A dah = (CF 4 dAR) A (VF A da + d(A da¥)|
k=1

3
+ Xoérad’z + 0 A (c +dA+ D NA d:z:k> } : (4.23)
k=1

This expression is the same as the boundary term of the 3+1d foliated SSPT with two
foliations (3.117), and matches the 't Hooft anomaly of the 2+1d foliated BF theory (3.70)
on the boundary z3 = 0. Therefore we can also cancel the 't Hooft anomaly of the 2+1d
foliated BF' theory on the boundary by the gauge variation of the 3+1d foliated SSPT phase
with three foliations on the bulk.

An ’t Hooft anomaly of an ordinary global symmetry in a relativistic QFT corresponds
to a field theory in one dimension higher from the anomaly inflow [52], and such field theories
are called invertible field theories [53]. Invertible field theories are the low-energy effective
field theories of the symmetry-protected topological (SPT) phases [54, 55], which cannot be
smoothly deformed into trivially gapped systems while preserving the symmetry.
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In the case of the subsystem symmetries, the 3+1d SSPT phases with two foliations and
three foliations represent the same phases from an anomaly point of view. The rotational
symmetry of the SSPT phase with two foliations is the 90 degree rotation Z4 with respect to
(z!,2?) and the 2? direction has no foliation. On the other hand, the rotational symmetry of
the SSPT phase with three foliations is the 90 degree rotation Sy with respect to (x!, 22, 23).
On the boundary 2% = 0, both reproduce the 90 degree rotational symmetry Z4 in the
exotic/foliated BF theory in 2+1 dimensions. Furthermore, the SSPT phase with three
foliations (4.13) is smoothly deformed into the one with two foliations (4.1) while preserving
the rotational symmetry Z, under the deformation e® = da® — 0, that is 33, B3 A da3,
C3 A dz?® and C3 go to 0.14 Therefore, an 't Hooft anomaly of a subsystem symmetry in
a fractonic QFT is considered to correspond to a certain deformation class of the SSPT
phases and foliation structures. This gives an implication for the characterization of 't Hooft
anomalies of subsystem symmetry.

4.2 Exotic SSPT phase with three foliations

In section 4.1, we derived the foliated SSPT phase with three foliations simply by adding
the k = 3 foliation terms. Here assuming field correspondences, we determine tensor gauge
fields of the SSPT phase with three foliations and construct the exotic Lagrangian describing
the SSPT phase with three foliations.

To derive the exotic form, we must integrate out ¢o1, ¢o2, Co3 and p in the foliated form,
and then we can use the equations of motion

%(5; — B 40,8 — 0B —cij) =0, ((i,5) = (1,2),(2,3),(3,1)), (4.24)
iN (&
— C* A dat — dc> =0. (4.25)
=

The fractonic theory with three simultaneous foliations ¥ = dz* (k = 1,2,3) has the
90 degree rotational symmetry S4 in 3+1 dimensions. Then, tensor gauge fields of such a
theory are in representations of Sy. Irreducible representations of Sy are 1, 1/, 2, 3 and 3’,
and we use the notation in [16]. Firstly, we introduce U(1) background tensor gauge fields
(Co12, Co23, Coz1) in 3" and (Cya3), Co(31), C3(12)) in 2 satisfying Cy(a3) + Cy(31) + C312) = 0,
and assume correspondences

Coij ~ Ciyj + djcoi = Cf; + dico; — docig,  ((4,4) = (1,2),(2,3),(3,1)), (4.26)
orl5

1 ..

3 (Ci(jk) - Cj(ki)) ~ Cf = Oicje, (4,4, k) = (1,2,3),(2,3,1),(3,1,2)), (4.28)

MPrecisely, we must consider the version where the bulk gauge fields ¢ are not dynamical. This fact implies
that we cannot apply the same discussion to the exotic SSPT phases.
15W€ can use (0[12]3, C’[23]17 C[31]2) in 2 Satisfying C[”]k = % (Cz(]k) — CJ(}W)) and Cz(]k) = C[”]k — C[}m]]
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where we have used (4.25) and actually we have restricted ¢ to zero. Their background
gauge transformations are

C(]ij — C(]ij + aOAij - 8z'ajAO 3 ((7'7]) = (11 2)7 (27 3)7 (37 1)) 9 (429)

where the background gauge parameters Ay and (A2, A3, Ag1) are in the representation 1
and 3’ respectively. Then, we have correspondences

AO ~ Ao, (431)
Aij 2)\;+8j)\17 ((%.7) = (172)7(273)7(371>)' (432>

Next, we introduce U(1) background tensor gauge fields (C’é(zg), 63(31)703(12)) in 2 satis-

fying C1(23) 1 0261 1 ¢3(12) — o, (C12,023,C31) in 3’ and (C*,C2,C3) in 3, and assume
correspondences

CR = GE— O, ((,4,k) = (1,2,3),(2,3,1), (3,1,2)), (4.33)
CiCL—CY, ((1,5,k) = (1,2,3),(2,3,1),(3,1,2)), (4.34)
CF = 0,C1 - 9;C) + &5, ((i,4,k) = (1,2,3),(2,3,1),(3,1,2)). (4.35)

Note that the gauge transformations © in the right hand sides cancel out, so the degrees of
freedom of the fields are consistent. Their background gauge transformations are

ORI s EROD 1 gy ARG (0,5, k) = (1,2,3),(2,3,1), (3, 1,2)) , (4.36)
G — G 4 AR (4, 4,k) = (1,2,3),(2,3,1),(3,1,2)) (4.37)
Ck — CF 4+ 9,0;,AF) | ((3,5,k) = (1,2,3),(2,3,1),(3,1,2)) , (4.38)

where the background gauge parameters ([\1(23), /A\Z(?’l), /AX3(12)) are in the representation 2
satisfying A1(23) 4+ A263D 4 A3(12) — 0. Then, we have correspondences

ARG~ XN (0,4, k) = (1,2,3),(2,3,1),(3,1,2)) . (4.39)

In addition, to restrict C and C fields to Zy, we introduce dynamical gauge fields
(12, 326D, 3302) in 2 satistying 3139 4 326U 4 33012 = 0, (By1, foa, Bos) in 3 and
(B12, B2s, B31) in &', and assume correspondences

BRI~ B — BT ((i,5,k) = (1,2,3),(2,3,1),(3,1,2)), (4.40)
Bok =~ BE + 0Bk + cor, (k=1,2,3), (4.41)
Bij = Bi+8;8; = Bl + 8B + iy, ((i,5) = (1,2),(2,3),(3,1)), (4.42)

and use (g as a field in the representation 1. Their background gauge transformations are

BRIy BRGI) L ARGD) (65, k) = (1,2,3),(2,3,1),(3,1,2)), (4.43)
Bo = Bo — Ao, (4.44)
Bok = Box — 0o, (k=1,2,3), (4.45)
Bij = Big — N, ((4,5) = (1,2),(2,3),(3,1)). (4.46)
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They also have dynamical gauge transformations

BRI _y BRI 4 ongt —orsl | ((4,,k) = (1,2,3),(2,3,1),(3,1,2)), (4.47)
Bo — Bo + Oos, (4.48)
Bok — Bok + Okdos, (k=1,2,3), (4.49)
Bij = Bij + 0058, ((i,7) = (1,2),(2,3),(3,1)), (4.50)

k

where §* is a z*-dependent integer-valued gauge parameter, and s is a gauge parameter

in 1, and we have

12

g8 ~ ok (4.51)
u. (4.52)

12

S

Using these field correspondences, we construct the exotic Lagrangian describing the
3+1d SSPT phase with three foliations. As for the £gSPT £ part, we have
N 3 R
1N BRdcCk A dat
k=1

3
['S

SPT.L8 ~ o
iN 4 1
~ gﬁl [330012 — 02C031 — 530(03(21) - 02(31))]
iN 1
- gﬁ {830012 — 01C023 — 550(03(12) - 01(23))} (4.53)
iN 4 1
- 553 {310023 — 02C031 — 530(01(23) - 02(31))}
1N P 1
™o > ) (8k00ij - 330%(@']')) ;
(4,3,k)

where the sum for (i, j, k) is over (3,7, k) = (1,2,3),(2,3,1),(3,1,2). Note that terms of the
gauge field ¢ cancel out. As for the ‘C%SPT,f,B part, we have

d
2T +

N [ R
E%SPT,f,ﬁ — = [Z BE Adxk A (dCF +¢) + B Ade
k=1

iN & . N
gzwkdufc YA (dC -f—c)]

k=1

N o o
= 5 (8 +0281) (9 — 06C) + (8 + 01 By + c12)(~ 05 +0C)

+ (B3 +0382) (—00CF + 01CF) + (B3 + 0285 + c23) (00 CF — 01 CF)

+ (B} +0183)(—00C3 + 02CF) + (B3 + 93 B1 + c31) (00 C3 — 9:C5)

+ (B3 40081+ co1) (9203 — 93C3 + e93) + (B2 + o B2 + c02) (03CF — 0, C3 + 231)

+ (B8 + D083 +c03) (D1C5 — 02C + e12) + Bo (D163 + Dot + D) (4.54)

N ) A ) i A :
+ 127 [—612(—8308 +00C32) — c23(00C3 — 0,C3) — ¢31(0pCa — DoCY)

—c01(2C3 — D1 C3 +¢93) — c2 (9307 — 1C3 + é31) — co3(01C3 —326':13-1—612)}

~ o 3 [ﬁij(akég(ij) ,aoéijﬁﬁok(aiéj’?7ajéf+@ij)+5oak@ij]
(i.5.k)
+ 127 [—c12(~05C2 +80C2) — e23(00C5 — 01 CF) — e31(80C3 — 52CF)

—Co1 (6209} —81021 +623) —602(83012 —61032 —|—631) —603(81023 —826?—}—612)] .
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In this formula, we can write

810116 — 8]0116 + éij = 81((:‘]1“ — éjl) + 8](02] — éf) + 8ZO; — 8](:’3 + éij

- . N 4.55
~ 9;C* + 9,0 - CF | (4.55)
and
Z OkCij = Z [3/&(&0} — 8jCA'ij + &) + 8i8j(é’]i — é,f:)]
(4,5,k) (4,5,k) (4 56)
= Y (0C* + 0;0;CY),
(1,5,k)
so we derive the EgSPT,e,,B part
iN AR i . T . pii
Lisprops = o > [Bij(akcg( D — 00CH) + Bo (B C* +8;CTF 1 C*) + Bo(0,C* + 0;0;C J)}
(i,3,k)
iN N N N N N ~
+5 [—c12(=05C3 4+ 00CF) — a3 (0 CF = 01CF) — 1 (963 — Do)
—Co1 (326% — 816121 —i—égg) — 002(83012 —81@3 -{—631) —003(8163 — 820% —1-612)} .
(4.57)
Regarding the EgSPTi, o bart, we can write as
3 _ iN Ak k Y R
ESSPT,f,CC' = gl;c /\C /\d.’l: + %C/\C
N A 1 A 1AL 2 A2 2 A2
= o (00203 Cp3Cy + Cy3C) — Cgi C5 + Cis O
+ Cglég — 0326’:13 + Cglég + Cf’ZéS’ + ¢o1C23 + Co2C31 + 603612)
,LN /\i ~q 1 A
= o > [COij(Ck - C}) + g(cz‘(jk) - Cj(ki))cg]
(2,3,k)
IN A A N R
tos [ — Oaco1 C3 + (93c01 — Doc31)Cy — (—Dac31)C + (1coa — Doc12)Ci
— 83602 012 — (—83012)03? -+ (82003 — 80023)6:13 — 81003@3 — (—81623)03
+ co1623 + co2¢31 + C3¢12]
o N oG Lo ARG
= o Z 01 T3 k@i7) L0
(4,5,k)
iN A A A N
to- [ — Oaco1 CF + (93¢01 — Doc31)Cy — (—02c31)Cf + (8102 — Doc12)Cs
— 93c02 C% — (—03¢12)CF + (Daco3 — Bocaz)C3 — D1co3Cs — (—B1c23)C
+ co1623 + co2831 + co3li2] - (4.58)

Combining the last terms of (4.57) and (4.58) and dropping the x°-, x!- and x3-derivative
terms, we have
iN

2r

03 (001021 — 002612 + Cué&) . (4.59)
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As in the case of the SSPT phase with two foliations, we have to add the term (3.106) when
converting the SSPT phase from the foliated form to the exotic form, and this term cancels out.

After all, we have constructed the exotic SSPT phase with three foliations in 341
dimensions:

ﬁgSPT,e [C()ija Ck(ij), CO( 3)7 C ]7 Ck}

iIN < i 1
=50 > B (8k00ij - 3800k(ij))

(44)
o 2 [B@Ce™ — 200T) + Bor(BCH + 9, + CF) + Bo(@kCH + 10,0
(13:4)
iN PR k(i)
o (Z;@ {CO”CJ ~ 3k G ] ' (4.60)
1/7]7

As in the other cases, if the theory is on spacetime without a boundary, it is gauge
invariant. If spacetime has a boundary, the partition function is not gauge invariant and the
variation is canceled by the anomaly of the 2+1d exotic BF theory on the boundary (2.32).
To see this, we put the exotic SSPT phase with three foliations on the region 23 > 0 with
the boundary 2 = 0. From the gauge invariance, the boundary conditions of ﬁAk(ij), Bok,
ﬂij and 50 are

/6)3(12) |x3:U =0, (461)
512 ‘x3:0 = 07 (462)
Bolg3—0=0. (4.63)

On the boundary, we put the 2+1d exotic BF' theory coupled to the background gauge
fields (2.29), and the background gauge fields in the 3+1d SSPT phase with three foliations
are related to those in the 2+1d exotic BF theory as

CsspT,012 |z3—0 = CBF 012 , (4.64)
~3(12 A
Csép%,o |z3—0 = C%?F,o ) (4.65)
Céspr los—o = Car - (4.66)
Then, under the background gauge transformations, the Lagrangian transforms as
5Q£gSPT,e
=5 Yo AR (31@00@—38001@(@))
(4,5,k)
N A k(i Ny oy pr A N Ny
+ 1277[_ {—Aij(akcg( 7 _ 0 CY) — 8}#\0(@0’“ + @Cﬂf + Ck) — Ao(akck + 8i8j0”)]
(i,5,k)
iN ij R+)
+ % [(80Aij — 816JA0)C + (C(]ij +80A,-j — (91831\0)3],31\ }
(4,5,k)
iN 1 Ak(id A k(i
— g § [(28kA,] — az'Ajk — 8jAkz)Cg( 2 + (Ck(”) +28kA,-j — aiAjk — C{’]Akz)aoAk( ])}
(4,5,k)
iN 1 R A A N
= %83 [A3(12)0012 — A G0 NGB — A9 A3 — A08132A3<12>} : (4.67)
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where we have used equations such as

3" (BAij + Ol + 050 Co P = 37 9 (CFP 4 CI 4 CIVR)
(4,3,k) (4.4,k) (4.68)
=0.
Thus, on the boundary 2% = 0, the term
69SgSPT,e
N R R R R
— / dxodxld:L’Q’;? [A3(12)0012 — A12(Cg(12) + 80/\3(12)) — A0(03 + 8182/\3(12))] 2320

(4.69)

arises. From the boundary conditions (4.64)—(4.66), the background gauge parameters
also satisfy

Assprolz3=0 = ABFo (4.70)

AsspT2 |23—0 = ABF12, (4.71)
3(12)

AS(SPT 0 le3=0 = ABF,O (4.72)

on the boundary, and then it matches the 't Hooft anomaly of the 2-+1d exotic BF' the-
ory (2.32). Therefore we can also cancel the 't Hooft anomaly of the 2+1d exotic BF
theory on the boundary by the gauge-variation of the 3+1d exotic SSPT phase with three
foliations on the bulk.

In the foliated form, the SSPT phase with two foliations (4.1) are related to the one with
three foliations (4.60) in a rather simple way. On the other hand, in the exotic form, relation
between the SSPT phase with two foliations (2.47) and three foliations (4.60) is non-trivial. To
convert the SSPT phase from the foliated form to the exotic form, we must integrate out ¢o1,
Co2, Co3 and p. However, in the case of the foliated SSPT phases, they are smoothly deformed
into each other preserving the 90 degree rotational symmetry Z4 provided that the bulk gauge
field ¢ is not dynamical. Thus we cannot naively deform the exotic SSPT phase with two
foliations into the one with three foliations. This is an obscure point of the deformation.

5 Conclusion

In this work, we have discussed the mixed 't Hooft anomaly of subsystem symmetry in the
exotic and foliated BF theories in 2+1 dimensions and the SSPT phases in 3+1 dimensions
that cancel it via the anomaly inflow. We have constructed the exotic and foliated SSP'T
phases with two and three foliations respectively by using the foliated-exotic duality. Along
the way, we have shown the non-topological defect that describes a fracton can be considered
as a symmetry-like operator. We have also seen that both of the SSPT phase with two
foliations and three foliations match the same 't Hooft anomaly of the exotic/foliated BF
theory, and have pointed out that this fact may be a clue for characterizing 't Hooft anomalies
of subsystem symmetry.

One of the future directions is to further investigate the anomaly inflow for subsystem
symmetries. In this paper, we have considered the 3+1d SSPT phase with two foliations
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el = dr! and e? = do? with the 241d exotic/foliated BF theory with two foliations on
the boundary z3 = 0. If the boundary is 22 = 0, the boundary theory would be the 2+1d
exotic/foliated BF' theory with one foliation. Furthermore, it is interesting to put the SSPT
phase on the region 22 > 0 and 23 > 0 with the boundary 2> = 0 and 23 = 0 with a corner.
This situation is related to higher-order SSPT phases [63—65], where the anomaly theory
would arise on the corners or hinges. Even if the SSPT phase we have considered does not
have the corner theory, there may be effective field theories of such higher-order SSPT phases,
and finding them is also an interesting topic. These studies will be connected to larger goals,
which are the characterization of the 't Hooft anomaly and the classification of SSPT phases.

The other direction is to expand the foliated-exotic duality. There are gapless fractonic
theories (e.g., the ¢ theory [15]) in the exotic form, but the corresponding foliated QFTs have
not yet been found. Moreover, it is interesting to consider relation between exotic/foliated
theories and other topics on fractonic theory, such as the boson-fermion duality with subsystem
symmetry [66], the infinite-component Chern-Simons-Maxwell theory [67, 68], and the non-
invertible duality interfaces with subsystem symmetries [69]. Since exotic form and foliated
form have different manifest structure, clarifying the correspondences will lead to a deeper
understanding of fractonic QFTs and subsystem symmetries.
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