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1 Introduction

The 4d superconformal index (SCI), originally defined in [1, 2], is a generalization of the
Witten index obtained by radially quantizing a superconformal field theory (SCFT). It
counts a set of protected short multiplets that do not recombine into long ones. The index
can equivalently be obtained by localization on S x S! (though the two definitions differ
by an overall contribution dubbed supersymmetric Casimir energy in [3, 4].) The index has
been an excellent tool for the study of 4d SCFTs, because it is a topological invariant, fully
quantum, and protected quantity. For instance, it has been used to check dualities, propose
new ones, study (super)symmetry enhancements, and analyze the conformal manifold.
(See [5, 6] and references therein for a recent account on the subject.)

The original motivation behind the introduction of the SCI of N' = 4 SU(N,) SYM
was counting the 1/16-BPS states that should reproduce the entropy of the dual charged



and rotating black hole (BH) in AdSs x S°. (See [7] for a comprehensive review on the
subject.) However this expectation has been puzzling for more than a decade, because
the large-N, index was found to be an order-one quantity instead of order-N? as expected
from the holographic dictionary. This is due to the large cancellation between fermionic
and bosonic states counted by the (—1) operator in the index. A solution to this problem
was obtained only recently by noticing that allowing for complex fugacities there is an
obstruction to such a cancellation and the dual BH entropy can indeed be extracted from
the index. Two main approaches to the computation of the entropy have been developed.
The first one requires an opportune Cardy-like limit [8-12], while the second approach
consists of an exact evaluation of the index in terms of (a set of solutions to) the so-called
Bethe Ansatz equations (BAE) [13, 14].) Many generalizations of these results have since
then appeared [15-24].

An interesting direction regards the calculation of subleading effects that correct the
index. Such corrections have been studied in large detail in [25] for N = 4 SU(N,) SYM
and for the generalization to N/ = 1 gauge theories representing a stack of D3-branes
probing a toric Calabi-Yau threefold singularity. The calculation has been carried out both
in the Cardy-like limit, using a saddle point approximation to the matrix integral, and in
the BAE approach, finding agreement between the two descriptions at large N.. It has
been observed that the leading saddle contributing to the index for an N' = 1 SU(N,)
theory is corrected by a log N, term (see [25, eq. (3.53)]), an appealing result that should
be recovered in a supergravity calculation. The presence of a log N, correction is related
to the Zy, center symmetry of SU(N,), as discussed in [26].

An analogous calculation in USp(2N,)/SO(2N.+1) and SO(2.NV,) gauge theories should
then yield a log2 and log4 correction respectively.? In fact these are the dimensions of
the centers of the universal covering groups USp(2N.) and Spin(N,) (2 or 4 for the latter,
for odd and even N, respectively.) In all models considered in this paper we only have
matter fields in the adjoint representation of the gauge group, and these do not break
the center symmetry. (Moreover only the gauge algebra is captured by the SCL?) As
commented in [29], for models with other matter representations charged under the center
the logarithmic correction corresponds to the order of the character lattice of the gauge
algebra modulo the action of the Weyl symmetry. An analogous result has been discussed
in [30] in terms of a spontaneously broken one-form symmetry.

Motivated by this expectation in this paper we study the logarithmic corrections to the
leading saddle contribution to the SCI of 4d N’ = 4 SYM with symplectic and orthogonal
gauge group. We find the expected log2 and log4 corrections to the (logarithm of the)
SCI. As already noted in [25], we find that expanding the index in the Cardy-like limit
one recovers a matrix integral that coincides with the three-sphere partition function of a
3d pure Chern-Simons (CS) theory. In the cases at hand the CS theories have gauge group

'Even if this second approach is in principle exact, only a set of “basic” solutions reproduces the BH
entropy.

2See [27, 28] for similar results in 3d, where the center symmetry determines the logarithmic correction.

3Keeping this in mind, in the rest of the paper we will be referring to the SCI of SO(NV.) instead of that
of Spin(N.).



USP(2Ne) +(N.+1)s SO(2Ne + 1) 1on,-1), and SO(2N,)1o(n.—1y (the subscript representing
the CS level) and this integral can be evaluated exactly. The sign choice is related to a con-
straint (first discussed in [31, 32]) satisfied by the chemical potentials appearing in the SCI.

Furthermore in the USp(2/N,) case we analyze in more detail the solutions of the saddle
point equations finding other subleading saddles. We analyze the Cardy-like limit for these
solutions as well.

All the models studied in this paper are examples of 4d nontoric gauge theories. An-
other interesting nontoric theory that we focus on is the Leigh-Strassler (LS) N = 1*
SU(N.) fixed point [33], for which we extract the contribution of the leading saddle to the
index in the Cardy-like limit. We find that the entropy function, yielding the entropy of
the holographic dual BH after a Legendre transform, is consistent with the result expected
from the literature [8-12, 14, 16, 19, 31, 34, 35], i.e. is formally obtained from the 4d central
charge a. Furthermore, we extract the log N, correction, consistently with the one obtained
for the parent N’ =4 SU(N,) SYM.

This paper is structured as follows. In section 2 we calculate the Cardy-like limit of
the N' = 4 SCI for all classical gauge groups except SU(N,). In section 3 we focus on the
USp(2N,) case, computing dominant contribution and subleading correction for the leading
(and other subleading) saddle(s). In section 4.1 we focus on the SO(2N. + 1) odd case,
while in section 4.2 on the SO(2N,) even case. In section 5 we compute the Cardy-like limit
of the SCI of the N/ = 1* SU(V,) LS fixed point. We present our conclusions in section 6.
Appendix A contains technical details on the calculation of 3d pure CS partition functions.

2 The Cardy-like limit of the superconformal index of N' = 4

In this section we give a brief review of the strategy that we use in the rest of the paper.
The goal is to expand the SCI in the Cardy-like limit in order to extract the dominant
contribution and the logarithmic correction, which will turn out to be of the order of the
center of the gauge group G.
The SCI is defined as the trace
rk F'
T = Tr(—1)F(3_BH~93XSlp‘IlJrgq‘]2Jr§ H vl?b (2.1)
b=1
where J; are the angular momenta on the three-sphere, R is the R-charge and ¢, (not to be
confused with ¢) are the conserved charges commuting with the supercharges, where the

index b runs over the Cartan subgroup of the flavor symmetry group F, b =1,...,rk F.
The quantities p, g and vp are the associated fugacities. The index of a gauge theory takes
the form
. (p p rkG’ q’ rij{ rk G dZi HZil Hpa I‘e((pq)R“/zzp“v“’“) (2 2)
o |Weyl(G Tk G 27rz'zi [I, Te(2) ’

where p, (w,) runs over the weights of the representation of the gauge (flavor) group of the
a-th V' = 1 matter multiplet (n, being their total number), and « runs over the simple
roots of the gauge algebra. The holonomies z; are defined on the unit circle, and the index



i runs over the Cartan subgroup of the gauge symmetry group G, i = 1,...,tkG. The
quantities (a;b)oo are g-Pochhammer symbols, (a;b)oo = [[32o(1 — ab*), and T, are elliptic

Gamma functions,
o0 | pitlghtly,
Te(zip,q) =Te(2) = [] L-pm e /2

4 2.3)
— ik (
jk=o TP

Following the strategy of [25] we then rewrite the integral formula in terms of modified ellip-
tic Gamma functions I'. This is done by expressing the holonomies and various fugacities as

2mio 27r27' _ 2wy
—e ,

p=eT7, gq=e vp 7 = 7™ (2.4)
with u; € (0,1] and 0 ~ 1. The R-symmetry chemical potential is given by the relation

1(T +o0). (2.5)

'UR:2

The modified elliptic Gamma functions are then
D(u;7,0) =T(u) =T, (62”“; 2T, 627”"’) , (2.6)
such that the index indexgen) becomes

(p p rkG rkG s P(pa(ﬁ) + Aa)

|Wey1 /Hd g H I‘(a(ﬁ))

T = (2.7)

where A, = w, (5 )+ Rovg. There is one chemical potential A, for each field in the theory,
and they must satisfy the relations imposed by global symmetries, i.e. each superpotential
term is uncharged under the flavor symmetry and it has R-charge two.

In this paper we will be interested in 4d N' = 4 SYM with gauge group G given by
USp(2N.), SO(2N, + 1), and SO(N,). The SCI expressed in terms of modified elliptic
Gamma functions in these cases reads:

.« G =USp(2N,):

a 1Hz<g (iuliuj+A )
TN T (du; + uy)

1<j

USp(2N.) _ (P’P) oo 2 Ne(A
TUSP(2Ne) — 2NCN' Hr /Hd

_ 1Yy F(j:2ui +A,)
TN, T(+2u)

(2.8)

where we used the shorthand f(a £b) = f(a+b)f(a —b) (and likewise for f(+a 4 0)).
e G=SO(2N.+1):

N(‘ T . .
ISO(2NC+1) (p;p ?Vo ' )0 H FNC /H du,; a 1 H?j Ij(:l:lh, +u; + Aa)'
2 CN [T T (3w £ uy)
1Yy F(:I:ui +A,)
1Y, T'(£u;) .

(2.9)



« G =S0(2N,):
S TINe Ty 4wy + Ay)

TSO(2Ne) _ (p;p) )5 FNc / du; i<j . (2.10
sC 2NC—1N | H H Hi\;cg F(:l:uz + ’LL]') ( )

Next we expand the index in the Cardy-like limit |7| — 0 (at fixed arg 7 € (0, 7)) restricting
to the case 7 = . In order to evaluate the index in this limit it is convenient to rewrite it
as a matrix model by introducing an effective action Seg through the definition

kG A)
‘Weyl /H du; et (@7 (2.11)

With this definition, we have:

e G =USp(2N,): SUPPNe) — 3 (
i#£]

a=1

3

(Z logT (ugji) + Aa> ) + log g (ugji), 7') )-i—
Ne /[ 3

+ Z ( Zl g I'(+2u; + A )> + log 90(i2ui;7)>+
i=1 \ \a=1

3
+ N> logT(Ag) + 2N, 10g(4; ¢)oc - (2.12)
a=1

3
 GosoN+ 1) SO -3 (Ll (1 + ) ) e (15757) )+
175] =

+ Z ( Z log I'(£u; + Aa)> + log 0o (£us; T)> +
3

a=1
+ N, Z log T'(Ag) + 2N, 10g(¢; ¢)oo - (2.13)
a=1
¢ G =SO(2N,): SN = 3 ((Z log " (u” + A,) ) +log o (ul;”; 7) >+
i#£] a=1
3 ~
+ Ne Y logI(Ag) + 2N, 1og(q; q)oo - (2.14)
a=1

In the above expressions we have defined the shorthands

f<(i)+A) D(u; +uj + Ag)l (i — uj + Ag) (2.15)
oo (42:7) = o (7)o (u557) 210
where the elliptic function 8y is defined as
bo(u;7) = [ (1 — 2tk (1= e2riCuttbann) (2.17)
k=0

and it satisfies log 0g(u; 7) = —log T'(u).*

4To prove this identity, one can follow the steps explained below [25, eq. (3.2)].



We now define the 7-modded value of a complex C 3 u = @+ 74 (with @, € R):
{u}r =u— |Re(u) — cot(arg 7) Im(u) | , (2.18)

where |u] is the floor function. For a real number it reduces to the usual modded value
{a} =a — |a], and it satisfies

1—{u}; a¢Z

_(a} ez’ (2.19)

{u}r ={a}s + 70, {-u}, = {

At small |7| and fixed arg 7 € (0, 7) we have the following asymptotic formulae (see e.g. [25,
appendix A)):

7;7'(' 1 1 . 27 sin(arg 7)
log (4;¢)oe = = 15 (T + T) — 5 log(—iT) + O (6 i ) ; (2.20)

log fo(u; 7) = = {ubr (1 = {uly) + mifu}, — (1437 +7%) +
i mi 2msin(arg 7)
g (1 ) (1 F0)) 10 (S S

~ 2w sin(arg ™) . ~ ~
log T'(u) = 2wiQ({u}s:7) + O (mleﬂ mm““}’l—{“})) , (2.22)

provided @ - Z. We defined the quantity

Qu;T) = —BGST(;L) + B;(Tu) - %Bl(r) + (2.23)

in terms of the Bernoulli polynomials

3 1 1 1
Bs(u) = u? — §u2 + 3u Ba(u) = u* —u + 5 Bi(u) =u— 7 (2.24)

These expressions allow us to expand the effective actions in 7 for small |7|, and compute
the associated saddle point equations at leading order:

_ OSeq(u; T, A)

: B

. my —
i Opa (U .
--Zy pa )Bg({pa(u) + ALY (2.25)
T -1 Us
This is a set of rkg equations, and we look for solutions @, namely the saddle points of
the matrix model, which contain a constant part and a linear term in 7, i.e. we make an
Ansatz for the solutions of the form

Up = Uy + U = Uy + VT . (2.26)

We do this to capture the terms at finite order in 7 in the expansion. In fact when we
plug this Ansatz back into (2.11), we obtain leading and subleading contributions in 7,
logarithmic corrections as well as finite terms.



3 Symplectic gauge group

Let us start our analysis with the USp(2/N,) case. The effective action in this case is (2.12).

In this section we study the solutions to the saddle point equations %Seff = 0 for the

USp(2N,) case. These equations read:®

for ¢

i)

i)

)

3 N.
55 (s (4 ) ) ma(( e ) ¢
a=1j=1
+ By ({2u; + Aa},) — Ba({—2u; + Aa}7)> =0, (3.1)
=1,...,N,.. We have found three sets of solutions.®

The first set consists of L holonomies at v = 0 and the remaining K = N, — L at
u = % When studying the T-expansion of the index for these solutions we will dis-
tinguish two cases. The first one consists of considering either all the holonomies at
0 or at % We will see that they give the dominating contribution to the supercon-
formal index, capturing the entropy function of the dual rotating black hole under
the holographic correspondence. The other saddles correspond to subleading effects
in this regime and their contributions are paired, i.e. the contribution of the saddle
given by L holonomies at 0 and K holonomies at % is equivalent to the contribution
of K holonomies at 0 and L holonomies at % In the case of N, even there is also a
single solution with L = K.

The second set of solutions corresponds to placing L holonomies at u = % and the

remaining K = N, — L at u = %. By a symmetry argument we can actually send

u; — —u;, and this is equivalent to considering all the holonomies at u = %.

The last possibility consists of considering P holonomies at « = 0, P holonomies at
U= %, and the remaining QQ = N, — 2P at u = %. Observe that if @ = 0 (which is
possible only for even N.) this case is equivalent to the first with L = K.

In the following we expand the effective action Seg around these saddles.

®Given (2.15), we have:

Then

. a . - -
log F(uz(.j )Y =log I‘(ug)) + log I‘(ul(.]. )Y~ Q(ugj.r); T)+ Q(ugj )i 7)

~ Bs(ul)) + Bs(u) + ... .

ij

in the following equation by BQ({UEJ-i) + Ag}r) we mean Ba({u; +uj + Ag}tr) + Ba({us —uj + Ag}r),

and so on.
5Observe that we are not claiming that these are the only solutions; other isolated or continuous (sets

of) solutions are possible for nongeneric values of A,, compatibly with the constraint Za A, = 2. At any

rate we will not investigate such sporadic possibilities.



3.1 Leading saddle: N, coincident holonomies at u; = 0 or u; = %

The Ansatz for the saddle point in this case is

ﬁ—{u(-m)—n;—kazl—i—vﬂ} with m =0,1, (3.2)

i.e. we have two possible sets of saddle point holonomies, consistently with the fact that the
center of USp(2N,) is Zy. Expanding around the saddle point, the effective action becomes

2irn(N. + 1 e u? (i)
Seff‘ﬂ‘:{o}Nc or{lin, T ( ( D> 1 Zlog <2 sin < +

2
T 7k
N. - : 2
. (27, iw(6 — 5n) (2NZ + N¢)
2y 1 2 -
+ ; og( s1n< - )> + 19 +
, 3
o9 AmN(2N.+1) n+1
- Z7TNC - T H a — T - NC log(T) . (33)

a=1

Making the change of variables —io; = v;7, the SCI becomes

. N¢(2Ne+1
Islgsp(QNc) _ QTNCe—m¥I([)JSp(2NC)ngp(ZNc)fn(Ncﬂ) ’ (3.4)

where the last contribution corresponds to the three-sphere partition function of a 3d
USp(2N,) pure CS theory at level —n(N, + 1).” We also defined

iTN.(2N, + 1) + +1
IéJSp(QNC)EeXp<_m C(TQC )H< (1_772 )+
a=1

1
+ 15 im(6 — 5n) (2N2 + N,) — inNZ = N, log(r)) . (3.5)

USpP(2Ne) —y(Ne+1)

We can evaluate Z exactly; see formula (A.8). Adding the latter to (3.5)

we obtain
imNe(2Ne+1)

e z , (3.6)
that cancels an analogous contribution in (3.3). All in all we are left with
. 3
IS(éSp(QNc) —_ 26Xp (_W‘Nc(zw H ({A }T _ 1 +7]> +0 (e =1 ) + > (3'7)
T
a=1

where the ellipsis represents the contributions from other saddles we ignored. In the fol-
lowing we will evaluate the contributions of these saddles, i.e. cases i) and i) described
at the beginning of this section.

"Where, as usual, the CS contribution to the partition function for the USp(2N,) case has an extra
factor of 2 w.r.t. SU(N.) due to the normalization of the generators [36].



We see the appearance of the expected log2 correction to log IS‘iSP (QNC), which is due

to the degeneracies of the saddles (3.2) counted by m.

3.2 L holonomies at u; = 0 and L — N, at u; = %

The next saddle point that we discuss corresponds to an Ansatz with L holonomies at
u =0 and K = N, — L holonomies at u = % Expanding around this Ansatz we have

R T; = T, i=1,...,L
=4 . . (3.8)
Wy + 5 =wWT+ 5, r=1,..., K

The effective action in the limit |7| — 0 can be rearranged as

Seff|1j:{{0}L,{%}K} -

L K
20m A%
—7(771(L K+1) +172KZ 77— 721711( L+1) +n2LZ

()
sin(+7v, + (27T,
+Zlog< ij )>+ log< sm( Tl )+2210g< sin( 7rv>> n
’L<j r<s
771)
+

+221 <Sln27‘l’wr)>_ m(2(L — K) ﬁ(

LK 3 1
i ]‘[({2A}—+772 +

2

a=
— 2(K — L)?2 + N, 12 — KL
12 3
where we used the relations
i{A} _or4 3t Zgj{lJrA} _or4 3t (3.10)
a=1 are 2 a=1 2 ‘ T - 2 '

and £ = +1, & = 1. We then defined 1 = £y, while for 13 we used the relation

3

S (A, {; + AQ}T s ({ma}T + ;) (3.11)

a=1 a=1

such that

3+&+ & 3+

3
> {20}, =47+ = (3.12)

providing a definition for 7s.



Again, changing variables as —io; = v;7 and —ip, = w, 7, there appears a contribution
in the index from the three-sphere partition function of a USp(2L) x USp(2K) pure CS
theory. The two symplectic groups have CS levels kygyor) = —m(L — K +1) — no K and
kuspex)y = —m(K — L+ 1) —m2L. These CS integrals can be evaluated using the results
presented in appendix A, but the result is not particularly illuminating and we do not
report it here.

3.3 N, coincident holonomies at u; = %

The Ansatz for the saddle point in this case is

., 1 _ 1
u = {Uj:4+Uj:4+UjT} . (3.13)

Plugging this into the effective action and expanding for |7| — 0, the leading contribution
becomes

Seff‘ﬁZ{i}Nc

i Ne N. 2
=-3 ((&)Nc +E&(Ne+2)) a7 — (¢ - 51)(2%) > +
=1

i=1

sin :tﬂ'uz TN, 3 1+n
+ log ( J)+ T2H({A} 1)+

1<j

2 1N
_ im(Ne + Ne) H<{2Aa}—1+n2)+5 Ve (i — (Ve + L)

42z 2 12
a=1
(3.14)
where £y and &; are defined as in subsection 3.2.
Once again, upon changing variables as —io; = v;7 we see the emergence of the

contribution of the three-sphere partition function of a U(NN.) vector multiplet. There is
also a CS term, where the SU(N,) and U(1) factors give different contributions. Indeed,
using the results of [37, appendix A] we can read off the CS terms from (3.14). While
the SU(N,) factor has level kgy(n,) = N2 + 2(m — m2), the U(1) term has CS level
kuay = 2(m — m2)(Ne + 1). Also in this case the evaluation of the CS integrals does not
lead to an illuminating expression and we do not report it here.

3.4 P holonomies at u; = 0, P at u; = %, and N, — 2P at u; = i

The last case that we discuss corresponds to the Ansatz with P holonomies at u = 0, P
holonomies at u = %, and the remaining ) = N, — 2P at u = i:

Vi =0T, i=1,...,P
i= W +3s=wr+1, r=1,...,P . (3.15)
§m+%zzm7+%, m=1,...,Q

~10 -



Expanding around this Ansatz, the effective action in the limit |7| — 0 can be rearranged as

Seftla—{ (0} (3} r i 1Ya} =

LT

2

P P
(2(P +1)& + 2P& + Q(&1 + &3)) (va + wa) +

Q Q
+ Qo+ &) + 26 +2P(61 + &) D 70 — (S0 — f2)< > Zm>

+
m=1 m=1
(= ) (F)
+
+Zlog< sm( T, ) +Zl 0 (25111 (£mwrs )) N
1<J r<s T
+221g( sin( 2771}@ )+221 (281n 27Tw7,)>
N Zl ( sin :Iiﬂ'zmn)) 2P Q) H({Aa}—Hm> +
m<n T a=1
in(2P - Q)+ Q) 1 1+n MrPQ 14y
_ _ I ({zAa} -y = 11 ({4A p- ) 4
—im (Q* +4P?) + Lin(6—5m)2P- Q) + im (12 - 5m) (2P - Q* + Q) +
12 12
1
+ zim (12 = 5m1) QP — Nelog 7, (3.16)
where £ 123 = 1 are defined by the relations
3
Z{JJrAa} :2r+3+€", J=0,...,3. (3.17)
= 4 - 2

Furthermore we called 11 = &y, 12 = &y + &2, and ny = & + &1 + &2 + &5,

Changing variables as —io; = v;7, —ip, = w,7 and —i\,, = 2,7 We recognize in
the expansion of the index a contribution from the three-sphere partition function of a
USp(2P) x USp(2P) x U(Q) pure CS theory. The two symplectic groups have the same
CS level kygpp) = —2(2(P 4+ 1)& + 2P& + Q(& + &3)), while the SU(Q) and the U(1)
subgroups of U(Q) have different CS levels, —(Q(&y + &2) + 282 + 2P (&1 + &3) and —2(&2 +
Q& + P(—& + & + & + &3)) respectively. Again the evaluation of the CS integrals does
not lead to an illuminating expression and we do not report it here.

4 Orthogonal gauge group

In order to study the orthogonal cases for generic rank we first discuss the SCI of SO(N,)
with N, = 3,...,6. In fact for these values of N, the index can be extracted by leveraging
the accidental isomorphisms of some classical Lie algebras.

e SO(3). In this case, denoting y the holonomy of USp(2) and u the holonomy of SO(3)

we can make the change of variables u = 2y and show, by direct inspection, that
ISSCO(3) _ IS%SP(Q).
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e SO(4). In this case, denoting y;2 the holonomies of SU(2) x SU(2) and ui» the
holonomies of SO(4) we can make the change of variables

ur =y1+y2, U2=Y1—Y2, (4.1)

and show that ZSSCO(4) = ISSCU(2)ZSSCU(2), where the right hand side corresponds to the index

of two decoupled N' = 4 SU(2) models.

e SO(5). In this case, denoting y; 2 the holonomies of USp(4) and u; 2 the holonomies of
SO(5) we can make the change of variables

Uy = Y1 + Y2, U2 = Y1 — Y2 (42)
and show that Zo0®) = 7U5P(4),

e SO(6). In this case we can consider the holonomies of SU(4) and enforce the SU
constraint explicitly on their definition:

+(ri—xy), i<j; Fwit+x;+2x), i#Fj#k, (4.3)

with 4,7 = 1,2,3. The holonomies of SO(6), denoted w; with i = 1,2, 3, can be mapped
to the SU(4) ones by the change of variables

Uy = T2 +2T3, U2=T3+T1, U3=T1+ T2, (4.4)
thus showing that ISSCO(6) = ISSCUM).

For all SU and USp cases (computed in [25] and here respectively) we see that the
leading contribution always has a logarithmic correction compatible with the formula
log |center(G)|, where by center(G) we obviously mean the center of the gauge group G,
i.e. Zn, and Zsg respectively. As discussed in the introduction this correction is generi-
cally smaller if there are fields charged under the center symmetry (which is not the case
for SYM).

Motivated by the above discussion, in this section we study the leading contribution
to the Cardy-like limit of the SCI for both the SO(2N. + 1) and the SO(2N.) case. In
the SO(2N, + 1) case we find the same result obtained for the leading contribution of the
symplectic case, as predicted by S-duality. Nevertheless the matching is nontrivial because
we have a different number of solutions to the saddle point equations. Only after a careful
evaluation of the 3d CS partition function we will have a proper matching of the two indices
including the finite logarithmic corrections.

4.1 The SO(2N, + 1) case

We start by studying SO(2N.+1). In this case the matrix integral is given by formula (2.9).
We can then study the saddle point equations:

33 (5 (o) 8} ) - (o)) +

a=1j=1

+ By ({ui + A}.) —Bg({—ui—i—Aa}T)) ~0, (4.5)
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for i =1,..., N.. Here we focus only on the solutions that have been studied in [9] in the
Cardy-like limit. In this case the leading saddle corresponds to solution at u,; = 0. We
expand the holonomies around this solution as in (2.26), i.e. u; = 0+%; = v;7. Expanding
the effective action around this saddle point we find

: _ N, —2 ()
Mmmfxmwewzw+szme»+

g i#k
+§1 9 i U, mN 2N —|—1 3 n—i—l
o e\ s Te T 2
> log  2sin { — H +
j=1 a=1
1 .
+ 5 (6 = 51) (2N2 + N.) — in N2 — N.log(r) . (4.6)
Upon changing variables as —io; = v;7, the SCI becomes
. Nc(2Nc+1) ¢ _ _
TS0@Ne+1) _ TNce—m%IgO(ZNCH)ZESO(?N +1) _n(2Ne—1) (4.7)

where the last contribution corresponds to the three-sphere partition function of a 3d
SO(2N, + 1) pure CS theory at level —n(2N, — 1). We also defined

SO(2N. iTN(2N, 4+ 1) £ +1
i (2 “)Eexp<—c(7_2c)n< a_772>+
a=1

1
+ 15 im(6 — 5n) (2N2 + N,) = inNZ = N, log(7)> . (48)

SO(2Ne+1) 2N, —1)

We can evaluate Z g, exactly as done in formula (A.18). We finally arrive at

N.(2N, > 1 _1
780@Ne+1) _ gexp< u H ( _n+t > ) (e i) +> . (4.9)

where the ellipsis represents the contributions from other saddles ignored here.

We observe the appearance of the expected log2 correction to logIsSCO(zNCH), which
is not due to the degeneracy of the saddles as in the USp(2N.) case but rather to the
extra factor of 2 in the evaluation of the partition function for the pure CS theory; see

again (A.18).

4.2 The SO(2N,) case

We now turn to SO(2N,). In this case the matrix integral is given by formula (2.10). We
can then study the saddle point equations. We have:

22_332 ({u5” + a0} ) = B ({—ui’ +Ad} ) =0, (4.10)

for i = 1,..., N.. Again, we focus only on the solutions that have been studied in [9] in
the Cardy-like limit. They are given by the Ansatz

U= {ugm) = % + 1, = % —i—vﬂ} with m=0,1. (4.11)
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Expanding the effective action around the saddle point (4.11) we find
2imn(N, — 1)) 3o Ne, 72 TIACY
Seff|z‘[:{%}Nc _ ( 17777( ; )) Ez:l Uy + Z log <2 sin <7I”LL]7]-€ +

T ;
i#k

TN, (2N, — 1) +1 1.
—MH( a_”) + in(6 — 57) N, (2N, — 1)+

T - 2 12
a=1
—imN(N. — 1) — Nelog(T) . (4.12)
Upon changing variables as —io; = v;7, the SCI becomes
T80CN:) QTNCe—miNC@;VC*”ZSO@NC)ZESO@Nc)—zn(NC—l) ’ (4.13)

where the last contribution corresponds to the three-sphere partition function of a 3d
SO(2N,) pure CS theory at level —2n(N. — 1). We also defined

iTN.(2N. — 1) 1
IgO(QNC)EeXp<_Z7T ( )H<Aa_n+ >~I—

72 e 2
1

+ Eiw((j —5n)N. (2N, — 1) —inN(N. — 1) — N, log(7’)> : (4.14)

Evaluating ZSS(QNC)_Q"(NC_U exactly as done in formula (A.21) and multiplying it by (4.14)
we obtain

. 3
SO(2N.) _ imNe(2N, — 1) n+1 L
750 )—4exp<—7_2al_[1 iy ) O () (4.15)

where the ellipsis represents the contributions from other saddles ignored here.

750CNe) which s

We observe the appearance of the expected log4 correction to log
partly due to the degeneracy of the saddles (4.11) counted by m and partly due to the
extra factor of 2 in the evaluation of the partition function of the pure CS theory. The
final result is consistent with the fact that the center is either Z4 or Zo x Zo depending on

the parity of N..

5 A nontoric example: the Leigh-Strassler fixed point

In this section we study the SCI of the so-called N/ = 1* theory of [33], i.e. the theory
obtained by turning on a complex mass for one of the A/ = 1 adjoint chirals in N' = 4
SU(N.) SYM, and flowing to the fixed point. We integrate out the massive field ®3 after
deforming the superpotential of N' = 4 accordingly:

WRESS ~ Tr @301, Do) + Tr ®3  —  Wymgs ~ Tr[@q, Do) (5.1)

It is interesting to study this case because this N' = 1 theory is nontoric, and so far such
models have not been discussed in the literature.®

8n effect, [25] deals only with toric N' = 1 SU(N.) quivers and gives leading contribution and logarithmic
correction of the SCI in the Cardy-like limit; [12] gives only the leading contribution for a general (i.e. not
necessarily toric) N/ = 1 gauge theory with gauge group G in terms of its central charges a,c (and flavor
central charges if present). Partial progress for general theories has also been made in [11, 38]. We are
grateful to D. Cassani for comments on this point.
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5.1 Superconformal index

The N. — 1 saddle point equations read
Ne
Y Bo({uij+Ad}r) = Ba({unj+Ad}r) = Ba({usj+Au}r) + Ba({—unj+Au}-) =0, (5.2)
j=1

and they have the same solutions as those discussed in [25], that we report here:

m I—<1 Ne
U; = ﬁc + —c 2 4 T with i;vi =0, (5.3)
where [ = L]\’[L;/lcj, withi=1,...,Noand m =0,..., % — 1, with C' an integer divisor of

N.. This corresponds to the K-gon solution of [11], and it can be visualized as C' sets each
containing N./C holonomies, uniformly distributed along the unit interval.

5.1.1 Leading saddle: C =1

The leading saddle corresponds to the Ansatz with C' = 1. In the following we discuss
this case explicitly. The fugacities associated with the adjoints ®; and ®5 are denoted
A; and Ay respectively, and the superpotential Wyr—1+ in (5.1) imposes the constraint
Ay + Ag = 1. Tt follows that in this case the constraint on the quantities {A,}- is given by

{Ar}r +{As}, =7+ 1+ g (5.4)

where n = £1. By expanding the index at small |7| (and fixed arg T € (0,1)) we obtain:

2
. N, N, _
Cc 1 Cc ..
sis= —Min (Sm - Ly g +Zlog(gsm”w)+
T = N, = T

i#j
in(N? —1) (Al— HTn) ( 2 — HTn) (A1 + Ay —(1417))
— 7_2 +
+ 156 = Bm(NZ = 1) = (N2 = No) = (Ne — 1) log 7, (5.5)

where we defined u; = v;7. Once again, upon the change of variables ic; = Xt + v;7, we
recognize a 3d pure CS partition function. By evaluating the latter on the different N,
saddles the final result is

N2
7L = N, e~ (A= 50) (A0 = 5) (Ar+ Aa = (14m)+O(/17T) 4. (5.6)

where the ellipsis refers to the contribution of other saddles we ignored. Notice that the
index has the functional structure of the 4d central charge a, that in this case is given by

27
ars = 3*2A1A2 (A1 + Ay) . (5.7)

Furthermore we observe the appearance of the expected log N, correction to log ISLCS7 which
is inherited from the parent N' =4 SU(N,) SYM.
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5.1.2 Subleading saddles: C-center solutions
A similar analysis can be carried out for the C-center solutions introduced in [25, 26]. Here

we redefine (5.3) as

_ 2
U = . + C T Ui~ (N./O)I 5 (5.8)

by introducing the quantity ur;_(n./c)r- The action for the C-center solution is given by
gLs:C 2 & I—J
2:: Z; 7+A T+U1,z’—UJ,j§T +

I1—-J
+ log (90 (C—i—u“ Uj7j;7_>)+

1,J=01,5=0
+2(Ne — 1) 1og(¢; @)oo - (5.9)

B?M\

Using the relations

J J
{C+A1} +{C+A2} —r+1+%’, {CAl}T+{CA2}T_CT+1+n20, (5.10)

with &g = m and ne = 29;01 &7, we can expand the action for || — 0 (and fixed argT)

obtaining for the leading terms

c-1 N./C N./C 2
LS,C e N2
Set " =53z 2 S Z“M > ugg| +
=

1,J=0

c-1 . N./C o Ne/C 2 NJC
TiNeNe (uri—ur;)
(B (i ) 3 s m)

i=1 1#£]

C3 2
+ 2 (10 =00 (18eh -5 ) (A +{Ak — () +

B 57”770]\73 n miNe  mi(6—5m)
12C 2 12

milNe ({CAl}T 1;"0) ({Cm}T— 12"0) ({CAL}-+{CA}—(14)) +

—(Ne—1)logT. (5.11)

The calculation of the CS integrals is identical to the one performed in [25] for the C-center
solution of N'=4 SU(N,) SYM.
The final result is:

7180 _ Ne T8 (oA}~ 140) ({082}, — 242 ) (O} OB}~ (14m))

eg({m}f—”%)({Az}f—”%)({A1}7+{A2}T—(1+m))+% _ Zgg(l) n
(5.12)

where Zgg,(l) denotes the CS partition function of the abelian factors as in [25].
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5.2 Entropy function and dual black hole entropy

We conclude the analysis of the LS fixed point by studying the entropy function Sg that
represents the log of the number of states and corresponds to the Legendre transform of
the index. In the holographic dictionary the Legendre transform of Sg gives the entropy
of the dual black hole. The entropy function can be read off of the logarithm of the SCI,
and is thus given by

(& (Al — %1) <A2 - WTH> (A +Ax—(n+1))

72

S E — —K (5.13)
with the constraint Ay + Ay —7 —1— 2 = 0 (which is derived from (5.4)). The overall
constant £ is fixed as k = § (see the discussion in [35]).

The entropy is computed in terms of the charges ()12 and angular momentum J of the
dual black hole. (Observe that since we are identifying o and 7, we only have one angular
momentum J; = Jo = J.) The Legendre transform of the entropy function Sg is given by

the formula

S =5g +27Ti(Q1A1 + Q245 +JT) + 2miA <A1 + Ay —7—1-— ;’) , (514)

where A is a Lagrange multiplier that enforces the above constraint between the chemical
potentials. The entropy function satisfies the simple equation
0SE 0Sg 0SEg

+ Ao +7 , (5.15)

—A
Sk oA, 0N, or

implying that the entropy can be extracted from the Lagrange multiplier A as S = —27wiA.
In order to find an expression for A we first write down the equations da,,S = 0 and
0-5 = 0. These three equations allow to express the quantities A+ @12 and A —J in terms
of Ay and 7. They read

)

A+Q1__( "T)(?A1+A2—*(?7+1))
(

K
A:Qz :_( "T) A112A2—(n+1))7 (5.16)
A—J (Al—ngil)<A2—nTH)(A1+A2—n—l)

PR 73 '

Using these relations we can find an identity involving A, Q1 2, and J. In the case of N' =4
SYM this is a cubic equation in A; here instead we found a fifth-order equation in A, which
to the best of our knowledge appears for the first time in such a calculation. It reads:

LA - DA+ 200 - QA+ Q1+ Qa)(A - Q1 +2Qu) +

g; (A—J) - 2(Q1 — Q2)*(A : Q1)* (A + Q2)*

=0. (5.17)
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Solving this equation in A yields the entropy S as a function of the charges as explained
above. In order to obtain a sensible result we should also impose that A is purely imaginary.
In general a fifth order equation with two imaginary solutions can be written as

A® + 02A4 + (Cl + 63)A3 + (0162 + C4)A2 + cie3A + ey = 0, (5.18)

with solutions A = £i,/¢1. The coefficients ¢; can be expressed in terms Q12 and J. (This
is a reality condition on the entropy, which also imposes a constraint among the charges.)
The BH entropy is then given by the following relation:

a—+/a?2+32kp3

S =-2miA=2 =2
i my/c1 = 2w 6

(5.19)
with

a=kJ(27Tk — 8J) + 8(Q1 + Q2) (36T +4(Q1 — Q2)?) + 12r(Q? — 4Q2Q1 + Q3),

B =27r"J% + 126J%(QF — 4Q2Q1 + Q3) + 8(Q1 + Q2)(kJ(Q2 — 2Q1)(Q1 — 2Q2) +
+4Q1Q2(Q1 — Q2)°). (5.20)

6 Further directions

Here we are going to present some open questions that should be further explored.

First it should be possible to apply the analysis of [26] to classify the saddle point
solutions of the USp(2/N,) case via its center symmetry, and to relate them to the massive
and Coulomb vacua of A" = 1* USp(2N.) SYM on R? x S' [39-44]. This can be helpful
also for the analysis of the SCI for both orthogonal and symplectic gauge group from the
BAE approach of [13, 14]. This analysis should provide a useful check of our results.

It is important to complete our analysis for the orthogonal gauge groups, finding other
Anséatze for the holonomies (in analogy with the USp(2/V.) case) that we did not discuss
here, by solving the saddle point equations (4.5) and (4.10).

Another open question regards the identification of the holographic dual to the finite-
order logarithmic corrections we found. It would be very interesting to obtain this result
from the supergravity side. The problem is very similar to the 3d one recently discussed
in [28].

We conclude by observing that the ordinary large-IN limit of the SCI of the LS fixed
point has been recently studied in [45] from the holographic perspective. It would be
interesting to construct the dual BH for the LS fixed point in supergravity. One should
be able to reproduce the BH entropy obtained in (5.19) by starting from the truncations
discussed in [46, 47].
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A Pure Chern-Simons three-sphere partition function

Here we collect some results on the calculation of three-sphere partition functions for the
pure CS theories encountered in the main text.

A.1 USp(2N,)

Pick two complexes wi,ws in the upper half-plane and define w = %(wl + wz). When
localizing on the squashed three-sphere Sg’ with one squashing parameter b (to preserve
N = 2 supersymmetry in 3d), we set wy = ib,wy = %; therefore wiws = —1l and w = %(b—i—%).
For the round three-sphere, which we will focus on hereafter, wy = wo = w = i. The
localization procedure produces hyperbolic Gamma functions

[ee]
(n+ 1w+ (m+ Dwy — 2
Ch(zywi,wy) = H n (A.1)
mon=—1 nwi mwao

from the one-loop determinants for the vector (and matter) multiplets. Then the partition
function of pure CS theory (i.e. without matter) with gauge group USp(2N,.); and CS level
k = 5 is given by a matrix integral Jy, o; which has been studied in the mathematical
hterature. The exact evaluation is given by [48, Prop. 5.3.18]:

/ T1Y, doc (2t e, 0?)
2NCN' [licicj<n. Fh(iUiin)Hj:1Fh(in)

2+4sgn(t)) N,
e () (_NC<NC+ (N, + 1)(w? +w§>> |

(t sgn(t) 3t

I1 4sin< Zij)Hzl <27”>, (A.3)

1<i<j<Nc

JNc,OJ = (A2)

where .
TIZ

c(z) =eZrwz | ez) = 2™, (A4)

From (3.4) we see that in our case 2k =t = 2n(N, + 1) with n = £1; thus

T e () (i) o
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evaluates to
_im (N2 2
e~ FNZ=N) (2N, + 1)) 7 (sgu(n)) ™ . (A.6)

Notice that this evaluation is nontrivial, so it is interesting to observe that for the non-

generic value of 2k = t extracted from the 4d calculation it can be carried out explicitly.

For other values of ¢ one may use the (large-N.) topological string techniques of [49] to

USP(QNc)k

evaluate Zg;
Alternatlvely, one can work with standard trigonometric functions by exploiting the

relation [50, eq. (A.18)]

1
T () = —4sin (Z:) sin (Z) = —4sinh(£7x). (A.7)

Substituting it back into the integrand of (A.2) we gain a factor of ™2 When the dust
settles we are left with:

- 2
USP(2Ne)y(vesr) . €7V —2nmi(Net+1
Zgs e = NN, / II doje 2 Net )7 i (4sinh(£7moy)) -

H 4sinh(7(+o; + 05))
1<i<j<Ne.
— imNZ=5imnNe(2Ne+1) (A.8)

A.2 SO(N,)

Here we evaluate the (round) three-sphere partition function of pure CS theory with gauge
group SO(N,)g.

The partition function ZSO(QNcH)

of the SO(2N.+1), pure CS theory on the squashed
sphere is given by the 1ntegral

irko?
Ne e wiwa
SO@2N.+1), 1 [[;=, doj e “12
Zgy =ox ~ (A.9)
b 2Ne N TTYe To(do + o) [T Th(oi)
In the even ZS,?(QNC)’“ case, the integral reads instead:
b
i‘rrko'2.
Ne Py
7SO(@Ne). _ 1 H L doje“1e2 Al
SS — N.—1 | . ( ° 0)
b 2Ne Nc‘ HZ<] Fh(:tO'Z:tUj)

(In both cases, the dependence on b is through wy,ws.)

We start our analysis by computing the integral (A.9) with k& > 0. The key formula in
order to compute such integral is the generalization of the Weyl character formula for the
By, algebra, that is

) N,
2j — 1 £ T ]
dor Lo (D7 o T (M 29 [Toan (722
z 1<j€<Ne  1<j<t<N. & ] :
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Upon using the first relation in (A.7), the integrand of (A.9) becomes

inko? N
1Y, =i 12[ o {71‘(2j - 1)@} _im 35
= et ———— e w1z
[h<jeren, Tn(Eoj £ 00) T1N Th(F0y) o Wa 1<j,l<N,
(A.12)
We further simplify the integral using the relation [48, eq. (5.3.20)], i.e.
Ne
/det{fj(af)}lgj,ZSNc det{g;(c0) h<je<n. [[ hlor)dor =
(=1
N.!det {/ fj(a)gg(a)h(a)da} . (A.13)
1<j,<Nc

The last integral in (A.13) can be explicitly computed:

) — — (s 0'2
/sin (71’(2] 1)0) sin (W(?E 1)U> S
w1 w2

im((25—1)2w24(20—1)2w2) . o
T JUCE e
ik 2k

92 (A.14)

By further using the relation
m(25 — 1)¢ T(j+0)\ e wj
det {2 sin ()} = J] 4sin () I] 2sin () (A.15)
Qk 1<j<l<N, 1<j<¢<N. Qk j=1 2k’
we can compute (A.9), which gives

. 2 2 2
_inNe(NZ D) (Wi twd)  zinne
12kwqwo 4

750N+ >0 _ €

53 o kNe/2
. ) N, -
H 4 sin (ﬂ-(] Tl 1)) sin (W(‘] £)> H 2sin <7T(2‘7 1)> .
) k k L 2k
1<j<t<Nc Jj=1
(A.16)
An analogous computation can be performed in the case of k < 0, obtaining
_irNe(NZ-D)(witwd) N,
ZSO(QNC+1)k<O _ e 12kwq wo 4
s3 - (—k)Ne/2
. 1 - N, 97 _ 1
H 4sin (7r(j+£)> sin (M> H 2sin <7r(])> _
) k k L 2k
1<j<l<N¢ j=1
(A.17)

Fixing £ = —n(2N, — 1) and w; = we = ¢, and substituting (A.7) into the integrand
of (A.9), the partition function evaluates to

SO@2Ne+1) _pane—1) _

Zos 2 ¢ E (@NeA ) +inNZ (A.18)
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An analogous computation can be performed for SO(2N,). In this case the generalized
Weyl character formula for the Dy, algebra is

= ] 4sin<7r(0ji”)>. (A.19)

z

1 27 —1
Z det {2 cos M}
2 z 1<GA<Ne  1<j<f<N,

By following the steps discussed above the computation is straightforward, and we obtain

inNe (9—sign
ZS0@N.)y, _ ¢ 1 (2-sig (k))c <_ Ne(Ne = 1)(2N, — 1)(wf + W%)) .

Sy B || Ne/2 3k
+0—2 —/
H 4 sin (77(]2) sin (7T(‘]k)> . (A.20)
1<j<¢<Ne K| ||

In this case for k = —2n(N, — 1), w1 = ws = i, and substituting (A.7) into the integrand
of (A.10), we have:

SO(2Ne) —an(ne-1) _

Zos 2T = (2Ne—1)Him(NZ-Ne) (A.21)

Note added. We conclude this appendix by commenting on a mistake made in a former
version of this manuscript.’

In that version, the evaluation of the SO(N,); partition function was obtained using
the limiting case of the duality obtained in [51, section 5.3]. (The duality was originally
proposed for O(N.); gauge group and tested numerically at the level of partition functions
n [52]; further tests were performed in [50, 53, 54].) There, 3d N/ = 2 SO(N); SQCD
with Ny flavors is shown to be dual to SO(Ny — N + [k| 4+ 2)_j with Ny dual flavors and
mesons. If Ny =0, N = 2N.+ 1, and k = 2N, — 1 the dual rank vanishes. Thus the
integral identity between the electric and the magnetic theory yields an exact evaluation
of the electric partition function.

A subtlety arises from the fact that the integral identities for the SO(N,)r and O(Ne)x
dualities are formally identical, whereas the partition functions for these two gauge groups
differ in the order of the Weyl group, appearing in the constant prefactor of Z 3 (see e.g.
the definition (A.9)). The latter divides both sides of the two integral identities (so that
it would not play any role); however in the limiting case where the dual rank vanishes
the O(N,); partition function becomes 1 while the SO(N,); partition function evaluates
to 2 (corresponding to the contribution of the ungauged Zs symmetry, interchanging the
identity operators 1 and —1).

This extra factor of 2 was missing in previous versions, and has been obtained here

by a direct evaluation of the integral corresponding to the SO(N.); partition function;
see (A.18) and (A.21).

Open Access. This article is distributed under the terms of the Creative Commons
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