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1 Introduction and results

1.1 Motivation

This paper is the third in a series of papers [1, 2] attempting to systematically overcome
the obstacles for constructing a classical M5-brane model, see also [3]. There are good rea-
sons to be skeptical about the existence of such a model, cf. [1, 4] and references therein.
We note, however, that even if this program should fail, many of its results should be
applicable and useful in different contexts, such as F -theory, heterotic supergravity, dou-
ble/exceptional field theories, and tensor hierarchies on the physical side as well as higher
algebra and differential geometry on the mathematical side.

There are two prominent obstacles towards a construction of an M5-brane model: the
correct definition of a higher dimensional parallel transport and implementation of self-
duality by an action principle. Both problems have found solutions in the literature but
the commonly known solutions are partially unsatisfactory.
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A consistent higher dimensional parallel transport can be defined in the context of
higher non-abelian principal bundles or gerbes [5, 6], see e.g. also [7]. A problem arising
here is that consistency of this parallel transport requires a part of the curvature to van-
ish, which locally renders the connection gauge equivalent to the connection on an abelian
gerbe [2, 8]. One can circumvent this issue by using special higher gauge algebras which
allow for an adjustment, i.e. essentially an alternative definition of the curvature expres-
sions [2]. An important example that we will use in our model in this paper are adjusted
string structures [9–12], or rather their metric extension [2], which are higher analogues
of spin bundles. String structures allow for the definition of an adjusted higher parallel
transport [13].

As is well-known by now, self-duality can be implemented by the Pasti-Sorokin-Tonin
(PST) mechanism [14–16]. The auxiliary data, however, is somewhat unsatisfactory, par-
ticularly when it comes to quantizing such a theory. Moreover, if the PST mechanism is
implemented in the models that we are interested in, the Lagrangian comes with terms
proportional to inverses of a scalar field [1, 17]. We are particularly interested in the limit
in which the expectation value of the scalar field vanishes. One can certainly carefully take
the relevant limit, but the situation is not ideal.

An alternative to the PST mechanism was suggested recently by Ashoke Sen [18, 19],
see also [20]. It is the primary goal of this paper to incorporate this mechanism into the
model considered in [1] and to extend it suitably to implement all duality relations in a
fully supersymmetric fashion.

In a recent paper [21], Sen’s mechanism was used in a Lagrangian whose equations
of motion are those of [22] for a non-abelian (2,0)-tensor multiplet. There were attempts
at interpreting these equations as higher gauge theories [23, 24], but because there are
no gauge potential forms in the theory, it remains unclear if a consistent higher parallel
transport can be formulated with them.

The model we use in this paper is a six-dimensional N = (1, 0) supersymmetric field
theory [1] which is a specialization of the model constructed in [25, 26]. In the latter work,
the field theory was constructed using the tensor hierarchy of gauged supergravity. Struc-
ture constants and their algebraic constraints were derived from supersymmetry, which
also led to equations of motion and ultimately an action principle. The mathematical
interpretation of this structure was unclear; it is actually an EL∞-algebra [27]. Using
the adjusted metric string structures of [2, 3] makes it evident that this theory is mathe-
matically well-defined and consistent: there are obvious notions of connections on higher
principal bundles and of a higher parallel transport that underlie the theory.

We hasten to add that this model is clearly not a general M5-brane model: most
evidently, it contains a six-dimensional vector multiplet carrying degrees of freedom which
cannot be present in an N = (2, 0) supersymmetric M5-brane model.

It is somewhat mysterious that Sen’s comparatively simple mechanism to incorporate
self-duality by an action principle has been overlooked for quite some time.1 A secondary

1This may be due to it being seemingly close to Lagrange multipliers, which by themselves are not
suitable for implementing self-duality at the quantum level.
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goal of this paper is therefore to clarify the mathematical origin of this mechanism and we
use the homotopy algebraic perspective on classical field theories for this, cf. [28].

1.2 Results

We begin in section 2 with an analysis of Sen’s mechanism. Recall that any polynomial
field equations can be encoded in the homotopy Maurer-Cartan equation of an L∞-algebra
and any polynomial action can be captured by the homotopy Maurer-Cartan action of
a corresponding cyclic L∞-algebra. We find that the L∞-algebra corresponding to the
self-duality equation in six dimensions has a trivial cyclic extension by doubling the field
content. This doubling is nothing but the addition of antifields familiar from the BV-
formalism. After a field redefinition, i.e. a strict isomorphism on the cyclic L∞-algebra,
the homotopy Maurer-Cartan action for this theory is precisely Sen’s action. In the original
papers [18, 19], some work was required to show that parts of the field content decouple and
the relevant field content is merely that of a self-dual curvature. In our picture, the cyclic
L∞-algebra allows for a further extension by enhancing the gauge symmetry, which renders
the decoupling field gauge trivial. This persists when the action is coupled to additional
matter fields in an arbitrary way; in the original papers, only couplings at least cubic in
the fields were considered.

In section 3, we review in detail the model of [1, 3]. We also comment on an important
point which was mostly ignored in the previous work: the particular structure of the EL∞-
algebra underlying the model allows for a cyclic structure which does not originate from
a symplectic form on the grade-shifted graded vector space of the gauge algebra. The
latter is usually the case for L∞-algebras. We also demonstrate the explicit relation and
equivalence between the adjusted metric string structures constructed in [2] and those used
in tensor hierarchies and in particular in [25].

Our central result is certainly the N = (1, 0) supersymmetric action, which implements
self-duality as well as duality between 2- and 4-form curvatures. Its field content is given
by a (1, 0)-tensor multiplet (B,χ, φ), a (1, 0)-vector multiplet (A, λ, Y ), additional 3- and
4-form potentials C and D as well as two auxiliary fields: a self-dual 3-form is = i+

s and
a 2-form kt, see table 1 for more details; further hypermultiplets are readily incorporated,
too. The Lagrangian of our action reads as

LN=(1,0)
TF = −dφs ∧ ?dφr − ?4χ̄s∂/χr + ?4χ̄s (F/t, λt)− ?8χ̄

i
s (Ytij , λjt )

+ φs
(
(Ft, ?Ft)− ?2(Ytij , Y ij

t ) + ?4(λ̄t,∇/ λt)
)

+ L0,hyper

+ (dBs)+ ∧
(
dBr + cs(A)r + (λ̄t, γ(3)λt)

)
+ (dBs)− ∧ C+

q

− is ∧ (dBr + cs(A)r − Cq + (λ̄t, γ(3)λt))
+ (∇Cu)(kt) + 2Bs ∧ (Ft,kt) +Dv(kt)− 2φs(kt, ?Ft)
− ?4χ̄s(k/t, λt)−Bs ∧ (kt,kt) + φs(kt, ?kt) ,

(1.1)

where Ft := dAt + 1
2 [At, At] and cs(A)r is the Chern-Simons 3-form of At. Fields with a

subscript t and u or v live in a quadratic Lie algebra g with bilinear form (−,−) and its
dual g∗, respectively, while fields with a subscript r or q (resp. s) live in R (resp. its dual).
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These subscripts merely help to identify different copies of the same vector space. Indices
i, j = 1, 2 are standard R-symmetry indices, as explained in appendix B, and Einstein
summation convention is implied for these indices.

This action is fully supersymmetric under the transformations given in table 1, shifted
and complemented by the expressions in (4.13). We stress that even though the action has
some superficial similarities to that of Sen’s mechanism [18, 19], it is merely the covari-
antization and supersymmetrization of a Lagrange multiplier action. Its form is essentially
uniquely fixed by supersymmetry. Contrary to Sen’s mechanism, we require neither de-
coupling arguments nor enhanced gauge symmetry to remove the additional degrees intro-
duced by is and kt. Both fields simply vanish on-shell, cf. the list of equations of motion
in table 2. Note that the additional fields is and kt appear in interaction terms, but
contrary to Sen’s action, there are also interaction terms (dBs)+ ∧

(
cs(A)r + (λ̄t, γ(3)λt)

)
in which the self-dual part of dBs is involved, as well as 2Bs ∧ (Ft − 1

2kt,kt), where Bs
appears unmodified.

Given the triviality of the additional fields, one may wonder if their introduction is at
all necessary. We note that self-duality of the curvature of Bs follows from the equation of
motion of C+

q . Moreover, upon replacing the fields is and kt by their on-shell equations,
a number of components of the higher gauge potential do not appear in the action: the
component Ap of the 1-form potential A = At + Ap, the antiself-dual part C−q of the 3-
form potential Cq, as well as the 4-form potential Dv. One could now simply algebraically
fix C−q and Dv to ensure the duality equations of motion for the gauge sector, avoiding
the requirement for an extension of the action altogether. In this light, it is perhaps
not surprising that our construction is possible; it remains, however, non-trivial, which is
underlined by the modified supersymmetry transformations (4.13) as well as the terms in
the action that are quadratic in the additional field kt. Moreover, there are a number
of reasons why implementing self-duality by algebraic constraints is less than desirable
for us. First of all, it is evident that the field content needs to be truncated in some
manner, which may contradict an algebraic implementation of the equations of motion.
In particular, we note that, from a mathematical perspective, the string Lie 2-algebra
(and its metric extension) are only L∞-subalgebras of the higher gauge algebra we use.
The restriction to this natural higher gauge structure requires to impose Cq = 0, cf. [29],
making an algebraic implementation essentially impossible. The precise nature of the
truncation will be addressed in future work, but the need for truncating the field content
is also seen from the indefinite kinetic term of the tensor multiplet fields. Second, from the
perspective of quantization, it certainly does make a difference if the 3-form potential Cq is
allowed to have non-self-dual off-shell degrees or not. Moreover, a quantization with a full,
unconstrained higher gauge potential can simply follow the canonical BRST prescription
and is therefore much more convenient. Third, we are acutely aware that our theory
should be generalized in various ways. Recall that the authors of [17] found it necessary
to extend the model [25], on which our model is based, by the PST mechanism. Similarly,
more general higher gauge algebras and more intricate matter couplings should require an
actual Sen-like implementation of self-duality. Our model with dynamically implemented
self-duality provides a good supersymmetric starting point for this.
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Altogether, we obtain an action that shares many features with an ideal M5-brane
model (and significantly differs from it in other regards). Using adjusted metric string
structures, its mathematical consistency is guaranteed: the various potential forms do in-
deed form a connection on a higher principal bundle, which can, in principle, be extended
to topologically non-trivial space-times. The action is now accessible to standard pertur-
bative quantization techniques, and we plan to study some quantum aspects in the near
future. Clearly, one should quantize around a background 〈φs〉 � 0, as otherwise the action
is unstable. This is perhaps not surprising, as in a reduction to four dimensions, the expec-
tation value 〈φs〉 should be related to the Yang-Mills coupling constant (and 〈Bs〉 should
be related to the θ-parameter) [1, 3]. A remaining issue to understand and address in the
context of quantization is certainly the indefiniteness of the kinetic term for the tensor
multiplet fields. We expect that a truncation to a subset of fields can cure this issue.

We conclude that the two most evident obstacles in constructing an M5-brane model,
namely the construction of an appropriate higher parallel transport and a simple action
implementing self-duality, are now fully overcome. However, daunting problems remain,
from the choice of the appropriate higher gauge group to formulating interesting conformal
interactions of higher gauge fields in a (2, 0)-supersymmetric form, and it certainly remains
unclear if a classical M5-brane model can exist.

2 Self-dual action from a homotopy algebraic perspective

In this section, we study how self-duality is naturally encoded in an action principle from
the homotopy algebraic perspective advocated e.g. in [28]. After a field redefinition, the
action equals the one proposed by Sen in previous work [18, 19], see also [20]. In both
forms, the action is a useful alternative to the PST mechanism. For definiteness, we
shall focus on the case interesting to us, i.e. a 2-form potential B with self-dual curvature
on six-dimensional Minkowski space. This constraint, however, is merely to simplify our
discussion, which readily extends to the general case.

2.1 Dynamical data as homotopy algebra

Consider six-dimensional Minkowski space M = R1,5 with Hodge star operator ? and
codifferential d† = ?d?. Let B be a 2-form potential with curvature

H := dB (2.1a)

and the obvious higher gauge structure

B 7→ B̃ = B + dΛ and Λ 7→ Λ̃ = Λ + dλ (2.1b)

for Λ ∈ Ω1(M) and λ ∈ Ω0(M). We are interested in the self-duality equation

H = ?H (2.1c)

as an equation of motion.
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Gauge symmetries are naturally encoded in a BRST differential, which is nothing but
a Chevalley-Eilenberg differential, defining the dual of an L∞-algebra. This L∞-algebra
captures the kinematical data of a gauge theory. As familiar from the BV formalism, one
can extend the BRST complex by antifields in order to capture the full dynamics of a gauge
theory. The action of the extended differential on the antifields is given by the generators
of the on-shell ideal, i.e. the expressions that vanish by the equations of motion. Dually,
again, this simply yields an extension of the L∞-algebra capturing the kinematical data
to one that contains the full dynamical information. In the following, we describe this
L∞-algebra for the dynamical data (2.1), reviewing some basic notions of L∞-algebras.

An L∞-algebra is a graded vector space L = ⊕n∈ZLn with totally antisymmetric mul-
tilinear higher products µi : L∧i → L of degree 2 − i, which satisfy the homotopy Jacobi
identities∑

i+j=n

∑
σ∈Sh(j;i)

(−1)jχ(σ; `1, . . . , `n)µj+1(µi(`σ(1), . . . , vσ(i)), `σ(i+1), . . . , `σ(n)) = 0 (2.2)

for all `i ∈ L. Here, Sh(j; i) is the set of unshuffles, i.e. permutations of i elements preserving
the relative order of the first j and the last i−j elements and χ is the antisymmetric Koszul
sign (−1)p, where p is the number of permutations in σ involving an even element.

In an L∞-algebra, we can regard elements a ∈ L1 of degree 1 as generalized gauge
potentials with curvature

f := µ1(a) + 1
2µ2(a, a) + 1

3!µ3(a, a, a) + . . . ∈ L2 . (2.3)

The homotopy Maurer-Cartan equation is then simply

f =
∞∑
i=1

1
i!µi(a, . . . , a) = 0 . (2.4)

Generalized gauge potentials transform under gauge transformations, parameterized by
elements c0 ∈ L0 as

δc0a :=
∑
i≥0

1
i!µi+1(a, . . . , a, c0) ; (2.5a)

higher gauge transformations of c0 are parameterized by an element c−1 ∈ L−1 and given by

δc−1c0 :=
∑
i≥0

1
i!µi+1(a, . . . , a, c−1) (2.5b)

with an evident generalization to c−k ∈ L−k, k ∈ N. For more details, see e.g. [28].
The dynamics (2.1) of a 2-form potential B with self-dual curvature H is described

by the homotopy Maurer-Cartan equation of the L∞-algebra Lsd given by the differential
chain complex

Lsd =

 λ

Ω0(M)︸ ︷︷ ︸
Lsd
−1

Λ
Ω1(M)︸ ︷︷ ︸

Lsd
0

B

Ω2(M)︸ ︷︷ ︸
Lsd

1

H−

Ω3
−(M)︸ ︷︷ ︸
Lsd

2

d d −(d−?d)

 . (2.6)
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Here, Ω3
−(M) denotes the vector space of antiself-dual 3-forms. The equation of mo-

tion (2.1c) is clearly the homotopy Maurer-Cartan equation (2.4) specialized to Lsd. Simi-
larly, gauge and higher gauge transformations (2.1b) are given by specializations of (2.5a)
and (2.5b) to Lsd.

2.2 Action from homotopy algebras

In order to have an action principle, we need the analogue of an inner product on the L∞-
algebra encoding our dynamics. An inner product on an L∞-algebra L, which is usually
called a cyclic structure on L, is a graded symmetric map 〈−,−〉 : L×L→ R satisfying the
cyclic permutation condition

〈`1, µi(`2, . . . , `i+1)〉 = (−1)i+i(|`1|+|`i+1|)+|`i+1|
∑i

j=1 |`j |〈`i+1, µi(`1, . . . , `i)〉 . (2.7)

In general, cyclic structures arise from certain symplectic forms on the graded vector space
L. Together with the differential, this is the data for writing down the classical master
equation in the Batalin-Vilkovisky formalism and the symplectic form is the one giving
rise to the Poisson bracket known as the antibracket.

For cyclic L∞-algebras with cyclic structure 〈−,−〉 of degree −3, the homotopy
Maurer-Cartan equation (2.4) is the equation of motion of the action

ShMC =
∞∑
i=1

1
i+ 1〈a, µi(a, . . . , a)〉 . (2.8)

In the case of the L∞-algebra Lsd, the dimensionality of the homogeneous parts of the
underlying graded vector space shows that there is no non-degenerate pairing of degree −3.
However, one can trivially extend an L∞-algebra L to a cyclic one by doubling it to T ∗[−3]L.
Here [−3] indicates a shift of the cotangent fibers by 3.2

We thus introduce antifields3 λ†, Λ†, B†, H† for the ghost-for-ghost, the ghost, the
field and the antiself-dual part of the curvature, respectively, and consider the differential
complex

L̂sd =



λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
H−

Ω3
−(M)

⊕ ⊕

︸ ︷︷ ︸
L̂sd
−1

︸ ︷︷ ︸
L̂sd

0

H†−

Ω3
+(M)︸ ︷︷ ︸
L̂sd

1

B†

Ω2(M)︸ ︷︷ ︸
L̂sd

2

Λ†

Ω1(M)︸ ︷︷ ︸
L̂sd

3

λ†

Ω0(M)︸ ︷︷ ︸
L̂sd

4

d d −(d−?d)

d† d† d†


.

(2.9)
Note that in six dimensions, self-dual forms naturally pair with antiself-dual forms and
vice versa; H†− is self-dual for this reason.

2This is, in fact, precisely what one does when introducing antifields in the BV formalism. The shift
here is only by 1 since the ghost degree counting is the inverse of the L∞-degree, shifted by 1. For a detailed
explanation, see again [28].

3We shall employ a † to denote antifields, while ± will denote self-dual and antiself-dual parts of 3-forms.
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The diagonal inner product pairs the fields in an obvious way with a sign (−1)|Φ| for
each field Φ:

〈 λ1 + λ†1 + Λ1 + Λ†1 + . . . , λ2 + λ†2 + Λ2 + Λ†2 + . . . 〉

=
∫
M
−λ1 ∧ ?λ†2 − λ2 ∧ ?λ†1 + Λ1 ∧ ?Λ†2 + Λ2 ∧ ?Λ†1 − . . . .

(2.10)

A gauge potential of this L∞-algebra, i.e. an element of L̂sd
1 , is then a 2-form B together

with a self-dual 3-form H†−. The homotopy Maurer-Cartan action of the cyclic L∞-algebra
L̂sd reads as

ShMC =
∫
M
H†− ∧ ?(d− ?d)B , (2.11)

and variation with respect to H†− leads to the expected equation of motion H = ?H.
Varying with respect to B yields the equation of motion d†H†− = 0, which is equivalent to
dH†− = 0.

Let us now rotate the field content by performing the following field redefinition:

i := H†− + (d + ?d)B , i† := H− ,

B → B , B† → B† + 2 ? d†i† ,
(2.12)

where i ∈ Ω3
+ is a self-dual 3-form and i† ∈ Ω3

− is an antiself-dual 3-form. Because of∫
M

((d + ?d)B) ∧ ?i† =
∫
M

2B ∧ ?d†i† , (2.13)

the inner product remains diagonal:

〈 . . .+B1 + i1+i†1 +B†1 . . . , · · ·+B2 + i2 + i†2 +B†2 + . . . 〉

=
∫
M
−B1 ∧ ?B†2 −B2 ∧ ?B†1 − i1 ∧ ?i†2 − i2 ∧ ?i†1 + . . . .

(2.14)

After the field redefinition, the differential graded complex reads as

L̃sd =



λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
B†

Ω2(M)
Λ†

Ω1(M)
λ†

Ω0(M)
⊕ ⊕

︸ ︷︷ ︸
L̃sd
−1

︸ ︷︷ ︸
L̃sd

0

i
Ω3

+(M)︸ ︷︷ ︸
L̃sd

1

i†

Ω3
−(M)︸ ︷︷ ︸
L̃sd

2

︸ ︷︷ ︸
L̃sd

3

︸ ︷︷ ︸
L̃sd

4

d d µ1 d† d†


,

(2.15)
where the differential µ1 is given by

µ1(B,i) =
(
− d†dB − d†i , − (d− ?d)B

)
. (2.16)

The homotopy Maurer-Cartan action of this L∞-algebra is then

S =
∫ (1

2dB ∧ ?dB − dB ∧ i
)
, (2.17)
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where we once integrated by parts. Coupling this to potential matter fields Ψ exclusively
through i, we obtain Sen’s action,

SSen =
∫ (1

2dB ∧ ?dB − dB ∧ i + Lint(i,Ψ)
)
, (2.18)

cf. [18–20]. Its equations of motion read as

d(?dB − i) = 0 , dB − ?dB + δ
∫
Lint(i,Ψ)
δi

= 0 , δ
∫
Lint(i,Ψ)
δΨ = 0 . (2.19)

The second equation of motion determines the antiself-dual part of the curvature H = dB
by a variation of Lint(i,Ψ). The self-dual part H+ = 1

2(H + ?H) linearly combines with
i into the two expressions

2H+ − i and 2H+ + i . (2.20)

We shall give the physical interpretation of these two 3-forms in the next section.

2.3 Physical interpretation of the fields

In Sen’s papers, the 3-form 2H+ + i is regarded as a physical degree of freedom, while
the 3-form 2H+ − i is considered unphysical. It is free by the first equation of motion
in (2.19) and it comes with the wrong sign kinetic term. A detailed analysis then shows
that it decouples from the theory [19]. In the homotopy algebraic picture, we can simply
identify the field 2H+ − i as pure gauge, as we shall show in the following.

Above, we used the fact that the relabeling of fields (2.12) is an automorphism on
L̂sd with an underlying chain isomorphism and such maps link L∞-algebras whose corre-
sponding field theories are evidently equivalent. Besides field redefinitions, equivalent field
theories can be linked by integrating in and out additional fields. It is therefore clear that
equivalence of field theories4 corresponds to a wider notion of isomorphism. As explained
in [28], the appropriate notion is that of a quasi-isomorphism of L∞-algebra, which is a gen-
eral morphism of L∞-algebra which descends to isomorphisms between the cohomologies
of the differential complexes contained in the L∞-algebras. Quasi-isomorphic L∞-algebras
with cyclic structure of degree −3 then correspond to classical field theories with the same5

tree-level scattering amplitudes [31].
In the case at hand of the L∞-algebras Lsd, L̂sd, and L̃sd, which are differential com-

plexes, a quasi-isomorphism of L∞-algebras is the same as a quasi-isomorphism of differ-
ential complexes, i.e. a chain map which descends to an isomorphism on the cohomologies.
Clearly, the L∞-algebras Lsd and L̂sd ∼= L̃sd have different cohomologies, and they are not
fully physically equivalent.

The L∞-algebra L̃sd, however, allows for an extension by introducing a gauge symmetry
for H†−,

H†− → H̃†− = H†− + dα , α ∈ Ω2
+ := Ω2 ∩ ker(d− ?d) , (2.21)

4At the classical level; equivalence of quantum field theories is more involved, cf. e.g. [30].
5Up to field redefinitions.
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which fits into the following cyclically extended differential complex:

λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
H−

Ω3
−(M)

α†

Ω2
+(M)

⊕ ⊕ ⊕ ⊕

α

Ω2
+(M)

H†−

Ω3
+(M)

B†

Ω2(M)
Λ†

Ω1(M)
λ†

Ω0(M)

d d −(d−?d) δ

d d† d† d†


.

(2.22)
Here, the operator δ is given by the adjoint of d : Ω2

+(M)→ Ω3
+(M):

〈i†, dα〉 = 〈δi†, α〉 . (2.23)

We note that the complex is exact at Ω3
+(M) and Ω3

−(M):

d†H†− = 0 ⇔ dH†− = 0 ⇔ H†− = dα , (2.24)

where the last equivalence is Poincaré’s lemma. Thus, the field H†− does not give rise to
an observable. This is an even stronger statement than the statement that H†− = i− 2H+

decouples.
After the field redefinition (2.12), the gauge transformation takes the form

i→ ĩ = i + dα , α ∈ Ω2
+ := Ω2 ∩ ker(d− ?d) , (2.25)

and the cyclically extended complex L̃sdg is

L̃sdg
α =



λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
B†

Ω2(M)
Λ+

Ω1(M)
λ†

Ω0(M)
⊕ ⊕ ⊕ ⊕

︸ ︷︷ ︸
L̃sd
−1

α

Ω2
+(M)︸ ︷︷ ︸
L̃sd

0

i
Ω3

+(M)︸ ︷︷ ︸
L̃sd

1

i†

Ω3
−(M)︸ ︷︷ ︸
L̃sd

2

α†

Ω2
+(M)︸ ︷︷ ︸
L̃sd

3

︸ ︷︷ ︸
L̃sd

4

d d µ1 d† d†

d δ


.

(2.26)
We note that our construction is not particularly sophisticated. It is merely the evident

observation that the cohomologies at the end of chain complexes can be rendered trivial
by adding an injection into the kernel or a surjection out of the cokernel of the differential.
The interesting point is that this can be generalized from chain complexes to L∞-algebras,
see [2, Proposition C.1].

2.4 Physical interpretation in the presence of matter fields

Let us also briefly comment on the situation of non-trivial couplings to matter fields as in
the action (2.18). If the terms in Lint(i,Ψ) involving simultaneously i and matter fields
are at least of cubic order, they only enter into higher products µi with i ≥ 2 and do not
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distort the differential complex, which thus reads

Ψ
Γ(E)

Ψ†
Γ(E∗)

⊕ ⊕
λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
H−

Ω3
−(M) Ω2

+(M)
⊕ ⊕ ⊕ ⊕

Ω2
+(M)

H†−

Ω3
+(M)

B†

Ω2(M)
Λ†

Ω1(M)
λ†

Ω0(M)

kin

d d −(d−?d) δ

d d† d† d†


,

(2.27)
where E is some vector bundle whose sections Γ(E) form the field space for the matter
fields Ψ and ‘kin’ denotes their kinetic operator.

In order to lift elements in Ω2
+ to gauge parameters and implement the gauge symmetry

of the full interacting theory, one needs to enhance the kernel injection Ω2
+(M) d

↪−−→ Ω3
+(M)

from the level of chain complexes to the level of L∞-algebras, as explained in [2, Proposition
C.1]. This covariantizes the abelian gauge symmetry H†− → H̃†− = H†− + dα with α ∈ Ω2

+.
After this, the complex is still exact at Ω3

+(M) and our above analysis is still valid.
We can also discuss the case6 in which Lint(i,Ψ) does contain quadratic terms of

the form 〈i, DΨ〉, where D is some operator, possibly a differential operator. Here, the
differential complex mixes with the one for the matter fields, and we get the complex

Ω2
r(M)

H†−

Ω3
+(M)

B†

Ω2(M)
Λ†

Ω1(M)
λ†

Ω0(M)
⊕ ⊕

⊕
Ψ

Γ(E)
Ψ†

Γ(E∗) ⊕
⊕ ⊕

λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
H−

Ω3
−(M) Ω2

r(M)

d d†

D

d† d†

kin

d d −(d−?d) δ


,

(2.28)
where the operators on the dashed arrows are irrelevant for our discussion. In order to
recover a complex, we can simply define

Ω2
r := Ω2

+ ∩ ker(Dd) . (2.29)

Again, for an interacting theory, one should covariantize the gauge symmetries using [2,
Proposition C.1]. Otherwise, our above analysis is still valid: on-shell, H†− is still exact by
the Poincaré lemma and thus there are no new observables.

Altogether, we have shown that the observables of the action (2.18) arise from a 2-form
potential B with self-dual curvature and additional matter fields. The field combination
H†− := i− (d + ?d)B = i− 2H+ does not enter the observables.

6This case was not treated in [19].
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3 The six-dimensional N = (1, 0) supersymmetric field theory

In this section, we briefly review the model presented in [1, 3], which we will improve in
the next section. We start with a review of the gauge structure, before we present the
Lagrangian, its equations of motion and supersymmetry transformations.

3.1 Higher gauge algebra: metric string structures

A crucial feature of six-dimensional superconformal field theories is the presence of a 2-form
gauge potential. Just as ordinary gauge potentials are mathematically connections on prin-
cipal fiber bundles, such 2-form gauge potentials are really part of connections on categori-
fied principal fiber bundles also known as gerbes. Abelian gerbes are well-understood and
appear in various contexts. Non-abelian gerbes have been defined [5, 6], but their connec-
tions, as usually defined, are locally gauge equivalent to abelian ones [2, 8]. This makes
the construction of local, non-trivially interacting Lagrangians essentially impossible.

There is a particular class of higher principal bundles called string structures, which
do not suffer from this problem [9–12]. They encode spin structures on the loop space of
their base manifold and arise naturally within string theory and supergravity. Their higher
structure group allows for a deformed or adjusted notion of curvature which induces also
a modified non-abelian gauge transformation on the 2-form gauge potential. To construct
a Lagrangian, however, we need to extend these to metric string structures as first done
in [3] and discussed in detail in [2]. In the following, we just review the bare minimum of
the underlying algebraic structure necessary for the construction of our field theory.

Given a Lie algebra g endowed with a metric (−,−), the metric extension7 ĝωsk is given
by an L∞-algebra with the following underlying complex:

ĝωsk =


g∗v g∗u R∗s R∗p

⊕ ⊕ ⊕

︸︷︷︸
ĝω

sk,−3

Rq︸︷︷︸
ĝω

sk,−2

Rr︸︷︷︸
ĝω

sk,−1

gt︸︷︷︸
ĝω

sk,0

µ1=id µ1=id

µ1=id


, (3.1)

where the subscripts merely help to identify different copies of the same vector space:
g∗v
∼= g∗u

∼= g∗, gt ∼= g etc. The map µ1 acts as indicated and trivially on all other vector
spaces. It thus satisfies µ2

1 = 0. We also have the following higher products:

µ2 : gt ∧ gt → gt , µ2(t1, t2) = [t1, t2] ,
µ2 : gt ∧ g∗u → g∗u , µ2(t, u) = u

(
[−, t]

)
,

µ2 : gt ∧ g∗v → g∗v , µ2(t, v) = v
(
[−, t]

)
,

µ3 : gt ∧ gt ∧ gt → Rr , µ3(t1, t2, t3) = (t1, [t2, t3]) ,
µ3 : gt ∧ gt ⊗ R∗s → g∗u , µ3(t1, t2, s) = s

(
(−, [t1, t2])

)
.

(3.2)

As explained in [27], the underlying algebraic structure is in fact a generalized notion of
L∞-algebra known as an EL∞-algebra and as a remnant of this structure, we have the

7This is, in fact, the skeletal model of a cyclic Lie 3-algebra, minimally extended to a Lie 4-algebra.
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additional maps

ν2 : gt � gt → Rr , ν2(t1, t2) = (t1, t2) ,
ν2 : gt � R∗s → g∗u , ν2(t, s) = 2s(−, t) ,
ν2 : gt � g∗u → g∗v , ν2(t1, u1) = u1

(
[−, t1]

)
,

ν3 : gt ∧ gt ⊗ R∗s → g∗v , ν3(t1, t2, s) = s
(
−, [t1, t2]

)
.

(3.3)

The precise details of EL∞-algebras are irrelevant for our purposes; note, however, that
the fact that ĝωsk is an EL∞-algebra is crucial in constructing the appropriate finite gauge
transformation as well as higher principal bundles with ĝωsk as a structure EL∞-algebra.
Since EL∞-algebras are good higher versions of Lie algebras, abstract nonsense guarantees
the existence and mathematical consistency of such higher bundles.

We also define the following two auxiliary maps, which are not part of the EL∞-
structure:

ν̂2 : gt � gt → Rq , ν̂2(t1, t2) = (t1, t2) ,
ν̂2 : gt � R∗s → g∗v , ν̂2(t, s) = 2s(−, t) .

(3.4)

Finally, there are the evident pairings

〈−,−〉 : g∗u × gt → R , 〈u, t〉 = u(t) ,
〈−,−〉 : R∗s × Rr → R , 〈s, r〉 = s(r) ,
〈−,−〉 : R∗p × Rq → R , 〈p, q〉 = p(q) .

(3.5)

There is no pairing for elements in g∗v, but fields taking value in g∗v will only appear as
arguments of µ1 in the action, which maps them to g∗u.

In order to extend the pairing 〈−,−〉 to a cyclic structure, cf. (2.7), we need to extend
it in a graded symmetric way to all of ĝωsk. Such a graded symmetric structure would be
very natural in a topological field theory, in which we may want to define non-vanishing
graded expressions such as 〈H,H〉, where H is a 3-form valued in Rr ⊕ R∗s. In the model
we shall consider below, however, we need to incorporate non-vanishing terms of the form
〈H, ?H〉. These clearly require 〈−,−〉 to be graded antisymmetric on the subspace Rr⊕R∗s.
We thus deviate at this point from the metric string structures defined in [2] and consider
only the pairing (3.5) without any further symmetrization or antisymmetrization.

Cyclicity of an L∞-algebra can be replaced by the derivation property

〈µi(`1, . . . , `i−1, `i), `i+1〉 = (−1)|`i| (i+|`1|+...+|`i−1|)〈`i, µi(`1, . . . , `i−1, `i+1)〉 , (3.6)

which, for graded symmetric pairings, is equivalent to (2.7). This property is readily verified
to hold for the higher products introduced above. Moreover, together with similar relations
for ν2, it ensures gauge invariance for actions constructed using this pairing.

3.2 Adjusted kinematical data

The local description of an adjusted connection on a metric string structure [1–3] consists
of gauge potential forms

A ∈ Ω1(M)⊗ (gt ⊕ R∗p) , B ∈ Ω2(M)⊗ (Rr ⊕ R∗s) ,
C̃ ∈ Ω3(M)⊗ (g∗u ⊕ Rq) , D̃ ∈ Ω4(M)⊗ g∗v ,

(3.7)
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and the corresponding curvatures are defined as

F = dA+ 1
2µ2(A,A) + µ1(B) ∈ Ω2(M)⊗ (gt ⊕ R∗p) ,

H = dB − 1
3!µ3(A,A,A) + ν2(A,F )− µ1(C̃)

= dB + (A, dA) + 1
3(A,µ2(A,A))− µ1(C̃) ∈ Ω3(M)⊗ (Rr ⊕ R∗s) ,

G = dC̃ + µ2(A, C̃) + 1
2µ3(A,A,B) + µ1(D̃) ∈ Ω4(M)⊗ (g∗u ⊕ Rq) ,

Ĩ = dD̃ + µ2(A, D̃) + ν2(F, C̃) + 1
2ν3(A,A,H)

+ ν3(F,A,B) ∈ Ω5(M)⊗ g∗v .

(3.8)

It will be helpful to have the explicit components of the curvature forms at hand:(
Ft
Fp

)
=
(

dAt + 1
2 [At, At]

dAp +Bs

)
,(

Hr

Hs

)
=
(

dBr + (At, dAt) + 1
3(At, [At, At])− C̃q

dBs

)
,(

Gq
Gu

)
=
(

dC̃q
dC̃u + C̃u ∧ ([At,−]) + 1

2Bs ∧ ([At, At],−) + D̃v

)
,

Ĩv = dD̃v − D̃v ∧ ([At,−])− C̃u ∧ ([Ft,−]) + 1
2Hs ∧ ([At, At],−)

+Bs ∧ ([Ft, At],−) ,

(3.9)

where subscripts indicate again the subspaces of ĝωsk in which the various forms take values.
As one may readily check, these curvatures satisfy the Bianchi identities

dF + µ2(A,F )− µ1(H) = 0 , dH − ν2(F, F ) + µ1(G) = 0 ,
dG+ µ2(A,G)− µ1(Ĩ) = 0 , dĨ + µ2(A, Ĩ)− ν2(F,G) = 0 .

(3.10)

Infinitesimal gauge transformations are parameterized by differential forms

Λ0 ∈ Ω0(M)⊗ (gt ⊕ R∗p) , Λ1 ∈ Ω1(M)⊗ (Rr ⊕ R∗s) ,
Λ2 ∈ Ω2(M)⊗ (g∗u ⊕ Rq) , Λ3 ∈ Ω3(M)⊗ g∗v ,

(3.11)

and their actions8 on the fields read as

δA = dΛ0 + µ2(A,Λ0)− µ1(Λ1) ,

δB = dΛ1 − ν2(F,Λ0) + 1
2µ3(A,A,Λ0) + µ1(Λ2) ,

δC̃ = dΛ2 + µ2(A,Λ2) + µ2(C̃,Λ0)− 1
2µ3(A,A,Λ1)− µ3(A,B,Λ0)− µ1(Λ3) ,

δD̃ = dΛ3 + µ2(A,Λ3) + µ2(D̃,Λ0)− ν2(F,Λ2)− ν3(A,F,Λ1)
− ν3(A,H,Λ0)− ν3(B,F,Λ0) ,

(3.12a)

8This action is fully fixed by the definition of the curvatures, because gauge transformations are partially
flat homotopies, cf. [2] for details.
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which implies the following actions on the curvature forms:

δF = µ2(F,Λ0) , δH = 0 ,
δG = µ2(G,Λ0) , δĨ = µ2(Ĩ ,Λ0) .

(3.12b)

This completes the description of adjusted metric string connections.

3.3 Alternative adjustment

As explained in [2], the form of adjustment is not necessarily unique. It will turn out that
supersymmetry and the explicit form of the field theory in which we are interested prefer
a slightly different adjustment, which is obtained by the field redefinition

C = C̃ + 1
2ν2(A,B) and D = D̃ − 3

2 ν̂2(F,B) + 1
2 ν̂2(A,H) , (3.13)

where ν̂2 is the map defined in (3.4), as well as a redefinition of curvature

I = Ĩ − ν̂2(F,H) . (3.14)

Note that a redefinition of curvature forms involving exclusively lower curvature forms is
harmless as the gauge structure is left invariant. The result is precisely the gauge structure
employed in the papers [17, 25, 26], cf. appendix A for a dictionary of the gauge algebra
structures. To be notationally close to the supergravity literature, we will work with these
connections in the following.

The new expressions for the curvatures are

G = dC + µ2(A,C) + ν2(F,B) + µ1(D) ,
I = dD + µ2(A,D) + ν2(F,C) ,

(3.15)

which read in components as(
Gq
Gu

)
=
(

dCq
dCu + Cu ∧ ([At,−]) + 2Bs ∧ (Ft,−) +Dv

)
,

Iv = dDv −Dv ∧ ([At,−])− Cu ∧ ([Ft,−]) .
(3.16)

The resulting Bianchi identities are

dG+ µ2(A,G)− ν2(F,H)− µ1(I) = 0 ,
dI + µ2(A, I)− ν2(F,G) = 0 .

(3.17)

As commonly done in the supergravity literature, we introduce covariantized transforma-
tions

∆B = δB + ν2(δA,A) ,
∆C = δC + ν2(δA,B) ,
∆D = δD + ν2(δA,C) ,

(3.18)

and in terms of these, the curvatures transform as

δF = dδA+ µ2(A, δA) + µ1(∆B) ,
δH = d∆B + 2ν2(F, δA)− µ1(∆C) ,
δG = d∆C + µ2(A,∆C) + ν2(F,∆B) + ν2(δA,H) + µ1(∆D) ,
δI = d∆D + µ2(A,∆D) + ν2(F,∆C) + ν2(δA,G) .

(3.19)
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multiplet field Φ field type values in SUSY transformation δSUSY,0

vector A 1-form gt ⊕ R∗p −ε̄γ(1)λ

λi MW spinors gt ⊕ R∗p 1
4F/ε

i − 1
2Y

ijεj + 1
4µ1(φ)εi

Y (ij) aux. scalars gt ⊕ R∗p −ε̄(i∇/ λj) + 2µ1(ε̄(iχj))
tensor B 2-form Rr ⊕ R∗s −ε̄γ(2)χ− ν2(δSUSY,0A,A)

χi MW spinors Rr ⊕ R∗s 1
8H/ ε

i + 1
4∂/φε

i − 1
2ν2(γµλi, ε̄γµλ)

φ scalar field Rr ⊕ R∗s ε̄χ

hyper qi scalar fields R2N2
ε̄iψ

ψ sM spinors R2N2 1
2∇/ q

iεi

none C 3-form g∗u ⊕ Rq ν2(ε̄γ(3)λ, φ)− ν2(δSUSY,0A,B)
D 4-form g∗v −ν2(δSUSY,0A,C)

Table 1. The field content with its behavior under Lorentz and supersymmetry transformation as
well as its gauge labels. Our convention for the Feynman slash notation is found in appendix C and
∇ := d + [A,−]. The spinor chiralities are given by γ7ε = ε, γ7λ = λ, and γ7χ = −χ.

3.4 Field theory Lagrangian

Having discussed the gauge structure, we can now present the full field theory, as given
in [1]. The field content is mostly arranged into supermultiplets of six-dimensional Minkow-
ski space as indicated in table 1.

The 2× 2N2 scalar fields qi and the 2N2 symplectic Majorana spinors ψ in the hyper-
multiplet take values in a representation of gt obtained by embedding this Lie algebra into
sp(N2), cf. [1, 26]. On the underlying representation space, we have the bilinear pairing

≺−,−�: R2N2 × R2N2 → R , ≺x, y�:= 1
2Ωabx

ayb , (3.20)

where Ω is the invariant symplectic form of Sp(N2). In fact, the hypermultiplet will not
play any role in our discussion and we shall merely indicate where it would appear in our
formulas.

It is also useful to introduce the following supersymmetrically covariantized anti-dual
curvatures,9 whose vanishing implements the expected duality in six dimensions:

H := 1
2(H − ?H) + ν2(λ̄, γ(3)λ) ∈ Ω3(M)⊗ (Rr ⊕ R∗s) ,

G := G− ?ν2(F, φ) + ?2ν2(λ̄, γ(2)χ) ∈ Ω4(M)⊗ (g∗u ⊕ Rq) ,
I := I − ?4ν3(λ̄, γ(1)λ, φ) + Ihyper ∈ Ω5(M)⊗ g∗v .

(3.21)

Note that H is antiself-dual, H = − ?H , and G is a duality combination of the 4-form
curvature G and the 2-form curvature F , supersymmetrically completed.

9Note that it is normal in higher gauge theory to (linearly) combine differential forms of different degrees
into curvature forms.
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The Lagrangian composed in [1] consists of four parts:

LN=(1,0)
PST = Lgauge + Ltop + Lhyper︸ ︷︷ ︸

LN=(1,0)

+LPST . (3.22)

The first three contain the gauge interactions, a topological part and the matter field
interactions. They read as

Lgauge = −〈dφ, ?dφ〉 − ?4〈χ̄, ∂/χ〉 − 1
2〈H, ?H〉 − 〈H, ν2(λ̄, ?γ(3)λ)〉

+
〈
φ , ν2(F, ?F )− ?2ν2(Yij , Y ij) + ?4ν2(λ̄,∇/ λ)

〉
+ 4

〈
χ̄, ν2(F/ , λ)

〉
− ?8

〈
χ̄j , ν2(Yij , λi)

〉
,

Ltop = −1
2〈µ1(C), H〉 − 1

2
〈
B, ν2(F, F )

〉
,

Lhyper = − ≺∇q, ?∇q� + ? 2 ≺ ψ̄,∇/ψ� + ? 8 ≺ ψ̄, λiqi� + ? 2 ≺ qi, Yijqj � ,

(3.23)

where 〈−,−〉 refers to the natural pairings (3.5), while ≺−,−� denotes the pairing (3.20).
We also use Feynman slash notation, see appendix C. The covariant derivatives are defined
in the obvious way, and we use the same spinor conventions as [1, 25], see also appendices B
and C.

The fourth term LPST incorporates a generalization of the PST mechanism developed
in [1], which ensures that the supersymmetrically covariantized anti-dual curvatures vanish:

H = 0 , G = 0 , I = 0 . (3.24)

The remaining equations of motions read as

Eλi
:= ν2(∇/ λi, φ) + 1

2ν2(∂/φ, λi)−
1
2ν2(F/ , χi)−

1
4ν2(H/ , λi) + ν2(Yij , χj) + Eλi,hyper = 0 ,

EY ij := 1
2ν2(Y ij , φ)− ν2(λ̄(i, χj)) + EY ij ,hyper = 0 ,

Eχi
:= ∂/χi − ν2(F/ , λi) + 2ν2(Yij , λj) = 0 ,

Eφ := �φ− ?ν2(F, ?F )− 2ν2(Yij , Y ij) + 4ν2(λ̄,∇/ λ) = 0 ,
(3.25)

where � := ∂µ∂µ, together with again evident expressions for the equations of motion of
the fields in the hypermultiplet.

3.5 Drawbacks of the PST mechanism

The generalization of the PST mechanism incorporated into the field theory by LPST comes
with a number of disadvantages. Explicitly, this part of the Lagrangian reads as

LPST = 1
2
〈
ιV H ,H

〉
∧ v + 〈Φ(ιV ? G ), ? ιV ? G 〉 , (3.26)

where v is a nowhere vanishing exact auxiliary 1-form, and V its corresponding dual vec-
tor field:

v = vµdxµ = da, ιV v = 1 , ιV ? v = 0 . (3.27)
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Furthermore, Φ is the map

Φ : g∗u ⊕ Rq → gt ⊕ R∗p, Φ(u+ q) := 1
φs

(u,−) , (3.28)

where (−,−) : g∗ × g∗ → R is the inverse of the metric (−,−) on g and φs := φ|R∗s .
An obvious problem is that Φ is not defined whenever φs vanishes. This seems to be

a common feature; see also the paper [17] where the PST mechanism was incorporated
in a similar model. This problem subsides by treating the limit φs carefully. This limit,
however, is particularly interesting as it represents the point at which the (1, 0)-model
would be expected to gain additional symmetry and to turn into the (2, 0)-theory. The
form of the Lagrangian is therefore at least inconvenient.

Perhaps the main disadvantage of implementing self-duality and, more generally, the
equations (3.24) using the PST mechanism is the additional PST field, which appears in
a non-standard manner and which thus requires a non-standard quantization procedure.
Given the simplicity of Sen’s action (2.18), it is therefore reasonable to try to replace LPST
with an adaptation of this mechanism. Moreover, the Lagrangian with which we end up is
a simple extension of the Lagrangian LN=(1,0) by fields which are on-shell physically trivial
and this is clearly simpler and more convenient than the PST mechanism.

4 Self-duality from Lagrange multipliers

This section contains our main result: a fully supersymmetric action whose equations of
motion include the appropriate duality relations H = G = I = 0 for the curvature forms.

4.1 Duality equations from an action principle

Our starting point is the Lagrangian L0 for the non-gauge fields in the tensor multiplet as
well as the fields in the vector (and hyper) multiplet,

L0 = −〈dφ, ?dφ〉 − ?4〈χ̄, ∂/χ〉+ ?4
〈
χ̄, ν2(F/ , λ)

〉
− ?8

〈
χ̄j , ν2(Yij , λi)

〉
+
〈
φ , ν2(F, ?F )− ?2ν2(Yij , Y ij) + ?4ν2(λ̄,∇/ λ)

〉
+ . . . .

(4.1)

In order to implement an analogue of Sen’s mechanism, we merely introduce a self-dual
3-form

is ∈ Ω3
+(M)⊗ R∗s (4.2)

and consider the Lagrangian

Li = −Hs ∧ ?Hr +Hs ∧ Cq − is ∧Hr

= (dBs)+ ∧
(
dBr + cs(A)r + (λ̄t, γ(3)λt)

)
+ (dBs)− ∧ C+

q

− is ∧ (dBr + cs(A)r − Cq + (λ̄t, γ(3)λt)) ,

(4.3)

where C±q and (dBs)± denote self-dual and antiself-dual parts of the 3-forms Cq and
dBs and

cs(A)r := (At, dAt) + 1
3(At, [At, At]) . (4.4)
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Varying the action with respect to is leads to the equation of motion Hr = 0. Furthermore,
varying with respect to Cq leads to the equation

0 = is +H−s ⇒ is = 0 , H−s = Hs = 0 . (4.5)

We see that is vanishes by the equations of motion, which is different from the actions
discussed in section 2, where i either decoupled or was gauge trivial. Here, is simply does
not contain any on-shell degrees of freedom and no further arguments are required.

In order to enforce the equation G = 0, we introduce a further field

kt ∈ Ω2(M)⊗ gt (4.6)

and include the Lagrangian

Lk = Gu(kt)−Bs ∧ (kt,kt) + φs(kt, ?kt)
= (dCu)(kt) + Cu ∧ ([A,kt]) + 2Bs ∧ (Ft,kt) +Dv(kt)− 2φs(kt, ?Ft)

− ?4χ̄s(k/t, λt)−Bs ∧ (kt,kt) + φs(kt, ?kt) .
(4.7)

The motivation for considering the term Gu(kt) should be clear; the remaining two terms
are derived when trying to close supersymmetry as we shall argue later. For now, we note
that varying the action with respect to Dv yields the equation of motion kt = 0; similarly,
varying with respect to kt leads to the equation of motion

0 = Gu − 2Bs ∧ (kt,−) + 2φs ? (kt,−) = Gu . (4.8)

Again, we implemented a desired equation of motion and the new field we added for this
turns out not to carry any on-shell degrees of freedom.

Varying Lk + Li by Bs, we obtain the equation Gq = dCq = 0. The only remaining
equation Iv = 0 is obtained by varying the total action with respect to At and comparing
the resulting terms with those obtained from

dGu + Gu ∧ ([A,−]) = Iv +
(
2Hs ∧ Ft − 2∇ (φs ? Ft) + 4∇

(
λ̄t ? γ(2)χs

)
, −

)
= 0 , (4.9)

which is trivially true due to (4.8) and the Bianchi identity (3.17) for Gu.
The total action of our field theory reads as

S
N=(1,0)
TF =

∫
M

d6x LN=(1,0)
TF with LN=(1,0)

TF = Li + Lk + L0 , (4.10)

and varying with respect to the various fields, we obtain the equations of motion listed in
table 2. These are indeed all the expected equations.

We also note that upon putting is = 0 and kt = 0, we obtain the original Lagrangian
LN=(1,0) given in (3.22). This is rather clear for the matter field couplings. As a short
computation shows, the topological term Ltop indeed combines with Lgauge to L0+Li|is=0.
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Φ δS
δΦ simplified eom

is Hr Hr = 0
kt Gu − 2Bs ∧ (kt,−) + 2φs ? (kt,−) Gu = 0

Cq H−s + is

Hs = 0
is = 0

Dv kt kt = 0
Bs −d(Hr + Cq) + 2(Ft,kt)− (kt,kt) Gq = 0
Br d

(
H+
s − is

)
= 0 0 = 0

Cu ∇kt 0 = 0
φs �φs − ?(Ft, ?Ft)− 2(Ytij , Y ij

t ) + 4(λ̄t,∇/ λt) Eφr = 0
φr �φr Eφs = 0
χr ∂/χs Eχr = 0
χs ∂/χri − (F/t − kt/ , λti) + 2(Ytij , λjt ) Eχs = 0

At −∇ (φs ? Ft) + 2∇
(
λ̄t ? γ(2)χs

)
+ Ft ∧Hs + 2φs[λ̄, ?γ(1)λ] Iv = 0

+ terms containing k + terms containing i +. . .
As 0
λt 2φs∇/ λti + (∂/φs)λti − 1

2
(
H/ s − i/s

)
λti −

(
F/t − kt/

)
χsi + 2Yijχjs + . . . Eλt = 0

λs 0
Ytij φsY

ij
t − 2λ̄(i

t χ
j)
s + . . . E

Y ij
t

= 0

Table 2. The (normalized) variations of S with respect to the various fields and the resulting
simplified equations of motion. The expressions Eχ, Eφ, Eλ, and EY ij are defined in (3.25). Ellipses
denote terms originating from the hypermultiplets. We use again Feynman slash notation, cf. ap-
pendix C. Note that the equation Iv = 0 is obtained from the equation for Φ = At, combined with
the equation for Φ = kt.

4.2 Supersymmetry

Let us discuss the supersymmetry of the Lagrangian (4.10) in some more detail. For this,
we decompose it into a part LN=(1,0) independent of is and kt as well as the remainder
LTF:

LN=(1,0)
TF = LN=(1,0) + LTF . (4.11)

We know that the Lagrangian LN=(1,0) is supersymmetric under the supersymmetry trans-
formations δSUSY,0 listed in table 1, because it is essentially a specialization of the model
of [25].

The Lagrangian LTF contains terms which transform non-trivially under δSUSY,0 and
to ensure supersymmetry of LN=(1,0)

TF we need to shift the transformations of certain fields.
We have

LTF = −is ∧Hr + Gu(kt)−Bs ∧ (kt,kt) + φs(kt, ?kt) , (4.12)
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and we note that the arising additional terms are very similar to those in LN=(1,0) con-
taining gauge curvatures. In the cancellation of supersymmetry transformations, the latter
arise from the supersymmetry transformations of the spinor fields, and it is therefore nat-
ural to try to shift their transformations in order to cancel the terms in LTF.

Introducing
δSUSY = δSUSY,0 + δSUSY,1 , (4.13a)

we find that the necessary shifts are

δSUSY,1 χs = −1
8i/ sε ,

δSUSY,1 λt = −1
4kt/ ε ,

δSUSY,1C = 2ν̂2(δA,k) ,

(4.13b)

and the auxiliary fields are supersymmetry singlets,

δSUSYis = 0 , δSUSYkt = 0 . (4.13c)

Because the auxiliary fields vanish on-shell, is = 0 and kt = 0, it is immediately obvi-
ous that this shifted supersymmetry algebra closes on-shell if the original supersymmetry
algebra does, which is the case.

Verification of supersymmetry is then a tedious but in principle straightforward ex-
ercise. We collect a number of useful relations and equations we used in verifying the
supersymmetry of the action corresponding to LN=(1,0)

TF in appendix C.
Finally, we note that the BPS states of this new action and the new supersymmetry

transformation still comprise the non-abelian self-dual strings introduced in [3].
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A Gauge structure dictionary to supergravity literature

Our formulas can directly be compared to the supergravity literature and in particular
to the papers [17, 25, 26]. The structure constants in these papers are related to our
EL∞-algebra ĝωsk as indicated in table 3.

Moreover, the metric in [25] on the tensor multiplet fields is

(ηIJ) =
(

0 −1
−1 0

)
. (A.1)

Finally, the structure constants kαr are not uniquely fixed in this framework, and we choose
the simplest possibility. We used slightly different conventions to those in [1].
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Notation [17, 25] Translated to ĝωsk

Indices T r Tα + Tq ∈ gt ⊕ R∗p
(T : general obj.) T I Tr + Ts ∈ Rr ⊕ R∗s

Tr Tα + Tp ∈ g∗u ⊕ Rq
Tα Tα ∈ g∗v

Structure const. hrI µ1 = id : R∗s → R∗p
−gIr µ1 = id : Rq → Rt
kαr µ1 = id : g∗v → g∗u

−fstr µ2 : gt ∧ gt → gt : µ2(ξ1, ξ2) := [ξ1, ξ2]
dIrs ν2 : gt ⊗ gt → Rr : (ξ1, ξ2)
−bIrs ν2 : gt ⊗ R∗s → g∗u : ν2(ξ, s) := 2〈(−, ξ), s〉
ctαs ν2 : gr ⊗ g∗u → g∗v : ν2(ξ, ζ) := ζ([−, ξ])

Table 3. The relation between the structure constants employed in [17, 25, 26] and our EL∞-
algebra maps.

B Supersymmetry in six dimensions

We work on six-dimensional Minkowski space M = R1,5 with a “mostly plus” Minkowski
metric,

(ηµν) = diag(−1,+1,+1,+1,+1,+1) , (B.1)

and the gamma matrices (γµ) form a representation of the Clifford algebra

{γµ, γν} = 2ηµν . (B.2)

For the Levi-Civita symbol, we use the convention

ε012345 = 1 , (B.3)

and we always work with normalized antisymmetrization brackets [µ1 . . . µn] involving the
usual factors of 1

n! . For example,

γµν := γ[µν] := 1
2 (γµγν − γνγµ) . (B.4)

In six dimension, we have the following dualities between complementary ranks

γµ1...µrγ7 = tr
(6− r)!γ

ν1...ν6−rεν1...ν6−rµ1...µr , (B.5)

where

tr = −(−1)
r(r+1)

2 =

−1 : r = 0, 3, 4 ,
+1 : r = 1, 2, 5, 6 ,

(B.6)

cf. e.g. [32] for more details. Defining

γ(r) := 1
r!γµ1...µrdx

µ1 ∧ . . . ∧ dxµr , (B.7)
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we can write this identity as
trγ(r)γ7 = ?γ(6−r) . (B.8)

We define Majorana conjugates of spinors in a standard way, λ̄ = λTC where the charge
conjugation matrix C is symmetric. This matrix is important for symmetry properties of
gamma matrices

(Cγ[Mr])T = −trCγ[Mr] , (B.9)

where Mr is a multiindex containing r simple indices, γ[Mr] = γµ1...µr . For Grassmann-
valued spinors we have the symmetries

λ̄i1γ
[Mr1 ] . . . γ[Mrp ]λj2 = tp−1

0 tr1 . . . trp λ̄
j
2γ

[Mrp ] . . . γ[Mr1 ]λi1 , (B.10)

and a useful special case is

λ̄i1γ
µ1...µrλj2 = trλ̄

j
2γ
µ1...µrλi1 . (B.11)

In order to resolve products of gamma matrices such as γµνργαβ , we first write down
the completely antisymmetrized product of gamma matrices and then contract neighboring
upper and lower indices into Kronecker deltas multiplied by an appropriate combinatorial
factor. The upper and lower indices in resulting terms need to be antisymmetrized. There
are no extra signs arising if indices are contracted appropriately. For example,

γµνργαβ = γµνραβ + 6γ[µν
[βδ

ρ]
α] + 6γ[µδν[βδ

ρ]
α] . (B.12)

The factor of 6 in the second term is obtained from 3 = 3!
2 , coming from the upper

antisymmetrization bracket taking into account the already antisymmetrized indices µν,
times 2! from the lower bracket. Another useful example is

γµνργσ = γµνρσ + 3γ[µνηρ]σ =⇒

{γµνρ, γσ} = 6γ[µνηρ]σ ,

[γµνρ, γσ] = 2γµνρσ .
(B.13)

The R-symmetry group is Sp(1) ∼= SU(2) and spinors, e.g. λ, carry corresponding
indices, e.g. λi, i ∈ {1, 2}. Indices are always contracted in the evident way with the
convention, e.g.

(λ̄ . . . λ) = λ̄i . . . λi with λi = εijλj , (B.14)

and we use ε12 = ε12 = 1.

C Useful identities

Below we collect a number of helpful identities and results that we used in verifying the
supersymmetry of the action SN=(1,0)

TF . Our convention for the spinor chiralities are those
of [25]. That is,

γ7ε = ε , γ7λ = λ , γ7χ = −χ . (C.1)

A useful Fierz identity is

εj2ε̄
i
1 = 1

4

(
ε̄i1γ

µεj2γµ −
1
12 ε̄

i
1γ
µνρεj2γµνρ

) 1− γ7
2 . (C.2)
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With the gamma matrix gymnastics reviewed in the previous appendix, we obtain the
identities

γ(2) ∧ dχ = 1
2γ(3)∂/χ+ 1

2∂/γ(3)χ , ?
(
γ(2) ∧ dχ

)
= −1

2γ(3)∂/χ+ 1
2∂/γ(3)χ . (C.3)

We use Feynman slash notation which is defined with the evident normalization, e.g.

F/ = 1
2γµγνF

µν = 1
2γµνF

µν and H/ = 1
3!γµνρH

µνρ . (C.4)

We often decompose a 3-form such as H into its self-dual and antiself-dual parts H =
H+ +H−,

H± = ± ? H± ⇐⇒ H±µνρ = ± 1
3!εαβγµνρH

± αβγ , (C.5)

and using this decomposition, we find the identities

∂/H/ = − ?
[
γ(4) ∧ ?dH + γ(2) ∧ d ? H

]
= − ?

(
dH+ ∧ γ(2)

)
(γ7 + 1)− ?

(
dH− ∧ γ(2)

)
(γ7 − 1) ,

H/ ∂/ = − ?
[
H ∧ d ? γ(4) +H ∧ ?

(
γ(2) ∧ d

)]
= − ?

[
H+ ∧ γ(2) ∧ d

]
(γ7 − 1)− ?

[
H− ∧ γ(2) ∧ d

]
(γ7 + 1) .

(C.6)

For a 2-form F valued in g, we have the identity

? (F/ , F/ ) = (F, F ) ∧ γ(2)γ7 − (F, ?F ) , (C.7)

where (−,−) is the metric on g.
The supersymmetry transformation of our Lagrangian can then be decomposed as

follows

δSUSYL
N=(1,0)
TF = δSUSY,1LN=(1,0) + δSUSYLTF , (C.8)

where we have used that δSUSY,0LN=(1,0) = 0. The individual terms now transform as
follows:

δSUSY,1LN=(1,0) = H+
s ∧ δSUSY,1(λ̄, γ(3)λ) +H−s ∧ δSUSY,1Cq − ?4δSUSY,1χ̄s∂/χr

+ ?4φsδSUSY,1(λ̄t,∇/ λt) + ?4(δSUSY,1χ̄
i
s)
[
(F/t, λti)− 2(Ytij , λjt )

]
+ ?4χ̄is

[
(F/t, δSUSY,1λti)− 2(Ytij , δSUSY,1λ

j
t )
]
,

δSUSYLTF = −is ∧ δSUSYHr + (δSUSYGu)(kt)− δSUSYBs ∧ (kt,kt)
+ δSUSYφs(kt, ?kt) .

(C.9)

– 24 –



J
H
E
P
0
6
(
2
0
2
1
)
0
3
6

We evaluate and collect individual terms below:

− ? 4δSUSY,1χ̄s∂/χr + ?4(δSUSY,1χ̄
i
s)
[
(F/t, λti)− 2(Ytij , λjt )

]
= ?

1
2 ε̄i/sEχr ,

−is ∧ δSUSYHr = − ? 1
2 ε̄i/sEχr − ?

1
2 ε̄i/s(k/t, λt) ,

?4φsδSUSY,1(λ̄t,∇/ λt) + ?4χ̄is
[
(F/t, δSUSY,1λti)− 2(Ytij , δSUSY,1λ

j
t )
]

=

?ε̄(k/t, Eλt) + ?
1
2 ε̄(k/t, H/sλt) ,

H+
s ∧ δSUSY,1(λ̄, γ(3)λ) +H−s ∧ δSUSY,1Cq =

− ? 1
2 ε̄(k/t, H/sλt)− 2H−s ∧ (ε̄γ(1)λt,kt) ,

(δSUSYGu)(kt)− δSUSYBs ∧ (kt,kt) + δSUSYφs(kt, ?kt) =

− ? ε̄(k/t, Eλt) + 2H−s ∧ (ε̄γ(1)λt,kt) + ?
1
2 ε̄i/s(k/t, λt) .

(C.10)

It is then clear that
δSUSYL

N=(1,0)
TF = 0 . (C.11)
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