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1 Introduction

Among the various quantum field theories, 4d N = 2 superconformal field theories (SCFTs)
play a distinguished role. The high amount of supersymmetry, together with the conformal
invariance, allows for the possibility of obtaining exact results, and investigating strongly
coupled regimes which are otherwise complicated to study.

One interesting class of 4d N = 2 SCFTs consist of the so called Argyres-Douglas
(AD) theories. They are characterized by the presence of Coulomb branch (CB) operators
with fractional dimensions. AD theories were originally found to describe the low energy
effective physics at special points in the CB of 4d N = 2 gauge theories, such as for
example pure SU(3) super-Yang-Mills [1–4]. At such special loci, mutually non-local dyons
become massless, and thus remain included in the low energy effective field theory. Due to
this fact, Argyres-Douglas theories are intrinsically non-Lagrangian. Nevertheless, many
AD theories can be realized and studied from a top-down point of view, often related to
superstring theory. For example, a large class of AD theories can be realized inside class
S [5–8], while another class of AD theories, with a partial overlap with the previous one,
can be realized by geometric engineering of type IIB superstring theory [9, 10].

In this paper, we mainly focus on the geometric engineering setup. We consider Type
IIB superstring theory compactified on a non-compact Calabi-Yau 3-fold realized as the
zero-locus of a single hypersurface equation in C4. In particular, we take the hypersurface
equation to be of (G,G′) type [10], namely given by the sum of two ADE polynomials,
where a quadratic term for every ADE polynomial is dropped.

When a 4d N = 2 theory is dimensionally reduced on a circle, at energies lower
than the Kaluza-Klein scale, one is left with a 3d N = 4 theory. In particular, we are
interested in the dimensional reductions to 3d of the above-mentioned (G,G′) AD theories.
Furthermore, for 3d N = 4 theories exists a famous infrared duality named 3d mirror
symmetry [11]. Features of this duality include the fact that the Coulomb and Higgs
branches of two dual theories are swapped, as well as the triplets of mass terms and Fayet-
Iliopoulos parameters. It has been a long-standing problem to find the 3d mirror theories for
(G,G′) theories and there have been a number of papers in the literature that attempted to
address this question, e.g. [7, 12–21]. In a series of our previous works [22–24], the question
of identifying the 3d mirror theories for AD theories of (An, Am), (An, Dm) and (Dn, Dm)
types was completely addressed and settled. As a natural follow-up, one of the main results
of this paper is the mirror theories for the (An, Em) type theories for m = 6, 7, 8.

The construction of the 3d mirror theories for AD theories of the (An, Em) type is
however not the only result that we propose in this paper. We also utilize higher-form
symmetries [25] to constrain the dynamics of the theories and obtain certain new results
regarding the structure of the Higgs branch and 3d reduction of the (G,G′) theories. In
fact, higher form symmetries in SCFTs with 8 supercharges were extensively studied in
recent years, e.g. [26–31], and in particular a classification of 1-form symmetries for all
(G,G′) AD theories have been achieved recently in [28–30]. In particular, we argue that
the 1-form symmetry of the 4d AD theory is completely captured in a non-Higgsable sector
that is present at a generic point of the Higgs branch in a large class of AD theories.
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Such a non-Higgsable sector contains one or several an interacting 4d SCFTs without any
Higgs branch. Via compactification to 3d, such a sector becomes a collection of twisted
hypermultiplets, which upon applying mirror symmetry become free hypermultiplets [22].
An immediate consequence of the above statements is that any AD theory with a non-trivial
1-form symmetry gives rise to a free sector upon dimensionally reduction to 3d.

Yet another important result that has proved highly useful in justifying our proposed
mirror theories is the proof of the Flip-Flip duality [32, 33] of T [G] theories [34] for all the
simply-laced groups G, including the exceptional ones. This duality, along with the action
of the Maruyoshi-Song (MS) flow [35], provides highly non-trivial checks that our proposed
3d mirror theories for the (An, Em) theories.

The paper is organized as follows. In section 2 we briefly summarize necessary infor-
mation about the 1-form symmetries for (G,G′) theories, and discuss their dynamical con-
sequences. In section 3 we briefly review Flip-Flip duality for T [G] group with G = SU(N)
and then generalize it for any simply-laced group, including E6, E7 and E8. In section 4 we
discuss the 3d mirror theories for the (An, Em) AD theories. The discussion is organized
according to the number of mass parameters in descending order. In section 5 we present
certain results on the (Dn, Em) theories. Finally, in appendix A we introduce our notation
and convention of the quivers. In appendix B, we describe in detail the computation of
the CB Hilbert series for the 3d N = 4 gauge theory resulting from dimensional reduction
of the (A5, E6) on a circle. This provides a highly non-trivial test for the proposed mirror
theory for the (An, E6) theories. In appendix C we propose an updated list of trivially
non-Higgsable SCFTs that was given in [23] with also the corresponding value of electric
1-form symmetry. Since the non-Higgsable SCFTs of the (An, Am) type always have a
trivial 1-form symmetry, we omit them from this list, but their information can be found
in ([23], table 2).

2 1-form symmetries

Higher form global symmetries [25] has proved useful for constraining the infrared behavior
of quantum field theories. In this paper, we use the knowledge of 1-form global symmetries
of Argyres-Douglas (AD) theories, studied extensively in [28–30], to gain the understanding
of the structure of their Higgs branch, in particular the non-Higgsable sector that may be
present at a generic point, as well as the free sector that arises from dimensional reduction
to 3d. We briefly summarize the necessary information about the 1-form symmetry below.

Let us focus on the AD theories of type (G,G′), which arise from Type IIB compactifi-
cation on isolated hypersurface singularities X6 in Type IIB. The lines operators arise from
D3-branes wrapping relative 3-cycles inside the desingularization of X6. The intersection
numbers of these 3-cycles give rise to a defect group that encodes information about the
1-form global symmetry of the theory. In particular, it can be shown that the electric and
magnetic 1-form symmetries of the (G,G′) theory are encoded in the torsional part of the
defect group. The latter takes the form f⊕ f [28–30] (see also [26, 27, 31, 36] and [37, 38]).
As discussed in [28, 39], it is always possible to choose an electric or a magnetic 1-form
symmetry of the theory to be isomorphic to f. For convenience, we shall henceforth refer

– 3 –



J
H
E
P
0
6
(
2
0
2
2
)
0
5
9

to f simply as a 1-form symmetry. Moreover, it was found [30] that the 1-form symmetry
is invariant under the Maruyoshi-Song flow; as a consequence, the 1-form symmetry of the
Dp(G) theory is the same as that of the (Ap−1, G) theory.

Let us now focus on the Higgs branch flow. One of the main observations in [22–24]
was that there are a number of AD theories that, upon a Higgs branch flow, become a
collection of hypermultiplets, plus certain non-trivial SCFTs without Higgs branch. The
latter are referred to as a non-Higgsable sector or non-Higgsable SCFTs. Moreover, it
was also proposed that reduction to 3d of such a theory yields a collection of twisted
hypermultiplets, whose number is equal to the rank of the non-Higgsable SCFT in question.

With regard to the 1-form symmetry, we make the following observation

Any AD theory with a non-trivial 1-form symmetry always has a non-Higgsable sector
that has the same 1-form symmetry as the original theory.

Moreover, we find that if an AD theory has a trivial 1-form symmetry, then either it
does not have a non-Higgsable sector or the non-Higgsable sector possesses a trivial 1-form
symmetry. In other words, the 1-form symmetry is “trapped” in the non-Higgsable sector.
An immediate dynamical consequence of this statement is that a theory resulting from
dimensional reduction of an AD theory with a non-trivial 1-form symmetry to 3d always
contains a free sector, namely r ≥ 1 twisted hypermultiplets, where r is the total rank of
the SCFTs in the corresponding non-Higgsable sector.

An implication of the above statement is that the 1-form symmetry is invariant under
the Higgs branch flow. This should be contrasted with the Coulomb branch flow, where
the BPS states may screen the 1-form symmetry [31].

Subsequently, we will use the above observation to constrain the properties of the
Higgs branch of several AD theories with non-trivial 1-form symmetries. For (An, Dm) and
(Dn, Dm) types theories, such an observation put constraints on the non-Higgsable SCFTs
that are in perfect agreement with the findings of [23, 24]. For (An, Em) theories, the above
observation turns out to be very useful as a guiding principle to identify the non-Higgsable
SCFT and hence the mirror theory. For reference, we provide tables 2 and 3, containing a
list of non-Higgsable SCFTs of the type (G,G′) with 0 ≤ 24(c−a) < 1, together with their
ranks and 1-form symmetries. Note that the (An, Am) theories are excluded there, since
all of them have a trivial 1-form symmetry [28, 29] and their information has already been
contained in ([23], appendix C).

2.1 Realization in a weakly-gauged description

It was shown in [40] that any Argyres-Douglas theory of type (G,G′) that does not admit
an N = 2 preserving marginal deformation cannot have a non-trivial 1-form symmetry. In
this section, we thus focus on the theories with a N = 2 preserving conformal manifold
and discuss the realization of the 1-form symmetry at a weak-coupling cusp.
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For simplicity, we focus on the (Dn, Dm) theories,1 whose conformal manifolds were
extensively studied in [24].2 In fact, using the information from [24], along with [28–30],
we observe that

1. a (Dn, Dm) theory that has aN = 2 preserving non-trivial conformal manifold admits
either one or two or six mass parameters, and

2. those with one or two mass parameters have non-trivial 1-form symmetry, while those
with 6 mass parameters always have a trivial 1-form symmetry.

In the following, we will explain why observation 2 holds.
As shown in [24], any (Dn, Dm) theory that admit a N = 2 preserving non-trivial

manifold can be realized as gauging of two Dp(SO(even)) theories via a special orthogonal
gauge algebra. Below, we will demonstrate that the global form of such a gauge algebra
should be a Spin gauge group. In which case, we write

(Dn, Dm) : Dp1(SO(2N1))− Spin(2N2)−Dp2(SO(2N2)) , (2.1)

assuming that so(2N2) is a subalgebra of so(2N1), i.e. N1 > N2. The 1-form symmetry of
the (Dn, Dm) theory in (2.1) is then the product of the following symmetries:

(1) the 1-form symmetry of Dp1(SO(2N1)),

(2) the 1-form symmetry of Dp2(SO(2N2)), and

(3) the center symmetry of Spin(2N2) that is not screened by the Higgs branch generators
of Dp1(SO(2N1)) and Dp2(SO(2N2)).

The symmetries in (1) and (2) can be determined from the fact that the 1-form symmetry
is invariant under the Maruyoshi-Song flow [30], and so they are exactly the same as the
1-form symmetries of (Ap1−1, DN1) and (Ap2−1, DN2) respectively. The latter are given
in [28–30]. To complete the discussion, we now discuss (3). Some ideas below will be
similar to that of [42].

Let us state certain important observations that we will soon need.

• For p odd and p ≥ 2N − 2, the Higgs branch of Dp(SO(2N)) is generated by the
moment maps in the adjoint representation of so(2N) This can be seen as follows. The
mirror theory for such a Dp(SO(2N)) theory is given by the T [SO(2N)] theory plus
a collection of free hypermultiplets ([23], (5.4)). Since the Higgs/Coulomb branch of
T [SO(2N)] is generated by the moment map in the adjoint representation of so(2N),
so is the Higgs branch of Dp(SO(2N)).

1We will discuss the (An, Am) theories below. For this class of theories, it is well-known the 1-form
symmetry of these theories are trivial [28, 29]. For (An, Dm), the discussion in this section can also be
applied using information from [23, 40], although the details are rather lengthy. For (An, Em), (Dn, Em) and
(En, Em), we currently do not have a weakly-gauged description. We leave the latter cases for future work.

2See also [41] for a discussion about conformal manifolds of Argyres-Douglas theories.
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For p odd and p < 2N − 2, the 3d reduction is Tσ[SO(2N)] for some partition σ

(see ([24], (4.2)). Since the Higgs branch of this theory is generated by the moment
map in the adjoint representation of so(2N), the same statement also holds for the
Higgs branch of the corresponding Dp(SO(2N)) theory.

• Let us now take p to be even and consider the Dp(SO(2N)) theories with (2N −
2)/GCD(2N − 2, p) odd. The mirror for p > 2N − 2 and p < 2N − 2 are given
in ([23], section 6.1.2) and ([24], section 4.2.2), respectively. In either case, there is
an overall Z2 that has to be quotiented out in quiver description of the mirror theory.
Upon computing the Coulomb branch generators, the half-integral value fluxes give
rise to those in the spinor representation of Spin(2N), whereas the integral fluxes
give rise to those in the adjoint representation of Spin(2N).

• Let us now take p to be even and consider the Dp(SO(2N)) theories with (2N −
2)/GCD(2N−2, p) even. For p ≥ 2N−2 its 3d reduction gives rise to the quiver given
by ([23], (6.6)), whereas for p < 2N − 2 its 3d reduction is discussed in ([24], section
4.2.1). In either case, the interacting part of the 3d reduction is described in the
following quiver theory3

[DN ]− · · · − [D1] (2.2)

where · · · denotes alternating C-type and D-type gauge groups. The Higgs branch
generators of this theory and therefore of the 4d theory consist of the meson in the
adjoint representation of so(2N), the singlet of so(2), and the “long meson” in the
bifundamental representation of so(2N)× so(2).

Let us now apply these points to (2.1) as follows.

1. For the (Dn, Dm) theories with one mass parameter, we observe that both p1 and
p2 are odd. As we pointed out above, the Higgs branches of Dp1(SO(2N1)) and
Dp2(SO(2N2)) are generated by the moment maps in the adjoint representations of
so(2N1) and so(2N2), respectively. The decomposition of the adjoint representation of
so(2N1) into the representation of so(2N2) always contains the adjoint representation
and vector representation, but not a spinor representation. The vector representation
screens a Z2 subgroup in the Z2 × Z2 or Z4 center of Spin(2N2). Hence, we always
have a Z2 factor in the 1-form symmetry coming from the center of Spin(2N2) gauge
group in (2.1) that is not screened. As a consequence, the 1-form symmetry for
(Dn, Dm) with one mass parameter can never be trivial.

2. For the (Dn, Dm) theories with two mass parameters, one of p1 and p2 is odd and the
other is even. For the even one (let us denote it by p), the corresponding Dp(SO(2N))
has (2N − 2)/GCD(2N − 2, p) being even. The “long meson” in the bifundamental
of so(2N) × so(2) gives rise to the quantities in the vector representation of so(2N)

3The global symmetry DN and D1 can be explicitly seen from the partition ρ = [(p− 1)2, 12N ] in ([24],
section 4.2.1).
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that screens a Z2 subgroup in the Z2 × Z2 or Z4 center of Spin(2N2). There is no
Higgs branch generator in the spinor representation from either Dp1(SO(2N1)) or
Dp2(SO(2N2)). Hence, we always have a Z2 factor in the 1-form symmetry coming
from the center of Spin(2N2) gauge group in (2.1) that is not screened. As a con-
sequence, the 1-form symmetry for (Dn, Dm) with two mass parameters can never
be trivial.

3. For the (Dn, Dm) theories with six mass parameters, both p1 and p2 are even.
Both theories are always of the form Dp(SO(2N)) with even p such that (2N −
2)/GCD(2N−2, p) is odd. As we mentioned above, each theory has Higgs branch gen-
erators in the spinor representation and adjoint representation. The former screens
one Z2 factor in the center symmetry of Spin(2N2), and the decomposition of the
latter of so(2N1) to the subgroup so(2N2) gives rise to the vector representation that
screens the other Z2 factor in the center symmetry (see Point 1). In summary, the
Z2×Z2 or the Z4 center of Spin(2N2) is totally screened. Next, we show that in this
case, both Dp1(SO(2N1)) and Dp2(SO(2N2)) have a trivial 1-form symmetry. We can
perform a Maruyoshi-Song flow from the Dp(SO(2N)) theory to the (Ap−1, DN ) the-
ory. Using the fact that the 1-form symmetry is invariant under the Maruyoshi-Song
flow and that the (Ap−1, DN ) theory with even p and (2N − 2)/GCD(2N − 2, p) odd
has a trivial 1-form symmetry4 [30], we reach the conclusion that the corresponding
Dp(SO(2N)) theory also has a trivial 1-form symmetry. As a consequence, the 1-form
symmetry for (Dn, Dm) with six mass parameters is always trivial.

We can apply the same argument to the (An, Am) theories with a non-trivial conformal
manifold. As discussed in ([22], (3.26)), such a theory can be written as a SU(N2) gauging
of certain Dp1(SU(N1)) and Dp2(SU(N2)) with N1 > N2 and p2 > N2. Note that a
Dp(SU(N)) theory has a trivial 1-form symmetry.5 Since the branching rule of the adjoint
representation, under which the moment map transforms, of SU(N1) to SU(N2) always
contains a fundamental and an antifundamental representations of SU(N2), these screen
the ZN2 center of the SU(N2) gauge group. Overall, the 1-form symmetry is trivial, as
expected for the (An, Am) theories.

As a matter of fact, this analysis can be applied to any theory involving weakly gauging
of SCFTs. We demonstrate this in a subsequent example (4.16).

3 Maruyoshi-Song procedure

In order to extract the 3d mirrors of (A,E) theories, we can exploit the fact that all (A,G)
models have a class S description involving a sphere with a single irregular puncture for
the 6d N = (2, 0) theory of type G. If we add to this setup a full regular puncture we find

4This is because 2 divides p and GCD(p, 2N − 2) does not divide N − 1, since (2N − 2)/GCD(2N − 2, p)
is odd; see table 1 of [30].

5The reason for this is as follows. There is a Maruyoshi-Song (MS) flow from the Dp(SU(N)) theory
to the (Ap−1, AN−1) theory [43, 44]. Due to the fact that the 1-form symmetry of the latter theory is
trivial [28, 29] and that the 1-form symmetry is invariant under the MS flow [30], we conclude that the
1-form symmetry of the Dp(SU(N)) theory is trivial.
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the so-called Dp(G) theories and from these we can flow back to (Ap−h∨G−1, G), for p ≥ h∨G,6
(where h∨G denotes the dual Coxeter number of G) by activating a principal nilpotent VEV
for the G moment map. As was observed in [43–45], we can also flow from Dp(G) to
(Ap−1, G) (this time without restrictions on the value of p) with a variant of the above
procedure (MS flow), which involves coupling a chiral multiplet to the G moment map via
a superpotential term and activating a nilpotent VEV for it, instead of the moment map.
This generalizes a class of RG flows discovered in [35]. We will refer to these adjoint chirals
as flipping fields from now on.

This observation is relevant for us because we can exploit it to relate the mirrors of
(Ap−1, G) and (Ap−h∨G−1, G) and therefore constrain the problem. In order to do this, we
first have to discuss a 3d duality we will need below.

3.1 Flip-Flip duality for T [G]

The 3d N = 4 theory T [G] introduced in [34] can be thought of as the S-duality wall for
N = 4 super Yang-Mills with gauge group G and is used to construct the S-dual of the
one-half BPS Dirichlet boundary condition for the same theory: one simply couples the
fields of N = 4 SYM to T [G] at the boundary. The theory has global symmetry G on
the Higgs branch and G∨ on the Coulomb branch, where G∨ denotes the langlands dual
group. The mirror dual of T [G] is known to be T [G∨]. In particular T [G] is self-mirror for
G simply-laced, which is the only case we will need in this paper.

For G classical and simply-laced the T [G] theory has a known quiver description and
also a Hanany-Witten brane realization in Type IIB string theory. The explicit Lagrangian
description was exploited in [32] to prove that T [SU(N)] has a dual description (dubbed
Flip-Flip duality in [32]) analogous to Aharony duality [46] for N = 2 SQCD. The dual
description simply involves flipping the moment maps both on the Higgs branch and on
the Coulomb branch, where the flipping fields are the chiral ring counterpart of the corre-
sponding moment maps in the original theory. Notice that this operation naively breaks
extended supersymmetry to N = 2 but it turns out supersymmetry enhances back to
N = 4 in the infrared, as the duality implies. The analogy with Aharony duality is due
to the fact that the Flip-Flip duality can be derived by performing a sequence of Aharony
dualities on the gauge nodes of the quiver. This, in particular, allows one to check the
supersymmetry enhancement mentioned before.

The Flip-Flip duality can also be given a brane interpretation, as flipping moment
maps turns out to be equivalent to rotating the corresponding 5-branes. Flipping both the
Higgs branch and Coulomb branch moment maps actually corresponds to rotating the brane
system as a whole, and this is a trivial operation which does not affect the field theory. This
argument carries over to the G = SO(2N) case, as pointed out in [23] and therefore one
might suspect this holds also for G exceptional, even though the arguments presented above
do not apply since neither a brane realization nor a Lagrangian description are known. We
are now going to present an argument which applies to every G simply-laced and only uses
the properties of BPS boundary conditions for N = 4 SYM with gauge group G.

6The constraint comes from the fact that chiral ring relations prevent us from activating a principal
nilpotent VEV for the moment map for low values of p.
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First, we describe the T [G] theory as the infrared limit of N = 4 G SYM on an interval,
coupled to T [G] at one end of the interval, say on the left, and with Dirichlet boundary
conditions at the right end (see [34]). In order to discuss more in detail the boundary
conditions, we split the six adjoint scalars in the 4d N = 4 multiplet into two groups of
three: X1,2,3 and Y1,2,3. We also denote their boundary values on the left (L) and right
(R) of the interval by X

L/R
1,2,3 and Y

L/R
1,2,3 . The 4d theory on the interval described above

preserves eight supercharges if we give Dirichlet boundary conditions on the right to three
of the scalars (say Y R

i ) and Neumann boundary conditions on the right to the other three
(namely XR

i ) [47]. In order to make contact with the brane description available for G
classical, we can identify XR

i with the directions wrapped by the D5-branes7 in Type IIB.
At the other end of the interval the scalars Y L

i are given Neumann boundary conditions
whereas the XL

i are forced to be equal to the Higgs branch moment map of T [G] due to
the coupling with the 3d theory. In order to proceed with our argument, it is convenient
to combine XL/R

1,2 into a complex field X
L/R
C ≡ X

L/R
1 + iX

L/R
2 and similarly introduce

Y
L/R
C ≡ Y L/R

1 + iY
L/R

2 .
We now modify the above setup by interchanging XR

C and Y R
C : we give Neumann

boundary conditions to Y R
C (which used to be Dirichlet) and Dirichlet to XR

C (which used
to be Neumann), whereas we leave the boundary condition on the left unchanged. With
this modification the system only preserves four supercharges and not eight as before [48]
and corresponds for classical G to rotating the D5-branes. Since now XR

C has Dirichlet
boundary conditions, due to the BPS equation, supersymmetry prevents XC to have a
non-trivial dependence on the coordinate along the interval. This implies that XL

C = XR
C .

As a result, the complex part of the T [G] Higgs branch moment map is set to zero, which
is exactly the effect we expect from the flipping. Moreover, since Y L

C = Y R
C now has

Neumann boundary conditions, its value is unconstrained and can be identified with the
VEV of the flipping field (see [49] for a similar construction). By interchanging the Dirichlet
and Neumann boundary conditions on the right, we interchange the roles of XR

C and Y R
C .

This is equivalent to flipping the Higgs branch moment map of T [G].
In order to conclude the argument, we have to exploit the self-mirror property of T [G]

for G simply laced. Performing S-duality for the 4d theory in the bulk of the interval
interchanges the 3d theory with its mirror and turns the boundary condition on the left
into Dirichlet boundary condition. Likewise, the boundary condition on the right becomes
the S-dual of Dirichlet, namely the coupling to T [G∨] = T [G]. Since we know that the
mirror of T [G] with the Higgs branch moment map flipped is T [G] with the Coulomb
branch moment map flipped, we learn that interchanging the roles of XL

C and Y L
C , where

we had the S-dual of Dirichlet, corresponds to flipping the Coulomb branch moment map.
At this stage, we conclude just by observing that flipping both moment maps corresponds
to interchanging XL

C and Y L
C as well as XR

C and Y R
C , but this is a simple relabeling of the

scalar fields which cannot have any effect on the infrared theory. We therefore obtain the
Flip-Flip duality for any G simply-laced.

7The D5-branes impose the Dirichlet boundary condition on the gauge fields and on Y R
1,2,3, parametrizing

the transverse directions to the D3-branes.
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3.2 Dp(G) theories and special unitary quivers with exceptional shape

In order to proceed with our analysis, we find it convenient to work out in detail the
properties of Dp(G) theories with G simply-laced and p = h∨G, the dual Coxeter number
of G. We are specifically interested in understanding the Higgs branch of these models.
In order to solve this problem we follow a slightly indirect route, which involves partially
closing the full G puncture in the class S description of the theory to a minimal puncture8

and then proceed by analyzing the resulting model. The advantage of this approach is
that, as we will see, the theory with a minimal puncture turns out to be Lagrangian, which
indeed greatly simplifies the analysis, and more specifically it is described by a special
unitary quiver with affine G shape. In particular, for G exceptional of the E6,7,8-type, we
find for the first time the class S realization of quivers with the shape of the corresponding
exceptional affine Dynkin diagram such that all gauge groups are special unitary.

Let us directly focus on the case of G exceptional of the E6,7,8-type. The fact that
p = h∨G implies that the CB spectrum of these theories is given by

CB =
⋃

C(En)
{i = 2, . . . ,C(En)− 1} , (3.1)

where, by C(En), we mean the Casimir operators of En, with n = 6, 7, 8. Let us consider,
for instance, D12(E6). The CB spectrum of this theory according to (3.1) is

{{}, {2, 3, 4}, {2, 3, 4, 5}, {2, 3, 4, 5, 6, 7}, {2, 3, 4, 5, 6, 7, 8},
{2, 3, 4, 5, 6, 7, 8, 9, 10, 11}} ,

(3.2)

while, by the classification of punctures of type E6 in [50], the pole structure of the full
puncture in type E6 theories is

pmax
E6 = {pmax

2 , pmax
5 , pmax

6 , pmax
8 , pmax

9 , pmax
12 } = {1, 4, 5, 7, 8, 11} . (3.3)

Since there are no constraints on the CB operators for the maximal puncture, the pole
structure counts the number of masses (one for each Casimir) plus the CB operators in (3.2).
The procedure now involves replacing the full puncture of Dh∨E

(E) by the minimal puncture
of the corresponding exceptional group E = E6,7,8. The resulting theory has a spectrum
compatible with a quiver shaped like the affine Dynkin diagram of E. This is obtained by
removing from the spectrum of Dh∨E

(E) the operators which are not compatible with the
pole structure and constraints of the minimal puncture. Let us again consider D12(E6)
where we replace the full puncture by a minimal one, whose pole structure is [50]

pmin
E6 =

{
pmin

2 , pmin
5 , pmin

6 , pmin
8 , pmin

9 , pmin
12

}
= {1, 1, 2, 2, 2, 3} . (3.4)

For this theory, the minimal puncture does not have any constraint, so the resulting spec-
trum can be obtained by removing from the original CB spectrum a number of operators

8Note that for an exceptional gauge group En, the full puncture is denoted by the Bala-Carter label 0
and the minimal puncture is denoted by En(a1).
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given by the difference between the pole structure of the full puncture and the pole structure
of the minimal puncture,9 i.e.

pmax
E6 − p

min
E6 = {0, 3, 3, 5, 6, 8} . (3.5)

To determined the CB spectrum, we remove the elements, in ascending order, in each list
in (3.2) so that each list has the number of the elements equal to (3.5). The elements that
are removed constitute the CB spectrum of the theory with the minimal puncture. Below,
we highlight such elements in (3.2) in red:

{{}, {2, 3, 4}, {2, 3, 4, 5}, {2, 3, 4, 5, 6, 7}, {2, 3, 4, 5, 6, 7, 8},
{2, 3, 4, 5, 6, 7, 8, 9, 10, 11}} .

(3.6)

The resulting CB spectrum is thus determined by the red elements:

CBmin(E6) = {2, 2, 2, 2, 3} . (3.7)

This is compatible with that of the following quiver:

SU(1) SU(2) SU(3)

SU(2)

SU(1)

SU(2) SU(1)

(3.8)

where SU(1) should be viewed as one flavor attached to the gauge node next to it. Thus,
by closing the full E6 puncture in D12(E6) to the minimal E6 puncture, we obtain an affine
E6-shaped quiver with all nodes being special unitary, as promised. We remark that (3.8) is
in fact the Lagrangian description of the (D4, D4) theory; see ([20], (6.6)) and ([24], (5.53)).

One can repeat the same discussion for D18(E7), with the following data [51]

pmax
E7 = {pmax

2 , pmax
6 , pmax

8 , pmax
10 , pmax

12 , pmax
14 , pmax

18 } = {1, 5, 7, 9, 11, 13, 17} ,

pmin
E7 =

{
pmin

2 , pmin
6 , pmin

8 , pmin
10 , pmin

12 , pmin
14 , pmin

18

}
= {1, 2, 2, 2, 3, 3, 4} ,

(3.9)

obtaining, by subtraction analogously to the D12(E6) case, the following CB spectrum

CBmin(E7) = {2, 2, 2, 2, 2, 2, 3, 3, 3, 4} . (3.10)

The resulting theory is compatible with the following quiver

SU(1) SU(2) SU(3) SU(4)

SU(2)

SU(3) SU(2) SU(1)
(3.11)

Thus, by closing the full E7 puncture in D18(E7) to the minimal E7 puncture, we obtain
an affine E7-shaped quiver with all nodes being special unitary, as promised.

9Generically, one needs to obtain the graded CB spectrum from the pole structure by imposing the
constraints coming from the analysis of the Hitchin system.
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The theory D30(E8) also follows using the pole structures in [52], however, it seems
that the minimal puncture contains non-trivial constraints to be taken into account and
these are not available in the literature yet. We can however notice that, as in the E6 and
E7 cases, the central charges a and c are compatible with an E8-shaped quiver.

We can, of course, repeat the analysis also for G classical. Indeed, for G = SU(N) the
theory with a minimal puncture describes a collection of N free hypermultiplets whereas
for G = SO(2N) we find a linear quiver with N − 3 SU(2) gauge groups, terminating with
two flavors on both sides.

The important fact for us is that for every choice of G the Higgs branch of the minimal
puncture theory contains as a subvariety the Kleinian singularity C2/ΓG, where ΓG is the
discrete group corresponding to G, and indeed it becomes isomorphic to it upon gauging
all the baryonic U(1) symmetries of the theory, whose number is equal to the rank of G.
Moving along this subvariety physically corresponds to closing the minimal puncture. We
therefore learn that the full puncture of Dh∨G

(G) can be fully closed.

3.3 The mirror dual of Dh∨G
(G) and (Anh∨G−1, G)

Let us now apply our findings to the determination of the 3d mirrors of Argyres-Douglas
theories. In the following, we denote by rG the rank of G.

We start by looking at the properties of Dh∨G
(G):

• Its G moment map is not constrained by chiral ring relations and can be given
a principal nilpotent VEV. We therefore expect the Higgs branch to include as a
subvariety the G principal nilpotent orbit, whose quaternionic dimension is h∨GrG/2.

• The dimension of the Higgs branch is h∨GrG/2 + rG and we do not expect any non-
Higgsable sectors.

• The number of mass parameters is 2rG.

• The Coulomb branch dimension is h∨GrG/2− rG.

The first two statement follow from the properties of the minimal puncture theories dis-
cussed in section 3.2 and the last two directly follow from the results of [53, 54] and [45].
All these properties are compatible with a 3d mirror theory given by T [G] with the Cartan
of the Higgs branch symmetry gauged. Our claim is therefore that the 3d mirror of Dh∨G

(G)
is just

T [G]///U(1)rG , (3.12)

where /// denotes gauging (hyperKähler quotient at the level of the moduli space). We
indeed know this is the case for G classical, and our findings strongly suggest this holds
for exceptional groups as well. We can now exploit the fact that with the MS flow we can
go from Dh∨G

(G) to (Ah∨G−1, G). Coupling the flipping field to the G moment map of the
4d theory amounts on the 3d mirror side to flipping the Coulomb branch moment map of
T [G] and thanks to the Flip-Flip duality this is equivalent to flipping the Higgs branch.
Exploiting this, it is now a simple task to understand the effect of the RG flow by applying
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the methods developed in [17, 55, 56], since turning on the nilpotent VEV just amount to
removing T [G] from the 3d theory. We therefore end up with a U(1)rG abelian theory with
matter fields organized into hypermultiplets which are in one-to-one correspondence with
the positive roots of G. We will describe these field theories more in detail in the next
section.

Moreover, we can exploit the MS flow to establish a sort of “recursion relation” among
3d mirrors of (A,G) theories: once we know the mirror of (Ap−1, G), we also know that
the 3d mirror of Dp+h∨G(G) is the same theory coupled to T [G] via a gauging. With an MS
flow starting from the latter, we can then obtain the 3d mirror of (Ap+h∨G−1, G) in which
the T [G] theory is removed and traded for a chiral in the adjoint of G, which contributes
h∨GrG/2 hypermultiplets in one-to-one correspondence with the positive roots of G.

Let us now generalize the above observation to the
(
Anh∨G−1, G

)
theories. The number

of mass parameters is rG. This theory has rank
(

1
2nh

∨
G − 1

)
rG, the value of 24(c−a) equal

to rG, and a trivial 1-form symmetry. In general, we propose that the mirror theory is
described by a 3d N = 4 gauge theory with rG abelian gauge groups and with the Higgs
branch dimension

(
1
2nh

∨
G − 1

)
rG, i.e. there are 1

2nh
∨
GrG hypermultiplets in this description.

Recall again that 1
2h
∨
GrG is the number of positive roots of G. This, along with the above

discussion, leads us to propose that the matter content of the mirror theory for
(
Anh∨G−1, G

)
is described by n copies of a collection of hypermultiplets, whose charges are given by the
positive root vectors of G with integer elements. There is no free hypermultiplet in the
mirror theory. Let us demonstrate this in explicit examples.

Let {ei} be an orthonormal basis. For G = Am = su(m + 1), the positive roots are
(see e.g. [57], appendix A.1)

{ei − ej}1≤i<j≤m+1 . (3.13)

The mirror theory for (An(m+1)−1, Am) is therefore described by a 3d N = 4 gauge theory
with (m + 1) U(1) gauge nodes and the n copies of a collection of hypermultiplets, each
with charge (+1,−1) under the i-th and j-th gauge groups such that 1 ≤ i < j ≤ m + 1.
This can be conveniently described by a quiver diagram that is a complete graph with
(m + 1) U(1) nodes, where each edge has multiplicity n. This is precisely in agreement
with the description presented below ([22], (4.12)). It should be emphasized that there is
an overall U(1) that decouples, and so the number of abelian group that acts non-trivially
on the hypermultiplet is actually rank Am = m, in accordance with the above discussion.

For G = Dm = so(2m), the positive roots are (see e.g. [57], appendix A.1)

{ei + ej}1≤i<j≤m ∪ {ei − ej}1≤i<j≤m . (3.14)

The mirror theory for (An(2m−2)−1, Dm) is therefore described by a 3d N = 4 gauge theory
with m U(1) gauge nodes and the n copies of a collection of hypermultiplets coming in
two sets: one with charge (+1,+1) and the other with charge (+1,−1) under the i-th and
j-th gauge group such that 1 ≤ i < j ≤ m. Since a pair of hypermultiplets with charges
(+1,+1) and (+1,−1) under U(1)× U(1) can be replaced by four half-hypermultiplets in
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the representation [2,2] of SO(2) × SO(2), see (A.1) and (A.2), this description can be
conveniently rephrased in terms of a quiver diagram that is a complete graph of m D1
gauge nodes with edge multiplicity n. This is precisely in agreement with the description
presented below ([23], (6.18)).

This can, of course, be generalized to G being E6, E7 and E8. An important point is
to choose a basis for the positive roots such that their entries are integer-valued.10

We demonstrate our choice for this in sections 4.1.1, 4.2.1 and 4.3.1.

4 (An, Em) theories

In this section, we discuss the (An, E6,7,8) theories as well as their mirrors in detail. We find
that it is convenient to arrange the discussion according to the number of mass parameters
in descending order.

4.1 3d mirror theories for (An, E6)

Each of the (An, E6) theories either has 6, 2 or 0 mass parameters.

4.1.1 6 mass parameters

This is actually the class of theories discussed earlier in section 3.3, withG = E6, rankG = 6
and h∨G = 12. They can be parametrized as (A12n−1, E6), with n ≥ 1. One may write the
36 positive roots r(j) (with j = 1, . . . 36) of E6 in terms of the simple roots11 αi (with
i = 1, . . . 6) as

r(j) =
6∑
i=1

c
(j)
i αi , with j = 1, . . . 36 (4.1)

with c(j)
i non-negative integers. The coefficients c(j)

i have an interpretation as the charges
of the j-th hypermultiplet (in each copy of the n copies of such hypermultiplets) under
the i-th U(1) gauge group. These coefficients are, of course, not unique, but any two
choices of the positive roots are related by the Weyl symmetry. The coefficients c(j)

i can be
computed, for example, by using the command AlphaBasis[PositiveRoots[E6]] of the

10The counting of matter hypermultiplets can also be performed within a M-theoretic setup and is
currently under investigation. This method is largely independent from and complementary to ours and
leads to the same answer. We thank Mario De Marco, Andrea Sangiovanni and Roberto Valandro for
sharing their preliminary results with us. See [58, 59] for a detailed discussion about this approach.

11In the standard orthogonal basis {e1, · · · , e6}, the simple roots of E6 can be written as (see e.g. [60],
Page 333 and [57], appendix A.1)

α1 = 1
2
(
e1 − e2 − e3 − e4 − e5 +

√
3e6
)
,

αi = ei − ei−1 (i = 2, . . . , 5), α6 = e1 + e2 .
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Mathematica application LieART 2.0 [61]; the result is

(1, 2, 3, 2, 1, 2), (1, 2, 3, 2, 1, 1), (1, 2, 2, 2, 1, 1), (1, 2, 2, 1, 1, 1),
(1, 1, 2, 2, 1, 1), (0, 1, 2, 2, 1, 1), (1, 2, 2, 1, 0, 1), (1, 1, 2, 1, 1, 1),
(0, 1, 2, 1, 1, 1), (1, 1, 2, 1, 0, 1), (1, 1, 1, 1, 1, 1), (0, 1, 2, 1, 0, 1),
(0, 1, 1, 1, 1, 1), (1, 1, 1, 1, 0, 1), (1, 1, 1, 1, 1, 0), (0, 1, 1, 1, 0, 1),
(0, 1, 1, 1, 1, 0), (0, 0, 1, 1, 1, 1), (1, 1, 1, 0, 0, 1), (1, 1, 1, 1, 0, 0), (4.2)
(0, 1, 1, 0, 0, 1), (0, 1, 1, 1, 0, 0), (0, 0, 1, 1, 0, 1), (0, 0, 1, 1, 1, 0),
(1, 1, 1, 0, 0, 0), (0, 1, 1, 0, 0, 0), (0, 0, 1, 0, 0, 1), (0, 0, 1, 1, 0, 0),
(0, 0, 0, 1, 1, 0), (1, 1, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0),
(0, 0, 0, 0, 0, 1), (0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0), (1, 0, 0, 0, 0, 0) ,

where the entries of the j-th vector denote the coefficient c(j)
i=1,...,6.

4.1.2 2 mass parameters

The (An, E6) theories with 2 mass parameters can be parameterized as (A3n−1, E6), for
n ≥ 1 and

3n mod 12 6= 0 . (4.3)

We observe that each theory in this class has rank 9n−4, and for n of the form n = 4m−2,
with m ∈ Z≥1, the theory (A12m−7, E6) has a Z2 1-form symmetry; otherwise, the 1-form
symmetry is trivial.

We propose that the mirror theory is

3n− 2 free hypermultiplets (4.4)

together with an interacting part described by one of the following equivalent descriptions:12

D1
2n

D1 [2n]2 /Z2

←→ U(1) 2n U(1) [2n][2n]

←→ U(1) U(1)

U(1)

2n

2n2n

/U(1)

(4.5)

Let us now discuss the non-Higgsable sector of this class of theory, as well as the
number of free hypermultiplets in the mirror theory. First, the fractional part of 24(c− a)
contains information about the non-Higgsable sector of the theory. Since the number of

12We remark that the interacting part of the 3d mirror of (A3n−1, E6) for 3n mod 12 6= 0 is identical
to the 3d mirror of (A2, A6n−1). This in particular implies that the Higgs branch of these two theories is
identical. It is interesting to ask whether the two 4d theories are somehow related.
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mass parameters is equal to the dimension of the Coulomb branch of the mirror theory
which is also equal to the dimension of the Higgs branch of the 4d theory, it follows that

(24(c− a) of the AD theory)− (# mass parameters of the AD theory)
= 24(c− a) of the non-Higgsable sector .

(4.6)

Moreover, as we discussed earlier, the 1-form symmetry of the non-Higgsable sector has to
be equal to that of the AD theory in question. Finally, the rank of the non-Higgsable sector
must be in agreement with the number of free hypermultiplets. As we will see, these three
conditions provide a strong constraint on the non-Higgsable sector of a given AD theory.
Let us first examine the theories with a Z2 1-form symmetry and two mass parameters. We
take, for example, (A5, E6), (A17, E6) and (A29, E6); their quantities (4.6) are, respectively,
0, 4/5 and 8/7. Non-Higgsable theories with a Z2 1-form symmetry and these values are
(A2, D4), (A8, D4), and (A14, D4). The first two can be found in table 2, whereas the fact
that the last theory is non-Higgsable is described below ([23], (5.4)). The rank of these
non-Higgsable theories are 4, 16 and 28; in agreement with (4.4) for n = 2, 6, 10. This
observation leads us to the following conclusion:

For the (A12m−7, E6) theory (m ≥ 1), which has two mass parameters and a Z2
1-form symmetry, the non-Higgsable theory is (A6m−4, D4). The latter has a
Z2 1-form symmetry and rank 12m− 8.

Let us turn to the theories with a trivial 1-form symmetry and two mass parameters. Exam-
ples of such theories are (A2, E6), (A8, E6), (A14, E6) and (A20, E6). Their quantities (4.6)
are, respectively, 1/5, 5/7, 1 and 13/11. For the first two theories, namely (A2, E6),
(A8, E6), the non-Higgsable SCFTs can be easily identified as (A1, A2) and (A2, E7); their
ranks are 1 and 7, in agreement with (4.4). For the third and fourth theories, we conjecture
that the non-Higgsable sector is a product of non-Higgsable SCFTs with 0 < 24(c−a) < 1.
We, however, cannot identify them reliably using our current technique. We leave this
issue for the future investigation.

Let us now discuss some special cases in detail. This also serves as a non-trivial test
of the above proposal.

The case of n = 1: the (A2, E6) theory. It can be checked that the Seiberg-Witten
curves and differential, Coulomb branch spectra and central charges of the (A2, E6) and
(A3, D4) are equal. The mirror for the latter is given by ([24], eqs. (5.16), (5.17) and (5.18))
with n = 1, and by ([23], (6.37)) with m = 2,N = 2. This is in agreement with the above
proposal.

The case of n = 2: the (A5, E6) theory. It was proposed in ([20], left diagram
of (3.20)) that, upon dimensional reduction to 3d, we obtain the following 3d N = 4 quiver
gauge theory

U(1) U(2) SU(4) U(3) U(2) SU(2) U(1)

SU(2)

(4.7)
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with the possibility of Z2 discrete gauging. The choice of such discrete gauging reflects the
presence of the Z2 1-form global symmetry of the 4d (A5, E6) theory that can be either
gauged or left ungauged (cf. [23], section 5.3). We show that the aforementioned theory,
namely (4.4) with (4.5), is indeed a mirror theory for (4.7) with the Z2 discrete gauging.
A way to do so is to compute the Coulomb branch Hilbert series of (4.7), which is outlined
in appendix B. We find that the contribution from the integral-valued magnetic fluxes is

1 + 58t+ 256t3/2 + . . . , (4.8)

whereas, if there is Z2 discrete gauging, one also needs to take into account the contribution
from the half-odd-integral-valued magnetic fluxes:

8t1/2 + 24t+ 360t3/2 + . . . . (4.9)

Summing up these two contributions, we obtain

1 + 8t1/2 + 82t+ 616t3/2 + . . .

=
(
1− t1/2

)−8 (
1 + 46t+ 128t3/2 + . . .

)
.

(4.10)

The factor
(
1− t1/2

)−8
indicates the presence of 8 free half-hypermultiplets, i.e. 4 free

hypermultiplets, which arise from the reduction of the non-Higgsable theory (A2, D4).
Furthermore, the term 46t indicates that the Coulomb branch symmetry of the interacting
part of (4.7) is of dimension 46; this is perfectly in agreement with the Higgs branch
symmetry of (4.5)n=2, namely SU(4)3×U(1), which has dimension 46. Moreover, we check
that the Higgs branch Hilbert series of (4.5)n=2 is in agreement with the quantity in the
brackets in the second line of (4.10).

Maruyoshi-Song flow and the mirror of D3n+12(E6). As we have already explained,
the theories with two mass parameters can be obtained by activating a nilpotent VEV
for the E6 moment map of D3n+12(E6). The 3d mirrors of the latter theories are then
simply given by T (E6) coupled to the quiver (4.5), where coupling means that the two
abelian gauge groups should be identified with a subgroup of the Cartan of E6. In order to
specify the 3d mirrors of the parent D3n+12(E6) models, we should therefore identify the
embedding. This can be done by considering the MS flow, as we will now explain.

The important fact for us is that D3n+12(E6) can flow both to (A3n−1, E6) and to
(A3n+11, E6) upon nilpotent higgsing and MS flow, respectively. In the first case at the
level of the 3d mirror we are simply removing the T (E6) sector, whereas in the second we
are trading it for a chiral multiplet in the adjoint of E6. The components of this chiral
are organized in hypermultiplets in one-to-one correspondence with the positive roots of
E6 and their charge under the two abelian groups will clearly depend on how they are
embedded inside E6.

Since the difference between nilpotent higgsing and MS flow is a shift of n by 4,
from (4.4) we conclude that the subgroup of E6 commuting with the U(1)2 gauge group
has twelve positive roots. We also know that it has rank 4 (neglecting the gauge group
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itself) and therefore we are looking for a group of rank 4 and dimension 28. These are
the data of SO(8) and therefore we conclude that we have to gauge the U(1)2 subgroup
which commutes with SO(8) inside E6. We can further test this proposal by looking at the
decomposition of the adjoint under

E6 ⊃ U(1)1 × SO(10) ⊃ U(1)1 ×U(1)2 × SO(8) .

Apart from the adjoint of SO(8), we get a vector of SO(8) which is charged under U(1)2
only and two spinors in 8s and 8c which are charged under both U(1)’s, with charge (1, 1)
and (1,−1) respectively. These data are clearly compatible with a shift of n by 4 in the
first quiver in (4.5), giving further support to our claim.

4.1.3 0 mass parameter

The (An, E6) theory with n of the form n = 2n (with n ≥ 1) or n = 2n−1 (with n ≥ 1, with
2nmod 3 6= 0 and 2nmod 4 6= 0) has zero mass parameter and a trivial 1-form symmetry.
On the other hand, for n of the form n = 4m − 1, with m ≥ 1 and 4mmod 12 6= 0, the
theory has zero mass parameter and a Z3 1-form symmetry. In any case, the theory is
non-Higgsable. The mirror theory is therefore a collection of free hypermultiplets, whose
number is equal to the rank of the corresponding 4d theory. In the case of the theories
with a Z3 1-form symmetry, there is a choice of applying a Z3 discrete gauging to such free
hypermultiplets in the mirror theory (cf. [23], section 5.3).

Let us demonstrate the above statement in a non-trivial example of (A3, E6). The 3d
N = 4 gauge theory description upon dimensional reduction to 3d is given by ([20], (3.13)):

U(1) U(2)
U(3)

or
SU(3)

U(2) U(1)

U(1)

(4.11)

There are two choices for the central gauge node, namely U(3) or SU(3).
Let us first analyze the case in which it is U(3). The above quiver has an overall

U(1) that decouples. After modding this out, say from the central U(3) gauge node, it
becomes U(3)/U(1) ∼= SU(3)/Z3. From this perspective, the corresponding quiver theory
has a Z3 discrete 0-form global symmetry. According to [62], the theory (4.11) is then the
mirror theory of the 4d class S theory associated with A2 sphere with two maximal and
one minimal punctures. The latter is indeed a theory of 9 free hypermultiplets. Hence,
with this choice of the central gauge node, we conclude that the mirror theory of (A3, E6) is
the theory of 9 free hypermultiplets. Alternatively, we can apply repeatedly the following
duality [34] to quiver (4.11) with the central node being U(3):

U(N) gauge theory with 2N − 1 flavors
←→ U(N − 1) gauge theory with 2N − 1 flavors

+ one twisted hypermultiplet .
(4.12)

As a result, we obtain a theory of 9 twisted hypermultiplets, whose mirror theory is a
theory of 9 free hypermultiplets.
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Let us now turn to the other choice of the central node, which is SU(3). This can be
obtained simply by gauging the Z3 0-form global symmetry of the aforementioned theory.
As a result, the corresponding mirror theory of (A3, E6) is a Z3 discrete gauging of the
theory of 9 free hypermultiplets. As we discussed earlier, These two choices reflect the
presence of the Z3 1-form symmetry of the (A3, E6) theory.

4.2 3d mirror theories for (An, E7)

4.2.1 7 mass parameters

This is actually the class of theories discussed earlier in section 3.3, withG = E7, rankG = 7
and h∨G = 18. Each theory in this class can be written as (A18n−1, E7). One may write
the 63 positive roots r(j) (with j = 1, . . . 63) of E7 in terms of the simple roots13 αi (with
i = 1, . . . 7) as

r(j) =
7∑
i=1

c
(j)
i αi , with j = 1, . . . 63 (4.13)

with c
(j)
i non-negative integers. As before, the coefficients c(j)

i have an interpretation
as the charges of the j-th hypermultiplet (in each copy of the n copies of such hyper-
multiplets) under the i-th U(1) gauge group. We emphasize again that these coeffi-
cients are not unique, but any two choices of the positive roots are related by the Weyl
symmetry. The coefficients c(j)

i can be computed, for example, by using the command
AlphaBasis[PositiveRoots[E7]] of the Mathematica application LieART 2.0 [61]; the
result is

(2, 3, 4, 3, 2, 1, 2), (1, 3, 4, 3, 2, 1, 2), (1, 2, 4, 3, 2, 1, 2), (1, 2, 3, 3, 2, 1, 2),
(1, 2, 3, 2, 2, 1, 2), (1, 2, 3, 3, 2, 1, 1), (1, 2, 3, 2, 1, 1, 2), (1, 2, 3, 2, 2, 1, 1),
(1, 2, 3, 2, 1, 0, 2), (1, 2, 3, 2, 1, 1, 1), (1, 2, 2, 2, 2, 1, 1), (1, 2, 3, 2, 1, 0, 1),
(1, 2, 2, 2, 1, 1, 1), (1, 1, 2, 2, 2, 1, 1), (0, 1, 2, 2, 2, 1, 1), (1, 2, 2, 2, 1, 0, 1),
(1, 2, 2, 1, 1, 1, 1), (1, 1, 2, 2, 1, 1, 1), (0, 1, 2, 2, 1, 1, 1), (1, 2, 2, 1, 1, 0, 1),
(1, 1, 2, 2, 1, 0, 1), (1, 1, 2, 1, 1, 1, 1), (0, 1, 2, 2, 1, 0, 1), (0, 1, 2, 1, 1, 1, 1),
(1, 2, 2, 1, 0, 0, 1), (1, 1, 2, 1, 1, 0, 1), (1, 1, 1, 1, 1, 1, 1), (0, 1, 2, 1, 1, 0, 1),
(0, 1, 1, 1, 1, 1, 1), (1, 1, 2, 1, 0, 0, 1), (1, 1, 1, 1, 1, 0, 1), (1, 1, 1, 1, 1, 1, 0),
(0, 1, 2, 1, 0, 0, 1), (0, 1, 1, 1, 1, 0, 1), (0, 1, 1, 1, 1, 1, 0), (0, 0, 1, 1, 1, 1, 1),
(1, 1, 1, 1, 0, 0, 1), (1, 1, 1, 1, 1, 0, 0), (0, 1, 1, 1, 0, 0, 1), (0, 1, 1, 1, 1, 0, 0),
(0, 0, 1, 1, 1, 0, 1), (0, 0, 1, 1, 1, 1, 0), (1, 1, 1, 0, 0, 0, 1), (1, 1, 1, 1, 0, 0, 0),

13The simple roots of E7 in the standard orthogonal basis can be found in ([60], Page 333) written as

α1 = 1
2
(
e1 − e2 − e3 − e4 − e5 − e6 +

√
2e7
)
,

αi = ei − ei−1 (i = 2, . . . , 6) , α7 = e1 + e2 .
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(0, 1, 1, 0, 0, 0, 1), (0, 1, 1, 1, 0, 0, 0), (0, 0, 1, 1, 0, 0, 1), (0, 0, 1, 1, 1, 0, 0),
(0, 0, 0, 1, 1, 1, 0), (1, 1, 1, 0, 0, 0, 0), (0, 1, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0, 1),
(0, 0, 1, 1, 0, 0, 0), (0, 0, 0, 1, 1, 0, 0), (0, 0, 0, 0, 1, 1, 0), (1, 1, 0, 0, 0, 0, 0),
(0, 1, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 1), (0, 0, 0, 1, 0, 0, 0),
(0, 0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 0, 1, 0), (1, 0, 0, 0, 0, 0, 0), (4.14)

where the entries of the j-th vector denote the coefficient c(j)
i=1,...,7.

4.2.2 1 mass parameter

Each theory in this class can be written as (A2n−1, E7) with n ≥ 1 and 2nmod 18 6= 0. The
rank is 7n−4. Moreover, for n = 3m (with m ≥ 1), the (A6m−1, E7) theory has a Z3 1-form
symmetry; otherwise, the 1-form symmetry is trivial.

We propose that the mirror theory for (A2n−1, E7) is described by

U(1) [3n]

+ 4n− 3 free hypermultiplets.
(4.15)

For the theories with a Z3 1-form symmetry, e.g. (A5, E7), (A11, E7) and (A23, E7),
their quantities (4.6) are respectively 0, 3/5 and 9/7. Using the information about the
1-form symmetry and 24(c − a), we can identify the corresponding non-Higgsable SCFTs
as (A3, E6) and (A7, E6) and (A15, E6) respectively. Note that the information about the
first two theories can be found in table 3, whereas (A15, E6) has zero mass parameters,
a Z3 1-form symmetry, rank 45, and 24(c − a) = 9/7; these properties fit precisely the
requirement to be the non-Higgsable SCFT for (A23, E7). This observation leads us to the
following conclusion:

For the (A6m−1, E7) theory (m ≥ 1 and 6mmod 18 6= 0), which has one mass
parameter and a Z3 1-form symmetry, the non-Higgsable theory is (A4m−1, E6).
The latter has a Z3 1-form symmetry and rank 12m− 3.

For the theories with a trivial 1-form symmetry, it is more difficult to identify the non-
Higgsable sector. As an example, for (A1, E7) and (A3, E7), their quantities (4.6) are
respectively 1/5 and 5/11; these lead us to identify the non-Higgsable SCFTs as (A1, A2)
and (A2, D5), respectively; the latter two theories have rank 1 and 5 respectively and no
1-form symmetry, and so that they are consistent with our proposal.

Maruyoshi-Song flow and the mirror of D2n+18(E7). As in section 4.1.2 we can use
the MS flow to understand how the U(1) gauge group in (4.15) is embedded inside E7 and
therefore what the 3d mirror of D2n+18(E7) is. We first notice that the difference between
nilpotent higgsing and MS flow amounts to a shift of n by 9, and therefore we conclude
from (4.15) that the commutant of the gauge group inside E7 has 36 positive roots and
has rank 6. These are the data of E6 and therefore we conclude that we have to gauge
the U(1) commuting with an E6 subgroup of E7. Furthermore, we can notice that in the
decomposition of the adjoint representation, we get the adjoint of E6 (which contributes
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to the free sector only) and a 27 charged under the gauged U(1). This again is compatible
with a shift of n by 9 in (4.15).

4.2.3 0 mass parameter

The (An, E7) theory with n of the form n = 2n (with n ≥ 1) has zero mass parameter and
a trivial 1-form symmetry except for n = 18n − 10, for which the theory has zero mass
parameter and a Z3

2 1-form symmetry. In each of these cases, the theory is non-Higgsable.
Once again, the mirror theory is a collection of free hypermultiplets, whose number is equal
to the rank of the corresponding 4d theory. In the case of the theories with a Z3

2 1-form
symmetry, there is a choice of applying a discrete gauging to such free hypermultiplets in
the mirror theory (cf. [23], section 5.3).

In the following, we can demonstrate using the method described in section 2.1 that
the 1-form symmetry for (A8, E7) is Z3

2. According to [20], the (A8, E7) is admits the
following weakly gauging description:

D4
3(SO(8)) Spin(8) D9(SO(8))

SU(2)

(4.16)

Using [30], we see that D9(SO(8)) has the same 1-form symmetry as (A8, D4), namely Z2.
On the other hand, the D4

3(SO(8)) has the same 1-form symmetry as the D(4)
4 [3] theory,

but this turns out to be trivial [30]. The center of SU(2) is Z2, contributing a factor of Z2
1-form symmetry. One Z2 factor of the Z2×Z2 center symmetry of Spin(8) is screened by
the half-hypermultiplet in the [2; 8v] representation of SU(2)× Spin(8). The Higgs branch
generators of D4

3(SO(8)) and D9(SO(8)) do not contain a spinor representation of Spin(8)
(for the former cf. [23], section 7.1) and for the latter see section 2.1). Therefore, we have
one Z2 factor center symmetry from the Spin(8) that is left unscreened. In summary, we
have the Z3

2 1-form symmetry, as claimed.

4.3 3d mirror theories for (An, E8)

4.3.1 8 mass parameters

This is actually the class of theories discussed earlier in section 3.3, withG = E8, rankG = 8
and h∨G = 30. Each theory in this class can be written as (A30n−1, E8), with n ≥ 1. One
may write the 120 positive roots r(j) (with j = 1, . . . 120) of E8 in terms of the simple
roots14 αi (with i = 1, . . . 8) as

r(j) =
8∑
i=1

c
(j)
i αi , with j = 1, . . . , 120. (4.17)

14The simple roots of E8 in the standard orthogonal basis can be found in ([60], Page 333) as

α1 = 1
2 (e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8) ,

αi = ei − ei−1 (i = 2, . . . , 7) , α8 = e1 + e2 .
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with c(j)
i ∈ Z≥0. As before, the coefficients c(j)

i can be computed by using the command
AlphaBasis[PositiveRoots[E8]] of the Mathematica application LieART 2.0 [61]; the
result is

(2, 4, 6, 5, 4, 3, 2, 3), (2, 4, 6, 5, 4, 3, 1, 3), (2, 4, 6, 5, 4, 2, 1, 3), (2, 4, 6, 5, 3, 2, 1, 3),
(2, 4, 6, 4, 3, 2, 1, 3), (2, 4, 5, 4, 3, 2, 1, 3), (2, 4, 5, 4, 3, 2, 1, 2), (2, 3, 5, 4, 3, 2, 1, 3),
(1, 3, 5, 4, 3, 2, 1, 3), (2, 3, 5, 4, 3, 2, 1, 2), (1, 3, 5, 4, 3, 2, 1, 2), (2, 3, 4, 4, 3, 2, 1, 2),
(1, 3, 4, 4, 3, 2, 1, 2), (2, 3, 4, 3, 3, 2, 1, 2), (1, 3, 4, 3, 3, 2, 1, 2), (1, 2, 4, 4, 3, 2, 1, 2),
(2, 3, 4, 3, 2, 2, 1, 2), (1, 3, 4, 3, 2, 2, 1, 2), (1, 2, 4, 3, 3, 2, 1, 2), (2, 3, 4, 3, 2, 1, 1, 2),
(1, 3, 4, 3, 2, 1, 1, 2), (1, 2, 4, 3, 2, 2, 1, 2), (1, 2, 3, 3, 3, 2, 1, 2), (2, 3, 4, 3, 2, 1, 0, 2),
(1, 3, 4, 3, 2, 1, 0, 2), (1, 2, 4, 3, 2, 1, 1, 2), (1, 2, 3, 3, 2, 2, 1, 2), (1, 2, 3, 3, 3, 2, 1, 1),
(1, 2, 4, 3, 2, 1, 0, 2), (1, 2, 3, 3, 2, 1, 1, 2), (1, 2, 3, 2, 2, 2, 1, 2), (1, 2, 3, 3, 2, 2, 1, 1),
(1, 2, 3, 3, 2, 1, 0, 2), (1, 2, 3, 2, 2, 1, 1, 2), (1, 2, 3, 3, 2, 1, 1, 1), (1, 2, 3, 2, 2, 2, 1, 1),
(1, 2, 3, 2, 2, 1, 0, 2), (1, 2, 3, 2, 1, 1, 1, 2), (1, 2, 3, 3, 2, 1, 0, 1), (1, 2, 3, 2, 2, 1, 1, 1),
(1, 2, 2, 2, 2, 2, 1, 1), (1, 2, 3, 2, 1, 1, 0, 2), (1, 2, 3, 2, 2, 1, 0, 1), (1, 2, 3, 2, 1, 1, 1, 1),
(1, 2, 2, 2, 2, 1, 1, 1), (1, 1, 2, 2, 2, 2, 1, 1), (0, 1, 2, 2, 2, 2, 1, 1), (1, 2, 3, 2, 1, 0, 0, 2),
(1, 2, 3, 2, 1, 1, 0, 1), (1, 2, 2, 2, 2, 1, 0, 1), (1, 2, 2, 2, 1, 1, 1, 1), (1, 1, 2, 2, 2, 1, 1, 1),
(0, 1, 2, 2, 2, 1, 1, 1), (1, 2, 3, 2, 1, 0, 0, 1), (1, 2, 2, 2, 1, 1, 0, 1), (1, 2, 2, 1, 1, 1, 1, 1),
(1, 1, 2, 2, 2, 1, 0, 1), (1, 1, 2, 2, 1, 1, 1, 1), (0, 1, 2, 2, 2, 1, 0, 1), (0, 1, 2, 2, 1, 1, 1, 1),
(1, 2, 2, 2, 1, 0, 0, 1), (1, 2, 2, 1, 1, 1, 0, 1), (1, 1, 2, 2, 1, 1, 0, 1), (1, 1, 2, 1, 1, 1, 1, 1), (4.18)
(0, 1, 2, 2, 1, 1, 0, 1), (0, 1, 2, 1, 1, 1, 1, 1), (1, 2, 2, 1, 1, 0, 0, 1), (1, 1, 2, 2, 1, 0, 0, 1),
(1, 1, 2, 1, 1, 1, 0, 1), (1, 1, 1, 1, 1, 1, 1, 1), (0, 1, 2, 2, 1, 0, 0, 1), (0, 1, 2, 1, 1, 1, 0, 1),
(0, 1, 1, 1, 1, 1, 1, 1), (1, 2, 2, 1, 0, 0, 0, 1), (1, 1, 2, 1, 1, 0, 0, 1), (1, 1, 1, 1, 1, 1, 0, 1),
(1, 1, 1, 1, 1, 1, 1, 0), (0, 1, 2, 1, 1, 0, 0, 1), (0, 1, 1, 1, 1, 1, 0, 1), (0, 1, 1, 1, 1, 1, 1, 0),
(0, 0, 1, 1, 1, 1, 1, 1), (1, 1, 2, 1, 0, 0, 0, 1), (1, 1, 1, 1, 1, 0, 0, 1), (1, 1, 1, 1, 1, 1, 0, 0),
(0, 1, 2, 1, 0, 0, 0, 1), (0, 1, 1, 1, 1, 0, 0, 1), (0, 1, 1, 1, 1, 1, 0, 0), (0, 0, 1, 1, 1, 1, 0, 1),
(0, 0, 1, 1, 1, 1, 1, 0), (1, 1, 1, 1, 0, 0, 0, 1), (1, 1, 1, 1, 1, 0, 0, 0), (0, 1, 1, 1, 0, 0, 0, 1),
(0, 1, 1, 1, 1, 0, 0, 0), (0, 0, 1, 1, 1, 0, 0, 1), (0, 0, 1, 1, 1, 1, 0, 0), (0, 0, 0, 1, 1, 1, 1, 0),
(1, 1, 1, 0, 0, 0, 0, 1), (1, 1, 1, 1, 0, 0, 0, 0), (0, 1, 1, 0, 0, 0, 0, 1), (0, 1, 1, 1, 0, 0, 0, 0),
(0, 0, 1, 1, 0, 0, 0, 1), (0, 0, 1, 1, 1, 0, 0, 0), (0, 0, 0, 1, 1, 1, 0, 0), (0, 0, 0, 0, 1, 1, 1, 0),
(1, 1, 1, 0, 0, 0, 0, 0), (0, 1, 1, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0, 0, 1), (0, 0, 1, 1, 0, 0, 0, 0),
(0, 0, 0, 1, 1, 0, 0, 0), (0, 0, 0, 0, 1, 1, 0, 0), (0, 0, 0, 0, 0, 1, 1, 0), (1, 1, 0, 0, 0, 0, 0, 0),
(0, 1, 0, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 0, 1), (0, 0, 0, 1, 0, 0, 0, 0),
(0, 0, 0, 0, 1, 0, 0, 0), (0, 0, 0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 0, 0, 1, 0), (1, 0, 0, 0, 0, 0, 0, 0) ,

where the entries of the j-th vector denote the coefficient c(j)
i=1,...,8. We emphasize again

the non-uniqueness of the coefficients c(j)
i . Note that this choice of basis leads to hyper-

multiplets of higher charges, e.g. 3, 4, 5 and 6. One can choose another basis such that
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the charges have lower values, e.g. in the basis of the fundamental weights given by the
command OmegaBasis[PositiveRoots[E8]] of LieART 2.0, the charges of the hypermul-
tiplets take values 0, ±1 and ±2. As is well known, the positive roots and the fundamental
weights are related to each other by the Cartan matrix.

4.3.2 0 mass parameter

The (An, E8) theory with n not of the form 18n− 1, with n ≥ 1, has zero mass parameter.
The theories with a non-trivial 1-form symmetry are as follows.

• Those with a Z5 1-form symmetry are (A6n−1, E8) with 6nmod 30 6= 0.

• Those with a Z2
3 1-form symmetry are (A10n−1, E8) with 10nmod 6 6= 0.

• Those with a Z4
2 1-form symmetry are (A15n−1, E8) with 15nmod 6 6= 0.

The theories with zero mass parameter that do not belong to the above classes have a trivial
1-form symmetry. Note that every theory with zero mass parameter is non-Higgsable. We
conclude that the mirror theory is a collection of free hypermultiplets, whose number is
equal to the rank of the corresponding 4d theory. In the case of the theories with a non-
trivial 1-form symmetry, there is an option for applying the discrete gauging of such a
1-form symmetry to the free hypermultiplets (cf. [23], section 5.3). Let us check the above
statement in the special case of the (A5, E8) theory which belongs to the series (A6n−1, E8)
described before. We know that this theory is equivalent to a SU(5) gauge theory coupled
to D2(SU(5)), D3(SU(5)) and D6(SU(5)). Using the results derived in [20] we know that
upon dimensional reduction (A5, E8) becomes the following quiver:

U(1) U(3)
U(5)

or
SU(5)

U(4) U(3) U(2) U(1)

U(2)

(4.19)

Let us consider the case in which the central node is taken to be U(5). We see that the
quiver becomes ugly. Using repeatedly the duality (4.12), we see that the above quiver
theory is equivalent to a collection of 20 twisted hypermultiplets, in agreement with our
claim. Another way to see this is to regard (4.19) as a mirror theory of the class S
theory associated with A4 sphere with the punctures [15], [22, 1] and [3, 2]. This can be
identified with the theory of 20 free hypermultiplets ([63], Page 30). In this case, there is
an overall U(1) needs to be modded out from quiver (4.19); this results in the central node
U(5)/U(1) ∼= SU(5)/Z5, which leads to a Z5 0-form global symmetry. Let us turn to the
case in which the central node is SU(5). This is simply the gauging of the aforementioned
Z5 0-form symmetry. This results in the mirror theory, which is a Z5 discrete gauging of
20 free hypermultiplets.

4.4 A comment on 2-group structures

Let F denote the 0-form flavor symmetry group of a 4d N = 2 theory, and Γ(1) denote the
1-form symmetry group. Let BF denote the classifying space of F, where the latter is seen
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AD theory 1-form symmetry group Γ(1) # mass parameters

(An−1, E6)

0
Z2

Z3

0

if 12 | n
if 6 | n
if 4 | n
otherwise

6
2
0
varies

(An−1, E7)

0
Z3

2
Z3

0

if 18 | n
if 9 | n
if 6 | n
otherwise

7
0
1
varies

(An−1, E8)

0
Z4

2
Z2

3
Z5

0

if 30 | n
if 15 | n
if 10 | n
if 6 | n
otherwise

8
0
0
0
varies

Table 1. 1-form symmetry groups and number of mass parameters for theories of type (An, Em).
For theories where the cases overlap, the highest written condition takes priority.

as a topological space. A necessary condition in order to have 2-group structure is that the
Postnikov class w3 ∈ H3(BF,Γ(1)) is non-vanishing (see e.g. [64]). In this section we argue
that for Argyres-Douglas theories of type (An, Em), the cohomology group H3(BF,Γ(1)) is
actually trivial, therefore such theories do not enjoy 2-group symmetries.15

Let us start by recalling which of those theories admit 1-form symmetry as well as
the number of mass parameters, which corresponds to the rank of the 0-form flavor sym-
metry. This information is summarized in table 1. Whenever we have a rank zero 0-form
flavor symmetry, we make the working assumption that such flavor symmetry is trivial. In
particular, we assume there are no discrete 0-form symmetries.

From the data in table 1 above, we clearly see that in most cases in which there
is present a non-trivial 1-form symmetry, the flavor is trivial. The only cases in which
1-form symmetries and 0-form symmetries coexist, and therefore there is a chance that
H3(BF,Γ(1)) is non-trivial, are (An−1, E6) with 2 masses, and (An−1, E7) with one mass.
We can infer the global form of the 0-form flavor symmetry group for both those theories by
an explicit computation of the refined CB Hilbert series of their 3d mirror, which has been
introduced in [68]. Such computation leads to the result that the 0-form flavor symmetry
for (An−1, E6) with 2 masses is U(1)2, while the one for (An−1, E7) with one mass is U(1).

The question about the existence of 2-group structure then boils down to the com-
putation of H3(BU(1),Zk) for k = 2, 3. It is known in general that the cohomology of
the classifying space of U(n) with integer coefficients, namely, H?(BU(n),Z) is isomorphic
to the ring of polynomial in n variables c1, . . . cn, where ck is of degree 2k; see e.g. ([69],
page 227). Note that H?(BU(n),Z) means the direct sum of Hp(BU(n),Z), and so ele-

15We refer the readers to [65–67] for recent developments on 2-group structures.
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ments of H?(BU(n),Z) are finite sums ∑i αi with αi ∈ H i(BU(n),Z). Since each ck is of
an even degree, Hp(BU(n),Z) is trivial for every n and every odd p. From an application
of the universal coefficient theorem, it follows that H3(BU(1),Zk) is trivial for all k ≥ 2.
We thus arrive at the conclusion that all (An, Em) Argyres-Douglas theories do not enjoy
2-group structure.16

5 (Dn, Em) theories

In this section, we discuss the (Dn, E6,7,8) theories. In contrast to the (An, E6,7,8) theories,
the Calabi-Yau hypersurfaces associated with the former contain a crepant divisor. The
latter is an exceptional divisor that quantifies how much the hypersurface singularity can be
“smoothened” by means of the crepant resolution. It has been observed in [20, 24, 28] that,
for a given (G,G′) theory, the number of crepant divisor is equal to the difference between
the Higgs branch dimension and the number of mass parameters. In particular, it was
pointed out in [24] that the presence of the crepant divisors in the (Dn, Dm) theories lead
to the presence of a non-abelian gauge group of the symplectic type in the corresponding
mirror theories.

Even though the physical implication of the crepant divisors is well-understood in the
context of the (Dn, Dm) theories in our previous work [24], we find that their presence in
the (An, E6,7,8) leads to a much higher level of complication in the Higgs branch structures
and in finding the correct mirror theories. For example, it was pointed out in [70] that the
(D4, E6) theory has a “bad” class S description in the sense of [70] and that the theory can
flow to either to a theory of a collection of free hypermultiplets, or an interacting rank-one
E6 theory with a free hypermultiplet. Such complications prevent us to find general results
for (Dn, E6,7,8) theories. In what follows, we only discuss the (D12n−5, E6) theories, with
n ≥ 1, in full generality, and present only partial results for the others. We hope to revisit
the latter in future work.

Finally, we remark also that, similarly to the (Dn, Dm) theories [24], the (Dn, Em)
theories do not admit a known class S description. Moreover, one cannot make use of the
Maruyoshi-Song flow and Flip-Flip duality to justify the proposed mirror theories. Thus,
for the (D12n−5, E6) theories, we manage to only provide the test by mass deformations
and by gauging the baryonic symmetries for n = 1. We also hope to provide further checks
for the proposed mirrors for these theories in the future.

5.1 3d mirror theories for (Dn, E6) theories

Using the method of computing the number of crepant divisor reviewed in ([24], sec-
tion 3.2),17 we find that the only (Dn, E6) theory with no crepant divisors is (D3, E6) ∼=
(A3, E6), otherwise for n ≥ 4, there is 1 crepant divisor.

16We remark that the validity of this conclusion relies on the assumption that no discrete 0-form sym-
metries are present in the 4d theory.

17The algorithm that computes the number of crepant divisors is described in [71, 72].
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5.1.1 4 mass parameters

The theories with 4 mass parameters can be written as (D12n−5, E6) with n ∈ Z≥1. Each
of these theories has 24(c− a) = 5 and rank 36n− 17.

We propose that the mirror theory is described by

[D4] C2 U(1)

U(1)

U(1)

12n− 8

12n− 8

12n− 8 (5.1)

where each thick black edge has multiplicity 12n − 8 and there is no free hypermultiplet
in the mirror theory. We emphasize that the C2 node has 5 flavors transformed under the
fundamental representation, and so it is balanced; as a result, we have one U(1) global
symmetry emergent in the IR. Together with the three U(1) gauge nodes, we have in total
4 U(1) topological symmetries, in correspondence with the 4 mass parameters of the 4d
theory. The mirror theory has 5 dimensional Coulomb branch, in agreement with 24(c−a)
of the 4d theory, and 36n−17 dimensional Higgs branch, in agreement with the rank of the
4d theory. In the following, we provide two highly non-trivial test of the proposed mirror
theory for n = 1.

Test by mass deformations. Let us discuss further non-trivial tests of (5.1)n=1. First,
we exploit the fact that (D7, E6) can be mass deformed to either (D7, D4) or (A5, E6),
which can be seen as follows: the defining equation of the (D7, E6) singularity is

x6 + xy2 + z3 + w4 = 0. (5.2)

and the scaling dimension of the various coordinates is

D(x) = 1; D(y) = 5
2; D(z) = 2; D(w) = 3

2 .

We therefore conclude that the following two deformations

x6 + xy2+my2 + z3 + w4+m′zw2 = 0 (5.3)

both correspond to mass deformations of the theory, since the parameters m and m′ have
dimension one. The former induces the flow to (A5, E6) and the latter to (D7, D4). Both
theories have two mass parameters, and therefore we expect to recover their 3d mirrors
from (5.1) (with n = 1) upon turning on two independent FI parameters. Since we already
know the 3d mirror of both theories, we are in the position to check this claim explicitly,
and we regard the fact that it works as a highly nontrivial test of our proposal.

The flow to (D7, D4) is easy to analyze, since we clearly see that turning on FI pa-
rameters λ1, λ2 and −λ1 − λ2 at the three abelian nodes in 5.1, the equations of motion
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are satisfied by activating a VEV for two U(1)×U(1) bifundamentals and this higgses the
theory to

[D4]− C2 −U(1)
with 10 free hypermultiplets.

(5.4)

This is indeed the mirror theory for (D7, D4) plus 6 free hypermultiplets; see ([24], (5.11),
(5.12) with n = 4,m = 7). The extra hypermultiplets account for the difference in rank
between the two theories18 (19 for (D7, E6) and 13 for (D7, D4)).

The second flow to (A5, E6) is a bit harder since we need to work out the effect of
a (hidden) FI parameter at the C2 node, therefore we make a short digression to discuss
this. It will suffice for our purposes to understand this problem for the following family of
theories:

[D4]− C2 −U(1)− [k] (5.5)

where we have k hypermultiplets charged under the U(1) gauge group. It is easier to
approach the problem in the mirror dual theory of (5.5), where FI parameters are mapped
to masses. The mirror dual of (5.5) is given by the following quiver:

U(3) U(2) U(1) . . . U(1) [1]

U(2)

U(2)

[1]

[1]
k

(5.6)

In the above quiver we have two mass parameters, one can be taken to act on one of the
two flavors on the left (and corresponds to the C2 FI parameter) whereas the second acts
on the U(1) flavor on the right and corresponds to the U(1) FI parameter. We can indeed
check that symmetries and moduli space dimensions match as expected. Furthermore, if
we turn on a mass for the rightmost flavor the abelian nodes become underbalanced and
can be dualized to k twisted hypermultiplets, thus matching the effect of ungauging the
U(1) gauge group in (5.5).

In order to understand the effect of the (hidden) FI parameter for the balanced C2
in (5.5), we give mass to one of the flavors on the left in (5.6). This makes the corresponding
U(2) node underbalanced, and therefore we can replace it with an abelian node plus a free
(twisted) hypermultiplet thanks to the duality (4.12). This then makes the U(3) node
underbalanced, and we can dualize it as well, producing more underbalanced nodes. At
the end of the dualization sequence (which involves six steps) all the gauge groups become
abelian, and we land on the mirror of SQED with k+4 flavors plus six free hypermultiplets.
Our claim is therefore that the effect of the FI parameter at the C2 balanced node is to
induce the RG flow:

[D4]− C2 −U(1)− [k] −→ U(1)− [k + 4] + 6 free hypermultiplets (5.7)
18We remark that mass deformations preserve the rank of the theory, so the statement really is that upon

a suitably-chosen mass deformation (D7, E6) flows to (D7, D4) plus 6 free vector multiplets.
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Armed with this result, it becomes easy to check that turning on the (hidden) FI parameter
for the balanced C2 node in 5.1 and also for the abelian node on its left we obtain (4.5)n=2
and 9 free hypermultiplets. Out of these, five account for the difference in rank between
the UV and IR theories and the other four fit in the mirror dual of (A5, E6).

Test by gauging the baryonic/topological symmetries. Another non-trivial test
of (5.1)n=1 comes from the observation that, upon reduction to 3d, the (D7, E6) yields the
following theory

SU(6) U(4) SU(3) U(1)SU(4)SU(2)

U(3)

SU(1)

(5.8)

Suppose that we turn all special unitary gauge groups SU(n) in the above quiver into
unitary gauge groups U(n) by gauging the baryonic symmetries. We observe that certain
gauge groups are underbalanced and upon using the duality (4.12) repeatedly, we obtain

U(3) U(2) U(1)U(2)U(1)

U(2)

U(1)

+ 12 twisted hypermultiplets

(5.9)

Note that the above star-shaped quiver is the mirror theory for the 4d rank-one Minahan-
Nemeschansky (MN) E6 theory. Let us now derive the mirror theory of this from the
proposal (5.1)n=1. In the view of the mirror theory, the aforementioned procedure of turn-
ing SU(n) into U(n) corresponds to gauging the topological symmetry U(1)4 in (5.1)n=1.
We turn all U(1) gauge nodes into flavor nodes and gauge the emergent U(1) topological
symmetry coming from the balanced C2 node. As a result, we obtain 12 free hypermulti-
plets, together with the USp(4) gauge theory with 5 flavors, with the emergent topological
symmetry arising from the balanced USp(4) gauge group being gauged. The latter is iden-
tified as the 3d reduction of the rank-one MN E6 theory ([23], (8.4)). We thus obtain the
mirror theory of (5.9), as required.

5.1.2 0 mass parameter

Any (Dn, E6) theory such that n 6= 7 (mod 12) has zero mass parameter. We have discussed
the (D3, E6) ∼= (A3, E6) theory in section 4.1.3. In the rest of the section, we discuss the
(D4, E6) theory.
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Several properties of the (D4, E6) theories have been studied in [20], where it was
denoted by E(1)

6 in that reference. It was shown that this theory is “bad” in the sense that
its dimensional reduction to 3d does not flow in the IR to a conventional superconformal
fixed point. To cure this badness, the authors of [20] proposed a different definition of the
theory, by realizing it as the higgsing of a good theory with a conventional IR fixed point.
This is analogous to the procedure proposed in [70]. It turns out that there are two choices
for the higgsing: one is to the (3d mirror of) rank-one E6 theory with a free hypermultiplet,
and the other is to a theory of 12 free hypermultiplets. This ambiguity reflects the badness
of the theory. Let us explain this point in detail.

It was pointed out in [20] that the (D4, E6) theory dimensionally-reduced to 3d is
described by

SU(4) U(2) U(1)U(2)U(1)

U(2)

U(1)

(5.10)

We can consider another quiver that differs from the above by a Z4 discrete quotient,
reflecting the presence of the Z4 1-form symmetry in the (D4, E6) theory:

U(4) U(2) U(1)U(2)U(1)

U(2)

U(1)

(5.11)

This theory is bad, since it contains monopole operators which violate the unitarity bound.
We can observe that the ambiguity in the higgsing mentioned before is compatible with
the findings of [73]: the gauge node at the center of the quiver (5.11) is U(4) with 6 flavors.
In [73] it was shown that the effective low-energy theory at the most singular point in the
Coulomb branch is U(3) with 6 flavors plus a free (twisted) hypermultiplet. With this
substitution, (5.11) becomes the mirror dual of the E6 theory plus a free hyper, in perfect
agreement with the above proposal. On the other hand, the Coulomb branch of U(4) with
6 flavors also includes another singular point, whose low-energy effective theory is U(2)
with 6 flavors plus two twisted hypermultiplets (see also [74]). By replacing in (5.11) the
U(4) at the center with a U(2) and use duality (4.12) repeatedly, we find an ugly theory
equivalent to a collection of 12 twisted hypermultiplets, in agreement with our previous
discussion.
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5.2 Some results on (Dn, E7) and (Dn, E8) theories

For the (Dn, E7) theories, the number of crepant divisors is 1 for n = 4, 5; 2 for 6 ≤ n ≤ 9;
and then 3 for n ≥ 10. Each of these theories has either 8, 2 or 1 mass parameters. We find
that the (D10, E7) theory, which has 8 mass parameters, admits the following Lagrangian
description:

SU(9)SU(6)SU(3) SU(7) SU(5) SU(3) SU(1)

SU(5)

SU(1)

(5.12)

For the (Dn, E8) theories, the number of crepant divisors is 1 for n = 4, 5; 2 for
6 ≥ n ≥ 9; 3 for 10 ≥ n ≥ 15; and 4 for n ≥ 16. Each of these theories has either 8 or
0 mass parameters. We find that the (D16, E8), which has 8 mass parameters, admits the
following Lagrangian description:

SU(15)SU(10)SU(5) SU(12) SU(9) SU(6) SU(3)

SU(8)

SU(1)

(5.13)
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A Notation and convention

Consistently with the notation adopted in [23, 24], we will call SO(2N) = DN , USp(2N) =
CN and SO(2N + 1) = BN . We denote the diagonal Z2 and U(1) quotient of the gauge
symmetry by /Z2 and /U(1), respectively.

As introduced in [34], a USp(2N) gauge group with Nf fundamental flavors in a 3d
N = 4 gauge theory is balanced if Nf = 2N + 1. If the number of flavors are less (more)
than 2N + 1 the group is underbalanced (overbalanced). Moreover, the condition for
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USp(2N) to have a zero beta-function is Nf = 2N + 2, i.e. in 3d theory, the USp(2N)
group is overbalanced. A similar discussion can be done also for SO(N) gauge groups with
Nf fundamental flavors for which the balancing condition is obtained for Nf = N − 1,
while a zero beta-function requires Nf = N − 2, i.e. underbalanced in 3d.

We adopt the following notation for the quiver diagrams:

• We denote M copies of half-hypermultiplets in the representation [2; 2] of the gauge
group SO(2)× SO(2) by

D1
M

D1 . (A.1)

It gives rise to a U(M)2/U(1) flavor symmetry, whose algebra is isomorphic to
SU(M) × SU(M) × U(1). To make the Cartan elements of the latter manifest, we
should interpret (A.1) as denoting the half-hypermultiplets in the following represen-
tation of {U(1)×U(1)} × SU(M)× SU(M)×U(1), where each of the first two U(1)
factors are isomorphic to each SO(2) gauge group:

[+1; +1; M; 1;−1]⊕ [−1;−1; M; 1; +1]
⊕ [+1;−1; 1; M; +1]⊕ [−1; +1; 1; M;−1] .

(A.2)

• The hypermultiplets carrying charge 2 under U(1) ∼= SO(2) is denoted by a zigzag
line and by a subscript 2:

D1 [F ]2 . (A.3)

This gives rise to a SU(F ) flavor symmetry.

• A black line between G1 and G2 denotes matter in the bifundamental representation
of G1 ×G2, as usual.

B Coulomb branch Hilbert series of (4.7)

Let us consider (4.7) and we associate to each node a magnetic flux variable that we can
use to compute the CB Hilbert series, as follows

U(1) U(2) SU(4) U(3) U(2) SU(2) U(1)

SU(2)

mU(1) m
U(2)
1,2 m

SU(4)
1,2,3,4 m

U(3)
1,2,3 n

U(2)
1,2 n

SU(2)
1,2 nU(1)

m
SU(2)
1,2

(B.1)

Recall that the SU(N) magnetic fugacities are constrained to sum to zero. To perform the
computation, it is simpler to break up the computation in to three parts corresponding to
the left, right, and top arms of the quiver, and then “glue” the three contributions together
at the central SU(4) node.
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The contribution of the left arm reads

HL(t;mSU(4)
1,2,3,4) =

∑
mU(1)∈Z

∑
m

U(2)
1 ≥mU(2)

2 >−∞

t∆LPU(1)(mU(1))PU(2)(mU(2)) , (B.2)

where the function PG(m) is given by ([68], appendix A) and

∆L = 1
2

 2∑
i=1

∣∣∣mU(1) −mU(2)
i

∣∣∣+ 2∑
i=1

4∑
j=1

∣∣∣mU(2)
i −mSU(4)

j

∣∣∣
− ∣∣∣mU(2)

1 −mU(2)
2

∣∣∣ . (B.3)

The contribution of the top arm reads

HT (t;mSU(4)
1,2,3,4)

=
∑

m
SU(2)
1 ≥mSU(2)

2 >−∞

t∆TPU(2)
(
mSU(2)

)
(1− t)× δ(mSU(2)

1 +m
SU(2)
2 ) , (B.4)

where

∆T = 1
2

2∑
i=1

4∑
j=1

∣∣∣mSU(2)
i −mSU(4)

j

∣∣∣− ∣∣∣mSU(2)
1 −mSU(2)

2

∣∣∣ . (B.5)

The contribution of the right arm reads

HR(t;mSU(4)
1,2,3,4)

=
∑

m
U(3)
2 ≥mU(3)

3 >−∞

∑
n

U(2)
1 ≥nU(2)

2 >−∞

∑
n

SU(2)
1 ≥nSU(2)

2 >−∞

∑
nU(1)∈Z

t∆R × PU(3)
(
mU(3)

)
×

PU(2)
(
nU(2)

)
PU(2)

(
nSU(2)

)
(1− t)PU(1)

(
nU(1)

)
× δ(nSU(2)

1 + n
SU(2)
2 ) ,

(B.6)

where

∆R = 1
2

+
3∑
i=1

4∑
j=1

∣∣∣mU(3)
i −mSU(4)

j

∣∣∣+ 3∑
i=1

2∑
j=1

∣∣∣mU(3)
i − nU(2)

j

∣∣∣+ 2∑
i=1

2∑
j=1

∣∣∣nU(2)
i − nSU(2)

j

∣∣∣+
+

2∑
i=1

∣∣∣nSU(2)
i − nU(1)

∣∣∣)−
 3∑
i=1

3∑
j=i+1

∣∣∣mU(3)
i −mU(3)

j

∣∣∣+ 2∑
i=1

2∑
j=i+1

∣∣∣nU(2)
i − nU(2)

j

∣∣∣+
+

2∑
i=1

2∑
j=i+1

∣∣∣nSU(2)
i − nSU(2)

j

∣∣∣
 .

(B.7)

The (unrefined) Coulomb branch Hilbert series of (B.1) with an overall Z2 quotient is
then given by

H(B.1)/Z2(t)

=
1∑
ε=0

∑
m

SU(4)
1 ≥···≥mSU(4)

4 >−∞
m

SU(4)
i ∈Z+ 1

2 ε

δ

(∑
i=4

m
SU(4)
i

)
t
−
∑4

i=1

∑4
j=i+1

∣∣∣mSU(4)
i −mSU(4)

j

∣∣∣×

HL(t;mSU(4)
1,2,3,4)HT (t;mSU(4)

1,2,3,4)HR(t;mSU(4)
1,2,3,4)× PU(4)(mSU(4))(1− t) .

(B.8)
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We remark that the integral-valued magnetic fluxes (mSU(4)
1 , · · · ,mSU(4)

4 ) that contribute
to the above expression up to order t3/2 are

(0, 0, 0, 0), (1, 0, 0,−1), (1, 1,−1,−1), (1, 1, 0,−2), (2, 0,−1,−1) , (B.9)

which gives

1 + 58t+ 256t3/2 + . . . , (B.10)

and the half-odd-integral-valued magnetic fluxes (mSU(4)
1 , · · · ,mSU(4)

4 ) that contribute to
the above expression up to order t3/2 are

(1
2 ,

1
2 ,−

1
2 ,−

1
2

)
,

(1
2 ,

1
2 ,

1
2 ,−

3
2

)
,

(3
2 ,−

1
2 ,−

1
2 ,−

1
2

)
,

(3
2 ,

1
2 ,−

1
2 ,−

3
2

)
,

(3
2 ,

3
2 ,−

3
2 ,−

3
2

)
(B.11)

which gives

8t1/2 + 24t+ 360t3/2 + . . . . (B.12)

Summing these two contributions up, we obtain

1 + 8t1/2 + 82t+ 616t3/2 + . . .

= (1− t1/2)−8(1 + 46t+ 128t3/2 + . . .) .
(B.13)

C Non-Higgsable SCFTs with 1-form symmetries

In this appendix, we list many non-Higgsable SCFTs of the type (G,G′) with 0 ≤ 24(c−a) <
1, along with their ranks and 1-form symmetries. The data have been computed using a
modified code provided in [75].19 We omit the (An, Am) theories from this list since all
of them have a trivial 1-form symmetry and their information has already been provided
in ([23], appendix C).

(An, Dm) h r s (An, Dm) h r s (An, Dm) h r s

(A2, D3) 3
7 3 1 (A2, D87) 87

175 87 1 (A4, D73) 146
149 146 1

(A2, D4) 0 4 Z2 (A2, D88) 28
59 88 Z2 (A4, D74) 148

151 148 1
(A2, D5) 5

11 5 1 (A2, D89) 89
179 89 1 (A4, D75) 50

51 150 1
(A2, D6) 6

13 6 1 (A2, D90) 90
181 90 1 (A4, D76) 28

31 152 Z2
2

(A2, D7) 1
5 7 Z2 (A2, D91) 29

61 91 Z2 (A4, D77) 154
157 154 1

(A2, D8) 8
17 8 1 (A2, D92) 92

185 92 1 (A4, D78) 52
53 156 1

(A2, D9) 9
19 9 1 (A2, D93) 93

187 93 1 (A4, D79) 158
161 158 1

(A2, D10) 2
7 10 Z2 (A2, D94) 10

21 94 Z2 (A4, D80) 160
163 160 1

(A2, D11) 11
23 11 1 (A2, D95) 95

191 95 1 (A4, D81) 10
11 162 Z2

2
(A2, D12) 12

25 12 1 (A2, D96) 96
193 96 1 (A4, D82) 164

167 164 1
19It is possible to reproduce the same results also using the code provided in [39].
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(A2, D13) 1
3 13 Z2 (A2, D97) 31

65 97 Z2 (A4, D83) 166
169 166 1

(A2, D14) 14
29 14 1 (A2, D98) 98

197 98 1 (A4, D84) 56
57 168 1

(A2, D15) 15
31 15 1 (A2, D99) 99

199 99 1 (A4, D85) 170
173 170 1

(A2, D16) 4
11 16 Z2 (A2, D100) 32

67 100 Z2 (A4, D86) 32
35 172 Z2

2
(A2, D17) 17

35 17 1 (A4, D3) 2
3 6 1 (A4, D87) 58

59 174 1
(A2, D18) 18

37 18 1 (A4, D4) 8
11 8 1 (A4, D88) 176

179 176 1
(A2, D19) 5

13 19 Z2 (A4, D5) 10
13 10 1 (A4, D89) 178

181 178 1
(A2, D20) 20

41 20 1 (A4, D6) 0 12 Z2
2 (A4, D90) 60

61 180 1
(A2, D21) 21

43 21 1 (A4, D7) 14
17 14 1 (A4, D91) 34

37 182 Z2
2

(A2, D22) 2
5 22 Z2 (A4, D8) 16

19 16 1 (A4, D92) 184
187 184 1

(A2, D23) 23
47 23 1 (A4, D9) 6

7 18 1 (A4, D93) 62
63 186 1

(A2, D24) 24
49 24 1 (A4, D10) 20

23 20 1 (A4, D94) 188
191 188 1

(A2, D25) 7
17 25 Z2 (A4, D11) 2

5 22 Z2
2 (A4, D95) 190

193 190 1
(A2, D26) 26

53 26 1 (A4, D12) 8
9 24 1 (A4, D96) 12

13 192 Z2
2

(A2, D27) 27
55 27 1 (A4, D13) 26

29 26 1 (A4, D97) 194
197 194 1

(A2, D28) 8
19 28 Z2 (A4, D14) 28

31 28 1 (A4, D98) 196
199 196 1

(A2, D29) 29
59 29 1 (A4, D15) 10

11 30 1 (A4, D99) 66
67 198 1

(A2, D30) 30
61 30 1 (A4, D16) 4

7 32 Z2
2 (A4, D100) 200

203 200 1
(A2, D31) 3

7 31 Z2 (A4, D17) 34
37 34 1 (A6, D3) 9

11 9 1
(A2, D32) 32

65 32 1 (A4, D18) 12
13 36 1 (A6, D4) 12

13 12 1
(A2, D33) 33

67 33 1 (A4, D19) 38
41 38 1 (A6, D8) 0 24 Z3

2
(A2, D34) 10

23 34 Z2 (A4, D20) 40
43 40 1 (A6, D15) 3

5 45 Z3
2

(A2, D35) 35
71 35 1 (A4, D21) 2

3 42 Z2
2 (A6, D22) 6

7 66 Z3
2

(A2, D36) 36
73 36 1 (A4, D22) 44

47 44 1 (A8, D3) 12
13 12 1

(A2, D37) 11
25 37 Z2 (A4, D23) 46

49 46 1 (A8, D4) 4
5 16 Z2

(A2, D38) 38
77 38 1 (A4, D24) 16

17 48 1 (A8, D10) 0 40 Z4
2

(A2, D39) 39
79 39 1 (A4, D25) 50

53 50 1 (A8, D19) 4
5 76 Z4

2
(A2, D40) 4

9 40 Z2 (A4, D26) 8
11 52 Z2

2 (A10, D12) 0 60 Z5
2

(A2, D41) 41
83 41 1 (A4, D27) 18

19 54 1 (A12, D14) 0 84 Z6
2

(A2, D42) 42
85 42 1 (A4, D28) 56

59 56 1 (A14, D16) 0 112 Z7
2

(A2, D43) 13
29 43 Z2 (A4, D29) 58

61 58 1 (A16, D18) 0 144 Z8
2

(A2, D44) 44
89 44 1 (A4, D30) 20

21 60 1 (A18, D20) 0 180 Z9
2

(A2, D45) 45
91 45 1 (A4, D31) 10

13 62 Z2
2 (A20, D22) 0 220 Z10

2
(A2, D46) 14

31 46 Z2 (A4, D32) 64
67 64 1 (A22, D24) 0 264 Z11

2
(A2, D47) 47

95 47 1 (A4, D33) 22
23 66 1 (A24, D26) 0 312 Z12

2
(A2, D48) 48

97 48 1 (A4, D34) 68
71 68 1 (A26, D28) 0 364 Z13

2
(A2, D49) 5

11 49 Z2 (A4, D35) 70
73 70 1 (A28, D30) 0 420 Z14

2
(A2, D50) 50

101 50 1 (A4, D36) 4
5 72 Z2

2 (A30, D32) 0 480 Z15
2

(A2, D51) 51
103 51 1 (A4, D37) 74

77 74 1 (A32, D34) 0 544 Z16
2
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(A2, D52) 16
35 52 Z2 (A4, D38) 76

79 76 1 (A34, D36) 0 612 Z17
2

(A2, D53) 53
107 53 1 (A4, D39) 26

27 78 1 (A36, D38) 0 684 Z18
2

(A2, D54) 54
109 54 1 (A4, D40) 80

83 80 1 (A38, D40) 0 760 Z19
2

(A2, D55) 17
37 55 Z2 (A4, D41) 14

17 82 Z2
2 (A40, D42) 0 840 Z20

2
(A2, D56) 56

113 56 1 (A4, D42) 28
29 84 1 (A42, D44) 0 924 Z21

2
(A2, D57) 57

115 57 1 (A4, D43) 86
89 86 1 (A44, D46) 0 1012 Z22

2
(A2, D58) 6

13 58 Z2 (A4, D44) 88
91 88 1 (A46, D48) 0 1104 Z23

2
(A2, D59) 59

119 59 1 (A4, D45) 30
31 90 1 (A48, D50) 0 1200 Z24

2
(A2, D60) 60

121 60 1 (A4, D46) 16
19 92 Z2

2 (A50, D52) 0 1300 Z25
2

(A2, D61) 19
41 61 Z2 (A4, D47) 94

97 94 1 (A52, D54) 0 1404 Z26
2

(A2, D62) 62
125 62 1 (A4, D48) 32

33 96 1 (A54, D56) 0 1512 Z27
2

(A2, D63) 63
127 63 1 (A4, D49) 98

101 98 1 (A56, D58) 0 1624 Z28
2

(A2, D64) 20
43 64 Z2 (A4, D50) 100

103 100 1 (A58, D60) 0 1740 Z29
2

(A2, D65) 65
131 65 1 (A4, D51) 6

7 102 Z2
2 (A60, D62) 0 1860 Z30

2
(A2, D66) 66

133 66 1 (A4, D52) 104
107 104 1 (A62, D64) 0 1984 Z31

2
(A2, D67) 7

15 67 Z2 (A4, D53) 106
109 106 1 (A64, D66) 0 2112 Z32

2
(A2, D68) 68

137 68 1 (A4, D54) 36
37 108 1 (A66, D68) 0 2244 Z33

2
(A2, D69) 69

139 69 1 (A4, D55) 110
113 110 1 (A68, D70) 0 2380 Z34

2
(A2, D70) 22

47 70 Z2 (A4, D56) 20
23 112 Z2

2 (A70, D72) 0 2520 Z35
2

(A2, D71) 71
143 71 1 (A4, D57) 38

39 114 1 (A72, D74) 0 2664 Z36
2

(A2, D72) 72
145 72 1 (A4, D58) 116

119 116 1 (A74, D76) 0 2812 Z37
2

(A2, D73) 23
49 73 Z2 (A4, D59) 118

121 118 1 (A76, D78) 0 2964 Z38
2

(A2, D74) 74
149 74 1 (A4, D60) 40

41 120 1 (A78, D80) 0 3120 Z39
2

(A2, D75) 75
151 75 1 (A4, D61) 22

25 122 Z2
2 (A80, D82) 0 3280 Z40

2
(A2, D76) 8

17 76 Z2 (A4, D62) 124
127 124 1 (A82, D84) 0 3444 Z41

2
(A2, D77) 77

155 77 1 (A4, D63) 42
43 126 1 (A84, D86) 0 3612 Z42

2
(A2, D78) 78

157 78 1 (A4, D64) 128
131 128 1 (A86, D88) 0 3784 Z43

2
(A2, D79) 25

53 79 Z2 (A4, D65) 130
133 130 1 (A88, D90) 0 3960 Z44

2
(A2, D80) 80

161 80 1 (A4, D66) 8
9 132 Z2

2 (A90, D92) 0 4140 Z45
2

(A2, D81) 81
163 81 1 (A4, D67) 134

137 134 1 (A92, D94) 0 4324 Z46
2

(A2, D82) 26
55 82 Z2 (A4, D68) 136

139 136 1 (A94, D96) 0 4512 Z47
2

(A2, D83) 83
167 83 1 (A4, D69) 46

47 138 1 (A96, D98) 0 4704 Z48
2

(A2, D84) 84
169 84 1 (A4, D70) 140

143 140 1 (A98, D100) 0 4900 Z49
2

(A2, D85) 9
19 85 Z2 (A4, D71) 26

29 142 Z2
2

(A2, D86) 86
173 86 1 (A4, D72) 48

49 144 1

Table 2: (An, Dm) with 1 ≤ n,m ≤ 100. We called h = 24(c− a), r the rank of the SCFT
and s the 1-form symmetry group. We list only those theories with 0 ≤ h < 1.
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(En, Am) h r s (En, Dm) h r s

(E6, A1) 3
7 3 1 (E6, D3) 0 9 Z3

(E6, A3) 0 9 Z3 (E6, D4) 0 12 Z4

(E6, A4) 12
17 12 1 (E8, D3) 12

17 12 1
(E6, A6) 18

19 18 1 (E8, D4) 0 16 Z5

(E6, A7) 3
5 21 Z3 (E8, D6) 0 24 Z2

3
(E7, A2) 5

7 7 1
(E7, A4) 14

23 14 1
(E7, A6) 21

25 21 1
(E7, A8) 0 28 Z3

2
(E8, A1) 1

2 4 1
(E8, A2) 8

11 8 1
(E8, A3) 12

17 12 1
(E8, A5) 0 20 Z5

(E8, A6) 24
37 24 1

(E8, A9) 0 36 Z2
3

(E8, A10) 40
41 40 1

(E8, A11) 4
7 44 Z5

(E8, A14) 0 56 Z4
2

(E8, A19) 4
5 76 Z2

3

Table 3: (En, Am) and (En, Dm), with n = 6, 7, 8 and 1 ≤ m ≤ 100. We called h =
24(c − a), r the rank of the SCFT and s the value of the 1-form symmetry. We list only
those theories with 0 ≤ h < 1.
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