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ABSTRACT: We construct two and three-line shifts for tree-level amplitude with massless
and/or massive particles, and provide a method to construct general multi-line shifts for
all masses. We choose the massless-massive BCFW shift from these shifts and examine
its validity in renormalizable theories. Using such a shift, we find that amplitudes with
at least one massless vector boson are constructible. This reveals the importance of gauge
theory in the construction of amplitudes with massive particles. We also find that this
kind of amplitudes have a cancellation related to group structure among different channels,
which is essential for constructibility. Furthermore, we show that in the limit of large shift
parameter z, the amplitude with four massive vector bosons, which can include transverse
massive vector particles, have structures proportional to the amplitude with shifted vector
particles replaced by Goldstone bosons in the leading order. This is responsible for the
failure of massive-massive BCFW recursion relations in the amplitudes with four massive
vector bosons.
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1 Introduction

In comparison with Feynman diagrams, on-shell recursion relations provide a more efficient
approach to construct higher-point tree-level amplitudes from lower-point amplitudes. It
was first motivated by Britto-Cachazo-Feng-Witten (BCFW) recursion relations [1, 2] in
the calculation of gluon scattering, and other versions of recursion relations were proposed
to study the amplitudes in gauge theories [3, 4], gravity theories [5], supersymmetric the-
ories [6, 7], scalar effective field theories [8] and more general theories [9, 10]. They based
on the same idea, namely using complex deformation of the external momenta and calcu-
lating the residues of deformed amplitudes in the complex plane, to collect the information
of factorized lower-point amplitudes.

Contrary to massless particles, the momenta of massive particles cannot be written as
a direct product of two spinors. To analyze amplitudes with massive particles, the method
of decomposing the massive momenta into two light-like vectors was developed [11-15].
However, this formalism is not the most convenient for specific calculation of amplitudes,
since it’s not little-group covariant. Recently, Arkani-Hamed, Huang and Huang [16] in-
troduced a new method by regarding the massive particle as a representation of its little
group. In this notation, both amplitudes and complex shifts are simplified into a little-
group covariant form. There have been some efforts in constructing massive BCFW shift
in the massless-massive case [17, 18] and massive-massive case [19, 20] afterwards.

After considering little-group invariance, the on-shell constructibility of amplitudes
with massive particles was investigated [20]. Various multi-line shifts were used to estimate
the large-z behavior of amplitudes with all particles massive, where z is the shift parameter.
Although people prefer using three and more line shifts to investigate the constructibility,
two-line shifts are more convenient in the computation of amplitudes.

In this work, we take the little-group covariant spinor helicity formalism and regard
different spin states from one massive external leg as a whole, so these states should be
deformed by a same shift. In the case that all particles are massless, some researches [21, 22]
proved that in a gauge theory coupled to scalars and fermions, any massless amplitude
with at least one gluon is two-line constructible, which is a strong conclusion. We want to
examine whether the amplitude with both massless and massive particles is also two-line
constructible.

The present paper is organized as follows. In section 2 we review the basic idea of
recursion relations and construct all possible two and three-line shifts for both massive and
massless particles. Assuming the coupling is dimensionless, we evaluate the Feynman rule
in a diagrammatic way in section 3 and discuss why gauge-fixing is not enough to improve
the behavior of amplitude in the large-z limit. In section 4 we evaluate n-point massive
amplitudes with at least one massless vector boson in the large-z limit. We find that these
amplitudes vanish in the large-z limit except for the all vector amplitudes, which can have
a cancellation among different channels. In section 5, we give the relation between such a
cancellation and the group structure of massive vectors, and explore why this cancellation
fails in the amplitudes without massless particles. Finally, section 6 presents our conclusion
and discussion. Appendix A gives our conventions. Appendix B explicitly calculates the



large-z behavior of polarization vectors in the center-of-mass frame. Appendix C gives an
example of evaluating the diagrammatic expressions.

2 Recursion relations for all masses

For completeness, we review the general complex shift for A,,, a tree-level amplitude with
n massless particles. For each external particle, we shift their momentum vector p; by
complex-valued vector r;,

b =pi +zrf, (2.1)
where ¢ = 1,2,...,n. Now we restrict these shift vectors r; by three conditions,
> =0, (2.2)
i
ri-rj =0, (2.3)
Pi Ty = 0. (24)

These three conditions (2.2)—(2.4) respectively guarantee that (a) momentum con-
servation holds for shifted momenta, (b) shifted momenta are still on-shell, (c) shifted
propagators are linear in z. We can construct a complex function A, (z)/z, whose residue
at z = 0 is the unshifted amplitude A,,. Then Cauchy’s theorem tells us,

A

An(2)

~— + B, (2.5)

A, =— ZReSZ:ZI
2

where the boundary term B, is the residue at infinity. The first term on the right-hand
side can factorize into two on-shell subamplitudes when the momentum P; of the internal

line goes on-shell,

1 -
— Resy=;, —=

FIZAR(ZI). (2.6)

Now we consider massive amplitudes. The three conditions (2.2)—(2.4) still keep the

= Az (1)

shifted momenta on-shell p? = p? = m?. To generalize formula (2.5) into the massive case,
we add a new term which corresponds to massive on-shell propagators,

A

An(2)

An(2) — ZRGSz:zji + B,. (2.7)
z

z

AT’L - — ZRGSZ:ZI
z
21

At a zj-pole one of massive internal particles goes on-shell. We use little-group covariant

spinors [16] to describe massive particles, so the two subamplitudes A; and Ap have little-

group indices and should be contracted,
An(Z) Ji

J Jn 3
—Res,—,, ——~ =€t e e A g (z
=z € TYAL Ty, (27)

]_ "J/J/”-J/
Sz AR ), (2.8)
J

where the lower indices in the parenthesis means symmetrization of these indices. Here
we only write the little-group indices related to the internal momentum P; and neglect



other little-group indices. If the boundary term B, = 0, the n-point on-shell amplitude
A, will be completely determined in lower-point on-shell amplitudes and this recursive
formula (2.7) becomes an on-shell recursion relation under a valid shift.

Before we discuss whether amplitudes vanish in the large-z limit, we should construct
complex shifts for the composition of all masses. In this section, we will solve equa-
tions (2.2)—(2.4) to give all possible shift vectors r in two and three-line shifts. Since
massless shifts have been well studied, their generalizations in the massive case will be
based on these massless shifts.

2.1 Shifting massless particles

In spinor-helicity formalism, which is briefly reviewed in appendix A, we write massless
amplitudes in terms of two kinds of Weyl spinor |p], and |[p)¥. They are two inequivalent
fundamental representations of SL(2,C). Both of them can be shifted, we refer to the
former as holomorphic shift and the latter as anti-holomorphic shift.

Since the massive particles takes little-group representation into account, the three
conditions (2.2)—(2.4) may not be valid in the massive case. We review some specific
massless amplitude recursion relations to translate the three conditions (2.2)—(2.4) into
massless spinor-helicity variables. Although all shift-vectors r; could be non-trivial r; # 0,
two or three-line shifts are enough to construct amplitudes in many applications. Let’s
start from these few-line shifts.

1) Two-line shift. Since the shifted momentum is linear in z, we can’t use holomorphic
and anti-holomorphic shifts simultaneously for one particle. Otherwise, the momentum
conservation condition would be violated. When we shift two external lines ¢ and j, there
are two choices. We choose holomorphic shift for particle ¢ and anti-holomorphic shift for
particle j,

i) =1ld +213],  19) =13} — 2li). (2.9)

We call this a [i,j)-shift. The shift-vector r; = —r; = 7, so momentum conservation
condition (2.2) is automatically satisfied. The shift vector is

20t = {if#)3), (2.10)
so conditions (2.3) and (2.4) lead to
2r® = (i)jj),  2r-mi=(ilpild),  2r-py = (ilpsli)- (2.11)

We find that (ii) = [jj] = 0 is responsible for the condition (2.3). Weyl equations p;|j] =
pi|i) = 0 are responsible for condition (2.4).

2) Risager-type three-line shift. In Risager-type, all the shifted external lines are
holomorphic shifts. The shifted spinors are

i) =i +2GRIX] 15] = 1]+ 2ka)IXD, k] = K]+ 2(i) X, (2.12)



where |X] is an arbitrary reference spinor. Here we ignore the dimension analysis for
convenience.! The shift vectors are

o) = (jR)(iVIX], 2 = (R (GIMXT, 2r = (i) (R XT. (2.13)

Using Schouten identity (ki) (j| + (ki){j| + (ij)(k| = 0, we easily verify condition (2.2)
ri +1j+rp =0. We find that [X X] = 0 ensures condition (2.3), and that Weyl equations
pilt) = p;|j) = prlk) = 0 are responsible for condition (2.4).

3) BCFW-type three-line shift

In BCFW-type, only one shifted external line is anti-holomorphic shift, the other
shifted external lines are holomorphic shifts. The shifted spinors are,

i) =[]+ 2GX0K], 5] =10+ XD, k) = k) + 2(i)]1X), (2.14)
where | X) is an arbitrary reference spinor. The shift vectors are
2 = GX)(MRL 2 = (XD G IR 2 = () (XA (2.15)

We use Schouten identity to verify condition (2.2), >, = 0. We find that [kk] = 0
ensures condition (2.3) and Weyl equations p;|i) = p;|j) = pi|k] = 0 are responsible for
condition (2.4).

So far all possible two and three-line shifts in the massless case are presented. Since
Risager and BCFW-type shifts are the only two distinct classes of recursion relations [10],
the analysis of four and more-line shifts are just generalizations of three-line shifts. They are
sufficient for analyzing mixed or massive recursion relations. We find that the antisymmetry
of brackets (---) and [- - -] ensure condition (2.3), and the equation of motion for massless
particles is responsible for condition (2.4).

2.2 Shifting mixed particles

Now let’s think about how to satisfy the three conditions when massive particles are taken
into account. The massive spinor-helicity variables |p’], and |p’)® are not only fundamen-
tal representations of Lorentz group SO(3, 1), but also fundamental representations of little
group SU(2) . We write them as (3;3,0) and (3;0, 3), which are the representations of
SU(2)rg x SO(3,1). In the massive case, the antisymmetric brackets

[11i7] = =iy = m2e” £ 0 (2.16)
and massive Dirac equation
plp'] = —mlp’) #0 (2.17)

are different from the massless case. Therefore, conditions (2.3) and (2.4) wouldn’t be
satisfied automatically in the massive case. For example, we can give up condition (2.4)

! Actually The mass dimension of (jk), (ki) and (ij) is 1. In order to ensure the dimensionless z, we
should write the shifts as |i] = |i] + zc¢(jk)|X], 7] = |j] + zc(ki)| X] and |k] = |k] + zc(ij)| X], where the
mass dimension of constant ¢ is —1. Since we only want to discuss the large-z behavior, we ignore such
constants, which will not change the result of our following analysis.



for massive particles and construct a shift, where masses are no longer invariants. The
validity of this kind of shifts was examined numerically for the amplitudes with graviton
and scalar bosons [23]. Here we try to satisfy all conditions.

The key point is to use some variables to contract the little-group index or Weyl-spinor
index of massive spinors. For example, we can introduce an unknown variable 7!, which
is the representation (%, 0,0). We use 1’ to contract the little-group index of |i’], so the
inner product 7;|i’] gives the antisymmetric bracket

oI

nili'i Inp = m2ne T np =0, (2.18)

which ensures condition (2.3). Another way is to introduce |Y] and contract the Weyl-
spinor index of |i/], which has been used in ref. [20].

Our strategy is the former one. First, we take massless shifts in section 2.1 and re-
place the massless variables |p], and |p)® with the massive spinor-helicity variables |p’]a
and |p’)® for massive particles, while the spinor part of the shifts remain as massless
shifts. Then we introduce some unknown variables with little-group indices (n’, ¢7, &%,
etc.), whose number equals the number of massive shifted external legs. With the shifts
which have been replaced multiplied by or contracted with these unknown variables, con-
dition (2.3) must be satisfied. Since the above manipulation is based on massless shifts,
condition (2.2) is still satisfied. Finally, we use the last condition (2.4) to determine these
unknown variables.

2.2.1 Two-line shifts for mixed particles

Let’s consider two-line shifts for massive particle ¢ and massless particle j. There are two
ways to shift them. We can choose the [7, j)-shift: the massless line i is shifted holomorphi-
cally, while the massive line j is shifted anti-holomorphically. We introduce one unknown
¢’, so the shifted spinors are

i) = i + 2§71y, 137) = 137) — 2li)¢”. (2.19)

The shift vector is 2r* = (i|y#|j”]¢;. It is orthogonal to the massless momentum p;
because of the Weyl equation (i|p; = 0. Condition (2.4) leads to

2p; -7 = (ilp;|i’1¢s = m;(ij” )¢y = 0. (2.20)

The solution is ¢ = (ij7). We substitute the solution into eq. (2.19), so the explicit form
of [i,j)-shift is
il = 1+ 21571, 137) = 157) — 2l i7). (2.21)
Another choice is the [j, 7)-shift: the massless line i uses holomorphic shift, the massive
line j uses anti-holomorphic shift. For real-valued momenta, angle and square spinors are
not independent. For massless particles, we have (|7))* = [i| and (]i])* = (i|. For the
massive particle j, the complex conjugation of massive spinors lowers the little indices:
(137)* = [js] and (|j7))* = {js|. Therefore, the [j,i)-shift can be implemented from the
complex conjugate of [z, j)-shift,

371 = 51+ A7, 1D = 16) — 207 lijg)- (2.22)



2.2.2 Three-line Risager type shifts for mixed particles

We take massless shift (2.12) and choose one or two shifted particles to be massive. Since
all shifts are holomorphic shifts in Risager type, each shift vector must be r# o (- - - [v#|X].
Condition (2.3) is satisfied, because r; - r; oc [X X] = 0.

1) One massive and two massless. Let particle ¢ be massive particle and particles j
and k be massless particles. We introduce one unknown 7', so the shifted spinors are

V=" +20"GR)IX], 5] = 1)+ 20" (RiD)|X],  [R] = k] + 20" (i) X (2.23)
The shift vectors are
2 = ' Rl X], o 2rf =tk GIX] 2n =) (R X] (2.24)
so condition (2.4) leads to
2p; - ri = ' (3k) (i1 |pil X] = man’ (k) [ir X] = 0. (2.25)
The solution is ! = [i’ X].

2) Two massive and one massless. Let particles i and j be massive particles and
particle k be massless particle. We introduce two unknowns n! and ¢”, so the shifted

spinors are
1] = 1] + 20" ¢ (k) 1X],

371 = 1371+ =" ¢7 (kir)| X), (2.26)
k] = K] + 20’ ¢ (irjg) | X).

The shift vectors are I
2rt =0 ¢7 (k) (ir|y" X,

2t = ' ¢! kir) (111X, (227)
2rl = "¢ (irj ) (k1" |X],
so condition (2.4) leads to
2p; - vy = 0" ¢7 (k) rlps X] = man’ {7 (3k) [11X] = 0,
2p; -1 = 1" ¢7 (kir) Gl | X] = myn’ ¢ (kir) [j, X] = 0.

The shift vectors should be non-trivial, so ¢’ (j k) # 0, n'¢”(kis) # 0. The only solutions
are o = [i1X], ¢/ = [j'X].

(2.28)

2.2.3 Three-line BCFW type shifts for mixed particles

We take massless shift (2.14) and choose one or two shifted particles to be massive. If
particle k is massive, each shift vector in this type of shifts must be r# o (- - |[y*|k¥]¢k.
Condition (2.3) is satisfied, because r; - rj o [kKkK/]ﬁKfK/ = KK ¢pegper = 0. If particle
k is massless, condition (2.3) is also satisfied for the same reason as the case of massless
three-line BCFW type shifts.



2) One massive and two massless. Since BCFW type recursion relations use holo-
morphic and anti-holomorphic shift, there are two kinds of compositions. The first kind
is that the massive particle uses holomorphic shift. Let particle i be massive particle
and particles j and k be massless particle. We introduce one unknown n’, so the shifted
spinors are

=[]+ 20 GX)K], 5] =[]+ 20" (XAn[k], k) = [k) + 20 (i) X). (2.29)
The shift vectors are
2rf = GX) (" (K], 2 =0l (Xan Gk, 2k = 0 () (XK, (2:30)
so condition (2.4) leads to
2p; i = ' (X ) (irlpilk] = man' (Xj)[irk] = 0. (2.31)

The solution is n! = [i'k].

The second kind is that the massive particle uses anti-holomorphic shift. Let particle k&
be massive particle and particles ¢ and j be massless particles. We introduce one unknown
¢X so the shifted spinors are

i) = [i] + 2 GX)KN], 1] =14] + 2 (Xa)KN],  [K5) = [KF) — 265 i5)] X).
(2.32)
The shift vectors are
ol = GX) i KE], 2l = G (X (MK, 2rl = Exc (i) (X [y k"],
(2.33)

so condition (2.4) leads to
2pr, - i = Exc (i) (X e k] = —myr (i) (XK) = 0. (2.34)
The solution is £5 = (XkK).

2) Two massive and one massless
Let particles ¢ and j be massive particles and particle k be massless particle. We
introduce two unknowns 7’ and ¢”, so the shifted spinors are

1] = 1]+ 20" ¢7 (G X) K]
371 = 1371+ =" ¢ (Xip) K] (2.35)
k) = |k) + 20" ¢ (i) | X).

The shift vectors are L
2rt =" ¢ (s X) (ir|y* K],

2rk = ' ¢ (Xir) (v K], (2.36)

2t =t ¢ (ig) (X || K],



so condition (2.4) leads to
2p; - i = ' ¢7 (s X) (i lpil K] = man' ¢ (52 X) [irk] = 0,
2p; -1 = 1" M (Xin)(3slp;|k] = myn' ¢ (Xinjsk] = 0.

The solutions are ! = [i'k], ¢/ = [j7k].
Let particles 7 and k& be massive particles and particle j be massless particle. We

(2.37)

introduce two unknowns n’ and ¢X, so the shifted spinors are
1] = i) + 20" (5 X) k],
151 = 1] + 20" €™ (Xir) k], (2:38)
K5 = [K5) — 20" (1) |1 X).

The shift vectors are LK
2rtt =t ¢ (X)) (i k],

2rlt = 0" €% (Xip) (v k], (2.39)
2rl = 0" % () (X [y* k],
so condition (2.4) leads to
2p; - i = 0 % (1 X) (s |pilki] = min"€" (5 X)[irks] = 0,
2py, - e = ' (1) (X pr k] = myn" €% (i) (Xkg) = 0.

The solutions are 7! = [if[px|X), ¢ = [k X]. The solutions become more complicated.

(2.40)

2.3 Shifting massive particles

The all-massive recursion relations have been worked out to study the constructibility of all-
massive amplitudes in spontaneously broken gauge theories [20]. Now we want to reproduce
these massive shifts with our method. Similarly, we introduce n unknown variables for n-
line shifts and then solve eq. (2.4) for these unknown variables.

2.3.1 Two-line shift for massive particles

Unfortunately, we can’t construct consistent massive BCFW shift for two massive lines as
simply as what we do in last subsection. We don’t have a natural choice of massless spinors
to contract with Weyl-spinor index, since two external lines are both massive particles. It
means that the general form of two-line shift doesn’t exist. We must choose a specific
spinor or reference frame to write down a particular shift. For example, we can only shift
one of the helicity states instead of both [19, 20] in a special frame.

Now we still introduce two unknowns 7! and ¢” in [i, j)-shift, so the shifted spinors are

=1+ 2n'¢lisl 1) =157 + 2 i), (2.41)
The shift vectors are 2r}' = —2r) = n'¢7(ir|y*|js], so condition (2.4) leads to

2pi - ri = ' ¢ (irlpilis] = man' ¢/ [irjs] = 0, (2.42)
2p; - = =" ¢ (islpjlis) = myn' ¢ (irjs) = 0.



The tensor 7¢” has three degrees of freedom, since its determinant is zero. Two equations
are not enough to determine all degrees of freedom, so we should choose 1! and 1’ from
other information. The massive momenta of two particles can be written as different linear
combinations of two null vectors /; and [;:

bi = lz + O('l'v
7 (2.43)
pj = lj + aili,

where o; and «; are coefficient. We choose n! = [l;i']/[l;li], ¢/ = (371;)/{l;l;). We can
verify condition (2.4),

oo WAl W]
i) = - Gty Ll (2.44)
o Ll )G '
P = F iy T ol
Now the shift can be written as
31 R i71;
1= ] - 3 = )+ = (2.45)

2.3.2 Three-line Risage-type shifts for massive particles

We introduce three unknowns n’, ¢/ and ¢¥. Since they are all massive, there is a permu-
tation symmetry between these shifted lines. The shifted spinors are

1] =[] + 20" ¢ " (ki) 1X],
371 = 1371 + 20" ¢’ 5 (ki) | X, (2.46)
(K] = 65+ 20 ¢7 €5 (i) X].
The shift vectors are
2t = "¢ R (k) (ir1v* | X,
27t = ' ¢7EM (kicir) (s 17" | X1, (2.47)
2ry = n'¢7€" (irjr) (ki "] X,
so condition (2.4) leads to
2p; - i = ' 75 (ki) (irlpil X] = man” 75 (k) [i1X] = 0,
2p; -1y = 0" ¢ (ki) G lps | X) = myn' ¢7€" (ki) [ X] = 0, (2.48)
2 - i = 1" TR (irdg) (ke pe | X = man” €8 (irj ) (ke X] = 0.

The solutions are simple, ! = [i’ X], ¢/ = [j7X], €& = kX X].

~10 -



2.3.3 Three-line BCFW-type shifts for massive particles
We introduce three unknowns n’, ¢/ and €%, so the shifted spinors are
1] = ") + 20" ¢7 €5 (3 X) k]
371 = 371 + 20" ¢ €M (Xin) k], (2.49)
k) = [K5) — 20 TR (113) 1),
The shift vectors are K
2rf' = ' 7R (35 X) (i 1" k],
2rf = ' Y€ (X) (i1 ), (2.50)
2rf = ' 7€M (i) (X 1" k],
so condition (2.4) leads to
2pi -1 = 0" ¢TER (G X) (r|piki) = min” ¢ (5, X)[irkk] = 0,
2p; 1 = 0" ¢T €M (Xin) (s k] = myn' 7" (Xin) [jskk] = 0, (2.551)
2pk - i = 1 ¢TEM g ) (X Iprlkr] = —mun' 7€M (irjs) (Xki) = 0.

We can choose n! = [iTkF]¢x, ¢ = [j7kE)ék, €5 = (XKkK). However, it isn’t the
final solution. After substituting ¢& = (XkX), we get the final result: ! = [il |py|X),
¢! = [i7Ipk] X).

2.4 Explicit form of three-line shifts

In previous discussions, we figured out solutions for all two and three-line shifts. To simplify
the expressions of these shifts, we define some new Weyl spinors,

|km) = pmlK],
|Xm> :pm|X]7 (2.52)

| Xmn) = Pm| Xn] = Pmpn| X),
where p,,, and p,, correspond to massive particles. The simplified expressions of three-line
shifts are shown in table 1, in which the massive spinor helicity variables are denoted in
BOLD notation. Now we can write down massless three-line shifts (2.12) and (2.14) and
use replacements listed in table 1 to rederive three-line shifts for all masses.

Furthermore, the notation | X, ,) is not necessary in the expressions. We can rewrite
| Xom.n) and | X) in terms of |Y] = | X,,],

|Xm,n> = pm|Xn] =pmlY) = [Yin),

x) = 2opalX) _ pal¥] V) (2.53)

2 2 2
my my my

For example, we set |Y] = | Xj]. The all-massive BCFW-type three-line shifts reduce to
1] = [i] + (Y Y5) [iY]]Y],
3] = li] + 2 (Viva) YY), (2.54)
k) = [k) + 2(Y;Yi) (kX)|Y).

This expression coincides with [20].

- 11 -



External Legs| Type Shifted Spinors Shift-Vectors Replacement
1] = li] + 2 (k) [iX]|X] = () (X" X)
Risager | [j] = |j] + 2(kX;)|X] P = (kX) (] X] i) — |X)
. &) = k] + 2(Xi5) | X] r = (Xij) (k"] X]
- i) = i + =X ) k][] i = (X ) kil K]
7] = 11+ 2(k: X) K] P = (ki X) (" k] i) = ki)
BCFW |[k) = k) + 2(jk)| X) it = (k) (X |7 |K]
[i] = 1i] + 2(X )| Xi) i = (X)X
] = 1] + 2(X) 1 X4 P = (iX) (I X k] — |5
1K) = |k) + 2(ji) (kX)| X) i = (i) (X ]y X
1] = i) + 2(X; k) [1.X]] X] = OROGhHX]
Risager | [J] = |j] + 2 (kX;) [ X]|X] = X OGRHX] | T
- k] = k] + 2(X:X;)| X] = GX)(kex)[PT
massive ] = [i] + 2(Xkj) k] ] Pl = (Xkj) (ks K] |
1 massless ] = bl + =Gk X)Lk 4] = |7
BCFW |[k) = [k) + 2(k;k)| X) rl = (ki) (X 1y K] i
1] = [i] + 2 (X)X X = Kb 1G] [
] = 1] + 2(X0: X) | X5 = (0 X)Gha] | T
k) = k) + 20 Xpa) (kX)[X) | rf = (G Xpa) (X X0] i
i) = 1] + =0, X0 [iX] [ X] Pl = (XX (X X)) — 1)
Risager |[j] = |j] + 2(X,.X;) [} X] | X] P = (XXX hHX] | 15) = X))
3 massive \k} = k] + 2(X; X;) [k X]| X] r;; = (X; X)) (Xp || X] |k) — | Xk)
[ = ]+ (XX ) (XK Xk] |t = (XX ) X[y Xa] | ) = | Xea)
BCFW | [j] = [j] + 2( X X)GXR)IXE] | = (X X) (X |71 Xk | 1) = [ X 5)
1) = Jk) + (X Xa) (X)X | ¥ = (X0 X (X V1 X3] | 1K) = 1G]

Table 1. Three-line shifts for all masses, where the little-group indices are suppressed.

3 Feynman rules in the large-z limit

There is no general constructive method to give an expression of the contribution B, in
eq. (2.7), so the recursion relations hold as long as A(z — oo) = 0. To investigate the
validity of recursion relations, there are many works on the large-z behavior of tree-level
massless amplitudes in various shifts [9, 10, 21, 22]. In refs. [21, 22] the authors focused
on the BCFW recursion relations and used background field method to show that, in a
theory of spin < 1, any massless amplitudes with at least one gluon is constructible. We
want to examine whether this argument is applicable to the massive case, so the steps in
their proof should be carefully reconsidered.

We label two external particles of massless amplitudes A4,, by 1 and 2. Their momenta
are chosen to be deformed,

p1 =p1+ zr, D2 = p2 — 2T, (3.1)

which corresponds to eq. (2.9). In the background field method, the large-z behavior of
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particle massless ‘ massive

scalar | = ——-———-—

fermion

RN
vector boson | ™M ‘ RN

Table 2. Propagators.

amplitudes A, (z) have a nice physical interpretation. We take particles 1 and 2 to be
incoming and outgoing, so this process can be interpreted as a hard particle shooting
through a soft background. In the hard limit z — oo, the z-independent soft physics is
treated as a classical background, while the large-z behavior of amplitudes is completely
determined by the hard fluctuations.

Now, let’s discuss the z-dependent propagators, vertices and external legs separately.
We will see differences in the case when hard fluctuations correspond to massive particles.

3.1 Hard propagators

The first problem is how massive propagators scale at large-z. Both massive fermions
and scalar propagators scale as the same as massless propagators, while a massive vector
propagator goes as O(z):

uv _ pHpY ny o (P"+2rH) (p¥ +21r") oV
) C T L — B —z#. (3.2)
pe—m D Zp-T—m map-r

Notice that a massless vector propagator goes as O(1/z), so we should distinguish
massless and massive vectors in the following discussion. As in table 2, we use single and
double wavy lines to make a distinction between massless and massive vectors propagators.

Here we introduce a diagrammatic expression to represent the numerator in
propagator (3.2):

AL AV
Q“V—ZW—];E/J—V +%N—ﬁ p—v, (3.3)
where the line segment and the letters attached with it, which are either indices or mo-
mentum p, compose a representation of Lorentz group. The first diagram represents a
symmetric tensor g"”, in which the line segment connects two Lorentz indices. The sec-
ond diagram represents two Lorentz vectors, where the line segments connect the shifted
momentum p to Lorentz indices.

Furthermore, Einstein summation also has a diagrammatic representation,

S p—pp—p =p—p =p*=m? (3.4)
o

where two same indices are equivalent to a line segment. Therefore, the first diagram
reduces to a line segment with two momenta p attached to it, which represents Lorentz
scalar p?.
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3.2 External polarizations

External spinors are constructed in the little-group notation,

I

—1 I Ip’]

a'(p) = ('] (]), ') = <’p1>>, (3.5)
where the little-group indices I = 1,2 characterize two different solutions of the Dirac
equation.

For massive vector bosons, the polarization vectors transform under the
three-dimensional tensor representation of the little group,

1
Il 12 _ Il 12
€ p)=——F7— [p P > 3.6
However, this little-group covariant expression is not convenient when we are talking about
amplitudes in the large-z limit. Usually we don’t choose the rest frame of massive particles
as a reference system, since any shift should include more than one external leg. It implies
that we can choose the spin axis along the 3-momentum direction and write down the spin

state for massive vector particles in terms of e/1/2:
1 _
d=dp), =g (o) W), G =), (3.7)

where we ignore Lorentz indices.

3.2.1 [1,2)-shift

To consider two-line shifts, we take particles 1 and 2 to be massless and massive respectively.
Particle 1 is always a gauge boson, while particle 2 can be any massive particle whose spin
< 1. Since the large-z behavior is independent of the reference system, we can choose the
center-of-mass frame of the particles for simplicity. The momenta of particle 1 and 2 and
shift vectors become

pi=(1,0,01), ph=(Vm¥+1,0,0,-1), r=(0,-1,-i,0, (38)

where the 3-momenta are normalized. The shift vector r is basically the same as the
polarization vectors for the real momentum p;.

In pure Yang-Mills theory, the shift vector r is enough to construct the polarization
vectors. We add a new vector ps to give the longitudinal polarization, whose spatial
components point opposite to the direction of spatial components of po. Similarly, we
construct a new null vector p;. The expressions of p; and py are,

B =(1,0,0,-1), 7 =(1,0,0,—Vm?+1). (3.9)
We choose [1, 2)-shift (2.21). The shifted polarization vectors of particle 1 are

& ="+ 2p1, € =, (3.10)
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which are the same as in the all-massless case. They should stay orthogonal to momentum
p1 and their product (efel_) is maintained. The Ward identity is still valid for complexified
amplitudes:

P AL (2) = (P + 2r) Ay(2) = 0. (3.11)

Therefore, we can use it to replace the negative polarization,
o 1
€ — —_PL- (3.12)

If particle 2 is a vector boson, we choose the z axis as the spin direction, and the
shifted external polarizations are

A~ Am % 0 _ P2 "

é&y =T, é, =1 — 2Cpy, =" -z (3.13)
where C' = 2/(v/m? + 1+ 1). Since we focus on the large-z behavior of amplitudes, the
overall factor 1/m in the expression of ¢ can be ignored. The polarizations are modified
appropriately to remain normalized to unity and orthogonal to p2. What’s more, the lon-
gitudinal polarization should be orthogonal to other two transverse polarizations. A more
detailed discussion is performed in appendix B. Using Goldstone boson equivalence theo-
rem, the scaling behaviour of massive vector bosons can also be improved [20]. However,
this improvement changes type of particles, so we don’t apply it in the following analysis.

If particle 2 is a fermion, we need the shifted Dirac spinors,

uy = uy — zuy (127), ) = vy — 2oy (127). (3.14)
Although particle 1 is a gauge boson, we still use u; = (1| and v; = |1) for consistency.

3.2.2 [1,2)-shift

Particles 1 and 2 have equal mass. The momenta of them become
Pl = (\/m2 11,0,0, 1) . P = (\/m2 11,0,0, —1) . (3.15)

We set the shift vector r to be the same as in eq. (3.8). Now both p; and py are time-like
vectors, we need two vectors p; and ps to give the longitudinal polarizations,

= (1,0,0,Vm>+1),  pf=(1,0,0,-vVm?+1). (3.16)

Here we only discuss the case that both particles 1 and 2 are massive vector bosons. The
shifted external legs of massive vectors are

D D r
€fzr*+zC2L+p2, & =, g?:ﬂ+z—,
2 m m
_ " (3.17)
e =r é_:r*—zCQL—’—pl €0:@—zi
2 ) 2 9 ) 2 m ma

where C = 2/(vm?+ 1+ 1). In the high energy limit, C — 1, p; — p; and py — po.
Therefore, egs. (3.10) and (3.13) become the high energy limit of eq. (3.17).
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A

(a) (b)

Figure 1. VVV vertices with massive vectors.

3.3 O(z) vertices

Along the hard fluctuation, the spin of the hard particle may be changed by z-dependent
vertices which involve soft background fields. Since we are discussing renormalizable field
theory, the z-dependent vertices from derivative interactions must be linear in z. In massless
gauge theory, they are eliminated by choosing appropriate light-cone and R gauges [21, 24].
However, the massive vector bosons don’t have such degrees of freedom to eliminate these
z-dependence. In renormalizable field theory, there are two classes of O(z) vertices that
cannot be eliminated by gauge fixing in the massive case: triple vector coupling (VV'V') and
Vector-Vector-Scalar (V'SS) interaction. For simplicity, we only consider massive vector
bosons that have equal mass.

Since all on-shell 3-point amplitudes in the Standard Model have been figured out [25],
we can translate them into the Feynman rules to find out the vertices. Then we deform
these vertices to give their z-dependence explicitly.

There are two kinds of possible VVV amplitudes (see figure 1). Since VVV ampli-

NN
Vk,pﬂ’
which refers to V attached with three line segments in the diagrammatic expression. One

tude has three vector external legs, the vertex should be a order-3 Lorentz tensor

kind of vertex includes two massive vectors and one massless vector. Its diagrammatic
representations are

+ —
€k €k

V2

I I 3.18
6-11[2—V—6J1J1 — Hm<1>27 EfIIQ—V—GJljl _ ( )

1 7 ] - [ij]27

V21
m x
where the z factor is introduced by [16], which carries +1 helicity. The vertex YW W™ in
the Standard Model belongs to this kind of vertex.

Another kind of amplitude includes three massive vectors. Its diagrammatic represen-

tation is

KK,
€k

(il - eh = [ij]<jk>[ki\]/%r ngﬂjk] (ki) [ij][ijki\)/; ngﬂjkﬂki] (319)
n (1j) k] [ki] + [ij](jk) (ki)
V2m?2 '

There is no such vertex in the Standard Model, because W and Z bosons have different

masses.
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Figure 2. V5SS vertex with massive vector.

Now we give the expression for the VVV vertex Vk“;il ,
|
p , (3.20)
Viga = B=V—=X =g"(p = k)* + g"a = p)" + g™ (k - q)""

where k + p + ¢ = 0. It is easy to check this expression by dotting it into vector boson
polarizations. This manipulation will give the amplitudes in egs. (3.18) and (3.19) again.
We can use shifted momenta k + zr and g — zr instead of k and ¢ to deform this vertex.
Diagrammatically, shifted vertex is represented as

1% 14

A

I |
AT Vkﬁ:tz)\np,q—zr = Vk“,pj; +2RMA = p—V—) +zXx f—R—X,

(3.21)

< —v

'u_

where RMA = (—gtr? — gt 4- 2gMpY), In the diagram, the three lines correspond to
three Lorentz indices of the vertex. Two horizontal lines represent hard fluctuations, so the
momenta they carry should be shifted (e.g. k + zr and ¢ — zr in eq. (3.21)).

Next, V.SS amplitude (see figure 2) will give a simpler vertex. Since the only one
external vector boson contributes one Lorentz index, the vertex must be a Lorentz vector.
Suppose the momenta of scalar bosons are p and ¢, the vertex V', will be

V—i = (p— " (3.22)

This vertex can be realized in various BSM models, such as 2HDM, MSSM and the simplest
Little Higgs model [26, 27]. In the last case, there is a Higgs-Goldstone mixing term in the
non-linear Lagrangian.

Notice that the V. §S vertex seems to be a substructure of VVV vertex. Diagrammat-
ically, this means

| |
p—vV—x=uY_) +/~LJV—)\ +M—V|—)\- (3.23)
Therefore, the large-z behavior of V.SS vertex is contained in VVV vertex.
4 Large-z behavior of n-point amplitudes

For massless amplitudes, appropriate gauges eliminate all large-z contributions from deriva-
tive interactions except in the so-called “unique diagrams”. Therefore, the large-z behavior
of amplitudes depends on the number of hard propagators. If there are more hard bo-
son propagators, the amplitudes will be suppressed by higher powers of z. As for hard
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fermion propagators, the contribution can be simplified by using anti-commuted gamma
matrices and #f = r?> = 0. At last, the hard polarizations are dotted into the sum of all
contributions.

In the massive case, we have seen that the O(z) vertices are not eliminated completely,
so the diagrams with hard vector propagators cannot be ignored. Thus, the large-z behavior
in the massive case should be evaluated directly instead of estimated.

One may wonder if the Goldstone boson equivalence theorem [28, 29] is useful in the
complex deformation. In the high energy limit, this theorem treats the longitudinal modes
of vector bosons as Goldstone bosons to simplify calculations. However, the large-z limit
is not exactly the same as the high energy limit. Actually, it has been used in amplitudes
under the all-line shift [9], but there are also many cases where it doesn’t work. Consider
the following amplitude in the large-z limit with particles 1 and 2 shifted:

3 :3 )
_ i y i
. ) - : ) <1+(’)<E2>>. (4.1)
RAARA NN, - -

where mg is the mass of scalar bosons and F is the energy of particle 3. Particle 3 is
2

unshifted, so % is no longer a negligible quantity. If we insist on applying this expansion,

we should sum over the contributions from infinite terms. Thus, we won’t use the Goldstone

boson equivalence theorem in our analysis.

4.1 n-point vector boson scattering amplitudes

In the massive case, the large-z behavior of amplitudes depends on massive vector bosons,
so we can first consider vector boson scattering. Besides particle 1, we set all particles to
be massive. The massive vector propagator (3.2) has two terms. The first term connects
vertices while the second term splits the diagram in two. Therefore, the amplitudes can be
split into two parts,

A, =AY + AD (4.2)
where flg and 1215 correspond to the connected and disconnected diagrammatic expressions
respectively.

When a hard particle shoots through a soft background, it will interact with the
classical field more than once. The soft physics is parameterized by currents B*i, so the
amplitude flg becomes

i

n

R N, _ .

c (p3papri)

A =N, B+ > i_“f’; =11 B/, (4.3)
i=4 ceS;_y 11j=3"0(j) j=3

where the second sum is over all permutations of the labels (3,4,...,7). Here D; is the
denominator of shifted propagators. After permutation, it becomes

2

J J
Doy = {P1+ D Pory | —m® =22 po(k) -7+ O(1). (4.4)
k=3 k=3
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Figure 3. The diagrams without hard propagators. The blob represents the soft background.

(b)

Figure 4. The diagrams that give the leading contributions in the large-z limit. The blobs

correspond to soft backgrounds.

The first term in eq. (4.3) corresponds to the diagram without hard propagators (see
figure 3). Since the hard particle interacts with the classical field only once, the large-z
behavior of the numerator should be given by a Lorentz vector N,,. Inserting polariza-
tions (3.13) and (3.12), it becomes

I p

| | 1 1
Nt =¢é-V-¢& =-p—R—r +O< >%O<>,

W

|

Vv

z z
NM3 == 61 -

K 10 1
= Zcpl—fl?l—Pl - (Pl—]l%—r* - Cpl—il/'—pl ) +0 (i)
— [(*7) + Clpipa)lp) — O (1) 0 (1) | (4.5)

z z
1

|
0 _ 2= _ ¢ 20
N, "= ¢& -vV-6&

M3
H H 1z
I | | 1
=zp1—R—r — \P1—R—-p2 —P1—V—r +(9<Z>
_ 1 1
= =2[(p1p2) — (p1p2)] " + O (z) — O (z) :

The leading diagrams are equal to zero. We used (r*r)+C(p1p2) = 0 and (p1p2) = (p1p2) to
cancel the subleading diagrams in IV, ;3’+ and N ;3;0. It shows that the first term in eq. (4.3)
vanishes in the large-z limit.

As for the second term in eq. (4.3), the large-z behavior is given by a Lorentz tensor

Ny (usps-pi)- Since this term includes more than three external particles, 4-vertices should
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be considered. We use a tensor V/*?? to represent a 4-vertex. Since there are three ways
to contract four polarization vectors, the diagrammatic expression of a 4-vertex should be

o p
. \ / 4.6
V4,u P — UV —v = cagupgua _’_cﬁguggup_i_cvg;wgap’ ( )

where c,, cg and ¢, are arbitrary coefficients. If we use one O(1) 4-vertex instead of
two O(z) 3-vertices, one O(z~1) propagator will decrease. Basically, the more 4-vertices

diagrammatic expressions have, the lower order they are. The Lorentz tensor Ny (...
can be expanded as

i—1
_ n(0) (1),0(k)
NU(H3H4"'M) - Na(u3u4---ui) + I;SDU(IC)NO'(NS"'M) +ee (47)

where the superscript (n) is the number of 4-vertices. Only the first two terms Ny and Ny
(see figure 4) give the same contributions in Ag . Their diagrammatic expressions are

M3 4 Hi
Nfhsos = €1—11/—11/-~--11/—€2 , (4.8)
M3 B Pk+1 Mg
Ni= b N e (49)

where the script k£ denotes the position of the 4-vertex. Now we also evaluate these con-
nected diagrammatic expressions in specific helicity and spin states.

w3 Ha Hi
(0),—,+ i-3 L ! i—4
Nygpaiy =2 °P1—R—R~-+--—R—T +(9(z ), (4.10)
M3 4 i u3 g Hi
0 - I | - I |
Npspigip; =2 CPl—R—R----R—P1 — 2" °| PI—R—R-----R—7r*
w3 4 Hi w3 4 Hi
I I | I I |
—C(pl—v—R—---—R—pl +P1—R—V----R—D1 +--- (4.11)
3 Ha 203
I I | 4
+PI—R—R--=V-p1 )| +0 (7)),
H3 - pa i u3 p4 i
. I I | ) I I |
NS, =220 —R—R-----R—7 — 23| Pl—=R—R----—~R—2
u3 p4 i M3 pa i
I I | I I |
—C(m—V—R—---—R—r +PI—R—V - =R—T 4.+ (412)
w3 Ha Hi
I I | 4
+PI—R—R=--=V—r || +0 (7).
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The leading diagrammatic expressions of N () vanish, because r2 = (p1r) = 0. These
numerators have simple tensor structures,

i—1 7 %
0 [ L — )b i—
Nl(l‘?r?"l"i = ZZ 30 Z Z ( O[;L (p]r)) plluapl‘ub H T:u'l —'I— O (zz 4) ,
a=3 b=a+1 \j=3 l#a,b (4 13)

i1 i
0),—,0 i— i
Nl(l‘?)?"Hi — ZZ 3 Z Za?(p‘]’]") plua H’rul + O (ZZ 4) ,
a=3 \j=3 l#a
where oz?’b and «f are coefficients. In the subleading diagrammatic expressions of N (0),——
and N©:=0 »* and py only appear in the right end of these diagrams. We find that they

have i — 2 Lorentz indices and i vectors, so there must be an inner product of two vectors.

Since 72 = (p17) = (p17*) = (p2r) = 0, this inner product should be
M3 H4 i 3 Ha 223
| | | | (4.14)
Pl—R—R----—R—r* o (r*r), P1—R—R-----R—D2  (p1p2).

The complete result of these expressions is given in eq. (C.1). Then we use (r*r)+C(p1p2) =
0 and (p1p2) = (p1p2) to eliminate r* and ps. Eq. (4.13) also shows that p; should have
free indices.

The leading diagrams of N(© always vanish, but this is not true for N,

M3 HE Be+1 Mg

B , | \ / | ;
Nl(é),lzl o+ Zz—5p1_R_. Y =—-—R—1 +0 <22_6> , (415)

M3 i Mk4+1 M
__ X I \ / | )
N,%,)]Z T =Cp—R— -V—-—R=D1 +0O <z1_5)

1—1 7
_ -0 Z Z B;L,bpﬁltapﬁltb H rte 1O (Zi_5> , (4.16)
a=3 b=a-+1 k#a,b

M3 M Hk+1 s
\ / |

N/%)”Z:»O _ sz4p1_R_, V== R—T +0O (sz5>
i—1
= [T+ 0 (7)), (4.17)
a=3 k#a

where B;l’b and (7 are coeflicients. Besides these coefficients, we find that the leading
contributions from N© and N have same tensor structures.
Since the large-z behavior of the denominator in the second term of eq. (4.3) is

i1 i1 i
II Doy = (22)° [] (r > pk) +0 (571, (4.18)
j=3 j=3 k=3

For polarization (hi,s2) = (—,—) and (—,0), N and N give boundary terms in the
large-z limit. Therefore, the large-z behavior of the connected part is

AC -5 0(1), n>3. (4.19)
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The disconnected diagrammatic expressions in flﬁ) have more complicated structures
than in flg . Since the second term in vector propagators disconnects the diagrammatic
expressions, AQ should have at least one hard propagator,

R " U ans ¢ )
AD = 3y ) 1T, (4.20)

0ES;_oi=4 11j=3 Da(j) j=3

where Uy,...,, consists of three classes of Lorentz tensors, £, M and R.

Uu3~~-m - Z E#s'"MR#(Hl)"'M
3<i<i

i—4

m
a=1

m=13<l1<la<<lm41<t

(4.21)

where £ includes particle 1 and R includes particle 2. In analogy to IN,,, Lorentz vectors
L, My, and R, don’t include 4-vertices,

M3

|
Luy = &1=7 =P = piere — (psé1)psu, — O (271),

K
I

My = =V =P =z (pfru — (r)p, ) + O(1) = O(2),

Hi
R = P--f - o), (122

Hi 4
R?u = p- 11/ -8 = —2%r,r- ipj + O(z) = O(z2),

=3

: |

Rp = P=V-& =223 ps+ 0() - O(2),
=3

where the superscript of R, denotes the polarization of particle 2. When £, M and R have
more than one Lorentz index, these tensors can be expanded in the number of 4-vertices as

b—1
0 1),k
Loty = Loy + 3 DRl 4
k=a

b—1
Mooy = M+ 5" DIMEE, (4.23)
k=a

b—1
0 1),k
Rsarpin = R, + 2 DRy + -+
k=a
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The diagrammatic expressions of £(9, M(© and RO are

13 H
I I
0 — A LA _
££L3)~--m =6 -Vt V-P = Nlj,30l,l,l +0 (Zl 4) ) (4.24)
/’L(la“l’l) /'Ll(a+1)
(0) L) o
Mu(za+1)'"uz(a+1) =P-V-—-V-P
n,+1 1 k
= —2zlat1latl Z Z D;T) Hrm —i—(’)( lat1— l“) (4.25)
k=lqo+1j5=3
Hi+1 i
(0),s2 . L i—1+1
R = P=V - -V —6 —>(’)(z ) (4.26)

We find that £ gives the same contribution as N(©) in the leading order. Since the order
of R(-F in 7 is lower than the other polarizations, we ignore RO+ in the following section.
Here eq. (4.26) is valid when so = 0 or +1

The diagrammatic expressions of L), M) and RM are

B3 Mk Mkl

| \ / |
1),k LA : 1
Lol = ei=p = =V = p = N + 0 (477)), (4.27)
Hla+1) Pk P41 Pl
1 7]{} A /I~ \ / /I* a a e
M/(l(3a+1>"‘l‘l(a+l) =p-V-r-Vomy=p 20 (Zl o ) g (4.28)

Ml|+1 i Pk+1 Mg
\ / I .
1),k A ~ ~ ~ i—
RE”)H...M: pP-v--V-—-y—& —>O(z l). (4.29)

Combining the previous calculations, we find that the terms in Uy,...,, with more M
generally give higher-order contributions. For example, consider

Mooy = O (22742). (4.30)
We use two M instead of it and find
MygpeMpseisoy = O (27752) O (227o41) = 0 (P7o+5) (4.31)

However, this rule doesn’t work when £, M and R have only one Lorentz index. Consider
M ioiasrs €d. (4.30) reduces to O(z%), which gives the higher-order contribution than

My M, =0()0(z) =0 (z2) . (4.32)

Therefore, the terms that have the most tensors with two Lorentz indices give the leading
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Figure 5. An example of two diagrams with hard scalar propagators.

contributions. When ¢ > 4,

U o £N3 ( Za;?zl Mﬂaﬂa-}—l) Ruifl,ui + - 5 = Odd,
Hy=fs T i3 .
£M3#4 (Ha:5 Muaua+1) ,R',ui,l,ui +---, 1=-even,
O (OE)T 03, i=odd,
= i—6 (4.33)
O0(2) (0(z*)) 2 O(z%), i = even,
O (2%2_%> , 1 =odd,
o (z%i_5) , 1 =even.
When 7 = 4,
Upsps = Lus Ry = O (271) 0(2) = O(1). (4.34)
Substituting into eq. (4.20), we get
R O (=) n=4
A7 — " ’ 4.35
n {O(ZLZ/QJ—Z), n> 4, ( )

where |---| is the floor function. It shows that the disconnected part doesn’t vanish
when n > 4.

4.2 Hard scalars and fermions

As we showed in section 3.3, the contributions from V' SS vertices are included in vector
scattering amplitudes. Consider a diagrammatic expression in which two VVV vertices
are connected. Using eq. (3.23), this expression can be expanded to

K3 Ha K3 Ha M3 fa
| LI
M=V —=V—=H2 = 11—y V—p2+ M—VILNQ +- (4.36)

where V#1V#2 can be understood as two V' .SS vertices, which correspond to the diagrams
shown in figure 5. However, there is no gM3#4 in the explicit expressions (4.13) and p;
should contract with index ps or pg. It means that the contributions from V.SS vertices
vanish in the large-z limit.

As discussed in refs. [21, 22], the contributions from hard fermion propagators reduce
to y#iy~Hk which can be viewed as a O(1) vertex. If we insert it into the vector amplitudes,
the amplitudes will give lower-order contributions. We only need to evaluate the leading
diagrammatic expressions of these contributions. Since

T eyttt = Atapyter, =0, pru Y o, =0, (4.37)
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the leading diagrams vanish. Therefore, the hard fermion propagators improve the large-z
behavior.

If particle 2 is a massive fermion, the polarization of particle 2 should be changed.
According to eq. (3.14), the shift spinor of particle 2 factorizes in terms of a Weyl spinor
v] and a little-group spinor ¢! = (127). Therefore, the leading diagram in the large-z limit
can also factorize into a product of ¢/ and the leading diagram in the massless case. Using

for =p2|1)(11) =0 (4.38)

and the Weyl equation p v = 0, it is easy to check that the leading diagrams are equal
to zero. Similarly, we can make the same conclusion on disconnected diagrams.

5 Cancellation and Jacobi identity

Since the amplitude with at least one gluon can be well recursed in the massless theory,
we have reason to believe that this argument can be generalized into the massive theory.
In last section, we evaluated all amplitudes with at least one massless vector boson in the
large-z limit. We found that they all vanish except in the vector scattering amplitudes.

Fortunately, the non-vanishing terms from NV, ,52) u; and N (1) have similar structures

kopzeepg
in the large-z limit, so there can be a cancellation among them.

5.1 Cancellation in 4-point amplitudes

In the case of 4-point amplitudes, eq. (4.35) showed that the disconnected part Af vanishes,
so we just consider the connected part flf. Since the s-channel amplitude NV, ,22)35 % vanishes,
the total amplitude becomes

Niohe  Nogtuo
AC _ H3 4 + o3(U3pa + N(l),S B BH s 0 271 , 5.1
4 Dy D03(3) K34 4 P4 ( ) ( )

where Bi® = 5%, Bi"* = €}/*. The permutation o3 = (3 4) only exchanges particles 3 and 4.

Up until now, we haven’t considered the group structure. Actually, the three-vector
amplitudes (3.18) and (3.19) are not complete. We should introduce an antisymmetric
tensor ¢ to maintain Bose symmetry, so

12
N — 52
kp,q -
When sy = —1, the diagrammatic expressions N ©) and NO reduce to
N/gg)ﬁ;_ = —2¢,Czp1ygp1ps (p3r) + O(1),
N = 26,C2p1gpip, (par) + O(1), (5.3)
N3 = (ca t ¢s)Cpiuop + O (7).
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where color factors ¢; = faasbfbasaz o~ — farasbgbazaz  Quhgtituting eq. (5.3) into
eq. (5.1), we derive a condition between color factors and 4-vertex coeflicients, i.e. co+cg =
¢t — ¢y Notice that, the particles 3 and 4 are vector bosons too. We can use the [1,3) and
[1, 4)-shifts or their BOLD version to give extra conditions to validate eq. (5.1). The full
conditions which ensure that the cancellation happens are

Categ=0C—Cy
Co+Cy=cy—cCs (5.4)
Ccg+ ¢y = Cs — ¢y,
where ¢y = f192€ feasaq
This linear system has one unique solution, so the 4-vertex are determined by the
constructibility of A .
Ca = Ct — Cg
g =Cs— Cy (5.5)
Cy = Cy — Ct,

When sy = 0, the diagrammatic expressions N(© and N reduce to

Nl(tgbro = _2ct2(2ru3plu4 - p1u37“u4)(p37‘) + 0O (271) )

0),—,0 -
‘53)(%#4) = _26“2(2r#4p1#3 _p1u47“,u3)(p47“) +0 (Z 1) , (5.6)
Nl%ai’io = CalpsPiug + C8P1us Ty + O (271) )

Substituting eq. (5.6) into eq. (5.1) again, we derive another condition between color factor
and 4-vertex coefficient,

Ca =2¢ct+c
“ “ - cot+ct+cy,=0. (5.7)
cg = —ct — 2¢y
Finally, we derive the Jacobi identity in group theory. This implies that the constructibility
of A, . and At_o’toal can reconstruct a group structure in the massive amplitude. On the

other hand, we can actually use recursion relations to construct the massive amplitude
with gauge bosons. For example, the n-point amplitude involving 2 massive vector bosons
and n — 2 gluons has been explicitly constructed in ref. [30] under a massless-massive shift.

5.2 Cancellation in n-point amplitudes

In section 5.1, we determined the coefficients of 4-vertex,

w3 Ha
T —\V/—,U2 _>(fa1a36f€a4a2 _ fa1a26f€a3a4)gulu4gﬂ2ﬂ3
+ (fa1a26fea3a4 + fa1a4€fea3a2)gulu3gu2u4

— (faraac peasaz y paiase geasaz) uipiz ghispia

(5.8)

and found that there is a cancellation in 4-point amplitudes, which is related to the group
structure of massive vector bosons. Will this cancellation work on n-point amplitudes?
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In the large-z limit, the leading term in the denominator is a product of

j
dj =Y (pxr), j=3,4,---, i—1. (5.9)
k=3

In eq. (4.13), we have shown that there are some inner products (pgr), which don’t occur
in N, Therefore, we invert eq. (5.9) to give (p;r) in terms of d,

d; j=3,
(pjT) = dj — dj_l, 3< g <1, (510)
—dj_1, Jj=1

Now we choose a basis {dj} and consider the decomposition of N (¥,
0 N g N Ok
Nygos = Y ANy, - (5.11)
k=3

After the decomposition, we collect the contributions from N(© and N that have same
tensor structures, and define a new tensor
1
N@”M—ﬁ(NMWM+NﬂWyMy+NMWQ. (5.12)
where the permutation o = (k k+1) is an element of symmetric group S;_9 and the factor
1/2 is introduced to avoid double counting. Appendix C gives an example that explicitly
evaluates this tensor and corresponding diagrammatic expressions.

In N*, the p; from € only contracts with the index pg or pgy1. This structure is
contained in an antisymmetric tensor

k,k+1 _
P = PrunTpesr — TenPlpggq - (5.13)

Now the N* in specific polarizations becomes

L g .
N =2 (1 —ca+ ea)PPF N7 Fbpy, I 40 (Zz 4) , (5.14)

2 J#kk+1 15,k k+1

NfZ =273 — ep ey PP T w0 (511, (5.15)

Ak k41

where FF is itk o
kaz{. N Si<k (5.16)
I3tk k1< <
The color factors in egs. (5.14) and (5.15) are
¢1 = for0sb L. phrosarbioy phrrarsabi . phianes

0o = fO108b1 L phrnaniibioy phioranbi | phianas (5.17)

c3 = fa1a3b1 . (fbk,gebk fakeak+1) . fblanag.
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If these factors have a cancellation
1 —cg+c3 =0, (5.18)
the large-z behavior of connected diagrammatic expressions will be improved,
Ny = O (#71). (5.19)
Using N* and eq. (4.4), we can rewrite the leading contribution of A,

Zz 1 d k U(k) i
Z Z k=3 do(k) N, a(ug i) HBHJ+O( -1, (5.20)

i=4 0€S;_o 22231—[ (1)33

After the cancellation, we find that flg vanishes in the large-z limit.
We can also decompose the disconnected diagrammatic expressions

Ly = de£u3 UL

lo—1
M'u (1) Hly Z dkM,u(ll_H) iy (5.21)
k=l1+1
Mz+1 Wi T Z dkRMH e
k=l+1
where
1
k 0),k 0),0(k 1),k
Ly = D) (E/(k%)mm - E"k)(ﬂ?(’"?/il) + E&s)v--m) )
1
k (0), (0),0k (k) (1),k
M4y T ) <M#(ll+1) L Mﬂk(ﬂ(uﬂ)'“mg) t M“(l1+1>"’/‘lz> ’ (5.22)
1
k _ (0),k (0),0% (k) (1),k
41 i 5 (Rﬂl-&-l"'ﬂi - RUk(Hlﬂ"'M) + RM+1"'M)

They are the analog of N*. Since £ gives the same leading contributions as N9, we don’t
need to evaluate it again. As we showed in eq. (4.25), M©) has simple tensor structure
and will cancel M) directly. The last expression R gives

RK0 -0 (zi—l> :

Hi41 s

1 )
k,— _ ko k+1 1
Ruz+1"-m = 5(61 —co+c3)P I | Ty, + O (z’ ) ,
J#k,k+1

(5.23)

where the p; in P***! comes from €5 . When sy = 0, we use r instead of pi, so Pphktl
gives zero.

After the cancellation (¢; — ca + ¢3) = 0, we summarize the large-z behavior of the
tensor £, M and R with one and more than one Lorentz index,

-4 la+1—la i—1
Lz = O ()0 Mugiymny = O (F7) 0 R = O (#7).
(5.24)
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si\s2 | —1 0 1
-1 | O(z) | 0(1) | O(z7h)
0 0% | 0kz) | 001)
1 03 | 0(z%) | 0(2)

Table 3. The large-z behavior of amplitudes with particles 1 and 2 in different spin states. s; and
$o are spin projections of particles 1 and 2 in the z direction.

We use these building blocks to calculate the two terms in eq. (4.21),

Lysgopi Ry = O 90 (571) = 0 (2174) (5.25)

m
Lm---ull <H M#(zaﬂ)"'m(aH)) RM(z(m+1)+1)"-m

a=1
— 0(211*4) <ﬁ O(zla“l“)) O(zi*lm“) = (’)(zi*‘l). (5.26)
a=1

It shows that the large-z behavior of disconnected diagrammatic expressions are also im-
proved. Therefore, the disconnected part vanishes in the large-z limit.
5.3 4-point all-massive amplitudes

One may wonder whether the above cancellation happens in the amplitude with all vectors
massive. Consider a 4-point amplitude under the [1,2)-shifts, both Higgs exchange and
vector exchange diagrams will contribute,

Atotal = Ay + AHiggs X [CsA(Szz + (Ct + Cu)AGb]- (5'27)

Table 3 shows the large-z behavior of the amplitude in different spin states. We find
that only ¢ and u-channel Apiges amplitudes will give the same order as shown in table 3.
Suppose the coupling of massive vectors and Higgs is m, the leading contribution is

o Ee)(ad) | (Ee)(eé))
A = = ( SSEIE ) e >:2%)

Then we consider Ay . Since particle 1 is no longer a massless gauge boson, €; — —p1/2

cannot be used in calculations. We take (s1,s2) = (—,—) as an example and substitute
polarizations (3.17) into the shifted amplitude, and the numerator becomes

w3 Ha
I I
NO—== — 8 _R_R—p
Halta n (5.29)
H3 4 w3 g M3 4
I I I | I I
r—R—R—r* — <7“—R—V—]51 + T—V—R—ﬁ1>

+ 22 + O(2).

The leading diagram is still equal to zero. However, the subleading diagram will contribute
a new term proportional to p?, which cannot be canceled with the contribution from the
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Figure 6. Amplitudes with hard particles replaced by Goldstone bosons.

4-vertex or the s-channel. Similarly, the subleading diagrams with particles 1 and 2 in
other spin states may contribute non-vanishing terms.

Combining these two contributions, we get

i L2pp)+m? (7).

total P 9

_ 2 —2(p1p 2
Ay = 2o) 2208 £ 5 (o

2

A = 2C(p1p) A+ O(1),

total (Plpl) ( ) (530)

2 + 2(p1p2) — 2(p1p2) — 2(Pip) + m? +

A0 (P1p2) + 2(P1p2) émpz) (prp2) +m” 2 on),

A= = 220[(mpr) — (h1p)]A + O(2),

Al = =2 C* (i) A+ 0 (),

where p1 = C(p1+p1)/2 and po = C(p2 +p2)/2. Interestingly, all the leading contributions
in eq. (5.30) are proportional to A, which also contribute to the amplitudes with hard
particles replaced by Goldstone bosons (see figure 6).

After the replacement, the amplitude becomes

AGoldstone = ZA + O<1), (531)
where
i 10 00 = SOy ) ODOD (o

It implies that the 4-point amplitudes with all vectors massive have some structure
other than gauge structure, which can be described by introducing scalar bosons. In the
high energy limit, this structure concentrates on the longitudinal mode of massive vectors
and becomes what is called Goldstone boson equivalence theorem. In two-line complex
deformations, this structure appears in all polarization compositions.

There have been some works [31, 32] on how to compute the boundary term B, system-
atically. If we want to use these methods to evaluate the boundary term in the amplitude
with all vectors massive, it must be more complicated than the massless case.
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6 Conclusions and discussions

We have constructed the complete two and three-line shifts for all masses and provided
a method to construct general multi-line shifts. These various shifts may be useful in
investigating massive amplitude structures. For example, soft e-shift [10] and BCFW shifts
can be combined to give a two-parameter shift [33], which is useful to explore soft theorems
in the massless case. Although there have been some effort to construct soft recursions
in the massive case [34], our research provides a possibility to construct other useful soft
shifts in the future.

The validity of massless-massive BCFW shifts have been examined in the n-point
amplitudes in this paper. For a theory of spin < 1, any amplitude with at least one massless
gauge boson can be recursive constructed. Furthermore, we can use constructibility to
derive the group structure for the amplitude with massless and massive vectors. Since
gluon amplitudes also have group structures, the massless gauge boson can be naturally
viewed as the transverse component of a massive vector boson in the higher energy limit.
For the amplitude with all vectors massive, we found that not only longitudinal mode
but also transverse mode of massive vectors contribute similar amplitude structures as
Goldstone bosons in the large-z limit. Conversely, we can set the massive amplitudes
proportional to the amplitudes replaced by Goldstone in the large-z limit, so that we can
determine the coupling of Higgs and massive vectors.

Though the masses of vector bosons are equal in our analysis, the conclusion can be
generalized to amplitudes in more general theories, e.g. the Standard Model and some BSM
models. Since we can set up a specific gauge group and vacuum expectation value (VEV),
vector bosons will have different masses after symmetry breaking. This manipulation only
changes the coefficients in amplitudes in the large-z limit, so our result is still valid. The
success of generalization in this paper encourages us to consider more general cases in
massive amplitudes. It is interesting to see whether our analysis can be generalized to
theories of spin < 2 when massive particles are included.
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A Massless and massive spinor-helicity formalism
For a massless particle, whose momentum is
p* = (E, Esinf cos ¢, Esin 0 sin ¢, E cos 0). (A1)

The momentum multiplied by gamma matrices factorizes into a product of two-component
Weyl spinors,
Pop = p“JZB = |p]a<p|5‘- (A.2)
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We choose the explicit form of these variables to be
p)* = V2B (;) . (la=V2E(-sc), (A.3)
pla = V2E <_CS ) , [Pl =vV2E (c s*) , (A4)

where ¢ = cos(0/2), s = sin(6/2) exp(i¢). All Lorentz invariant structures can be expressed
in terms of these variables:

(id) = (ilali)® = €5 (il

(A.5)
(i) = lilal)® = €*Plilaljls,
where
iy 01
a _ apf _ .
€7 =€7 = —€p= €4 = <_1 0) . (A.6)
Furthermore, Lorentz vectors can also be denoted by angle-square brackets:
(iy!15] = (ila6"*1j)s = 131°G%510)° = [i17"[0). (A.7)
If ¢ = j, it reduces to (i|y*|i] = 2pf'.
Now consider a massive particle whose momentum is
p* = (E,psinf cos ¢, psin 0 sin ¢, p cos 0). (A.8)
The massive spinor variables of this particle are
’ I] _ _\/E+p8* \/E_pc
Ple= VE +pc VE—ps)’
(A.9)

Pl = <\/E—ps* ~VET pc>‘
—E —pc —/E + ps

where I = 1,2 is little-group index. Here our conventions are different from [16, 25]. In
the high energy limit, these spinor variables reduce to eq. (A.4). Contracting Weyl-spinor
indices, we obtain

(PrpJ) = meyry,

(A.10)
PP = —mer,.
where
01
IJ
- . A1l
€ €1J (_1 0) ( )
Contracting little-group indices, we obtain
Pap = Pl (P15,
| o (A.12)
p*” = pn) P’
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B Spinors in the two particles center-of-mass frame

We take particles 1 and 2 to be massless and massive respectively, and choose the center-
of-mass frame of these particles. The momenta of these particles become

b1 = (paoaoap)a b2 = (E7070a _p) (Bl)

We define a null vector p}' = (p,0,0,—p), so (11) = [11] = —2p. The massive spinors
can be expanded by the spinor from p; and p1,

!21]—¢m<1>— E+p\1] 2% = — E—p<0>—— EQ;pm,

0 1

0 E —I-p 1 E—-p
29) =VE+p( )=\ 2h=-VE-p| |=—\ /I
1 0 2p
In the high energy limit, |2!] and |22> exist while |22] and |21) vanish, so [221] = (2!1) = 0,
(221) = —/2p(E + p).
Now we consider the [1,2) shift (2.21) and rescale it,

A 271)
o 1phy = 2y — 1(
by 2=

The shifted spinors can also be written as the linear combinations of spinors from
p1 and p1,

1] = (1] + 2[2) (B.3)

2
)= 11— 22920 _ e

E+p
. 221) E +p 2p
52) — [22) — 2|1) = 1 ———1), B.4
2) =127 - 2t =~ 2D + 5l (B.4)
A 21y  [E-p
2) = |21) - 2|1) —— 1),
E+p 2p
where we used |27](27| = —|2'(22| + |22](2!].
Now the accurate expressions of the shifted momenta are
pL=p1+zpr, P2 =p2—2pr, (B.5)
where the shift-vector is
1y#27)(2;1 1|y#21)(221 1y#|1

2p(E +p) 2p(E + p) 2p

Since we want to discuss the large-z behavior, the normalization of polarization vectors
is unnecessary. The polarization vectors of particle 1 and 2 are

(g o {(1hy*lq]
Ei( 1) =T\ Eﬁ(p1) = —,
{q1) [ig]
i) = - ZE (i) = EDE )
51 (0|92 52 1|0l
! (p) = (272 ]2:52 127
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We choose the reference vector ¢ = p1, and these polarization vectors reduce to

. LN € o Y I S R T EY i

sy A _ (ly YA e DL

() =gy 2 op Py T TE

e (1) = 80 ol DI K R

- [11] — 2[11] 2p ’

NI

et (pa) = LW — (B.5)

& (py) = el B PR

- 2p E+p E+p

E+p)AH] - (E-p) 1] AW #

Eg(m):( ) A = (E=p)Ay ] A e P

dmp 2m m m

where ps = (p, 0,0, —FE) characterizes the longitudinal polarization of particle 2. If we set
p =1, eq. (B.8) becomes eqs. (3.10) and (3.13).

C Diagrammatic expressions

In section 4, we expand amplitude A(z) at z = oo. There are many diagrammatic expres-
sions corresponding to different contributions in this expansion. Consider the amplitudes
with vector bosons. Since we set particle 1 to have negative helicity, the leftmost vector in
these diagrammatic expressions must be p;.

Consider N which includes only 3-vertices. Suppose the rightmost vector is k, the
leading contribution is

Hu3  p4 i

I I | ) ¢ ¢
Pi—R—R--R—k =c {2%2(]9114:) H Ty — 221_3(7“16)]91“[ Hrﬂj , (C.1)
j=3 1=3 A

where ¢ corresponds to the color factor. When k = r or p;, it vanishes and refers to the
leading diagram. When k = po or r*, it corresponds to a subleading diagram.
For N~ and N—7, the subleading diagrams will give the non-vanish terms. We take

-0 . . . . .
N, Znapus s an example. First consider the diagram with only 3-vertices

13 pla s 13 pa s 13 4 s
ﬁgh;ﬁg = 22<p1—1|/—1!%— ]l% —r + pl—}lz—le— ]l% —r + pl—}lz—}lz— Xl/ —r (C.2)
K3 H4 M5
— Pl—]l%—]l%— Jl% -D2 ) +O(2).
Evaluating these diagrammatic expressions, we get
N = e1] = iy Tuars (5(psr) + 3(par) + (ps7)
= 273 P Tus ((P37) + 3(par) + (psr)) (C.3)

+ 47Ty P15 ((P37) + (par) — (p5r))}'
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Then we consider the diagram with one 4-vertex.

U3 M4M|5 ()
_ \/ .
NSO = 2pi—V = R—r +0(1),
K3 g 5
(1)74’_,0 | \ / (C'5)

Nu3u4u5 =zpi—R—V—r +O(1).

Evaluating these diagrammatic expressions, we get

NA%LE;;O =2(c1 — C3) T paPips + 2(c3 + CQ)Tuapluﬂus + (—c2 — Cl)plu:ﬂ“mrus’ (C.6)

(1),4,—,0

Nygiiaps = (c1 = e3)TpusP1puaTps + (€3 + C2)P1pgTpa s - (C.7)

We do the decomposition and give the components

1
37770 J—
Nu3u4u5 = 5(01 —Cc2+ C3)(P1u37"u4 - Tusplm)?"usa (C.8)
N0, —l(c — o+ ¢3)rus (D1 Tus — T ) (C.9)
panaps — 5 \Cl 2 3)T 3 \P1pa T ps waPlus)- .
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