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Weinberg operator magnitude of |w| < 4 × 10−10GeV−2 if we assume that it is the only
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1 Introduction

The matter dominant Universe is a cosmologically important phenomenon which cannot be
explained by the standard model (SM). Indeed, a large CP violation is required to realize
the matter dominance according to Sakharov [1]. However, the CP violation of the SM does
not fulfill this criterion [2, 3] and hence the experimental search for new physics beyond the
SM is actively pursued.

The electric dipole moment (EDM) [4–14] is a CP-violating observable sensitive to new
physics which has been explored experimentally in various systems. The measurements
of the EDMs in atomic systems are especially attracting attention, thanks to their high
sensitivity [15–17], which can for certain regions of the parameter space, be higher than the
experimental constraints obtained by the LHC experiments. We also note that their SM
background is very small [18–22].

In practice one usually needs to integrate out new physics degrees of freedom to obtain
an effective theory relevant at hadronic scales, which includes CP violating terms such as

LSMEFT,CP = g2
s

32π2 θ̄G
a
µνG̃

aµν − i

2
∑

i=u,d,s,e,µ
diψ̄iσ

µFµνγ5ψi −
i

2
∑

i=u,d,s
d̃iψ̄igsσ

µνGaµντ
aγ5ψi

+ 1
3!wf

abcενραβGaµνG
b
αβG

cµ
ρ +

∑
i,j

Cij
(
ψ̄iψi

) (
ψ̄jiγ5ψj

)
+ · · · . (1.1)
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Figure 1. Two-loop level diagram contributing to the Weinberg operator generated in the two-Higgs
doublet model.

Here, we include only low dimension terms which give the leading contribution to low
energy observables. As for the diamagnetic atoms, the effect of the electron EDM is
suppressed due to the closed electron shell, and the CP violation of the quark-gluon sector
is important [7, 13, 23]. Contributions of the θ term [24–27] and the quark EDM [28–34]
(second term in the above equation) to the nucleon EDM have already been extensively
analyzed in lattice QCD. The chromo-EDM (third term) is still difficult to handle on
the lattice, but has been studied using QCD sum rules and chiral effective field theory
(χEFT) [8, 35–43]. The purely gluonic CP-odd dimension-six Weinberg operator [44], is less
studied, but nevertheless important because it appears in many well-known models such as
the Higgs doublet model (as shown in figure 1) [44–61], supersymmetric models [62–75],
and other models [76–84]. It is also generated by the heavy quark sector CP violation via
renormalization group evolution [85–90]. The SM contribution to the Weinberg operator

LW ≡
1
3!wf

abcενραβGaµνG
b
αβG

cµ
ρ , (1.2)

is known to be unobservably small [91–93]. While the effect of the Weinberg operator to
the nucleon EDM has already been evaluated [66, 94–100], its contribution to the CP-odd
nuclear force, which is expected to be one of the leading effects to the atomic and nuclear
EDMs, is less known.

In χEFT, the leading contribution to the CP-odd nuclear force caused by the Weinberg
operator is the contact nucleon-nucleon interaction [55, 101, 102], which is expected to have
a small effect on the nuclear level CP violation due to the strong repulsion between nucleons.
Similarly, the long range CP-odd nucleon-nucleon interaction generated by the pion exchange
is also suppressed due to chiral symmetry. The long-range nucleon-nucleon interaction and
the contact one are depicted in the left and right plots of figure 2, respectively. Indeed,
the CP-odd pion-nucleon interaction, in contrast to the Weinberg operator, breaks chiral
symmetry, so that the matching between them brings a suppression of at least one light
quark mass factor. For these reasons, the contribution of the CP-odd nuclear forces has
never been seriously considered in the context of atomic EDM, and it was long thought that
the nucleon EDM is the leading process. However, a process generated by the pion-pole,
as depicted in figure 3, is potentially significant because it may be enhanced by the large
pion-nucleon sigma term. One also expects an enhancement of the CP-odd moments by the
many-body effect for heavy atoms and nuclei.
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Figure 2. CP-odd nucleon-nucleon processes which induce nuclear level CP-odd moments. The left
diagram is the long range nuclear force. It is generated by combining the CP-even and the CP-odd
pion-nucleon interactions. The upper (lower) vertex represents the CP-even (CP-odd) interaction.
The right figure depicts the CP-odd contact nucleon-nucleon interaction.
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Figure 3. The leading order χEFT contribution to the isovector CP-odd πN interaction through
the Weinberg operator.

Let us briefly mention here that the quark EDM and chromo-EDM are also generated at
low energy scales through the renormalization group running of the Weinberg operator even
if the latter is the sole source of CP-violation at high energy [62, 68, 103, 104]. However,
the quark EDM contribution is small at the hadron level [28–33] and the calculation of
the hadron matrix element of the chromo-EDM has a large theoretical uncertainty, some
studies even predicting a null contribution [8, 36, 105].

To investigate potentially significant effect mentioned above, we in this paper estimate
the contribution of the Weinberg operator to the isovector CP-odd pion-nucleon interaction.
To calculate the pion-vacuum transition matrix element

〈
π0 ∣∣LW ∣∣ 0〉, we employ QCD

sum rules, which allow us to perform a relatively simple and analytic analysis based on
QCD [106–108]. In the future, it might be possible to compute this matrix element from
lattice QCD. However, this task is currently still difficult because of the computational cost
of treating gluonic operators on the lattice and their accurate renormalization, although
some first trials of such computation already exist [109, 110].

This paper is organized as follows. In section 2, we set up the QCD sum rules formalism
to compute the desired matrix element. The concrete calculation of the operator product
expansion (OPE) and the numerical analysis follow in sections 3 and 4. In section 5, we
derive the atomic and nuclear EDMs through hadron, nuclear and atomic level calculations,
with a particular focus on the relative magnitudes between our newly calculated CP-odd
nuclear force Weinberg operator contribution and that of the intrinsic nucleon EDM. The
paper is concluded in section 6. Calculational details are provided in the appendices.
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2 Formulation of the sum rules

The goal of this and following two sections is the estimation of the Weinberg operator
matrix element between the contribution of a pion state and the non-perturbative QCD
vacuum |0〉, 〈

π0
∣∣∣LW ∣∣∣ 0〉 , (2.1)

which, as mentioned in the introduction, contributes to atomic and nuclear EDMs through
the isovector CP-odd pion-nucleon interaction. For this purpose, we will make use of the
sum rule method. At first sight, the most direct approach to extract this matrix element
would be to start from a correlator of LW and the pionic operator iq̄γ5q. However, such an
estimation is challenging because it necessitates the computation of a three-loop diagram
at leading order in the OPE, which cannot be easily carried out using configuration space
techniques [111]. We will therefore follow a different strategy extracting the pion pole from
the correlation function of two Weinberg operators,

Π(q2) = i

∫
d4xe−iq·x 〈0 |T [LW (x)LW (0)] | 0〉 , (2.2)

rather than computing the matrix element directly. T here denotes the time ordering
product.

We will estimate the correlator of eq. (2.2) at large −q2 (the deep-Euclidean region)
using the OPE (see next section for details) and then analyze the spectral function, defined
as ρ(s) = 1

π ImΠ(s) numerically in Secion 4. The dispersion relation is useful to relate the
correlator in the deep-Euclidean region to the spectral function at q2 > 0, where it carries
information about all physical states that couple to the operator LW (x),

Π(q2) = 1
π

∫ ∞
0

ds
ImΠ(s)
s− q2

=
∫ ∞

0
ds

ρ(s)
s− q2 .

(2.3)

As it is not possible to extract detailed features of the spectral function from eq. (2.3) and
the (limited) OPE information available at large −q2, we here approximate the spectral
function to consist of a simple pion pole and a continuum structure above some effective
threshold sth (for an alternative method making use of Bayesian statistics, see ref. [112]).
We furthermore assume that this continuum can be described by the OPE expression. We
hence have

ρphen(s) = λ2
πδ(s−m2

π) + ρcont(s)θ(s− sth)

= λ2
πδ(s−m2

π) + 1
π
ImΠOPE(s)θ(s− sth),

(2.4)

where λπ =
〈
π0 ∣∣LW ∣∣ 0〉 is the quantity we seek to compute in this work. Note that the

matrix element of eq. (2.1) must be proportional to mu − md ≡ m− due to the chiral
symmetry, and therefore is strongly suppressed. On the other hand, a pseudoscalar, glueball
state is expected to couple to the Weinberg operator and thus could contribute significantly

– 4 –
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Figure 4. Schematic illustration of the isospin-breaking part of the spectral function ρ(s;m− 6= 0)
(thick black line). The blue line depicts the complete spectral function ρ(s) while the red one
indicates its isospin-symmetric part ρ(s;m− = 0). π(1300) is the first excited state of the pion. The
m2

− differentiation causes only the isospin-breaking part to survive.

to the spectral function without any isospin suppression factor. Indeed, the correlator of
eq. (2.2) is usually used to study the properties of such a glueball state (see, for example,
refs. [113, 114]). Hence, to suppress the potentially large glueball contribution of the sum
rules, we will in this work make use of the smallness of the quark mass dependence of
this state, which is confirmed in recent lattice QCD calculations [115–118]. Specifically,
we will study the quark mass dependence of the correlator by expanding it up to the
second order in the up and down quark masses mu and md and applying m2

−
∂

∂m2
−
. This

will strongly suppress the glueball contribution, while keeping the pion pole, for which
λ2
π is proportional to m2

−. More explicitly, in terms of the spectral function, ρ(s) can be
decomposed into two terms: ρ(s) = ρ(s;m− = 0) + ρ(s;m− 6= 0). The isospin-symmetric
part ρ(s;m− = 0) does not include the pion pole because of λπ =

〈
π0 ∣∣LW ∣∣ 0〉 ∝ m−. Thus,

it at low energy only consists of a continuum spectrum beginning at the threshold 4m2
π and

at higher energy of the glueball peak mentioned above. ρ(s;m− = 0) furthermore will be
positive definite since it is contains physical states in the limit of exact isospin symmetry.
The isospin-breaking part ρ(s;m− 6= 0), illustrated as a thick black line in figure 4, can be
obtained as ρ(s)− ρ(s;m− = 0) and does in contrast not need to be positive definite. As
will be explicitly demonstrated later, the leading order (perturbative) OPE term leads to a
negative high energy limit for ρ(s;m− 6= 0).

Finally, to both improve the convergence of the OPE and suppress the relative contri-
butions of the higher energy states to the sum rules, we make use of the Borel transform,
which in this work is defined as

B
[
f(Q2)

]
:= lim

Q2,n→∞
Q2/n=M2=const.

(Q2)n

(n− 1)!

(
− d

dQ2

)n
f(Q2), (2.5)

– 5 –
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where Q2 = −q2. After substituting eq. (2.4) into eq. (2.3), we obtain

B [Πphen] (M2) = λ2
π ·

1
M2 e

−m2
π/M

2 + 1
π

∫ ∞
sth

ds
e−s/M

2

M2 ImΠOPE(s;m− 6= 0), (2.6)

which gives the “phenomenological side” of the sum rules. The computation of the “theo-
retical side” will be discussed in the next section.

3 OPE for the Weinberg operator correlator

The OPE of the correlation function in eq. (2.2) can formally be expressed as

ΠOPE(q) = i

∫
d4xe−iq·x 〈0 |T [LW (x)LW (0)] | 0〉 =

∑
d

Cd(q;µ) 〈0 |Od(µ) | 0〉 , (3.1)

where Od stand for all local operators allowed by gauge invariance and vacuum symmetries
while Cd(q;µ) represent their respective Wilson coefficients. µ is the renormalization scale,
which should be chosen large enough such that a perturbative calculation of the Wilson
coefficient is possible [119]. Throughout this work, we will take µ = 1GeV if not explicitly
stated otherwise. The Weinberg operator can for the purposes of the OPE calculation be
rewritten as

LW = 1
3!wf

abcενραβGaµνG
b
αβG

cµ
ρ

= 1
3wf

abcενραβgµσ
[
2(∂µAaν)(∂ρAcσ)−(∂µAaν)

(
∂σA

c
ρ

)
−
(
∂νA

a
µ

)
(∂ρAcσ)

](
∂αA

b
β

)
+· · · .

(3.2)

Aaµ here stand for gluon fields and the ellipses indicate higher order contributions with
respect to the strong coupling constant.

As mentioned in the previous section, we are in this work only interested in the
m−-dependence of Π(q2) and hence decompose ΠOPE in the same way as the spectral
function. Specifically, we have

ΠOPE(q2) = ΠOPE(q2;m− = 0) + ΠOPE(q2;m− 6= 0), (3.3)

where the second term can be expanded using the OPE as

ΠOPE(q2;m− 6= 0) = Πloop(q2) + Πq(q2) + ΠG(q2) + Πloop+G(q2). (3.4)

The four terms on the right-hand side correspond to the four diagrams shown in figure 5.
Essential parts of the computation of the four terms in eq. (3.4) are provided in

appendix C. The results read

Πloop(q2) = −w2m
2
−αs

768π4 (−q2)3 ln
(
−q2

)
, (3.5)

Πq(q2) = −w2m
2
−B

2
0h3αs

4π3 (−q2)2 ln
(
−q2

)
, (3.6)

ΠG(q2) = 0, (3.7)
Πloop+G(q2) = 0, (3.8)

– 6 –
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Figure 5. The diagrams corresponding to Πloop(q2), Πq(q2), ΠG(q2) and Πloop+G(q2) of eq. (3.4),
respectively. The crosses in the latter three diagrams represent the chiral condensate 〈0 | q̄q | 0〉, and
the gluon condensate

〈
0
∣∣αsG2

∣∣ 0〉. The two diagrams on the right, which both include a gluon
condensate contribution, vanish in the OPE calculation of this work.

where B0 is defined by the relation 1
2〈0|ūu + d̄d|0〉 = −B0f

2
π . The parameter h3 in

eq. (3.6) is related to the difference between the up and down quark chiral condensates (see
eqs. (C.17), (C.18)). Specifically, we have [120, 121]

h3 = −

〈
0
∣∣∣ ūu− d̄d ∣∣∣ 0〉

4B2
0(mu −md)

. (3.9)

The m− dependent part of the correlator is thus obtained as

ΠOPE(q2;m− 6= 0) = Πloop(q2) + Πq(q2) + ΠG(q2) + Πloop+G(q2)

= w2
[
−
m2
−αs

128π4 (−q2)3 ln
(
−q2

)
−
m2
−B0h3αs

4π3 (−q2)2 ln
(
−q2

)]
,
(3.10)

which, after the Borel transform becomes

B
[
ΠOPE(q2;m− 6= 0)

]
= w2

[
−

3m2
−αs

64π4 M6 +
m2
−B

2
0h3αs

2π3 M4
]
. (3.11)

4 Numerical sum rule analysis

Having estimated both phenomenological and theoretical sides of the correlator of eq. (2.2)
in sections 2 and 3, we can now proceed to the numerical analysis of the sum rules, which
after the Borel transform and the m2

− differentiation are obtained as

λ2
π

M2 e
−m2

π/M
2 + 1

π

∫ ∞
sth

ds
e−s/M

2

M2 ImΠOPE(s;m− 6= 0) = B
[
ΠOPE(q2;m− 6= 0)

]
. (4.1)

From the above equation and eqs. (3.10) and (3.11), the pion pole residue λ2
π can be

expressed as a function of the Borel mass M and the threshold parameter sth,

| 〈0 | LW |π〉 |2 = λ2
π

= w2em
2
π/M

2
[
m2
−αs

128π4M
2
{
e−

sth
M2
(
6M6 + 6M4sth + 3M2s2

th + s3
th

)
− 6M6

}
−
m2
−B

2
0h3αs

4π3 M2
{
e−

sth
M2
(
2M2sth + 2M4 + s2

th

)
− 2M4

}]
.

(4.2)

– 7 –
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Input parameters Values Ref.
αs 0.483± 0.016 [122, 123]

−4(mu −md)B0h3/f
2
π [0.014, 0.02] [124]

mπ 135MeV
mu 2.9+0.66

−0.35 [125]
md 6.0+0.65

−0.23 [125]
B0f

2
π (265MeV)3 [125]

Table 1. Input parameters used in the numerical sum rule analysis. All are given at the renormal-
ization scale of µ = 1GeV.

In the numerical analysis of eq. (4.2), we employ the input parameters in table 1. For
the value range of the parameter h3, we have used the SU(2) estimate given in ref. [124].
The quark masses correspond to a renormalization scale of 1GeV and were obtained by
running their values from the 2GeV value given in the PDG to 1GeV using a two-loop
renormalization group equation [125]. B0, which is related to the quark condensate, similarly
given at the renormalization scale of 1GeV, was obtained from the Gell-Mann-Oakes-Renner
relation and a renormalization group rescaling [125].

Let us here briefly discuss how to determine the parameter ranges of M and sth. For
the Borel mass M , one usually defines a so-called “Borel window”, within the various
approximations used to derive the sum rules are supposed to be valid. In our calculation,
the term involving the quark condensate turns out to have the largest contribution. As this
term has the largest mass dimension in the final OPE result of eq. (3.11) and the gluon
condensate terms vanish, it would in this work not make much sense to determine the
lower limit of the Borel window from the conventional condition of the OPE convergence.
We thus here consider only the upper limit, which can be fixed from the pole dominance
criterion often used in the QCD sum rule literature, and set the lower limit by hand. The
pole dominance criterion can be given as

λ2
π

M2 e
−m2

π/M
2

λ2
π

M2 e−m
2
π/M

2 + 1
π

∫∞
sth
ds e

−s/M2

M2 ImΠOPE(s;m− 6= 0)
> 0.5, (4.3)

which demands that the pion pole gives the dominant contribution to the phenomenological
side of the sum rules. The left-hand side of eq. (4.3) is shown in figure 6. We observe in this
plot that the pole contribution decreases with increasing Borel mass M in the low M region,
which is a typical behavior in conventional QCD sum rule calculations. For M & 0.8GeV,
the ratio of eq. (4.3) starts to increase because of a cancellation in its denominator and does
not drop below 0.5 for too large values of the threshold parameter sth. We hence fix the
upper boundary of sth such that this ratio can fall below 0.5, which gives smax

th = 0.82 GeV2.
The lower limit of M is set up by hand as M2

min = 0.25GeV2. The Borel window fixed in
this way is depicted as the blue shaded region in figure 7, where the colored curves show
the right-hand side of eq. (4.2) as functions of the Borel mass for different values of sth.

– 8 –
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Figure 6. The left-hand side of eq. (4.3) as a function of the Borel mass M for different values of
the threshold parameter sth.
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6 ]
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sth=0.82[GeV2]

sth=1.0[GeV2]

Figure 7. λ2
π/w

2 as a function of the Borel massM for various values of the threshold parameter sth.
The blue shaded region shows the parameter space of M and sth used to estimate the range of λ2

π.

One can then see in this plot that the Borel window is no longer open for threshold
parameter values below sth = 0.5 GeV2, which thus fixes its lower boundary. All this then
leads to the following range of values for the desired matrix element:∣∣∣〈0

∣∣∣LW ∣∣∣π0
〉∣∣∣ ∈ w · [2.3, 8.3]× 10−6GeV5. (4.4)

5 Derivation of the atomic and nuclear EDMs

The CP-odd effective Lagrangian needed in this work is

LCP =− i2dN N̄σ
µFµνγ5N+kπ0+mN∆3ππ0(π2

0 +2π+π−)

+ḡ(1)
πNNπ0N̄N−C̄1mN N̄N N̄iγ5N, (5.1)
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where we implicitly assume that the sum over N = n, p is taken. The first term of LCP is
the intrinsic nucleon EDM. The Weinberg operator contribution to the neutron EDM is
given by [48, 49]

dn = mCP
mN

µn + d(irr)
n

= w(20± 12)eMeV.
(5.2)

Here the first term corresponds to the chiral rotation of the neutron anomalous mag-
netic moment µn [66, 96], where mCP =−〈N |Lw|N〉=−mNw

3gsm2
0

32π2 ln
(
M2

µ2
IR

)
=w (−2.3±

1.1)×10−2GeV3 was calculated using QCD sum rules with 50% error according to
ref. [60]. The second term stands for the irreducible term calculated in the quark model
(d(irr)
n ≈−5weMeV) [98]. We explicitly see from the above equation that the nucleon EDM

generated by w has no chiral suppression.
The second term of LCP is the neutral pion tadpole, which we have calculated in the

previous section. Its coupling constant k is the matrix element studied in this paper,

k = 〈0 | LW |π0〉, (5.3)

which generates a neutral pion from the vacuum, and yields the isovector CP-odd pion-
nucleon interaction (the term with ḡ(1)

πNN ) in combination with a pion-nucleon scattering
process (see figure 3). The coupling of the pion-nucleon scattering is given by the matrix
element

〈πN | LQCD |πN〉 ≈
1
f2
π

〈N |muūu+mdd̄d |N〉 ≈
σπN
f2
π

, (5.4)

where the first approximation is due to the partial conservation of the vector current,
with fπ = 93MeV. The low energy constant σπN appearing on the right-hand side of the
above equation is the pion-nucleon sigma term, and represents the contribution of the
current quark mass to the nucleon mass. Its value is still under debate, phenomenological
studies yielding σπN ≈ 60MeV [126, 127] (see however ref. [128] for a smaller prediction),
whereas lattice QCD results point to a smaller value σπN ≈ 30MeV [28, 30, 129]. A recent
lattice QCD analysis is suggesting that this discrepancy may come from the contamination
of excited states with additional pions of the correlators computed on the lattice [130].
Combining the neutral pion generated by eq. (5.3) and the pion-nucleon scattering (5.4),
we obtain the isovector CP-odd pion-nucleon coupling as

ḡ
(1)
πNN = 〈0 | LW |π0〉 σπN

f2
πm

2
π

. (5.5)

To estimate the theoretical uncertainty of the above LO χEFT, we will in the following
evaluate the NLO contribution to ḡ(1)

πNN , which is in fact generated by the one-loop diagram
given in figure 8, via the three-pion interaction (the term with ∆3π in eq. (5.1)) [39, 102],
which is part of the linear chiral symmetry and CP breaking term of the chiral Lagrangian

L2CP = Tr[UA− U †A] = 4ia
fπ
π0 −

4ia
3!f3

π

π0(π2
0 + 2π+π−) + · · · , (5.6)
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N
<latexit sha1_base64="XrnqmevEhnk1u162XHCFr31Dwic="></latexit>

N

<latexit sha1_base64="Qio/VEDpkgEKasIkdQQOxSsV624="></latexit>

⇡0

<latexit sha1_base64="+8A2eLoLGxETvp0jQHXglBnTzTg="></latexit>

⇡a <latexit sha1_base64="+8A2eLoLGxETvp0jQHXglBnTzTg="></latexit>

⇡a

Figure 8. NLO correction to the isovector CP-odd pion-nucleon interaction. πa may be a charged
or neutral pion.

where U ≡ ei
√

2M/fπ , with the meson matrix

M =
(
π0/
√

2 π+

π− −π0/
√

2

)
. (5.7)

Here we only considered the SU(2)L × SU(2)R subspace for simplicity. The matrix A = aτz
expresses the explicit isospin breaking generated by the Weinberg operator. By matching
eq. (5.6) and the pion one-point interaction (5.3), we obtain

a = fπ
4i 〈0|LW |π0〉. (5.8)

The three-pion coupling generated by the Weinberg operator is then

mN∆3π = −〈0|Lw|π0〉
6f2
π

. (5.9)

Evaluating the zero-momentum transfer limit of the one-loop diagram of figure 8, we
obtain the NLO contribution to the isovector CP-odd pion-nucleon coupling as [131, 132]

ḡ
(1)
πNN,NLO = −mN∆3π

15g2
Amπ

32πf2
π

= +5g2
Amπ

64πf4
π

〈0|Lw|π0〉, (5.10)

where gA = 1.27. The magnitude of the above NLO result amounts to about 20% of the
LO expression of eq. (5.5) (if we assume σπN = 60MeV). This relatively large one-loop
correction is due to the factor 4π enhancement arising from the heavy baryon approximation.
Regarding the sign of eq. (5.10), this one-loop level contribution is constructive, in accordance
with refs. [131, 132] (for details, see appendix D).

The CP-odd pion-nucleon interaction (5.5) and (5.10) generates an isovector type
CP-odd nuclear force through the one-pion exchange. Its Hamiltonian is given by

H = Ḡ
(1)
π

8πmN
(~σ1τ1z − ~σ2τ2z) · ~∇

e−mπr

r
= −ḡ

(1)
πNNgA
8πfπ

(~σ1τ1z − ~σ2τ2z) · ~∇
e−mπr

r
, (5.11)

where ~σi and τiz (i = 1, 2) are the spin and isospin operators acting on the i-th interacting
nucleon, respectively. The coordinate ~r is directed to nucleon 1, and ~∇ is the gradient
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defined accordingly. Here we defined Ḡ
(1)
π ≡ − gAmN

fπ
ḡ

(1)
πNN as commonly done in nuclear

level calculations.
The CP-odd nuclear force of eq. (5.11) polarizes the nucleus and leads to an observable

effect. As for atomic systems, the EDMs of atomic nuclei are not directly observable due
to the notorious Schiff’s screening phenomenon [133]. The residual CP-odd moment, the
nuclear Schiff moment ~SA (NSM), has to be evaluated using nuclear structure calculations.
This has been done using several methods [7, 13, 134–140]. Here we quote the most recent
results for 199Hg [138, 139], 129Xe [138, 140], and 225Ra [135] nuclei:

SHg = 2.65 dn fm2 − 0.075 Ḡ(1)
π e fm3, (5.12)

SXe = 0.42 dn fm2 + 0.041 Ḡ(1)
π e fm3, (5.13)

SRa = −6.0 Ḡ(1)
π e fm3, (5.14)

where we only display the contributions from the isovector CP-odd nuclear force and from
the intrinsic nucleon EDM, for which we estimate the relative error to be about 30%.
The contribution of the NSM to the atomic EDM has also been calculated within several
frameworks. We here quote the results of the latest calculations [141–143],

dHg = −2.4× 10−17 SHg

e fm3 e cm = −6.4× 10−4dn + 1.8× 10−5Ḡ(1)
π e fm

= w
(
−1.3× 10−2 ± [0.71, 4.4]× 10−3

)
e MeV,

(5.15)

dXe = 0.32× 10−17 SXe

e fm3 e cm = 1.3× 10−5dn + 1.3× 10−6Ḡ(1)
π e fm

= w
(
2.7× 10−4 ± [0.52, 3.2]× 10−4

)
eMeV,

(5.16)

dRa = −6.3× 10−17 SRa

e fm3 e cm = 3.8× 10−3Ḡ(1)
π e fm

= w
(
±[1.5, 9.3]× 10−1

)
eMeV.

(5.17)

The atomic level calculations are in relatively good agreement among each other [7, 13, 144–
146]. Their error is therefore negligible in the error budget.

It is also interesting to inspect the EDM of light nuclei for which experimental mea-
surements are currently planned [147–149]. For the deuteron and the 3He nucleus, we
have [102]

d
2H = 0.014 Ḡ(1)

π e fm
= w (±[0.56, 3.4]) eMeV,

(5.18)

d
3He = 0.88 dn + 0.010 Ḡ(1)

π + [1, 5]× 10−4C̄1 GeV3 e fm
= w (18± [0.38, 2.3] + [1, 10]) eMeV.

(5.19)

The nuclear level calculations for these light nuclei were performed by many groups [131, 150–
155] and all are consistent, having errors of less than 10%. There are further results for
other nuclei which may have larger sensitivities to CP violation, but are not considered
here [102, 153, 154, 156–158]. We see that the deuteron EDM receives only contributions
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from the one-pion exchange CP-odd nuclear force, while the nucleon EDM and the contact
CP-odd nuclear force (the last term of eq. (5.1)) also contribute to the 3He EDM. The
coupling constant of the contact CP-odd nuclear force is given by C̄1 = mCPCS

m2
N

= (3.1±
1.6)GeV−1 which was obtained by chirally rotating the CP-even contact nuclear force, in a
similar way as eq. (5.2) [159], with CS = −120.8GeV−2 [160]. The coefficient of C̄1 was
calculated by matching a smeared delta function with the CP-odd ω-exchange nuclear
force [150, 153, 154], and has a wide uncertainty band, due to the poorly known two-nucleon
wavefunction near the origin. There is also a calculation within χEFT which yields a larger
coefficient [131], but we do not further examine it here because of its large uncertainty. It
has also recently been pointed out that the contact CP-odd nuclear force is required to
unitarize the CP-odd nucleon-nucleon scattering with one-pion exchange [161], but we do
not consider this effect in this work. We furthermore mention here that the coefficients of
C̄1 are not available for atomic EDMs.

Finally, let us derive an explicit constraint on the magnitude of the Weinberg operator
from the presently available experimental data, given by the EDM of 199Hg. According to
our analysis, the EDM of 199Hg is dHg = w (µ = 1GeV) (−1.3± 0.96)× 10−2eMeV where
the central value is given only by the contribution of the intrinsic neutron EDM and the
error is obtained by the taking the quadrature of the theoretical uncertainty of the Weinberg
operator contribution of the neutron EDM (60%) [98], the error associated with the nuclear
level calculation (30%) [139], and the maximal value of the our Weinberg operator result
(the second term of (5.18)), which we consider here to be a systematic error. Combined
with the experimental result,

∣∣∣dHg (exp)
∣∣∣ < 7.4× 10−30e cm [15], this leads to

|w (µ = 1TeV)| < 4× 10−10GeV−2. (5.20)

Here, we divided the experimental value by (−1.3 + 0.96) × 10−2eMeV, so as to obtain
an upper limit. Furthermore, w (µ = 1TeV) = w (µ = 1GeV)/0.3 is renormalized at
1TeV [68, 85, 103, 104, 162, 163]. It is interesting to compare this limit with that given
by the direct measurement of the neutron EDM. The current experimental constraint
|dn| < 1.8× 10−26e cm [164] yields an upper limit of

|w (µ = 1TeV)| < 4× 10−10GeV−2, (5.21)

where we took into account the uncertainty band of eq. (5.2). We see that the EDM of
the 199Hg atom and that of the neutron provide comparable constraints on the Weinberg
operator, if we assume that it is the sole source of CP violation at the scale µ = 1TeV.

6 Conclusions

In this paper we calculated the pion-vacuum transition matrix element of the Weinberg
operator using QCD sum rules and then the isovector CP-odd pion-nucleon interaction
within χEFT at NLO. We finally derived relations between the Weinberg operator and
the EDMs of several atoms and nuclei which are of experimental interest. For the case of
atoms, the contribution of the nucleon-nucleon interaction was found to be of the same
order as that induced by the intrinsic nucleon EDM.
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Possible improvements of this work include a more accurate investigation of the OPE
convergence by taking into account condensates of higher dimension. Furthermore, using
the correlator of two Weinberg operators, it was not possible to determine the sign of the
matrix element studied in this work. Therefore, it will in the future become necessary to
study the correlator between a Weinberg operator and a pion interpolating field.

Nevertheless, our results suggest that, depending on the sign, the CP violation may
be enhanced in the 129Xe EDM through the new Weinberg operator contribution. This
experimental observable might therefore become crucial in the future determination of the
magnitude of the Weinberg operator.
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A Borel transforms

We define the Borel transform of a function f(Q2) with Q2 = −q2 as

B
[
f(Q2)

]
:= lim

Q2,n→∞
Q2/n=M2=const.

(Q2)n

(n− 1)!

(
− d

dQ2

)n
f(Q2), (A.1)

where the unphysical parameter M is called the Borel mass. Below, we provide specific
expressions for the Borel transforms used in this work.

B
[( 1

s+Q2

)k]
= 1

(k − 1)!

( 1
M2

)k
e−s/M

2
, (A.2)

B
[
(Q2)k logQ2

]
= (−1)k+1Γ(k + 1)(M2)k. (A.3)

Here, k ∈ N+ and Γ(z) denotes the Euler gamma function.

B Fourier transforms

In this paper, we need to consider Fourier transforms from momentum space to configuration
space and vice versa, which will in turn be discussed in this section, mostly following
appendix E of ref. [96]. We define the Fourier transform of a function f(p) to configuration
space as

F [f(p)] =
(

µ2
IR

4πeγE

)−εIR ∫
d4+2εIRp

(2π)4 e−ip·xf(p), (B.1)

where the divergent integral is treated using dimensional regularization with d = 4 +
2εIR. The reason for adopting this definition is to ensure the conservation of gauge
invariance throughout the calculation. The OPE is based on the division of scales, in which
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higher regions of momentum space can be treated perturbatively to compute the Wilson
coefficients [119]. Dimensional regularization provides the most economical renormalization
scheme to do this in a gauge invariant manner. Any IR-pole can hence be removed as it
should be considered to be part of the low momentum space regions and therefore can be
absorbed into the renormalization of the condensates.

For functions of the form 1/(p2)k and pµpν/(p2)k, a simple calculation leads to

F
[ 1

(p2)k
]

= i

4kπ2

(
−µ

2
IRx

2

4eγE

)−εIR Γ(2− k + εIR)
Γ(k) (x2)k−2, (B.2)

F
[
pµpν
(p2)k

]
= (i∂µ)(i∂ν)F

[ 1
(p2)k

]
, (B.3)

where k ∈ N+. The Fourier transforms of type (B.2) and (B.3) relevant for our article are

F
[ 1
p2

]
= i

4π2x2 , (B.4)

F
[ 1

(p2)2

]
= i

16π2

[
1
εIR
− ln

(
−µ

2
IRx

2

4

)]
, (B.5)

F
[ 1

(p2)3

]
= − i

2 · 43π2x
2
[

1
εIR

+ 1− ln
(
−µ

2
IRx

2

4

)]
, (B.6)

F
[ 1

(p2)4

]
= i

210 · 3π2 (x2)2
[

1
εIR

+ 3
2 − ln

(
−µ

2
IRx

2

4

)]
. (B.7)

In QCD sum rules, one often encounters ultraviolet divergent Fourier transforms of
functions f(x) from configuration space to momentum space. In this work, we define them as

F [f(x)] =
(
µ2

UVe
γE

4π

)−εUV ∫
d4−2εUVeip·xf(x), (B.8)

and use again dimensional regularization in treating the UV divergences. For the functions
1/(x2)k and xµxν/(x2)k with k ∈ N+, we have

F
[ 1

(x2)k
]

= − iπ2

4k−2

(
−µ

2
UVe

γE

p2

)−εUV Γ(2− k − εUV)
Γ(k) (p2)k−2, (B.9)

F
[
xµxν

(x2)k
]

=
(

1
i

∂

∂pµ

)(1
i

∂

∂pν

)
F
[ 1

(x2)k
]
. (B.10)

The resultant expressions will in the calculations of this paper be either Borel transformed or
its imaginary part taken. As any polynomial of p2 will vanish through the Borel transform,
and the imaginary part of the correlation function originates only from logarithms, we only
need to consider the log terms and can drop all polynomials in all practical calculations
of this paper. The following simplified formulas will therefore be sufficient:

Fpra

[ 1
(x2)4

]
= π2i

26 · 3(−p2)2 ln
(
−p2

)
, (B.11)

Fpra

[ 1
(x2)5

]
= π2i

210 · 32 (−p2)3 ln
(
−p2

)
. (B.12)
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C Details of the OPE calculation

The correlation function of eq. (3.1) can be expressed using the Weinberg operator of
eq. (3.2) as

ΠOPE(q) = i

∫
d4xeiq·x · 19w

2fabcfa
′b′c′ενραβεν

′ρ′α′β′gµσgµ
′σ′

×〈0|T
[
2(∂µAaν)(∂ρAcσ)−(∂µAaν)

(
∂σA

c
ρ

)
−
(
∂νA

a
µ

)
(∂ρAcσ)

](
∂αA

b
β

)
(x)

·
[
2
(
∂µ′A

a′
ν′

)(
∂ρ′A

c′
σ′

)
−
(
∂µ′A

a′
ν′

)(
∂σ′A

c′
ρ′

)
−
(
∂ν′A

a′
µ′

)(
∂ρ′A

c′
σ′

)](
∂α′A

b′
β′

)
(0)|0〉

= iw2
∫
d4xeiq·x

1
9f

abcfa
′b′c′

×
[
4ενραβεν′ρ′α′β′gµσgµ′σ′−2ενσαβεν′ρ′α′β′gµρgµ′σ′−2ενραβεµ′ρ′α′β′gµσgν′σ′

−2ενραβεν′σ′α′β′gµσgµ′ρ′−2εµραβεν′ρ′α′β′gνσgµ′σ′+ενσαβεν′σ′α′β′gµρgµ′ρ′

+ενσαβεµ′ρ′α′β′gµρgν′σ′+εµραβεν′σ′α′β′gνσgµ′ρ′+εµραβεµ′ρ′α′β′gνσgν′σ′
]

×
〈

0
∣∣∣T [(∂µAaν)(∂αAbβ)(∂ρAcσ)(x)(∂µ′Aa

′
ν′)(∂α′Ab

′
β′)(∂ρ′Ac

′
σ′)(0)

] ∣∣∣0〉 , (C.1)

where, we have omitted all higher order contributions with respect to the strong coupling
constant. The Wick contraction of the matrix element given in the last line of eq. (C.1)
yields six distinct terms, which can be related to each other by simple permutations. It is
hence sufficient to evaluate only one term, which we define as

Πabc;a′b′c′
µναβρσ;µ′ν′α′β′ρ′σ′(x)

=
(
∂(x)
µ ∂

(y)
µ′ S

aa′
νν′(x− y)

) (
∂(x)
α ∂

(y)
α′ S

bb′
ββ′(x− y)

) (
∂(x)
ρ ∂

(y)
ρ′ S

cc′
σσ′(x− y)

)∣∣∣
y=0

, (C.2)

where Sabµν(x−y) stands for the gluon propagator. Other terms generated by the Wick contrac-
tion can be obtained by permutating the gauge and Lorentz indices in Πabc;a′b′c′

µναβρσ;µ′ν′α′β′ρ′σ′(x).
Gauge indices can be factored out as δab from each gluon propagator. Eq. (C.1) can therefore
be simplified as,

ΠOPE(q) (C.3)

= iw2
∫
d4xeiq·x

1
9f

abcfa
′b′c′

×
[
4ενραβεν′ρ′α′β′gµσgµ′σ′−2ενσαβεν′ρ′α′β′gµρgµ′σ′−2ενραβεµ′ρ′α′β′gµσgν′σ′

−2ενραβεν′σ′α′β′gµσgµ′ρ′−2εµραβεν′ρ′α′β′gνσgµ′σ′+ενσαβεν′σ′α′β′gµρgµ′ρ′

+ενσαβεµ′ρ′α′β′gµρgν′σ′+εµραβεν′σ′α′β′gνσgµ′ρ′+εµραβεµ′ρ′α′β′gνσgν′σ′
]

×
[
δaa
′
δbb
′
δcc
′Πµναβρσ;µ′ν′α′β′ρ′σ′(x)+δaa′δbc′δcb′Πµναβρσ;µ′ν′ρ′σ′α′β′(x)

+δab′δba′δcc′Πµναβρσ;α′β′µ′ν′ρ′σ′(x)+δab′δbc′δca′Πµναβρσ;α′β′ρ′σ′µ′ν′(x)

+δac′δbb′δca′Πµναβρσ;ρ′σ′α′β′µ′ν′(x)+δac′δba′δcb′Πµναβρσ;ρ′σ′µ′ν′α′β′(x)
]

= iw2 23

3

∫
d4xeiq·xCµναβρσ;µ′ν′α′β′ρ′σ′ [Πµναβρσ;µ′ν′α′β′ρ′σ′(x)−Πµναβρσ;µ′ν′ρ′σ′α′β′(x)

−Πµναβρσ;α′β′µ′ν′ρ′σ′(x)+Πµναβρσ;α′β′ρ′σ′µ′ν′(x)
−Πµναβρσ;ρ′σ′α′β′µ′ν′(x)+Πµναβρσ;ρ′σ′µ′ν′α′β′(x)

]
,
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where Πµναβρσ;µ′ν′α′β′ρ′σ′(x) is defined as

Πabc;a′b′c′
µναβρσ;µ′ν′α′β′ρ′σ′(x) = δaa

′
δbb
′
δcc
′Πµναβρσ;µ′ν′α′β′ρ′σ′(x), (C.4)

and

Cµναβρσ;µ′ν′α′β′ρ′σ′

:=
[
4ενραβεν′ρ′α′β′gµσgµ′σ′ − 2ενσαβεν′ρ′α′β′gµρgµ′σ′ − 2ενραβεµ′ρ′α′β′gµσgν′σ′

−2ενραβεν′σ′α′β′gµσgµ′ρ′ − 2εµραβεν′ρ′α′β′gνσgµ′σ′ + ενσαβεν
′σ′α′β′gµρgµ

′ρ′

+ενσαβεµ′ρ′α′β′gµρgν′σ′ + εµραβεν
′σ′α′β′gνσgµ

′ρ′ + εµραβεµ
′ρ′α′β′gνσgν

′σ′
]
.

(C.5)

For convenience of the later calculations, we expand the gluon propagator in terms of
condensates and other perturbative terms relevant for this work. As we are here especially
interested in the quark-mass dependent part of the correlator, it is necessary to take
into account the leading order quark loop insertion of the gluon propagator. The gluon
propagator can thus be expanded as

Sabµν(x,y) =
(
S(0)

)ab
µν

(x−y)+
(
S(loop)

)ab
µν

(x−y)+
(
S(G)

)ab
µν

(x,y)+
(
S(q)

)ab
µν

(x−y), (C.6)

where S(0)(x− y) is the free gluon propagator, S(loop)(x− y) its leading order perturbative
quark loop correction, S(G)(x, y) stands for the gluon condensate insertion and S(q)(x− y)
for the quark loop correction in which one of the quark propagator is replaced by the quark
condensate. The analytic form of these terms can be given as(

S(0)
)ab
µν

(x−y) = δabgµν
4π2(x−y)2 , (C.7)

(
S(loop)

)ab
µν

(x−y) =
m2
qαs

43π2 δ
ab

[
3gµν ln

(
−µ

2
IR(x−y)2

4

)
−2(x−y)µ(x−y)ν

(x−y)2

]
, (C.8)

(
S(q)

)ab
µν

(x−y) = mqαs
26 ·32π

〈q̄q〉δab
[
5gµν(x−y)2+

(
−5gµν(x−y)2+2(x−y)µ(x−y)ν

)
× ln

(
−µ

2
IR(x−y)2

4

)]
, (C.9)

(
S(G)

)ab
µν

(x,y) =xµ
′
yν
′
〈
G2〉

27 ·3 δ
ab(gµ′ν′gµν−gµ′νgµν′), (C.10)

(
S(q)

)ab
µν

(x−y) = mqαs
26 ·32π

〈q̄q〉δab
[
5gµν(x−y)2+

(
−5gµν(x−y)2+2(x−y)µ(x−y)ν

)
× ln

(
−µ

2
IR(x−y)2

4

)]
. (C.11)

For obtaining S(loop)(x− y) we have expanded the full expression around the zero quark
mass limit and only kept the second order m2

q term, since the leading order term does not
contribute to the quark mass dependence and the first order term vanishes. Similarly, for
S(q)(x− y), the leading order m0

q term vanishes and we keep only the first non-vanishing
mq term.
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Let us here, as an example, show the explicit further steps needed to calculate the OPE
term corresponding to the left-most the diagram of figure 5. It can be written down as

(Π′loop)abc;a
′b′c′

µναβρσ;µ′ν′α′β′ρ′σ′(x)

=
(
∂(x)
µ ∂

(y)
µ′ (S(loop))aa′νν′(x−y)

)
·
(
∂(x)
α ∂

(y)
α′ (S(0))bb′ββ′(x−y)

)
·
(
∂(x)
ρ ∂

(y)
ρ′ (S(0))cc′σσ′(x−y)

)∣∣∣
y=0

+
(
∂(x)
µ ∂

(y)
µ′ (S(0))aa′νν′(x−y)

)
·
(
∂(x)
α ∂

(y)
α′ (S(loop))bb′ββ′(x−y)

)
·
(
∂(x)
ρ ∂

(y)
ρ′ (S(0))cc′σσ′(x−y)

)∣∣∣
y=0

+
(
∂(x)
µ ∂

(y)
µ′ (S(0))aa′νν′(x−y)

)
·
(
∂(x)
α ∂

(y)
α′ (S(0))bb′ββ′(x−y)

)
·
(
∂(x)
ρ ∂

(y)
ρ′ (S(loop))cc′σσ′(x−y)

)∣∣∣
y=0

= δaa
′
δbb
′
δcc
′(Πloop)µναβρσ;µ′ν′α′β′ρ′σ′(x), (C.12)

where

(Π′loop)µναβρσ;µ′ν′α′β′ρ′σ′(x) =
∑
u,d

m2
qαs

27π6

×
{
gββ′gσσ′

(
gαα′

x4 −4xαxα
′

x6

)(
gρρ′

x4 −4xρxρ
′

x6

)[
(3gµµ′gνν′−gµνgµ′ν′−gµν′gµ′ν) 1

x2

+2(gµνxµ′xν′+gµν′xµ′xν+gµ′νxµxν′+gµ′ν′xµxν+gµµ′xνxν′−3gνν′xµxµ′)
1
x4−8xµxµ

′xνxν′

x6

]
+gνν′gσσ′

(
gµµ′

x4 −4xµxµ
′

x6

)(
gρρ′

x4 −4xρxρ
′

x6

)[
(3gαα′gββ′−gαβgα′β′−gαβ′gα′β) 1

x2

+2(gαβxα′xβ′+gαβ′xα′xβ+gα′βxαxβ′+gα′β′xαxβ+gαα′xβxβ′−3gββ′xαxα′)
1
x4−8xαxα

′xβxβ′

x6

]
+gββ′gνν′

(
gαα′

x4 −4xαxα
′

x6

)(
gµµ′

x4 −4xµxµ
′

x6

)[
(3gρρ′gσσ′−gρσgρ′σ′−gρσ′gρ′σ) 1

x2

+2(gρσxρ′xσ′+gρσ′xρ′xσ+gρ′σxρxσ′+gρ′σ′xρxσ+gρρ′xσxσ′−3gσσ′xρxρ′)
1
x4−8xρxρ

′xσxσ′

x6

]}
.

(C.13)

Using eqs. (C.5) and (C.13), Π′loop(q2), which denotes the contribution of these quark loop
diagrams to eq. (C.3), can then be computed as

Π′loop(q2)

= iw2 23

3

∫
d4xeiq·xCµναβρσ;µ′ν′α′β′ρ′σ′

×
[
(Π′loop)µναβρσ;µ′ν′α′β′ρ′σ′(x)− (Π′loop)µναβρσ;µ′ν′ρ′σ′α′β′(x)

−(Π′loop)µναβρσ;α′β′µ′ν′ρ′σ′(x) + (Π′loop)µναβρσ;α′β′ρ′σ′µ′ν′(x)

−(Π′loop)µναβρσ;ρ′σ′α′β′µ′ν′(x) + (Π′loop)µναβρσ;ρ′σ′µ′ν′α′β′(x)
]

= iw2 m2
qαs

24 · 3π6

∫
d4xeiq·x

6912
x10

= −w2m
2
qαs

26π4 (−q2)3 ln
(
−q2

)
.

(C.14)
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Taking into account the contributions of both u and d quarks, noting that

m2
u +m2

d = 1
4
[
(m+ +m−)2 + (m+ −m−)2

]
= 1

2(m2
+ +m2

−),
(C.15)

where m+ ≡ mu +md and m− ≡ mu −md, and retaining only the m−-dependent part, we
have

Πloop(q2,m− 6= 0) = −w2m
2
−αs

27π4 (−q2)3 ln
(
−q2

)
. (C.16)

For the term involving the quark condensate, Π(q)(q2), chirality demands that it must
be proportional to

∑
u,dmq 〈q̄q〉 at leading non-vanishing order in the quark mass expansion.

The m−-dependence can be extracted from this expression as∑
q=u,d

mq 〈q̄q〉 = mu 〈ūu〉+md

〈
d̄d
〉

= mu(〈q̄q〉 − 2m−B2
0h3) +md(〈q̄q〉+ 2m−B2

0h3)
= m+ 〈q̄q〉 − 2m2

−B
2
0h3,

(C.17)

where

〈q̄q〉 ≡ (〈ūu〉+ 〈d̄d〉)/2,〈
ūu− d̄d

〉
= −4(mu −md)B2

0h3.
(C.18)

Numerically, we will use the values provided in ref. [124] (see table 1).

D One-loop correction to ḡ(1)
πNN

In this appendix we recapitulate the calculation of the NLO correction to ḡ(1)
πNN induced by

the three-pion interaction of eq. (5.1). We assume the following chiral SU(3)L × SU(3)R
invariant effective Lagrangian

L0 = f2
π

4 Tr(∂µU∂µU †) + Tr[B̄(i∂/−mB)B]

+ i

2Tr[B̄γµ(ξ∂µξ† + ξ†∂µξ)B] + i

2Tr[B̄γµB(∂µξξ† + ∂µξ†ξ)]

+ i

2(D + F )Tr[B̄γµγ5(ξ∂µξ† − ξ†∂µξ)B]

− i

2(D − F )Tr[B̄γµγ5B(∂µξξ† − ∂µξ†ξ)] , (D.1)

where D + F = gA = 1.27, and

ξ = exp
(

iφ√
2fπ

)
, (D.2)

with U = ξ2. The meson field φ is defined by

φ =


π0
√

2 + η0
√

6 π+ K+

π− − π0
√

2 + η0
√

6 K0

K− K̄0 −2 η0
√

6

 , (D.3)
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and the baryon field B by

B =


Σ0
√

2 + Λ0
√

6 Σ+ p

Σ− −Σ0
√

2 + Λ0
√

6 n

Ξ− Ξ0 −2 Λ0
√

6

 . (D.4)

We use the heavy baryon approximation where several simplifications occur. The
4-momentum of the nucleon can be split into two terms according to the scale separation
between the heavy baryon mass and the nonrelativistic spatial 3-momentum, namely
pµ = mNvµ + kµ, where v is the velocity 4-vector of the nucleon. The baryon propagator is
approximated as

i

p/ −mB + iε
≈ iP+
v · k + iε

, (D.5)

where P± ≡ 1
2(1± v/ ). The sign of the causal infinitesimal term (iε) controls the sign of the

final result.
The leading order meson-baryon interaction becomes

LmB = i

2(D+F )Tr[B̄γµγ5(ξ∂µξ†−ξ†∂µξ)B]

= gA√
2fπ

Tr[B̄γµγ5(∂µφ)B]+· · ·

= gA√
2fπ

[
p̄γµγ5n∂

µπ++n̄γµγ5p∂
µπ−+ 1√

2
p̄γµγ5p∂

µπ0− 1√
2
p̄γµγ5p∂

µπ0
]

+· · ·

≈
√

2gA
fπ

[
H̄pSµHn∂

µπ++H̄nSµHp∂
µπ−+ 1√

2
H̄pSµHp∂

µπ0− 1√
2
H̄pSµHp∂

µπ0
]

+· · · ,

(D.6)

where the ellipses denote irrelevant higher order terms as well as interactions involving
strangeness. The four-vector Sµ = 1

2(0, ~σ) is the Pauli-Lubanski spin vector.

The NLO correction to ḡ(1)
πNN induced by the three-pion interaction of eq. (5.1) is then

given by

iMπ± = −2mN∆3π
2g2
A

f2
π

∫
d4k

(2π)4
H̄N (−ik · S)P+(ik · S)HN

[k2 −m2
π]2[v · k + iε] , (D.7)

iMπ0 = −6mN∆3π
g2
A

f2
π

∫
d4k

(2π)4
H̄N (−ik · S)P+(ik · S)HN

[k2 −m2
π]2[v · k + iε] , (D.8)

where iMπ± and iMπ0 are the contributions from the charged and neutral pion loops,
respectively (see figure 8).
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The loop integral can be transformed further, as

I =
∫

d4k

(2π)4
H̄N (S · k)P+(S · k)HN

[k2 −m2
π]2[v · k + iε]

=
∫

d4k

(2π)4
H̄N (S · k)2HN

[k2 −m2
π]2[v · k + iε]

=
∫

d4k

(2π)4

H̄Nkαkβ
1
2

(
[Sα, Sβ ] + {Sα, Sβ}

)
HN

[k2 −m2
π]2[v · k + iε]

=
∫

d4k

(2π)4
H̄Nkikj

1
4δijHN

[k2 −m2
π]2[v · k + iε]

= 1
4

∫
d4k

(2π)4
|k|2H̄NHN

[k2 −m2
π]2[k0 + iε]

= 1
4

∫
d4k

(2π)4
|k|2H̄NHN [(Principal value)− iπδ(k0)]

[k2
0 − |k|2 −m2

π]2

= −i8

∫
d3k

(2π)3
|k|2H̄NHN

[|k|2 +m2
π]2 . (D.9)

We then shift the dimension to use dimensional regularization:

I = −i8

∫
ddk

(2π)d
|k|2H̄NHN

[|k|2 +m2
π]2

= −i8
1

(4π)d/2
d

2
Γ
(
2− d

2 − 1
)

Γ(2)

(
1
m2
π

)2− d2−1

H̄NHN . (D.10)

Taking the limit d→ 3, we derive

I = −i8
3

2(4π)3/2 Γ
(
−1

2

)
mπH̄NHN

= i
3mπ

64π H̄NHN , (D.11)

where we used Γ
(
−1

2

)
= −
√

4π.

The NLO correction to ḡ(1)
πNN induced by the three-pion interaction is thus obtained as

ḡ
(1)
πNN,NLO =Mπ± +Mπ0 = −10mN∆3π

g2
A

f2
π

× I

i
= −mN∆3π

15g2
Amπ

32πf2
π

, (D.12)

which reproduces the formula of eq. (5.10).
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