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1 Introduction and summary

One of the most important properties of string theory is T-duality, for earlier review,
see [1]. This is duality of string theory whose most powerful description is given in terms
of Buscher’s rules [2, 3] of the transformations of the background fields under T-duality.
More explicitly, we start with string sigma model on the background where the background
metric possesses one isometry, at least. Then we gauge this isometry so that this is now local
symmetry on the string world-sheet when we introduce corresponding covariant derivative
and two dimensional gauge field which are non-propagating. In order to ensure that these
fields are not dynamical we add to the action term that ensures that the field strength of
this gauge field is zero. As the next step we fix the gauge when we take the world-sheet
mode that parameterizes direction with gauged isometry, to be zero. Then we can solve
the flatness of the gauge field with introducing new scalar mode that parameterizes the
string propagating along dual coordinate where now the background fields are related to
the original ones through Buscher’s rules.

While this procedure is well established in case of the T-duality along one direction
situation when we have several isometry directions with non-trivial NSNS two form is more
complicated. In our previous paper [4] we encountered this problem when we analyzed T-
duality of non-relativistic string in torsional Newton-Cartan background. Since such a
string can be defined as T-dual of the relativistic string in the background with light-like
isometry [5-8] in order to study its T-duality properties we had to analyze T-duality of
relativistic string along two directions. Even if such a procedure seems to be straightforward
it turned out to be rather involved and we were not able to determine transformations rules
in the general case of non-zero components of NSNS two form along directions we dualize.
Surprisingly we were not able to find corresponding transformations rules in the literature
and the goal of this paper is to find them.

Explicitly, we would like to study general string theory action in the background with
non-trivial metric and NSNS two form with isometry along several directions. In principle
we could start with the Lagrangian formulation and gauge corresponding isometry direc-
tions and then proceed as in the case of single isometry direction. However now the situation
is much more intricate due to the presence of non-trivial NSNS two form that now appears
in corresponding equations of motions. It is important to stress that expressions with



NSNS two form are multiplied with world-sheet antisymmetric symbol while expressions
with target space metric are multiplied with world-sheet metric so that it is very difficult to
solve them. However there is an alternative way how to study T-duality which is canonical
approach to T-duality [9, 10]. This procedure is based on the Hamiltonian form of string in
the background that possesses an isometry. Then we perform canonical transformations of
the coordinate that labels this isometric direction and we derive new Hamiltonian for dual
theory. Finally we perform inverse Legendre transformations to T-dual Lagrangian and
we determine dual background fields whose forms agree with Buscher’s rules. We use this
procedure to the case of the relativistic string in the background with non-zero NSNS two
form. We determine T-dual Hamiltonian which is straightforward procedure. On the other
hand in order to determine corresponding transformation rules for the background field we
have to find T-dual Lagrangian. It turns out that this is non-trivial procedure that deserves
careful treatment. After performing this analysis we obtain generalized Buscher’s rules that
also include background NSNS two form. As far as we know these transformations were
not determined before in the full generality.

As the next goal of this work is to analyze T-duality of non-relativistic string in tor-
sional Newton-Cartan background and with non-trivial NSNS two form. This section is
generalization of the analysis performed recently in [4]. We show that generally under
T-duality non-relativistic string maps to the relativistic one with specific form of the back-
ground fields and we also analyze conditions that determine that non-relativistic string
maps to non-relativistic string again. We show that these conditions are the same as ones
that were found in [4].

Let us outline our result and suggest possible extension of this work. We study T-
duality along several directions with non-zero NSNS two form in the framework of canonical
formalism. We obtain corresponding generalized Buscher’s rules which as far as we know,
were determined for the first time in this generality. Then we analyze T-duality of non-
relativistic string in torsional Newton-Cartan background with non-zero NSNS two form
and we determined conditions under such a string maps to non-relativistic string. We
mean that the analysis presented in this paper could be extended in several directions. In
particular, it would be nice to study whether T-dual Hamiltonian found in this paper could
be useful for the symmetric formulation of the string in the Double string theory. It would
be also nice whether similar analysis could be performed in case of the non-relativistic
string. We hope to return to these problems in future.

The structure of this paper is as follows. In the next section 2 we analyze T-duality of
relativistic string with the help of canonical formalism. Then in section 3 we present the
same analysis in case of the non-relativistic string in torsional Newton-Cartan background.

2 T-duality with NSNS two form in canonical formalism

T-duality with non-trivial NSNS two form along directions we dualize is remarkably com-
plex if we consider general bosonic string. The reason is that the term which is proportional
to the embedding of the target space metric is multiplied by word-sheet metric while term
which is proportional to NSNS two form is multiplied by world-sheet antisymmetric tensor.



Then it is very difficult to solve equations of motion for auxiliary world-sheet gauge fields.
However the situation simplifies considerably when we analyze T-duality with the help of
the canonical formalism [9, 10]. To do this we have to find Hamiltonian for bosonic string
with the action

T
S = —T/dQO'\/ —’}/’}/QBGMNaa.CEMag:L'N — 5 /dQUeaﬁBMNé)axMaﬁxm, (2.1)

M

where T' is string tensor, v,4 is world-sheet metric, 2™, M = 0,...,25 parameterize em-

bedding of the string in the target space background with the metric Gy and NSNS two

L' — 5 and

form Bjsy. Further, world-sheet is parameterized with c®,a = 0,1,0° = 7,0
€ = —eBe ig antisymmetric tensor.

Since we are going to analyze T-duality with the help of the canonical formalism we
have to introduce Hamiltonian for bosonic string. The result is well known and we write
the result as

H = /da(NT’HT +NHy), (2.2)
where

H, = My GMNTy + T2°Cyn0,2™0, XN, Tyr = par + TBunOea?
Ho = prdpa?y (2.3)

where N7, N? are Lagrange multipliers corresponding to the first class constraints
Hr~0,Hs =~ 0.

Now we are ready to proceed to the canonical description of T-duality when we select
2p coordinates ™, m,n = 25 — 2p,...,25 and the remaining ones u,v = 0,1,...,2p — 1
and dualize along =™ directions. According to [9, 10] such a duality can be considered as
canonical transformation. Explicitly, we introduce T-dual variables Z,, and corresponding
conjugate momenta p"*. Then the canonical transformations have the form

Pt = -TOzx™, pm=-—-T0O0sTm (2.4)

m

and T-dual Hamiltonian arises when we replace original variables p,,,z"™ in the Hamil-

tonian constraint with T-dual ones given above. As a result we obtain following T-dual
Hamiltonian constrain in the form

HT = (ky— Bumd™)G* (ky— Bunp™) +2(ky— Bump™)GP" (=T 8y &n,— Bump™ +T Byt
A+ (=T s & m — BihP* +T By O ) G™™ (— Ty p,— By +T B0’
+T20,2"G 1y Op 2" — 2T GOt + 5" G "

=k, G" ky+2™ Brupg G Py + D Hoy "+ 2Tk, GV,
+T*V,, GV, +2T5" (Beas GM"V = GO 2t ) + T2 05 2t G 1y O (2.5)

where
ky=pu+TBuwosx", Vy,=—05%n+ Byudszt, (2.6)



and where we used the fact that under T-duality (2.4) II5; transform as
I, =ky— Bump™, Uy =—-T0sZm — Bpnd" + T BppOsxt . (2.7)
As the last important step we introduced matric H,,,, defined as
Hn = G — Bt GMY By, (2.8)

In order to determine transformation rules for metric and NSNS two form field under these
T-duality transformations we have to find Lagrangian for T-dual string. With the help of
the Hamiltonian constraint (2.5) we obtain following equation of motion

Oy = {&m, H} = 2N By Gk, + 2N"H,p "
+ 2T N™ (Bt GM"V,, — GO eh) + NOp iy,
Ozt = {z", HY = 2NTG*k, — 2N"G*M By ™ + 2N"TGFV,, . (2.9)

From the second equation we express k,, as

1 -
k# - 2NT GMV(XV + QNTGVMBMmﬁm - QNTTGlmVn) ’ (2‘10)

where
Gu = Gy — GG™ Gy, XF = 02" — N7y, Xy = 0rZ — N0y, (2.11)
and where we introduced matrix G™" that is inverse to the matrix Gmn
GGy = O (2.12)
Further, matrix G wv has following important properties
GG =60, GuG™=—GumG™. (2.13)
Then inserting (2.10) into the first equation in (2.9) we obtain

X = 2N7 G + 2N"T By GV, + By X* — By G™ Gy XY — 2T N G o

(2.14)
where we used following important properties
Bt GM1G GN By = Bt GMY By — By G Bin
— B GMHG LGV, = BG"V,, — By GMV, (2.15)
and where we defined
Gn = Gmn — BmiG* By, . (2.16)
Now it is easy to express p from (2.14)
1 - N . .
= G (Xn — Bup X" + BpGM Gy X + 2T N™ GOt — 2NTTBmlGl”Vn> :
(2.17)



where G™" is matrix inverse to G’mn defined as
GG = 07 (2.18)

An existence of the matric G™" is crucial consequence of the presence of non-trivial com-
ponents of NSNS two form B,,,. Clearly for B,,, = 0, G™" reduces to G™". Now we are

ready to find corresponding Lagrangian density

L = puOrat + g0y iy — NTHT — NOHE
1

T UNT

— T?N7[05Fm G Osii + 0!G, 002" + 0gFm G} 0’ + 05t G!," Opin)

— TB,,,0;2"0,a" — TB),"0;3"0in — TB'"}0; %m0, — TB"™" 0: &m0y in

[(XHG, XY + X G X,y + XPG) ™ Xy + X G XY

1
= ANT [g;’T - 2Nag;'a + (NU)QgéU] - TQNnglfa - bera ’ (219)
where we used an important property of the matrix G™”
G — Gy Gk B Gl B, G G B G — G B GRL(2.20)

Finally the components of T-dual metric and NSNS two form have the form

G;w = Guu - GumémnGnu - (B,um - GulélkBkm)émn(Bnu - Bnk’ék/l/Gl’V) )

G/mn — émn

GWE = _émn(Bm/ - Bnkélelu) )

G, = (Bun — GG By ) G™ .
Bmn — ékaleln

B, = Bu + GnG™" Buy — BumG™" Gy + BymG™" By G'* By, + G G* By G Gy
B)," = [Gyam — BueG*' By, ) G™

B = GGy — BakGF By - (2.21)
These are most general T-duality transformation rules in case of non-zero components of
NSNS two form along directions where T-duality is performed. We see presence of two
inverse metrics G™" and G™" where G™" reduces into G™" in case of zero Bn. In fact,
in this case the transformation rules reduce to transformation rules found in the previous
paper [4]. Finally g/,b/,5 introduced on the last line in (2.19) are pullbacks of T-dual

components of metric and NSNS two form given in (2.21) to the string’s world-sheet.
Finally, if we integrate out N7, N we obtain

/ 1 4/ —detg,
No =Y9re N7 A (2.22)

oo ST g,
Then inserting these results back to (2.19) we obtain Nambu-Goto form of the string action

in T-dual background (2.21)
L=-T/—detg,s — Th. . . (2.23)

In the next section we focus on T-duality with non-zero NSNS two form in case of non-

relativistic string.



3 T-duality of non-relativistic string

In this section we will briefly discuss T-duality properties of non-relativistic string in tor-
sional Newton-Cartan background with the presence of non-zero NSNS two form. Analysis
presented in this section is generalization of our previous paper [4] so that we recommend
this paper for more details. As was argued previously in [5-8] non-relativistic string in
torsional Newton-Cartan background can be naturally defined with the help of T-duality
along light-like direction of relativistic string. Since as we argued in [11] such a transfor-
mation is problematic it is natural to consider an extended action with two auxiliary fields
AT, A7 [12]. This extended action is chosen in such a way that when we solve equation of
motion for AT, A\~ we obtain original relativistic string with light-like isometry. Explicitly,
let us consider following Lagrangian density

c=-Inva {_vanGMan:cN + L 0,eM N G

2 1
— VMG rpu Viou + ;aUxMGMuaou — Vo uGyu Vit + ;aaueuuagu

1 1
— TBund-2Mo, 2" — To, 2™ Bprudsu — O;uByunOyz’ | (3.1)
where Y = /Gy, Y~ = —/Gyy. In (3.1) wee used 1+ 1 form of the world-sheet metric
where

Nw w

We see from the Lagrangian density that there is exceptional direction labeled with u since

—N?% + N°wN° N°w 1 ”

solving equations of motion for A™, A\~ and inserting back to the Lagrangian density (3.1)
we obtain following contribution

1 1
- [Vnuvnu — w&,u&,u] Y'Y = {Vnuvnu - aﬁgu&,u Guu (3.3)

so that terms proportional to (V,u)? and (9,u)? are zero and hence the Lagrangian density
effectively describes motion of the string in the background with light-like isometry. On
the hand we can consider Lagrangian (3.1) in its own and discuss how its properties under
T-duality depend on values of y™,Y ™. However the advantage of the Lagrangian (3.1) is
that it contains term quadratic in time derivative of u and hence we can easily perform
canonical analysis. This has been done in [4, 11] with the result

N

2wl

T - T -
H= [WMGMNWN + 2 GMu (m + §A+Y+ + 2/\‘Y_>

T- T- T- T.
+ <7Tu + 5)\+Y+ + 2>\_Y_> G" <7Tu + §>\+Y+ + 2)\_Y_>
+ T20,2M GarnOpzN + 2T2%0,2M G 11uOts + T2 0p Gy O
— TNt 0,uY T + T?X 0,uY ™ + T25\+5\] + N°H,

= N"H, 4+ NH,. (3.4)



where we performed rescaling

Vot =T, Vwd =" (3.5)

and in the final step also N7 = M% Further,

mar = par + TBynOsx + TBuruOsu, Ty = pu + TBuyOpz™ . (3.6)

It is convenient to introduce common notation M = (M, u) so that the Hamiltonian con-
straint has the form

- Tiiy+ o Ts-y- MN Tstv+ . T5—y-

+T20,8M Gy O™ — TNV, #MY T + TPX0,3M Y . + T?AF A, (3.7)
d
—
where we also introduced YE =(0,...,0,Y%).

We showed in [4, 11] that performing T-duality along u-direction we obtain non-
relativistic string in torsional Newton-Cartan geometry. We further analyzed T-duality
of non-relativistic string along spatial direction in [4] where we were not able to study it in
the most general case of non-zero NSNS two form field. Now we fill this gap and consider
T-duality transformations along k-spatial directions that we label with y*. Then T-dual
coordinates are related to the original ones by following relations

pi = =107, ﬁz = _Taayia pu = —10,m, ﬁn = -T0o,u. (38)
In what follows we introduce common notation where Z,, = (%;,1),p™ = (p',py) and
k
——
Y = (0,...,0,Y*). Further, remaining coordinates are denoted as x* together with

conjugate momenta p,,. Then after T-duality transformation we get
Ty =ky — Bump™,

- - T - T~ _
T, = _Taayz - Bzmpm + TBiuao'«T'u + 5)\+Yz+ + =X YZ = _Bzmpm + TV’L )

2
=m M r Nty s ~m
Ty = =1 050 — Bymp"" + T By, 052" + 5)\ Y," + 5)\ Y., =—Bump"+TV, (3.9)
or equivalently
1- 1-
T =TV — Bumd™ , Vi, = —0,%y, + Byu0pat + §A+Yf{ + 5A—Yg : (3.10)

Then T-dual Hamiltonian constraint has the form
HT = 5, G*ky + " Hypn" + 257 B, Gk, + 2Tk, G*"V,, + T?V,,,G™V,,
- A 1+ 1. _
+2Tp™ <BmMGM”Vn — GpOsat + §A+Yj; — 5)\ Ym>

+ T20,2" G 05’ + T2 NTA™, (3.11)



where
H,n = Gun — B,y GMV By, . (3.12)

Let us now proceed to the Lagrangian formulation of given theory. Since the analysis is
completely the same as in case of the relativistic theory we immediately write the result

L=p"0:Zmp" + puO;at — H
1
~ 4NT

T ~
- 5N7A+ (ViZmA™ = 2T 05&mA™ + Vit Ay — 2T0,3 A ]

T .
— G NN (V& B + 270, B™ + V2B, + 270,a" B,

[g‘/r‘r - 2]\[Ug‘/m' + (NU)ng;a] - NTng(/TO' - Tb;'o

— N"T?XTA"X, (3.13)
where
A™ =G"(Y, 4+ B GMY ), A, = (Bum—Gum)G™ (Y5 + B GFY ),
B" =G (=Y, +BuG"Y ),  Bu=(CGun+Bun)G™ (=Y, +BuG"Y,), (3.14)

X=Y,G™Y, +1.

The nature of the resulting T-dual string depends on the fact whether X vanishes or not.
In case when X # 0 we can solve the equation of motion for 5\+, AT as

1 -
—i[Vn:%mAm — 2T 05T A™ + Vypat' A, — 2T0,2" A, —TA" X =0,
3.15)
1 3 (
—5[Va@mB"™ + 270, B"™ + Vo' By, + 2T 052" B,] — TATX =0.

These equations can be easily solved for At and A~. Then inserting these results into (3.13)
we obtain

1
L' = ANT [g'/r/'r - 2Nag;'la + (Na)zgga] - NTngclrlU - Tbla ) (316)

where

9t = G 00T Opin + G Dafmpa” + Glt "ot Dpn + Gl DatIpa”

3.17
bl = B"""0, %05 Ty + B0 T Opx” + BZ "0, 2" 05Ty + BﬁyaTx”&,x” , ( )

where primed components of the background metric and NSNS two form have the form

1 1
G/lmn — G/mn + 7(AmBm + Aan), GH/T — GIZL + 7(AmB” + BmBH) ,
2X 2X
1 1
G.ZV = G'/Lw + ﬁ(AHBV + AVBM) , pB/'mn _ g'mn + ﬁ(BmAn _ BnAm) ’
1 1
B///T = B/ZL + ﬁ(BmAM —A"B,), BL’V = B:w + E(BMAV ~B,A,). (3.18)

Clearly resulting string is relativistic string in the background fields given in (3.18).



As the second case let us consider the case when X = 0 that, according to discussion
below (3.1) corresponds to the original string with light-like isometry. In this case the
equation of motion for A* have the form

VoEmA™ — 2T 0y A™ + VA, — 2T0,a" A, = 0,
VEmB™ + 2T0,%,B™ + V2B, + 2T0,2"B,, = 0. (3.19)

We multiply first equation with 0,,,B™ + 0,2#B,, and the second one with 0,,,B™ +
O0s2#B,, and sum these two equations so that we get

Ng— — aTO'

aO’O’

1 1
aaﬁ = §aa«7~7m(AmBn + Aan)aﬁjn + iaa‘%m(AmBﬂ + BmAH)gﬁxV

I

1 1
+ 500t (AB™ + BuA™) D5, + 500" (AuBy + AyBy)dsa” (3.20)

On the other hand if we multiply two equations in (3.19) together and use (3.20) we obtain

N7 to be equal to
\/—deta
NT = #. (3.21)
aCTO'

Finally we obtain T-dual string in the form of non-relativistic action

S = /deUC, (3.22)
where T
L= _5\/— detaa*’gl s — TB., (3.23)

where a®? is matrix inverse to a,g3-

Before we proceed to an explicit example let us briefly comment about duality group
of non-relativistic string theory. From previous discussion we know that direction w is
exceptional since it is light-like. Then we can claim that T-duality group of non-relativistic
string when we perform T-duality along k-spatial transverse directions is the same as in
case of relativistic string which is O(k, k) [1].

Let us be more explicit and consider following background with light-like isometry [5-8]

ds® = gMNdedmN = 27(du —m) + hyrydeMda 7 = mypda™ |, mo= mprda™ | (3.24)
where NSNS two form has following components
By, Buv = b - (3.25)

Let us now consider T-duality along single spatial coordinate that we denote as y together
with T-duality along direction labeled by u. Then we have

Guw = hy — 7yomy, —my, = hyy
Guu Guy =Ty, Guu = Tu,

Gyy = hyy = 21ymy, Gyp = hyp — Tymy — Tuimy (3.26)



so that the metric G, and two form B,,, have following form

Gmn - GUU Ty ) an = O by (327)
Ty  hyy — 27ymy —by 0
so that metric inverse to Gy, is equal to
A 1 hyy — 2Tymy —T,
Gmn — vy y'rtty ) . 3.28
Guu(hyy — 27ymy) — 7'5 ( —Ty Guu> (3.28)

We would like to consider situation when T-dual string is again non-relativistic string that
is ensured when X = 0. Since Y = ++/G,,, we see that in order to ensure this condition
we should have G*% = G}“‘ . In order to ensure this requirement we firstly impose condition
that 7, = 0 so that the matrices G, and G"" have the form

. G — 22 0 . om0
Gy = w Gy bob , G = " Gyy L (329)
0 ny - éﬁ 0 G byby
e
and hence X = 0 on condition that b, = 0. Then
AY = L AY=0 A (by +74) L
Guu 7 ’ a a a m 7 (3 30)
1 1 ’
BY = , BY =0, B Ty —by)——
G v = o= h) T
and hence we get
1
aas = 75— (0o = 0a)(9p1 — bg) = TaTs) . (3.31)
uu
Finally we obtain transformation rules for components of the metric
A 1 By h 1 1
G =hy — —T1,1, — 2L 4 b,b, — — B, By
uv I Guu 2 ny Guu H ny Y=y
1
_ h;w + G (buby — Tu1)
1 1
Gl - - /~~ - -
nn Guu ’ vy ny ’
/ bl/ / 1
Gnu = _Giuu = Gwp Gﬂu = _@Byu = Guz?v
B;Lu B + I(Tubv - b;ﬂ'l/) + N (huyByV - BuyhyV) )
G T
B/ e ﬂ B/ e e . 332
M Gy M1 G ( )

These are generalization of the T-duality rules that were determined in our previous pa-
per [4] to the case of non-zero NSNS two form. We also see that T-duality of non-relativistic
string is again non-relativistic string when we impose restriction on the background metric
given by conditions 7, = b, = 0 which agrees with the condition found in [4].

~10 -
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