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1 Introduction and summary of results

The fact that critical string theory contains a massless graviton in its spectrum and that the

consistency of the worldsheet conformal field theory implies the vacuum Einstein equations

are generally considered important consistency tests for string theory to be a theory of

quantum gravity. On the other hand, in string theory the graviton always comes together

with the dilaton and, depending on the model, also an anti-symmetric Kalb-Ramond tensor

field. Another important feature in string theory is the operator state correspondence

which asserts that any scattering state can be represented by insertion of a suitable vertex

operator on the worldsheet. Finally, the absence of conformal anomalies implies coupled

equations for all of these fields. These equations are rather restrictive. In particular, they

do not seem to allow a spacetime of positive constant curvature as a background.

A natural question is then to what extent this structure is unique to string theory and

whether some simpler model shares some of these features as well. One such example is

the chiral string [1] or the ambitwistor string [2] which are worldsheet theories that, unlike

string theory, do not have any massive states. An even more drastic simplification is to
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replace the worldsheet by a spinning particle on the worldline [3–5]. A well known fact

is that N = 4 worldline supersymmetry is required in order to have a spin 2 particle in

the spectrum. One might think that with such a drastic simplification anything should be

possible. Yet, the problem of coupling this theory to gravity consistently has been solved

only recently [6]. On the other hand, due to the SO(4) R-invariance of the worldline action

there is not a unique such theory since it can be projected by gauging various subgroups

of SO(4). This freedom in the choice of projection is an extension of what is known as

level matching and un-oriented worldsheets in string theory. The theory described in [6] is

maximally projected, which corresponds to gauging all of SO(4). In that case the graviton is

the only remaining degree of freedom in the spectrum. As shown in [6] it can be consistently

coupled to gravity provided the background is an Einstein space. Furthermore, the physical

gravitons on such a background are obtained by acting with the linearized BRST charge

on a diffeomorphism ghost state. This is the worldline manifestation of the operator state

correspondence in string theory. Finally, the correct 3-graviton amplitudes are reproduced

in the worldline theory. Thus, gauge invariance of the point particle worldline theory,

manifested by the nilpotency of the BRST operator, implies the equations of motion of

Einstein Gravity.

In the present paper we investigate the quantization of the spinning particle with

weaker constraints. We find that the minimal projection, that allows for an interacting

theory, is obtained by gauging a U(1)×U(1) subgroup of SO(4). This is closely related to

level truncation and level matching in string theory. So one would expect that this worldline

theory is the one that is most closely related to string theory. Indeed we recover the

complete massless BV-spectrum of NS-NS sector of the closed superstring in the worldline

theory, together with the interaction between the different fields. Perhaps surprisingly this

also includes the dilaton which, since it couples to the worldsheet curvature, is usually

considered to be a specific feature of string theory. Similarly the Kalb-Ramond field,

being a two form, naturally couples to the worldsheet rather than a worldline. However,

as explained below, the two complex worldline fermions of the supersymmetric spinning

particle already provide such a coupling to the Kalb-Ramond field and furthermore, the

nilpotency of the BRST charge which is tantamount to the equations of motion of a general

BV action, implies the full non-linear equations of motion. In particular, these constraints

are not derived from the absence of the conformal anomaly which plays no role here.

We then proceed to show that linear variations of the BRST charge around a clas-

sical background then yield the unintegrated vertex operators for the graviton and the

Kalb-Ramond field as well as the dilaton along the same lines as in [6], as an extension

of [5]. Finally, the three point amplitudes for various fields are correctly reproduced on

the worldline.

We would also like to comment on the relation of our results to other approaches.

In [7, 8] the coupling of the worldsheet of the ambitwistor string theory to the massless

NS-sector background fields was described. In spite of being a worldsheet theory the

authors show that conformal invariance persists in the presence of off-shell background

fields and the equations of motion for the latter follow from the absence of anomalies in the

constraint algebra. For the minimal U(1)×U(1)-gauging the worldsheet approach in [7, 8]
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and the point particle presented here lead to identical outcomes up to the dimensionality

of spacetime which is not constrained for the worldline. Given that both models have

identical spectrum, the compatibility of the field equations is somewhat expected. How

this equivalence works in detail is, however, still somewhat mysterious (e.g. [9]). Indeed the

worldline appears to have some more flexibility allowing, in particular, for a cosmological

constant as well as the elimination of the dilaton that does not appear to be present in

the ambitwistor string. Another approach to recover the field equations of the massless

NS-sector in generalized geometry, based on consistent deformations of the graded Poisson

structure is described in [10]. Finally we would like to stress that our construction of the

BRST operator is fully background independent. In string theory, this is an important

open problem pioneered by Shatashvili [11].

The rest of this paper is organized as follows. In section 2 we first describe the sym-

metries of the N = 4 worldline action as well as the (reduced) Hilbert space obtained after

gauging some of the SO(4) R-symmetry and conclude with the canonical quantization of

the constrained system. In section 3 we first show that the relative cohomology on the

reduced Hilbert space agrees with that before gauging of the R-symmetry and describe the

complete BV-spectrum of the reduced system. In section 4 we then couple the system to

the different background fields in the spectrum of the theory and derive the equations of

motion for the latter from the nilpotency of the BRST charge. We then conclude with sug-

gestions for further work in section 5. An alternative coupling to the dilaton is presented

in the appendix.

2 N = 4 spinning particle and NS-NS spectrum

In [6] the N = 4 spinning particle was used to provide a worldline description of Einstein

gravity. In order to do so, the Hilbert space of the N = 4 particle had to be constrained by

a certain subalgebra of the so(4) R-symmetry algebra that projects the spectrum on the

pure gravity sector. Here we will relax such constraints in order to have the full massless

NS-NS spectrum of closed strings.

The graded phase space of the model has bosonic coordinates (xµ, pµ) and fermionic

(θµi , θ̄
j
ν), where µ = 0, . . . , d− 1 is a spacetime vector index and i = 1, 2 is a u(2) internal

index. Worldline translations and four supersymmetries are generated by the hamiltonian

H and supercharges (qi, q̄
i):

H := p2 , qi := θµi pµ , q̄i := θ̄µipµ . (2.1)

In order to describe relativistic massless particles in target space, worldline translations

and supersymmetry have to be made local symmetries, as to remove unphysical degrees of

freedom and enforce the massless constraint. This is done by introducing a one-dimensional

“supergravity” multiplet consisting of the einbein e and four gravitinos (χi, χ̄
i), leading to

the worldline action

S =

∫
dτ
[
pµẋ

µ + i θ̄iµθ̇
µ
i −

e

2
p2 − i χi θ̄µipµ − iχ̄i θµi pµ

]
, (2.2)
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that is invariant under local reparametrizations1

δxµ = ξ pµ , δpµ = 0 , δθµi = 0 , δθ̄µi = 0 ,

δe = ξ̇ , δχi = 0 , δχ̄i = 0
(2.3)

with parameter ξ(τ), and supersymmetries:

δxµ = iεi θ̄
µi + iε̄i θµi , δpµ = 0 , δθµi = −εi pµ , δθ̄µi = −ε̄i pµ ,

δe = 2i χi ε̄
i + 2i χ̄i εi , δχi = ε̇i , δχ̄i = ˙̄εi ,

(2.4)

with odd parameters εi(τ) and ε̄i(τ).

Upon canonical quantization, the phase space “matter” variables obey the equal time

(anti)-commutation relations

[xµ, pν ] = i δµν , {θµi , θ̄
j
ν} = δji δ

µ
ν , (2.5)

the other (anti)-commutators being zero. The fermionic system consists thus of 2d fermionic

oscillators and, by taking the vacuum to obey θ̄iµ |0〉 = 0, a generic state |Φ〉 in the Hilbert

space can be identified with the wavefunction

Φ(x, θi) =

d∑
m,n=0

φµ1...µm| ν1...νn(x) θµ1
1 . . . θµm1 θν1

2 . . . θνn2 ∼
⊕
m,n

m

 ⊗ n

{
, (2.6)

i.e. a collection of tensor fields with the symmetries of (m,n) bi-forms, as displayed by the

Young diagrams above.

The quickest way to solve the classical constraints2 qi = q̄i = 0 and to determine the

physical spectrum is light-cone quantization: by defining V ± := 1√
2
(V 0 ± V d−1) for any

vector, and assuming p+ to be invertible, one can use the local supersymmetries (2.4) to

gauge fix θ+
i = θ̄+i = 0 . The constraints qi = q̄i = 0 are then solved explicitly at the

classical level, obtaining θ−i =
θαi pα
p+ , where α = 1, . . . , d−2 is a transverse index. The same

applies for the barred fermions, and the action reduces to

S =

∫
dτ
[
pµẋ

µ + i θ̄iαθ̇
α
i −

e

2
p2
]
. (2.7)

The only physical oscillators are transverse, thus yielding a unitary spectrum of massless

fields

φα1...αm|β1...βn(x) , α, β = 1, . . . , d− 2 , �φα1...αm|β1...βn(x) = 0 (2.8)

that decompose into irreps of the little group so(d− 2).

1This form of time reparametrizations is manifestly canonical, being generated by H via Poisson brackets.

It differs from the more standard, geometric form, by a trivial transformation.
2The hamiltonian constraint H = 0 translates as usual to the massless Klein-Gordon equation upon

quantization: �Φ(x, θi) = 0.
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2.1 Gauging the R-symmetries

The spectrum (2.8) contains way too many states that, for general (m,n), do not admit

minimal coupling to gravity. The relevant NS-NS spectrum we are interested in consists of

the level (1, 1) field φα|β that decomposes, as in string theory, into a traceless graviton, a

dilaton and Kalb-Ramond two-form:

φα|β = hαβ +Bαβ + δαβ σ . (2.9)

In order to implement this projection we recall that the action (2.2) has a manifest

rigid U(2) symmetry that rotates the fundamental (and anti-fundamental) indices of the

fermions. In addition, by defining the real fermions (Θµ
I ,XI), with I = 1, . . . , 4 as

Θµ
i :=

1√
2

(θµi + θ̄µi) , Θµ
i+2 :=

1√
2i

(θµi − θ̄
µi) ,

Xi :=
1√
2

(χi + χ̄i) , Xi+2 :=
1√
2i

(χi − χ̄i) ,
(2.10)

the fermionic action takes the form

Sf =

∫
dτ

[
i

2
ΘµIΘ̇

µ
I − iXI Θµ

I pµ

]
, (2.11)

that is manifestly invariant under the full SO(4) rigid symmetry generated by the fermion

bilinears JIJ = iΘ[I ·ΘJ ]. In [6] the maximal set of constraints was imposed on the Hilbert

space, in order to project onto the pure gravity sector of the model, while a weaker subgroup

was gauged in [12, 13]. On the other hand, the weakest constraint on the Hilbert space

compatible with coupling this worldline theory to gravity is obtained by merely gauging a

U(1) × U(1) subgroup of the R-symmetry group SO(4), that corresponds to combination

of level matching and level truncation of a closed string and controls the fermion number

eigenvalues (m,n) of (2.6). More explicitly, we impose the constraints

Ji |Φ〉 = 0 , Ji := θi · θ̄i − 1 ≡ Ni − 1 , index i not summed. (2.12)

At the level of the worldline action this corresponds to promoting the U(1)×U(1) subgroup

to a local symmetry by introducing two abelian worldline gauge fields3 ai(τ), yielding

S =

∫
dτ

pµẋµ + i θ̄iµθ̇
µ
i −

e

2
p2 − i χi θ̄µipµ − iχ̄i θµi pµ −

∑
i=1,2

ai
(
θµi θ̄

i
µ − ki

) , (2.13)

where the one-dimensional Chern-Simons couplings k1 = k2 = 2− d
2 are required to cancel

a quantum ordering effect of the fermions. Choosing k1 = m+ 1− d
2 and k2 = n+ 1− d

2

projects onto the (m,n) sector of (2.6). The local supersymmetry transformations of the

gravitinos are affected by the U(1) ×U(1) gauging as

δχi = Dτ εi := ε̇i − iai εi , δχ̄i = Dτ ε̄
i := ˙̄εi + iai ε̄

i , (2.14)

while local U(1)×U(1) transformations read (here and above the index i is not summed)

δθµi = iαi θ
µ
i , δθ̄iµ = −iαi θ̄iµ , δχi = iαi χi , δχ̄i = −iαi χ̄i , δai = α̇i . (2.15)

3Here the index i = 1, 2 is a mere label, not a fundamental representation of U(2).
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2.2 Dirac quantization

The classical action (2.13) corresponds to the quantum constraint algebra

{qi, q̄j} = δji H , [Ji, qi] = qi , [Ji, q̄
i] = −q̄i , index i not summed, (2.16)

with the other (anti)-commutators vanishing. In this description only half of the super-

charges can annihilate physical states, while the second half will generate null states, as it

is customary in Gupta-Bleuler or old covariant quantization of string theory. The physical

state conditions thus read4

Ji |Φ〉 = 0 , q̄i |Φ〉 = 0 , � |Φ〉 = 0 . (2.17)

Solving the Ji constraints one is left with

Φ(x, θi) = φµ|ν(x) θµ1 θ
ν
2 =

(
ϕµν(x) +Bµν(x)

)
θµ1 θ

ν
2 (2.18)

for ϕµν := φ(µ|ν) and Bµν := φ[µ|ν] obeying

�ϕµν = 0 = ∂µϕµν , �Bµν = 0 = ∂µBµν . (2.19)

The above field equations describe, in a partially gauge-fixed form, a spin two particle and

a scalar contained in ϕµν together with the two-form B. In order to reduce the Lorentz

covariant fields to the physical transverse polarizations Bαβ and ϕαβ = hαβ + δαβ σ one

has to consider, on top of the above equations, the residual gauge symmetries

δϕµν = ∂(µξν) , �ξµ = 0 = ∂ · ξ , δBµν = ∂[µλν] , �λµ = 0 = ∂ · λ , (2.20)

taking care of the trivial transformations λµ = ∂µρ, with �ρ = 0, for the two-form. In

the Dirac approach the presence of gauge symmetry manifests with the appearance of null

states in the Hilbert space. These are physical states with zero norm and vanishing scalar

product with all other physical states, that one can mod out from the physical spectrum.

In the present case one can indeed see that fields of the form ϕµν = ∂(µξν) and Bµν = ∂[µλν]

(or equivalently states |Φ〉 = qi
∣∣Ξi〉) are null for ξµ and λµ transverse and harmonic.

3 BRST quantization

We shall now focus on studying the BRST cohomology associated to the constraint alge-

bra (2.16), as it gives a fully covariant description of the corresponding field theory, with

manifest gauge symmetries. We shall do this in two steps. First we show in the following

subsection that the BRST chomology of the complete system of constraints obtained by

associating ghost-antighost canonical pairs (c, b) to the Hamiltonian and (Ci, Bi) to the

u(1)’s Ji as well as bosonic superghost pairs (γ̄i, βi) and (γi, β̄
i) to the supercharges qi and

q̄i, is equivalent to the relative cohomology of the reduced system obtained by solving the

SO(4) constraints. We then continue the analysis within the simpler reduced system.

4Since upon quantization we represent pµ = −i∂µ on functions of x, we freely switch between H and −�.
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3.1 Reducing the BRST cohomology

The complete ghost sector satisfies the canonical (anti)-commutation relations

{b, c} = 1 , {Bi, Cj} = δji , [βi, γ̄
j ] = δji = [β̄j , γi] , (3.1)

with ghost numbers

gh(c, Ci, γi, γ̄
i) = +1 , gh(b, Bi, βi, β̄

i) = −1 (3.2)

The BRST operator associated to the algebra (2.16) takes the form

Ω = Q+ CiJi , (3.3)

where

Q := c� + γi q̄
i + γ̄i qi + γ̄iγi b , Q2 = 0 (3.4)

is the BRST operator associated to the gauging of the N = 4 supersymmetry alone, and

Ji := θµi θ̄
i
µ + γiβ̄

i − γ̄iβi − 2 (i not summed) (3.5)

are u(1) × u(1) generators in the matter plus ghost extended space, obeying [Ji, Q] = 0.

With the hermiticity assignments (γi)
† = γ̄i and (βi)

† = −β̄i, the other ghost variables

being self-adjoint, one has

Q† = Q , (Ji)† = Ji −→ Ω† = Ω . (3.6)

We choose the ghost vacuum |0〉 to be annihilated by (b, Bi, γ̄
i, β̄i), so that a general

state |ψB〉 in the BRST extended Hilbert space is isomorphic to the wave function5

ΨB(x, θi ; c, γi, βi, Ci), on which (b, Bi, γ̄
i, β̄i) are realized as ( ∂∂c ,

∂
∂Ci

,− ∂
∂βi
, ∂
∂γi

). With the

given choice of vacuum, the ghost number of the wavefunction is unbounded both from

above and below, and the operators Q and Ji take the form

Q = c� + γi q̄
i − qi

∂

∂βi
− γi

∂2

∂βi∂c
, Ji = Nθi +Nγi +Nβi − 1 =: Ni − 1 . (3.7)

As a first step in the BRST analysis, we will prove that the cohomology of Ω at ghost

number zero is given by the corresponding cohomology of Q on the restricted Hilbert space

kerJ1 ∩ kerJ2. To see this, let us first notice that the Hilbert space H can be decomposed

as a double direct sum according to the eigenvalues of the ghost-extended number operators

Ni as

H =
∞⊕

m,n=0

Hm,n , ΨB =
∞∑

m,n=0

Ψm,n , (N1 −m)Ψm,n = 0 = (N2 − n)Ψm,n . (3.8)

One further expands the wavefunction according to the Ci dependence as

ΨB = ψ + Ci χi + C1C2 ξ , (ψ, χi, ξ) =
∞∑

m,n=0

(ψm,n, χim,n, ξm,n) , (3.9)

5The functional dependence on the bosonic ghosts γi and βi is restricted to be polynomial of arbitrary

but finite degree.
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and similarly the gauge parameter is decomposed as ΛB = λ+Ci ηi +C1C2 ρ. The closure

relation ΩΨB = 0 splits into

ΩΨB = 0 ⇒


Qψm,n = 0

Qχ1m,n = (m− 1)ψm,n

Qχ2m,n = (n− 1)ψm,n

Qξm,n = (n− 1)χ1m,n − (m− 1)χ2m,n

(3.10)

as well as the gauge transformations

δΨB = ΩΛB ⇒


δψm,n = Qλm,n

δχ1m,n = −Qη1m,n + (m− 1)λm,n

δχ2m,n = −Qη2m,n + (n− 1)λm,n

δξm,n = Qρm,n − (n− 1)η1m,n + (m− 1)η2m,n

. (3.11)

At this point one uses the shift symmetries to gauge away the maximum number of com-

ponents Ψm,n:

• Use all λm,n with m 6= 1 to gauge fix χ1m,n = 0 except χ1 1,n −→ closure fixes

ψm,n = 0 except ψ1,n

• Use all η2m,n with m 6= 1 to gauge fix ξm,n = 0 except ξ1,n −→ closure fixes χ2m,n = 0

except χ2 1,n

• One is left with the subsystem

Qψ1,n = 0 , Qχ11,n = 0 , Qχ21,n = (n−1)ψ1,n , Qξ1,n = (n−1)χ11,n ,

δψ1,n =Qλ1,n , δχ11,n =−Qη11,n , δχ21,n =−Qη21,n+(n−1)λ1,n ,

δξ1,n =Qρ1,n−(n−1)η11,n (3.12)

• Repeat the same steps by using the shift symmetries with parameters (λ1,n, η1 1,n)

with n 6= 1 and the closure relations to further reduce the system to

QΨa = 0 , δΨa = QΛa (3.13)

where we grouped Ψa := (ψ1,1, χi 1,1, ξ1,1) and Λa := (λ1,1,−ηi 1,1, ρ1,1).

Notice that the above components Ψa precisely parametrize the subspace kerJ1 ∩ kerJ2,

thus proving the above statement. It will now be shown that the non-trivial cohomology at

ghost number zero, besides coinciding with the Q-cohomology in kerJ1∩kerJ2, is concen-

trated in the Ci-independent part of the wavefunction (3.9), i.e. in ψ1,1. We shall drop from

now on the subscripts from (ψ1,1, χi 1,1, ξ1,1) by using (ψ, χi, ξ) subject to Ji(ψ, χi, ξ) = 0.

The common kernel of the Ji operators is spanned by the basis elements

kerJ1∩kerJ2 = Span{(θµ1⊕γ1⊕β1)⊗(θν2⊕γ2⊕β2)⊕c(θµ1⊕γ1⊕β1)⊗(θν2⊕γ2⊕β2)} (3.14)

– 8 –
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with the extra four-fold degeneracy (1 ⊕ Ci ⊕ C1C2) already taken into account by the

decomposition in (3.9). The cohomology at ghost number zero, as it can be seen from (3.9),

is given by the cohomology of ψ(0) together with χ
(−1)
i and ξ(−2), where the superscript

denotes the ghost number of the corresponding component. We start by considering the

Q-cohomology of ξ(−2):

Ji ξ(−2) = 0 → ξ(−2) = ρ(x)β1β2 , δρ = 0 , ∂µρ = 0 → trivial . (3.15)

Similarly, χ
(−1)
i is shown to contain pure gauge vector fields:

Jk χ
(−1)
i = 0 → χ

(−1)
i = vi µ(x) θµ1β2 + ṽi µ(x) θµ2β1 + φi(x) cβ1β2 ,

δvi µ = δṽi µ = i ∂µλi , δφi = �λi ,

�vi µ − i ∂µφi = 0 = �ṽi µ − i ∂µφi , φi = −i ∂ · vi = −i ∂ · ṽi , ∂µvi ν = ∂ν ṽi µ .

(3.16)

The scalars are auxiliaries, leaving Maxwell equations for the four vectors (vi µ, ṽi µ). On

the other hand, symmetrizing the last equation one has the Killing equation ∂(µv
−
ν) i = 0

for v−i := vi− ṽi, that does not have acceptable solutions in terms of fluctuating fields, thus

yielding vi = ṽi. The antisymmetric part of the same equation finally gives Fµν(v) = 0,

thus proving that the only non-trivial cohomology at ghost number zero is concentrated in

ψ(0) subject to Jiψ(0) = 0. We have hence established that the BRST system ΩΨB = 0,

δΨB = ΩΛB is physically equivalent, at ghost number zero, to the simpler cohomological

system

Qψ = 0 , δψ = QΛ ,

Ji ψ = 0 = Ji Λ ,
(3.17)

where the wavefunction and gauge parameter do not depend on the Ci ghosts:

ψ = ψ(x, θi; c, γi, βi). It should be noticed, however, that the bigger system with charge

Ω effectively generates four copies of the same cohomology6 (see (3.13)), since they only

differ by a shift in ghost number, that can be anyway redefined. It seems thus better to

consider the reduced system (3.17) as the starting point for the analysis, as well as for the

coupling to background fields.

3.2 Reduced BV-spectrum

We will now show that the physical states of the above system describe the free propagation

of a graviton, a two-form gauge field and a scalar dilaton. The ψ wavefunction at ghost

number zero, obeying Jiψ = 0, can be decomposed as

ψ(0) = φµ|ν(x) θµ1 θ
ν
2 + φ(x) γ1β2 + φ̃(x) γ2β1 +Aµ(x) θµ1β2c+ Ãµ(x) θµ2β1c . (3.18)

The gauge symmetry

δψ(0) = QΛ(−1) , with Λ(−1) = εµ θ
µ
1β2 + ε̃µ θ

µ
2β1 + η cβ1β2 (3.19)

6We thank Maxim Grigoriev for discussions on this point.
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reads

δφµ|ν = i (∂µε̃ν − ∂νεµ) , δAµ = i ∂µη −�εµ , δÃµ = i ∂µη −�ε̃µ ,

δφ = −i ∂ · ε− η , δφ̃ = −i ∂ · ε̃− η .
(3.20)

Upon the field redefinitions

ϕµν := φ(µ|ν) , Bµν := φ[µ|ν] , i A±µ := Ãµ ±Aµ , φ± := φ̃± φ ,
εµ := i(ε̃µ − εµ) , λµ := i(ε̃µ + εµ)

(3.21)

the closure equations become

�ϕµν − ∂(µA
−
ν) = 0 , �Bµν − ∂[µA

+
ν] = 0 ,

A−µ = 2 ∂ · ϕµ + ∂µφ
− , A+

µ = 2 ∂λBλµ − ∂µφ+ ,

�φ± + ∂ ·A± = 0

(3.22)

with gauge symmetries

δϕµν = ∂(µεν) , δBµν = ∂[µλν] ,

δA−µ = �εµ , δA+
µ = �λµ + 2 ∂µη ,

δφ− = −∂ · ε , δφ+ = −∂ · λ− 2 η .

(3.23)

By solving for the auxiliary vectors A±µ one obtains the system

�ϕµν − 2 ∂(µ∂ · ϕν) − ∂µ∂νφ− = 0 , �φ− + ∂ · ∂ · ϕ = 0 ,

�Bµν + 2 ∂[µ∂
λBν]λ ≡ ∂λHλµν(B) = 0

(3.24)

where the scalar φ+ has dropped out.7 The scalar φ− on the other hand is mixed with the

trace of ϕµν , the gauge invariant combination being σ := φ− + ϕλλ, in terms of which the

spin two-spin zero system becomes

�ϕµν − 2 ∂(µ∂ · ϕν) + ∂µ∂νϕ
λ
λ = ∂µ∂νσ , �σ = 0 . (3.25)

The above system, together with the two-form Bµν , coincides with the linearized field

equations of the massless NS-NS sector of closed strings.8 The fluctuation ϕµν is the

string-frame graviton, the Einstein-frame one being given by

hµν := ϕµν −
1

d− 2
ηµν σ , (3.26)

for which one has the decoupled free equations

�hµν − 2 ∂(µ∂ · hν) + ∂µ∂νh
λ
λ = 0 , �σ = 0 . (3.27)

The cohomological system (3.17) does not only provide field equations and gauge symme-

tries for the physical fields, but it also encodes the spacetime BV spectrum and BRST

7It can also be gauged away by the shift symmetry η.
8Notice that �ϕµν − 2 ∂(µ∂ · ϕν) + ∂µ∂νϕ

λ
λ = −2Rlin

µν(η + ϕ).
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transformations [14, 15]. Similarly to string field theory, one can assign spacetime ghost

number and parity to the component fields of ψ(x, θi; c, γi, βi) by demanding ψ to have

total even parity and ghost number zero, interpreting it as a “string field”. Explicitly, the

most general state obeying Jiψ = 0 can be decomposed as

kerJi 3 ψ = (ϕµν +Bµν) θµ1 θ
ν
2 + φ γ1β2 + φ̃ γ2β1 +Aµ θ

µ
1β2c+ Ãµ θ

µ
2β1c

+ ξµ θ
µ
1β2 + ξ̃µ θ

µ
2β1 + η β1β2c+ λβ1β2

+ (ϕ∗µν +B∗µν) θµ1 θ
ν
2c+ φ∗ γ1β2c+ φ̃∗ γ2β1c+A∗µ θ

µ
1γ2 + Ã∗µ θ

µ
2γ1

+ ξ∗µ θ
µ
1γ2c+ ξ̃∗µ θ

µ
2γ1c+ η∗ γ1γ2 + λ∗ γ1γ2c .

(3.28)

The first line above contains the fields at ghost number zero displayed in (3.18), namely

the graviton and Kalb-Ramond two-form, the dilaton and a pure gauge scalar, contained

in φ ± φ̃ respectively, and the two auxiliary vectors Aµ ± Ãµ associated to longitudinal

modes of ϕµν and Bµν . The second line contains the vector ghosts ξµ ± ξ̃µ associated to

the spin two and two-form gauge symmetries, the ghost for ghost λ corresponding to the

reducibility of the two-form gauge symmetry, and the scalar ghost η for the spin one gauge

transformation of Aµ + Ãµ. The second half displays all the corresponding antifields, thus

yielding the minimal BV spectrum plus auxiliaries. The BV-extended gauge symmetry is

given by δψ = QΛ, where the gauge parameter string field Λ is assigned total odd parity

and ghost number −1, while the spacetime BRST differential acts as sψ = Qψ (see for

instance [16]).

4 N = 4 point particle coupled to background fields

In this section we discuss the coupling of our worldline model to background fields including

the metric gµν , the Kalb-Ramond field Bµν as well as the dilaton Φ,9 taking the reduced

cohomological system (3.17) as a starting point for the deformation. As in [6] we take the

fermions with flat Lorentz indices, i.e. (θai , θ̄
i a) together with a background vielbein eaµ(x)

and spin connection that is torsion-free.

4.1 Pure gravity

The coupling to a background metric has been described in detail in [6] in terms of covariant

derivative operators

∇̂µ := ∂µ + ωµab θ
a · θ̄b , [∇̂µ, ∇̂ν ] = Rµνλσ θ

λ · θ̄σ =: Rµν , (4.1)

where θµi := eµa(x) θai , and similarly for θ̄i µ. The difference in the present treatment is that

we consider a bigger Hilbert space, defined by kerJi, compared to [6] where all of SO(4)

was gauged. The curved space supercharges and Laplacian

qi := −i θai eµa ∇̂µ , q̄i := −i θ̄i a eµa ∇̂µ , ∇2 := gµν∇̂µ∇̂ν − gµν Γλµν ∇̂λ ≡
1
√
g
∇̂µ
√
ggµν∇̂ν

(4.2)

9Here we use the symbols gµν , Bµν and Φ for background fields in order to distinguish them from the

corresponding states in the Hilbert space, denoted by ϕµν , (or hµν ,) Bµν and σ.
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have commutation relations

{qi, qj} = −θµi θ
ν
j Rµν , {q̄i, q̄j} = −θ̄µ iθ̄ν j Rµν , {qi, q̄j} = −δji ∇

2 − θµi θ̄
ν j Rµν ,

[∇2, qi] = i θµi
(
2Rµν ∇̂ν −∇λRλµ −Rµν∇̂ν

)
,

[∇2, q̄i] = i θ̄µ i
(
2Rµν ∇̂ν −∇λRλµ −Rµν∇̂ν

)
,

(4.3)

where ∇µRµν := (∇µRµνλσ)θλ · θ̄σ. The corresponding BRST operator Q is given by

Q = c4− i Sµ∇̂µ + γ̄iγi b , 4 := ∇2 + < ; Sµ := γ̄iθµi + γi θ̄
µ i . (4.4)

where < = Rµνλσ θ
µ · θ̄ν θλ · θ̄σ is a non-minimal coupling [6] needed for Q to be nilpotent.

From

Q2 = γ̄ · γ4− (Sµ∇̂µ)2 − ic [4, Sµ∇̂µ] , (4.5)

one finds that the two independent obstructions to nilpotency of Q read

γ̄ · γ4− (Sµ∇̂µ)2 = −1

2
SµSν Rµν + γ̄ · γ <

kerJi= γ̄ · θµ γ · θ̄ν Rµν + γ̄ · γ Rµν θµ · θ̄ν ,
(4.6)

and

[4, Sµ∇̂µ] = Sµ∇λRλµ − Sµ∇µ<
kerJi= Sµ∇λRλµ −

(
2∇λRλµγ · θ̄µ − Sµ∇µRνλθν · θ̄λ

)
.

(4.7)

In the second lines the above obstructions have been evaluated on the restricted Hilbert

space kerJi. Upon normal ordering, i.e. moving all barred oscillators to the right, this

amounts to setting to zero any contribution with at least three barred oscillators. The above

result shows that Q2 = 0 on Ricci-flat backgrounds as in string theory (upon recalling that

on a Ricci-flat manifold one has ∇µRµνλσ = 0). As explained in [6], it is possible to turn on

an Einstein background with non-vanishing cosmological constant of any sign at the price

of restricting further the Hilbert space, which amounts to projecting away the B-field.

4.2 Coupling the B-field

In order to additionally couple an external background field Bµν , we consider the deformed

covariant derivative

D̂µ := ∂µ + ωµab θ
a · θ̄b +Hµab

(
θa2 θ̄

2b − θa1 θ̄1b
)
, (4.8)

where Hµνλ is the field strength of Bµν . Note that the term that multiplies Hµab in (4.8)

breaks the R-symmetry10 down to the subgroup U(1) × U(1). The curved space super-

charges are defined in the same way as in section 4.1. To begin with, let us introduce the

notation for twisted variables:

ϑai := (−1)i θai = (−θa1 , θa2) , ϑ̄a i := (−1)i θ̄a i = (−θ̄a 1, θ̄a 2) . (4.9)

10This is a manifestation of the fact that in string theory the Kalb-Ramond field couples to the left- and

right-moving fermions with opposite sign.
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We then define Lorentz generators Sab and twisted generators T ab

Sab := 2 θ[a · θ̄b] , T ab := 2 θ[a · ϑ̄b] ≡ 2ϑ[a · θ̄b] = 2 (θ
[a
2 θ̄

b]2 − θ[a
1 θ̄

b]1) (4.10)

that obey the extended so(d)⊕ so(d) algebra11

[Sab, Scd] = 4 η[c[bSa]d] , [Sab, T cd] = 4 η[c[bT a]d] , [T ab, T cd] = 4 η[c[bSa]d] . (4.11)

The generalized covariant derivative operators can be recast in the form

D̂µ := ∂µ+
1

2
ωµabS

ab+
1

2
HµabT

ab = ∇̂µ+
1

2
HµabT

ab = ∂µ+ωµab θ
a·θ̄b+Hµab θ

a·ϑ̄b (4.12)

with Hµνλ := 3 ∂[µBνλ]. Tensors in the N = 4 Hilbert space have the form

tµ[m]|ν[n] ∼ m

 ⊗ n

{
(4.13)

on which the operator D̂µ acts as

Dµtν[n]|λ[m] = ∇µtν[n]|λ[m] − nHµν
αtαν[n−1]|λ[m] +mHµλ

αtν[n]|αλ[m−1] , (4.14)

and has the hermiticity property D̂†µ = −(D̂µ + Γλµλ) with respect to the inner product

〈V,W 〉 =

∫
ddx
√
g Vµ[m]|ν[n]W

µ[m]|ν[n] . (4.15)

The commutator of covariant derivatives yields

Cµν := [D̂µ, D̂ν ] =
1

2
Rµνab Sab +∇[µHν]ab T

ab , (4.16)

where we defined the generalized Riemann tensor

Rµνλσ := Rµνλσ −Hµλ
αHνσα +Hνλ

αHµσα , (4.17)

that obeys

Rµνλσ = R[µν]λσ = Rµν[λσ] = Rλσµν , (4.18)

and thus admits a single and symmetric generalized Ricci tensor

Rµν := Rλµλν = Rµν −Hµ
λσHνλσ . (4.19)

However, it does not satisfy the Bianchi identity:

R[µνλ]σ = 2H[µν
αHλ]σα . (4.20)

The supercharges are defined as

qi := −i θai eµa D̂µ = −i θµi D̂µ , q̄i := −i θ̄a i eµa D̂µ = −i θ̄µ i D̂µ , (4.21)

11The two commuting so(d) algebras are given by Sabi := 2 θ
[a
i θ̄

b]i with i = 1, 2 not summed.
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and obey the algebra

{qi, qj} = −θµi θ
ν
j Cµν − (θµi ϑ

ν
j + ϑµi θ

ν
j )Hµν

λD̂λ ,

{q̄i, q̄j} = −θ̄µ iθ̄ν j Cµν − (θ̄µ iϑ̄ν j + ϑ̄µ iθ̄ν j)Hµν
λD̂λ ,

{qi, q̄j} = −δji D
2 − θµi θ̄

ν j Cµν − (θµi ϑ̄
ν j + ϑµi θ̄

ν j)Hµν
λD̂λ ,

(4.22)

with the generalized Laplacian defined by

D2 := gµνD̂µD̂ν − gµνΓλµνD̂λ =
1
√
g
D̂µ
√
ggµνD̂ν , (D2)† = D2 . (4.23)

In analogy with the coupling to gravity in the last subsection, we make the following Ansatz

for the BRST charge (we recall that Sµ = γ̄ · θµ + γ · θ̄µ):

Q = c4− i SµD̂µ + γ̄ · γ b , 4 := D2 + < , (4.24)

where < contains possible non-minimal couplings to be determined by insisting on nilpo-

tency. One obstruction to the nilpotency of Q is given by

γ̄ · γ4− (SµD̂µ)2 = −1

2
SµSν Cµν − SµT ν Hµν

λD̂λ + γ̄ · γ <
kerJi= γ̄ · θµγ · θ̄ν Rµν − γ̄ · θµγ · ϑ̄ν ∇λHλµν + γ̄ · γ <|kerJi .

(4.25)

To make it vanish, one has to impose

Rµν = Rµν −Hµ
λσHνλσ = 0 , ∇λHλµν = 0 , (4.26)

that are precisely the (two derivative) field equations for the massless NS-NS sector of

closed strings, in case of a constant dilaton background. Notice that consistency of the

field equation Rµν = Hµ
λσHνλσ with the Bianchi identities of the Ricci tensor and the H

field strength requires ∇µH2 = 0. This is in agreement with closed string field equations,

as a constant dilaton background requires H2 = 0. An additional requirement for (4.25)

to vanish is that the non-minimal coupling < be taken as to obey γ̄ · γ <|kerJi = 0.

The second obstruction comes from

[4, SµD̂µ] = Rµν SµD̂ν +∇λHλµν T
µD̂ν −Hµν

λ T
λCµν − 2SµCµνD̂

ν

+ Sν ∇µCµν + SµHνλ
ρ

[
2∇[µHν]λσ S

ρσ +Rµνλσ T ρσ
]

+ [<, SµD̂µ] ,
(4.27)

where we defined a second ghost-valued vector

Tµ := γ̄ · ϑµ + γ · ϑ̄µ . (4.28)

In order to evaluate the obstruction on the constrained Hilbert space kerJi, one may use

the identity

T aSbc
kerJi= −SaT bc + 4 ηa[bγ · ϑ̄c] , T aT bc

kerJi= −SaSbc + 4 ηa[bγ · θ̄c] , (4.29)

to relate seemingly different tensor structures.
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It turns out that, upon evaluating (4.27) on kerJi, the term SµCµνD̂
ν is the only one

that explicitly needs to be canceled by a contribution from <. The only way to make the

obstruction [4, SµD̂µ] vanish is thus to choose the non-minimal coupling < proportional

to SµνCµν , that complies with the requirement γ̄ · γ <|kerJi = 0 on-shell. We thus choose

4 = D2 +
1

4
(SµνCµν + CµνS

µν) = D2 +
1

4
Rµνλσ SµνSλσ +

1

2
∇µHνλσ S

µνT λσ − 1

2
∇λHλµν T

µν ,

(4.30)

where we wrote the non-minimal coupling in a manifestly hermitean form

< =
1

4
(SµνCµν + CµνS

µν) ≡ 1

2
SµνCµν −

1

2
∇λHλµν T

µν , (4.31)

With this choice we finally get

[4, SµD̂µ]
kerJi= ∇µR νρ(S

ρ
−S

µν + Sµθν · θ̄ρ) +Hρλµ∇σHσλ
ν S

ρ
−S

µν −∇µ∇λHλρν S
ρ
−T

µν

+R µλH
λ
ρν

(
2Sρθ(µ · ϑ̄ν) − Sρ−Tµν

)
(4.32)

+ 2 γ̄ · θµ
(

1

3
∇µH2 −Hµ

νλ∇ρHρνλ −∇νRµν
)

+∇λHλµν T
µ
−D̂

ν ,

where

Sµ− := γ̄ · θµ − γ · θ̄µ , Tµ− := γ̄ · ϑµ − γ · ϑ̄µ . (4.33)

Thus the obstruction vanishes on-shell assuming the equation of motion (4.26). Summa-

rizing,

Q2 kerJi= 0 for Rµν = Hµ
λσHνλσ , ∇λHλµν = 0 (4.34)

with Q as in (4.24) and 4 as in (4.30).

4.2.1 Vertex operator for the B-field

In order to construct the verterx operator for the B-field we proceed as in the case of pure

gravity in [6]. Namely, we write

V = Q−Q0 = Vh + Vb , (4.35)

where Q is the BRST charge with infinitesimal background field perturbations gµν =

ηµν + hµν and Bµν = bµν , Q0 is the BRST charge with trivial background and Vh and Vb
are the vertex operators for the graviton and the B-field respectively. The vertex operator

Vb splits in two parts, according to the c-ghost:

Vb = cWI +WII . (4.36)

Taking bµν(x) = bµν e
ikx, where the polarization obeys bµν = −bνµ and bµ · k = 0 , we get

WI =
(
i
(
bµνk

λ − 2 b λµ kν

)
∂λ + bµνk

2 + bλµkνkρ S
λρ
)
Tµν eikx, (4.37)

WII =
1

2
Sλ (bµνkλ + 2 bλµkν) Tµν eikx. (4.38)
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The actual one-particle state for B-excitations is obtained as in [6], by acting with WII on

a particular diffeomorphism ghost state in (3.28),

WII ξρ β[1θ
ρ
2] |0〉 = bµν e

ikx θµ1 θ
ν
2 |0〉 , (4.39)

where ξρ is chosen such that ξµbµν = 0 and ξµkµ = −1. As a consistency check we can

calculate the two graviton and one B-field scattering amplitude. Repeating the procedure

outlined in [6] one finds〈
h(2)

∣∣∣Vb ∣∣∣h(1)
〉

=
〈
ξ(2)
∣∣∣V (2)

h cWI V
(1)
h

∣∣∣ξ(1)
〉

= 0 , (4.40)

as it should be. The scattering amplitude for two B-fields with polarizations b and b(1),

and one graviton is, in turn,〈
b
∣∣∣V (2)

h

∣∣∣b(1)
〉

=−4Tr
(
b·b(1)

)
k(1) ·ε(2) ·k(1)+4k(2) ·k(2) Tr

(
b(1) ·b·ε(2)

)
+8
(
k(1) ·ε(2) ·b·b(1) ·k(2)−k(2) ·b·b(1) ·ε(2) ·k(1)−k(2) ·b·ε(2) ·b(1) ·k(2)

)
,

(4.41)

with k(1) + k(2) = k. Similarly, one can consider one B-field in the vertex operator and the

other one, as well as the graviton, in the external bra and ket states:〈
h(2)

∣∣∣Vb ∣∣∣b(1)
〉

= 4Tr
(
ε(2) ·b(1) ·b

)
k2+8Tr

(
ε(2) ·b(1) ·b

)
k ·k(1)−4Tr

(
b·b(1)

)
k ·ε(2) ·k

−8
(
k ·ε(2) ·b(1) ·b·k(1)+k(1) ·b·ε(2) ·b(1) ·k−k ·ε(2) ·b·b(1) ·k

)
, (4.42)

with k + k(1) = k(2) or〈
b(1)
∣∣∣Vb ∣∣∣h(2)

〉
= 4Tr

(
ε(2) ·b(1) ·b

)
k2+8Tr

(
ε(2) ·b(1) ·b

)
k ·k(2)−4Tr

(
b·b(1)

)
k ·ε(2) ·k

−8
(
k ·ε(2) ·b(1) ·b·k(2)+k(2) ·b·ε(2) ·b(1) ·k−k ·ε(2) ·b·b(1) ·k

)
, (4.43)

with k + k(2) = k(1). Note that we have not assumed the mass-shell condition in deriving

these three-point functions.12 These three amplitudes are identical as can be seen using

momentum conservation and transversality. Furthermore, for k2 = 0 (4.42) agrees with

what is expected for the 3-function from the string effective action. Finally, the amplitude

for three B-fields vanishes.

4.3 Coupling to the dilaton

In the case of the background metric and the Kalb-Ramond field it is possible to draw

from our experience from string theory to make and educated guess on how to couple these

fields to the worldline. For the dilaton the situation is different. Indeed, in the textbook

formulation of the string worldsheet theory the dilaton couples through the ghost number

anomaly to the worldsheet curvature [17], for which there is no analogue on the worldline.

On the other hand, given that the dilaton is contained in the spectrum, it ought to be

12We have, however, assumed transversality.
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able to couple as well. However, we were not able to formulate a general argument from

which this coupling should derive.13 Through a series of trial and error we came up with

the following proposal for the supercharges:

qi := −i eκΦθai e
µ
a D̂

+
µ , q̄i := −i eκΦθ̄a i eµaD̂

−
µ , (4.44)

with

D̂+
µ : = ∂µ +

1

2
(ωµab + κΩµab)S

ab + ∂µΦ ,

D̂−µ : = ∂µ +
1

2
(ωµab + κΩµab)S

ab + (dκ− 1) ∂µΦ .

(4.45)

with Ωµab = 2 ∂νΦ eν [a eb]µ and κ ∈ R parametrizes a Weyl rescaling of the metric. It can be

set to zero by a suitable choice of frame which we will later recognize as the “string frame”.

The geometric interpretation of the deformation ±∂µΦ in D̂±µ is less clear but is reminiscent

of the Weyl-gauging procedure in [19]. Regardless, once qi is defined via (4.44), thus giving

the deformation in D̂+
µ , q̄i, and thus D̂−µ , is uniquely fixed by hermiticity: q̄i := (qi)

†.

The commutator of these covariant derivatives reads

[D̂+
µ , D̂

−
ν ] =

1

2
Rµνab Sab + (dκ− 2)∇µ∇νΦ + (dκ− 2) Γλµν ∇λΦ ,

[D̂±µ , D̂
±
ν ] =

1

2
Rµνab Sab ,

(4.46)

where

Rµνλσ = Rµνλσ + 4κ∇[µ∇[λΦ gσ]ν] + 2κ2
[
2 ∂[µΦ∂[λΦ gσ]ν] − (∂Φ)2 gλ[µ gν]σ

]
, (4.47)

and Rµνλσ is the usual Riemann tensor. In order to simplify the presentation we set κ = 0

in the following, since we can restore it at any point by a Weyl rescaling of the metric. The

algebra of the supercharges then takes the form

{qi, qj} = −1

2
θµi θ

ν
j Rµνab S

ab ,

{q̄i, q̄j} = −1

2
θ̄µ iθ̄ν j Rµνab S

ab ,

{qi, q̄j} = −δji ∇
2
Φ − θ

µ
i θ̄

ν j

[
1

2
Rµνab S

ab − 2∇µ∇νΦ

]
,

(4.48)

Here

∇2
Φ :=

1
√
g

(
∇̂µ − ∂µΦ

)
gµν
√
g
(
∇̂ν + ∂νΦ

)
= ∇2 + ∇2Φ− (∂Φ)2 (4.49)

is the self-adjoint deformed Laplacian. We further define, as before,

4 := ∇2
Φ + < (4.50)

13Given that the dilaton sector of 10-dimensional type IIA supergravity can be obtained by Kaluza-Klein

reduction of 11-dimensional supergravity (e.g. [18]) one might expect the same mechanism to work for

the coupling at the level of the worldline. However, with the standard Ansatz {eI} = {ea, ez = eβΦdz},
a = 1, · · · , d and z along the S1, the resulting spin connection has no component along the non-compact

dimensions and therefore no coupling for Φ is induced in this way.
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where < is the non-minimal coupling, still to be determined, and the BRST charge takes

the usual form

Q = c4+ D + γ̄ · γ b , with

D := γ̄ · q + γ · q̄ = −i Sµ∇̂µ − iSµ−∂µΦ ,
(4.51)

with Sµ− := γ̄ · θµ − γ · θ̄µ as defined in the previous subsection.

The first obstruction to nilpotency comes again from

D2 + γ̄ · γ4 = −1

4
SµSν Rµνλσ S

λσ + 2γ̄ · θµγ · θ̄ν ∇µ∇νΦ + γ̄ · γ <
kerJi= γ̄ · θµγ · θ̄ν

[
Rµν + 2∇µ∇νΦ

]
+ γ̄ · γ <|kerJi ,

(4.52)

that, in turn, implies the field equation

Rµν + 2∇µ∇νΦ = 0 , (4.53)

together with γ̄ · γ <|kerJi = 0. The second obstruction is given by

i[4,D] = Sν Rµνλσ S
λσ∇̂µ + Sν−Rµνλσ S

λσ∇µΦ + Sµ(Rµν + 2∇µ∇νΦ)∇̂ν

+ Sµ−(Rµν + 2∇µ∇νΦ)∇νΦ +∇λ(Rσν + 2∇σ∇νΦ)SνSλσ

− 4∇λ∇σ∇νΦ γ · θ̄νSλσ − 4γ · θ̄µ∇µ∇νΦ ∇̂ν − 2γ · θ̄µ∇µ(∇2Φ− (∂Φ)2)

+ i[<,D] .

(4.54)

The only way to make the first terms with the full Riemann tensor vanish is by choosing

< = 1
4 Rµνλσ S

µνSλσ + . . . The further requirement γ̄ · γ <|kerJi = 0 fixes it to

< =
1

4
Rµνλσ S

µνSλσ − 2∇µ∇νΦ θµ · θ̄ν . (4.55)

Evaluating the obstruction on kerJi we finally obtain

i[4,D]
kerJi=

[
∇λ (Rµν + 2∇µ∇νΦ)−∇ν (Rµλ + 2∇µ∇λΦ) +∇µ (Rνλ + 2∇ν∇λΦ)

]
×
(
θν · θ̄λ γ · θ̄µ + γ̄ · θµ θλ · θ̄ν

)
= Sλ∇λ (Rµν + 2∇µ∇νΦ) θµ · θ̄ν + Sρ−∇µ (Rνρ + 2∇ν∇ρΦ)Sµν

−∇λ
(
R+ 2∇2Φ

)
γ · θ̄λ . (4.56)

This then confirms that the BRST charge is nilpotent when the field equations

Rµν + 2∇µ∇νΦ = 0 , ∇2Φ− 2∇µΦ∇µΦ = 0 (4.57)

are satisfied, where the second equation is implied by the first via the Bianchi identity

for Rµν . These equations are the same one obtains in closed string theory (to lowest

order in α′) in the string frame. To switch to the Einstein frame one can perform a Weyl

transformation on the background metric or, equivalently, introduces a κ-deformation as

above with κ = − 2
d−2 .
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To be precise, we should point out that the obstructions to Q2 = 0 only imply the

weaker condition

∇2Φ− 2 (∇Φ)2 = K , (4.58)

for any real constant K. Even in string theory, the field equation for the dilaton mostly

descends as a Bianchi consistency condition for the other couplings [20, 21]. The constant

K, in the string framework, is related to the total central charge of the conformal field

theory. Demanding zero total central charge one has K ∝ d−dcrit
α′ , so that K = 0 for critical

strings. The worldline theory, on the other hand, poses no constraints on the value of K.

Here we choose K = 0 by demanding that a constant dilaton be a solution in flat spacetime.

Finally, note that one can further constrain the Hilbert space to allow for a cosmological

constant, at the price of projecting out the B-field, as explained in [6]. In The BRST

operator it just amounts to the constant shift < → <+ 2λ. This produces Einstein gravity

with cosmological constant coupled to a scalar field:

Rµν − λgµν + 2∇µ∇νΦ = 0 , ∇2Φ− 2∇µΦ∇µΦ + 2λΦ = 0 , (4.59)

whose field equations can be derived from the spacetime effective action

S =
1

2κ2

∫
ddx
√
−g e−2Φ

[
R+ 4 gµν∂µΦ ∂νΦ + 4λΦ + (2− d)λ

]
. (4.60)

4.3.1 Dilaton vertex operator

The construction of the dilaton state involves an extra complication as compared to the

B-field or the graviton. By expanding Q around flat space to first order in Φ = σ, i.e.

Q = c (� +WI(σ))− iSµ∂µ +WII(σ) + γ̄ · γ b , (4.61)

the dilaton state is given by

|σ〉 = WII |ξ〉ηµν − iS
µ∂µ |ξ〉gµν (4.62)

with

|ξ〉gµν := ξµ (θµ1β2 − θµ2β1) |0〉gµν . (4.63)

Here we used that for a Weyl deformed metric, gµν = e2ωηµν , the normalized vacuum wave

function is given by |0〉gµν = 1
|g|1/4 with gµν 〈0||0〉gµν = 1. The second term in (4.62) then

contributes because |0〉gµν is annihilated by pµ rather than ∂µ.14 We then have, to first

order in the Weyl parameter ω,

WII |ξ〉ηµν − iS
µ∂µ |ξ〉gµν = −i

[
(∂µσ ξν + ∂νσ ξµ)−

(
1 +

d

2

)
(∂µω ξν + ∂νω ξµ)

]
θµ1 θ

ν
2 |0〉

+ i

[
∂µσ ξ

µ +

(
1− d

2

)
∂µω ξ

µ

]
(γ1β2 − γ2β1) |0〉

− 2i ∂µω ξ
µ θ1 · θ2 |0〉 . (4.64)

14Note that this extra term is pure gauge but the gauge transformation is non-local. For the transverse

graviton vertex this term does not contribute because ω = 0 for a linearized, transverse graviton.
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For ω = 0, we get

WII |ξ〉 = −i(∂µσ ξν + ∂νσ ξµ)θµ1 θ
ν
2 |0〉+ i ∂µσ ξ

µ(γ1β2 − γ2β1) |0〉 . (4.65)

However, this is inconsistent with the on-shell condition (4.57) which implies a non-

vanishing Ricci tensor. That is, an infintesimal shift in the dilaton background implies

a shift in the metric as well through ω = 2
d−2σ an thus,

WII |ξ〉ηµν − iS
µ∂µ |ξ〉gµν=(1+2ω)ηµν

=
4i

d− 2
[(∂µσ ξν + ∂νσ ξµ)θµ1 θ

ν
2 − ∂µσ ξµ θ1 · θ2] |0〉ηµν

(4.66)

which is the familiar dilaton vertex in string theory.

Before closing this subsection we would like to mention that there is an alternative

representation of the unintegrated dilaton vertex [22] in terms of the superghosts, which

survives the reduction to the worldline and which we present in the appendix.

4.4 Fully coupled system

We are now ready to couple the model simultaneously to all backgrounds. The deformed

covariant derivatives D̂µ are the same as in the B-field section, namely

D̂µ = ∇̂µ +
1

2
Hµab T

ab (4.67)

and the supercharges are given by

qi = −i θµi (D̂µ + ∂µΦ) , q̄i = −i θ̄µi(D̂µ − ∂µΦ) . (4.68)

The superalgebra reads

{qi, qj} = −θµi θ
ν
j Cµν − (θµi ϑ

ν
j + ϑµi θ

ν
j )Hµν

λ(D̂λ + ∂λΦ) ,

{q̄i, q̄j} = −θ̄µ iθ̄ν j Cµν − (θ̄µ iϑ̄ν j + ϑ̄µ iθ̄ν j)Hµν
λ(D̂λ − ∂λΦ) ,

{qi, q̄j} = −δji D
2
Φ − θ

µ
i θ̄

ν j [Cµν − 2∇µ∇νΦ]− (θµi ϑ̄
ν j + ϑµi θ̄

ν j)Hµν
λD̂λ

+ (θµi ϑ̄
ν j − ϑµi θ̄

ν j)Hµν
λ ∂λΦ ,

(4.69)

where now

D2
Φ := D2 +∇2Φ− (∂Φ)2 , D2 = gµν(D̂µD̂ν − Γλµν D̂λ) (4.70)

and we recall the notation

Cµν := [D̂µ, D̂ν ] =
1

2
Rµνab Sab +∇[µHν]ab T

ab ,

Rµνλσ := Rµνλσ −Hµλ
αHνσα +Hνλ

αHµσα .
(4.71)

We also rewrite for convenience the definition of all the relevant ghost-valued vectors:

Sµ := γ̄ · θµ + γ · θ̄µ , T µ := γ̄ · ϑµ + γ · ϑ̄µ ,
Sµ− := γ̄ · θµ − γ · θ̄µ , T µ− := γ̄ · ϑµ − γ · ϑ̄µ .

(4.72)
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For the BRST operator we make the Ansatz

Q = c4+ D + γ̄ · γ b , with

D := γ̄ · q + γ · q̄ = −i SµD̂µ − i Sµ− ∂µΦ and 4 := D2
Φ + < .

(4.73)

The first obstruction to the nilpotency of Q is given by

D2+γ̄ ·γ4=−1

2
SµSνCµν−SµT νHµν

λD̂λ−SµT ν−Hµν
λ∂λΦ+2γ̄ ·θµγ ·θ̄ν∇µ∇νΦ+γ̄ ·γ<

kerJi= γ̄ ·θµγ ·θ̄ν
[
Rµν+2∇µ∇νΦ

]
−γ̄ ·θµγ ·ϑ̄ν

[
∇λHλµν−2Hµνλ∇λΦ

]
+γ̄ ·γ<|kerJi .

(4.74)

The requirement for this obstruction to vanish leads to the following background field

equations

Rµν + 2∇µ∇νΦ−HµλσHν
λσ = 0 , ∇λHλµν − 2Hµνλ∇λΦ = 0 . (4.75)

From consistency of the above equations with the Bianchi identities one finds a third

equation,

∇µ∇µΦ− 2∇µΦ∇µΦ +
1

3
HµνσHµνσ = 0 , (4.76)

where an arbitrary constant on the right hand side has been set to zero according to

the discussion in the previous subsection, i.e. by demanding that a constant dilaton be a

solution for flat space with Hµνλ = 0. After rescaling, Hµνλ → 1
2Hµνλ, these completely

reproduce the (lowest order in α′) closed string field equations for the massless modes. This

is the key result of this paper, showing that quantum consistency of the spinning worldline

already produces the effective action of the massless fields in the NS-sector of string theory.

Finally, to show consistency, we need to find the correct non-minimal coupling. As

before, we need to impose in addition γ̄ · γ <|kerJi = 0 which helps to fix the form of <. To

continue we make the following Ansatz for 4:

4 = D2
Φ +

1

2
SµνCµν −

1

2
∇µHµνλ T

νλ − 2∇µ∇νΦ θµ · θ̄ν , (4.77)

that coincides with the sum of the various contributions to < found in the previous sections

for the separate backgrounds.

It now remains to show that [4,D] = γ̄i[4, qi] + γi[4, q̄i] vanishes provided the back-

ground field equations (4.75) and (4.76) are satisfied. In order to keep the result readable,

we denote the field equations for the metric and B-field as

Gµν := Rµν + 2∇µ∇νΦ−HµλσHν
λσ , Eµν := ∇λHλµν − 2Hµνλ∇λΦ . (4.78)

The final obstruction, evaluated on kerJi, reads

i[4,D]
kerJi= Sρ−

[
(∇µGνρ +Hρλµ Eλν)Sµν + (∇µEνρ − GµλHλ

ρν)Tµν
]

+ Sρ
(
∇ρGµν θµ · θ̄ν + 2GµλHλ

ρν θ
(µ · ϑ̄ν)

)
+ Eµν

(
Tµ−D̂

ν + Tµ∇νΦ
)

+ 2 γ · θ̄µ
[
2Gµν ∇νΦ +∇µ

(
∇2Φ− 2 (∇Φ)2 +

1

3
H2

)
−Hµ

νλ Eνλ −∇νGµν
]
,

(4.79)
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that clearly vanishes upon putting the background on-shell, without any further constraints.

The above expression also makes clear that the dilaton equation appears only differentiated,

as a consequence of Bianchi identities.

5 Conclusions

In this paper we have shown that the low energy effective action of all massless fields of

NS-NS sector of type II string theory is already implied by the quantum consistency of the

supersymmetric spinning particle. Given that the massless NS-spectrum is reproduced by

the spinning particle, it is expected that background fields of the same type should be able

to couple to the worldline. In addition, the N = 4 worldline multiplet can be shown [6]

to be related to the center of mass of the string together with the oscillators of lowest

frequencies of its fermionic superpartners.

It was shown in [5] for the case of the N = 2 spinning particle coupled to Yang-Mills,

and in [6] for N = 4 coupled to pure gravity that quantum consistency of first-quantized

systems coupled to non-trivial background fields15 “predicts” the spacetime dynamics of the

latter. Our result then confirms that the spinning particle already determines completely

the spacetime low energy effective action of the string. This feature is thus not exclusive to

string theory (whose exclusive property is rather to provide a UV completion), but a rather

general property of first-quantized models whose BRST operator encodes spacetime gauge

symmetries [23]. It would be interesting to clarify this point in full generality. Along these

lines, for instance, it should be possible to derive Einstein’s equations also by considering

the N = 3 particle [24] (describing a spin 3
2 gravitino) coupled to a curved background.

We do not see any obvious obstruction to extend the present treatment to include

higher modes of the string. It would be interesting to determine their effect on the con-

straint algebra and spacetime effective action. On the other hand, conformal invariance

plays no role in the present analysis which means, in particular, that the dimension of

spacetime is not determined.

Another important feature of our construction of the BRST charge is not assuming

any particular background. As such, this construction is truly background independent,

although with a caveat: the N = 4 spinning particle, as a perturbative quantum theory,

is consistent only for on-shell background fields. For instance, this has been tested in [25],

where the one-loop divergencies of pure quantum gravity could be reproduced, by using

the maximally projected N = 4 particle of [6], only for on-shell Einstein metrics.

There are a number of possible extensions of the construction presented here, such

as including the Ramond sector, which corresponds to space-time fermions,16 as well as

considering higher N > 4 which correspond to higher spin particles [27–35] and possibly

pure spinors [36]. We hope to return to some of these extensions in future work. Another

interesting question is to develop a better understanding of the coupling of the worldline

to the dilaton which appears presently in a somewhat ad-hoc manner by trial and error.

This might give further insight on the topological properties of worldline graphs.17

15It should be specified that this seems to be the case only when the background fields are the ones

corresponding to the quantum states of the system.
16See for instance [26] for a recent attempt to an efficient worldline description of external fermion lines.
17We would like to thank Warren Siegel for helpful comments on this issue.
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A Alternative dilaton coupling

Starting form the “string field” (3.28) and setting the linearized graviton to zero in the

Einstein frame we get ϕµν = 1
d−2 σ ηµν . Then (with A±µ = 0) the dilaton state takes the form

|ψ〉 =
1

d− 2
σ ( θ1 · θ2 + γ1β2 − γ2β1) |0〉 , (A.1)

which is in agreement with the dilaton vertex for the type II string proposed in [22]. In

order to reproduce this state as the linear variation of the BRST charge Q acting on the

diffeomorphism ghost state we may take

Q = c4+ γ̄iqi + γiq̄
i + γiγ̄

ib

+ 2c
(
G θ̄1µθ̄2ν + θµ1 θ

ν
2 Tr

)
∇µ∇νΦ− 2i

(
G γ̄[1θ̄2]µ + γ[1θ

µ
2]T r

)
∇µΦ , (A.2)

where 4 and the supercharges are the ones given in (4.4) for pure gravity, and

T r ≡ −1

2
(iJ12 − iJ34 − J23 + J14) = θ̄1 · θ̄2 − β̄1γ̄2 + β̄2γ̄1,

G ≡ −1

2
(iJ12 − iJ34 + J23 − J14) = θ1 · θ2 − β1γ2 + β2γ1.

(A.3)

are SO(4) generators (see [6] for more details). The novel feature here is that as opposed to

the standard BRST procedure both the Hamiltonian and the supercharges have a manifest

dependence on the superghosts and anti-ghosts. It then appears that the corresponding

BRST charge in a dilaton background does not derive form Dirac constraints in the stan-

dard manner.18

Squaring the BRST operator we then find,

Q2 =−ic
(
γ̄ ·θλθµ·θ̄ν+θν·θ̄µγ ·θ̄λ

)
×
[
∇µ
(
Rνλ−(d−2)∂νΦ∂λΦ

)
−∇ν

(
Rµλ−(d−2)∂µΦ∂λΦ

)
+∇λ

(
Rµν−(d−2)∂µΦ∂νΦ

)]
−γ ·γ̄

(
Rµν−(d−2)∂µΦ∂νΦ

)
θµ·θ̄ν+γ̄ ·θµ γ ·θ̄ν

(
Rµν−(d−2)∂µΦ∂νΦ

)
+4ic

[
G θ̄µ[1γ̄2]−θµ[1γ2]T r

](
Rµν∇νΦ+

1

2
∇µ∇2Φ−∇2Φ∇µΦ

)
. (A.4)

If we impose

Rµν − (d− 2)∂µΦ∂νΦ = 0, (A.5)

then all terms except the last one in (A.4) vanish. Combining eq. (A.5) with the Bianchi

identity, ∇µRµν = 1
2∇νR, gives,

∇2Φ = 0 . (A.6)

18We can, however, not exclude the existence of a similarity transformation that takes the BRST charge

in the standard form.
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Thus, in order for Q2 to vanish we must have Rµν∇νΦ = 0. Using equation (A.5) and its

trace one further obtains

0 = Rµν ∇νΦ = R∇µΦ , (A.7)

which, in turn, implies that on top of (A.5) we need to impose that the Ricci scalar has

to vanish:

R = 0 . (A.8)

Clearly, these conditions are stronger that what is implied by (4.57). Still, there exist non-

trivial solutions to this set of equations. Indeed, one can check that the following solution

is compatible with the above equations,

ds2 = dudv −Hab (u)xaxbdu2 + dxadxa (A.9)

Φ = Φ (u) ,

with Ha
a = Ruu = (d− 2)∂uΦ∂uΦ. Moreover, one can check that R = 0. The above metric

solution characterizes non-linear plane waves (e.g. [37]).
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