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1 Introduction

Thermodynamics of black holes has advanced significantly since the proposal of the four
laws of black hole thermodynamics in the 1970s [1, 2]. In particular, significant attention
has been devoted to the thermodynamics of asymptotically Anti-de Sitter (AdS) black
holes, which can be interpreted dually as thermal states within the conformal field theory
(CFT) via the AdS/CFT correspondence [3]. The Hawking-Page transition, a first-order
transition between a large black hole and thermal radiation in the bulk AdS spacetime,
is one example that has garnered significant interest in this regard, along with its corre-
sponding thermalization transition in the boundary strongly coupled dual CFT [4, 5].

In the realm of extended thermodynamic phase space, the AdS black hole’s phase struc-
ture and transitions have been significantly enriched by treating the negative cosmological
constant Λ as a thermodynamic pressure [6–9]. One well-known example is the Van der
Waals-like phase transition of charged AdS black holes [10–13], along with that of ro-
tating AdS black holes [14–16]. Black hole chemistry [17] has opened doors for a broad
range of thermodynamic phenomena, such as superfluid behavior [18], reentrant phase
transitions [19], possible interpretation of black hole microstructures [20], and multicritical
phase transitions [21, 22]. The variable cosmological constant has long puzzled researchers,
however, recent work [23] has provided an answer by utilizing holographic braneworlds as
higher-dimensional origins for extended black hole thermodynamics.

The holographic interpretation of black hole chemistry is a topic that has attracted
significant attention in recent years [24–26]. This interpretation proposes that the thermo-
dynamics of black holes in the bulk is equivalent to the thermodynamics of strongly coupled
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gauge theories on the boundary, given a large number of degrees of freedom in the limit of
a large N . In the past, variations in the bulk cosmological constant have caused changes
in both the central charge of the conformal field theory (CFT) (or the number of colors N)
and the boundary volume V [27]. Additionally, the CFT electric charge and its conjugate
chemical potential are related to the AdS length scale. Therefore, the thermodynamic first
law of the bulk spacetime cannot be directly projected onto the holographic dual boundary
field theory. To address this issue, researchers have recently proposed a theory in which
Newton’s constant is dynamic to maintain the CFT’s central charge fixed [28–30].

In this new paradigm, the dual CFT remains unchanged even when the bulk cosmo-
logical constant is rescaled. As a consequence, we can derive the bulk first law of black
hole thermodynamics from the first law of the dual boundary field theory. On one hand,
this approach provides a holographic interpretation for the black hole chemistry, specifi-
cally for the Van der Waals phase transition of the charged Reissner-Nordström (RN) AdS
black hole [29]. This transition is determined by the degrees of freedom of its dual field
theory in the large N limit, as confirmed by central charge criticality investigations for
non-linear electromagnetic black holes [31, 32] and Gauss-Bonnet black holes [33, 34]. On
the other hand, we can study the phase behaviors in the holographic thermodynamics of
charged AdS black holes [30]. The CFT description of these black holes exhibits zeroth-
order, first-order, and second-order phase transitions. However, it was found that there is
no pressure-volume criticality in the CFT, which verifies that the CFT state dual to the
charged AdS black hole is not a Van der Waals fluid.

The purpose of this research paper is to generalize previous investigations of holo-
graphic thermodynamics. There are two main aspects that we will be focusing on. Firstly,
we will propose generalized mass/energy formulas for charged and rotating Kerr-Newman-
AdS (KN-AdS) black holes, on both the bulk AdS side and on the holographic CFT side.
Secondly, we will generalize the holographic thermodynamics study for charged RN-AdS
black holes, as previously studied in [30], to rotating Kerr-AdS black holes. We aim to
explore the criticality and (de)confinement phase transitions of the CFT states, which are
dual to rotating AdS black holes and exist in a rotating Einstein universe. In section 2,
we will focus on generalized mass/energy formulas of charged rotating KN-AdS black holes
in extended thermodynamics, mixed thermodynamics, and CFT thermodynamics. In sec-
tion 3, we will delve into the phase transitions and criticality of the CFT thermodynamics
for rotating AdS black holes in the canonical ensemble, with fixed angular momentum, vol-
ume, and central charge. Afterward, we will explore the (de)confinement phase behaviors
of the black holes in the grand canonical ensemble with fixed angular velocity, volume, and
central charge in section 4. We will present concluding remarks in the last section. Please
refer to our previous study on the topological property of bulk/boundary thermodynamics
for charged RN-AdS black holes in [35].

2 Generalized mass/energy formulas

In what follows, we will first give generalized mass formulas for the charged and rotating
KN-AdS black holes in the extended thermodynamics, in terms of bulk event horizon
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area, electric charge, angular momentum, and cosmological constant. Then we will further
propose the generalized mass formulas for the black holes in the mixed thermodynamics, in
terms of black hole entropy, electric charge, angular momentum, thermodynamic pressure,
and boundary CFT central charge. After that, we will propose an energy formula for the
holographic dual field theory of the KN-AdS black hole.

2.1 Extended thermodynamics

The action of the Einstein-Maxwell theory we consider in this paper is1

I = 1
16πGN

∫
d4x
√
−g

(
R− 2Λ−F2

)
, (2.2)

where GN is the Newton’s constant, Λ is the cosmological constant, Fab is the strength of
the U(1) field, R is the Ricci scalar. The corresponding solution of the field theory is

ds2 =−∆r

Σ2

(
dt− asin2 θ

Ξ dφ

)2

+Σ2
(
dr2

∆r
+ dθ2

Hθ

)
+Hθ sin2 θ

Σ2

[
adt− r

2+a2

Ξ dφ

]2

, (2.3)

Fab = (dB)ab, (2.4)

B=−GNqrΣ2

[
dt−asin2 θdφ

]
+Φtdt, (2.5)

where

∆r = r2 − 2GNmr + a2 +G2
Nq

2 + (r2 + a2)r2

l2
,

Hθ = 1− a2

l2
cos2 θ,

Σ2 = r2 + a2 cos2 θ,

Φt = GNqr+
a2 + r2

+
,

Ξ = 1− a2

l2
. (2.6)

Here the event horizon r+ of the black hole is given by ∆r = 0. Ba is the gauge potential
where the given value of Φt makes the gauge potential on the event horizon of the black
hole vanish. m, q, a are parameters related to the ADM mass, electric charge, and angular
momentum of the black hole via the relation

M = m

Ξ2 , (2.7)

J = am

Ξ2 = Ma, Q = q

Ξ . (2.8)

1Note that a standard form of the action reads

I = 1
16πGN

∫
d4x
√
−g
(
R− 2Λ−GNF2) . (2.1)

However, the convention (2.2) we use here (see also in [10]) will not change the physics.
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l is the AdS length scale or the curvature radius of the AdS spacetime, related to the
cosmological constant by

Λ = − 3
l2
. (2.9)

The horizon area, temperature, angular velocity, thermodynamic pressure, thermody-
namic volume, and electric potential of the black hole respectively are

A =
4π
(
r2

+ + a2)
Ξ , (2.10)

T =
−l2

(
a2 +G2

Nq
2)+ r2

+
(
a2 + l2

)
+ 3r4

+
4πl2r+

(
a2 + r2

+
) , (2.11)

Ωb =
a
(
l2 + r2

+
)

l2
(
a2 + r2

+
) , (2.12)

P = − Λ
8πGN

, (2.13)

V =
2πl2

(
a2l2

(
a2 +G2

Nq
2)− (r4

+
(
a2 − 2l2

))
− r2

+
(
a4 − 3a2l2

))
3r+ (a2 − l2)2 , (2.14)

Φ = GNqr+
a2 + r2

+
. (2.15)

The entropy S and surface gravity κ of the black hole are given by

S = A

4GN
, (2.16)

κ = 2πT. (2.17)

In [36], a generalized mass formula for the KN-AdS black hole was proposed, where
the Newton’s constant was set to 1. Here we restore the Newton’s constant in the mass
formula and obtain

M2 = 16G3
NP

2S3

9π + 4
3G

2
NPQ

2S+ 8
3πGNJ

2P + πJ2

GNS
+ 4GNPS2

3π + πGNQ
4

4S + S

4πGN
+Q2

2 .

(2.18)
By this mass formula, we can write the thermodynamic first law for the KN-AdS black
hole in the thermodynamic extended phase space as

dM = TdS + ΦdQ+ V dP + ΩbdJ. (2.19)

The corresponding integral Smarr formula is

M = 2TS + 2ΩbJ + ΦQ− 2PV. (2.20)

In order to incorporate the variation of the Newton’s constant GN , we can release the
dependence of the entropy and pressure on the Newton’s constant with the aid of (2.13)
and (2.16). Then we have another form of the mass formula for the black hole as

M2 = A3Λ2

2304π3G2
N

− A2Λ
96π2G2

N

+ πG2
NQ

4

A
+ A

16πG2
N

+ 4πJ2

A
− AΛQ2

24π − J2Λ
3 + Q2

2 . (2.21)
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Thus we can have the thermodynamic first law of the black hole which treats Λ, GN as
dynamic parameters,

dM = κ

8πGN
dA+ ΦdQ+ ΩbdJ −

V

8πGN
dΛ− (M − ΦQ− ΩbJ)dGN

GN
, (2.22)

Related quantities in this law can be derived directly as

κ

8πGN
=
(
∂M

∂A

)
Q,J,Λ,GN

= 1
2M

(
A2Λ2

768π3G2
N

−πG
2
NQ

4

A2 − 4πJ2

A2 −
AΛ

48π2G2
N

+ 1
16πG2

N

−ΛQ2

24π

)
,

(2.23)

Φ =
(
∂M

∂Q

)
A,J,Λ,GN

= 1
2M

(
4πG2

NQ
3

A
−AΛQ

12π +Q
)
, (2.24)

− V

8πGN
=
(
∂M

∂Λ

)
A,Q,J,GN

= 1
2M

(
A3Λ

1152π3G2
N

− A2

96π2G2
N

−AQ
2

24π −
J2

3

)
, (2.25)

Ωb =
(
∂M

∂J

)
A,Q,Λ

= 1
2M

(8πJ
A
− 2JΛ

3

)
, (2.26)

ΩbJ+ΦQ−M
GN

=
(
∂M

∂GN

)
A,Q,J,Λ

= 1
2M

(
− A3Λ2

1152π3G3
N

+ A2Λ
48π2G3

N

− A

8πG3
N

+ 2πGNQ4

A

)
.

(2.27)

In the vanishing angular momentum J limit, the results reduce to the ones for the charged
Reissner-Nordström AdS black hole in [30] and also in [35]. One can also check these
relations by using (2.7)–(2.17). In this treatment, the integral Smarr formula corresponding
to the first law (2.22) reads

M = κA

4πGN
+ 2ΩbJ + ΦQ+ V Λ

4πGN
, (2.28)

which is equivalent to (2.20).

2.2 Mixed thermodynamics

Now we want to transfer the bulk thermodynamic first law (2.22) into a form containing
the boundary central charge. We employ the holographic dual relation between the central
charge C, the bulk AdS scale l, and the Newton’s constant GN in the Einstein gravity,

C = Ω2l
2

16πGN
, (2.29)

where Ω2 is the volume of a 2-sphere. Combing this relation with (2.9) and (2.13), we
can get the Newton’s constant GN in terms of the boundary central charge and the bulk
thermodynamic pressure as

GN = 1
4

√
3

2πCP . (2.30)
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Then we can substitute this relation into (2.18), resulting in a mass formula for the KN-AdS
black hole encoding the boundary central charge as

M2 =
4π3/2

√
2
3
√
CPJ2

S
+

√
2π
3 J

2√P
√
C

+

√
3π
2 Q

4

16
√
CPS

+ Q2

2

+
√
PS3

8
√

6π5/2C3/2 +
√
PS2

√
6π3/2

√
C

+
√

2
3π
√
CPS + Q2S

8πC .

(2.31)

This mass formula admits a thermodynamic first law in a bulk-boundary mixed form as

dM = TdS + ΦdQ+ VCdP + µbdC + ΩbdJ, (2.32)

where the redefined thermodynamic volume VC and the chemical potential µb conjugate
respectively to the pressure and the central charge emerge. Thermodynamic quantities in
this mixed first law can be obtained as

T =
(
∂M

∂S

)
Q,P,C,J

= 1
2M


√

3
2
√
PS2

8π5/2C3/2−
4
√

2
3π

3/2√CPJ2

S2 −

√
3π
2 Q

4

16
√
CPS2

+

√
2
3
√
PS

π3/2
√
C

+
√

2
3π
√
CP+ Q2

8πC

 ,
(2.33)

Φ =
(
∂M

∂Q

)
S,P,C,J

=
Q
(
8πC
√
PS+π3/2√6

√
CQ2+2

√
PS2

)
16πCM

√
PS

, (2.34)

VC =
(
∂M

∂P

)
S,Q,C,J

= 32π2C2P
(
4π2J2+S2)+π3C

(
32J2PS−3Q4)+16πCPS3+2PS4

64
√

6π5/2C3/2MP 3/2S
,

(2.35)

µ=
(
∂M

∂C

)
S,Q,P,J

= 1
384π5/2C5/2M

√
PS

(
32π2√6C2P

(
4π2J2+S2

)
−
√

6πC
(
π2
(
32J2PS+3Q4

)
+16PS3

)
−24π3/2√CPQ2S2−6

√
6PS4

)
,

(2.36)

Ωb =
(
∂M

∂J

)
S,Q,P,C

=

√
2π
3 J
√
P (4πC+S)
√
CMS

. (2.37)

Thermodynamics of the Kerr-AdS black hole in the setting of a dynamic cosmological
constant has been studied extensively in [14, 15, 37–39]. Here we show the central charge
criticality of the rotating black hole in the thermodynamic extended phase space with
dynamic Newton’s constant and cosmological constant.

We can find the Van der Waals-like phase transition and criticality of the rotating
Kerr-AdS black hole in the fixed (J, P,C) ensemble. The Gibbs free energy in this ensemble
reads

G = M − TS =
√
PS

(
16π2C2 (12π2J2 + S2)+ 32π3CJ2S − S4)

4 23/4 4√3π5/4C3/4S
√√

P (4πC + S) (4πC (4π2J2 + S2) + S3)
. (2.38)
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C=0.8Cc
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T

G

J=1, P=1

Figure 1. Variations of the free energy with respect to the temperature for the Kerr-AdS black hole
with the critical central charge Cc = 10.4459. The black hole takes a second-order phase transition
at the yellow point.

Figure 1 depicts the central charge criticality of the rotating Kerr-AdS black hole. When
the central charge exceeds the critical value (C > Cc), the black hole undergoes a first-order
phase transition between small and large black holes. At the critical point (C = Cc), there
is a second-order phase transition with no latent heat. In the regime where the central
charge is less than the critical value (C < Cc), there is no distinct phase of the black hole.

To get the analytic critical point of the phase transition, we content ourselves to set
Q = 0 and expand the temperature T in the small regime of J to the order of O(J2). Thus
we have

T =
4√P

(
4πC

(
S2 − 6π2J2)+ 3S3)

4 23/4 4√3π5/4C3/4S5/2 +O(J2). (2.39)

Then by the restriction equations(
∂T

∂S

)
C,J

= 0 =
(
∂2T

∂S2

)
C,J

, (2.40)

we get the critical point for the Van der Waals-like phase transition of the Kerr-AdS black
hole in the central charge criticality as

Sc = 3
√

10πJ, Cc = 27
4

√
5
2J. (2.41)

2.3 CFT thermodynamics

We are now to construct the mass formula for the boundary CFT thermodynamics of the
charged and rotating KN-AdS black holes. We set the metric of the CFT as [40–42]

ds2 = ω2
(
−dt2 + l2dΩ2

2

)
, (2.42)

where ω is an arbitrary dimensionless conformal factor, dΩ2
2 is the line element of a 2-sphere.

In [28, 30], the conformal factor is chosen to be ω = R/l, with R the curvature radius of the
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boundary, but here we allow it to be a generic parameter, as has been advised recently in [42]
( if we take ω = R/l, we will certainly obtain the same results shown below). Definitely, as
pointed out in [42], the variable ω then makes us possible to formulate a holographic first
law which is exactly dual to the first law of extended black hole thermodynamics (2.19)
with fixed Newton’s constant GN and variable cosmological constant Λ.

The spatial volume of the boundary sphere is proportional to (ωl)2, for definiteness,
we choose it to be2

V = Ω2(ωl)2. (2.43)

Associated with the CFT volume V, a conjugate CFT pressure p should be presented, so
that there is a work term −pdV. The holographic dictionary relating bulk mass, tem-
perature, entropy, angular momentum, electric potential, and charge with their boundary
counterparts reads [10, 28, 43]

E = M

ω
, T = T

ω
, S = S, J = J, ϕ = Φ

ωl
, Q = Ql. (2.44)

Then employing (2.29), (2.31), and (2.43), we can obtain an energy formula for the
boundary CFT written as

E2 = 16π2C2 (4π2J 2 + S2)+ 8πCS
(
π2 (2J 2 +Q2)+ S2)+

(
π2Q2 + S2)2

4π2CSV
. (2.45)

This internal energy formula admits the first law and the Euler relation for the boundary
CFT as

dE = T dS + ϕdQ− pdV + µdC + ΩdJ , (2.46)
E = T S + ϕQ+ µC + ΩJ , (2.47)

where related quantities are specifically given by

T =
(
∂E

∂S

)
Q,V,C

= 16π2C2 (S2 − 4π2J 2)+ 16πCS3 − π4Q4 + 2π2Q2S2 + 3S4

8π2CES2V
, (2.48)

ϕ =
(
∂E

∂Q

)
S,V,C

= Q
(
4πCS + π2Q2 + S2)

2CESV , (2.49)

−p =
(
∂E

∂V

)
S,Q,C

= − E

2V , (2.50)

µ =
(
∂E

∂C

)
S,Q,V

= −
(
π2Q2 + S2)2 − 16π2C2 (4π2J 2 + S2)

8π2C2ESV
, (2.51)

Ω =
(
∂E

∂J

)
S,Q,V

= 4πJ (4πC + S)
ESV

. (2.52)

We can see that the Euler relation respects the scaling property of the gauge field theory
in the large-N ’t Hooft limit at finite temperature [44]. (2.50) is the equation of state for
the CFT. µ is the chemical potential conjugate to the central charge in the boundary.

2Other selection of the proportional constant will only rescale the overall energy by a constant factor,
i.e., if we take Ω2 → kΩ2 with k a constant, then we will have E2 → kE2 in (2.45).
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We here want to note that the internal energy formula (2.45) for the CFT can also be
obtained from the bulk mass formula (2.18). More interestingly, we find that the affiliated
CFT first law (2.46) is exactly dual to the bulk first law of extended black hole thermo-
dynamics (2.19), where no dynamic Newton’s constant is needed, only with a variable
cosmological constant l. This is strictly compatible with the formulation given recently
in [42].

One may question whether Newton’s constant is variable, but we argue that a dynamic
role for it only makes sense within the context of the mixed first law (2.32), In this case,
there is a modification to the former volume term V in (2.19) to be VC . At the same time,
with this consideration, we can view the Van der Waals-like phase transition of the black
holes in fixed boundary theory (i.e., with fixed central charge C). However, the derivation
of the internal energy formula as well as the boundary first law and Euler relation do not
require a dynamic Newton’s constant. Here one does not need to consider a reasonable
description of the bulk phase transition and the point here is to construct exact dual
relation between bulk and boundary first laws. A dynamic ω, instead, takes on the duty of
preventing the degeneracy of the volume V and central charge C. In this sense, we specify
the holographic dual relation raised by [42] for the self-consistent dual relation between
bulk and boundary first law to the uniform bulk and boundary mass/energy formulas for
the KN-AdS black hole.

3 Phase transition of CFT in canonical ensemble

In [30], thermodynamic phase structures of the charged CFT states corresponding to
charged AdS black holes were studied. Here, to study the thermodynamic behavior of
CFT states in the rotating Einstein universe, we will now consider the phase transition
of the dual CFT states for the uncharged rotating Kerr-AdS black holes in the canonical
ensemble with fixed angular momentum J , volume V, and central charge C, by turning off
the charge of both the black hole and the CFT. In this ensemble, the energy formula (2.45)
we gave above can be used to calculate related thermodynamic quantities directly. We
will see that the black hole exhibits a first-order phase transition from low entropy states
to high entropy states and a second-order criticality phenomenon at certain parameter
regimes. We will analyze the roles of the angular momentum J and central charge C in
the phase transition and calculate the critical exponents for the phase transition at the
critical point.

3.1 Phase transitions and critical points

In the ensemble with fixed (J ,V, C), we have the Helmholtz free energy as a thermody-
namic potential, as

dF = d(E − T S) = −SdT + ΩdJ − pdV + µdC. (3.1)

We can know that in an isothermal thermodynamic process of this ensemble, the system
tends to be at a state with lower Helmholtz free energy. Specifically, we have the free
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energy of the CFT as

F ≡ E − T S = 16π2C2 (12π2J 2 + S2)+ 32π3CJ 2S − S4

4π
√
CSV(4πC + S) (4πC (4π2J 2 + S2) + S3)

. (3.2)

In the small angular momentum approximation, we further obtain the free energy as

F = 4πC
(
10π2J 2 + S2)− S3

4π
√
CS3V

+O(J 2). (3.3)

The temperature of the CFT is accurately given by (2.48); in the small angular momentum
approximation, we get

T = 4πC
(
S2 − 6π2J 2)+ 3S3

4π
√
CS5V

+O(J 2). (3.4)

Employing the free energy (3.2) and the temperature (2.48), we plot figure 2, where
the behaviors of the free energy are shown for different values of angular momentum, and
the coexistence curves are given for different given values of the central charges. In the
left diagram of figure 2, we just keep the C,V fixed. We can find that there is a critical
point J = Jc in the free energy curve. There, the CFT state undergoes a second-order
phase transition, with no jump of the entropy S for the CFT from the low entropy per
degree of freedom state to the higher entropy per degree of freedom state. (As C is fixed,
we can explain S/C as the entropy per degree of freedom.) If J < Jc, we see that there
is a “swallowtail” shape displayed by the free energy curve, which means that there is
a first-order phase transition at a self-intersection point for the CFT from a state with
low entropy per degree of freedom to a state with high entropy per degree of freedom. If
J > Jc, we cannot see different phases for the CFT states. It is evident that the behavior
of the free energy in this fixed (J ,V, C) ensemble is similar to the one for the charged AdS
black holes shown in [29].

In the right diagram of figure 2, we show the coexistence line of the CFT states with
low entropy and high entropy for different values of C. The low entropy CFT states lie
below the coexistence line and the high entropy states lie over this line. The coexistence
temperature T of those two kinds of states increases with the decreasing J for a given
central charge C. We denote the critical points of the phase transition by yellow points
on the curves. Beyond those points, there are no distinct phases for the CFT. One thing
we want to note is that the coexistence temperature of the CFT states cannot be zero.
Indeed, by the approximated expression for the critical point given below in (3.6), we see
that this can happen only in a CFT with infinite volume V.

In the left diagram of figure 3, we show the behavior of the free energy with different
given central charges, C < Cc, C = Cc, C > Cc. Qualitatively, we see that the free energy
also shows swallowtail and kink behaviors just as the cases in figure 2. However, some more
physics can be touched by further inspection of the critical values of the central charge.
As we see, the first-order phase transition at the self-intersection point can happen only in
the case C > Cc while it is the J < Jc for the case in figure 2. Moreover, if we plot the
coexistence curve showing variation of the coexistence central charge with respect to the
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Figure 2. Left: variations of the Helmholtz free energy F with respect to the temperature T
with the critical angular momentum J = 0.1022 in the fixed (J ,V, C) canonical ensemble. The
yellow point is the critical point. Right: coexistence lines indicating the variation of the coexistence
temperature with respect to the angular momentum. The lines end at yellow critical points.

temperature, we will find that the coexistence temperature will increase with the increasing
of the central charge. Besides, after comparing figure 3 with figure 1, one will find that the
central charge criticality of the CFT states is consistent with the central charge criticality
of the dual rotating Kerr-AdS black hole.

To obtain explicitly the information on the critical points, we have to work in the
small angular momentum configuration, where the temperature has been given by (3.4).
Through the relations (

∂T
∂S

)
C,J ,V

= 0 =
(
∂2T
∂S2

)
C,J ,V

, (3.5)

we can find the approximated expressions of the critical points, i.e., the kink points in
figures 2 and 3, as

Sc = 3
√

10πJ , Cc = 27
4

√
5
2J , Tc = 6

5

√
2
πV

, pc = 28
√
π

5JV
−3/2,

µc = − 8
15

√
2π
V
, Ωc = 2

√
π

5V .
(3.6)

It is interesting that the critical temperature Tc, pressure pc, chemical potential µc, and
angular velocity Ωc are dependent on the volume of the CFT while the critical entropy Sc
and central charge Cc only depend on the angular momentum. As was stated above, we
can have Tc → 0 only in the case of V → ∞.

Just like the charged AdS black hole case studied in [29], we here also note that the
CFT states dual to the rotating AdS black holes cannot be analogous simply with the Van
der Waals fluids, typically as the coexistence curves in the J − T and C−1 − T planes
have negative slope while the coexistence curves in the pressure-temperature plane have
positive slopes.

Another quite important phenomenon is that there is no p−V criticality phenomenon
for the CFT states dual to (charged) rotating AdS black holes, as it is evident from (2.45)
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Figure 3. Left: variations of the Helmholtz free energy F with respect to the temperature T with
the critical central charge C = 1.0446 in the fixed (J ,V, C) canonical ensemble. The yellow point is
the critical point. Right: coexistence lines indicating the variation of the coexistence temperature
with respect to the inverse central charge. The lines end at yellow critical points.

and (2.50), as we have p ∝
√
V for certain J ,V, C,S. This is quite different from the P −V

criticality of the Kerr AdS black hole [14].

3.2 Critical exponents

We will study the scaling behavior of the macroscopic thermodynamic variables near the
critical point of the CFT states. In the fixed (J ,V, C) ensemble, the critical point, including
its approximated value (3.6) in the small angular momentum J regime, was obtained in
the T −S plane above. Besides, in the first law (2.46) for the CFT, we can see another two
planes, C − µ and J − Ω, that show criticality behaviors. However, as has been pointed
out, there is no p− V criticality for the CFT states, this can be understood as the scaling
property of the CFT volume V is not like the bulk volume V . The critical point (3.6) in
the C − µ and J − Ω planes can be obtained by relations similar to (3.5) for the T − S
conjugate pair.

We are to calculate the critical exponents of the phase transition for the CFT in the
fixed (J ,V, C) ensemble and in the C − µ plane. A similar analysis can be conducted in
the J − Ω plane and the same results can be obtained. For definiteness, we will work in
the small angular momentum regime to proceed analytically.

Referring to [14], we first define some dimensionless reduced variables as

t ≡ T
Tc
− 1, χ ≡ C

Cc
, ψ ≡ µ

µc
− 1. (3.7)

Then we can describe the behavior of some physical quantities, typically the specific heat
CJ ,V,µ, the order parameter η ≡ µh − µl with µh (µl) being the chemical potential for the
low(high) entropy states, the isothermal compressibility-like quantity κT at the vicinity of
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the critical point, respectively as

CJ ,V,µ ≡ T
(
∂S

∂T

)
J ,V,µ

∼ |t|−α, (3.8)

η ≡ µh − µl ∼ |t|β , (3.9)

κT ≡ −
1
µ

(
∂µ

∂C

)
T ,J ,V

∼ |t|−γ . (3.10)

Besides, near the critical point along the isotherm T = Tcrit , the central charge behaves as

|C − Cc| ∼ |µ− µc|δ , (3.11)

which singles out another critical exponent δ.
To proceed analytically, we expand all quantities to O

(
J2) in what follows. Though

the exact critical point will shift from the one we get in (3.6), it is unlikely that the critical
exponents will change, as it was previously argued by [45] for the ones of the bulk Kerr-AdS
black hole. With this prescription, we have the CFT energy corresponding to the Kerr-AdS
black hole as

E = 4πC
(
2π2J 2 + S2)+ S3

2π
√
CS3V

+O(J 2). (3.12)

Then the temperature T , chemical potential µ of the CFT are3

T = 4πC
(
S2 − 6π2J 2)+ 3S3

4π
√
CS5V

+O(J 2), (3.13)

µ = 4πC
(
2π2J 2 + S2)− S3

4πC
√
CS3V

+O(J 2). (3.14)

In what follows, for simplicity, we neglect the higher order term O(J 2). By definition, we
then get

CJ ,V,µ = −S
(
4πC

(
S2 − 6π2J 2)+ 3S3) (3S3 − 4πC

(
2π2J 2 + S2))

32π3CJ 2 (4πC (6π2J 2 + S2)− 3S3) , (3.15)

which, at the critical point (3.6), reduces to be

(CJ ,V,µ)c = 48
√

10πJ . (3.16)

We can see that the specific heat of the CFT state is not divergent at the critical point,
yielding α = 0 according to (3.8).

Using (3.6) and (3.13), we have

χ =

√
2
(
18π2J 2S3 + 2

√
πS4T

√
V (18π2J 2 + S2 (πT 2V − 3)) + S5 (2πT 2V − 3

))
27
√

5πJ (S2 − 6π2J 2)2 .

(3.17)
3Note that the temperature obtained in this way (i.e., derived from the approximated CFT energy) is

the same with (3.4) (approximated from accurate temperature). So does it for other quantities.
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Furthermore, with the help of (3.6) and (3.14), we get

ψ = 15
(
4πC

(
2π2J 2 + S2)− S3)

32
√

2π3/2(CS)3/2 − 1. (3.18)

Then combing (3.6), (3.7), (3.17), and (3.18), we obtain

χ = 1 + 12t− 540tψ + 7290ψ3 +O
(
tψ2, ψ4

)
≡ 1 + Āt+ B̄tψ + C̄ψ3 +O

(
tψ2, ψ4

)
,

(3.19)

where, for later convenience, we have used some algebraic quantities Ā, B̄, C̄.
For the first-order phase transition near the critical point in the C − µ plane, we have

the Maxwell’s equal area law ∫ ψh

ψl

ψdC = 0, (3.20)

where

ψh ≡
µh
µc
− 1, ψl ≡

µl
µc
− 1, (3.21)

and on the isotherm, we have

dC = Cc
(
B̄t+ 3C̄ψ2

)
dψ. (3.22)

Moreover, in the first-order phase transition near the critical point, we also have invariable
χ (just like the invariable P for the bulk Kerr-AdS black hole). This gives

χ = 1 + Āt+ B̄tψh + C̄ψ3
h = 1 + Āt+ B̄tψl + C̄ψ3

l . (3.23)

(3.20) and (3.23) together yield a unique non-trivial solution as

ψh = −ψl =

√
−B̄t
C̄

, (3.24)

which immediately gives

η = µc (ψh − ψl) = 2µc

√
−B̄t
C̄

. (3.25)

Thus we get to know the exponent β = 1/2.
Employing (3.19), it is straightforwardly to obtain(

∂µ

∂C

)
T ,J ,V

= µc

B̄Cct
+O(ψ2), (3.26)

which further implies
κT ∼

1
B̄Cct

. (3.27)

So we have γ = 1. Again as long as setting t = 0 in (3.19), we can obtain

χ = 1 + C̄ψ3, (3.28)

which immediately shows δ = 3.
As we can see, the critical exponents, exponents of scaling laws that describe the

behavior of the CFT states in the vicinity of the critical point, are the same as that of the
rotating black hole previously found in [14]. This justifies that the critical exponents of
the CFT criticality belong to the universality class predicted by the mean field theory.
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Figure 4. The variations of the Gibbs free energy W with respect to the temperature T in the
fixed (Ω,V, C) grand canonical ensemble. The (de)confinement phase transitions take place at the
yellow point where W changes its sign.

4 Phase transition of CFT in grand canonical ensemble

We will now study the thermodynamic phase structure of the dual CFT in the grand
canonical ensemble where (Ω,V, C) are fixed. From our above analysis for the CFT in the
canonical ensemble with fixed (J ,V, C), we found that the role of J in the CFT is much
alike the role of J in the bulk, so we wonder whether it is also so for Ωb and Ω. Note that
the Hawking-Page phase transition of the KN-AdS black hole was studied in [36]. The
thermodynamic potential associated with this ensemble (so that all other thermodynamic
state functions can be derived from it) is the Gibbs free energy

W ≡ E − T S − ΩJ = µC. (4.1)

Here we have used the notation convention of [29] for the Gibbs free energy that is used
for the charged AdS black hole to make it convenient for the reader to compare the results.

First, from the angular momentum

Ω = 8π2CJ (4πC + S)√
CSV(4πC + S) (4πC (4π2J 2 + S2) + S3)

, (4.2)

we obtain

J = S3/2Ω
√

(4πC + S)V√
256π5C2 − 16π3CSVΩ2 + 64π4CS

. (4.3)

Then we can easily get the Gibbs free energy and the temperature in terms of Ω individu-
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ally as

W = 16π2C2 (4π2J 2 + S2)− S4

4π
√
CSV(4πC + S) (4πC (4π2J 2 + S2) + S3)

= 64π3C2 + S2 (VΩ2 − 4π
)

8π3/2CSV(4πC + S)2

√
CS3V(4πC + S)3

16π2C − SVΩ2 + 4πS ,
(4.4)

T = 64π3C2 + 8πCS
(
8π − VΩ2)+ 3S2 (4π − VΩ2)

8π3/2CS3V(4πC + S)2

√
CS5V(4πC + S)3

16π2C − SVΩ2 + 4πS . (4.5)

With these quantities at hand, we show the variation of W in terms of T in figure 4.
For certain values of Ω, we can see that the Gibbs free energy exhibits either single-
valued behavior or a bifurcation point from which two branches emerge. The cusp can be
calculated from the temperature as (

∂T
∂S

)
Ω,V,C

= 0, (4.6)

which gives the corresponding entropy and the temperature of the cusp point as Scusp,
T (Scusp), whose explicit forms are not given here as they are lengthy and lack evident
inspiration. However, we do know from the equation that if

4π − VΩ2 6 0, i.e.,Ω > Ωc ≡
2
√
π√
V
, (4.7)

we cannot have the cusp at the physically allowed region S > 0. In other words, if the
above condition holds true, a single-valued Gibbs free energy can be obtained.

From figure 4, we can also see that there is a point where the Gibbs free energy
changes its sign. This does mean a phase transition. Specifically, we know that a system
with lower free energy is a thermodynamically preferred configuration. So here the physical
explanation is: when the temperature of the CFT states increases from zero, the confined
state dominates this grand canonical ensemble until the turning point where W changes
its sign from positive to negative; there the system has a first-order phase transition and
after that, the system is instead dominated by the large entropy deconfined state. This
is reminiscent of the (generalized) Hawking-Page phase transition that was discovered for
the Schwarzschild-AdS black holes, RN-AdS black holes, and KN-AdS black holes. Quan-
titively, we can determine the phase transition point by W = 0, which yields a coexistence
line of the (de)confinement first-order phase transition as(2T

Tc
− 1

)2
+
( Ω

Ωc

)2
= 1, Tc2 < T 6 Tc, 0 6 Ω < Ωc, (4.8)

where we have defined the temperature Tc = 2/
√
πV for the (de)confinement phase tran-

sition dual to the Hawking-Page phase transition of a Schwarzschild-AdS black hole. Fig-
ure 5 displays the coexistence line of the (de)confinement phase transition, showing both
the confinement and deconfinement regimes. As we approach the limit of infinite volume
(V → ∞), we can see that the (de)confinement temperature T → 0+ for Ω → Ω−c . Note
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Figure 5. The variations of the temperature T with respect to the angular velocity Ω for the
CFT states in the fixed (Ω,V, C) grand canonical ensemble. The (de)confinement phase transitions
take place on the cyan coexistence line, below which is the confined state and above which is the
deconfined state.

Tc here is equivalent to the one obtained in [30]. It’s worth noting that if Ω > Ωc, there
can be no (de)confinement phase transition. This result aligns with a recent discovery
by [46], in which the superradiant instability of the corresponding bulk black hole were
also considered when Ω = Ωc.

5 Concluding remarks

In this paper, we first presented explicit mass/energy formulas (2.21), (2.31), (2.45) for
the extended thermodynamics, mixed thermodynamics, and CFT thermodynamics for the
KN-AdS black hole and its holographic dual CFT. Thermodynamic state functions can be
directly derived from the thermodynamic first law by employing the mass/energy formulas.
Note that the mass formula (2.18) can be obtained by restoring the Newton’s constant from
the one given in [36], or in other words, it can be obtained by first solving a, l, r+ from
J, P, S using (2.8), (2.13), and (2.16) before substituting them into (2.7). This happens to
be a privilege for the four-dimensional KN-AdS black hole but is not effective for higher-
dimensional Kerr-AdS black holes. That is to say, the extension of these mass/energy
formulas to the higher-dimensional case seems impossible.

Then we investigated the phase structures of holographic dual CFT thermal states for
Kerr-AdS black holes in both the canonical and grand canonical ensembles. In the canon-
ical ensemble with fixed (J ,V, C), we found angular momentum criticality and central
charge criticality for the CFT states. The CFT undergoes a first-order phase transition
from a small S/C or S/J state to a large S/C or S/J state. However, coexistence
analysis showed that these CFT states cannot be analogous to the Van der Waals fluid.
Nonetheless, the critical exponents of the CFT states at the critical point of the second-
order phase transition are uniformly similar to those of the Van der Waals fluid. This
scheme-independent characteristics of the critical exponents suggest that it can be derived
without detailed knowledge of the microscopic properties of the systems and the univer-
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sality can be understood with the renormalization group. Note that the critical exponents
are analytically derived in small angular momentum approximation. We believe that these
critical exponents will remain unchanged even without the small angular momentum ap-
proximation. In the grand canonical ensemble with fixed (Ω,V, C), we found a first-order
(de)confinement phase transition. Coexistence analysis shows that the phase transition
of the CFT states can occur at zero temperature with the angular velocity of the CFT
dependent solely on the CFT volume. Our findings for both canonical and grand canonical
ensembles are consistent with those of charged AdS black holes as presented in [30].

In [30], a comprehensive analysis was conducted on the phase behavior of all possible
ensembles for the charged AdS black hole dual CFT. We did not replicate this analysis
as our investigations of the fixed (J ,V, C) and (Ω,V, C) ensembles indicated that {J ,Ω}
play a similar role to {Q,Φ}. Through calculations, we found the existence of a zeroth-
order phase transition of the CFT in the fixed (J ,V, µ) ensemble, and also discovered
that in the small J approximation to O(J 2), there is no zeroth-order phase transition as
(dT /dS)J ,V,µ > 0 within the physically allowed parameter range, ensuring that the CFT
states’ specific heat remains always positive. Although there are additional ensembles
when considering CFT states dual to KN-AdS black holes, the interplay between {J ,Ω}
and {Q,Φ} is likely to be complex. Fortunately, the energy formulas we have provided
above will likely simplify related calculations.
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