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ABSTRACT: We extend a formula for 1-loop black hole determinants by Denef, Hartnoll, and
Sachdev (DHS) to spinning fields on any (d + 1)-dimensional static spherically symmetric
black hole. By carefully analyzing the regularity condition imposed on the Euclidean
eigenfunctions, we reveal an unambiguous bulk-edge split in the 1-loop Euclidean partition
function for tensor fields of arbitrary integer spin: the bulk part captures the “renormalized”
thermal canonical partition function recently discussed in [1]; the edge part is related to
quasinormal modes (QNMs) that fail to analytically continue to a subset of Euclidean
modes with enhanced fall-offs near the origin. Since the edge part takes the form of a path
integral on S9! this suggests that these are associated with degrees of freedom living
on the bifurcation surface in the Lorentzian two-sided black hole geometry. For massive
higher spin on static BTZ and massive vector on Nariai black holes, we find that the edge
partition function is related to the QNMs with lowest overtone numbers.
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1 Introduction

Ever since the seminal work [2], the Euclidean gravitational path integral has been a
prominent tool that has led to tremendous progress in thermodynamic and entanglement
aspects of quantum black holes. In some cases, one finds exact agreement with microscopic
calculations in string theory or holographic CFTs, even beyond the leading order in G [3—
7].

Operationally, one starts with a formal path integral integrating over all metrics and
matter fields, and then expands g = g* 4+ dg, ® = ®* + §¢ around the saddle points (g*, *)

Z:/ng)efs[qu’l ~ > e 7 o [0F, @ (14 (1.1)
g*,@*

Many aspects of such a formal object remain to be understood. For example, what exactly
should we sum over in 3_ . 4+? Another well-known confusion is that in the gravity sector?
there is a conformal mode that renders the gravitational action unbounded from below [9)].

This paper is a continuation of [1], concerning the 1-loop contributions from matter
fields and the graviton around a (d+ 1)-dimensional static spherically symmetric black hole
background. In Euclidean signature, this means we always have U(1) x SO(d) symmetry,
associated with the thermal circle and the codimension-2 sphere, as part of the isome-
tries. In [1], we considered the 1-loop Euclidean path integral for a real scalar on such a
background, which takes the form of a functional determinant

1
Zp1(m?) = /que*%f(V‘f’V“”?‘f’2 - . 1.2
pi(m’) det (—V2 + m2)*/?2 (12)

Our key result in [1] is that (1.2) has a canonical interpretation through the relation

Zhulk
Rin
itk

Zp[ = Zbulky Zbulk = (scalar) . (1.3)

Here Zpy = Tr e PH H s the formal thermal canonical partition function at the inverse

black hole temperature Sy for the scalar living outside the horizon, while Z&if‘k is analo-

gously defined but on a Rindler-like wedge at the inverse temperature . As explained

'In general, for any massless fields with spin s > 2 there are finite number of modes with a wrong sign
of kinetic term, which has been demonstrated explicitly in [8] for the case of massless higher spin fields on
a sphere.



in [1] and briefly reviewed in section 2.2, while these traces Tr are ill-defined, their ratios
can be unambiguously defined. Explicitly, the “renormalized” partition function is given
by the formula

. % dt 1+ e~2wt/Bn .
log Zpuik = /0 EWXQNM(O , xonm(t) = Z N, e %, (1.4)
z

Here xqnm(t) is a “quasinormal mode (QNM) character” defined as a sum over the QNM
spectrum, with z the frequencies of the QNMs and N, their degeneracies. The relation (1.3)
has been verified in [1] for the case of scalars on static BTZ, Nariai, and the de Sitter static
patch.

In this work, we extend these considerations to arbitrary spinning fields. While we will
focus on massive fields, since the 1-loop path integrals for massless gauge fields are given
by ratios of determinants of differential operators, we can simply put together the massive
results taking the masses to specific values in order to obtain the massless results.?

As demonstrated by our explicit examples of massive higher spin (HS) fields on static
BTZ and massive vectors on Nariai, one can still define Zbulk as a formal ratio like (1.3),
which continues to be given explicitly by the formula (1.4). However, it turns out that
Zpr # Zbulk for any spin s > 1. In fact, for massive symmetric tensor [11, 12] and p-form
fields [13] with arbitrary spins on a round sphere S%*! or EAdS,, 1, it was observed that
their Euclidean path integrals could be brought into the form

Zbulk
Zp1 = . 1.5
Pl Zedge ( )

Our goal is to provide an explanation for this bulk-edge split and systematically characterize
the edge part Zeqge for general higher spin fields on any static black hole background.

To arrive at (1.5), we first note that the formula (1.4) is equivalent to a formula derived
by Denef, Hartnoll, and Sachdev (DHS) [14] for the scalar Euclidean path integral (1.2).
The DHS derivation was based on the analytic properties of Zpj(m?) as a function on the
complex m?-plane, and the fact that any QNM would Wick-rotate to a regular Euclidean
mode at the correct (complex) value of m?.

As explained in section 3, the key subtlety for spinning fields is associated with the
regularity condition (i.e. smoothness and single-valuedness around the Euclidean time di-
rection) imposed on the field configurations included in the Euclidean path integration.
While this condition seems innocuous (and is naturally assumed in any calculation of
1-loop determinants in the literature), a careful analysis reveals that it has non-trivial con-
sequences in the DHS derivation, as already pointed out in the context of spin-2 fields on a
BTZ background in [15].3 As we will see, the regularity condition for spinning fields creates

2For compact spaces there could be new subtleties for massless fields, such as residual group volume or
Polchinski’s phase coming from Wick-rotating the conformal modes [8-10]. These are contributions from a
finite number of modes and do not affect the general consideration of this paper.

3In [15], the analysis was phrased in terms of (local) square integrability at the origin, which is implied
if the functions are regular at the origin.



an obstruction for some QNMs to Wick-rotate to a subset of regular Euclidean modes and
eventually leads to the form (1.5), with the edge part explicitly given by

oo gy 1 —( 2= k| tize s )t
log Zedge = / % Z Z e (BH k> (1.6)
0 k=—(s—1) Ze.k

for a massive spin-s field. Here, 2.} = zeyk(mQ) are the frequencies of those QNMs which fail
to Wick-rotate to a regular Euclidean mode with U(1) quantum number |k| for any complex
value of mass m2. The sum >, receives contributions from SO(d) representations of spin
0,1,...,5—1. Since Zeqge is characterized based on the regularity condition near the origin,
it is natural to associate these SO(d) degrees of freedom as living on the bifurcation surface
S9=1 in the Lorentzian signature, thus justifying the terminology “edge”. In sections 4
and 5, we work out the explicit form of (1.6) for massive HS on static BTZ and massive
vector on Nariai. In combination with (1.4), we then find exact agreement with Zpy as
in (1.5).

While in this work we do not have a canonical interpretation for Z.qge, the struc-
ture (1.5) is generally expected from studies of entanglement entropy in gauge theories and
gravity. We will comment more on this as we conclude in section 6.

As mentioned earlier on, the general form (1.5) for higher spin fields on a sphere was
first observed in [11], where, however, the precise SO(d) contents for Zeqge were somewhat
obscure. To clarify those, one could follow the same procedure of checking the Euclidean
continuation of QNMs demonstrated in our explicit examples in sections 4 and 5, and
put Zegge into the form (1.6). However, it turns out that there exists yet another way
to work out the precise SO(d) contents for Zeqge, by exploiting powerful methods from
representation theory. This will be explained in an upcoming work [16].

Plan of the paper. We review the DHS formula for scalars and its Lorentzian inter-
pretation in section 2. In section 3, we examine the Euclidean regularity condition and
generalize the DHS arguments to arbitrary spinning fields. In sections 4 and 5 we work
out the explicit examples of massive HS on static BTZ and massive vector on Nariai re-
spectively. We collect some helpful basic facts for scalar and vector spherical harmonics in

appendix A. Appendices B-D contain technical calculations that are useful in our analysis.

2 Comments on the Denef-Hartnoll-Sachdev formula

2.1 Review of the Denef-Hartnoll-Sachdev argument for scalars

The following discussion applies to arbitrary (d + 1)-dimensional static spherically sym-
metric backgrounds:
dr?

ds? = —F(r)dt® + 30

+ r2dQ3% . (2.1)

Here d)3_, is the metric on the unit S?~!. There is a horizon at r = ry if F(ry) = 0,

with inverse Hawking temperature Sy = ﬁ = F,‘(L;TH). Wick-rotating t = —itg in (2.1)



and making it periodic

d 2
ds* — ds% = F(r)dt% + FZT) +r2dQ5_ tg ~tg + Bu, (2.2)

we obtain a smooth geometry that arises as a saddle point in the Euclidean gravitational
path integral. The above analytic continuation maps the horizon at r = rg to the origin,
near which we can make a change of variables

4 2
P2ZW(T_TH)7 SDZB%tEa (2.3)

so that the near-horizon spacetime takes the product form
ds® ~ dp® + p*de? + 3 dO3_ = dudu + 13 dQ3_, . (2.4)
In the last equality we have introduced the complex coordinates
u=pe ¥, u=pe?. (2.5)

At 1-loop, corrections to the gravitational path integral are given by integrating quadratic
fluctuations of matter fields (including the graviton) living on (2.2). For instance, the
1-loop contribution of a real scalar ¢ with mass m? is given by

2y _lf(v¢)2+m2¢2 . 1
Zpl(m ) = /D¢€ 2 = dot (7V2 +m2)1/2 . (26)

Regularity condition. We demand the functions in the functional integration (2.6) to
be smooth at the origin p = 0 and single-valued in the Euclidean time direction, i.e. they
should be regular functions. This means that ¢ has a Taylor expansion in the complex
coordinates u, % near the origin. More precisely, a mode with thermal frequency k has the
following p — 0 behavior:

. k E>0
dip ~ plFle=tke = {u ’ = (2.7)

As part of the definition of the path integral, ¢ is typically required to satisfy other bound-
ary conditions (e.g. standard or alternate boundary condition in asymptotically AdS black
holes).

The idea of [14] is that we assume the functional determinant (2.6) to be a meromorphic
function on the complex m?-plane, and try to match its poles and zeros. Zpr(m?) has no
zero, and hits a pole whenever

(=VZ4+m?)p=0. (2.8)
Solving this equation near p = 0, we deduce the near-origin behavior

b ~ ijiﬁe—ﬁ%@ _ p:':iﬁe*ZtE’ (2.9)



where 2z = z(m?) is a function of m?2. If we Wick rotate (2.9) back to real time, the p — 0
behavior becomes the near-horizon behavior

iz ~ In
~ $Z27TTH —izt _ —iz(t£x) — p )
o~ p ¢ ¢ = 0Ty

(2.10)

This is the boundary condition satisfied by (anti-)QNMs purely approaching (leaving) the
horizon. Therefore, for physical m?, z is a QNM or anti-QNM frequency.

Now, for m? to be a pole of Zpi(m?), we need the Euclidean solution ¢ to be regular
at the origin. We can see from (2.9) that for generic m? this will not be the case. However,
by varying m? (and thus z(m?)) over the complex plane, we encounter a regular solution
of (2.8) every time that (2.9) matches onto either branch of (2.7). The F branch in (2.9)
can only be matched onto the k£ > 0 (k < 0) branch in (2.7), while either can match onto
the k = 0 mode. Therefore, we conclude that?

1 = iz \ N2 iz O\ N2
= — . 2.11
werwrrn - LI (9 5) (M- 5) )

Here z are anti-QNM frequencies. When the theory is PT-symmetric, z can be taken to be

the complex conjugate of z. Alternatively, we observe that since the Lorentzian equation
of motion is invariant under ¢t — —t, for a QNM with frequency z, there is an anti-QNM
with frequency —z. Therefore, we can replace z — —z in (2.11), and we have simply

9 o 1z —N:/2
Z = k . 2.12
pr(m’) 1:[ H (’ |+ 27TTH) ( )
k=—o00
We will focus on this case from now on. Using logz = [;° %e_‘”t (ignoring the issue of

UV-divergence), we can formally write [1]

o0

% dt ~ (1bl+ 55, ) /oo dt 1 + e=27t/Bu
log Zp1 = — N, TH) = — t). 2.13
oz Zn = | 5 3 Mo T e (213)

In the second equality we performed the sum over k, scaled ¢t — 2nt/(B, and expressed in
terms of the “QNM character”

XQNM(t) = Z N, e (2.14)

2.2 Black hole scattering and the renormalized partition function

The main result of [1] is a Lorentzian calculation that reproduces the 1-loop Euclidean
path integral as computed by the DHS formula (2.13), which we review in this section. We
refer the reader to [1] for a more detailed discussion. For concreteness we focus on the case
of asymptotically AdS black holes for d > 3.

4Generally there is a holomorphic function e (m?) multiplying (2.11), which is related to the UV-
divergences (including the logarithmic divergence d+1 is even) of (2.11) and can be determined by comparing
m? — oo asymptotics of (2.11) and the heat kernel coefficients [14]. We proceed formally neglecting this
issue, and will provide a rigorous regularization when we discuss explicit examples.



Black hole scattering. To start with, we separate

Gui(t, 7, Q) = e~ ™! w{f_ﬁ) V(). (2.15)

r2

For every integer | > 0, Y; are the (d — 1)-dimensional spherical harmonics. Making
use of this ansatz and the tortoise coordinate z = [ Fd%,), the Klein-Gordon equation
(—=V? 4+ m?) ¢ = 0 on the background (2.1) is recast into a 1D Schrédinger form for each I:

(=02 + Vilw)) tu(w) = wu(), (2.16)
with the effective potential
Vi(z) = F(r) [;};@ (r T F(r) + <l(l+7fi_2) + m2>} . (2.17)

In the near-horizon regime (z — —o0), the normalizable solution to (2.16) satisfying the
standard boundary condition at infinity (z = 0) takes the asymptotic form

Yi(z — —00) ~ AP (w) e 4 AN (W) e (2.18)

Here by “in” (“out”) we mean the waves travel away from (towards) the horizon, as opposed
to the common terminology in studies of QNMs. For real w, A®(w) = A" (w), and the

ratio
_ A W)
AP ()

Si(w) = 20 (2.19)

is a pure phase, or a rank-1 unitary S-matrix.

The renormalized partition function. A naive Lorentzian calculation to be compared
with the 1-loop Euclidean path integral (2.6), would be that of the ideal gas canonical
partition function for the scalar field living on the background (2.1):

A o0
log Zpuk = log Tr e PHH = / dw p(w) log (eﬂHw/2 - e_ﬁHw/Q) . (2.20)
0

Here p(w) = 3, Dipi(w) is the total single-particle density of states (DOS). As it is, (2.20)
is pathological: for every SO(d) angular momenta [ > 0, there is a continuum of normal
modes in any small interval Aw, and thus p;(w) is strictly infinite . This infinity is distinct
from the usual UV-divergences coming from integrating over all w > 0 and summing over
all [ > 0.

The key realization of [1] is that the non-trivial information about the spacetime and
the scalar field encoded in the potential (2.17) can be extracted by comparing the scattering
problem (2.16) to a reference problem with potential Vj(z). The difference of p;(w) from
the reference p;(w) is a completely finite quantity, related to the scattering matrices (2.19):

Apj(w) = pr(w) — pr(w) = %&J (log Si(w) — logS’l(w)) . (2.21)



Here the difference in the first equality is understood in a limiting sense explained in [1].
Therefore, instead of (2.20), a class of better defined objects are given by differences of
free energies:

log Zyuk — log Zyui = / dw Ap(w) log (eBHw/Q - e_ﬁH“’ﬂ) (2.22)
0
where
[e.e] 1 o0 B
Ap(w) =Y Df Api(w) = 50, Y Df (log Si(w) — log Si(w)) - (2.23)
=0 =0

Quantities like (2.22) are still UV-divergent due to the integration over all w and the sum
over all I > 0, but these are the usual divergences that are absorbed into the renormalization
of the cosmological constant, Newton’s constant and curvature couplings once we couple
our theory to gravity.

A priori, there is no canonical choice of the reference scattering problem. For example,
one could consider the reference with the minimal potential V;(x) = 0. Any choice of
Vi(z) would lead (after UV-regularization) to a finite “renormalized” free energy (2.22).
By working out the examples for scalars on static BTZ, Nariai and static patch in de
Sitter, [1] observes that choosing Zbulk to be that on a Rindler-like wedge at the inverse
black hole temperature B, with the associated scattering problem

. . 4m\? 4n
02+ V)| v = o), VG = () L e
the renormalized free energy equals the 1-loop Euclidean partition function:
Zb k — ZPI Zb k = ﬂ (scalar) (2 25)
ulk — ) ulk = i . .
Zyi(Bu)

In particular, from all the examples, one finds that the S-matrix for the original prob-
lem always takes the form Sj(w) = SZQNM(w)SRin(ﬂH,w), where SZQNM (w) contains QNM
frequencies as poles and anti-QNM frequencies as zeros, and

2

st - L) -
YTrE) |

is the scattering matrix for the Rindler problem (2.24), which has the Matsubara frequencies
as zeros and poles. Therefore, choosing the Rindler problem (2.24) as the reference, the
renormalized DOS is the Fourier transform of the QNM character

Aplw) = —— Nz< Lo ): /OOO dt (¢ + e ™) xamu(t).  (2:27)

:2772' . w+z w-—=z o

While in principle there could be a holomorphic part contributing to Ap(w), in all the
explicit examples Ap(w) does not receive such a contribution and (2.27) gives the complete
answer. Plugging (2.27) and performing the w-integral gives the DHS formula (2.13).



Generalization to higher spins. To conclude this section, we note that the Lorentzian
considerations above readily generalize to spinning fields. In appendix B, we explicitly
solve the scattering problem for a massive higher spin (HS) field on the Rindler-like wedge
and obtain the S-matrices.

In section 4, we study the example of massive higher spin on static BTZ. For any
spin s > 1, it remains true that for each angular momentum [ € Z, the S-matrix for
the associated problem takes the product form Sj(w) = SPNM(W)SRin’(S)(ﬁH,w), where
SIQNM(w) contains QNM frequencies as poles and anti-QNM frequencies as zeros, and
SRIG) (B, w) is the Rindler S-matrix (B.60) generalized to a spin-s field. Therefore,
choosing the reference to be the Rindler problem, the renormalized free energy is still given

by the formula
oot 1+ e 27t/Br

log Zpu = %WXQNM (),

(2.28)

where the QNM character xqnwm (%) is analogously defined as (2.14). However, in contrast
to the scalar case, this turns out not to be equal to the 1-loop Euclidean path integral.
The latter needs to be modified by “edge” corrections. We turn to this next.

3 Edge partition functions for spinning fields

In this section we extend the DHS formula to spinning fields. As we will see, the regularity
condition in Euclidean signature is more subtle than its scalar counterpart; in certain
sectors some components are required to have enhanced fall-offs near the origin. This
eventually leads to a natural bulk-edge split for the Fuclidean path integral.

3.1 Spin-1

As an illustration of the idea, we first consider a massive vector A* living on the back-
ground (2.1), with the 1-loop path integral

2
%FWFW—i-mTAHA“) -1/2

ZpI(m2):/DAe_f( = det (—V%I)er?) : (3.1)

We denote —V%l) as the Laplacian acting on transverse vector fields. On compact spaces
such as a sphere, there will be an extra correction due to a normalizable constant scalar
mode [8, 11]. The inclusion of this mode is essential for consistency with locality and
unitarity [17]. Here we neglect such a contribution to keep the argument as simple as
possible. Such a subtlety will matter when we study the example of Nariai spacetime in
section 5.

Regularity condition and the analyticity argument. Similar to the scalar case, we
demand the vector fields A,, in the functional integration (3.1) to be smooth at the origin
p = 0 and single-valued in the Euclidean time direction, i.e. they are regular vector fields.
Once again, the most convenient way to assess regularity is to work with the complex
coordinates u = pe~ and u = pe’?. At the origin these are well-defined, unlike the polar
coordinates (p,¢). The components (A,, Ay) are related to (A,, A,) through

Ay = e WA, +e¥A; A, =—ip (e*i‘/’Au - ewAﬂ) . (3.2)



A mode with U(1) quantum number k € Z, takes the form
(Ap, Ag, Ai) x e, (3.3)
which from (3.2) implies that A,, Az and A; contain the factors
A, x efi(k*l)“’, A x eii(kﬂ)@, A; o e (3.4)

The regularity condition boils down to requiring (A, Az, 4;) to have a Taylor series expan-
sion in u and % near the origin, which means that the leading term of the p-expansions of
Ay, Ay and A; must combine with (3.4) to form non-negative powers of u or u. Explicitly,
the result is

e for k> 1,
Ay ~ub=t ) Ag ~uFt A~ R (3.5)
o for k S —1,
Ay ~a F 0 Ag~a ) A ~ahy (3.6)
o for k=0,
Ay ~a, Ag~u, Aj~udl. (3.7)

Observe that when k& = 0, the fall-offs of A, and Az do not follow the same pattern as
the generic |k| > 1 sectors. Indeed, naively putting & = 0 in (3.5) or (3.6) would lead
to a mode that diverges at the origin. This highlights the qualitative difference between
spinning fields and scalars.

Now we repeat the DHS analyticity argument for the path integral (3.1) as a function
on the complex m?-plane. The functional determinant hits a zero whenever

(—Vy +m*)A, =0 (3.8)

has a solution on the space of smooth vector fields. Here comes an important difference

compared to the scalar case. Recall that in the latter case, any QNM would Wick rotate
to a regular Euclidean mode with U(1) quantum number k € Z>( as we vary m? so that

iz

27TTH B

k. (3.9)

This is not true for the massive vector: because of the enhanced fall-off (3.7), a subset of
QNMs cannot be Wick-rotated to the k = 0 sector. Similar comments apply to anti-QNMs.
We will focus on PT-symmetric theories, where z can be taken to be —z.

Edge partition function. Denoting by z. the QNMs that cannot be Wick-rotated to
the k& = 0 Euclidean modes due to the fall-off condition (3.7), we have a modified DHS
formula:

~ Zbulk

Zp1
Zedge

(3.10)



where

_ o0 dt 1+ e 2mt/8 oo dt :
log Zyuik = —_— t log Z, = — —izet 3.11
0g Zbulk /0 2t 1 _ 6_27”5/6 XQNM( ) 9 og edge /0 2t ; (& ( )

Here xqnm(t) is the QNM character defined analogously as (2.14). As discussed at the end
of section 2, the bulk part Zbulk has an unambiguous meaning of a Rindler-renormalized
thermal canonical partition function. Our analyticity argument reveals that the Euclidean
path integral demands a division by the edge partition function Z.4ee, which accounts for
the fact that some QNMs cannot be Wick-rotated to & = 0 Euclidean modes due to the
fall-off condition (3.7).

Note that the modes with frequency z, must have non-zero A, and A components,
which must be constructed from SO(d) scalars; therefore, Zcqqe can be thought of as a path
integral of a scalar on S?~!. Since our argument is based on the behavior of the vector
field near the origin, it is natural to identify this S~ with the bifurcation surface in the
Lorentzian signature, thus justifying the terminology “edge”.

3.2 Spin-2 and beyond

The argument above readily generalizes to higher spin fields. For instance, for a symmetric
spin-2 field A, requiring hyu, hua, haa, Pui, hai, hij to have a Taylor expansion in u, u leads
to the fall-offs near the origin:

o for k> 2,
Ry, X ukfz, hya X uk, haz o uk”, Ruyi o ukil, hg; o ukH, hij o uk;
(3.12)
e for k=1,
Ryw X U,  hyg < u, hag < u®,  hy ocu®,  hg o u?, hij o< u; (3.13)
o for k=0,
By X @2, hyg x4’ hag < u?,  hyi <4, hg < u, hij ocu’; (3.14)
o for k=-1,
Py % @2, hyg < @, hag < u, hy < @2, hg o @, hij o< w; (3.15)
o for k < -2
Ry X 7]71”2, hya a*’f, haa o< ﬂ*k*2, Ri X ﬁ*kﬂ, ha; o< ffkil, hij o< a k.
(3.16)

~10 -



Observe the enhanced fall-off of h,, in the k = 0,1 sector, that of hzz for £ = 0,—1,
and those of hy;, hg; for K = 0. Note that Ay, hag can only be constructed from SO(d)
scalars, while hy;, hg; can be constructed from either SO(d) scalars or vectors.

The pattern goes on for tensor fields of arbitrary rank s > 1. The component

RS TR 77 PR a+b+c=s, (3.17)

a M end
would have enhanced fall-offs for k =0,1,...,a—b—1ifa>b,ork=0,—1,...,a—b+1if
a < b. Such a component can be constructed from SO(d) representations of spin 0,1,. .., c.
Repeating the analyticity argument, we then expect that for each fixed |k| =0,1,...,s—1,
there will be a subset of (anti-)QNMs with frequencies z.j (Zx) that cannot be Wick-
rotated to regular Euclidean modes of U(1) quantum number |k| (—|k|). For PT-symmetric
theories where Zz. ;, can be taken to be —z, 1, the edge partition function will take the general

form .

00 S— _( 2n .
log Zeage = | g; Y e (Fatrizen) (3.18)
k=—(s5—1) Ze,k

In sections 4 and 5, we will work out the explicit expressions of Zegge for massive HS fields
on static BTZ and massive vector on Nariai, and check (3.10) against the full Euclidean

path integrals obtained by direct derivations.

4 Example: massive higher spin on static BTZ

As our prime example, we consider massive higher spin (HS) fields living on the static BTZ
background (setting faqs = 1):

dr?

2 _ 2
T T

2
+r2de? = m (—dt2 + da? + COSh2(T'H:C)d192) :
H
(4.1)

In the second equality we have written in terms of the tortoise coordinate

ds? = — (r2 — r%{) dt® +

r(z) = —rpg coth(rgz). We recall that rg = My = 27Ty.
A spin-s (s > 1) field of mass m? = (A — s)(A + s — 2) living on such a background is
described by either (F) set of first-order equations [18]

€' Vabsugn, = FMbppges,  M=A-1. (4.2)

In the current setting we are interested in the parity-invariant theory that includes both
+ solutions.
It turns out to be natural to study components with respect to the coordinates

y+ = eT "l sech(ryx), (4.3)

in terms of which the metric becomes

1
4(1 = yyy-)?

rh

ds® = — " g9?, 4.4
I —yry- 44

(ygdyi-+2(2—-y+y7)dy+dy7-%yidyz)-+
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Notice that near horizon x — —o0, y4 — 2e"#@F) and
ds® =~ dy, dy_ + r3d9? . (4.5)

Comparing this to (2.4), we see that y; and y_ are essentially the Lorentzian analogs for
the complex coordinates u and u in (2.5) respectively. Thus, working with the components
with respect to these coordinates make the comparison with section 3 more direct.

Upon Wick-rotating t — —itp and identifying tg ~ tg + f in (4.1), the resulting
Euclidean BTZ (EBTZ) geometry is related to thermal AdSs (T'AdS3) by a large diffeo-
morphism. As a result, their path integrals are equal upon the modular transformation

1
T— —= T =2miTy. (4.6)
T

This is expected to be true for any theories. Reproducing the T'AdS3 results (reviewed in
appendix C) hence serves as a consistency check for our method after we obtain ZE‘IT Zin
section 4.3.

4.1 Explicit solutions, scattering matrices, and quasinormal modes

While the system (4.2) for massive HS fields on BTZ has been solved in for example [19],
we present a simpler version of this computation in appendix D, where we work with
components with respect to the coordinates (4.4).

4.1.1 Massive scalar

We start with the simplest case of a massive scalar, whose normal mode functions will serve
as the seed solutions for constructing those for general massive HS fields.

For a scalar with mass m? = A(A —2), the normal mode solutions to the Klein-Gordon
equation (—V2 + m2) ¢ = 0 are solved with the ansatz

B(t, z,9) = eI [ tanh(rya) 550 (1) . (4.7)

wl

The normalizable solution satisfying the standard boundary condition is

(cosh (rpx)) % (—sinh (rH:J;))A

Yo (z) = —tanh(r777) 2 b1 (awly a_u1; A; — sinh? (""Hﬂv)) ,  (4.8)
where _
Ayl = % + Z(_;:;l) . (4.9)
This solution has the near-horizon behavior
Scalar r (%) " r (_%) iwa
D (= —00) o T{a )T (a_w’_l)e + o) T (aw’_l)e . (4.10)

The ratio of the incoming and outgoing coefficients defines a unitary S-matrix:

Si(w) = SPTZ(w) Shin <Z,w>
I (awl)

ST w) = ST @S @), 8T ) = S5 W) = s

(4.11)
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Here SR (3,w) is the Rindler S-matrix (2.26). The poles of SPT%(w) are the QNM fre-
quencies
b=l —2rTyi(A +2n), 2B =—1—2xTyi(A+2n), (4.12)

*
while its zeros are the anti-QNM frequencies —anl/ B or (zﬁl/ R) .

4.1.2 Massive higher spin

As explained in appendix D, the incoming and outgoing behaviors for a normal mode
solution to (4.2) are dominated by the components with all +- and —-indices respectively.
We will focus on these and use the shorthand notation®

ey =4 ... 4 - (4.13)

With our explicit calculations in appendix D, we find the normal mode solutions to be

6(1) = Loy 0 (— tanh ()2 S0, (), (1.14)

with wscam( ) defined in (4.8). Here the superscript (F) corresponds to the F-equa-
tions (4.2). In (4.14) we have the relative polarization constants fixed by (4.2) to be

o) Lwrivazt) _(yop@) DlOwrisr ) (4.15)

wh(+) F<a7wfier7¥l) wh(=) F(GW—ier,il)

Combining (4.10), (4.14) and (4.15), we can deduce

(B 60)) 7 (2 = —00) oc BEP(0, (<)) eloiosrm(e42) 1 BPIn(1, 0) el-iwterne=a)
(4.16)
where (0, (—)%) e(==smm)(t+2) and (1,0) e~ +srm)(t=2) are the outgoing and incoming

waves respectively, with coefficients

B out _ L% +o) B in _ L= +s)
wl r (a—w—ier,:Fl) r (a—w—l—ier,:tl) ’ wl r (aw—ier,:I:l) r (aw+ier,:Fl)
(4.17)
The ratio between the coefficients is again a pure phase and takes the form
) B bra) ) gRind
in,(s)
S (w) = L@~ s (W) & (B, w) (4.18)
wl
with ST (8, w) defined in (B.60) and
BTZ, BTZ,(F,L BTZ,(T,R
So P w) = ST T ),
r ; T o
SEZTZ,(:F,L)(W) _ (Qwrisrsl) ’ SSBZTZ,(:F,R)(W) _ (Qutisry,~1) ’ (4.19)
’ r (afw:Fier,fl) ’ r (afwiier,l)
®In terms of the notation (B.51) in appendix D, D) = P(s)0)(0) and Py = G0y (s)(0)-
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in accordance with the discussion at the end of section 2.2. QNM frequencies are the poles

of the S-matrices SflTZ’(jF)

L | onTyi(AFs+2n) 2

nl

(w), which can be summarized by

LR ] 2nThi(A £ s+ 2n), (4.20)

nl
while the anti-QNM frequencies are given by (zg)’L/ R’ *, the zeros of Sfsz’(jF) (w). In a

parity invariant theory where both (F)-QNMs (4.20) are included, the set of anti-QNMs
is also spanned by —ZSZF)’L/ R, the zeros of SSZTZ’( (w).

z

4.2 Euclidean continuation of the quasinormal modes

In this part we examine the Euclidean continuation of the QNMs. The analysis for anti-
QNMs is analogous.

4.2.1 Massive scalar

As a warm-up illustration, we first look at the case of the massive scalar. At the QNM
frequencies (4.12), with (4.7), (4.8) we can write down the full explicit mode functions
L izl A A iz 12
¢y e it (cosh (rgax)) r (—sinh (rgx))= oF1 | —n, — — n; A; —sinh? (rgx) |
TH

. il - R
R oceflzfvlt(cosh (rgz))” 7# (—sinh (rgz))® oF) <—n, Yl e A — sinh? (er)> :
TH

(4.21)

We have suppressed the ¢V dependence which is unimportant for the following. In deriving

2 (z) we have used
oF (abie;2) = (1—2) % F(c—a,c—bie; 2). (4.22)
Following the DHS analyticity argument, we vary m? or A such that
iz—’%:—w or @:—lkl, keZ. (4.23)
TH TH
At these (complex) mass values, upon Wick rotating t — —itp = —iigp, the mode

functions (4.21) behave near the origin like

i 1
Ok (—itp, x — —o00) oc e IMeellklT2nrne , by <_n, —|k| = ny A; —46_2”[96)

4 1
R (—itp, & — —o0) o e IkleklF2nraz ) by (—n, —|k| —n; A, —462”””) . (4.24)
To proceed, we will make use of another identity
I'(b+ m)T'(c) ( 1)
F(— b: e — (YR — l—c—m:1—b—m:— 4.25
( m, 7C,Z) F(b)F(C+m)( Z) m, c m; m7z ’ ( )
where m is a non-negative integer. It is important to note that when b = —j for 5 a non-

negative integer, (4.25) holds if m < j. Using this, one can show that for any n =0,1,2,...

and k € Z, (4.24) is equivalent to
b (—itg, 2 — —o0) o< ulk! or P (—itp, & — —o0) oc elFlraz=iv) — Ikl (4 26)

We thus conclude that these modes obey the regularity condition (2.7).
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4.2.2 Massive higher spin

Now, let us study the Wick-rotation of QNMs for a massive spin-s field, for general s > 1.
From (4.16), we observe that at the QNM frequencies (4.20), the incoming piece vanishes
and we are left with the purely outgoing piece determined by ¢(_. Using (4.14), we first
write down the explicit normal modes for ¢_)

(cosh (rgx)) o7 (— sinh (rga))®

(—tanh(ryz))®

2F1 (awfier,ly A—o4isre,ls A; - Sinh2 (TH(.C)) .

(4.27)
We have suppressed the e?? dependence which is unimportant for the following. The QNMs
at frequencies (4.20) read explicitly

il . A (=)L
(=)L *i(sz)'l‘*isr )t (COSh (THI)) "H (78111}1 (TH‘I» o 12 _ A ainh?
Gy xe ! H (tanh(ry )" oF | —n, o n+s;A;—sinh”(ryz) |,

—srgt—iwt
d)wl(f) x e "

L )
¢( ),R l(znl R—iSTH)t(COSh(THx)) "H (_Slnh(er»A

ni,(—) > € (—tanh(ryz))®

(IR
oF) |—n—s, b —n;A;—sinhz(er) ,
TH

. (—si A (),L
¢nl( ) X o e il st (cosh (rpz)) it (= sinh (ry2)) o F1 <_”—S,Zznl —n;A;—sinhQ(er))

(—tanh(rgx))® TH

nl

R A . (4).R
¢(+) T *’(Z(Jr)’R*iSTH)t (cosh (rgz)) 7 (—sinh(ryz)) oy <n7zznl n+5;A;sinh2(7’HI))7

nl,(—) (—tanh(rgx))® TH
(4.28)
Again, we vary m? or A such that
(F).L (F).R
Pl T o Bal ), kez. (4.29)
TH rH
At these (complex) values of masses, upon Wick rotating t — —itp = —é%gp, the mode
functions (4.28) behave near the origin like
_ - 1
¢$zl )(;LL)(—itE,a: — —00) X e~ Ulkl=s)e o (lkl+2n—s)ruz g ( —|k| —n+s;A;—= _2TH“”>

-

4

_ : 1
¢7(1l )(;L)(—z'tE,a; — —00) X e Ulkl=s)p o (lkl+2n—s)ruz g ( n—s,—k| —n; A; —1 2””) ,

1

BCDE (<t — —00) o« e~ Hl=Ieellktran—srue gy (_n_ Ikl — —W)

. 1
¢£L—;)(;§(—itE,$ — —00) o e k=) (bl 2n=s)rrz ) by <—n, —|k| —n+s; A; —46_2TH$> .
(4.30)

Here we recall that under the Wick rotation, the —component becomes the u-component.
Using (4.25), one can show that for any |k| > s, all four mode functions (4.30) are regular

near the origin

[kl =s)ree ,—i(|k|—s)

¢nz (u) ( itg, T — —00) X ¢nl (u) (—itEJC — —00) X el ? oc ulkl=s (4.31)

The case for |k| < s is more intricate. On the one hand, we always have

<bnl () ( itg,x — —00) X qﬁnl () ( itg, T — —00) X e(s=lkDruz —i(lkl=s)¢ . 7s— Ik’l (4.32)
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so that these are regular at the origin. On the other, when |k| +n > s > |k|,
ngi)(u[)/( ZtE,ZL' — OO) [0’ gbnl (UR(_itEHl‘ — —OO) o 6(5_|k|)TH$e—i(‘k‘ s)p _ = |k| (4‘33)

while for |k| +n < s,

_)aL ,R

¢£Ll Gy (ZitE, T — —00) o qZ) () (—itE, T — —00) o ellkl=slrmz o=ilkl=s)e — o =(s=lkl)

(4.34)
We can see that (4.33) is a regular behavior while (4.34) is not.
To summarize, for a fixed k € Z, any QNM can Wick-rotate to a regular Euclidean
mode with U(1) quantum number |k| at complex masses (4.29), except for those with
frequencies

zﬁzl_m =1-27THi(A—s+2n) AR —l—21THi(A—s+2n), n < s—|k|. (4.35)

nl

The irregularity of such modes agrees with the case of s = 2 first pointed out in [15].

4.3 Euclidean path integral
4.3.1 Quasinormal mode character and renormalized bulk partition function
With the QNM spectrum (4.20) we can compute the QNM character

47Te—27rTHAt

NOEDY Z 3 ( —izg et sz,z,it) =T cosh(2nTyst) > 8(t — 2k).

I€Zn=0 + keZ
(4.36)
Substituting this into (2.28) yields the renormalized bulk partition function
_ A
log Zhii [A, s Z %t qk L , qr = e~ @0)’Tk (4.37)

(1 —qp)?

Note that this is not related to the T"AdS3 expression (C.4) through the modular transfor-
mation (4.6) for any s > 1.

4.3.2 Edge partition function

As we checked explicitly in section 4.2, for a fixed k € Z, QNMs with frequencies (4.35)
cannot Wick-rotate to a regular Euclidean mode with U(1) quantum number |k| at complex
masses (4.29). They contribute to the integrand (3.18) as

% Z Z s i“ﬂ (e (27TTH|’€|+7;Z£LZ_)’L>)§ Le (27"TH\k\+zz(+) R)t)

k=—(s—1)leZ n=0
2 —27I'THAt 6—27r5THt 4 627T8THt —9

— %5 — 21%) (1~ c-2riTin) 2 (4.38)
jE€

Substituting this into (3.18) yields the BTZ edge partition function

qs. + q._s -2 qA
log Zeqge = J J J
o z]: i (=)

(4.39)
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4.3.3 The full Euclidean path integral

Taking the difference between the renormalized bulk partition function (4.37) and the edge
partition function (4.39), we obtain the full path integral

< 9 A
log Z5T?% = log ZETZ — log Zggez = Z Eq#?’ (4.40)
k=1 (1 - qk‘)

which precisely equals the T'AdSs result (C.4) after the modular transformation (4.6).
In [19] the authors found a prescription to modify the DHS formula so that the result (4.40)
was reproduced. Our discussion in section 3 gave a justification for their prescription.

5 Example: massive vector on Nariai

In this section we study a free massive vector A, on Nariai spacetime (d > 3):
2 2\ 742 % 2 1 .2 102
ds :—(1—y)dt —i—?dey +rydQi_,, —-l<y<l. (5.1)

Here ¢y and ry are related to the dS length £35 through

las — 1
In=—F=, = E , las = 5.2
NE=p N = \/ as as = \/ (5.2)

This geometry is locally dSs x S~1, with isometry group SO(1,2) x SO(d). There are two
horizons (cosmological and black hole) at y = £1 with the same Hawking temperatures

Ty = ﬁ. Note that this temperature is higher than the temperature Tyg = for

1
27lgs
pure de Sitter.

Upon Wick-rotating ¢ — —itgp and identifying tg ~ tg + 27y, the geometry (5.1)

becomes S2 x S9!, The 1-loop path integral for a massive vector on such a geometry is

1 m?
— —S[4] — - pv o 0 Iz

Zo= [DAcSW s = [ <4FWF + 24,4 ) . (53)

The derivation in [8] is readily carried over to this case:
ZPI ZPI ZPI (54)

with
1) L2

Zh = det<—v§1> +m? + @V> . Z = (mA)V2. (5.5)
Here —V%l) is the Laplacian acting on transverse vector fields on S? x S~ We have used
the fact that the S? and S?~! factors in the Euclidean Nariai geometry have respective radii
¢y and ry defined in (5.2). The factor Z§ comes from the integration over the off-shell
longitudinal modes and corresponds to the normalizable constant scalar mode [8, 11]. Our

general discussions in section 3 apply to Zgl. We will comment on ZIQI when we directly
compute Zpy in section 5.3.
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5.1 Explicit solutions and quasinormal modes

The Proca equation of motion V#F), = m2A, on (5.1) is equivalent to

L oo L oo 2, 1
<—€2vd52 — rTdeil + m + KT A;U« = O . (56)
N N N
In deriving this, it is important to use the relation (5.2) between ¢x and ry. In these
expressions, V%SQ and V%d_l are the Laplacians on the unit dSy and S%~! respectively; the
former acts on (A, Ay) as a vector and A; as a scalar, while the latter acts on (A;, A,) as
scalars and A; as a vector. All components are related through the transversality condition
i 1 1—y? 1,
V AH = _ﬁatAt + TayAy + TTVSdflAi - O . (57)
Y N N

There are three types of solutions according to their SO(d) transformation properties. In
appendix A, we collect some basic facts about scalar and vector spherical harmonics that
are useful for our analysis.

Vector mode. This tower of solutions take the form
A=4,=0, A=c“R'(pYYiI'(Q, 1>1, (5.8)

where Yldi_l(Q) are vector spherical harmonics on S9!, The transversality condition as
well as the y, t-components of the equation of motion (5.6) are automatically satisfied. The
i-component of (5.6) implies that

a2 p WQE?V _ A _
(1 Y )ayR 2y8yR—|— 1 5 AVJAV’[ R=0, (59)

where

1 3 (l+d—2)—1
Ay, = 3 tivv, v =\ LXmi, + 1 mi = m® + ( 2 ) , (5.10)
N

and AVJ =1— Ay,. There are two linearly independent solutions to (5.9):

iwt Ay —iwly Ayy—iwly 1
RYE™n = (1 — %)~ 2 o [ SN N SVIZ TN 2 (5.11)
2 2 2
and
_iwly 1+ Ay —iwly 1+ Ay, —iwly 3
Ry =y -y 2 2F1< = , > St (Ba2)

Both modes are regular at the location of the observer y = 0 and thus should be included

as solutions. The label even/odd denotes the parity under y — —y. Expanding near the
1+y

1, we find respectively

horizons in terms of the tortoise coordinate x = %V log
I(iwly)
Ay +iwly Ay +iwln
p (B (B

R‘/’,even(’w‘ - OO) o eiw|x| + (w — —w) , (513)
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and

I'(iwt :
RV (|z] = 00) o (iwty) - el 4w — —w) . (5.14)
T 1+Ay  +iwly T 1+Ay, +iwly
(o) (25
Therefore, at QNM frequencies
iz N = Ay + 1, izg v =Ayi+n, n=0,1,2,..., (5.15)

the even (odd) modes (5.13) are purely outgoing at both horizons when n is even (odd).
At these frequencies, one can solve (5.9) to get

+A +A
Riu(y) =P A, "(y) and Ry (y)=P" vy W) (5.16)
wheren = 0,1,2,.... Alternatively, (5.16) can obtained (up to an overall normalization) by

substituting (5.16) into (5.11) ((5.12)) when n is even (odd) together with the relation be-
tween hypergeometric and associated Legendre functions (See for instance [20, §14.3(iii)]).
The spectrum of anti-QNM can be solved in a similar way, and the explicit mode functions
can be obtained by flipping ¢t — —t in the QNM ones.

Scalar mode I. This tower of scalar solutions takes the form

11—y Ciwtyrd—1 wln
Ay = le,(y)e Y, (Q), Ay = 1_71/2

(5.17)
where Yld_l(Q) are scalar spherical harmonics on S%~!. Plugging this ansatz into (5.6)
and (5.7), one finds that R satisfies (5.9), with Ay replaced by Ag; defined as

R(y)e_iwt}/ldil(g) ) A= 0, [ > 0,

1 1 1 _
Agy= o +ivgy, VS,ZZ\/m?g,lf%V—:\/m2€?\]+l(l+d—2)—4, Al=1-A;.

2 4
(5.18)
We essentially get a KK-tower of dSy vectors with masses m%’l. The subsequent analysis
is the same as before but with Ay; replaced by Ag;. In particular, we can immediately
write down the QNM frequencies

o)y = A+, 20Uy =Agi+n,  n=012,..., (5.19)

and the mode functions

S, n+Ag, 5,1 n+Ag,
ROV ) = PU05 ) and RSV () = PUL0S(). (5.20)

The mode functions of the anti-QNMs can be obtained by flipping ¢ — —¢ in the QNM

ones.

Scalar mode II. Another tower of scalar solutions are obtained with the ansatz
A = —iwR(y) e ' YVHQ), Ay = R(y)e YO,
8y, () (5.21)

[>1.

Ai — —iwt
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The equations of motion again are satisfied when R solves (5.9) with Ay, replaced by Ag;
defined in (5.18). For this set of solutions, the transversality constraint (5.7) implies that
the respective divergences along the dSy and S9! directions cancel each other, with the
polarization constant C; fixed to be

_ G
AgiAg) = . 5.22
Si8sL= 7 (5.22)
Again the QNM frequencies are given by replacing Ay; — Ag; in (5.15):

ZZXS;’;)EN = AS,I +n, ZZ%S;;?)EN = Ag,z +n, n=0,1,2,.... (5.23)

These are identical to (5.19) but we stress that here [ > 1. The mode functions are

5,2 +Ag, 5,2 +Ag,

R (9) = PIAT () and ROD(@w) = PIA0 (). (5.24)

Again, the anti-QNM functions can be obtained by flipping ¢t — —¢ in the QNM ones.

5.1.1 Renormalized bulk partition function

With the QNM spectra (5.15), (5.19) and (5.23), we can immediately write down the QNM
character

AN Ay, Ag1 Ag, Ag Asy

d q s —|-q s dq s —|—q y dq s —|-q s

X(t) =3 ( e . e e ) +Y Dt (525)
>1 q q >0 q

Here we have defined ¢ = e %/~ . Plugging this into (2.28) then gives

~ % dt 1+q
log Z{, :/ ——

AN Ay, Ag Asy Asy 4 ,As.
pg T pad AT ) NS pad T T
S R [ [
>0

(5.26)

5.2 Quasinormal modes and eigenfunctions on Euclidean Nariai
5.2.1 Spectrum for the vector Laplacian on §? x S§¢-1

The eigenfunctions of the Laplace operator —V%l) in (5.4) can be easily obtained by com-
bining together the spherical harmonics on S? and S~!. We summarize this below, where
we use 1, j, k and I, J, K to denote indices on the S%~! and S? factors respectively.

Vector type. These eigenfunctions take the form

A, =49 =0, A =Y, 0,0) V() L>0, ~L<p<L, 1>1
(5.27)

with eigenvalues

LIL+1) I(l+d—2)—1
7t — (5.28)
N N

v
A2?=

and degeneracy D%Dl‘fl .
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Scalar type I. The first type of scalar eigenfunctions take the form

(AQD:AG):YszJ(ev(P)YEd_l(Q): Az:()a L>1, —-L<p<L, >0,
(5.29)
with eigenvalues

L(IL+1)—-1 I(l+d—2
AgD = L ZQ Jo1, Wi+d=2) (5.30)
' T
N N
and degeneracy D%Dld.
Scalar type II. Another type of scalar eigenfunctions take the form
(Ap, Ag) = O1YE,(0,0) Y7 (Q),  Ai=CLYi(0,¢)0Y 1 (Q),
L>1, —-L<p<L, 1>1, (5.31)
with eigenvalues
L(IL+1)—-1 I(Il+d—2 L(L+1 (l+d—-2)—(d—2

WTTR %4 %
and degeneracy D3 Df. Here Cfy; is a relative constant fixed by the Casimir equation.

5.2.2 Euclidean continuation of the quasinormal modes

Since we have the exact expressions for the QNMs discussed in section 5.1 and the Euclidean
eigenfunctions summarized above, we can directly compare them after the Wick rotation
t — —itp. We will ignore overall normalization constants unimportant for this analysis.

Also, for a better comparison we change to the variables y = cosf and ¢ = ﬁt E.

2

Vector type. For every [ > 1, whenever the mass m~ is varied such that

izpln =n+Ayy=—lk| or izy In=n+Ay;=-lk|, keZ, (533)
upon Wick rotation ¢t — —itg, the QNM with frequency (5.15) becomes
Ap=Ag=0, A=Yy 0 e (5.34)
while the anti-QNM given by flipping ¢ — —t becomes
Ap=Ag=0, A=Y 00,0V (Q). (5.35)

It is clear that running over n = 0,1,2,... and k € Z, (5.34) and (5.35) span the set of
eigenfunctions of the vector type (5.27).

2

Scalar type I. For every [ > 0, whenever the mass m~ is varied such that

2S00y =n+ Mgy =~k or  2CVey=n+Ag=—lk|, keZ, (536)

Anl
the QNM with frequency (5.19) upon Wick rotation t — —itg becomes

(Aps A9) = Y2y s (0:0) YT, Ai=0, (5.37)
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while the anti-QNM given by flipping ¢ — —t becomes
(Ag, Ag) = Y2 s (0, 0) V1), Ai=0. (5.38)

n

Running over n = 1,2,... and k € Z, (5.34) and (5.35) span the set of eigenfunctions of
the scalar type I (5.29). Notice that when n = k£ = 0, the Wick-rotated mode does not
belong to this set.

2

Scalar type II. For every [ > 1, whenever the mass m* is varied such that

(S:2

iz Dy =n+Agy =~k or izg) )5 =n+Ag;=—lkl, keZ, (539

the QNM with frequency (5.23) upon Wick rotation ¢ — —itg becomes

(Ag, Ag) = 01V, ) 11 (6, ©) V7N (Q), Ai = ot Yors w1 (0, oY, (),
(5.40)
while the anti-QNM given by flipping ¢ — —t becomes

(Ag, Ag) = 1Y% 1w (0, 0) Y1 7H(9), Ai = o vl Yor oy ) (0 0) 0,7 H(Q),
(5.41)
In these expressions, Cp; is as defined in (5.31). Running overn = 1,2,... and k € Z, (5.40)
and (5.41) span the set of eigenfunctions of the scalar type II (5.31). Notice that when
n =k = 0, the Wick-rotated mode does not belong to this set.

5.2.3 Edge partition function

From the last section, we see that all QNMs Wick-rotate to Euclidean modes for the correct
value of masses, except the n = 0 modes of both scalar type I and II with frequencies

i)ty =Asy, iAoy =Rsy, 120, (5.42)
and
’szn) 01fN = Asi, zz(f )_0 AN = Agy, [>1 (5.43)

respectively. As we saw these modes do not Wick-rotate to the k = 0 Euclidean modes for
any value of masses, and contribute to the edge partition function as

log Z4ge = /0 <Z+Z) Df (¢*st + %) . (5.44)

I>1 120
5.3 Euclidean path integral

With the eigenvalues and degeneracies of the spin-1 Laplacian on 52 x S1, we write down
the 1-loop path integral

) 2 (A%) +m2+lé) T
log Zpy :/ —e = Y Y D!LDje N
0

T I>1L>0

>1 >0/ L>1

d 3 (’\(stl)erQ*e%V)T —m?r
+ 1Y +> | Y. Di'Die —e : (5.45)

- 29 —



u : u i t
I I -
I I
I I
I I
é+i 6 |+

A=R+i6 b

o €
e o e e o o o e e e e o o o -—-0 —
@ —ic o —ie
I I
I I
I I
I 1
I I
(a) original contour (b) folded contour (c) rotated folded contour

Figure 1. We fold the contour A (red) along the branch cut around the branch point +ie (green
dot), and then rotate v = it. The blue dots represent the poles of f(u).

(51 2 A5 2 )\9)

where we have abbreviated A} ; The last term in the bracket comes from

the factor Zf = (m?)'/2 in (5.4). Here we have inserted the UV regulator e‘é so that
this integral is convergent for € > 0.

To proceed, we substitute (5.28), (5.30), (5.32) and use the Hubbard-Stratonovich
trick, following the approach in [1, 11]. For the sum over L in the first line, we can write

- )\(V)+m2+1>7' _D‘Q/vl oo QL 7u2/47'
ZD%@ <L’l N e Z?VTZD%efT(LJF% G=e % /du f(u),
L>0 L=0

(5.46)
with the integration contour A =R+ id, § > 0 (see figure 1). Here we have defined

14 eiv/tn cis/n
3 3)/In _

For the sum over L and the last term in the second line of (5.45), we can write similarly

_ )\(S)+m2+1) 711,2/47' .
S Die <“ i (f(w) - €'7%) (5.48)
= 47r7'
and
1)\? —u?/4r .,
_ T _ _efTvgo/f?ve_T<ﬂ) — e VR0 / du S ¢'%n | (5.49)
A VarT

with the same contour A. We can then perform the 7-integral in (5.45) (keeping Imu =
0 < €). Finally, after deforming the contour A as in figure 1 and changing variables to
u = it, we arrive at the regularized formula

log ZPI = 10g Zbulk — log Zedge (550)

~ 93 -



where

logZ _/ dt 1+¢ Zpd e_ﬁ_wv’lm%-e_ﬁﬂwlm
bulk . wE—al—g 2 1,1 1—gq

e bTpe ivg | Vi2—e e +ivg Vit2—e?

+( 2+ ] Di - (5.51)
>1 >0 q
and

ViZ—e? +ivg ViT—€2

108 Zedge = 2/ 2\/1527;1% <e zy TWsVP=E L g tivsy ) (5.52)

Putting € = 0, we see that (5.51) recovers (5.26), while (5.52) recovers (5.44) plus the term
log Z&;. Notice the curious overall factor of 2 in (5.52), which might be associated with the
fact that we have two horizons in the Lorentzian geometry.

6 Discussion and outlook

We have revealed a natural structure for 1-loop Euclidean path integrals of general spinning
fields through the relation N
Zpulk
Zedge .

Zpy = (6.1)

While we have explained in [1] and generalized in this work the unambiguous canonical
meaning of Zbulk = Zhulk /Z&iﬁ{ as a ratio of thermal canonical partition functions, we have
not given the Hilbert space interpretation of Z.gge.

The presence of the “edge” contributions is not surprising in view of past studies of
entanglement entropy in gauge theories and gravity. In the early work [21], a “contact
term” was found in the entanglement entropy for Maxwell theory on black holes computed
as a conical entropy. A considerable number of works have been devoted to the proper
interpretation for such a contact term as “edge” degrees of freedom living on the entan-
glement surface (the bifurcation surface S~! in the case of black holes). See [22-40] for a
partial list. While the vast majority of these studies focus on gauge theories and gravity,
these edge degrees of freedom are expected to be present for massive spinning fields as
well. For one thing, the origin for the contact term in [21] is the linear curvature cou-
pling R present in the kinetic term S ~ [ A (=V? + R) A + ..., which is also present for
massive fields. For another, from the Lorentzian two-sided geometry point of view, the
object Zpuk = Tr e Px A can be thought of as computing the normalization of the reduced
density matrix after tracing out one side. This assumes the global Hilbert space factorizes.
For all spinning fields, there are obstructions to this factorization of Hilbert space due to
the presence of constraints. In gauge theories and gravity, we have gauge constraints such
as the Gauss law constraint V - E = 0 for Maxwell theory; for massive spinning fields,
we have for instance the transversality condition V*A) = 0 for a Proca field. The edge
degrees of freedom account for the non-factorization of the global Hilbert space due to such
constraints. This point has been discussed in [37] for the Proca field on Rindler space. It is
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possible that by employing the Stiickelberg trick, one could understand the massive theory
as a gauge theory, so that their edge modes can be understood in the same formalism as
in gauge theories and gravity.

In any case, with our purely Euclidean characterization described in section 3, it would
be very interesting to connect our work to existing approaches to edge modes and under-
stand their canonical pictures. To that end, we note the crucial role played by the regularity
condition imposed on the Euclidean eigenfunctions in the path integral. It is very plausible
that the regularity condition is closely related to “shrinkable boundary condition” recently
discussed by several authors [41, 42].

Finally, in the context of holography, our results capture O(G%,)-effects in the bulk low-
energy effective field theory. It would be extremely interesting to investigate the boundary
interpretations of the results in [1] and the current paper. In particular, the boundary
counterpart of the edge modes uncovered in this paper might serve as a boundary signature
of the bulk black hole horizon. Our results for massive HS on static BTZ could provide a
set of concrete data for exploring this direction.
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A Scalar and vector spherical harmonics on §9°1

Throughout this paper we use Latin letters such as i, j, k to denote components on S%.
We also use a tilde to denote quantities living intrinsically on S¢~1; for example, V; acts
as a covariant derivative with the standard round metric and Levi-Civita connection on
Sd-1,

When d > 4, we denote the (d — 1)-dimensional spherical harmonics by Y;(Q2), which
satisfies

~ V¥ =1(l+d—-2)Y;, 1>0, (A1)
with degeneracy
204+d—-2(l+d—3
d _
Dy = T3 <d—3 ) (A.2)

Vector spherical harmonics are denoted by Y;;(2), satisfying
~ V¥, =011+d-2)-1)Y,;, 1>1, (A.3)

and the transversality condition
VY, =0, (A.4)
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with degeneracy

d _
Dy, =

l(d+l—2)(d+2l—2)<d+l—4> (A5)

(d-=3)(1+1) d—4
When d = 3, i.e. on S? with standard metric ds?> = df? +sin? fdp?, the scalar spherical
harmonics are the familiar ones (restoring the magnetic quantum number m)

Yim (0, @) o< €™ P (cos ), —1<m<lI, (A.6)
where P/ (x) is the associated Legendre polynomial. The proportionality constant is not

important to us. Vector spherical harmonics are related to these by

1

meijajnm(eacp) (l > 1) (A7)

Yim,i(ev QD) =

where €py = sin . Explicitly,

. m
Yim,@(97 (10) (&8 Slneawyvlm(ea SO) = mnm(ea 30)

Yim.o (0, ¢) o sin 0 9°Y3,, (6, ) o sin ™29, P/ () s (A.8)
B Scattering in the Rindler-like region
In this appendix we study massive spinning fields on the Rindler-like wedge:
ds? = ¢3 " (—d1t2 + dxg) +r5d03 —00 < < 00. (B.1)

This is nothing but a product of a 2D Rindler space and a transverse sphere with constant
radius rg. Another coordinate system that turns out to be useful is

g = DT EH (B.2)
in terms of which the metric becomes
ds® = dy,dy_ +r3dQ3_, . (B.3)

B.1 Massive scalar

This case has been studied in the appendix A of [1]. The Klein-Gordon equation (—V? +
m?) ¢ = 0 is equivalent to

2 2 any (V2 2
TH
Solving with the ansatz
Ot 7,Q) = e Hp(2)Vi(9), (B.5)
the normalizable solution is
U ) = Koo (2% (B.6)
27
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where

M, (l+d—2
x':x—l—ﬁlog&, M, = (+2 ) m? (B.7)
2 47 T
Near the horizon (B.6) takes the asymptotic form
1Bw\ iBw\ .
S‘l:alar(x’ — —o0) x I’ (27r) e T 4+ T (—%) ewr . (B.8)
The ratio between the coefficients of the outgoing and incoming waves
. N
SR8, w) = ) (B.9)

iBw
r(-%2)
is a pure phase, or rank-1 unitary S-matrix.

B.2 Massive vector in any d > 3

In this section we consider a vector field of mass m? on the wedge (B.1). In the coordi-
nates (B.3), all Christoffel symbols except I‘;k are trivial, and one immediately concludes
that the Proca equation of motion V#F),, = m2A, is equivalent to

an, (V2 ar (V2 —(d—2
—8,52+3§+e4ﬁx<v2—m2>114i—0— —af+8§+e4ﬁx<v(2)—m2 A,
TH TH
(B.10)
together with the transversality condition
1 -
2(0_AL +04+A) + TTVZAi =0, (B.11)
H
Here we have abbreviated 0+ = 0,,. Note A4 are related to A, A, through
421y 27
Ay =e 7 57 (FA + Ay) . (B.12)

Since all equations in (B.10) take the same form as the scalar case (B.4), we can
immediately employ the results from the last section, except that there can be different
types of solutions according to SO(d) irreducible representations.

Vector type. First we have the vector-type solutions of the form
—iwt, (V)
Ar =0,  Aj=e " (2) Y,(Q), (B.13)

where the angular dependence of A; are taken to be vector spherical harmonics Y; ;(€2). For
this type of solutions, the transversality condition (B.11) is trivially satisfied. The only
non-trivial equation in (B.10) with ansatz (B.13) is

[—83/ + (4;—)2 egxll Z(V) (x/) = w2¢l(v) (x/) , (B.14)
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Here we have defined

M 1 -
:U’:erﬁlogQ, Mll:\/(l+ )(l2+d 3)+m2. (B.15)
27 47 ’ T
The normalizable solution to (B.14) is
w ) = ) = K (26 ) (B.16)
and the S-matrix is simply
| . I (%2
STV (B, w) = SH™(B,w) = (252 : (B.17)
r(-%2)
Scalar type. Next we have the scalar-type solutions, with ansatz
+20¢ g —iw vL‘YI(Q)
A:t =e 5 ¢ t¢il(:v) )/Z(Q) s Al = e t¢fl(x) m . (B18)

Here we have inserted a factor ei%rt to compensate for the corresponding factors in (B.12)
to get a normal mode with time dependence e~**. We will focus on solving for ¢il, with
which the angular solution wfl is completely determined through (B.11). For each | > 1,
there are two linearly independent solutions, which can be taken to be

Scalar +-type: AL #0, Ar =0, A; #0. (B.19)

For the +-solution with A+ = 0, plugging the ansatz (B.18) into (B.10) leads to

[—ag/ + (‘g)z 64536/1 PIE@) = (w + i27r>21/1i’jc(x’)

B
2 Ar\?% azp| g1, 9 St/ s
—0% + Kl e | by (') =w (] (). (B.20)
Here we have defined
M, -2
x/:x+£log@, Moylz\/l(l—l_gl)—km? (B.21)
2w 4 T
The normalizable solutions are
271'2,
YT ()) = wgg%’l(a;') = Kipu (2e E ) , (1>1). (B.22)
Using
d o
%Ka(z) = j:;Ka(z) — Kot1(2), (B.23)

one can check that the angular solutions wfl obtained through (B.11) automatically solve
the angular equation (B.20). Since the +-modes (B.22) are same as (B.6) but with w —
w+ i%’r, we can immediately write down the S-matrices

in in 2
S (B, w) =SB (ﬁ,w izg) : (B.24)

~ 98 —



with SR"(B,w) defined in (B.9). Since the equations (B.20) for wif are related through
w — —w, they can be thought of as a time-reversal dual pair of scattering problems, and
their S-matrices (B.24) satisfy the unitary condition

S8, —w) ST (Bw) = 1. (B.25)
When | = 0, the ansatz for A; in (B.18) breaks down, and we have instead
Ap = EFITRGS 0 A =0, (B.26)

where both A+ must be non-zero. We still have the first line of (B.20), with normalizable
solutions

wS ( /) . ¢Scalar ( /) - K, 2 27TﬂZ/ (l = O) (B 27)
£1=0\T) = Vygi2n j—o\T ) = Rifogy ( £€ ’ - '

The transverality condition (B.12) fixes the relative coefficients of these two solutions, so
that the full solution is

(A4, A)g = (66 VS 1es —€ 7 S o) : (B.28)

Near horizon, this behaves as

s

—+F<—/3+1>(—L0)J‘“+?ﬂﬁﬁ”.

/ ifw ( tw— —) (t+=')
(Ay, A ) (@' - —o0) xT'{ — +1)(0,1)e
e (2 > (B.29)

Here the second and first terms correspond to waves incoming from and outgoing to the
horizon respectively, the ratio of their coefficients again defines a unitary S-matrix:

T (e +1)

R

(B.30)

B.3 DMassive higher spin in d = 2
When d = 2, the transverse sphere becomes a circle S' with radius 7, and the metric is
simply
4m
ds> =eB " (—dt2 + dx2> + 13 d¥? —o00 <z < 00, V9427, (B.31)

B.3.1 Massive vector

Now let us study a massive vector on (B.31). A special feature for the case of d = 2
is that (B.10) and (B.11) can be equivalently described by either (F) set of first-order
equations

€aqu VI'AY = TmA,, . (B.32)

Here we take the following convention for the Levi-Civita symbol

guvA

A = e =_—é y=1. (B.33)

J
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It is straightforward to check that solutions to (B.32) satisfy (B.10) and (B.11) at d = 2. In
a parity-invariant theory, both sets of solutions should be included. To obtain the explicit
solutions, note that equations (B.10) and (B.11) remain valid. The only difference is that
the isometry group for S! is U(1), and we do not have to separate the solutions into vector
or scalar type. The full set of normal mode solutions is obtained using the ansatz

Ap =Cy et /3 Bt Wtd):t,l(l‘) e , Ay =Cy e_iwtwal(m) e , [=0,4+1,42,....
(B.34)
Here we have inserted overall constants C+ and Cy to be determined below. Notice that
the U(1) angular momentum [ takes values over all integers. For each | € Z, we obtain

P (a’) = wijffasz (@),  ou(a) =yiT () 1€z, (B.35)
where
B BMo, _ |2
r=x+ o log . Moy, = oy +m?. (B.36)

Polarization vectors. In the first-order formulation (B.32), all components (B.35) are
coupled. To find their relative coefficients, we note that the ¥-component of (B.32) reads
explicitly

2rpg (04 A —0_Ay) = tmAy. (B.37)

On the other hand, the transversality condition (B.11) at d = 2 implies for the ansatz (B.34)
ilAy = —2r% (04 A_ +0_AL) . (B.38)

These then lead to the relation
(iltmryg) 04 A = (il Fmryg) 0_-A4, (B.39)

where the upper (lower) signs correspond to the — (+4)-branch (B.32). Plugging in (B.34)
and (B.35), one finds
C(qt) (il mryg) = Cl(i) (il Fmrg) . (B.40)

To summarize, we have determined the two sets of normal modes

satisfying the F equations (B.32) respectively, with Ay uniquely determined by (B.37)
or (B.38).

S-matrices. Comparing (B.35) and (B.8), we see that near horizon the incoming and
outgoing waves are dominated by the components A, and A_ respectively. Explicitly,

(Ap, A )(:F) (x — —00) B&F),out (0,1) e z( )(t+x) +B(:F) Jin (1,0) ¢ fz(erz )(t x)‘
(B.42)
We have suppressed the ettd dependence. The outgoing and incoming coefficients are

BSZF) out =@l Fmryg)T (wa + 1) \ BU(JJZF)JH = (il £mryg)T (_zzﬂw + 1) (B.43)
T
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whose ratio

SRin (£,5=1) BLT)VOM o il Fmry r (lgi;: + 1) . il Fmry

(@ _ _ = Rin,(s=1)
l (B,w) B@F)JH iwEmrg (—Zg—f + 1) il £ m7‘H$ )

wl

(B.44)

defines a unitary S-matrix.

B.3.2 Massive higher spin

We now study a general spin-s symmetric tensor field ¢y, With mass m?, described
by either (F) set of first-order equations

€, "V a®spigepie = FM Gpspigepis - (B.45)
One can show that the solutions to these equations solve the Fierz-Pauli system
A A
(_VQ + m2) Purpzps = 0 VaOnupzps = 0, ¢ Mipizepis—z = 0 (B.46)

In the coordinates (B.31), all Christoffel symbols are trivial, and one immediately concludes
that the components with respect to (B.3) all satisfy the scalar equation

2 2 iry (V2 2
—0f +0;+¢e€bB 2 m DA Ay, =0, (B.47)
H

where A; € (%,7). Because of this, the normal mode functions are all given by the
scalar mode function (B.6) (with 2’ defined in (B.36)), with appropriate (complex) shifts
in w dictated by the relation between the (4, —,1)-components and the original (¢, z,¥)-
components. For example, for a spin-2 field A,

t+$)h

htt:e_4ﬂ( )h++—2eﬁ h+ + e
hiw = —2¢" 5, 42 B,
hw = e_%(t_x)h++ F2e 8 h, 4 e8Iy
hyg = —e~ Z(t- )h +€6(+$)h_19
hpg = ¢ B o4 T D, (B.48)
which imply that the normal modes are solved with the ansatz
hiy =8 TRy (@), hyo =e Wy, (x),
hag = e F Ty (@), hgy = e~ T gg(x) (B.49)

where [ € Z. We can immediately write down the explicit solutions:

27rac
Vix () = ¢S§i‘£§ﬂ (z') = Kipo (26 ),
Pl
Vagwi(T) = wi;;lar (z )_Kf—:n <2e 5 > ,
2max’
Vit (3) = oo1(w) = U5 (2) = Ko (26 ’ ) : (B.50)

~ 31—



It is straightforward to generalize to arbitrary spin s > 2. We use the notation ¢,)()() to

denote the component of a spin-s field with a 4+-, b —, and ¢ = s — a — b ¥-indices, i.e.
Pa)®) () =P g (B.51)
H,_/H,_/\W—/
a b c

Normal modes are solved with the ansatz

S ®)e) = Clayme™ K “ymy@wm@ e, e, (B.52)

where we have inserted the relative coefficients C(q)() () to be determined. The solutions
are then

2ra’
Po)ew(®) = U 0 iz (@) = Kige ) (26 ’ ) : (B.53)

Polarization tensors. In the first-order formulation (B.45), all components (B.52) are
coupled. To find their relative coefficients, we note that the ¥-component of (B.45) reads

explicitly
2ry (3+¢(a—1)(b+1)(c) - 3—¢(a)(b)(c)) =M P(a—1))(ct1) - (B.54)
On the other hand, the transversality condition (B.11) at d = 2 implies for the ansatz (B.34)
(1)t (er1) = ~ 2 (94 Sa-n)pr1)(0) + O-S@mie)) (B.55)

These then lead to the relation

(il £mru) 01da—1)b+1)(e) = (W F mra) 0-dw)w)(c) » (B.56)
where the upper (lower) signs correspond to the — (4)-branch (B.45). Plugging in (B.52)
and (B.53), one then finds

) ) )
Cl(,:(':a—l)(b+l)(c) (il mrg) = Cl(’q(ta))(b)(c) (il F mrg) . (B.57)

S-matrices. Analogous to the vector case, near horizon the incoming and outgoing waves
are dominated by the components ¢(4)()(0) and @(g)(s)(0) respectively, and we have

()
(w001 20m)_, @ =)

wl
OCBS;Z),OU‘L (0’ 1) z(w is2r )(tJr:L‘ ) + B(:F) in (1 0) fz(erzs )(t x )7 (B58)
where we have suppressed the ¢’ dependence, and the outgoing and incoming coeffi-
cients are
BSF) O — (il Fmry)®T (gﬁw - 8) , BSF)’m = (il £mry)°T (—wa + s) , (B.59)
T

whose ratio

SRm’(i’S) B ij)’om (il Fmry s I ( + 5) (il Fmry s SRin.(s)
l (Baw) - (:F) in l:l: 7,,80.) - l:l: (67(’0)
B wwxmrg/) T (_TW + 3) UwxTmry

(B.60)
defines a unitary S-matrix. Notice that the overall factor is independent of w and drops
out in relation (2.21).
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C Massive higher spin on global AdS;

Even though global AdS5 (setting faqs = 1)

dr?
2 _ 2\ 742 2 792
ds* = (l—i-r)dt +1+T2+rd19 (C.1)

does not have a horizon and the considerations in the main text do not apply, we include
this example due to its relation with the BTZ case. Also, it is instructive to highlight the
difference between the two computations.

Thermal canonical partition function. The normal mode spectrum for a field with
spin s > 1 and generic mass m? = (A — s)(A + s — 2) on global AdS; is well-known:

wp =2n+ ||+ A (C.2)

where n = 0,1,2,... and [ = 0,£1,+2,... labels the U(1) angular momentum quantum
number. In this case the density of state is simply a sum of delta functions over the discrete
spectrum (C.2). The thermal canonical partition function is

log Zfﬁﬁf?’ log Tr e=PH — —2210g<1 - e_“’"lﬁ) . (C.3)

Here we have dropped an infinite contribution from zero point energies that renormalizes
the cosmological constant. Expanding the logarithm and performing the sums over n, [, we

have
AdS3
X 9 AkB e X[A,s] (kﬁ) AdS et
g Zum' =Y T —cmr =2 5 Nad W =2 (C4)

mk(l—e B2 = k [A,s] (1 —et)2

In the last equality we have expressed the result in terms of the SO(2,2) group character

AdS3
X[a,s) (®)-

Path integral on thermal AdS (T'AdS). The same result can be obtained by com-
puting the Euclidean path integral on T AdSs:

o d
IOngIAdS‘S — ; % 762/4T Tr e—(—V§+M§)r (05)

where e=€/47 is a UV regulator. Here the trace Tr is over the spectrum of the Laplace
operator —V?2 + M2 on T'AdSs. This has been computed by the image method in [43]:5

Tr e~ (ZVEHME)T ge_m_l)%. (C.6)

Z 1 VarT smh2 7’5

Performing the 7-integral in (C.5) and putting e = 0, we recover the canonical result (C.4).

®The heat kernel for s < 2 on T'AdS3 was first computed in [44].
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D Massive higher spin on BTZ: normal modes

In this appendix we find explicitly the normal mode solutions for massive higher spin (HS)
fields on a static BTZ black hole (setting fxq5 = 1):
2
ds® = — (—dt2 + da? + coshQ(er)dﬂz) , —oo<z<0. (D.1)
sinh*(rgx)
Another coordinate system that turns out to be useful is given by

y+ = el sech(ryx), (D.2)

in terms of which the metric becomes

1
4(1 — ypy—)?

When expressing quantities in these coordinates, we use the shorthand notations + to

2
">

ds? = 2
1L —yyy-

(v2dy2 +2(2 = yry )y dy— +yidy? ) + dy*.  (D.3)

denote the yi-components. The non-zero Christoffel symbols associated with the met-
ric (D.3) are

Y + L oy + 2 9 Ly
rs, = —F ri=-—= rt, = — v, —-_ 9%
=+ T 72 Yoy +F T 572 vy 99 THYE, 0 = 57 T
(D.4)
which satisfy
I'f, =oT%, =2rf;. (D.5)
D.1 Massive scalars
For a scalar with mass m? = A(A — 2), rescaling
o(t,x,9) = \/—tanh(ryz) Y (t, z,9), (D.6)
the Klein-Gordon equation (—V? +m?) ¢ = 0 becomes
r? (A —1)%2 02
—0F+ 02 + H - H 0 z)=0. D.7
ETP T sinh®(2rga)  sinh®(rgz) - cosh?(rga) V(@) (D7)
Solving with the ansatz
it z,9) = ey (2), (D.8)

the normalizable solution satisfying the standard boundary condition is

(cosh (rga)) 7 (—sinh (rga))®

Scalar _ A — Qi 2
Yo (x) = ) o Fy (awl,a,wl,A, sinh (rHa:)) , (D.9)
with A ( )
i(—w +1
wl = —+ ———=. D.10
Gl = 5+ (D-10)
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D.2 Massive vector
A massive vector on static BTZ is described by the first-order equations

€aquVHAY = FmA, . (D.11)
Here we take the following convention for the Levi-Civita symbol
P2
Nerk

The solutions to each of the f+-equations (D.11) furnish an irreducible representation of

A =

et = y=1. (D.12)

SO(2,2). In a parity-invariant theory, both sets of solutions should be included. It is
straightforward to show that the solutions to each equation satisfy the Fierz-Pauli system

(-V2+A@-2)-1)4,=0, V'4,=0, (D.13)

where A = 14+ m. We will focus on the components A, which uniquely determine Ay
through the ¥-component of (D.11). Working out the £+-components of (D.11) and using
the transversality condition (D.13), one finds that Ay satisfy
2
[—V?g + (A = 1)? + tanh?(ryx) — — tanh(rgz)d,| AL =0, (D.14)
TH

where V% is the scalar Laplacian:

1 sinh?(rgz), 5 .o tanh(rgz) tanh?(rgz)
gty =" VA — N . (D1
0 (V=g 0) =TI o 4y T, RT3 (0.15)

If we further define

\E

Ay
Ay = 2% D.16
* \/— tanh(rgz) ( )
we have
2 A — 122 2 -
0 S S R C Sy S N [ py (D.17)

sinh2(2rHa:) sinh? (rgx) coshQ(rHa:)

These take exactly the same form as the scalar equation (D.7). Note that in the near-
horizon limit x — —oo, (D.17) reduces to the Rindler-like form (B.4). Since A4 are related
to Az, Az through

e:tTHt

Ay (£sinh(rgax)As + cosh(rgz)A,) , (D.18)

- tanh(rgx)
normal modes correspond to the ansatz

Ay = Cuaemt =ity (), Ag=e My, 9(x) . (D.19)

Here we have inserted the relative constants Cy; + to be determined below. Since (D.17)
has exactly the same form as the scalar case (D.7), 1. +(x) are simply given by shifting
the scalar solution (D.9) by w — w + irgy, that is

wwl,i (1’) = wgcia}?;{,l (CIJ) ) (D2O)
where 1552147 (1) is defined in (D.9).
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Polarization vectors. In the first-order formulation (D.11), the solutions (D.19) are not
independent. We first consider the (—)-branch in (D.11), which explicitly reads

1
mAs =+ o [yf (0 Ag — 9 Az) + (2= yry) (GpAs — Dxdy)]

mAy =2rg(1 —ysy—) (0+A- —0_Ay) . (D.21)
Multiplying the first equation by y+ and taking the sum, we have
+mry (y+ A+ +y-A-) = ;atAﬁ + 0y (y+ A+ —y-A-) . (D.22)
For the normal mode ansatz (D.19), we can replace
O — —iw, Oy — il . (D.23)

Using the ¥ equation (D.21) in (D.22), we then arrive at

21w , 2iw ,
- — (1=y4y-)0- Ay — (mry —il)y; Ay = F(l—y+y—)a+A—+(mTH+Zl)y—A—- (D.24)

Plugging in (D.19) and (D.20), this implies the relation

Cf;l l-(a—w-i-irH,—l -1)= _szl,)—(aw+irH,+l —1) (D.25)

with a,,; defined in (D.10). Here the superscript (—) means that this is associated with the
(—)-branch (D.11). Similarly, for the (4)-branch we have

szjzr(a—w-i-irm-i-l —-1)= *C(E;Jlr,)f(aerH,—l —-1). (D.26)

To summarize, we have determined the two sets of normal modes

(A+’A_)($) — efzthrzlﬂ (C(¥

o o_;l+ rth}Scalar ( ) C(? frHthCalar ( )) (D27)

wirg,l w—irg,l
satisfying the + equations (D.11) respectively.

D.3 Massive higher spin

Having worked out the warm-up cases of massive scalar and vector, we now study a general
spin-s symmetric tensor field ¢, ,..., With mass m? = (A + s — 2)(A — s), described by
either (F) set of first-order equations

€, Vadsugp, = FMburpgs,  M=A—1. (D.28)
The solutions to each of the first-order equations (D.28) satisfy the Fierz-Pauli system [19]

(—V2 + A(A - 2) - 3) ¢M1M2“~Ms =0, v)\é)\#ll»ﬂ“'#s—l =0, (b)\)\/LlMQ"'Hs—Q =0.
(D.29)
Solutions to both sets of equations (D.28) should be included for a parity-invariant theory.
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To proceed, we first note that the action of the Laplacian takes the general form

1
2 2 A8 A
Vohuipgns =V Purpio-ps — \/gao‘ <\/§9a F/\(m) gbmmus)ﬂ - 2F§(u1v ¢u2-~~us)a
A B A
—-9° FgﬁFA(M1¢u2---us)p - § :ga Fguz Apj¢ul---ﬂiﬂj"'usﬁp' (D.30)

i#]
In this expression, the symmetrization convention is simply to sum over permutations
without extra factors. The summation in the last line has s(s — 1) terms. V% is the scalar
Laplacian (D.15).

From now on, we use the notation ¢(q)()() to denote the component of a spin-s sym-
metric field with a (+)-, b (—)-, and ¢ = s — a — b (¥)-indices, analogous to (B.51). For
the most part, we will focus on the components with only +-indices (i.e. those with ¢ = 0).
Solving for these will then uniquely determine the other components through (D.28). For
these components, after a lengthy calculation we find explicitly (suppressing the (¢ = 0)
subscript)

Vb)) = V& D)) — 25(1 = y+y—) (U404 + Y—0-) d(ayv) — 35 Da)(v) + S Y+ YD (a)(b) -

(D.31)
In deriving this, we have simplified in (D.30) the second term using
3, B=p==
1 aB
0, otherwise
the third term using the transversality condition (D.29), the fourth term using
2yry—, p=p==
9T, = 2 p=E,pu=F, (D.33)
0, otherwise
and the last term using
g 1i2ﬁp B sp Bso o sBep\ YF
Lo T8, = §Fii g7’ +04L0% 2y y— + (5+5_ + 5_5+) =,
1
g O TS =T, T= g% + 576, y+ +oP5r = 4 6lshay .y, (D.34)

4 T2

together with the tracelessness condition (D.29).
In terms of the variables ¢, z, we can write (D.31) as

sinh?(rgz tanh(rgx tanh?(ryx
Vb)) = <(H)(—3t2 +02) — (ra )3z + (ra )@%) D(a)(b)

T?{ TH TJ%I
tanh (rgx) 9 9
+ 287({%(25((1)(17) —3s ¢(a)(b) + s”sech” (rgx) ¢(a)(b) . (D.35)
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Finally, rescaling

1_ -
D)) = (= tanh(rgz))2 "¢ e) ; (D.36)
we find that the second-order equations (D.29) for these components are reduced to
; A —1)%? 2 _
—3t2 + (9% + H — ( )" + 0y Py =0 (D.37)

sinh?(2rgz)  sinh?(rgz)  cosh?(rgz)

Therefore, we have a set of decoupled equations that take the scalar form (D.7). Dictated
by the relations between +- and ¢, x-components, normal modes correspond to the ansatz

D(a) b)) = Ct(ay(b)(e) € HT e 1 b)) (@) - (D.38)

This is true even for ¢ # 0. Here Cyy (4)(5)(¢) are polarization constants to be determined.
Since (D.37) has exactly the same form as the scalar case (D.7), ¥, (4)») (%) are simply
given by shifting the scalar solution (D.9) by w — w + i(a — b)ry, that is

Yot (a)() (®) = VO )1y 1 () 5 (D.39)
with wosjalar(x) defined in (D.9).

Polarization tensors. In the first-order formulation (D.28), the solutions (D.39) are not
independent. Analogous to the vector case, we multiply the (a)(b)(c)- and (a—1)(b+1)(c)-
components of (D.28) by y+ and y_ respectively and take their sum, which leads to

+ Mry <y+¢(a)(b)(c) + y—¢(a71)(b+1)(c)>
1
= Eatcf)(aq)(b)(cﬂ) + Oy <y+</5(a)(b)(c) - y—(b(afl)(bJrl)(c))
+erg (yiqﬁ(aﬂ)(b)(c—l) - y%¢(a—1)(b+2)(c—1)) : (D.40)

Here the upper (lower) sign corresponds to the — (+)-branch (D.28). For the normal mode
ansatz (D.38), we can replace

O — —iw+(a—1—-b)ry, Oy — il . (D.41)

For ¢ = 0, using also the (a—1)(b)(c+ 1)-component of (D.28), (D.40) leads to the relation

2i(w +i(a —1—b)r s—1 :
(w+il i )ra) ((1 ~ Y+Y-)0-@yp) — ?J+¢<a)<b>> — (Mry F il)y+da)e)
2t(w+ila—1-0)r s—1
_ ( ( 7 )ri) <(1 — Y1 Y- )04 Pla—1)(b+1) — 5 y¢(a—1)(b+1))
+ (Mrg £il)y—d—1)(p+1) - (D42)

Substituting (D.38) and (D.39), we arrive at the recursion relation

Cf;:l'iza)(b) (a—w—i(a—b—Q)rH,:Fl - 1) = _Ci:l':,za_l)(b+1) (aw—i-i(a—b)rH,:l:l - 1) ; (D43)

with a,,; defined in (D.10). Here () means that this is associated with the F-branch (D.28).
Using (D.43), it is straightforward to derive the relation (4.15).
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