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bFacultad de Ingenieŕıa y Ciencias, UAI Physics Center, Universidad Adolfo Ibáñez,
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i.e., even though the theory is constructed out of bosons only, the combined system of a

scalar field and this background may become fermionic. More specifically, we study scalar
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1 Introduction

It has long been recognized that topological solitons are key ingredients of the non-perturba-

tive sector of quantum field theories (for reviews see [1, 2]). In some cases, the asymptotic

form of these solitons demand that a spatial rotation must be compensated by a Yang-

Mills gauge transformation. This remarkable phenomenon, which usually goes under the

name of Goldhaber-Jackiw-Rebbi-Hasenfratz-’t Hooft effect [3–5] (also known as spin from

isospin effect), implies that a composite of a bosonic field and solitons of this type, can

become fermionic. That is, starting from a purely bosonic theory, fermionic excitations

arise nonetheless. In situations in which the gravitational back-reaction is not negligible,

however, this property of topologically non-trivial solitons has not been thoroughly studied

(see, for instance, [6]). In this article we report the existence of a new spherically symmetric
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black hole solution for the Einstein-Yang-Mills system1 in which the gauge field is a Meronic

configuration with such solitonic structure.

On flat spaces, Merons (firstly introduced in [23]) can be thought of as building blocks

of instantons, and are relevant configurations when studying confinement [24–29]. However,

they suffer from a problem: they are singular at their core. An interesting feature of the

gravitating Meron found here is that its center lies inside the black hole horizon, preventing

its singular behavior to affect the exterior. Moreover, it also exhibits the spin from isospin

effect.

To obtain the meronic black hole we study analytic, Meron-type solutions of the

Einstein-Yang-Mills field equations, using the hedgehog Ansatz introduced in [30–45]. The

Yang-Mills SU(2) gauge potential is A = λÃ, where Ã is pure gauge. Due to the fact that

in abelian gauge theories these types of potentials are necessarily trivial, the existence of

Merons is a genuine non-abelian feature. Indeed, for λ 6= 0, 1, the Meron configuration has

a non-zero field strength: F = λ(λ− 1)[Ã, Ã].

In the context of the AdS/CFT correspondence, one studies strongly coupled phenom-

ena using well controlled methods of weakly coupled gravitational theories. Thus, whenever

we have a new gravitational tool at our disposal, it is natural to ask what can it do for

the dynamics of strongly interacting matter. Having in mind the gravitational spin from

isospin effect we describe here, we envisage the possibility of using it as a way to describe

fermionic observables in the CFT using only bosonic fields in the bulk.

As a first example, we study the equation of motion for a scalar field isospin doublet

in the Meron black hole background. We show how its asymptotic behavior, near the AdS

boundary, can be recovered from the equation of motion of a free massive two-spinor on

the boundary geometry.

As a second, and stronger argument in favor of the holographic applicability of this new

solution, we study the Fock space of free particle states in the bulk geometry and compare

it with that of the boundary CFT operators, following the approach of [46–49]. We show

that, when expanding the CFT operators in terms of spherical harmonics at the AdS5

boundary (the R × S3), the angular momentum quantum numbers acquire half-integer

values in the presence of the Meron black-hole. Thus, necessarily implying a fermionic

character of such operators when the Meron is turned on.

Also within AdS/CFT, strongly coupled systems on Rn have been the ones most inten-

sively studied; black holes in this case are black branes whose horizons share the topology

of Rn with the boundary theory. The study of black holes with spherical horizons have

received, however, considerably less attention. For example, although black branes in AdS

have been extensively used in the study of holographic superconductors (for a recent review

see [50]), spherical black holes also exhibit the same kind of instability required to describe

superconductors [51]. The new black hole solution found here thus enlarges the set of

systems with spherical symmetry that can be addressed using holography. Moreover, since

the solution we present also exhibits a first-order phase transition, the system could hint

at novel holographic features. Another amusing feature of our black hole solution is that it

1For related works on Einstein-Yang-Mills black holes see [7–22] and references therein.
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exhibits a logarithmic dependence in the radial coordinate (see eq. (3.2)). Since the radial

coordinate of AdS5 is dual to the RG scale of the boundary theory, our solution hints a

logarithmic running of the coupling, similar to that found by Klebanov and Strassler [52],

and originally pointed out in [53].

The paper is organized as follows. In section 2 we study SU(2) gauge fields of Meron-

type on spherically symmetric spacetimes and solve the Yang-Mills equations. Using the

generalized hedgehog ansatz, we find the explicit form of the gauge field and show that it

cannot be continuously “turned off”. In section 3 we turn our attention to the gravitational

part of the system and present a black hole solution of the Einstein equations that supports

the Meron gauge field. We show that the ADM mass can be consistently computed by

noting that, due to the presence of the Meron, the background solution is not Minkowski

space, but the zero mass solution of the black hole spectrum. In section 4 we show how a

gravitating Meron induces a spin from isospin effect, implying that a scalar particle moving

in the meronic black hole background has half-integer angular momentum eigenvalues, and

finalize with envisaging the possibility of using this effect in the context of the AdS/CFT

correspondence.

2 Gravitating Meron gauge field

We consider the SU(2) Einstein-Yang-Mills action in five dimensions with cosmological

constant

I =
1

16π

∫
d5x
√
−g
(
R− 2Λ

G
+

1

e2
Tr [FµνFµν ]

)
, (2.1)

where R is the Ricci scalar, Fµν = ∂µAν−∂νAµ+[Aµ, Aν ] is the field strength of the gauge

field Aµ, G is Newton’s constant, Λ is the cosmological constant and e is the Yang-Mills

coupling. In our conventions c = ~ = 1. Einstein equations are given by

Gµν + Λgµν = 8πG Tµν , (2.2)

where Gµν = Rµν − 1
2gµνR is the Einstein tensor, and Tµν is the stress-energy tensor of the

Yang-Mills field:

Tµν =
1

4πe2
Tr

(
−FµαFνβgαβ +

1

4
gµνF

αβFαβ

)
. (2.3)

The Yang-Mills equations, on the other hand, read

∇νFµν + [Aν , F
µν ] = 0 , (2.4)

where ∇µ is the Levi-Civita covariant derivative.

The gauge field Aµ = −iAaµta and therefore the field-strengh Fµν = −iF aµνta take

values on the su(2) algebra, where the ta (a = 1, 2, 3) are Hermitian generators satisfying

[ta, tb] = iεcabtc , Tr[tatb] =
1

2
δab .

The action is invariant under gauge transformations of the form

A′µ = UAµU
−1 − ∂µ UU−1 , U = e−iα

a ta ∈ SU(2) . (2.5)
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2.1 Ansatz

We will consider the usual spherically symmetric ansatz for the five-dimensional space-time

metric:

ds2 = −f2(r)dt2 +
1

f2(r)
dr2 +

r2

4
dΩ2

S3 , (2.6)

where t stands for the time coordinate, r corresponds to the radial coordinate, and dΩ2
S3

denotes the line element of the unit three-sphere. The group SU(2) is diffeomorphic to S3.

Therefore dΩ2
S3 can be written as (see appendix A)

dΩ2
S3 = −1

2
Tr[dUU−1 ⊗ dUU−1] , (2.7)

where dUU−1 = −iωaRta corresponds to the right-invariant Maurer-Cartan form on SU(2),

and whose components satisfy

dωaR =
1

2
εabcω

b
R ∧ ωcR . (2.8)

For the gauge field we will consider Meron-like configurations, i.e., connection one-

forms A = Aµdx
µ that are proportional to a pure gauge field [23]. According to (2.5) this

means

A = −λdUU−1 , λ 6= 0, 1, (2.9)

which is equivalent to

A = iλωaRta . (2.10)

The corresponding curvature two-form is given by F = dA+ A ∧ A = 1
2Fµνdx

µdxν . For a

gauge field of the form (2.10) it takes the simple form

F =
λ− 1

2λ
[A,A] . (2.11)

2.2 Yang-Mills equations

In the case of a Meron gauge field, Yang-Mills equations (2.4) can be easily solved when

written in terms of forms:

d ∗ F + [A, ∗F ] = 0 , (2.12)

where ∗F denotes the Hodge dual of F . In the following, it will prove convenient to define a

set of fünfbeins eA, A = 0, . . . , 4, such that ds2 = ηABe
AeB with ηAB = diag (−,+,+,+,+).

The natural choice is

e0 = f(r)dt ,

e1 =
1

f(r)
dr , (2.13)

ea+1 =
r

2
ωaR .

The gauge connection (2.10) can be written in terms of the angular fünfbeins as

A =
2iλ

r
ea+1ta . (2.14)
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Therefore, in the fünfbein basis A = AAe
A, the components of the Meron gauge field take

the simple form

AA =
2iλ

r
δa+1
A ta . (2.15)

Similarly, the curvature two-form (2.11) can be written in terms of the fünfbein basis as

F = 1
2FABe

A ∧ eB, with components

FAB = −4iλ (λ− 1)

r2
εabcδ

b+1
A δc+1

B ta . (2.16)

The Hodge dual of F , on the other hand, takes the form

∗ F = −4iλ (λ− 1)

r2
ta e

0 ∧ e1 ∧ ea+1 . (2.17)

Using (2.13) and (2.17), equation (2.12) reduces to

2iλ (λ− 1)

r

(
dωaR − λεabcωbR ∧ ωcR

)
ta e

0 ∧ e1 = 0 , (2.18)

which, due to the Maurer Cartan equation (2.8), is solved for

λ =
1

2
. (2.19)

2.3 Generalized hedgehog ansatz

The group element U ∈ SU(2) that corresponds to the Meron gauge potential (2.9) can be

explicitly written using the generalized hedgehog ansatz [30]. It is interesting to note that

such an approach (subsequently worked out in [31–45]) was originally developed to analyze

the Skyrme and Einstein-Skyrme models, but it also works in the case of Yang-Mills and

Einstein-Yang-Mills theories with almost no modifications (as one can see comparing [31,

39] with [6, 45]). This approach is specially designed for situations in which the group

element cannot be deformed continuously to the identity.

In order to write down the ansatz for U , we adopt the standard parametrization for

SU(2) elements:

U(xµ) = e−iα
ata = cos

α

2
(xµ)I− 2inata sin

α

2
(xµ) , (2.20)

where I is the 2× 2 identity and na is a unit vector that can be written in the form

n1 = sinΘcosΦ , n2 = sinΘsinΦ , n3 = cosΘ . (2.21)

The generalized hedgehog ansatz corresponds to the following choice for the functions α,

Θ, Φ in terms of Euler variables:

Φ =
ϕ− ψ

2
, tan Θ = tan

θ

2
csc

ϕ+ ψ

2
, cot

α

2
= sec Θ tan

ϕ+ ψ

2
. (2.22)

This leads to the following form for the components of the right-invariant Maurer-Cartan

form on SU(2):

ω1
R = −sinψdθ + cosψ sinθdϕ ,

ω2
R = cosψdθ + sinψ sinθdϕ , (2.23)

ω3
R = dψ + cosθdϕ ,

0 ≤ ψ < 4π , 0 ≤ θ < π , 0 ≤ ϕ < 2π , (2.24)
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which clearly satisfy (2.8). Using (2.23), and defining the coordinates xm = {ψ, θ, φ}, the

metric for the three-sphere (2.7) takes the form

dΩ2
S3 = hmndx

mdxn , hmn =
1

4

 1 0 cos θ

0 1

cos θ 0 1

 . (2.25)

while the components of the gauge field (2.10) read

At = Ar = 0 ,

Aψ =
i

2
t3 ,

Aθ =
i

2
(− sinψ t1 + cosψ t2) ,

Aϕ =
i

2
(cosψ sin θ t1 + sinψ sin θ t2 + cos θ t3) ,

(2.26)

where we have also used (2.19), i.e., λ = 1/2.

It is worth emphasizing that the group valued element in eqs. (2.20), (2.21) and (2.22)

(which is the basic building block of the Meron ansatz) is topologically non-trivial as it has

a non-vanishing winding number along the r = const hypersurfaces of the metric (2.6). In

fact, the second Chern number associated with the Meron gauge field (2.26) is given by

C2 =
1

8π2

∫
S3

Tr

[
A ∧ dA+

2

3
A ∧A ∧A

]
=

1

48π2

∫
S3

Tr
[(
dUU−1

)3]
=

1

2
. (2.27)

Hence, the group valued element defined by eqs. (2.20), (2.21) and (2.22) cannot be con-

tinuously deformed to the identity.2

3 Black hole solution

As we have expressed the metric on S3 in the form (2.25), the space-time metric (2.6) takes

the form

ds2 = −f2(r)dt2 +
1

f2(r)
dr2 +

r2

4

(
dψ2 + 2 cos θdψdϕ+ dθ2 + dϕ2

)
. (3.1)

Using this and (2.26), it is straightforward to check that Einstein equations (2.2) admit an

exact solution with

f2(r) = 1− 8MG

3πr2
− 1

r2

[(
1− Λ

6
`2
)
`2 + r2

0Log
r2

`2

]
− Λ

6
r2 , (3.2)

where M is an integration constant that will later be identified with the mass of the black

hole, and

`2 =
3

2Λ

(
1−

√
1− 4Λr2

0

3

)
, r2

0 =
G

2e2
. (3.3)

2The integral (2.27) is the Pontryagin index. For Yang-Mills instantons, it defines a topological charge

that takes integer values. Merons, on the other hand, are solutions of Yang-Mills equations with one-half

unit of topological charge [28].
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The solution exists provided
2ΛG

3e2
≤ 1 .

This condition is met trivially for Λ ≤ 0, whereas for Λ > 0 it implies that the solution

exists only if the coupling of the Yang-Mills field is sufficiently large. The solution is a black

hole, whose horizon is determined by the equation f2(r+) = 0. Note that ` in eq. (3.3) has

a smooth limit `→ r0 as the cosmological constant vanishes. The parameter M has been

designed so that M = 0 is the smallest possible value for the solution not to have naked

singularities. For M = 0 the horizon is located at its minimum value, which is r+ = `, and

the black hole is extreme, as (f2)′|r+ = 0.

3.1 Mass

As previously announced, the mass of the black hole solution is precisely the parameter M

in (3.2). Unlike what happens, for instance, with the Reissner-Nordström black hole, this

is the only parameter present in the solution. There is no integration constant associated

with the gauge potential, and therefore there is no way to “turn off” the Yang-Mills field:

the parameter λ in front of the gauge potential (2.9) is uniquely fixed3 by the Yang-Mills

field equations to be λ = 1/2. Therefore, one expects that the vacuum solution of zero

energy needed to properly define the ADM mass of this black hole should not coincide

with the naive vacuum solution in which the gauge potential is vanishing. The following

computations confirm this point of view very clearly.

In the asymptotically flat case (Λ = 0), the ADM mass can be defined, and is given

by [54] (see [55] for a detailed analysis)

MADM = limr→∞
1

16πG

∫
S3

√
γdS n̂iγjk (∂kγij − ∂iγjk) , (3.4)

where n̂ is the radial unit vector, dS stands for surface element on S3, γ is the spatial part

of (3.1), i.e.,

γijdx
idxj =

1

f2 (r)
dr2 +

r2

4

(
dψ2 + 2 cos θdψdϕ+ dθ2 + dϕ2

)
, (3.5)

and i, j = 1, 2, 3, 4. This leads to the following divergent expression for (3.4)

MADM = lim r→∞
3πr2

8G

(
1

f2(r)
− 1

)
. (3.6)

Even though this quantity is infinite, the divergent term does not depend on M . This

means that the mass can be made finite by defining the M = 0 black hole as the vac-

uum configuration. To do so one defines a new action principle by subtracting the action

evaluated in the vacuum solution to the original one. The resulting mass is

MADM −MADM
vacuum := M .

3If λ was not fixed, it would play a similar role to the electric charge Q appearing as a free parameter in

the ansatz for the electric gauge potential in the electric Reissner-Nordström black hole. In the usual case,

the gauge field solves the Maxwell equations for any value of Q. Thus, in the Reisssner-Nordström black

hole one can continuously turn off Q.
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An analog argument, along the lines of [56, 57], for example, may be carried out when the

cosmological constant does not vanish. We will not go through that analysis here, however,

the consistency of this definition with the first law of thermodynamics (see next subsection)

it is indeed reassuring.

Note that the M = 0 solution is not to be interpreted as the global vacuum of the

theory. It has been defined as the lowest energy configuration included in the family of

solutions discussed here. It is not characterized by a symmetry enhancement of any sort.

A similar situation is encountered, for example, in three dimensional gravity with negative

cosmological constant. There, the BTZ black hole solution [58, 59] defined as having zero

mass does not correspond to AdS space, which is only recovered when setting the mass

parameter M = −1. The reason for choosing such a definition is that for −1 < M < 0 the

resulting geometries contain a conical naked singularity. There is, however, an important

difference between that case and the meronic black hole: in the latter there is no value

of the mass parameter for which a maximally symmetric solution is recovered. This was

to be expected due to the topological nature of this family of solutions. They have a

non-vanishing Chern invariant (2.27) and therefore cannot be continuously deformed to a

maximally symmetric vacuum with a vanishing Chern invariant. This non-perturbative

property of the meronic solutions can also be seen from the fact that the limit to (A)dS or

Minkowski are obtained in the strong coupling limit of e→∞.

Finally note, as we discussed above for the asymptotically flat case, that there is an

infinite mass gap between the meronic black hole and the Minkowski vacuum. This should

not be a cause of concern. It is precisely what happens, for instance, between the false

vacuum and the true gravitational dS vacua described by Coleman and De Luccia in [60].

A phase transition to the true vacuum may only occur via bubble nucleation, which starts

on a finite volume and then grows to cover the entire space in an infinite amount of time.

One would expect that the meronic solutions could have been produced as primordial black

holes, and that there should exist a mechanism (thermal or quantum mechanical) that will

make them decay to the true, maximally symmetric, vacuum.

3.2 Thermodynamics

The thermodynamics of the meronic black hole is quite similar to the one of an electrically

charged black hole with cosmological constant [61, 62]. As mentioned above, however, in

the meronic case there is no integration constant analog to the electric charge that could be

varied. There is, therefore, only one thermodynamical extensive parameter: the mass M .

The temperature of the black hole may be computed most easily passing to the Eu-

clidean metric by making the identification t = iτ , so that

ds2 = f2(r)dτ2 +
1

f2(r)
dr2 + r2dΩ2

S3 . (3.7)

As usual, the coordinate τ must have a well-defined periodicity β for the metric to be

regular. The temperature T = β−1 is given by

T =
(f2)′|r+

4π
, (3.8)
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Since the gravitational action we are using here is the Einstein-Hilbert one, the entropy is

S =
1

4G
(horizon’s area) .

We will analyze the case with Λ = 0 first. In that case we can write the mass, temperature,

and the entropy of the black hole in terms of the horizon radius: r+,

M =
3π

8G

{
r2

+ − r2
0

(
log

[
r2

+

r2
0

]
+ 1

)}
, T =

r2
+ − r2

0

2πr3
+

, S =
π2r3

+

2G
. (3.9)

As announced in the previous section, the definition of mass used here satisfies the first

law of black hole thermodynamics,

dM = TdS .

Of course, the first law determines the mass up to a constant shift. We have adjusted that

shift in (3.2) so that the solutions with M < 0 have naked singularities.

The thermodynamical properties of the black hole solution in this case can be extracted

from figure 1 (a), where a graph of temperature versus r+ is shown. We see that, if the

temperature is larger than

Tmax =
1

3
√

3πr0

,

there is no black hole solution. If T = Tmax, a unique black hole of radius rmax =
√

3r0

is formed. If we lower the temperature to the region T ∈ [0, Tmax], there are two possible

black hole solutions. One with r+ > rmax, and one with r+ < rmax. Note, however,

that black holes of the first kind are thermodynamically unstable, because they have a

negative heat capacity. This can be seen from the graph. Indeed, as the entropy is a

monotonically increasing function of r+, it is clear that ∂T/∂S is positive for r < rmax

and negative for r > rmax. Therefore, black holes with r+ = rmax are the biggest ones

that are thermodynamically stable. These are also the more massive, because M is also

a monotonically increasing function of r+ for r+ > r0. If a black hole with r+ > rmax is

formed in a reservoir at temperature T , say, at the point B of figure 1 (a), it will evaporate

until it reaches point A. There, it will stay in thermodynamical equilibrium with the

reservoir. Finally, for T = 0 we have the vacuum solution, with r+ = r0. Figure 1 (b)

shows the Helmholtz free energy, F = MT − S as a function of T . It clearly shows that

the stable region is the one with lower F , corresponding to a horizon radius of r+ < rmax.

When the cosmological constant is positive, the situation is similar. However, as there

is a cosmological horizon, the mass is also bounded from above as the two horizons merge

into each other. The case of negative cosmological constant is more interesting. In that

case, if the cosmological constant is not too big, there is the possibility of a first-order

phase transition between black hole solutions. In fact, if

|Λ| > 1

4r2
0

,
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r+
<latexit sha1_base64="0TeRpwT+pRQ7yuw+QZYs28fsiDA=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YgCEKYEUGXQTcuI5oHJCH0dGqSJj0PumuEMOQPdCXqzi/yB/wbO3EWmnhXp+vehrrlJ0oact0vp7Cyura+UdwsbW3v7O6V9w+aJk61wIaIVazbPjeoZIQNkqSwnWjkoa+w5Y9vZn7rEbWRcfRAkwR7IR9GMpCCkx3d6/5Zv1xxq+5cbBm8HCqQq94vf3YHsUhDjEgobkzHcxPqZVyTFAqnpW5qMOFizIfYsRjxEE0vm686ZSdBrBmNkM3fv7MZD42ZhL7NhJxGZtGbDf/zOikFV71MRklKGAkbsV6QKkYxmzVmA6lRkJpY4EJLuyUTI665IHuXkq3vLZZdhuZ51bN8d1GpXeeHKMIRHMMpeHAJNbiFOjRAwBCe4Q3encB5cl6c159owcn/HMIfOR/f60OLKQ==</latexit><latexit sha1_base64="0TeRpwT+pRQ7yuw+QZYs28fsiDA=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YgCEKYEUGXQTcuI5oHJCH0dGqSJj0PumuEMOQPdCXqzi/yB/wbO3EWmnhXp+vehrrlJ0oact0vp7Cyura+UdwsbW3v7O6V9w+aJk61wIaIVazbPjeoZIQNkqSwnWjkoa+w5Y9vZn7rEbWRcfRAkwR7IR9GMpCCkx3d6/5Zv1xxq+5cbBm8HCqQq94vf3YHsUhDjEgobkzHcxPqZVyTFAqnpW5qMOFizIfYsRjxEE0vm686ZSdBrBmNkM3fv7MZD42ZhL7NhJxGZtGbDf/zOikFV71MRklKGAkbsV6QKkYxmzVmA6lRkJpY4EJLuyUTI665IHuXkq3vLZZdhuZ51bN8d1GpXeeHKMIRHMMpeHAJNbiFOjRAwBCe4Q3encB5cl6c159owcn/HMIfOR/f60OLKQ==</latexit><latexit sha1_base64="0TeRpwT+pRQ7yuw+QZYs28fsiDA=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YgCEKYEUGXQTcuI5oHJCH0dGqSJj0PumuEMOQPdCXqzi/yB/wbO3EWmnhXp+vehrrlJ0oact0vp7Cyura+UdwsbW3v7O6V9w+aJk61wIaIVazbPjeoZIQNkqSwnWjkoa+w5Y9vZn7rEbWRcfRAkwR7IR9GMpCCkx3d6/5Zv1xxq+5cbBm8HCqQq94vf3YHsUhDjEgobkzHcxPqZVyTFAqnpW5qMOFizIfYsRjxEE0vm686ZSdBrBmNkM3fv7MZD42ZhL7NhJxGZtGbDf/zOikFV71MRklKGAkbsV6QKkYxmzVmA6lRkJpY4EJLuyUTI665IHuXkq3vLZZdhuZ51bN8d1GpXeeHKMIRHMMpeHAJNbiFOjRAwBCe4Q3encB5cl6c159owcn/HMIfOR/f60OLKQ==</latexit><latexit sha1_base64="0TeRpwT+pRQ7yuw+QZYs28fsiDA=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YgCEKYEUGXQTcuI5oHJCH0dGqSJj0PumuEMOQPdCXqzi/yB/wbO3EWmnhXp+vehrrlJ0oact0vp7Cyura+UdwsbW3v7O6V9w+aJk61wIaIVazbPjeoZIQNkqSwnWjkoa+w5Y9vZn7rEbWRcfRAkwR7IR9GMpCCkx3d6/5Zv1xxq+5cbBm8HCqQq94vf3YHsUhDjEgobkzHcxPqZVyTFAqnpW5qMOFizIfYsRjxEE0vm686ZSdBrBmNkM3fv7MZD42ZhL7NhJxGZtGbDf/zOikFV71MRklKGAkbsV6QKkYxmzVmA6lRkJpY4EJLuyUTI665IHuXkq3vLZZdhuZ51bN8d1GpXeeHKMIRHMMpeHAJNbiFOjRAwBCe4Q3encB5cl6c159owcn/HMIfOR/f60OLKQ==</latexit>

T
<latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit><latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit><latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit><latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit>

Tmax
<latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit>

T<latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit><latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit><latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit><latexit sha1_base64="UXoWT2FB8IOXz0oWeiFBFDQ5bWM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlAnlBMoSeTiVp0vOgu0YIQ35AV6Lu/CR/wL+xE2ehiXd1uu5tqFtBoqQh1/1yChubW9s7xd3S3v7B4VH5+KRt4lQLbIlYxbobcINKRtgiSQq7iUYeBgo7wfR+4XceURsZR02aJeiHfBzJkRSc7KjRHJQrbtVdiq2Dl0MFctUH5c/+MBZpiBEJxY3peW5CfsY1SaFwXuqnBhMupnyMPYsRD9H42XLRObsYxZrRBNny/Tub8dCYWRjYTMhpYla9xfA/r5fS6NbPZJSkhJGwEeuNUsUoZou+bCg1ClIzC1xoabdkYsI1F2SvUrL1vdWy69C+qnqWG9eV2l1+iCKcwTlcggc3UIMHqEMLBCA8wxu8O0PnyXlxXn+iBSf/cwp/5Hx8A6WDim0=</latexit>

r0
<latexit sha1_base64="dHjrj0/0UlQX6sHpT5XBqnaPATQ=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15alg4s2G94TSdhegquCU0oFR7WP8cjFKex5gYLpnWfdfJjF8wZQSXOKsNco0Z4xM2xr7FhMWo/WKx7IyehamiJkK6eP/OFizWehoHNhMzE+llbz78z+vnJrz2C5FkucGE24j1wlxSk9J5ZzoSCrmRUwuMK2G3pDxiinFjL1Oz9d3lsqvQuWi6lu8vG62b8hBVOIFTOAcXrqAFd9AGDzgIeIY3eCcReSIv5PUnWiHln2P4I/LxDbF1jDo=</latexit><latexit sha1_base64="dHjrj0/0UlQX6sHpT5XBqnaPATQ=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15alg4s2G94TSdhegquCU0oFR7WP8cjFKex5gYLpnWfdfJjF8wZQSXOKsNco0Z4xM2xr7FhMWo/WKx7IyehamiJkK6eP/OFizWehoHNhMzE+llbz78z+vnJrz2C5FkucGE24j1wlxSk9J5ZzoSCrmRUwuMK2G3pDxiinFjL1Oz9d3lsqvQuWi6lu8vG62b8hBVOIFTOAcXrqAFd9AGDzgIeIY3eCcReSIv5PUnWiHln2P4I/LxDbF1jDo=</latexit><latexit sha1_base64="dHjrj0/0UlQX6sHpT5XBqnaPATQ=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15alg4s2G94TSdhegquCU0oFR7WP8cjFKex5gYLpnWfdfJjF8wZQSXOKsNco0Z4xM2xr7FhMWo/WKx7IyehamiJkK6eP/OFizWehoHNhMzE+llbz78z+vnJrz2C5FkucGE24j1wlxSk9J5ZzoSCrmRUwuMK2G3pDxiinFjL1Oz9d3lsqvQuWi6lu8vG62b8hBVOIFTOAcXrqAFd9AGDzgIeIY3eCcReSIv5PUnWiHln2P4I/LxDbF1jDo=</latexit><latexit sha1_base64="dHjrj0/0UlQX6sHpT5XBqnaPATQ=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15alg4s2G94TSdhegquCU0oFR7WP8cjFKex5gYLpnWfdfJjF8wZQSXOKsNco0Z4xM2xr7FhMWo/WKx7IyehamiJkK6eP/OFizWehoHNhMzE+llbz78z+vnJrz2C5FkucGE24j1wlxSk9J5ZzoSCrmRUwuMK2G3pDxiinFjL1Oz9d3lsqvQuWi6lu8vG62b8hBVOIFTOAcXrqAFd9AGDzgIeIY3eCcReSIv5PUnWiHln2P4I/LxDbF1jDo=</latexit>

Tmax
<latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit>

<
<latexit sha1_base64="bhEDLnI7eZ6GiefoSsNV3Fwcing=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIujCRdCNywTMA5Ih9HRqkiY9D7prhBDyA7oSdecn+QP+jZ04C028q9N1b0PdClIlDbnul1NYW9/Y3Cpul3Z29/YPyodHLZNkWmBTJCrRnYAbVDLGJklS2Ek18ihQ2A7Gd3O//YjayCR+oEmKfsSHsQyl4GRHjZt+ueJW3YXYKng5VCBXvV/+7A0SkUUYk1DcmK7npuRPuSYpFM5KvcxgysWYD7FrMeYRGn+6WHTGzsJEMxohW7x/Z6c8MmYSBTYTcRqZZW8+/M/rZhRe+1MZpxlhLGzEemGmGCVs3pcNpEZBamKBCy3tlkyMuOaC7FVKtr63XHYVWhdVz3LjslK7zQ9RhBM4hXPw4ApqcA91aIIAhGd4g3dn4Dw5L87rT7Tg5H+O4Y+cj2+Bs4pV</latexit><latexit sha1_base64="bhEDLnI7eZ6GiefoSsNV3Fwcing=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIujCRdCNywTMA5Ih9HRqkiY9D7prhBDyA7oSdecn+QP+jZ04C028q9N1b0PdClIlDbnul1NYW9/Y3Cpul3Z29/YPyodHLZNkWmBTJCrRnYAbVDLGJklS2Ek18ihQ2A7Gd3O//YjayCR+oEmKfsSHsQyl4GRHjZt+ueJW3YXYKng5VCBXvV/+7A0SkUUYk1DcmK7npuRPuSYpFM5KvcxgysWYD7FrMeYRGn+6WHTGzsJEMxohW7x/Z6c8MmYSBTYTcRqZZW8+/M/rZhRe+1MZpxlhLGzEemGmGCVs3pcNpEZBamKBCy3tlkyMuOaC7FVKtr63XHYVWhdVz3LjslK7zQ9RhBM4hXPw4ApqcA91aIIAhGd4g3dn4Dw5L87rT7Tg5H+O4Y+cj2+Bs4pV</latexit><latexit sha1_base64="bhEDLnI7eZ6GiefoSsNV3Fwcing=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIujCRdCNywTMA5Ih9HRqkiY9D7prhBDyA7oSdecn+QP+jZ04C028q9N1b0PdClIlDbnul1NYW9/Y3Cpul3Z29/YPyodHLZNkWmBTJCrRnYAbVDLGJklS2Ek18ihQ2A7Gd3O//YjayCR+oEmKfsSHsQyl4GRHjZt+ueJW3YXYKng5VCBXvV/+7A0SkUUYk1DcmK7npuRPuSYpFM5KvcxgysWYD7FrMeYRGn+6WHTGzsJEMxohW7x/Z6c8MmYSBTYTcRqZZW8+/M/rZhRe+1MZpxlhLGzEemGmGCVs3pcNpEZBamKBCy3tlkyMuOaC7FVKtr63XHYVWhdVz3LjslK7zQ9RhBM4hXPw4ApqcA91aIIAhGd4g3dn4Dw5L87rT7Tg5H+O4Y+cj2+Bs4pV</latexit><latexit sha1_base64="bhEDLnI7eZ6GiefoSsNV3Fwcing=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIujCRdCNywTMA5Ih9HRqkiY9D7prhBDyA7oSdecn+QP+jZ04C028q9N1b0PdClIlDbnul1NYW9/Y3Cpul3Z29/YPyodHLZNkWmBTJCrRnYAbVDLGJklS2Ek18ihQ2A7Gd3O//YjayCR+oEmKfsSHsQyl4GRHjZt+ueJW3YXYKng5VCBXvV/+7A0SkUUYk1DcmK7npuRPuSYpFM5KvcxgysWYD7FrMeYRGn+6WHTGzsJEMxohW7x/Z6c8MmYSBTYTcRqZZW8+/M/rZhRe+1MZpxlhLGzEemGmGCVs3pcNpEZBamKBCy3tlkyMuOaC7FVKtr63XHYVWhdVz3LjslK7zQ9RhBM4hXPw4ApqcA91aIIAhGd4g3dn4Dw5L87rT7Tg5H+O4Y+cj2+Bs4pV</latexit>

rmax
<latexit sha1_base64="Cy3D62hsB2mA8V6xNRPgWruHfWA=">AAAB93icbZC7TsMwGIWdcivlFi4bi0WFxFQlCAnGChbGItGL1ESR47qtVV8i20ENUZ4FJgRsvAcvwNvglgzQcqbP/zmW/v/ECaPaeN6XU1lZXVvfqG7WtrZ3dvfc/YOOlqnCpI0lk6oXI00YFaRtqGGklyiCeMxIN57czPzuA1GaSnFvsoSEHI0EHVKMjB1F7pGK8oDHcpoHhooMcjQtisitew1vLrgMfgl1UKoVuZ/BQOKUE2EwQ1r3fS8xYY6UoZiRohakmiQIT9CI9C0KxIkO8/n2BTwdSgXNmMD5+3c2R1zrjMc2w5EZ60VvNvzP66dmeBXmVCSpIQLbiPWGKYNGwlkJcEAVwYZlFhBW1G4J8RgphI2tqmbP9xePXYbOecO3fHdRb16XRVTBMTgBZ8AHl6AJbkELtAEGj+AZvIF3J3OenBfn9Sdacco/h+CPnI9vIlmTYQ==</latexit><latexit sha1_base64="Cy3D62hsB2mA8V6xNRPgWruHfWA=">AAAB93icbZC7TsMwGIWdcivlFi4bi0WFxFQlCAnGChbGItGL1ESR47qtVV8i20ENUZ4FJgRsvAcvwNvglgzQcqbP/zmW/v/ECaPaeN6XU1lZXVvfqG7WtrZ3dvfc/YOOlqnCpI0lk6oXI00YFaRtqGGklyiCeMxIN57czPzuA1GaSnFvsoSEHI0EHVKMjB1F7pGK8oDHcpoHhooMcjQtisitew1vLrgMfgl1UKoVuZ/BQOKUE2EwQ1r3fS8xYY6UoZiRohakmiQIT9CI9C0KxIkO8/n2BTwdSgXNmMD5+3c2R1zrjMc2w5EZ60VvNvzP66dmeBXmVCSpIQLbiPWGKYNGwlkJcEAVwYZlFhBW1G4J8RgphI2tqmbP9xePXYbOecO3fHdRb16XRVTBMTgBZ8AHl6AJbkELtAEGj+AZvIF3J3OenBfn9Sdacco/h+CPnI9vIlmTYQ==</latexit><latexit sha1_base64="Cy3D62hsB2mA8V6xNRPgWruHfWA=">AAAB93icbZC7TsMwGIWdcivlFi4bi0WFxFQlCAnGChbGItGL1ESR47qtVV8i20ENUZ4FJgRsvAcvwNvglgzQcqbP/zmW/v/ECaPaeN6XU1lZXVvfqG7WtrZ3dvfc/YOOlqnCpI0lk6oXI00YFaRtqGGklyiCeMxIN57czPzuA1GaSnFvsoSEHI0EHVKMjB1F7pGK8oDHcpoHhooMcjQtisitew1vLrgMfgl1UKoVuZ/BQOKUE2EwQ1r3fS8xYY6UoZiRohakmiQIT9CI9C0KxIkO8/n2BTwdSgXNmMD5+3c2R1zrjMc2w5EZ60VvNvzP66dmeBXmVCSpIQLbiPWGKYNGwlkJcEAVwYZlFhBW1G4J8RgphI2tqmbP9xePXYbOecO3fHdRb16XRVTBMTgBZ8AHl6AJbkELtAEGj+AZvIF3J3OenBfn9Sdacco/h+CPnI9vIlmTYQ==</latexit><latexit sha1_base64="Cy3D62hsB2mA8V6xNRPgWruHfWA=">AAAB93icbZC7TsMwGIWdcivlFi4bi0WFxFQlCAnGChbGItGL1ESR47qtVV8i20ENUZ4FJgRsvAcvwNvglgzQcqbP/zmW/v/ECaPaeN6XU1lZXVvfqG7WtrZ3dvfc/YOOlqnCpI0lk6oXI00YFaRtqGGklyiCeMxIN57czPzuA1GaSnFvsoSEHI0EHVKMjB1F7pGK8oDHcpoHhooMcjQtisitew1vLrgMfgl1UKoVuZ/BQOKUE2EwQ1r3fS8xYY6UoZiRohakmiQIT9CI9C0KxIkO8/n2BTwdSgXNmMD5+3c2R1zrjMc2w5EZ60VvNvzP66dmeBXmVCSpIQLbiPWGKYNGwlkJcEAVwYZlFhBW1G4J8RgphI2tqmbP9xePXYbOecO3fHdRb16XRVTBMTgBZ8AHl6AJbkELtAEGj+AZvIF3J3OenBfn9Sdacco/h+CPnI9vIlmTYQ==</latexit>

A
<latexit sha1_base64="2wqNjx35SZ/QaHbU29mt2tVIWos="></latexit><latexit sha1_base64="2wqNjx35SZ/QaHbU29mt2tVIWos="></latexit><latexit sha1_base64="2wqNjx35SZ/QaHbU29mt2tVIWos="></latexit><latexit sha1_base64="2wqNjx35SZ/QaHbU29mt2tVIWos="></latexit>

B
<latexit sha1_base64="EamdvIf+sqKlcHvBElXWoGjnEfM="></latexit><latexit sha1_base64="EamdvIf+sqKlcHvBElXWoGjnEfM="></latexit><latexit sha1_base64="EamdvIf+sqKlcHvBElXWoGjnEfM="></latexit><latexit sha1_base64="EamdvIf+sqKlcHvBElXWoGjnEfM="></latexit>

Tmax
<latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit><latexit sha1_base64="epmBwLIDWMvEjg7jnx3vZqjt1Iw=">AAAB93icbZC7TsMwGIUdrqXcwmVjsaiQmKoEIcFYwcJYpN6kJooc122t+hLZDmqI8iwwIWDjPXgB3ga3ZICWM33+z7H0/ydOGNXG876cldW19Y3NylZ1e2d3b989OOxomSpM2lgyqXox0oRRQdqGGkZ6iSKIx4x048ntzO8+EKWpFC2TJSTkaCTokGJk7Chyj1tRHvBYTvPAUJFBjqZFEbk1r+7NBZfBL6EGSjUj9zMYSJxyIgxmSOu+7yUmzJEyFDNSVINUkwThCRqRvkWBONFhPt++gGdDqaAZEzh//87miGud8dhmODJjvejNhv95/dQMr8OciiQ1RGAbsd4wZdBIOCsBDqgi2LDMAsKK2i0hHiOFsLFVVe35/uKxy9C5qPuW7y9rjZuyiAo4AafgHPjgCjTAHWiCNsDgETyDN/DuZM6T8+K8/kRXnPLPEfgj5+Mb80yTQw==</latexit>

T
<latexit sha1_base64="JlMbWXVMDtFDDQXuyGJbrqRnRnQ="></latexit><latexit sha1_base64="JlMbWXVMDtFDDQXuyGJbrqRnRnQ="></latexit><latexit sha1_base64="JlMbWXVMDtFDDQXuyGJbrqRnRnQ="></latexit><latexit sha1_base64="JlMbWXVMDtFDDQXuyGJbrqRnRnQ="></latexit>

F
<latexit sha1_base64="ldAU3/dQtHBZXSYPsolRpWLtJRE="></latexit><latexit sha1_base64="ldAU3/dQtHBZXSYPsolRpWLtJRE="></latexit><latexit sha1_base64="ldAU3/dQtHBZXSYPsolRpWLtJRE="></latexit><latexit sha1_base64="ldAU3/dQtHBZXSYPsolRpWLtJRE="></latexit>

r+ < rK�t
<latexit sha1_base64="SteQgCGx0V/Ht5nwh8M9Za6Q8/4="></latexit><latexit sha1_base64="SteQgCGx0V/Ht5nwh8M9Za6Q8/4="></latexit><latexit sha1_base64="SteQgCGx0V/Ht5nwh8M9Za6Q8/4="></latexit><latexit sha1_base64="SteQgCGx0V/Ht5nwh8M9Za6Q8/4="></latexit>

h?2`KQ/vM�KB+�HHv mMbi�#H2
<latexit sha1_base64="zV2TW2WThV7D6+wRLhkI3oIJ9dw="></latexit><latexit sha1_base64="zV2TW2WThV7D6+wRLhkI3oIJ9dw="></latexit><latexit sha1_base64="zV2TW2WThV7D6+wRLhkI3oIJ9dw="></latexit><latexit sha1_base64="zV2TW2WThV7D6+wRLhkI3oIJ9dw="></latexit>

h?2`KQ/vM�KB+�HHv bi�#H2
<latexit sha1_base64="olfMXz1Gqiv68/gRK0Ls2UAdmuY="></latexit><latexit sha1_base64="olfMXz1Gqiv68/gRK0Ls2UAdmuY="></latexit><latexit sha1_base64="olfMXz1Gqiv68/gRK0Ls2UAdmuY="></latexit><latexit sha1_base64="olfMXz1Gqiv68/gRK0Ls2UAdmuY="></latexit>

r+ > rK�t
<latexit sha1_base64="LU5k7MRVzfDruLfEhzAGHOR4uiA="></latexit><latexit sha1_base64="LU5k7MRVzfDruLfEhzAGHOR4uiA="></latexit><latexit sha1_base64="LU5k7MRVzfDruLfEhzAGHOR4uiA="></latexit><latexit sha1_base64="LU5k7MRVzfDruLfEhzAGHOR4uiA="></latexit>

(a)
<latexit sha1_base64="HV0mBWPdNt2BmPkFfatAd62QsxM="></latexit><latexit sha1_base64="HV0mBWPdNt2BmPkFfatAd62QsxM="></latexit><latexit sha1_base64="HV0mBWPdNt2BmPkFfatAd62QsxM="></latexit><latexit sha1_base64="HV0mBWPdNt2BmPkFfatAd62QsxM="></latexit>

(b)
<latexit sha1_base64="NzOFksssxgFhYtBaCk61XtiwgMc="></latexit><latexit sha1_base64="NzOFksssxgFhYtBaCk61XtiwgMc="></latexit><latexit sha1_base64="NzOFksssxgFhYtBaCk61XtiwgMc="></latexit><latexit sha1_base64="NzOFksssxgFhYtBaCk61XtiwgMc="></latexit>

Figure 1. Figure (a) is a graph of the temperature of the black hole solution as a function of the

horizon radius r+ in the case of vanishing cosmological constant Λ = 0. The solution with r+ = r0
is the smallest possible black hole, it corresponds to the vacuum solution M = 0, and has T = 0.

For T ∈ [0, Tmax] there are two possible black holes, namely points A and B depicted in the figure,

but only the one with smallest radius is thermodynamically stable. For T > Tmax there are no black

hole solutions. Figure (b) is a graph of the Helmholtz free energy F as a function of T , clearly

showing the unstable region versus the stable one.

the graph of temperature versus the horizon radius, analog to figure 1 (a) is monotonically

increasing, there is no maximal temperature, and all solutions are thermodynamically

stable. If, on the contrary,

|Λ| < 1

4r2
0

,

then T (r+) has two extremal points: r+ = r1 and r+ = r2, as it can be seen in figure 2

(a). The region between those point is thermodynamically unstable, and therefore it has

negative heat capacity.

For small temperatures the system has only one value for r+. When the temperature

is raised to the region T ∈ [T1, T2], the system has three possible values for r+. For

T ∈ [T1, T0], the smallest value of r+ is the one that minimizes the Helmholtz free energy,

as it can be seen in figure 1 (b), and therefore that is the value that the system will choose.

When T = T0 is reached, the black hole performs a first-order phase transition from point

A to point B of figure 1 (a). This is because at that temperature the two stable branches

of the Helmholtz free energy intersect each other, and from that point on, the branch with

bigger values of r+ minimizes the free energy. The discontinuity in the slope, as one passes

from one branch to the other, is precisely the discontinuity in the entropy characterizing a

first-order transition.

4 Spin from isospin effect and gravitating Merons

In this section we will describe the spin from isospin effect induced on the system of a

scalar particle moving in the Meron black hole background.

– 10 –



J
H
E
P
0
6
(
2
0
1
9
)
0
8
1

T
<latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit><latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit><latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit><latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit>

F
<latexit sha1_base64="gl+K0cOdsbhnj5tuI30xqzWsTbo="></latexit><latexit sha1_base64="gl+K0cOdsbhnj5tuI30xqzWsTbo="></latexit><latexit sha1_base64="gl+K0cOdsbhnj5tuI30xqzWsTbo="></latexit><latexit sha1_base64="gl+K0cOdsbhnj5tuI30xqzWsTbo="></latexit>

r+
<latexit sha1_base64="+n5Ee6ZEwS+ZGJcV/F5rF8WKtpE="></latexit><latexit sha1_base64="+n5Ee6ZEwS+ZGJcV/F5rF8WKtpE="></latexit><latexit sha1_base64="+n5Ee6ZEwS+ZGJcV/F5rF8WKtpE="></latexit><latexit sha1_base64="+n5Ee6ZEwS+ZGJcV/F5rF8WKtpE="></latexit>

T
<latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit><latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit><latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit><latexit sha1_base64="Vl+VY5atNUA2f8OdTQgeDDxJmTc="></latexit>

r1
<latexit sha1_base64="SXKyb395QwEzQN+pOi6pGuC5ryU="></latexit><latexit sha1_base64="SXKyb395QwEzQN+pOi6pGuC5ryU="></latexit><latexit sha1_base64="SXKyb395QwEzQN+pOi6pGuC5ryU="></latexit><latexit sha1_base64="SXKyb395QwEzQN+pOi6pGuC5ryU="></latexit>

r2
<latexit sha1_base64="d5mUjx0s1w7L+0gDnOCPQ2b6Rmo="></latexit><latexit sha1_base64="d5mUjx0s1w7L+0gDnOCPQ2b6Rmo="></latexit><latexit sha1_base64="d5mUjx0s1w7L+0gDnOCPQ2b6Rmo="></latexit><latexit sha1_base64="d5mUjx0s1w7L+0gDnOCPQ2b6Rmo="></latexit>

T2
<latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit><latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit><latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit><latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit>

T1
<latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit><latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit><latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit><latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit>

T1
<latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit><latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit><latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit><latexit sha1_base64="Er3tc99zcCzJ3YWC9qwljBsCiAc="></latexit>

T2
<latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit><latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit><latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit><latexit sha1_base64="Su2F/QyfqSZsoE3H/BQbNP17WrM="></latexit>

U�V
<latexit sha1_base64="0GkegzACydVFAfd/WsIUQQfGg4o="></latexit><latexit sha1_base64="0GkegzACydVFAfd/WsIUQQfGg4o="></latexit><latexit sha1_base64="0GkegzACydVFAfd/WsIUQQfGg4o="></latexit><latexit sha1_base64="0GkegzACydVFAfd/WsIUQQfGg4o="></latexit>

(b)
<latexit sha1_base64="dpebxvYQPlRA34mszjVelcgDsMU="></latexit><latexit sha1_base64="dpebxvYQPlRA34mszjVelcgDsMU="></latexit><latexit sha1_base64="dpebxvYQPlRA34mszjVelcgDsMU="></latexit><latexit sha1_base64="dpebxvYQPlRA34mszjVelcgDsMU="></latexit>

T0
<latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit><latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit><latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit><latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit>

r"
<latexit sha1_base64="KaCdPS308gqQ9jOZuB13/EJGn3U="></latexit><latexit sha1_base64="KaCdPS308gqQ9jOZuB13/EJGn3U="></latexit><latexit sha1_base64="KaCdPS308gqQ9jOZuB13/EJGn3U="></latexit><latexit sha1_base64="KaCdPS308gqQ9jOZuB13/EJGn3U="></latexit>

r�
<latexit sha1_base64="P1geyZ569B18IdRR9aSPqat5Fxs="></latexit><latexit sha1_base64="P1geyZ569B18IdRR9aSPqat5Fxs="></latexit><latexit sha1_base64="P1geyZ569B18IdRR9aSPqat5Fxs="></latexit><latexit sha1_base64="P1geyZ569B18IdRR9aSPqat5Fxs="></latexit>

�
<latexit sha1_base64="3YKIrBG6B9tw+GHblVin+tIrnZw="></latexit><latexit sha1_base64="3YKIrBG6B9tw+GHblVin+tIrnZw="></latexit><latexit sha1_base64="3YKIrBG6B9tw+GHblVin+tIrnZw="></latexit><latexit sha1_base64="3YKIrBG6B9tw+GHblVin+tIrnZw="></latexit> "

<latexit sha1_base64="BV6dSv0FwnoCPl4SX6yOjnq7EdE="></latexit><latexit sha1_base64="BV6dSv0FwnoCPl4SX6yOjnq7EdE="></latexit><latexit sha1_base64="BV6dSv0FwnoCPl4SX6yOjnq7EdE="></latexit><latexit sha1_base64="BV6dSv0FwnoCPl4SX6yOjnq7EdE="></latexit>

T0
<latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit><latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit><latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit><latexit sha1_base64="O4/e37ty5tb4j1uj9gwj58ZuWpg="></latexit>

"Qi? � �M/ "
<latexit sha1_base64="Ednhc3+ORfCjDxl35y0Qa9XLUzk="></latexit><latexit sha1_base64="Ednhc3+ORfCjDxl35y0Qa9XLUzk="></latexit><latexit sha1_base64="Ednhc3+ORfCjDxl35y0Qa9XLUzk="></latexit><latexit sha1_base64="Ednhc3+ORfCjDxl35y0Qa9XLUzk="></latexit>

Figure 2. Figure (a) is a graph of the temperature of the black hole solution as a function of the

horizon radius r+ in the case of negative cosmological constant with |Λ| < 1
4r20

. Again, the solution

with T = 0 is the smallest possible black hole, and it corresponds to the vacuum solution M = 0.

As one increases the temperature, when T = T0, there is a first-order phase transition from A to B.

Figure (b) shows the three branches of the graph of Helmholtz free energy F as a function of T . The

dashed lines show thermodynamically unstable branches. As one increases the temperature, the

system goes along the path of minimal Helmholtz free energy (arrows in figure (b)). The free energy

is continuous at T0, but its derivative, the entropy, is not, showing that this is a first-order transition.

Before considering the case of a gravitating Meron, we will briefly review the standard

effect in flat space for ‘t Hooft-Polyakov monopoles found in [3–5], where a fermionic

excitation arises as a “bound” system of two bosons: a scalar particle and the monopole.

After this, we will move on to the meronic analog of the spin from isospin effect, where

the Meron plays the role of the monopole. It is very important to emphasize that, in this

case, the effect is only possible if the Meron is coupled to gravity (as Merons in flat space

are known to be singular [23, 25]), which is the reason why we refer to it as a gravitational

spin from isospin effect. Moreover, the singularity of the Meron at r = 0 is covered by the

horizon and thus shielded from the exterior by it. This is a very welcome feature since,

otherwise, one would need to regularize such singularity, as it is the case in flat space [25].

Also, when Yang-Mills theory is coupled to General Relativity, the total mass of the system

has to be computed with the ADM formalism (as described in the previous subsection),

and the result turns out to be finite. These facts are basically the reason why the spin from

isospin effect that we will describe in subsection 4.2 is a genuine feature of the gravitational

interaction.

Finally, in the last part of this section we entertain the possibility of a holographic

realization of this effect, namely, that it should be possible to compute fermionic observables

in the boundary CFT from a purely bosonic theory in the bulk.

4.1 Spin from isospin in flat space

The idea that the composite of two bosons can become a fermion dates back a long

time [63, 64] (see also [65]). Basically one notes that the total angular momentum of an
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electric charge in the presence of a magnetic monopole, even in the non-relativistic limit,

must include the contribution from the angular momentum stored in the electromagnetic

field. Moreover, because of Dirac’s quantization condition, this effect contributes with half-

integer multiples of ~, so the quantum mechanical system describing the charge/monopole

bound state becomes a fermion.

Consider now the ’t Hooft-Polyakov monopole

Φa =
xaf(vr)

r2
,

Aai =
εaijx

jg(vr)

r2
,

Aa0 = 0 ,

(4.1)

where f(x) = x coth(x)− 1, and g(x) = 1− x csch(x). Note that this is a four-dimensional

example, spatial indices i, j in this case run from 1 to 3. The key observation is that this

solution does not transform as a vector under spatial rotations nor under global SU(2)

transformations, but it does transform correctly under the combination

Ja = ε j
ai x

i pj + ta , (4.2)

where pi is the canonical conjugate to xi.

Now consider a non-relativistic spin 0 particle represented by the state |ψa〉, where a

is an internal isospin index transforming under some irreducible representation of SU(2),

interacting with the monopole background (4.1). Its evolution will be described by a

Schrödinger equation i∂t|ψ〉 = H|ψ〉 where H is the Hamiltonian for such particle in the

background (4.1). Since this background transforms as a vector under the su(2) genera-

tor (4.2), we get

[Ja, H] = 0 .

Thus, we can diagonalize the Hamiltonian using the eigenstates generated by Ja. Therefore,

since the state representing the monopole, say, |M〉 and the spinless particle |ψa〉 are

both, independently, multiplets of SU(2), one can think of this scalar-monopole “bound

eigenstate”|M〉 ⊗ |ψa〉 of H as a state with total angular momentum Ja [4]. If the spinless

particle |ψa〉 is in a half-integer representation of the internal SU(2) group, then the bound

state acquires half-integer spin quantum numbers and, by the spin-statistics connection,

it effectively becomes a fermion [5]. Moreover, Hasenfratz and t’ Hooft [4] also showed

that in the classical limit, the angular momentum stored in the Yang-Mills field above is

precisely given by the ta contribution in (4.2).

4.2 Gravitational spin from isospin

Consider a complex scalar (multiplet) field Φ in the black hole (2.6) and Meron Yang-Mills

background (2.26). Its action reads

Sscalar = −1

2

∫
d5x
√
−g
[
(DµΦ)†DµΦ +m2|Φ|2

]
, (4.3)

– 12 –
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where Dµ ≡ ∂µ +Aµ, and Φ is in the fundamental representation of SU(2). Following the

logic of [4], let us now imagine quantizing this scalar field around the classical background

of the black hole and Meron field. In other words, defining

Aµ = Acl
µ +Aqu

µ ,

Φ = Φqu ,
(4.4)

and by only considering the quantum fluctuations Φqu (i.e. neglecting Aqu
µ ), one would be

quantizing the system in the one-soliton sector of the Hilbert space. That is, our excitations

correspond to those of the bound-state formed by the scalar and the Meron background.

In the non-relativistic limit, the interaction of this spinless particle (with internal

isospin indices) with such background is described by a Hamiltonian of the form

H = − 1

2m
γij (∇i +Ai) (∇j +Aj) , i, j = 1, 2, 3, 4 . (4.5)

where γij is the inverse of the spatial metric (3.5), and Ai is given by the spatial components

of (2.26). Note that the Ai’s, and hence H, are matrix-valued operators. For simplicity, let

us consider the asymptotically flat case Λ = 0. The Hamiltonian has the asymptotic form

Hasymp = − 1

2m
∂2
r −

1

2mr2
hmnDmDn , (4.6)

where hmn denotes the inverse of the metric on the S3 defined in eq. (2.25). In order to

simplify some calculations, it will prove useful to express the unit three-sphere in terms of

cartesian coordinates XM ,M = 1, 2, 3, 4 such that δMNX
MXN = 1. In these coordinates

the metric on S3 is hMN = δMN , and the usual angular momentum operator in four spatial

dimensions can be simply expressed as

LMN = −i(xM∂N − xN∂M ) . (4.7)

It is easy to see that this operator does not commute with the Hamiltonian (4.6). Since par-

tial derivatives transform trivially as vectors under rotations, r2 is rotationally invariant,

and in this basis hMN is constant (see appendix C), looking at (4.6) we see that problem

stems from the fact that the gauge connection A does not transform as a vector under

rotations generated by (4.7). Hence, since LMN is not a conserved quantity, its eigenvalues

are not useful to label quantum states. However, the operator

JMN ≡ LMN + TMN , (4.8)

does commute with this Hamiltonian provided Tab ≡ εcabtc and T4a ≡ ta (recall that the

indices a, b, c run from 1 to 3). Thus, it is Jij that should be identified with the true

angular momentum of the system, and not Lij . This can be seen as follows: expressing the

right invariant Maurer-Cartan form (2.23) in the coordinates XM , the Meron field (2.26)

takes the form (see appendix C)

A = AMdX
M = AadX

a +A4dX
4 , (4.9)
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where4

Aa = i
(
X4ta − εcabXbtc

)
, A4 = −iXata . (4.10)

Using this one obtains

[JMN , AR] = i (δMRAN − δNRAM ) . (4.11)

Hence, AM rotates as a vector under the action of JMN , and therefore, so does DM . Since

the asymptotic hamiltonian (4.6) is quadratic in DM , this yields

[Hasymp,JMN ] = 0 , (4.12)

as promised.

This analysis can be easily generalized to the asymptotically (A)dS case. In fact, in

the presence of cosmological constant, the first term in (4.6) must be replaced by 3
Λmr2

∂2
r ,

which is rotationally invariant as it only depends on r2. The second term in (4.6) remains

unmodified and the operators (4.7) continue to generate the Lorentz subgroup of the full

asymptotic symmetry group. As the Meron has support only on S3, eq. (4.10) also remains

unchanged, showing that (4.12) holds when Λ 6= 0.

The operator LMN can be divided into two sets of angular momenta that satisfy the

su(2) algebra (for details see appendix B)

L±a = ε bca Lbc ± L4a ,
[
L±a , L

±
b

]
= iεcabL

±
c . (4.13)

In the same way, the total angular momentum JMN can be divided into two sets of su(2)

generators, that have the form

J+
a = L+

a + ta , J−a = L−a . (4.14)

The form of J+ resembles the shift in (4.2) and produces the spin from isospin effect.

Thus, in the same way detailed in subsection 4.1, the bound system of a spinless particle in

the background of this meronic black hole can acquire half-integer spin quantum numbers,

hence, effectively, becoming a fermion.

It is also instructive to study the Klein-Gordon equation for a scalar field in this

background: (
� +∇µAµ + 2Aµ∇µ +AµAµ −m2

)
Φ = 0 . (4.15)

After using (2.6) and (2.26), eq. (4.15) becomes[
�− 1

r2

(
4~t · ~L+ + ~t · ~t

)
−m2

]
Φ = 0 , (4.16)

4Even though indices a, b = 1, 2, 3 have so far been used as group indices, in (4.10) they denote spatial

indices. This identification between the group manifold and spatial three-sphere is a common ingredient

when studying the spin from isospin effect [3].
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where ~t = (t1, t2, t3) and ~L+ = (L+
1 , L

+
2 , L

+
3 ) is the right angular momentum operator

defined in (4.13) (for details see appendix A),

L+
1 = i

(
cosψ cot θ∂ψ + sinψ∂θ −

cosψ

sin θ
∂ϕ

)
,

L+
2 = i

(
sinψ cot θ∂ψ − cosψ∂θ −

sinψ

sin θ
∂ϕ

)
, (4.17)

L+
3 = −i∂ψ .

The d’Alembertian on the black hole background (3.7) has the form

� = − 1

f2
∂2
t +

1

r3
∂r
(
r3f2∂r

)
− 1

r2
L2 . (4.18)

Here L2 denotes the square of the four-dimensional angular momentum (4.7) (see eq. (B.6)

in appendix B). Using this and eq. (4.14), the equation of motion for the scalar field takes

the form [
− 1

f2
∂2
t +

1

r3
∂r
(
r3f2∂r

)
− 1

r2

(
J 2 − ~t · ~t

)
−m2

]
Φ = 0 , (4.19)

where J 2 ≡ 1
2JMNJMN = 2 (J+)

2
+ 2 (J−)

2
is the square of the total angular momen-

tum (4.8). Note that the term
(
J 2 − ~t · ~t

)
in eq. (4.19) is similar to the one found in [66],

where the scattering of a scalar particle off a magnetic monopole was studied.

Now we can consider modes of the form

Φ`m1m2 = e−iωtD`
m1m2

(ψ,ϕ, θ)r−1φ(r) , (4.20)

where D`
m1m2

(ψ,ϕ, θ) stands for the Wigner D-functions [67] (see eq. (A.13) in appendix A),

which are the higher-dimensional generalization of the standard spherical harmonics [68].

The shift in L+ → J+ produces half-integer shift in the angular momentum eigenvalues of

the modes Φ`mn given by (see eq. (B.8) in appendix B),

J34D
`
m1m2

(ψ, θ, ϕ) =

(
m1 −m2 +

1

2

)
D`
m1m2

(ψ, θ, ϕ) ,

J12D
`
m1m2

(ψ, θ, ϕ) =

(
m1 +m2 +

1

2

)
D`
m1m2

(ψ, θ, ϕ) .

(4.21)

As the eigenvalues of the total angular momentum JMN are given by half-integer multiples

of ~, the scalar field Φ effectively becomes fermionic.

4.3 Holography

The gauge/gravity duality states that any theory of quantum gravity that asymptotically

approaches AdSd+1 space-time is dual to a flat d-dimensional conformal field theory on the

boundary of AdS. The AdS/CFT dictionary can be used to relate, in principle, all physical

observables of the gravitational theory to those of the CFT.5 Because of the strong/weak

5Although it is not yet clear how the boundary theory precisely reproduces the degrees of freedom of

the black hole interior (see [69] for a recent review on the subject), this will not bother us here since we are

dealing with fields in the exterior of the black hole only.
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nature of the correspondence, the description of strongly correlated observables in terms

of weakly interacting fields in the gravitational bulk is one of the most useful (and widely

studied) aspects of the duality.

In the presence of black holes, the bulk partition function is dual to the thermal

partition function of the theory on the boundary, where the Hawking temperature of the

black hole corresponds to the temperature of a thermal state in the dual theory. For

horizons with spherical topology (such as the one studied here), the dual N = 4 super

Yang-Mills theory is naturally defined on Sd−1 ×R space-time.6 Since we now have a new

black hole solution at our disposal, a natural question is: what can it do for the dynamics

of strongly correlated systems?

In this section we argue that the “gravitational” spin from isospin effect described

in the previous section has the interesting property of describing fermionic observables in

the boundary of the spacetime,7 even though the bulk theory is purely bosonic.8 We will

provide supporting evidence that the composite system of a scalar field and the Meron black

hole is dual to a fermionic operator in the boundary CFT. Moreover, we also conjecture

that this corresponds to a double trace CFT operator.

The first argument is that scalar excitations, in the presence of the Meron black hole,

manifest themselves as fermionic degrees of freedom at the AdS boundary. This stems

from the fact that the total angular momentum (4.8) has half-integer quantum numbers.

However, there is a more direct way to see this. For our black hole solution (3.2) with

Λ ≡ −6/L2 < 0, the metric is asymptotically AdS5 and, as r →∞, we get

ds2 ∼ r2

L2

(
−dt2 + L2hmndx

mdxn
)
, (4.22)

which defines the metric of the conformal boundary, with topology R× S3. Consider now

the expansion of the scalar field Φ near the spatial boundary (r → ∞). We look for an

Ansatz of the form (see, e.g., [71, 72])

Φ(r, x) = r−∆

(
ϕ(0)(x) +

1

r2
ϕ(2)(x) + · · ·

)
(4.23)

where x are the coordinates of the fields that “live” on the boundary of AdS5. Since this

boundary has the topology R × S3, we use x = (t,Ω) where Ω collectively refers to the

three angular coordinates on the 3-sphere (see equations (2.24) and (2.25)). Inserting the

asymptotic expansion (4.23) into the scalar wave equation (4.19) one obtains (at leading

order in the large r expansion)

∆(∆− 4)−m2L2 = 0 . (4.24)

6However, as noted in [70], depending on how the radial slices are chosen as one approaches the boundary

of (Euclidean) AdSd+1, one could also have the boundary theory defined on other spacetimes such as Sd,

Rd, Hd, and Hd−1 × R.
7We note that this boundary effect is not restricted to the asymptotically AdS case only, but also for

asymptotically dS and Minskowski. This could have interesting applications in cosmology (dS) and also in

the recent developments of amplitudes on the celestial sphere.
8The converse case, i.e., finding the gravitational dual of the usual flat space spin from isospin effect, is

also an interesting question which we leave for future work.
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This is the standard relation between the mass of the scalar field in five dimensions and

∆, which is interpreted as the conformal dimension of the scalar CFT operator dual to Φ.

The subleading term yields[
−∂2

t −
1

L2
(J 2 − ~t · ~t)

]
ϕ(0)(t,Ω) =

4(1−∆)

L4
ϕ(2)(t,Ω) . (4.25)

In the absence of the Meron, J 2 = L2 = −∇2
S3 and ~t = 0, thus ϕ(0) would represent a mass-

less scalar field in four spacetime dimensions moving on a 3-sphere coupled to the source

ϕ(2)(t,Ω). Turning on the Meron gauge field in the bulk, however, yields equation (4.25)

with the total angular momentum J acquiring an extra term (see (4.8)) due to the coupling

between the isospin indices of Φ and the Meron. We can re-write the equation above as[
−∂2

t +
1

L2
hmn (∇m +Am) (∂n +An)

]
ϕ(0) =

4(1−∆)

L4
ϕ(2) , (4.26)

where ∇m is the covariant derivative with respect to the affine connection on S3, and Am
denotes the angular components of the Meron gauge field (2.26).9 Due to the topologi-

cal nature of our Meron Aµ (which extends all the way to infinity), and because we are

studying the scalar field in the probe limit, one can consider the Meron as an external field

which couples to the boundary degrees of freedom of the scalar (isospin doublet) Φ.

Now we will see that equation (4.26) can actually be reinterpreted as describing

fermionic degrees of freedom. In order to do this, let us consider a Majorana fermion

in the chiral representation,

Ψ =

(
ψ

−iσ2ψ
∗

)
, (4.27)

defined on R × S3 (see for instance, [75–77]). This, in turn, can be described in terms of

the two-spinor ψ satisfying a massive Weyl equation (see appendix D). Adding a source

term ρψ for ψ, the equation becomes

∂tψ − ema σa (∂m + Γm)ψ + µσ2ψ
∗ = −ρψ , (4.28)

where σa are the Pauli matrices, ema denote the inverse dreibein associated to the met-

ric (2.25), and Γm is the spin connection on S3. If we consider the corresponding Klein-

Gordon equation for the two-spinor ψ (see eq. (D.10)), one obtains[
−∂2

t +
1

L2
hmn (∇m + Γm) (∂n + Γn) +

3

2L2
− µ2

]
ψ = −ρ . (4.29)

where the right hand side of eq. (4.29) can be written in terms of ρψ and its derivatives,

but the explicit form is not important here. Notice that equation (4.29) does not make

any reference to a gauge field coupling. Nevertheless, using eqs. (D.6) and (D.7), it is

9Equation (4.26) also appears in the description of scalar fields with generalized Wentzell boundary

conditions [73, 74].
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straightforward to see that, on S3, the components of the spin connection Γm match the

angular components of the Meron gauge field (2.10) (for λ = 1/2)

Γm dx
m =

i

4
ωaRσa = Amdx

m . (4.30)

Thus, (4.29) is on-shell equivalent to (4.26) when ψ is identified with ϕ(0), the source term ρ

is identified with 4(1−∆)
L4 ϕ(2), and the mass of the Majorana fermion is fixed to µ2 = 3/2L2.

This means that the original scalar excitations of an isospin doublet Φ, coupled to the

Meron gauge field through its isospin indices, can be reinterpreted as a two-spinor ψ with

fixed mass, coupled to the geometry of the AdS5 conformal boundary and satisfying (4.29).

Hence, knowing a solution of (4.26), allows us to construct a Majorana spinor at the

boundary by means of (4.27) by reinterpreting isospin indices of Φ as spin indices. This

argument is another way to justify why the Wigner D-functions in the modes (4.20) must be

chosen as fermionic, pretty much in the same way as it happens when describing fermions in

terms of the Skyme model [78] (see also [79]). All this put together signals that there must

be a way to construct a holographic dictionary between a purely bosonic theory in the bulk

and a fermionc theory at the boundary using the spin from isospin effect. It is important

to note that, even though we expect the Meron-scalar bound state to be a fermion, the

fact that the probe scalar field has no back reaction means we are considering its mass

to be very small compared to the mass of the Meron black hole. Thus, in this limit, the

properties of the fermionic bound state can be approximated by the dynamics of the scalar

field only, which is tantamount to studying the properties of the hydrogen atom in the

limit when the proton is fixed at the origin because it is much heavier than the electron.

A stronger argument in support of this idea is the following. The GKPW dictionary [46,

80] states that the asymptotic value of Φ(x, r) at the AdS boundary (r → ∞) acts as the

source for a scalar operator in the CFT. Since Φ is a bulk scalar, its asymptotic value is dual

to a scalar operator Oa in the 4-dimensional CFT [46, 80]. Near the boundary (r → ∞)

the scalar field behaves as given in (4.23). It is standard to regard ϕ(0) as the source

for the operators Oa of the CFT, which in turn yields ϕ(2) to be directly proportional

to their vacuum expectation value 〈Oa〉. From (4.19) it is easy to see that, at leading

order, the asymptotic behavior of the scalar field near the boundary is insensitive to the

presence of the gauge field Aµ. This is simply because the term that accompanies L2 in

the Klein-Gordon equation, which gets modified as

L2 → J 2 − ~t · ~t ,

is subleading in the large r expansion. Thus, one may wonder in what sense the “spin

from isospin” effect modifies the CFT observables. It has, however, an immediate effect.

In order to see this, it is useful to use the identification between two Fock spaces: the space

of (spinless) free particle states in AdS and the space of states in the CFT [46–49] (see
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also [81, 82]).10 In the AdS5 description, a free scalar field Φ can be written as

Φ =
∑

n,`,m1,m2

Φn
`m1m2

an`m1m2
+ Φn ∗

`m1m2
an †`m1m2

, (4.31)

where the modes Φn
`m1m2

satisfy the wave equation (4.19), n is their energy eigenvalue, ` is

the total angular momentum quantum number, while m1,m2 are the “magnetic” angular

momentum quantum numbers that arise from the S3 of AdS5 (e.g., in AdS4, they would

simply be the usual “m” eigenvalue of Lz of three spatial dimensions). Because of our

hedgehog-type solution for the gauge field (2.26), the CFT at the boundary of AdS5 is

naturally defined on S3. Now, the boundary operator O, dual to Φ, inherits a similar

decomposition which, in Lorentzian radial quantization, has the form

O(t,Ω) =
∑

n,`,m1,m2

1

NOn`m1m2

[
ei(2∆+2n+`)tY `

m1m2
(Ω)an`m1m2

+ e−i(2n+`)tY ` ∗
m1m2

(Ω)an †`m1m2

]
,

(4.32)

where (t,Ω) are the spacetime coordinates of the 4-dimensional CFT, ∆ is the conformal

dimension of the operator O, NOn`m1m2
is a normalization factor, and Y `

m1m2
(Ω) are the

spherical harmonics on S3. The crucial point is the following: as discussed in section

4.2, turning on the Meron field in the bulk shifts the eigenvalues of the total angular

momentum J by half-integer numbers as in (4.21) (provided the scalar field is in one of

the half-integer representations of SU(2) of isospin). Therefore, the spherical harmonics

Y `
m1m2

in (4.32), which (for AdS5) are just the Wigner D-functions (4.20), will also see its

angular momentum quantum numbers (m1,m2) shifted by ±1/2 (see eq. (4.21)), making

the putative scalar O in (4.32) now a fermionic operator!11

At leading order in the 1/N expansion, the CFT has an exact Fock space representation

given by the creation and annihilation operators an †`m1m2
and an`m1m2

in (4.32). From the

point of view of AdS physics, these operators play a central role: they correspond to the

creation and annihilation of particle states in AdS5 with definite energy ωn,` = ∆ + 2n+ `

and angular momentum quantum numbers (`,m1,m2). Their CFT duals are primary

states (and their descendants). For instance, a one-particle state in AdS with mininum

energy ω0,0 = ∆ corresponds to a primary state in the CFT, while excited states in AdS

correspond to descendent states. Multi-particle states in AdS are dual to CFT multi-trace

operators, in particular, a two-particle state in AdS is dual to a double-trace operator.

Their conformal dimension is just the sum of the dimensions of the CFT primaries simply

because the energy of a system of free particles in AdS is the sum of the individual energies

of its constituents. However, when interactions among the particles are turned on, the total

energy of the multi-particle state will change. In particular, when a bound state of two

particles is formed, its total energy will be different to that of the sum of the individual

particles. In our case, we have a bound state of a scalar particle and the gravitating Meron

which, altogether, behaves as a fermion. Thus, we expect that this new system, originally

10At leading order in the 1/N expansion in the CFT, this identification is exact. This is indeed all we

need since subleading corrections in 1/N correspond to stringy corrections to the effective gravitational

theory which we are not considering here.
11As a consequence, there will be no “s-wave” since the eigenvalues of J would never vanish.
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formed out of two bosons, describes a fermionic double trace operator in the CFT [83],

whose conformal dimension differs from that of the sum of CFT primaries.

If we would like to go beyond this and start considering a self-interacting scalar,12

all correlation functions can be computed, in principle, from the action (4.3) by adding a

corresponding potential U(Φ), and using the standard AdS/CFT dictionary.13 Moreover, to

obtain real-time Green’s functions one needs to solve the equation of motion for free fields in

the gravitational theory with suitable boundary conditions at both, the AdS boundary, and

deep in its interior. When black holes are present, retarded Green’s functions in the CFT are

obtained by keeping the infalling modes only at the black hole horizon [84–89], while setting

the outgoing ones to zero. At the boundary of AdS the necessary boundary conditions are

those that deem the fields normalizable [46, 80]. For fermionic fields, however, there are

some subtleties which are not present for bosonic ones. More specifically, the boundary

behavior of the Dirac fields, together with the necessity of having a well-defined variational

principle [90] needs a more subtle treatment compared to that of scalars14 (see also [92, 93]).

Thus, we believe that being able to compute fermionic CFT correlators in this alternative

way, using only bosonic fields in the bulk, would be a useful addition to the AdS/CFT

dictionary. Recall, however, that it is the scalar-Meron composite that can acquire half-

integer spin quantum numbers, not the individual fields. Thus, we need to construct this

composite field and solve its wave equation near the AdS boundary in order to obtain the

corresponding source for the dual CFT fermionic operator. It is not immediately clear how

to derive such a wave equation since, even for the simplest spin from isospin effect (the one

with a scalar and a t’ Hooft-Polyakov monopole), there are many subtleties involved [5].

We believe, however, that this is a very interesting direction which we leave as future work.

It is important to note that in section 4.3 we were able to do so because the effect was

already visible at the level of the equation of motion for the scalar field because we were

dealing with a free (non self interacting) scalar field.

5 Conclusions and outlook

We have constructed an analytic black hole solution of the Einstein-Yang-Mills theory in

five dimensions in which the gauge field is of Meron-type: it is proportional to a pure

gauge, and it has a non-trivial topological charge. Our solution, referred to as “meronic

black hole”, has only one integration constant, namely, its mass. The thermodynamics of

the meronic black hole is similar to that of Reissner-Nördstrom. Here, however, the analog

of the electric charge is the Yang-Mills coupling, which is not a thermodynamical variable,

but a fundamental constant, and therefore its variation does not appear in the first law. In

the case of a negative cosmological constant, there is a first-order phase transition when the

cosmological scale is big compared to the one defined by the Yang-Mills coupling in eq. (3.3).

12To compute, for instance, higher than 2-point correlation functions.
13See, for instance, section 5 in [72].
14The reason simply stems from the fact that free fermion fields satisfy first-order differential equations.

See section III in [91] for details.
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We would like to point out that black holes with a similar spacetime metric, but with

an SO(4) Wu-Yang-like field, have been reported in [11, 16, 17]. Also, a black hole solution

with a logarithmic term in the blackening factor (referred to as f2 here) and an SU(2) gauge

field has been studied in [12, 14]. Although such solution is similar to the one reported

here, one may show that it is different from ours, for its topological charge (2.27) vanishes.

A non-trivial effect of the present solution is that the total angular momentum of the

composite system of a spinless particle (with internal isospin quantum numbers) and the

Meron black hole, presents half-integer eigenvalues, thus, describing a fermion. Such a shift

is a peculiar fingerprint of the non-trivial topological character of the meronic black hole.

In fact, as the Meron singularity is hidden by the black hole horizon, this effect is only

possible due to gravity. Because of this reason we have referred to it as a gravitational spin

from isospin effect.

In the context of AdS/CFT it is convenient to consider the Klein Gordon equation

for a scalar isospin doublet in the Meron black hole background, and study its behavior

at spatial infinity. The leading term gives the standard relation between the mass of the

scalar and the conformal dimension of the dual CFT operator. At subleading order, a Klein-

Gordon equation on the AdS boundary is obtained. This equation is the same that one

obtains by “squaring” the free Weyl equation for a massive two-spinor on the three-sphere.

No gauge field appears here whatsoever. Therefore, the minimal coupling of the scalar

isospin doublet to the Meron gauge field, plays the role of the connection of a free spinor

to the curvature of the 3-sphere near the AdS5 boundary. As a consequence it seems that,

even the title of a boson or a fermion to a given boundary operator must take into proper

account the topological nature of the bulk fields. Also, because the radial coordinate in AdS

corresponds to the scale of renormalization group in the CFT, the logarithmic dependence

in r that we obtained (see eq. (3.2)) seems to indicate that dual theory must also have a

logarithmic RG flow like the ones found in [52, 53].

Finally, since bound states in the bulk are dual to multi-trace operators in the boundary

CFT, we argued that the bound state of the Meron+Scalar system describes a fermionic

double trace operator in the CFT. An important test would be to check if the boundary

properties of the putative composite field match with those of a double-trace operator in

the 4-dimensional CFT. We are currently working on this and we hope to include it in a

upcoming article.
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A SU(2)

In the fundamental representation, the generators of the su(2) algebra are given by ta = σa
2 ,

a = 1, 2, 3, where σa denotes the Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (A.1)

They satisfy the relations

[ta, tb] = iεcabtc , Tr[tatb] =
1

2
δab , tatb =

1

4
δabI +

i

2
εabctc . (A.2)

The elements of the group SU(2) can be parametrized in terms of the Euler variables

U (ψ, θ, ϕ) = e−iψt3e−iθt2e−iϕt3 , (A.3)

where 0 ≤ ψ < 4π , 0 ≤ θ < π , 0 ≤ ϕ < 2π.

The right and left invariant one-forms on SU(2) are given by

dUU−1 = −iωaRta , U−1dU = −iωaLta . (A.4)

and satisfy the Maurer-Cartan equations

dωaR =
1

2
εabcω

b
R ∧ ωcR , dωaL = −1

2
εabcω

b
L ∧ ωcL . (A.5)

Using (A.3), the components of the Maurer-Cartan forms (A.4) read

ω1
R = −sinψdθ + cosψ sinθdϕ , ω1

L = sinϕdθ − sinθcosϕdψ ,

ω2
R = cosψdθ + sinψ sinθdϕ , ω2

L = cosϕdθ + sinθsinϕdψ , (A.6)

ω3
R = dψ + cosθdϕ , ω3

L = cosθdψ + dϕ .

The group SU(2) is diffeomorphic to S3, which means that the bi-invariant metric on SU(2)

corresponds to a metric on the three-sphere [94] . Therefore dΩ2
S3 can be written in the form

dΩ2
S3 = −1

2
Tr[dUU−1 ⊗ dUU−1] = −1

2
Tr[U−1dU ⊗ U−1dU ] . (A.7)

Using (A.6), it takes the form

dΩ2
S3 = hmndx

mdxn , hmn =
1

4

 1 0 cos θ

0 1

cos θ 0 1

 , xm = {ψ, θ, φ} . (A.8)

The left and right invariant vector fields on SU(2) are given by

ξR1 = − cosψ cot θ∂ψ − sinψ∂θ +
cosψ

sin θ
∂ϕ , ξL1 = cosϕ cot θ∂ϕ −

cosϕ

sin θ
∂ψ + sinϕ∂θ ,

ξR2 = − sinψ cot θ∂ψ + cosψ∂θ +
sinψ

sin θ
∂ϕ , ξL2 = − sinϕ cot θ∂ϕ +

sinϕ

sin θ
∂ψ + cosϕ∂θ ,

ξR3 = ∂ψ , ξL3 = ∂ϕ . (A.9)
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They satisfy

[ξRa , ξ
R
b ] = −εcabξRc , [ξLa , ξ

L
b ] = εcabξ

L
c , (A.10)

and are dual to (2.23), i.e., ξRa (ωbR) = δba = ξLa (ωbL). They can be used to define the

Laplacian on the 3-sphere:

1

4
∇2
S3 = ~ξR · ~ξR = ~ξL · ~ξL =

1

sin2 θ

(
∂2

∂ψ2
+

∂2

∂ϕ2
− 2 cos θ

∂2

∂ψ∂ϕ

)
+

∂2

∂θ2
+ cot θ

∂

∂θ
. (A.11)

where we have adopted the notation ~ξ · ~ξ ≡ δabξaξb.
The definition (A.9) allows one to define two sets of angular momentum operators:

L+
a = −iξRa , L−a = iξLa , [L±a , L

±
b ] = iεcabL

±
c . (A.12)

The operators (L±)
2 ≡ ~L± · ~L±, and L±3 have common eigenfunctions given by the

Wigner D-functions D`
m1m2

(ψ, θ, ϕ) [67], which are equivalent to the hyperspherical har-

monics on S3 [68],

D`
m1m2

(ψ, θ, ϕ) = e−im1ψd`m1m2
(θ) e−im2ϕ , (A.13)

where
d`m1m2

(θ) = |(`+m1)!(`−m1)!(`+m2)!(`−m2)!|1/2

×
∑
k

(−1)k
(
cos θ2

)2`−2k+m1−m2
(
sin θ

2

)2k−m1+m2

k!(`+m1 − k)!(`−m2 − k)!(m2 −m1 + k)!
.

(A.14)

In fact, they satisfy(
L±
)2
D`
m1m2

(ψ, θ, ϕ) = ` (`+ 1) D`
m1m2

(ψ, θ, ϕ) ,

L+
3 D

`
m1m2

(ψ, θ, ϕ) = −m1D
`
m1m2

(ψ, θ, ϕ) ,

L−3 D
`
m1m2

(ψ, θ, ϕ) = m2D
`
m1m2

(ψ, θ, ϕ) . (A.15)

B SO(4)

The four dimensional analog of the usual three-dimensional angular momentum is a tensor

LMN , M,N = 1, 2, 3, 4, which satisfies:

[LMN ,LRS ] = i (δMRLNS + δNSLMR − δMSLNR − δNRLMS) , (B.1)

This corresponds to the so(4) algebra, which is isomorphic to su(2) ⊕ su(2). In fact, by

defining new generators

Mc =
1

2
εabcLab , Pa = L4a , a, b, c = 1, 2, 3, (B.2)

the algebra (B.2) can be written as

[Ma,Mb] = iεcabMc , [Ma, Pb] = iεcabPc , [Pa, Pb] = iεcabMc . (B.3)

Then, the redefinition

L±a =
1

2
(Ma ± Pa) , (B.4)
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leads to two copies of the su(2) algebra

[L±a , L
±
b ] = iεcabL

±
c , [L+

a , L
−
b ] = 0 . (B.5)

The square of the angular momentum operator in the different basis reads

L2 = ~M · ~M + ~P · ~P = 2
(
L+
)2

+ 2
(
L−
)2

= 4 (L±)2 = −∇2
S3 , (B.6)

where L2 ≡ 1
2LMNLMN and ∇2

S3 is the Laplacian of the three-spehere defined in (A.11).

We can identify the su(2) generators L±a defined in (B.4) with the right and left angular

momentum operators defined in (A.12) in terms of right and left invariant vector fields.

This means that the Wigner D-functions (A.13) are also eigenfunctions of L2

L2D`
m1m2

(ψ, θ, ϕ) = l(l + 2)D`
m1m2

(ψ, θ, ϕ) , l = 2` = 0, 1, 2, . . . , (B.7)

which agrees with the fact that ∇2
Sd has eigenvalues l(1 − d − l) when acting on higher-

dimensional spherical harmonics [95]. At the same time, as the Wigner D-functions are

eingenfunctions of L±3 , we obtain the relations

L34D
`
m1m2

(ψ, θ, ϕ) = (m1 −m2)D`
m1m2

(ψ, θ, ϕ) ,

L12D
`
m1m2

(ψ, θ, ϕ) = (m1 +m2)D`
m1m2

(ψ, θ, ϕ) .
(B.8)

C Cartesian coordinates

Using Cartesian coordinates XM , M = 1, 2, 3, 4, the unit three-sphere can be easily de-

scribed. The metric on S3 has the simple form

dΩ2
S3 = δMN dXMdXN , δMNX

MXN = 1 . (C.1)

and its isometry group is generated by the angular momentum operator

LMN = −i (XM∂N −XN∂M ) , (C.2)

which satisfy the so(4) algebra (B.1). Following (B.4), one can use (C.2) to define two sets

of su(2) vector fields:

L±a = − i
2

(
εcabX

b∂c ±X4∂a ∓Xa∂4

)
, (C.3)

from which one can read off the corresponding dual one-forms (A.4),

dUU−1 = −2i
(
εabcX

bdXc +X4dXa −XadX4
)
ta ,

U−1dU = −2i
(
εabcX

bdXc −X4dXa +XadX4
)
ta .

(C.4)

The three-sphere embedded in the complex plane C2 can be parametrized by means of

Hopf coordinates (ζ1, ζ2, χ):

Z1 = eiζ1 sinχ , Z2 = eiζ2 cosχ . (C.5)
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They are related to the Euler variables introduced in (A.3) by ζ1 = (ϕ − ψ)/2, ζ2 =

(ϕ + ψ)/2, χ = θ/2, and allow one to define Cartesian coordinates for S3 by defining

Z1 = iX1 +X2, Z2 = iX3 +X4, which lead to

X1 = sin
θ

2
sin

ϕ− ψ
2

, X2 = sin
θ

2
cos

ϕ− ψ
2

.

X3 = cos
θ

2
sin

ϕ+ ψ

2
, X4 = cos

θ

2
cos

ϕ+ ψ

2
.

(C.6)

It is straightforward to check that , using (C.6), the metric (C.1) is brought to (A.8), while

the su(2) operators (C.3) reduce to (A.12) in terms of (A.9), and the components of the

Maurer-Cartan forms (C.4) reduce to (A.6).

D Massive Weyl spinor on R × S3

A Majorana 4-spinor Ψ in four-dimensional Minkowski space can be written in the usual

chiral representation as

Ψ =

(
ψ

−iσ2ψ
∗

)
, (D.1)

where ψ is a two-spinor satisfying a massive Weyl equation [75–77]

∂tψ − σi∂iψ + µσ2ψ
∗ = 0 , (D.2)

and µ denotes the mass of Ψ. Now we want to generalize this description to the case a

Majorana fermion field defined on the conformal boundary of AdS5 (4.22). Therefore, the

metric has the topology of R× S3 and it can be written in the form

ds2
R×S3 = −dt2 + L2 hmndx

mdxn , (D.3)

where L2 hmn denotes the metric on a three-sphere of raduis L = −6/Λ (see eq. (A.8)). As

we are dealing with curved spatial section, eq. (D.2) must be generalized to

∂tψ − σmDmψ + µσ2ψ
∗ = 0 . (D.4)

Here the matrices σm are not constant, but given by

σm = ema σ
a , (D.5)

where σa are the Pauli matrices (A.1), and ema denote the inverse of the dreibeins on S3,

which can be defined in terms of the right invariant Maurer-Cartan forms on SU(2) (A.4) as

ea =
L

2
ωaR , δabe

a
me

b
n = L2hmn . (D.6)

The covariant derivative on the sphere Dm acts on a spinor in the form

Dmψ = (∂m + Γm)ψ , Γm =
1

8
[σa, σb] e

a
n∇menb , (D.7)
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where ∇m is the covariant derivative with respect to the affine connection on S3.

In terms of (D.1), eq. (D.4) can be naturally rewritten as a Dirac equation in chiral

representation (
−µ i (∂t + σmDm)

i (∂t − σmDm) −µ

)(
ψ

−iσ2ψ∗

)
= 0 . (D.8)

Then, the Klein-Gordon equation is obtained by applying the operator(
µ i (∂t + σnDn)

i (∂t − σnDn) µ

)
(D.9)

on (D.8). Using (A.2), the vielbein potulate Dea = 0, and the fact that on a vector-spinor

χm the covariant derivative Dm acts like Dmχn = ∇mχn + Γmχn, this yields[
−∂2

t +
1

L2
hmn (∇m + Γm) (∂n + Γn) +

RS3

4
− µ2

]
ψ = 0 , (D.10)

where RS3 = 6/L2 is the Ricci scalar of the three-sphere in (D.3).
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