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term where the thickened propagators are the regions of the string worldsheet near the
AdS boundary and the holes are the regions near the AdS horizon. Evidence will then be
presented that the antisymmetric B-term generates the super-Yang-Mills vertex so that,
at small radius and arbitrary genus, the superstring amplitudes correctly reproduce the
super-Yang-Mills Feynman diagram expansion.
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1 Introduction

Although string theory in an AdSs x S° background has mostly been studied at large
AdS radius where the supergravity approximation is valid, there have been several ap-
proaches [1-14] to studying AdSs x S® string theory at small radius where the dual super-
Yang-Mills theory is weakly coupled. Using the pure spinor formalism, BRST invariance
and PSU(2,2/4) invariance of this background imply that the worldsheet action is not
renormalized and can be expressed for arbitrary radius R as [15, 16]

| - K — 1.
S = RQ/dQZ (2J2J2 - ZJng — 4J3J1> + ghost terms (1.1)

where the ghost terms describe the coupling of the pure spinor worldsheet ghosts and
(J1,Jo,J3) = g '0g and (J1,J2,J3) = g 'dg are the usual left-invariant currents [17]
constructed from the supercoset g € % that parametrizes AdSs x S°.

As was shown in [18], this worldsheet action can expressed as the sum of a BRST-trival

term and an antisymmetric B-term as
S = QA+R2/d2zB where (1.2)

1
BZE(Jng—J;ng)—F... (1.3)



and ... includes terms depending on the pure spinor ghosts. So at small radius, the string
theory can be studied by expanding around the BRST-trival term with the perturbation
R? i d?>zB. Tt will be argued here that this expansion reproduces the standard Feynman
diagram expansion of super-Yang-Mills at small ‘t Hooft coupling A¢iooft, thereby proving
the Maldacena conjecture at small radius.

Using the explicit form of the pure spinor vertex operators, it will first be argued that
the topological string described by (1.2) at R = 0 reproduces the free super-Yang-Mills
Feynman diagrams where the Feynman propagators are the regions of the string worldsheet
near the AdS boundary and the holes in the Feynman diagram are the regions of the string
worldsheet near the AdS horizon. These holes will be related to D3 branes in a manner
similar to the closed-open string dualities discussed in [1, 4, 10].

Evidence will then be presented that the B-term in the action of (1.2) generates the
cubic super-Yang-Mills vertex proportional to R? ~ v/AtHooft Where antisymmetric terms
of the type f(0g0h — dgdh) in B generate commutator terms of the type f[g,h] in the
cubic vertex. And since the genus g string amplitude is proportional to (gs)2972 ~ N2729,
one obtains the usual ‘t Hooft expansion in % for the non-planar Feynman diagrams.

Section 2 of this paper will describe the structure of AdSs x S° vertex operators at
small radius, section 3 will discuss the relation of the topological action and free super-
Yang-Mills, section 4 will compare the B term and the cubic super-Yang-Mills vertex, and
the appendix will review the construction of the AdSs x S° topological action.

2 AdS vertex operators at small radius

2.1 Half-BPS vertex operators

To construct AdSs x S° vertex operators at small AdS radius, it will be useful to first
consider the half-BPS vertex operators describing supergravity states, since their form is
expected to be independent of the radius. As in any supergravity background, these vertex
operators can be expressed as [19]

V = M NpAas(X,Y, 00, 08) (2.1)

satisfying QV = 0 where X € AdSs, Y € 5%, (%,0%) are the fermionic variables for o = 1
to 16, A7 and A% are pure spinors satisfying Apy*A, = Agy*Agr = 0 for a = 0 to 9, and
Q = A'Via + A% VR, is the pure spinor BRST operator.

To express these vertex operators in PSU(2,2|4) covariant form, parameterize the
PSU(2,2/4)

SO(,1)xS0(5) Coset as

9(X,Y,0,0) = exp(05 qf) exp(0%q} ) GE(X)HI(Y) (2.2)

where Gg(X) is an % coset for AdSs, HJ‘Z(Y) is an 28% coset for S°, R =1 to 4

and J = 1 to 4 are SU(2,2) and SU(4) spinor indices, R = 1 to 4 and J = 1 to 4 are
SO(4, 1) and SO(5) spinor indices, (g%, ¢%) are the 32 fermionic generators of PSU(2,2|4),



and X and Y7K are SO(4, 2) and SO(6) vectors normalized to satisfy e gsry X #¥ X7V =
e Y EYEM =8 Under global PSU(2,2|4) transformations parameterized by X,

0g = g+ 92 (2.3)

where Q) is a local SO(4,1) x SO(5) gauge transformation. And under a BRST transfor-
mation,

09 = gl(AL + Ar)5ah + (AL — Ar)ha5] + g€ (2.4)

where ' is another local SO(4,1) x SO(5) gauge transformation. Under these gauge
transformations, (Ar, Ar) transform as SO(4,1) x SO(5) spinors, i.e.

ST =@+ 2)E0)5 — @+ 2)E()E, (2.5)
SOR)E = (Q+ ) E0R)S — (Q+Q)E(p)E.

Since the vertex operators must be invariant under the local SO(4, 1) x SO(5) gauge
transformations, it is convenient to define SO(4,1) x SO(5) gauge-invariant worldsheet
ghost variables as

(ML)} = GRE )00, (Ar)J = GEH)IOR)T (2.6)
(AL)r = (G HRHT (L)%, (AR)J = (GHEHT (AR,
which transform as SO(4,2) x SO(6) spinors under the global isometries. Note that
An)f = XYM, Or)f = -X"Y(Ar)§ (2.7)

where the AdSs and S° variables X and Y/K are defined in terms of the parameterization

of (2.2) as
S RS 1S
= GRof5GE, YK = Hlo[RHE (2.8)

and og is the 4 x 4 matrix which commutes with the SO(4,1) and SO(5) Pauli matrices.
The pure spinor condition Apv*Ap, = Apv*Ar = 0 for a = 0 to 9 implies that A and Ap
satisfy

(AL)F(AL)E = 15?(5%)2, AL)R(AL)E = Z5K(>\L)2, (2.9)

- 1 -
A (Ap)hl = 5 /MM e psru(AL) L (AL) S,

and similarly for \p.

In terms of these SO(4,1) x SO(5) gauge-invariant variables, one can easily construct
the half-BPS vertex operators in a PSU(2, 2|4)-invariant manner. First consider the super-
gravity state dual to the super-Yang-Mills state Tr ((®12(0))™) where @y (x) are the six
super-Yang-Mills scalars and ®12(0) is the complex scalar located at ™ = 0 with charge



+1 with respect to a U(1) subgroup J of the SO(6) R-symmetries. This state is described
by the BRST-invariant vertex operator

V = (A\LAR) <Y12> H9A6 (2.10)

where X1 carries +1 dilatation charge, Yo carries +1 U(1) charge, 4 for A = 1 to 8
are the fermionic variables which carry +% dilatation charge and +% U(1) charge, and
(ALAR) = )\%78}3234>\ R is the unintegrated vertex operator of ghost-number 2 for the radius
modulus.

To verify that (2.10) is BRST-invariant, first note that (AzAg) and [[5_, 046(Q(64))
are BRST invariant where the operator #46(Q(64)) has the form of a picture-lowering
operator as in [20]. If (A + J) charge is the sum of the dilatation and U(1) charge, the
anticommutation of {g, ¢} only generates a transformation of le when one of the ¢’s carry
+1 (A + J) charge and the other ¢ carries —1 (A + J) charge. As will now be shown, this
implies that )%22 is BRST invariant when multiplied by []%_, #46(Q(64)).

When the ¢ carrying —1 (A + J) charge comes from the BRST operator, the BRST
transformation of ¢ in (2.4) is proportional to Q(#*). And when the ¢ carrying —1 (A +.J)
charge comes from g, the BRST transformation of g in (2.4) is proportional to #4. So in
both cases, the BRST transformation is cancelled by the factor of H184:1 645(Q(64)). For
a similar reason, (2.10) is invariant under all supersymmetries except for the 8 ¢’s which
carry —1 (A + J) charge, which are the same 24 supersymmetries that leave invariant the
scalar ®12(0).

To relate V' of (2.10) with the usual unintegrated vertex operator of (2.1), one needs
to hit V' with the eight picture-raising operators Q(£4) where, using Friedan-Martinec-
Shenker bosonization, A\ = ne®4 for A =1 to 8 are the eight components of A with +1
(A +.J) charge and &4 are the conjugate momenta to n. More explicitly, one can use the
relation &8(A) = &e7¢" = (AL to write

Q&)V = [Q (ALAR)@??) 2925(9)...985(}8) . (2.11)

Note that QV = 0 implies that [Q, (ALAR)(F2 Y12 )”91925()\2) _635(X3)] is proportional to
5\1, so (2.11) has no poles when A =0. As Wlll be shown in a future paper, the vertex

operator obtained after hitting (2.10) with eight picture-raising operators has the expected
form of (2.1) for the half-BPS state dual to Tr ((®12(0))").

2.2 General non-BPS vertex operators at small radius

For the half-BPS state dual to Tr ((®12(0))"), the unintegrated vertex operator of (2.10)
can be expressed in the “zero picture” as

V =(\Ar) C D ()n (2.12)



where C' = [[5_, Q(£4) is the “picture-raising” operator and D = [[5_, 845(Q(#*)) is the
“picture-lowering” operator. Since adding an equal number of picture-raising and picture-
lowering operators is a BRST-trivial operation, one can also write

Yiz \"
V=M r)|CD —=| . (2.13)
X2
And all other half-BPS vertex operators can be obtained by hitting (2.13) with the appro-
priate PSU(2,2|4) generators.

At zero radius, the closed string states can be represented as “necklaces” made of
“beads” where each bead is a free super-Yang-Mills state. This suggests writing the half-
BPS vertex operator as

V = (\sAr(0) (2.14)
Y; Y; Y;
C(o1 — €) D(o1) 22 (01)C (02 — €) D(02) 2 (09) ... Cloy — €) D(on) ()
X12 X2 X2
where (o1, ...,0,) are n cyclically ordered points on a small closed string which mark the

locations of the“beads”, the picture-raising operators C' are placed between the beads on
the necklace, and the operator (ArARr) is placed at the center of the small necklace. Since
the operators (ApAg), C' and D;% are all BRST-closed, QV = 0. And by hitting D)%QQ
with different PSU(2,2|4) generators at the different beads, V' can be easily generalized for
an arbitrary non-BPS state at zero radius to the vertex operator

V = (ALAg(0))C (01 —€) Ey1(01) C(o2 —€) Ex(02)...C(on —€) En(on) (2.15)

where E(o) is obtained from D(O’)%(O‘) by acting with the PSU(2,2|4) transformation
which takes ®12(0) into the desired super-Yang-Mills state. Note that for half-BPS states,
the cyclic ordering of the E’s in (2.15) is irrelevant since the E’s have no singular OPE’s
with each other. But for non-BPS states, the E’s have singular OPE’s with each other so
normal-ordering of (2.15) needs to be performed, and different cyclic orderings of the E’s

describe different vertex operators.

3 Free super-Yang-Mills

3.1 Topological action

As reviewed in the appendix, it was shown in [18] that if one assumes (ApAg) is non-
vanishing so that (ALAg)~! is well-defined, the pure spinor AdS5 x S° superstring world-
sheet action can be expressed as

S=QA+ R2/d2zB where (3.1)
= 1 ¥i T ()\LT/VGbAR) + ()\L’YabT/)\R) b
B = 4(J377J1 J3nJ1) 2O Je T, (3.2)
— (ALnyanJ1)(ALy®Ji) " (ArNYanJ3) ARV J3)
4()\[)\]{) 4()‘L)\R)



and 7,5 = 7815234. At zero radius, the worldsheet action of (3.1) becomes BRST-trivial and
the n-point genus g scattering amplitude A, ; reduces to an integral over the worldsheet
zero modes of (x,0,\) of the vertex operator insertions, i.e.

An,g = (Vi(21) ... Va(zn))g (3.3)

where (z1,...,z,) are arbitrary points on the genus g worldsheet and sufficient powers of
(ALAR) ! are included in the vertex operators of (2.15) so that A, , has the appropriate
ghost number to be non-zero at genus g. Although one naively might think one needs to
integrate the vertex operator locations z, over the worldsheet and integrate the parameters
of the genus g worldsheet over Teichmuller moduli space, these integrals are unnecessary
since the worldsheet action is independent of the worldsheet metric [21]. So the amplitudes
are “topological”, i.e. are independent of the choice of z. and Teichmuller parameters. It
will now be argued that (3.3) correctly reproduces the correlation functions of free super-
Yang-Mills computed using the thickened Feynman diagrams.

3.2 Emergence of propagators

The first step will be to argue that the worldsheet splits into regions which are close to
the AdS boundary and regions which are close to the AdS horizon. At the locations of the
picture-lowering operators D, the components of the bosonic worldsheet ghosts (5\2‘, :\é)
with +1 (A + J) charge vanish. And at the locations of the picture-raising operators
C, these same ghost components diverge. Note that the relation of (2.6) implies that
5\2‘ ~ M)é and /N\‘}% ~ M)\é where zaqs is the fifth AdSs coordinate which measures
the distance to the boundary. So if the original SO(4, 1) x SO(5) pure spinor ghosts (Ar, Ar)
are regular at the locations of these operators, the relation (2.6) implies that zaqg is near
the boundary (i.e. zaqs — 0) at the picture-lowering operator locations and is near the
horizon (i.e. zaqs — o0) at the picture-raising operator locations.
When zpgqg is finite, the exponential of the topological worldsheet action is

exp ( —A / dea[zggsaxmg:rm +.. ]) (3.4)

Since the action is BRST-trivial, one can take A — oo so that all non-zero modes of the
worldsheet variables must vanish and only the constant worldsheet modes contribute to the
functional integral. However, when z5qg — 00, the inverse factor of zaqg in the worldsheet
action means that the four ™ variables of 41 dilatation charge and the sixteen # variables
with —i—% dilatation charge can be discontinuous. So the worldsheet splits into regions
separated by the zpqs = oo discontinuity where the (z™,60%) zero modes can take different
values in the disconnected regions. However, the five S® variables of zero dilatation charge
and the 16 6% variables with —% dilatation charge have no discontinuities at zagqg — o0,
so they take the same value in all regions. Therefore, the discontinuities that separate
the different regions are similar to Ds-branes located at zpqs = oo and a fixed point
Y =y of S°.

Each of the disconnected regions contains at least one “bead” which is located at
zads = 0, so these regions are all near the AdS boundary. Suppose one of the regions



Figure 1. 3-point amplitude on sphere where orange circles are closed string vertex operators, blue
strips are thickened propagators near the AdS boundary, white regions are D3-brane holes near the
AdS horizon, black dots are picture-raising operators, and red dots are “beads” E on the closed
strings.

contains 7 beads, so that its contribution to the amplitude is proportional to

/ d*z / d'A / d'%0 E1Es ... Erlsps=0.Y —yo- (3.5)

Since each E contributes 8 0’s and there are 16 6 zero modes, one easily sees that (3.5)
vanishes unless » = 2. So each disconnected region must contain precisely two beads.
Therefore, the worldsheet splits into “thickened propagators” near the AdS boundary which
connect two beads, and which are separated by “Ds branes” located at zaqs = oo and
Y = yp that connect picture-raising operators. For example, see figure 1 at the end of
this paper for a worldsheet which splits into three thickened propagators near the AdS
boundary and two Djs-brane holes near the AdS horizon.

Furthermore, one can argue by PSU(2,2|4) symmetry that the contribution of (3.5)
when r = 2 is proportional to the standard propagator for the super-Yang-Mills states
described by E; and FE3. For example, if F; and Es correspond to Yang-Mills scalars
®7/E (1) and @M (z4) as in (2.10),

/ d*z / d"' A / d*%0 E{ (x1) EXM (22) |20 05=0.y =0 (3.6)
JKLM q: 4 11 ZAdS ZAdS

~ 1 d d A S A
¢ ZAdlé’n‘ﬂ) x/ f@, ) (x—x1)? + Zids (x —x2)? + ZidS

JKLM

where the factor of € comes from integration over the 16 6’s in F s, and the factor of

f(x, \) comes from writing the 16 §()\) factors in E1 Fs in terms of the (™, A%) coordinates.
Note that only the points 2™ = z* and 2™ = x4 contribute to (3.6) in the limit zpqs — 0,
and assuming that the factor of f(x,\) cancels the integration over d*z and d''), (3.6)
reproduces the expected propagator % It would be interesting to better understand
how to integrate over the \ variables in this topological string and compute the factor
of f(x,\).



Figure 2. Open-closed amplitude on disk where purple lines are open string vertex operators.

3.3 Topological amplitudes

For the scattering amplitude defined in (3.3), the worldsheet splits into propagators and
holes so that A,, ; reproduces the standard computation for super-Yang-Mills using thick-
ened Feynman diagrams in the absence of vertices. For example, figure 1 describes the
worldsheet of a three-point tree-level amplitude A3 o where the three vertex operators cor-
respond to T'r(®?) super-Yang-Mills operators.

Furthermore, on a worldsheet of genus g, there is the standard factor of (gg)292
where gs = % is the string coupling constant and N is the number of colors. Using
the 't Hooft expansion at large N, thickened Feynman diagrams of genus g carry a factor
of N2729 = )\fﬁfgﬁ(gs)%*? So up to a factor of /\gflgfft, the genus ¢ string scattering
amplitude at zero radius correctly reproduces the standard Feynman diagram rules for free
super-Yang-Mills with gauge group SU(N).

One can also use this topological string to define the closed-open vertex by computing
the disk amplitude of one closed string state and n open string massless super-Yang-Mills
states. Note that a similar closed-open vertex was defined in [22] for half-BPS states, which
will now be generalized at zero ‘t Hooft coupling to arbirary closed string states. The closed-
open vertex should vanish unless the closed string state is dual to the n super-Yang-Mills
states, i.e. unless the states Ey(o1) ... E,(0y) in (2.15) coincide with the cyclically ordered
n super-Yang-Mills states described by the open string vertex operators.

For the worldsheet of this disk amplitude, the ends of the open strings are located at
n Ds-branes near the AdS horizon which are connected to the “holes” containing the n
picture-raising operators C'(o) in the closed string vertex operator of (2.15). For example,
see figure 2 at the end of this paper for a disk amplitude with three open string vertex
operators.



4 Cubic super-Yang-Mills interaction

4.1 Commutators from B terms

Since the BRST-trivial term in the worldsheet action generates the free super-Yang-Mills
diagrams and the complete AdSs x S® worldsheet action is

S =Q0+ R? / drdoB, (4.1)

it is natural to conjecture that [ drdoB generates the cubic vertex in the super-Yang-Mills
Feynman diagrams where R? = 4/ g%MN =V AtHooft s

(ALYabAR) + (ALYabAR)

1
B = —nugJ*AJP — JoA Jb 4.2
477 81 3 8()\L/\R) 2 2 ( )
(ALy*J1) A (ALmyani) . (ArY?J3) A (Ar1YanJ3)
8()\L)\R) S(AL)\R) ’

and JANJB = JAJE — JAJB. Note that by introducing an auxiliary field Dy, for a,b = 0
to 9, the complete super-Yang-Mills action can be expressed as the sum of the quadratic

and cubic terms
Sym = /d4w Tr (Dav D™ + Atttoott 75 5[Aas V7] + AtHoott D™ [Aa, Ap)) (4.3)

where A, = +—+—0, + A, for a = 0 to 3 are the four covariant spacetime derivatives and
)‘tHooft

A, = O i for a =4 to 9 are the six scalars.
To verify this conjecture, first divide the worldsheet integration of B into small squares

of length A7 and height Ao. Each term in B has the form

/ dr / do[f(0-g0sh — 0yg0;h)] = (4.4)
g(t+ At,0) — g(1,0) h(1,0 + Ac) — h(T,0)
ATAc f(1,0) [ Ar Ao
_g(r,0+Ac) —g(7,0) h(r + A1,0) — h(7,0)
Ao AT

= f(r,0)[g(T + AT, 0)h(T,0 + Ac) — h(T+AT,0)g9(T,0+A0)]
+f(1,0)g9(7, s)[h(t+AT1,0) — h(1,0+A0)|— f(7,s)h(T, s)[g(T+AT,0) — g(T,0+xA0)].

If the four sides of this square are interpreted as a necklace for a closed string state
whose beads are the four corners, the terms in B can be expressed as

(f(o1)g(o2)h(o3) — f(o1)h(o2)g(03)) (4.5)
+ (f(o1)g(o1)(h(o2) — h(03))) — (f(o1)h(01)(g(o2) — g(03)))
= (f(o1)g(o2)h(o3) — f(o1)h(02)g(03))

where the expression is assumed to depend only on the cyclic order of the beads (o7 <
o9 < 03 < 0y4) since the theory is topological when A¢goore = 0. In other words, the factor



of 0;g0,h — 0y,g0;h in B has turned into the commutator [g, h] in the cubic vertex. This
is reminiscent of the Poisson bracket [23] which relates the supermembrane action and
M(atrix) theory.

By expanding to lowest order in the worldsheet variables, evidence will now be pre-
sented that B of (4.2) indeed generates the cubic term in the super-Yang-Mills action
of (4.3). Note that both [d?2 B and the cubic super-Yang-Mills vertex are in the BRST
cohomology and are PSU(2, 2|4) invariant, so showing equivalence at the lowest non-trivial
order is strong evidence for equivalence to all orders in the worldsheet variables.

4.2 Expansion of B

To compare with the cubic super-Yang-Mills vertex of (4.3), it will be useful to expand B
to lowest order in the worldsheet variables. Although it might seem surprising that this
expansion makes sense at zero radius, note that the parameter in front of the topological
action is not the AdS radius and can be taken as large as desired. In this limit, the first
term in B is

1 1 1
s E N JY ~ L lapdf A 9y, + 1 VasTa(do A 0% — dos A d6%) + ... (4.6)
1 a (6% (6%
= lera({02. 07} — {65, 6)) + ..

where ... denotes terms higher-order in the worldsheet fields, total derivative terms are
ignored, and the anti-commutators come from the discussion of the previous subsection.
Similarly, the second term in B is

(ALYabAR) + (ALYab"AR) (ALNYabAR) + (ALYabNAR)

JENJL ~ L 4.7
8(ALAR) 2o 8(ALAR) %2 4 (A7)

and the third term in B is
ALy 1) A Armyandi) + (ArY*J3) A (Armyands) (4.8)

8(ALAR)

ARYY)a(ARNYa
6{9%’05}4_( RYY)a(ARNYan)

8(ALAR)

(ALYY)a(ALnvam)
8(ALAR)

Note that these terms are invariant under constant shifts of # as expected because of

CLo%,6%% + ...

supersymmetry.

So to lowest order in the worldsheet variables, the closed vertex operator is described
by the sum of (4.6), (4.7) and (4.8), and evidence will now be presented that these terms
generate the cubic super-Yang-Mills vertex of (4.3). The most direct method for showing
this would be to compare these terms with the vertex of (2.15) where Ej, Ey and Ej are
chosen to correspond to the three super-Yang-Mills fields in the vertex. But the explicit
form of F has not yet been worked out for the gluinos ¥ or for the auxiliary fields Dgp.

A more indirect method is to compute the open-closed amplitude defined in figure 2
where the three open strings describe the super-Yang-Mills states in the cubic vertex and
the closed vertex operator is B. Using the OPE’s from the topological action of these open
string vertex operators with the terms in the closed vertex operator, it should be possible

,10,



to compute explicitly this disk amplitude. In the pure spinor formalism, the integrated
vertex operator for the gluon A, and gluino ¥ is

Vopen = /dz {Aa((‘?z“ +...)+ iFab((wvab/\) +..) F U (Pa+ .. ) (4.9)

where w, is the conjugate momentum for A* and p, is the conjugate momentum for 6.
So using the naive free field OPE’s from flat space of this open string vertex operator
with the closed vertex operator of B, one sees that the first term (4.6) in B can generate
the cubic vertex ygﬁAa{wa,wﬂ } and the second term (4.7) in B can generate the cubic
vertex F%[A,, Ay]. The third term (4.8) in B does not seem to contribute at this order to
the cubic super-Yang-Mills vertex, but is needed for BRST invariance of the closed vertex
operator. So evidence has been presented here using naive free field OPE’s that the cubic
super-Yang-Mills vertex is indeed generated by B, and it should be possible to confirm this
in the near future by explicit computations using the topological action.

5 Summary

In this paper, the pure spinor worldsheet action for the AdSs x S° superstring at small
radius was expanded around the topological action of (3.1). At zero radius, it was argued by
analyzing the structure of the pure spinor vertex operators that the string worldsheet splits
into regions near the AdS boundary which describe the Feynman propagators connecting
the free super-Yang-Mills states, and regions near the AdS horizon which describe the
holes of the Feynman diagrams. And at small radius, evidence was presented that the
deformation of the topological action described by an antisymmetric B term reproduces the
cubic super-Yang-Mills vertex of the Feynman diagrams, thereby proving the Maldacena
conjecture at small ‘t Hooft coupling.

To convert these sketchy arguments into a rigorous proof of the conjecture, one would
need to further study this topological action and develop methods for performing explicit
computations. Although it appears to be consistent to allow inverse powers of the ghost
combination (ArAg) in order to define this topological action and compute topological am-
plitudes, it would be important to better understand the BRST cohomology associated to
this enlarged Hilbert space and to show how to perform computations in the presence of
these inverse powers of bosonic ghosts. It would also be interesting to relate these topologi-
cal string computations with the usual string computations involving integrated vertex op-
erators. A useful clue in determining the relation between the topological and usual string
amplitude computations may come from the fact that (ApAg) and [ d’>zB are respectively
the unintegrated vertex operator and integrated vertex operator for the radius modulus.
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A Review of topological AdS5 x S° action

In this appendix, the construction of [18] of the topological AdSs x S° action will be

reviewed and a minor error will be corrected concerning a term in B. Comments will then

be made on the relation to a recent paper of Mikhailov [24] on a similar topological action.
For the AdSs x S° background, the worldsheet action is

1 — 3 . - 1—o
_ 1 ok
~ WLa VAL + WRa VAR = Sjab][ed) (wry™AL) (WrYAR) + 1P w} whg

where 7(ap]jcq) = +NajcNap if (@, b, ¢,d) are in AdSs, Miayjjcq) = —NajeNap if (a,0,¢,d) are in
S°, and w}, and wh, are fermionic antifields which are constrained to satisfy

wza’}’gﬁﬁﬁv)‘zz = 07 wf%a’}’géﬁ??ﬁv)‘z =0 (AZ)

and are introduced so that the BRST transformations are nilpotent offshell.
The nilpotent BRST transformations which leave (A.1) invariant are

QJ3 = (ALY J1) + (ArY*J3),  QJT = VAL — (Arvan)*J3, (A.3)
QJ5 = VAR + (Arvan)®J3,

QwLa = naﬁjgﬁ + wza, QwRa = naﬁjf + w}}a,

N oL . oL
QwLa = —Uaﬁ@a QwRa = Tap 8wL,3'

As discussed in [18], one can define a topological AdSs x S° action as

Stop = / d?2Q() (A.4)

_/dQZ (ALmaAR) + (ALYa W1 AR) JSTS — I
4(ALAR)

_ 1 ok
— WLaVAL + Wra VAR — SMabled (wpy*AL) (wrY“AR) + 1w} 4wy

Ay nd1)(Avadr) ()\R777a77J3)()‘R’YaJ3)}

4(ALAR) 4(ALAR)
wherel!
U= Owra)® (27000 + wia Oy T1) ) — Swpa T (A.5)
_4()\L>\R) R"a 9 oNJ3 T WLa ALY J1 2U)La 1 .
o oum) (Laen Ty — wra Oy ) ) + Swna e
4()\L/\R) LN Ya 5 2nJ1 Ra\ARY J3 D) Rav3

+ ina/B(wLch*RB - wZQ’wRﬂ)'

!The last line of (A.4) and B were mistakenly omitted in [18].
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Comparing (A.1) with (A.4), one finds that the pure spinor worldsheet action in an
AdSs x S5 background can be expressed as S = [ d?2[Q(¥) + B] where

L. = = (ALMYabAR) + (ALYabTAR) q—b
B = —(JsnJy — JsnJy) — JeJ A6
4( 3MJ1 37 1) 4(/\L)\R) 292 ( )
ey nJ)Apvadt) | Arny®nds)(Arvas)
4(ALAR) 4(ALAR)

is antisymmetric under the exchange of z and zZ. Note that in the flat space limit, B
of (A.6) reduces up to total derivatives to the BRST-closed expression

ALMYabAR) + (ALYabNAR) 1rq7b
Bﬁat — L o ( L HaH A
w7 4O R) (A7)
ALy dRr)(ALva0091)  (Army*dr)(ArVaO0R)
4(ALAR) 4(ALAR)

where 1% and d, are the usual supersymmetric bosonic and fermionic momenta in flat
space and Ly is the antisymmetric Wess-Zumino term in the Green-Schwarz flat space
action.

In a recent paper [24], Mikhailov considered a slightly different construction of the
AdSs x S° topological action S = [ d?2[Q(¥) + B] where

1
=0+ Agnyan)add AJS + AL van)add A JE, A8
8()\L>\R)( RMaM)ads A J3 8()\L>\R)( LMYaMads A Ji (A.8)
5 (ALY ) A (Arnvands) | (ArnyvaAr) + (ALvanAr) b
B=B- JENJ A9
4(ALAR) S(A\LAR) 2002 (4.9)
A ) A(Avadi)  (Army*nds) A (Arvads)
8(ALAR) 8(ALAR)
1 ALYT1) A (ARTYanJ:
= g N IE — (ALY 1) A (Arnvands) (A10)

4 A AR)

and ¥ and B are defined in (A.5) and (A.6). Although the expression of B in (A.10) is
simpler than the expression for B in (A.6), the topological construction of [24] has the
disadvantage that it cannot be obtained by deforming the flat space worldsheet action. In
other words, B of (A.10) has no flat space limit analogous to (A.7) which is BRST-closed
and contains the usual Green-Schwarz Wess-Zumino term Lyyz.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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