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1 Introduction

Superconformal theories (SCFTs) in various dimensions have been the subject of intense
and recent interest. In particular, the study of (1,0) and (2,0) SCFTs as they arise in F-
theory in 6-dimensions has proven to be a rich arena in which to characterize, explore and in
some cases classify [1-3], possible theories. Furthermore, these 6-dimensional theories pro-
vide higher-dimensional insight into many lower dimensional theories via compactification.

While recent investigations have explored in detail the structure of so-called non-
Abelian “superconformal matter” [2] in F-theory, comparatively less work has been dedi-
cated to investigating possible Abelian sectors and associated discrete symmetries. It is a
goal of this work to take some initial steps in this direction by considering collections of
F-theory vacua exhibiting superconformal structure, Abelian gauge symmetries and on cer-
tain branches in the vacuum space, discrete symmetries. Indeed, in the spirit of [5] we will
explore 6-dimensional superconformal theories coupled to gravity, in this case leading to
non-trivial, discretely charged superconformal matter. In particular, we will provide exam-
ples of F-theory compactifications in which the structure of the global, compact Calabi-Yau
(CY) threefold enforces the existence of discretely charged superconformal matter.

To accomplish this goal, we must explore discrete symmetries as they arise in the back-
ground geometry of F-theory compactifications themselves. It is well known that in string
compactifications, such geometric symmetries can also frequently lead to discrete symme-
tries in the associated physical effective theories. As we will outline in subsequent sections,
there are two primary origins for such discrete symmetries in F-theory geometry. The first
origin is through genus one fibered Calabi-Yau geometries which admit multi-sections only
and hence are linked to a discrete symmetry manifested geometrically via a non-trivial
Tate-Shafarevich (TS) group [6-10] (or more generally a discrete symmetry linking a set of
Calabi-Yau torsors [11]). The second origin is through discrete automorphisms of the full
Calabi-Yau compactification geometry itself (see [5] for examples of singular geometries of
this type in F-theory, in the following sections we will also explore smooth CY geometries



admitting such automorphisms!). The second of these possibilities will prove to lead to
many examples of novel and previously unexplored effective theories and it will be the pri-
mary focus of this work to explore the F-theory effective physics of such compactifications.
Furthermore, as we will argue below, the two geometric origins for discrete symmetries
are intrinsically linked. In particular, in all known cases of smooth fibered CY geometries
quotiented by a free discrete automorphism, it has been observed that they are in fact
genus one fibered, with multi-sections of order n > 1 [12] only.

It will prove useful in investigating these discrete symmetries to begin with their unbro-
ken, Abelian origin. As was done in the case of CY geometries with multi-sections [8, 10, 13],
the simplest window into the effective physics arises from considering Higgsing transitions
in which Abelian gauge symmetries are broken to discrete subgroups via giving vevs to
certain charged matter fields. This Higgsing transition is related in the compactifica-
tion background to a geometric (i.e. conifold-type) transition linking an elliptically fibered
Calabi-Yau manifold with non-trivial Mordell-Weil (MW) group to a genus one fibered
manifold with a multi-section only. In this work, the same Higgsing transitions will arise,
but here we will consider the new scenario in which certain U(1) charged matter fields lie
on curves in the base that are shrinkable to orbifold singularities. Those singular points
correspond to superconformal matter charged under the Abelian symmetry which can be
Higgsed to a discrete remnant.

Such transitions will be illustrated in detail in subsequent sections, but before we
begin, it is worth observing a few facts about the global CY geometries that will lead
to discretely charged superconformal matter. Although Calabi-Yau manifolds admit no
continuous isometries, it is well known that they do admit freely acting, discrete auto-
morphisms and we will explore numerous examples of such symmetries in the following
sections. Unlike previous work [19], we will consider not just isometries of the base to
the genus one fibered F-theory compactification geometry, but rather symmetries which
extend non-trivially to the full Calabi-Yau threefold. These manifolds might be expected
to intrinsically manifest a discrete symmetry in their associated effective theories via the
fact that they are non-simply connected with a discrete first fundamental group.

A standard approach in the literature to build non-simply connected CY geometries is
to quotient a simply connected CY manifold by a freely acting discrete symmetry. Let I' be
a discrete, freely acting automorphism of a smooth, simply connected Calabi-Yau threefold
X. Then the quotient X = X/I' is also a smooth CY threefold with a nontrivial first
fundamental group, m1(X) = I, if the symmetry in question is manifest for a sufficiently
general complex structure. The fact that the quotient manifold X remains? Calabi-Yau [20]
follows from the fact that the canonical divisor is invariant under the action of the group
and is preserved with hj’o(f( ) =0, 0 < j < 3. Since X is simply connected, it follows
that 71(X) = I. Studies of such quotient C'Y manifolds are numerous in the literature
see for example [21], with careful classifications occurring in [22] (quotients of complete

Tt should be noted that there exist many genus one fibered CY geometries admitting such discrete
automorphisms. A first step towards a database of such geometries will be appearing soon [14-18].

*Note that this property does not hold for quotients of CY manifolds of even (complex) dimension which
in general lead to Ind(Ox) # 0 (for example, the Enriques quotient of K3).



intersection manifolds in products of simple projective spaces) and in [23] (which charac-
terized the 16 CY 3-folds constructed as toric hypersurfaces [24] which exhibit non-trivial
fundamental group). Such geometries have played an important role in heterotic model
building (see [12, 25, 40] as well as [26-28] for recent examples), but have not yet been
fully explored in F-theory.

To employ CY quotient geometries in F-theory compactifications, it is necessary that
X admits a genus one fibration. One way to guarantee such a fibration 7 : X — Bis to
require that X itself is either elliptically or genus one fibered over a base B (7 : X — B)
and that the discrete automorphism I' preserves the fibration structure. Examples of
“upstairs” fibered geometries, X, exhibiting appropriate discrete automorphisms leading
to fibered “downstairs” geometries X, will be studied in detail in the following sections.

For now, we will begin by noting that CY quotient geometries appear to exhibit an
interesting and interlinking set of geometric features. Our goal will be to characterize
these features and try to understand their impact of the associated 6-dimensional effective
physics of F-theory over such backgrounds. In this context of quotient CY threefolds, novel
geometrical properties that can arise include:

e The smooth manifold X is non-simply connected (i.e. has a non-trivial fundamental
group, 1 (X) # 0).

e The quotient exhibits torsion in homology. In general for a CY 3-fold, X, non-trivial
torsion can appear in the form of finite Abelian groups A(X) = Tors(H?(X,Z)) and
B(X) = Tors(H3(X,Z)). The latter group, B(X) (the cohomological Brauer group)
is known to play a role in generating discrete gauge groups, Zj, in 5-dimensional
compactifications of M-theory [9]. In general, for CY quotient geometries A(X) # 0

while B(X) may or may not be trivial.

e Discrete automorphisms I' which preserve the fibration structure of X under quoti-
enting (leading to a genus one fibered threefold X ) induce actions on the fiber and
base of X respectively. In general, although I' is fixed point free, the induced ac-
tion I'p will exhibit fixed points, leading to fibrations over generically singular base
geometries 7 : X = B.

e Such orbifold-type singularities in the base geometry have been demonstrated to
lead to superconformal theories (SCFTs) coupled to gravity in the associated 6-
dimensional theories. Singular base surfaces and their associated “superconformal
matter” have been studied in [5, 29].

e Since X is a smooth fibration over a singular base manifold, the fibers of X over
the fixed points in B must necessarily differ dramatically from those of a Weierstrass
model. As we will see below, in many cases the action will give multiple fibers over
co-dimension 2 points in B; the multiple fibers were also classified by Kodaira [30].
A singular fiber E, = Y n;E; is multiple if the greater common divisor of the {n;}
is non trivial, that is E; = mFE., where E! is an effective (reduced) curve; Ej is
singular (non-reduced). In this work E! is a smooth genus one curve. Multiple fibers



have already appeared in the F-theory context [4, 11], where similar quotients of
elliptically fibered geometries have been considered.

e Finally, note that the existence of multiple fibers prohibits the existence of a section
to the fibration 7 : X — B. As a result, any smooth CY quotient over a singu-
lar base surface, must admit at best a multi-section of order n. Such geometries
are well-known to lead to discrete symmetries in the associated 6-dimensional com-
pactifications of F-theory. This raises the interesting question, how are the discrete
symmetries associated to the multi-section and CY torsors (i.e. the symmetries link-
ing the set of CY fibrations that share the same Jacobian, J(X)) related to those
associated to m1(X) and the torsion described above?

In the following sections we will explore the links between these geometric features and
their associated F-theory physics. The main approach in that exploration is to tune in a
section on the quotient geometry X resulting in I' fixed points to collide with the CY hy-
persurface. Those singular points correspond to Lens spaces upon resolution to a fibration
that is smooth and simply connected. Physically, those phases correspond to the tensor
branches of the superconformal theories including Abelian and possible non-Abelian gauge
enhancements which we provide in a number of explicit examples.

The structure of this work is as follows. In section 2 we begin by outlining the ef-
fective, 6-dimensional physics of F-theory with discretely charged superconformal matter.
In section 3 we provide an overview of the main components of this work, including the
explicit Calabi-Yau manifolds underlying these constructions. It should be noted that in
order to make this work relatively self-contained, sections 3.1 to 3.4 provide a brief review
of the main ingredients of our discussion — CY quotient geometries, hyperconifold tran-
sitions, the F-theory physics of multi-section geometries, and superconformal points. The
reader familiar with these topics can skip directly to section 3.5. Section 4 provides explicit
examples/constructions, while section 5 is a summary of our results. Assorted technical
details are provided in the appendices.

2 Coupling discrete symmetries to superconformal theories

To begin, it is useful to consider the physical ingredients of interest — namely a 6-
dimensional SUGRA theory with a discrete symmetry coupled to a (2,0) SCFT subsector
— in the simplest possible set up. To realize this in an F-theory compactification, the most
straightforward possibility takes the form of a generic, singular Weierstrass model. We will
begin with such a geometry before describing the rich network of linked, compact, smooth
(i.e. fully resolved) threefolds giving rise to such physics in sections 3 and 4.

In light of the recent classification of 6-dimensional SCFTs [1, 3] via F-theory, it is
natural to try to recouple those theories back to gravity (see e.g. [5]). In doing so, the
superconformal theory itself is of course lost (by the introduction of the 6-dimensional
Planck scale), however the SCFT can appear as a strongly coupled subsector with locally
enhanced supersymmetry.



In terms of the F-theory geometry such a subsector can be understood as M5 branes
probing isolated C?/T" singularities where I is a finite subgroup of U(2). Furthermore those
models can readily be coupled to additional ADE gauge groups by engineering a divisor in
the base that admits an ADE singularity in the F-theory fiber. Especially interesting are
then the cases when those divisors hit the singular point and therefore modify the SCFT.

The categorization of SCFTs within F-theory arises from a simple geometric interpre-
tation of the tensor branch of the theory via the resolution of singular points (by a chain of
PYs in the base of an elliptically fibered CY threefold®). The power of F-theory lies in the
automatic identification of the ADE singularities in the elliptic fiber over the resolution P!’s
that dictates gauge groups and matter representations of the former (2,0) theory. After
this transition, a field theory description is available where all anomalies are canceled (via
the Green-Schwarz (GS) mechanisms). In this way one can relate the anomaly polynomial
of the (2,0) SCFT with that of the tensor branch [5, 31].

Due to the central role of anomalies in the classification of these theories, it is clear
that they are even more constrained when recoupled to gravity on a compact base where
gravitational anomalies must also be satisfied. This has been investigated in [5] by con-
sidering a singular base complex surface (P?/Z3) coupled to SU(N) theories (realized by
fiber singularities). It should further be noted that parallel to the classification of SCFTs,
significant progress on Abelian (discrete) gauge symmetries has been made in global F-
theory compactifications [6-10, 13, 32, 33]. Hence it is natural to ask if and how Abelian
(discrete) symmetries can be linked to strongly coupled (2,0) subsectors and we turn to
this question now.

2.1 Discrete symmetries in Weierstrass models over a P?/Z3 base

To illustrate these ideas concretely, we will begin by considering the generic Weierstrass
model over a simple P?2/Z3 base as in [5]. The base is given by the coordinates

(0, y1,y2) € P?/Z3 with (yo,y1,92) ~ (Ayo, DsAyr, [3Ay0), (2.1)

where A € C* and I's is a third root of unity. Clearly the discrete I'g action leads to three
codimension two singular fixed points located at

(Y0, y1,y2) = (1,0,0), (2.2)

where the underline denotes permutations and the C* scaling can be used to set the residual
coordinate to one. The most generic Weierstrass model on such a base has to have the

form [5]
Y2 =X+ fa)X + g15(y), (2.3)
with
fz= Y =y fimns 918 = Y GLmmYbyYs (2.4)
I+m+n=12 l+m—+n

3In the following we will always assume that the (2,0) theory admits a tensor branch. Theories with
terminal singularities on the other hand have recently been considered in [34, 35].



such that f and g are Z3 invariant sections. The complex structure coefficients in (2.4) can
be readily verified to give 95 parameters. Subtracting the three C* scalings results in 92
free complex degrees of freedom.

This generic theory admits no gauge symmetry but admits three orbifold fixed points
in the base. The (2,0) theories hosted at the orbifold fixed points in this case are referred
to as Ag theories (so-called as this is the type of geometry seen after blowing-up of the
singular orbifold base to a smooth dPg surface).

Upon resolution of the singularities in the base, the resulting Weierstrass model over
the blown-up base stays smooth and there is no additional gauge symmetry. Physically we
can think of the contributions from the singular points as that coming from stacks of three
coincident M5 branes minus a free (2,0) tensor [5]. Thus this actually contributes to the
anomaly as two free (2,0) tensors. As a result, the only remaining anomalies that must be
checked are the gravitational ones, given as

gravt : H —V 4 29T + 30n, — 273 =0, (2.5)
(grav?)? : 9-T—ns— (K;')*=0, (2.6)

where as usual H,V and T refer to the number of hyper, vector and tensor multiplets and
ns denotes the multiplicity of (2,0) tensors (each of which can be thought of as a (1,0)
tensor and neutral hyper and in our example there are n, = 3 x 2 of these). K, ! refers to
the anticanonical class of the base complex surface. Note that we do not have any (1,0)
tensor multiplets in this geometry since T = h'!'(B) — 1. Nor do we have any vector
multiplets. After the inclusion of the universal hypermultiplet, it follows that H = 93
so that the first anomaly is solved. Furthermore, the reducible gravitational anomaly is
canceled by noting that

K, ' =3H, and (K;')*=3, (2.7)

on the quotient geometry.

As described above, moving to the tensor branch of the (2,0) theory amounts to
resolving the three fixed points of the singular base variety. Each singularity requires
the addition of two P's and hence yields a smooth (non generic) dPg base as depicted in
figure 1. For this new phase of the theory (equivalently geometry) we have ns = 0 and
T = 6 as well as 99 neutral hypermultiplets to cancel all anomalies.

2.2 Tuning discrete symmetries: multi-section geometries

With this generic Weierstrass model in hand, it is now possible to consider the addition
of a discrete symmetry and to ask how it can be coupled to the (2,0) theory. Engineering
discrete symmetries is a priori possible by considering genus one fibrations with multi-
sections and we review the basic geometry briefly here.

Discrete symmetries in F-theory can be associated to sets of genus one fibrations
that share a common Jacobian. Thus, there exist collections of linked CY geometries
— more precisely, n — 1 equivalent genus one fibrations that have no section but only n-
sections. Those geometries can be collected together to elements of the Tate-Shafarevich



Figure 1. Intersections of toric base divisors for a P?/Zs3 base, before and after blow-up. Singular
points and their blow-up divisors are highlighted in red.

(or more generally the Weil-Chéatelet group of CY torsors [11]). Each element of the
group is a genus one fibration with the same axio-dilaton profile 7 as in the Jacobian
threefold and therefore describes equivalent F-theory physics. However in the dual 5-
dimensional M-theory compactifications over the same CY geometries, each background can
be distinguished by n different discrete choices of three-form flux, C3 (where the Jacobian
CY threefold with fiber Jac(C) denotes the trivial choice).

The key to understanding the physical relationship between the collection of CY geome-
tries lies in the charged matter visible in the geometry with a section. It is this background
where the physical theory is most easily determined. The Weierstrass model of the corre-
sponding Jacobian admits codimension two non-crepant resolvable singular Is fibers where
matter charged under a discrete remnant of a broken U(1) is localized. In the physical the-
ory, a geometric transition between the geometry with enhanced Mordell-Weil group and
those with multi-sections arises via a Higgsing transition in which a non-minimally charged
hypermultiplet, 1,,, acquires a vev and breaks a U(1) symmetry to a discrete subgroup.

The Jacobian Weierstrass models which can connect the theories with Abelian gauge
symmetry and those with discrete gauge groups come in a highly specialized form, as
one can see from the Weierstrass coefficients f and ¢ given for three relevant cases in
appendix D. From the point of view of a generic Weierstrass model over a given base,
these Jacobians take the form of a tuned point in complex structure moduli space. For
concreteness, we will illustrate these ideas here with the tuning of a discrete Zz symmetry
corresponding to the Jacobian of a geometry in which the fiber is a cubic in P2, giving rise
to a multi-section of order 3. Such a fiber is given by the vanishing polynomial

P = S1T3+ Sox2x1 + S330x + S425+ s5xET0+ SeT0T1To+ STXI T+ S3TOTA+ SoT LA+ 5102
(2.8)

where s; are functions of the base coordinates.



For the case of such a cubic fiber, the Weierstrass coefficients f and g of the Jacobian
can be expressed in terms of the ten sections s; of the base, given in appendix D. Con-
structing this model over the P? /Z3 base it is important to note, that only f and g have to
be Zs invariant sections but the individual s; do not need to be. We will return to this point
in a moment, but for now we begin by choosing the invariant combination for all sections
that transform as s; € K;l. From the action given in (2.1) the s; have to be of the form

8 = ai1ye + ai2ys + aizys + biyoy1ys - (2.9)

Hence there are 40 non-vanishing coefficients a; ; and b;. Subtracting the C* scaling of the
base for all ten §;, minus the one of the Weierstrass function yields 29 complex structure
moduli. Using the Weierstrass coefficients f and g the discriminant

A =4f34+27¢%, (2.10)

is a long non-factorized degree twelve polynomial in the §; and therefore no gauge enhance-
ment is present. By anomaly considerations alone, such a theory must contain 63 additional
discrete charged singlets counted by codimension two I singular fibers. Indeed, for this
type of fibration, the amount of discrete charged hypermultiplets has been computed [6]
for a general base and its multiplicity is given as

So=87=K !
Hiy : 3(6(K;Y)? — 82+ 8189 — S3+ K; (S +8o)) T = * 63, (2.11)

The S7 and Sy are the bases classes of their respective sections s7 and sg in the Weierstrass
form and equivalent to the canonical class K- ! as stated before reproducing the correct
number of discretely charged fields.

Up to this point we have tuned a Zj3 gauge symmetry by choosing a special form of
the elliptic fiber over the P2/Z3 base, but we have not considered its impact on the three
orbifold (2,0) points. If the discrete gauge symmetry were associated to a particular divisor
in the geometry, we could simply check its intersection with the (2,0) points which would
hint at a possible modification of the As theory. However, such an understanding for a Zg
divisor is still lacking.? Instead, we can try to explicitly check for any modification of the
(2,0) theory by going onto the tensor branch and looking for additional gauge and matter
degrees of freedom over the resolution divisors F;; for ¢ = 1...3 and j = 1,2 defined
by €ij = 0.

The resolution of the orbifold fixed points in P?/Zs3 yields a dPg base surface and
in such a case the Weierstrass sections s; given above are replaced by the generic four
monomials in the anticanonical class of dPg:

; 2 2 3 2 2 .3 2 2 3
5; = €2,1€3 9€3 1€32Y 0,1 + €] 1€1,2€31€3 oY1 G; 2 + €1,1€71 263 16221

+ e1,1€1,2€2,1€2,2€3,1€3 2Y0Y1Y2b; (2.12)

4Some progress was made by taking the IIB limit of Mordell-Weil U(1) symmetries and discrete gauge
symmetries in [36].



From the counting, we find the same 40 non-vanishing coefficients reduced by five C*
scalings which results in 35 complex structure coefficients, a counting we will reconfirm in
the equivalent genus one geometry in appendix A.

Analyzing the discriminant A over the blow-up loci e; ; = 0 reveals no codimension one
nor two singularities as the sections §; are non-vanishing over any of the resolution divisors
above. On the other hand, there remains the unchanged relations of the base sections and
their intersections as

S =8 =K, with (K, ')?=3. (2.13)

Thus, we find once again that all gravitational anomalies in eq. (2.5) are canceled. Moreover
it is clear that there are no additional gauge symmetries nor matter multiplets appearing
over the (2,0) tensor branch.

To summarize, beginning with a generic Weierstrass model over P2/Zj3 it is possible
to tune the complex structure to make manifest a connection to a multi-section geometry
with a Z3 symmetry. In doing so, we find that generically the three superconformal points
in the base geometry carry through this tuning largely unaffected. That is, we have thus
far considered a supergravity with three (2,0) Ao points which we coupled to a discrete
symmetry without coupling/charging the Ay points to the discrete symmetry. It remains to
ask then, what happens when such a coupling does occur? We turn to this possibility next.

2.3 Coupling discrete multiplets to the tensor branch

In the following our goal will be to minimally tune the complex structure moduli of the
Weierstrass model over dPg given above such that we find discrete charged singlets residing
exactly over the resolution divisors. Once this tuning has been achieved in the tensor
branch (i.e. resolved base geometry) of the theory, we can then take the singular limit to
go back to the strongly coupled theory. The global features of the associated Zs multi-
section geometry, the singular Jacobian and its resolution will be described in detail in
section 4.1, however here we will begin with a brief overview of the physics associated
to a simple, tuned Weierstrass model. It should be noted that such a tuning is not in
the smooth moduli space of deformations of the generic Weierstrass model over dPg and
instead will correspond (under resolution of singularities) to a topologically distinct Calabi-
Yau threefold.

In order to tune discrete charged singlets over the resolution divisors E; ; we have to
tune the sections s; such, that we obtain an I fiber at e; ; = 0 plus another constraint. A
strategy to search for such a model is to tune the §; to factor as

Sk= ey, (2.14)
i’j

with powers n; j . and the djy some residual polynomials, such that the discriminant becomes
of the form

A= (Zei,j) (P(dk) + Q(dk)0<zei,j>) ; (2.15)

i,j (2]



and transforms as a section of K~ 12 of the dPg base. In this way we obtain an I; fiber
over E; ; enhanced to the desired Iy loci over E,,,, as well as P = 0. An exhaustive scan
for such solutions is beyond the scope of this work but one solution is given as

51 = ej1ez,1e3,1d1, 52 = e11€12€21€22€3 1€32d2 , 53 = €1,1€1 2€2 1€22€31€32d3,
Sy = 617262726372d4, S5 = 617162716371(15, 5S¢ = dg, (2.16)
57 = e12e20e32d7, 83 = dg, 59 = dy, 510 = dio,

where the residual polynomials d; are given explicitly in appendix B. In this case we
find 31 generic coefficients that get reduced by the C* scalings of the dPg base to 26
complex structure degrees of freedom. It should be noted that under this tuning, the
equivalences between various sections §;, no longer hold. That is, written as bundle relations
St # Sy # K ! which can be explicitly read off from the expressions given in appendix B.
In order to check for the multiplicities we can use the toric intersections of the dPg base
as given in figure 1 or equivalently by its Stanley-Reisner ideal:

SRI : {yoy1, Yoy2, Yoe1,1,Yoe1,2, Yo€2,1, Y0€3,2, Y1€2,2, Y2€2,2, €1,1€2,2, €1,2€2 2, €2,2€3 1,
€2,2€3,2, Y1€3,1,Y2€31, €1,1€3,1, €1,2€31, €2,1€3.1, Y1Y2, Y1€1,2, Yy1€2,1, Y2€1,1, (2.17)

€1,1€2,1, €1,1€3,2, Y2€3,2, €1,2€32, €2 1€32,€12€21} ,

and using the linear equivalences of dPg

[yol ~ [y2 +1/3e11 +2/3e12 +1/3e21 — 1/3e22 —2/3e31 — 1/3e3 2],

(2.18)
[Z/l] ~ [yQ — 1/36171 + 1/36172 + 2/36271 + 1/36272 — 1/36371 — 2/36372] R
to deduce the relations
Sy ~[3y2 + 1/361,1 + 5/361,2 + 4/362,1 + 2/362,2 — 2/363,1 — 1/363,2] R (2 19)

Sy ~[3y2 + 2/36171 + 7/361,2 + 5/36271 + 4/362,2 — 1/363,1 + 1/363,2] ,
which admit the following linear equivalences

2K, ' — 87 — Sy ~[e11 + e21 + €3],
287 — Sg — K;l N[€172 + eg2 + 63’2] , (2.20)
289 — Sy — K; ' ~[e11 +ea1 +esiers+e2r+e3o],

and intersections
S, = 8K, = (K, ) =3, $:81=88=1, &8 =2. (2.21)

This information is enough to deduce the discrete charged hypermultiplets via (2.11) which
yields the following spectrum

Representation | Multiplicity
1 72
! (2.22)
19 27
T 6
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Figure 2. Matter locations of the second Z3 model and its tensor branch where additional discrete
charged hypermultiplets reside. Note that the blow-ups are at non-generic points leading to a
toric dPg.

By direct comparison with the matter content given in the previous subsection we find that
nine neutral hypermultiplets have been exchanged for nine discrete charged hypermultiplets
and hence all anomalies are canceled again. Moreover these additional hypers are located
exactly over the siz resolution divisors as the discriminant is precisely of the form (2.15)
with the polynomial

P = (—dyod} — dgdrd? + dad3 + ddgdy) (2.23)
which is a section in the homology class of the base
[P1] ~ [yo +y1 +y2 + 3K, '] (2.24)
The multiplicity of the matter can be evaluated by using the intersections
Ei1FEis =1, E ;K '=0, Eijlyo+y1+y2] = 1. (2.25)

In section 4 we consider the fully resolved geometry and confirm the factorization of the
genus one fiber over the above loci explicitly.

In summary we have presented here a tuned fibration with exactly nine additional
discrete charged hypermultiplets located over the three loci of the former Zg fixed point as
depicted in figure 2. Those additional hypermultiplets come at the cost of nine complex
structure degrees of freedom as dictated by anomaly cancellation.

2.3.1 Going back to the strong coupling geometry

Our goal remains to understand how the charged matter described above interacts with
the superconformal sectors of the theory in the limit of a singular base. To accomplish this,
we must consider the geometry above as we go back to strong coupling by blowing down
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the exceptional divisors F; ; within the dPg base. In doing so we note that the sections 5;
are now all degree three polynomials in the P3/Z3 coordinates y; and therefore transform
in their anticanonical class K- ! just as in our first model presented in subsection 2.2.
However, unlike in that geometry, here the sections are generically not invariant under the
Zs3 action anymore but transform homogeneously under the Zs action

wn (G Tl o )

(2.26)
A T 3l g

where the superscript denotes the power of I'g it transforms under. However from the
Weierstrass coefficients we see that f(5;), g(5;) and A(S;) are still Zs invariant combinations
and therefore our Weierstrass fibration is well defined. Note that we can add three more

polynomial deformations 5aiyf’ to the polynomial s%%) = byoy1y2 as

s\ — st + daoyd + dary? + 0y, (2.27)
that respects the C* scaling and Zs transformations of the base and must be added as
complex structure degrees of freedom. Summing up we obtain 26 + 3 = 29 independent
complex structure deformations. Turning back to the charged spectrum we have to read
off the classes of sections sy and sg again that are of the form

2 _ 2 2 2

87 = a14Yoyq + a23ypy2 + asoyiys ,

(1)

) ) , (2.28)
S¢  =a16YpY1 + a25Y1Y2 + a32Y0Y3

which vanish over the orbifold singularities and hence their associated classes S7 and S
are not Cartier divisors. As both sections are degree three polynomials we denote their
classes as 87 = Sg = K~ ! by abuse of notation. We must however keep in mind that
they are not Cartier divisors, consistent with their change in intersection numbers upon
blow-up, a fact we discuss in more generality in section 3.5. Using then the self-intersection
(I(Ijl)2 = 3, we compute the spectrum by equation (2.11) of subsection 2.2 to 63 discrete
charged hypermultiplets, exactly the same amount as in the first model. Therefore we find
the count of all massless degrees of freedom of both models to match exactly, including the
contribution of the three A9 theories consistent with all anomalies.

This spectrum provides a puzzle that we will investigate in the following sections: both
theories are 6-dimensional SUGRA theories coupled to a Zs discrete symmetry and three
strongly coupled As (2,0) SCFTs with the same amount of massless degrees of freedom.
One is thus tempted to say that they are identical theories with the only difference, in
terms of the Weierstrass model, that the sections 3; are Zg3 invariant in the first model and
covariant in the second. Intriguingly however, when we go to the tensor branches of both
theories we find additional discrete charged states in the second theory which is not the
case in the first and hence the second Aj is charged under the discrete symmetry.

To alleviate this puzzle, in the remainder of this work, we will consider the fully
resolved genus one fiber of this (and other models) that can be described as the following
hypersurfaces:
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1. First Model: genus one fibration as anticanonical hypersurface P C (P? x (P?/Z3)).
The discussion of the smooth tensor branch geometry can be found in appendix A.

2. Second Model: genus one fibration as anticanonical hypersurface P C (P? x P?)/Zs.

In fact the quotient in the second model extends to a full free action on the genus one
fibered Calabi-Yau with a multiple fibers over the fixed points. In addition we show that
the tensor branch transition in the second case is obtained by a resolution of a Lens space.
The above and other examples are presented in section 4. As we will see, the structure
of the global Calabi-Yau geometry encodes important differences in the superconformal
sectors of the theories.

3 Quotient manifolds and hyperconifold transitions

In this section we consider the general construction of smooth genus one fibered geometries
that have the generic properties presented in the previous section. As will be described
below, the geometries that encapsulate the special structure of discretely charged super-
conformal matter described in section 2.3 have a number of remarkable features, most
importantly they can be described as a smooth quotient of a Calabi-Yau threefold by a
freely acting discrete symmetry. In addition, they are non-simply connected and the genus
one fibrations exhibit multiple fibers in co-dimension 2 as described in section 1. In ad-
dition, unlike in cases previously considered, transitions between a multi-section geometry
displaying a discrete symmetry and the “un-Higgsed” U(1) geometries are not realized
as ordinary conifold transitions, but rather as so-called “hyperconifold transitions” in the
sense of [37].

To clearly define these compact quotient geometries, we first review the general con-
straints for the covering space threefold X, and recall the properties that Calabi-Yau
quotient geometries obey. In addition, in the context of U(1) Higgsing transitions in 6-
dimensional F-theory it is useful to provide a brief review of the physics associated to genus
one fibrations and we do this in section 3.3. There we will highlight the appearance of Z,
discrete gauge symmetries and (2, 0) superconformal sectors, realized as Z, singularities in
the base.

With these results in hand we are in a position at last to study in detail the tensor
branch of those (2,0) theories which differs by those of standard A,,_; theories by a coupling
to the discrete gauge symmetry, which is why we denote them as A,,_1. The tensor branch
of the A, _1 theories is obtained by hyperconifold resolutions that replaces a Lens space
in the threefold with a chain of P!’s in the base with discrete charged hypers over them.
In section 3.6 we show that the full 6-dimensional anomaly cancellation is satisfied on the
quotient geometry including the contribution of A,,_1 (2,0) subsectors.

3.1 Construction of genus one fibered quotient threefolds

In this section we briefly review the construction of non-simply connected, smooth torus-
fibered Calabi-Yau threefolds, X, and their properties. Manifolds such as these have
played an important role in smooth heterotic model building where symmetry breaking
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is achieved via discrete Wilson lines (see e.g. [12, 38, 40]), but have not yet been sys-
tematically employed in F-theory. At present, no systematic characterization of such CY
threefold geometries exist, but classifications have been completed for several important
datasets, including toric hypersurfaces [23] and also complete intersections in products of
projective spaces [22, 39].

In these known constructions X is obtained by using a freely acting discrete automor-
phism I, to quotient a covering Calabi-Yau manifold X as

X =X/T,. (3.1)

The topology of X is fully specified by that of X, with Ind(X) = Ind(X)/|T'| and
H{(X,TX) = H! (X,TX) and the Chern classes and intersection numbers likewise de-
scending (see [38] for a brief review).

In the present context, since we hope to employ such geometries in F-theory, we also

require in addition that both X and X exhibit a fibration structure

T2 5 X
7 (3.2)
BCOV .

Those conditions put some constraints on the action of I',, and its form which we will re-
view [12, 40] in the following. Concretely, it is necessary for I';, to preserve the holomorphic
volume form, to preserve the fibration 7 and to act freely on X such that X is also smooth
and non-simply connected. In particular, to accomplish the second requirement we will
assume that I',, is a composition of a fiber and base action

=Ty 50y, (3.3)
that are compatible with the fibration, as

T2/Fn,f — X/T'y,
i (3.4)
Bcov/rn,b .

In general, the action on the base I';, ;, will be not free and admit fixed points,® leading to
singular base manifolds for the genus one fibration.

The smoothness of the total CY geometry can be preserved despite the above singular-
ities in the base by novel structures in the fiber. In the examples considered here, the fibers
above the orbifold fixed points become multiple fibers — that is the fiber is a non-reduced
curve of the form n€ where n > 1 and £ is a smooth genus one curve (equivalently, the
fiber above the orbifold fixed points in the base is everywhere singular). We will explore
this in more detail in the examples of section 4 and in appendix E.

For this work we restrict ourselves to cyclic group actions for I' and, following the
characterization in [12], we consider separately the case of an elliptic fibration with (1) an
elliptic fibration with a rational section and (2) a genus one fibration with multi-section:

5 . . . . . . .
°Note, an exception involves cases in which the base of the fibration is an Enriques surface.

— 14 —



1. X is an elliptic fibration with a zero section o(sg). In this case, since the action of the
symmetry must preserve the “horizontal” and “vertical” decomposition of divisors
within X, we expect that the discrete symmetry should map sections to sections.
That is, I';,  should act as a translation acting on the fiber [11, 41]. The fiber over
the fixed points is smooth, and this translation is possible provided that the fibration
has additional n-torsion sections o (s, ); the I', ¢ acts as

Lpp(0(sm)) = 0(Smt1) for m mod n. (3.5)

In other words, we require that I',,  is an homomorphism of the torsion part of
Mordell-Weil group of the elliptic fiber; for example

So — Sg+S1...+ 81, (36)
—_——

m times

with '+’ denoting addition under the Mordell-Weil group law and s; as the torsion
generator. We note that the torsion part of the Mordell Weil group leads to the
presence of some ADE gauge algebra G with some Z,, sub-center [42-44]. The global
gauge group G of the fibration X is modded by the sub-center and becomes non-
simply connected with first fundamental group of 71 (G) = Z,,.

As this translation does not preserve the section [12] the resulting quotient geometry
X only admits a multi-section s of order n resulting in a genus one fiber, C, as

st s ~msy, with s™.C=n. (3.7)

Moreover the cyclic group action identifies all resolution divisors E; of the gauge
algebra G, that are intersected by some torsional section [12] reducing the total rank
of the gauge group of X. Note that this quotient® reduces the total gauge group.
On the other hand, the presence of multi-sections suggests the presence of a discrete
symmetry on X.

2. X is a genus one fibration with a multi-section of order n and no section. Once again,
the discrete symmetry must factor into an action on the fiber and base in such a way
that the fibers should not acquire fixed points. The natural candidate is a discrete
Z,, rotation that acts cyclically on all n-sections, as the action should be free, as
illustrated in figure 3 and the fiber becomes a multiple fiber of order n in all known
examples [18].

Thus to summarize, taking a free Z, quotient on X that preserves the fibration yields a
geometry which is

e genus one fibered,
e fibered over a singular base manifold By, = B/I'y, 5,

e non-simply connected with m(X/Zy,) = Zy,.

fSimilar observations have been made in the context of Little String theories after a fiber-base duality [11]
and used in [19].
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Figure 3. Depiction of the fiber rotation over a fixed point in the base. ~, ; acts as a discrete
fiber rotation that rotates the n solutions of the n-section s on the covering space to avoid fixed
points on the fibers (note that locally this is equivalent to a translation on the fiber).

For simplicity, in this work we will focus primarily on quotients of the second kind, although
many of the following results and relations can be extended to quotients of the first type
as well.

3.2 Hyperconifolds and Lens spaces

The results of the previous section make clear that in order to study F-theory on quotient
Calabi-Yau geometries it is necessary to consider multi-section geometries. In order to
describe the physics of such backgrounds, we must also be prepared to discuss transitions
linking elliptic fibrations with section to genus one multi-section fibrations — physically
realized as a Higgsing process that breaks a U(1) theory to a discrete remnant. In this
subsection, we investigate such geometric transitions within quotient geometries.

For the quotient geometries of the previous section, by construction X is smooth and
the fibers over the singular fixed points in the base are fixed point free and so-called
“multiple fibers” (non-reduced, everywhere singular curves). This smooth multi-section
geometry can be connected to a fibration with section via a geometric transition.

This geometric transition must include a singular geometry from which both the genus
one and elliptically fibered geometries are “visible” — as a deformation or resolution of
the singularity, respectively. Beginning with the multi-section fibration, this singular point
can be reached via a complex structure deformation that allows a Z, fixed point in the
ambient space to hit the CY hypersurface. This tuning and the subsequent resolution
of the singularities is known as a hyperconifold transition [37] which we review here for
completeness, following [45].

A standard conifold transition [46] can be represented in local coordinates y; € C* as

p=y1ys —y2y3 =0. (3.8)

This nodal defining relation represents the cone over S2 x S? which can either be deformed
to an S3 for p — p + s or to an S? via a small resolution.
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In the case at hand, it is possible to consider such a conifold transition under the action
of a discrete symmetry, Z,, and a quotienting of both sides. The inclusion of a Z,, action on
the coordinates and the subsequent quotient makes this a hyperconifold transition [45, 47]
by the additional action

(ylu Y2,Y3, ?/4) ~ (Fylu Fky?: FikyS) F71y4) ) (39)

with T' = 2™/ and n an k being co-prime. Hence the above action does not result in a
standard three-sphere, when we go to the deformed phase, but a free-quotient of it, namely
a Lens space L(n, k).

This difference can be seen by a matrix parametrization of (3.8) as

p=det(W) with W= (g; ‘Zﬁ) : (3.10)

and then rewriting W in terms of a triple (r, X, v) [48] with radial coordinate r, the matrix
X € 8U(2) ~ 83 and v € C? with |v| = 1 representing a point on P!. In this parametriza-
tion we can write

W =rXvv', (3.11)

with the transformation law in eq. (3.9) acting as

' 0 1 0 1 0
X—><0F_k>X<OPk_1>, v—><0r1_k>v. (3.12)

Put differently, the action on the S3 in terms of complex coordinates 2,2z, € C? with
|20/ + |21|> = 1 can be written as

(20,21) = (T'z0, T "21). (3.13)

which is a free action” and defines the aforementioned Lens space L(n, k).

The resolution side of the hyperconifold can also be considered which leads to the
addition of n resolution divisors. This can be seen by first considering the toric diagram
of the hyperconifold when going to homogenous coordinates of (3.8) with

Y1 = 2123, Y2 = 2124, Y3 = 2274, Y4 = 2274, (3.14)
which admits the C* scaling
(21, 22, 23, 24) ~ (Az1, A\ 122, Azg, A hzy), (3.15)

encoded in the toric diagram depicted in figure 4 where each coordinate represents a 1-
dimensional cone v; € N = Z3. The toric diagram is spanned by the fan of 1-dimensional
cones

¥y :{v1 =(1,0,0),v2 = (1,1,0) ,v3 = (1,0,1) ,v4 = (1,1,1) }. (3.16)

"The action on the P! is a simple rotation.
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Figure 4. The toric diagram of the conifold on the left and its Zs quotient on the right. The
deformation phase corresponds to the twisted S of the Lens space L(3,1). Its resolution requires
two exceptional divisors, represented by points in the interior of the parallelogram.

The quotient that acts on the conifold in equation (3.9) can be understood [45] as a refine-
ment of the base lattice N which we represent by the new basis

N’ :{(1,0,0),(0,1,0), (0, —k/n,1/n)}, (3.17)
such that in this new basis ¥; has coordinates
¥ =1{(1,0,0),(1,1,0), (1,k,n), (1,k +1,n)}, (3.18)

depicted schematically in figure 4. As the volume of the parallelogram in the (y, z) plane
has volume n, it is easy to see that we need n — 1 additional exceptional divisors F; for
a full resolution of the space. Performing the full regular star triangulation introduces 2n
additional 3-dimensional cones to the original diagram.

This toric description provides everything we need to obtain the change in the Hodge
and Euler numbers in a hyperconifold transition X — X. As the Euler number is the
number of top dimensional cones, we find

V(%) — (%) = 20,
hl,l X —hl’l X) = —n,
hllgf(; - hllg)?g — 1 (3.19)
m(X) = m(X)/mi (L(m, k) = 1.

The change in complex structures is derived from y = 2(h'"! — h?%!). Moreover, in going
to the resolution phase Y we have lowered® or eliminated the fundamental group of X by
deleting the Lens space L(n,k) and adding in resolution divisors [45]. That is, X is in
general simply connected.

8In general it can happen that only an Z,, singularity hits X and therefore reduces only a subgroup of
the fundamental group on X: m1(X) = Zy /..
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It is also possible to relate some triple intersection numbers across a hyperconifold
transition

C/Z\K,L,M = BKBLBM, and dK,L,M = DKDLDM, (3.20)

from those on X to those on X. For this we distinguish the following sets of divisors on X
and X respectively

Dy :{Do, Dy}, and Dy :{Dy, Dy, Ei} . (3.21)

The Cartier divisors ﬁa on X do not intersect the conifold point upon tuning and stay in
the same homology class [D,] on X and therefore do not change intersection numbers. As
the ﬁa miss the conifold, they also miss the resolution divisors F; on X and therefore we
have intersections

di,a,o/ = di,j,a = 0, da,o/,a“ = da,a’,a” . (322)

The divisors lA?m on the other hand are not Cartier and have altered intersection numbers
upon blow-up. In particular the zero-section Dy or its multi-section analog [6, 9] is a divisor
of this type which we need in order to deduce the intersection pairing of the base

d07a,ﬁ = Qaﬁ, (3.23)

relevant for 6-dimensional anomaly cancellation in section 3.5. From that point of view it
is clear that the intersection matrix on Y obtains a block diagonal form as

doai = Qia =0, and dy;y = Q4. (3.24)

Having summarized the properties of generic free quotients of CY manifolds and hy-
perconifolds, we now have to specialize to the case of a genus one fibered quotient geometry.
Suppose there exists a projection 7 : X — B, down to a possibly singular base Bg.y,.
In this case the second base homology Hs(Bgp,Z) is generated by the divisors Dlr’n in the
image of the projection m. Some of these can be non-Cartier divisors that, however, can
be Cartier on By, i.e. they can avoid orbifold singularities on Bg,. Note however that,
by construction the full fibration is smooth but with multiple fibers over the fixed points.

As we are considering elliptically or genus one fibered threefolds we distinguish how
the local fan EE’;)) of the hyperconifold restricts to the base under the projection, :

1. ZE?)) restricts to a local fan
b
SO o = (1,0), 00 = (1,0}, (3.25)
which is an A, singularity in the base. In this case all resolution divisors E; are

horizontal and restrict to base resolution divisors increasing hl’l(Borb) resulting in
n — 1 additional tensor multiplets.
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2. 281)) restricts to a single vertex in Bg.p,. In such a case the A,,_1 singularity is purely
in the fiber and we have added an SU(n) gauge symmetry with F; being vertical
resolution divisors.

3. ZE?)) restricts to m divisors in the base only, with n — m resolution divisors of gauge
algebras over them. This case is a combination of the last two cases.

In this work we mainly consider transitions of the first type and comment on those of the
second type in some examples.

3.3 The F-theory physics of genus one fibrations

In the previous section we reviewed the geometry of hyperconifold transitions in quotient
Calabi-Yau geometry. It is our goal to employ this geometry to model U(1) Higgsing
transitions that involve discretely charged superconformal matter. Before beginning this
analysis though, it is useful to review briefly the physics of “ordinary” U(1) Higgsing
transitions in F-theory, realized via conifold-type transitions.

Cyclic symmetries Z,, are known to be generated in F-theory via compactification on
a geometry with an n-section of the fiber C [10]. In all known examples, it can be observed
that the n-section geometry can be linked by a chain of conifold transitions to an elliptic
fibration with n additional linearly independent rational sections (these sections will give
rise to a rank n sublattice of the Mordell-Weil group). The transitions” un-Higgs the Z,
to a U(1)" gauge symmetry.

In this picture, the last Higgsing U(1) — Z, is of particular interest, triggered by the
vev of ¢ = n U(1) charged hypermultiplets in 6-dimensions. There is an intricate and beau-
tiful interplay between the threefold geometry, the physics of the 5-dimensional M-theory
and its 6-dimensional F-theory uplift which we have depicted in figure 5. The central ge-
ometric object is the singular geometry X with a conifold singularity which admits both
a small resolution and a deformation, leading to two topologically distinct, smooth three-
folds. The resolution side represents a collection of several elliptic fibrations Y;, related by
flop transitions and a free Mordell-Weil group of rank one. In the 5-dimensional M-theory,
where we have the additional circle U(1)g, those vacua represent different realizations of
holomorphic curves with the same U(1) 5y charge but different KK U(1)g charges [7, 33].
Indeed, shrinking the differently realized holomorphic curves and then deforming realizes
n different sets of genus one fibered geometries X; with n-sections only, that all share the
same Jacobian J(X;) = Xy. The set of all these geometries can be collected to a group,
together with an action on the geometries g; that forms the group of Calabi- Yau torsors,
known as the Weil-Chatelet (WC) group [49]. Commonly in the F-theory literature, the set
of CY torsors reduces to a subgroup of the WC group, known as the Tate-Shafarevich (TS)
group II( X, C) which admits a Z,, subgroup. The difference between the Weil-Chatelet and
Tate-Shafarevich groups is frequently negligible, but in the case of CY fibrations admitting
multiple fibers in co-dimension 2, the difference can become significant.

9Note that one U(1) un-Higgsing can involve multiple conifold points.
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Figure 5. Graphical summary of the transition of genus one fibered threefolds X towards an
elliptically fibered geometry Y with enhanced Mordell-Weil group described in 3.3. Depicted are the
geometric transition above and the 5-dimensional M-theory and 6-dimensional F-theory lifts below.

In 5-dimensional compactifications of M-theory on these sets of geometries, there exists
a beautiful match between the CY torsors and the collection of holomorphic curves C; with
charges (n,4) under U(1)mw x U(1)p that can become massless and induce a non-trivial
flux & = % along the circle in the resulting geometry. Thus we see that only one geometry,
the Jacobian, admits a full U(1)y x Zs symmetry after Higgsing, triggered by the veved
field which geometrically does not intersect the zero-section. The other geometries without
sections correspond to U(1) theories with non-trivial flux { = % labeling the various M-
theory vacua.

It is important to note that only one geometry in this collection, the Jacobian, admits
non-trivial torsional three-cycles [33] whereas the genus one geometries do not. The torsion
appearing in the Jacobian plays a clear role in discrete flux backgrounds in M-theory [9, 50]
and mathematically is an element of the cohomological Brauer group, B(X). It is important
to note that this finite group is one of only two types of cohomological torsion available
in CY threefolds. The universal coefficient theorem guarantees that Tors(H;(X,Z)) ~
[Tors(H*'(X,7Z)] [23]. Moreover, there is no torsion in H%(X,Z) = HS(X,Z) for CY
manifolds. The non-trivial structure occurs then as B(X) c H3(X,Z) (which gives also
rise to a finite group B* in H*(X,Z)) and torsion A(X) in H?*(X,Z) where A(X) is a
finite Abelian group (with A* appearing as discrete torsion in H®(X,Z)).1° In the case of
Calabi-Yau quotient geometries only one of these torsion groups must be non-zero, namely
A(X) = Hom(m1(X),Q/Z). It is important to make that distinction as the non-simply

197f (X, X) are mirror pairs in toric hypersurfaces in [23] A(X) = B(X) and B(X) = A(X); however for
a possible general counterexamples see [51].
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connected threefolds we will consider in the following sections are all genus one fibered
but already exhibit torsional'! cycles (A(X)), unlike in the covering spaces in which only
the Jacobian contains torsion. Finally in 6-dimensional F-theory vacua, the theory is only
sensitive to the 7 function, which coincides for all sets of the T'S-group and thus all elements
of III(X,C) lift to the same 6-dimensional F-theory physics with a Z, discrete symmetry.
We are nearly ready to consider geometric transitions linking quotient geometries and
discuss the physics of their associated U(1) Higgsing transitions. This will take the
schematic form of quotients of both genus one fibered CY manifolds and their associated
(singular) Jacobians. The commutative relationship between these processes can be
illustrated as follows:

X -2 J(x)

Ty A (3.26)
X 2 (X

with the Jacobian map ¢ from the genus one to the elliptic fibration. Before turning
to this however, we must first address some of the physics of the superconformal sectors
associated to the singular base geometries By, and we turn to this now.

3.4 A, (2,0) super conformal points

There is a vast literature concerning (2,0) SCFTs and their properties. These theories have
a highly non-trivial and rich structure when coupled to various flavor symmetries, whose
full review is beyond the scope of this work. Instead we review the Z,, quotient singularities
and their physics for the simplest cases. In such a case we can view the A,_; singularity
as a stack of M5 branes that probe the singularity and support the (2,0) theory in terms
of n — 1 free (2,0) tensors T(p). Such a tensor consists of an anti-self-dual tensor, two
negative chirality tensorini and five real bosons that can be understood as the transverse
directions of the M5 brane. In terms of a (1,0) theory those tensors can be decomposed into

T20) = Hi, ® 110 - (3.27)

Hence a (2, 0) tensor contributes equivalently as a (1, 0) tensor and a neutral hypermultiplet
in the anomaly polynomial. This is precisely the same as the contribution from the M5
brane induced R-symmetry anomaly in [52] canceled by the 8 form contribution

Aoy n—1 4 1 212
I = _ . .2
3 19 <t7"R 4(t'rR ) ) (3.28)

Note that we generically can have multiple Z,, singularities at the same time, as well as Z,,
ones, if m divides n. Thus, if we have m; Z,, singularities this will yield the total amount
of (2,0) tensors

Ti2,0) = Zmi(ni -1), (3.29)

"1n the context of Type ITA strings and M-theory, the presence of A(X) torsion can be shown to be in
correspondence to discrete gauge symmetries [50].
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which will modify the gravitational anomalies as
H -V +29T( o) — 30129y — 273 =10, 9-T=a-a+1Tyy)- (3.30)

Note that the number of perturbative T(; ¢y can be computed from the number of Kahler
moduli of the base minus the overall volume.

T = h"(B) — 1. (3.31)

3.5 Anomalies and A4, (2,0) theories

In this section we turn to the physics of 6-dimensional F-theory compactifications on smooth
quotient geometries, supporting A, _1 points and discuss their tensor branches. As it will
turn out, those tensor branches differ by those of regular A,_; (2,0) points by a coupling
to the discrete symmetry. For this we review first the cohomology lattice of the orbifold
base, that encodes the Green-Schwarz coefficients in the anomalies which will be crucial
for our argument. For simplicity, we consider smooth quotients that do not change the
Kihler deformations'? of the CY. In the following we will show that such quotients simply
lower the global matter spectrum and introduce additional free (2,0) tensors consistent
with anomaly cancellation. The tensor branch of these theories however can be computed
from a hyperconifold transition using the features as reviewed above and reveals additional
discrete charged hypermultiplets and therefore differs from the one of an A,_; theory.
Hence we denote those superconformal subsectors as A,,_1 theories.

3.5.1 The 6-dimensional anomaly lattice

An important ingredient in the description of 6-dimensional F-theory physics is the second
homology lattice of the F-theory base Hs(B,Z), whose intersections captures the Green-
Schwarz anomaly coefficients of the SUGRA theory [53]. The homology lattice is identified
with the string charge lattice and satisfies tight constraints, being integral and unimodu-
lar [53]. However it is well known that in the case of singularities, even orbifolds, Hs is
not necessarily integral and hints at fractional instanton charges of the strongly coupled

sectors [5]. For our purposes we distinguish three related base homologies
Hy(Beov, Z),  Ha(Bow,Z), Hj(Bhes, Z) (3.32)
related by
Bres ™ Borty = Beow/Tnp (3:33)

via the blow-down map 7. The homology lattice of the resolved geometry, we identify as
the tensor branch of the strongly coupled orbifold geometry. For any of these bases we can
expand a divisors D in terms of a basis ey € Ho(B,Z) as

D=> d"ey, (3.34)
M

128imilar generalizations of quotient theories on the level of the anomaly lattice were performed in [19].
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for M =1,---,T. Thus the SO(1,T") intersection matrix
Qu N =em-en, (3.35)

can be used in order to raise and lower indices and take the intersection product of two
divisors

D-D =Xy nddY. (3.36)

Fixing some basis ejs on the covering base By, we find that after quotienting by I',, ;, they
become €); with intersections on By, for our choice of the basis given as

1
/e\M-/e\N:ﬁeM-eN, (3.37)

which is not integral in that base but fractional and hence these divisors are non-Cartier
on Bgp.

On the other hand, the orbifold base is linked to a smooth base Bies by gluing in
resolution divisors e;, whose second homology is again integral and unimodular as here
we have a well defined SUGRA description, representing the tensor branch of the super
conformal points. As reviewed in section 3.2 the intersection matrix on By becomes block
diagonal

Qi = Q0 & (3.38)

Z7j ’

with respect to the basis of divisors e, of the quotient geometry and e; the resolution
divisors. For the arguments that follow the Cartier divisors on B, are again of particular
importance, as they have an unchanged homology class in Hy(Bhyes, Z) and unchanged
intersection numbers if they contain components of the resolution divisors [5].

3.6 Anomaly cancellation on the quotient geometry

We turn now to anomaly cancellation on the quotient geometry. The connection to the
anomalies is made by the identification of the Green-Schwarz coefficients as intersections of
vertical divisors in the base [53]. The full consistency conditions are listed in appendix C
but the central objects are the base divisors

a~ Ky, be[Sapsl, bmm =m(0(5m) o(sn), (3.39)

with Sapg the base divisor of some ADE fiber and its U(1) analog by, which is the Néron-
Tate height pairing [54] of Shioda maps o(s,,) associated to an enhanced Mordell-Weil
group. As we are considering compact geometries, we have to satisfy in particular the
gravitational anomaly

H-V+29T—273=0, (3.40)

which gives a strong constraint on the global spectrum of the gauge group.
We start from a torus fibered CY X which is fully resolved and where all anomalies
are canceled. Applying the freely acting quotient, as stated in section 3.1 we obtain a
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smooth threefold X where over the fixed points in the base there are at most multiple but
non-reducible fibers without a gauge enhancement. This amounts to the requirement that
ADE divisors b are Cartier and do not cross a singularity in By, and in analogy we also
demand the same for the height pairings b,,,.

As the fundamental domain of Beoy is reduced by n, the quotient reduces the amount
of hypermultiplets by n. In the following we want to show full gauge anomaly cancellation
before we consider the gravitational anomalies. For this we introduce the notation of the
base divisors for the covering and orbifold theory

a,b,byun € Ho(Beoy,Z) and @, b, by € Ha(Bor, Z) - (3.41)
All anomalies are summarized in appendix C and here we include only a selection that
will be useful in the following arguments. We begin with the mixed gravitational Abelian
anomaly

_% ngQT,QSQqu =a bT‘S ) (342)

where xr denotes the multiplicity of the hypermultiplets in the representation R. Anomaly
cancellation in the quotient geometry is thus satisfied as we have

~ 1
A'brs:* 'br87 A4
a ~a (3.43)

which cancels the contribution of the Zy, 4, = 2, 4. /1 reduced amount of hypers. Similarly
we can proceed for the non-Abelian gauge anomalies as follows

by
—§ (Aagj, — X r2RAR) = a- <A> ,

2
3 OCreRCR — Cugj,) = <) : (3.44)
Here we keep in mind that b on By is a genus g curve with
1
g:1+§(b~b+b-a), (3.45)

which supports ¢ adjoint hypermultiplets. Thus after taking the quotient the genus is
changed to

1
=1+—(b-b+b- 3.46
+2n( + a’)? ( )
1
=14+ —(g—1
+(9-1),

or equivalently that g — 1 = %(g —1). Then, pulling out the sum over the adjoint repre-
sentation we find

—¢ (=X RTRAR — Aug, (G — 1)) — @ <§K>b ’ (3.47)

= (=Y R *RAR — Aagj, (9 — 1)) — +a- (
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and hence the above the above gauge anomalies are canceled. Similar arguments hold for
all other gauge anomalies as well.

Finally we have to consider the gravitational anomaly which is where we will find an
additional contribution. We start with the reducible anomaly

RAB)-1=T=9-a-a. (3.48)

Note that the Kéahler moduli of the base remain unchanged, while the self intersection of
the canonical class on the other hand does change, and hence we obtain a mismatch of
tensor multiplets

AT =a-a—a-a,

n—1 (3.49)
:CL’CL< ):T(270)'

n

Upon the blow-up this mismatch gets resolved by the introduction of the additional Kahler
parameters which corresponds to the tensor branch of the superconformal matter points.
Secondly we have to consider the contribution of the irreducible gravitational anomaly
that is

Hneut + Hcharged + Hadjoint -V + 297 — 273 + Astrong = O, (350)

where Aggrong is the contribution of the strongly coupled sector and we have split up
the contribution of the different types of hypermultiplets. Again, the amount of adjoint
representations are counted by the genus g, of the ADE curves whereas the multiplicity
of them is reduced by the neutral Cartan-like states that we already count as complex
structure deformations in Hpeyt. Thus the contribution of the adjoints comes with the
multiplicity of root-like states

Hadjomnt = Y _ (dim(adj),, — rank(Gx)) g (3.51)

K

root(Gx)

In the covering geometry we do not have a strongly coupled sector and expect Agtrong = 0.
However, Agrong should be non-zero in the quotient geometry. Since we can fix the rest
of the spectrum in the quotient in terms of the unquotiented theory we can compute the
contribution Agtrong exactly.

We focus again on the case where the gauge group and tensor multiplets stay unaltered
by the quotient. Here we first compute the change in complex structure as follows.

~ ~ 1
h2,1 _ hQ,l + hl,l _ hl,l _ §AX

— i = ) () (3:52)

Then equation (3.50) in the quotient geometry becomes

Hcharged 1 n—1 gk — 1
——— 4+ Hpeus + ox(X t(Gy 1
 Hoo + (0 (M) + D root(G) (%

n 2 n

K

—V 4 29T + Agtrong — 273 =0 (3.53)

— 96 —



Subtracting the anomaly of the covering three-fold we eliminate the Hyey and obtain

1—n 1
< ) (Hcharged - §X + ZTOOt(Gn)(g - 1)) + Astrong =0. (354)

n

Inserting the contribution of the Euler number x = 2(rank(G) + T(; o) — Hpeut — 3) We can
therefore express the contribution of the strongly coupled sector as

1—n
Astrong = ( ) (V + T(l,O) +3 - Hcharged - Hadjoint - Hneut) )
1—n 3.55
= ( - ) (30T{1 0y — 270) , (3.55)
- 3OT(2’0) 5

where we have used the two gravitational anomalies again. Indeed we find exactly the
contribution of T{3 o) (2,0) tensor multiplets stemming from the various fixed points which
renders the theory consistent with all gauge and gravitational anomalies.

It should be stressed again that we have considered a very special kind of quotient
in the above considerations that preserves smoothness and the dimension of all Kéhler
deformations h''(X). The above arguments suggest that we already seem to have captured
all of the degrees of freedom appearing in the theory. However, there is a question as to
whether the (2,0) sector is charged under the discrete symmetry or not. We address this
question in the next section.

3.7 The A, hyperconifold tensor branch

Let us reconsider what kind of theories we have constructed: these are theories that have
to have discrete symmetries, originating from the genus one fibrations, and fixed points
in the base carrying free (2,0) hypermultiplets. As we have shown before, the degrees of
freedom of the free (2,0) hypermultiplets are enough to cancel all gravitational anomalies
such as

H —V +29T + 30T(5,0) — 273 = 0. (3.56)

Hence there is no reason to assume that these are not regular A, theories, in particu-
lar as the fiber is non-singular and non-reducible over the fixed points, apart from being
multiple. However in the following we will perform a hyperconifold transition, which corre-
sponds physically to going to the tensor branch of the theory. This necessarily introduces
additional n discrete charged hypermultiplets consistent with all anomalies. Note again,
that we require that all blow-up divisors of the hyperconifold restrict onto the base and
all ADE gauge divisors and U(1) height pairings to be Cartier divisors not intersecting the
singularity. This implies that, even after the resolution, they stay in the same homology
class with unaltered intersections resulting in the same Green-Schwartz coefficients. This
on the other hand implies that the multiplicity of states charged under the continuous part
of the gauge group does not change.'® As a result, the only change we can observe is in

130ther possible transitions are those that are anomaly equivalent when a divisor develops ordinary
double point singularities [60].
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the irreducible gravitational anomaly (3.56) given as
H+AH - 14+V 4+29(T +n—1)+30(Tig0 —n—1) —273=0, (3.57)

using that a hyperconifold reduces the complex structures by one and introduces additional
n — 1 Tensor multiplets. However the irreducible anomaly is not canceled anymore as we
are missing AH = n neutral hypers missing from the free (2,0) tensors. This mismatch can
not be compensated by any additional hypermultiplet charged under a continuous gauge
symmetry as the associated gauge divisors are all Cartier and therefore their anomalies
are not modified. However there is still a discrete gauge symmetry present and hence the
only possible way to cancel the gravitational anomaly is by introducing n, Z, charged
hypermultiplets.

Hence, we argue that the free quotient introduces Z,, discrete gauge symmetries and
that the (2,0) free tensors, that live over the Lens spaces in the base are not regular A, _;
theories, although they have the same degrees of freedom, but are coupled to the discrete
gauge symmetry which is visible in their tensor branch. These are what we denote as A,
theories.

From here on we can perform several more conifold transitions to un-Higgs the Z,
symmetry to a U(1). This conifold transition which we inherit from the covering space X
as ¢ — 0 gets replaced by a transition ¢ — 0 on X which leads to the un-Higgsed U(1).
However, this tuning is often not as straight forward as on X, as the transition is now
decomposed into several sub-transitions given as

E:Zaa—FZbﬂ—FZeV%O, (3.58)
a v

that all have to be tuned to zero, in order to get the desired un-Higgsing. We characterize
those transitions as

e Hyperconifolds a, — 0 resolving the fixed points in the base.
e ADE tunings bg — 0 introducing ADE algebras over fixed points.
e Residual tunings e, — necessary to obtain the U(1) conifold transition.

Upon the full transition ¢ — 0 we expect n discrete charged singlets to become charged
under the U(1) symmetry and hence, in the resolved geometry associated to the tensor
branch Iy fibers appear. Therefore we find that also the U(1) is automatically coupled
to the A,_1 tensor branch, when the theory becomes un-Higgsed. In such a case, the
corresponding U(1) height pairing by; is not Cartier anymore and is a fractional divisor
when the base is taken singular which hints at the presence of U(1) charged superconformal
matter. However as pointed out, by performing the tuning, it can become necessary to also
tune bg — 0 which introduces additional non-Abelian gauge groups over the resolution
divisors. In such a case we have an intricate coupling of the Abelian and non-Abelian
gauge group in the tensor branch of the (2,0) theory. In section 4 we give several concrete
examples of those theories and the tunings to un-Higgs them. Finally we summarize the
various operations and flows of geometries in figure 6.
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Figure 6. Graphical summary of the geometry and physics of the covering and quotient geometries
explained around sections 3.6-3.7 when tuning in a section. On the left we perform a conifold which
corresponds to an un-Higgsing , while on the quotient side right we perform the same transition
where we have to go through several subtransitions: we first resolve the (2,0) point, tune in possible
ADE groups, before we can un-Higgs the U(1) on the quotient side.

4 Examples of genus one fibered quotients

In this section we want to present concrete examples of the type of threefolds and transitions
that we discussed in generality in the section before. While there are classifications of free
quotients of CY manifolds available [22, 23], we focus, for ease of exposition on the simplest
examples that are toric hypersurfaces [23] in a 4-dimensional ambient space. We give
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particular emphasis on the toric construction of the Calabi-Yau and the quotient action on
the ambient space. To explore the physics on the quotient geometry we perform several
hyperconifold transitions to smoothen out the base completely and confirm the additional
discrete charged hypermultiplets over the resolution divisors explicitly. We contrast those
geometries with canonical fibrations that dont have those hypermultiplets.

4.1 Example 1: threefold in (P? x P?)/Z3

The first example is the bi-cubic hypersurface and its quotient manifold. This example
connects directly to the Weierstrass model we presented in section 2 and represents a fully
smooth genus one fibration. We identify the singularities in the base space, the behavior
of the multi-sections, and give a discussion of the explicit hyperconifold transition, that
corresponds to the tensor branch of the (2, 0) points in the base, and the additional discrete
charged hypermultiplets. On both geometries, we perform conifold transitions to obtain a
section in the covering and quotient geometry.

4.1.1 The covering Calabi-Yau threefold

The bi-cubic Calabi-Yau threefold is a generic hypersurface inside a IP’QF X IP’QB ambient space
of degree (3,3) in the fiber P2 and base P% (see [55-58] for related recent constructions).
The toric realization of the ambient space Z of the CY threefold is encoded in the convex
hull of the reflexive polytope A € Z* given as

To 1 T2 | Yo Y1 Y2
1 0 -1,0 0 O
o 1 -1,0 O O, (4.1)
O o o1 0 -1
0O o o0 1 -1
which yields the Stanley-Reisner ideal:
SRI : {$0$1.€C2, yoylyg} . (4.2)

We write the CY hypersurface in terms of the fiber coordinates x; as:
P —g g3 2 2 3 2 2 2 2 3
=81Z5+ S2X5x1+ S3T0X] + S4X7]+ S5XpT2+ SeToT1T2+ STTIT2+ S8ToTy+ S9T1X5+ S1025 ,
(4.3)

which is a generic cubic and therefore a genus one curve. The s; are generic sections of the
canonical class of the base s; € O(—Kp = 3Hp). Hence these sections are generic cubic
polynomial with 10 monomials in the y; base coordinates just as the fiber. The fiber C is
a genus one curve, which admits no sections but only three-sections as:

[sz] -C=3 Vi. (4.4)
Thus we have a smooth genus one fibered CY threefold

C—> X

. (4.5)
PQ
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The Hodge and Euler numbers of X can be computed as
(ROD), h(2,1))x = (2,83)_162 - (4.6)

4.1.2 The F-theory physics of the covering space

The F-theory physics of these kinds of threefolds has been considered already in [6, 7].
The three-sections have been identified as the generators of a discrete Z3 symmetry of the
6-dimensional theory. We can consider the associated singular Jacobian fibration Y

ESY

b, (4.7)
IP)Q

which admits the same 7 function as X and the elliptic fiber £ admits a zero-section. The
coefficients f and g of the Weierstrass model in term of the s; can be found in appendix D.
As opposed to the genus one fibration X, the Weierstrass fibration Y is singular and admits
A, singular fibers over certain codimension two points in the base. On X on the other
hand those singularities are absent but the fiber degenerates into two P1’s.

Thus in the F-theory physics those points are interpreted as loci of discrete charged
hypers. Accounting for those discrete charged states, we summarize the full 6-dimensional
matter spectrum in table (4.8). For a generic base [6], the spectrum is fully fixed by the
three classes base classes S7, Sg and K~ ! that are the classes of the sections S7, Sg in the
fiber equation (4.3) and the anticannonical class of the base.

6d Rep. Base Intersection Multiplicity
T G s S I
S5+ K, (7 + o) (45)
1o R2H(X) 41 84
\Y% RBY(X) — hBY(B) -1 0
T hl’l(B) —1 0

Here we made use of the aforementioned identification S7 = Sg = K~ !, The given spectrum
clearly satisfies the gravitational anomaly
H-V+4+29T -273=0, (4.9)
9-T = (K, ). (4.10)
4.1.3 Un-Higgsing to an elliptic fibration

The physics of the above geometry is made most clear by un-Higgsing the discrete symmetry
to a U(1), realized by a transition to a smooth elliptic fibration Y with enhanced Mordell-
Weil rank. In the context of toric geometry this is done by a complex structure deformation
by tuning:

s10(Y0, Y1, y2) = 0. (4.11)
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As s19 is a generic cubic by itself, this amounts to setting ten complex structure coefficients
to zero. After the deformation the threefold ¥ admits nodal singularities and is therefore a
conifold that can be resolved to another smooth threefold Y. Torically this resolution can
be performed as a blow-up of the ambient space Z by adding a vertex to the associated
polytope A (4.1). The threefold Y is now the anti-canonical surface in dP; x P? ambient
space, with polytope A given as

To T1 X2 €1 | Yo Y1 Yo
10 -1 1]0 0 O
o 1 -1 10 0 O, (4.12)
o 0 0 o1 0 -1
o 0 0 Oo|O0 1 -1
and Stanley-Reisner ideal
SRI : {zoz1, 2201, Yoy1y2} - (4.13)

We compute the Hodge and Euler numbers of this geometry as
(hBH R2Y), = (3,75) 144 - (4.14)
The smooth elliptic fiber is thus given as the vanishing hypersurface
P = 816%1‘8 + 826%‘%‘(2)[131 + 836%1301'% + 546%1‘? + 85611‘%1’2 + Sg€1Toxr1x2 + 8761%’%1‘2
+ Sgl‘()x% + 89.1:1.73% . (4.15)

Indeed, the divisor D, intersects the fiber exactly once D., - £ = 1 which yields a zero-
section. In addition, another non-toric section can be constructed which generates a non-
trivial MW group [6]. We summarize the full matter spectrum in the following table

6-d Rep. Base Intersection Multiplicity
12[K; 12 + [K; (887 — S

1, [ b ] :‘[ b ]( 72 9) 135
—487 + 8789 — 89

) 6[K 5" + [K5'](4Sy — 5S7) )

2

+82 +28;Sy — 253 : (4.16)

13 So([K; ] + Sy — S7) 9

1 A2 (X) +1 76

A% rbH(X) - hbY(B) -1 1

T(1,0) 9— (K, )? 0

The spectrum is again computed by identifying S7 = Sg = K~ 1 and using self intersection
(K, 1Y2 = 9. For this spectrum again all anomalies are canceled and in particular it is free
of the gravitational one (4.9). That all gauge anomalies are canceled can be seen by using
the associated U(1) height pairing

bin = —2(S7 — 28y — 3K, ') = 8K, !, (4.17)
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Figure 7. The genus one fibered geometry and its un-Higgsing to a U(1) theory from left to right.
The first row shows the conifold transition in the smooth CY geometry whereas the second row
shows the same procedure in the singular Weierstrass model / Jacobian of the genus one-fibration.

and plugging this into equations (C.1) in appendix C. We remark that the geometrical
transition back to the bi-cubic is induced by a vev in the hypermultiplets (13) # 0. Upon
this breaking we find that the eight D-flat directions appear as new complex structure
coefficients whereas the Goldstone mode renders the U(1) generator massive. On the other
hand the 135 and 54 charged states get identified upon the unbroken Zs residual symmetry
and match the counting for the discrete charged states as given in table (4.8) for the genus
one fibered geometry. The transition that we have performed above is summarized in the

figure 7.

4.1.4 The quotient of the bi-cubic

For specific values of the complex structure, the bi-cubic hypersurface considered above
admits a Z3 symmetry which can be used to take a free quotient. In terms of the coordinates

this quotient is given by
(w5 9i) ~ (Dyzs; Thyi) (4.18)

with T3 = 1. Thus the quotient is possible when all monomials in the bi-cubic equation
that do not respect the above action are absent thereby reducing the amount of complex
structure moduli.

From the point of view of the ambient variety Z the points of the dual polytope A*
to the polytope A corresponds to the monomials of the CY hypersurface via the Batyrev
prescription. Hence one can view the quotient as a lattice refinement of the dual lattice.
This refinement can be rephrased as a basis change [47] of the vertices in A, that now have

the coordinates:

o T1 T2 | Yo Y1 Y2
1 o -1(0 1 -1
0 1 -1{0 -1 1. (4.19)
0O 0 O 1 1 -2
o o o0 3 -3
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In the language of [23] the above ambient space geometry is fixed by the following relations
of the integral vertices

Vzg F Vg + Vay = Uy + 0y + 0y, =0, (4.20)
1
vy = g(vxo + 2ug, + vy, + 20y,), (4.21)

where the first relation is simply the specification of the two P?’s and the last one is the ad-
ditional fractional relation that refines the lattice. Before we turn to the CY hypersurface,
it is worth to consider the C* scalings of the above ambient space geometry, that are

3 5
J J
6. C° (foxlyfh) _ (fﬁo?ﬂ T1Y2 YoY1 y1> . (4.22)
7

Toy2  Toyr’ y% 7?45’
The scaling relations of this variety are given by the kernel of the map ¢ as

()\1, AL, AL, Ag, Ao, )\2) with Ay, Ao € Cc*, (4.23)
0,11 12 1% 11 1?) with T =1. (4.24)

We find that the variety indeed admits the I's action as an additional relation on the
coordinates and hence we conclude that this is indeed the polytope of (P? x P?)/Z3 with
the same SRI as in equation 4.2. Note that the above geometry is not smooth and admits
nine equivalent codimension-four fixed points, that are of the form

(z0, 71, 2540, Y1, ¥2) = (0,0,1;0,0,1), (4.25)

where the underline indicates permutations. On the ambient space variety intersections
are not integer valued but instead fractional

1
Dy, Day Dy, Dy = 3. (4.26)

The associated Calabi-Yau hypersurface is smooth as we will argue in the following and
admits the Hodge numbers

(RY1 R2Y) = (2,29) 54 (4.27)

The dual polyhedron A* consists of 34 vertices and encodes all monomials of the bi-cubic,
that are invariant under the Zs action. As expected the Euler number gets reduced by 1/3
upon the quotient.

The resulting CY hypersurface in the quotient admits the same structure in terms
of a cubic polynomial in the fiber coordinates (4.3). This time however we must specify
base dependent sections s; that are not generic cubic functions in the y; anymore but
are restricted such that they transform in a well defined way under the I's action as we
have presented in section 2. See their explicit form eq. (B.1) in appendix B. The general
structure of the fiber equation stays invariant:

P = sgo)mg + 8%2):13(2):61 + sgl)xox% + sflo):ri{’ + Sél)l'%l‘g

(0) (2), .2 (2) (1) 0) 3

, , (4.28)
+ Sg " Tox1T2 + Sy X T2 + Sg XXy + Sg T1X5 + S1g T3 -
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We have added a superscript s\ that denotes the weight of the base sections s; under the
'3, action in the base as

s 5 (Dg)i s (4.29)

)

In order to identify the behavior of the fiber close to the fixed points we choose a coordinate
patch including the fixed point by using the C* action to fix the coordinate dependence
such as

(yo,y1,2) = (1,u,v) (4.30)

that are local coordinates on C2 /T3 i.e. we still have the additional phase identification
(1,u,v) ~ (1,Tsu,T3v) with the orbifold singularity at the origin. Choosing a radial
coordinate of the form (1,T'52,T2%2) the sections 51(]) factor as:

0 A 2 . 1 . 0 . 1 A
sg)—>31,sé)—>F§k232,sg)—>F§z83, sg)%&l, sé)—>I‘]§ZS5,

(0) 2) (2) (1)

4.31)
A 2% A 2% A koa 0) A ( :
S5 — 86, 87 — I'sP287, 857" — I's"288, 59" — I'5259, 515 — 510,

with §; being I's invariant non vanishing functions at z — 0 for generic complex structures.
In this parametrization it is easy to see that that all sections s; that transform non-trivially
under the I's action vanish at the fixed point for z — 0. Hence the fiber equation over any
fixed point in the base becomes

Py, = 81253 + 3427 + 8103 + Sex0122 (4.32)

with §; being generic coefficients. Moving onto a fixed point in the fiber ambient space
(wo,21,22) = (0,0,1) we indeed find that the coefficients 5; prevent the ambient space
singularity to hit the CY hypersurface P = 0 which justifies the computation of Hodge
and Euler numbers. However we also observe, that we can tune in those ambient space
singularities by choosing one of the sections §; for ¢ = 1,4, 10 to vanish over z — 0.

As the CY hypersurface is still a generic cubic in the fiber coordinates x;, this is a
genus one fibered smooth CY and therefore F-theory should be well defined. First we find,
that after mapping the sgj ) into Weierstrass coefficients using eq. (D.2) in appendix D that
f and g are invariant well defined sections'* under the I'3 action.

The fibers over the fixed points in the base are multiple in the sense that they are
non-reduced copies n€ of a smooth genus one curve, £. Intuitively the multiple fibers arise
from the fact that away from the fixed point, the group action in (4.18) maps three distinct
torus fibers into one another, while over the fixed points, a single torus is mapped to itself
three times, as illustrated in figure 9. This action locally behaves as a translation along
an elliptic fiber (locally the tri-section is identical to three honest sections since the fixed
points are generically far away from any branch loci in the multi-section), a classic origin
of multiple fibers in algebraic geometry [59]. More explicitly, the multiple nature of the
fiber can be seen by residual Zs scaling freedom in the fiber. As this discussion is rather

lengthy, we defer it to appendix E where it is described in detail. It should be noted that

1 Also the Weierstrass coordinates z,y, z of P*®! in the Jacobian are I's invariant.
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the techniques used to verify the existence of the multiple fibers in appendix E can also be
applied to the standard Zs quotient of a K3 surface which leads to an Enriques surface,
where we can also reproduce the standard result of two multiple fibers.

We should also note that the multiple fiber is not visible from the Jacobian. There
the fiber itself is smooth over the fixed points in the base where the fiber obtains the
form (4.32). We find the Weierstrass coefficients to be

1
f=-—56(2165184810 — 53),

48
1
g= @(gg + 540515451088 — 58325%,5753) (4.33)
1
A= E§1§4§10(§g + 27§1§4§10)3 .

and hence non-vanishing. We find that one obtain an I; fiber when one tunes one of the
ambient space fixed points onto the CY by requiring §; — 0 for i = {1,4,10}.

4.1.5 Quotient action on the multi-section

Let us consider at this point the explicit form of the three-section and its behavior when
we go from the covering to the quotient geometry and discuss the action on the fiber in
some more detail.

From the cubic equation of the fiber of the covering space in (4.3) we pick the multi
section 1 = 0 with equation:

3 2 2 2
Pri—0 = s12y + s102355252T2 + Ssx0T3 , (4.34)

which admits three roots if we want to solve the system, say in zg. These three roots
generically get interchanged by moving around the base. Moving onto a I'3; fixed point in
the base, the sections s; become constant enforcing a non trivial I's ¢ action on the fiber in
order to avoid fixed fibers. This action acts as a translation on the fiber as

2mi

xT; — :EiFQf with I's f =e3 . (4.35)

The translation becomes a symmetry precisely when s5 = sg = 0 which is the behavior we
obtained and here equation (4.34) becomes

P = 8,23 + 81075, (4.36)
and thus the three solutions

3),r §4 r
N {(%)1/3 T} 22}, (4.37)

labeled by r = 0,1,2 get related by the action of I'3 y. Let us now consider the action
away from the fixed points. First there, the sections transforms non-trivially under I's in
order to obtain an invariant hypersurface (4.3). Thus on a generic point on the P? covering
space we rotate by I'3; and find that the accompanied I's ; action indeed preserves the
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Figure 8. Behavior of the multi-sections on the covering geometry with the Zz symmetry. On
what will become the fixed point, denoted as a red dot, the three-section is mapped into itself by
the I's  rotation. At a generic point on the covering base, this translation does not persist.

Figure 9. Depiction of the genus one fiber in the quotient geometry. Moving onto the fixed point
in the base, brings the thee three-section together and produces a multiple fiber such that the total
space is smooth.

three-section of equation (4.34). We have depicted the geometry of the fibration from the
perspective of the covering geometry, with the Zs symmetry of the multi-section in figure 8.

When taking the I's quotient, the I's symmetry of the three-sections becomes an iden-
tification. Hence over a fixed point in the base the three-sections come together to form a
three multiple fiber as depicted in figure 9.

4.1.6 Spectrum of the quotient geometry

After having discussed the geometry of the genus one fiber over the fixed points, we turn
to the associated spectrum. As we showed before, the spectrum is fully fixed once we know
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the classes of the base line bundles s7 and sg and K~ 1 and insert them into the respective
formulas, given in (4.16). This time however, 8(72) and sgl) although being degree three
polynomials in the y; are not I's; invariant sections. This in particular implies, that they
vanish over the fixed points and are therefore not Cartier divisors anymore as we have
argued already in section 2.3. However as they are both degree three polynomials in the
base, we denote their class as S7 = Sg = K ]gl by abuse of notation. However we should keep
in mind that their class is actually non-Cartier unlike the anticanonical class of the base.
Using these classes we can compute the multiplicity of discrete charged matter as (4.16)

using the intersection numbers (K~ 1)2 = 3 resulting in the following spectrum

6-d Rep. | Geometric Intersection | Multiplicity
1, 21(K, 1) 63
1 R2N(X) +1 30
0 (X)+ (4.38)
A% RYY(X) - hMY(B) -1
T2 9— (K, 1)
T(Lo) hl’l(B) -1 0

The number of discrete charged states thus gets divided by three, which is intuitively clear
as none of them resides on a fixed point and the fundamental domain of the P? gets reduced.
Again, we check for the consistency by checking the gravitational anomalies:

H —V 4 29T — 273 — 30T(5) = 0,

As expected all anomalies cancel due to the contribution of the three fixed points that each
support two (2,0) tensors at (yo,y1,y2) = (0,0, 1):

X/T3 & P?/T3p. (4.39)

Again we note, that the whole fibration X/T" is smooth, while the base (which is the phys-
ical space of F-theory) is not. Hence these singularities signal the presence of additional
light string states from M5 brane stacks that support (2,0) superconformal tensor multi-
plets [5]. In the following sections we consider various phases of the quotient fibration that
are connected by conifold transitions i.e. by tuning of complex structure coefficients and
subsequent toric resolutions. Note that every resolution breaks the m; to a trivial group
but the additional matter we find will give a hint of the symmetry of the quotient geometry.

4.1.7 Hyperconifold resolution of the fixed points

We fix the fiber coordinates of an ambient space fixed point to (xg,z1,22) = (0,0, 1) using
the residual C* action and obtain for the CY hyper surface:

P = ygao + yiaz + y3as + yoy1y20az6 - (4.40)

Each of the three coefficients ag,as and ag should be non-vanishing in order that the
hypersurface does not intersect the (yo,y1,y2) = (0,0,1) fixed points. By tuning ag — 0
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the CY becomes singular and we reach a hyperconifold point which can be resolved by two
blow-up divisors ej,1,e1,2 leading to a smooth CY with Hodge numbers

(hY1 h21)y = (4,28) s, (4.41)

This threefold has reduced first fundamental group m(X) = 1.

Similarly we can tune the other two ambient space singularities to coincide with the
CY hypersurface and resolve with two additional divisors for each. Luckily there exists a
nice toric description of these blow-ups directly in the the ambient space parametrized by
the polytope A spanned by the vertices:

o 1 X2 | Y Y1 Y2 | €11 €12 | €21 G2 | €31 Aa32

1 -170 1 -1 1 0 0 0 1 1

0 1 170 -1 1 0 1 1 1 0 0o . (4.42)
0 0 0 1 1 -2 0 -1 -1 1 1

0 0 0 0o 3 -3 1 -1 -2 -1 1 2

From 3295 triangulations we chose one with the following Stanley-Reisner ideal

SRI : {1?0632,96261173/0611,6116217611622,372612,906127612622,612631,6126327$2€317y2€31,
€21€31, T2€21, Y1€21, €21€32, T2€22, Y1€22, €22€32, T2€32, Y2€32, TOL1L2, LO0L1Y0, LOL1Y1,

ToT1Y2,ToY1€12, L1Y2€11, T1Y1€31, T1Y0€21, L0Y2€22, y0y1y2} .
(4.43)

The CY hypersurface constructed from A admits the Hodge numbers:
(hBH R, = (8,26) _36.- (4.44)

This geometry is now simply connected and still genus one fibered, albeit over a different
base. Hence we still expect to have a Zs discrete symmetry. The fiber admits the following

expression

3 2 2
p = e1,1€2,1€3,1d1Ty + €1,1€1,2€2,1€2 2€3 1€3 2d2TT1 + €1,1€1,2€2,1€2 2€3,1€3 2d3T0T]
3 2 2
+ e12e22€32d47] + €1,1€2,1€3 1d5TT2 + deTox 122 + €1,2€22€3 2d7T1T2

+ ds&?ox% + dgxlm% + a}%dlo . (4.45)

In particular, we observe a factorization of the sections of the base s; that factor out
resolution divisors E; ;. Note that in particular the last coefficient

dio = Yoy1y2a26 , (4.46)

is non vanishing and we therefore sill preserve the form of a generic cubic without a section.
Moreover the projection to the base is given by the toric morphism inherited from the
ambient space wp that projects the vertices v; € A onto their last two coordinates. Thus,
we find the ambient space to be dPg consistent with the six blow-ups we performed. A
depiction of the 2d polytope of the base is given in figure 10. For convenience we repeat
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Y1

€32

€31

Yo

Y2

Figure 10. The polytope of the resolved dPg base as given in (4.42). The blow-up vertices of the
hyperconifold are red dotted.

the computation of the base cohomology and intersections of section 2. From the polytope
we calculate the full cohomology generated by y» and the e; ; where yo and y; are linear
equivalent to

[yO] ~ [y2 -+ 1/36171 + 2/36172 + 1/36271 — 1/36272 — 2/36371 — 1/363,2]

(4.47)
[yl] ~ [yg — 1/361’1 =+ 1/361’2 =+ 2/36271 =+ 1/362’2 — 1/363,1 — 2/363,2] .

With this information it is easy to see that the curves in the base have genus given as
Dy, : g=1 Ei;: g=0, (4.48)
where we have used that the anticanonical class of the base is equivalent to:

Kgl = [By2 +e1,1 +2e12 + 2e31 +e32], (4.49)

with (K5')? = 3 which has unchanged intersection numbers, as it is a Cartier divisor.
This blow-up changes the base dependency and therefore also the spectrum of the theory.
Making use of the general formulas (4.8) we can compute the full spectrum together with
an identification of the base classes in front of the x2z2 and x12% monomials that are the
sections sy and sg that we identify according to the conventions in [6] as the base classes

Sg =[3y2 + 1/36171 + 5/36172 + 4/36271 + 2/36272 — 2/363,1 — 1/36372] s (4.50
S7 :[3y2 + 2/361’1 + 7/36172 + 5/362’1 + 4/362,2 — 1/363,1 + 1/363,2] . (4.51)
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Those classes admit the linear equivalences and intersections:
2K, ' — 87— Sg ~[e11 +ea1 +e31],

287 — Sg — Kljl ~ [6’172 +e22 + 63,2] )
289 — S — K; ' ~ [+e11 +ea1 +egiers +e2n+ €32,

g - _ (4.52)
SiK, =S K, = (K, ) =3,
S787 = 89859 =1,
SS9 = 2.

We remark, that the classes Sy and Sg have different intersection numbers now, which is
consistent with the fact that they are non-Cartier divisors on the quotient geometry. Those
classes, together with (4.49) can be plugged into (4.8) which yields the spectrum:

Multiplet | Multiplicity

1 72

19 27 (4.53)
A% 0

Indeed, the above spectrum cancels the gravitational anomaly and therefore captures all
massless degrees of freedom. Some comments are in order concerning the form of the blow-
up divisors in the hypersurface equation (4.45). Indeed, by plugging this form into the
equations for the associated Weierstrass form, we obtain the following dependencies on the
discriminant to leading order in the blow-up divisors

A= €1,1€1,2€21€22€31€3 1 (Pl + O((61,161,262,1627263,163,1)2)) ’ (4‘54)
with the polynomial
Py = (—dyods — ded7d3 + dudd + didsdy) . (4.55)

In particular we find an A; locus at the collision points of two blow-up divisors, such
as e;1 = €;2 = 0. Hence over these toric loci we expect charged matter which can be
confirmed by imposing the same locus in equation (4.45), say e1 1 = e12 = 0, which yields
a factorized fiber equation

p = ZIIQ(dAGZC().Tl + 6281’0562 + Cngla?Q + dlox%) . (4.56)

The multi-section equips us with a charge generator, in analogy to the Shioda-map o(s;),

15

which for this case is given'® as

0z = [To] - (4.57)

Intersecting the reducible curves of the fiber with oz, computes the discrete 6-dimensional
charge of the associated hypermultiplets, which yields the equivalent degrees of freedom of

5Note that we have left out any potential base divisor parts.
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Y2

Figure 11. Intersections of toric Base divisors before and after the blow-up of the P?/Z3 base.
Each tensor branch consists of three Zs charged singlets.

charge one and two, which is also the only non-trivial charge possible. Besides those toric
loci, we also find discrete charged states over each of the resolution P!'’s of the fixed points
which is depicted in figure 11 which can be found at the vanishing of e; ; = P; = 0. Solving
P = 0 for dg and inserting those constraints into the cubic yields the desired factorization
of the genus one curve into two P!'’s

_ (dﬁxl + dgl‘g)(d;;dﬁdg.ﬁlﬁ% + d%dg.ilﬁo:tg + dedrdgx1x0 — d4d§$1£€2 + dlod%xz)
p|eiA]-:P1:0 d%dg .

(4.58)

Again the two fibral curves result in hypers of charge one and two as before. We summarize
the change of the total spectrum that we have induced by the hyperconifold transition again

6-d Rep. | Multi. Multi.
1, 63 72
19 30 Hyperconifold 27 (4.59)
A% 0 0
T (1,0 0 6
T 2,0 6 0

Before we deform the theory further to a U(1) gauge theory, we summarize the F-theory
picture we obtain when deforming back to the deformation phase of the hyperconifold.
In the F-theory picture we take the limit to a singular base which however admits a
smooth CY resolution by multiple fibers over the fixed points. As there have been discrete
charged states over the resolution divisors, those form new states with the collapsing tensor
multiplets. The change in the spectrum suggests that one linear combination of the discrete
charged hypermultiplets forms a new neutral hyper whereas two others combine with the
tensors to Ay superconformal matter.
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4.1.8 Un-Higgsing to an elliptic fibration

In the next step we want to further deform the above geometry to an elliptic fibration that
admits a section as well as a non-trivial Mordell-Weil group. For this we can build upon
the configuration that we had before and tune the coefficient dig = yoy1y2b24 to zero which
can be achieved by a single complex structure deformation. The blown-up ambient space
is given by the reflexive hull of the polytope spanned by the following vertices

To T1 T2 | Yo Y1 Y2 | €11 €12 | €1 a2 | €31 432 | €1
1 0 -1,0 1 -1 1 0 0 0 1 1 1
o 1 -1l0 -1 1,0 1]1 1|0 o071, (4.60)
0o o0 o1 1 -2} 0 -1 -1 0 1 1 0
o o0 of(o 3 3|1 -1]-2 -1 1 2 10

with a choice of a triangulation resulting in the Stanley-Reisner ideal

SRI : {xgx1, T0€32, T2€11, T2€12, T2€21, T2€22, T2€31, T2€32, T2€1, Y0€11, Y0€12, Y1€21, Y1€22,
Y1€1, Y2€31, Y2€32, €12€31, €21€31, €22€31, €11€21, €12€21, €21€32, €11€22, €12€22, €22€32,
€12€32, ToY1€12, YoY1Y2, LoY2€22, YoY2€1, L1Y1€31, L1Y0€21, Yo€21€1, Y2€22€1
7y0€32€1,$1y26117y2€11€1,$1611631} .

(4.61)

The additional divisor e; = 0 is a rational section of the elliptic fibration, that admits the
Hodge numbers

1,1 321y _
(h"" h™0 )y = (9,25)_32, (4.62)
as expected. The fiber equation becomes a restricted cubic in the z; given as
_ d 2 3 d 2_2
P = e1,1€2,1€31A1€1T + €1,1€1,2€2 1€2 2€3 1€3 2d2€1 LT
2., .2 2.3
+ e1,1e1,2€2,1€2,2€3 163 2d3e1T0T] + €12€2 2€3 2d4e7T] (4.63)

P 2 2 2
+e11e2,1€31d5e175x2 + dee1xoT1T2 + €1 262 2€3 2dre1 21T + dgxory + dox1T5 .

We compute the change in spectrum by the identification of the divisor classes as in (4.50)
and insert them in the general expressions (4.16) to obtain the spectrum

6-d Reps | Multi.

13 2

15 18

1, 54 (4.64)
1y 26

A% 1

T(I,O) 6

consistent with all anomalies. The spectrum above is consistent with the Higgsing back to
the genus one fibration induced by (13) # 0. The two singlets then become the Goldstone
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mode for the massive U(1) vector and the additional neutral singlet in the genus one
geometry. Also the multiplicity of the discrete charged singlets is matched with those in
the genus one geometry. Again, singlets of U(1) charge one are located at the intersection
of the Z3 resolution divisors. However, now we have an elliptic fibration with a non-trivial
Mordell-Weil rank for which we redo the computation of the matter on the resolution
divisors as a consistency check.

4.1.9 Location of charged matter

In the following we want to re-compute the matter loci over the orbifold resolution divisors
that are affected when going back to the Ay tensor branch. In the case of the above
mentioned U(1) theory, those loci have been analyzed in [6] by a prime ideal decomposition
of the rational sections in Weierstrass form.

We start by listing those loci for the charge one, two and three singlets whose gen-
eral multiplicity we have computed in the section before . They are summarized in the
following table:

singlet constraint
]_3 V(Ig) : {Sg = S9 = O}
1, |V(Iy): {5455 — 535339 + 323883 — 5153

4.65
= 5782 + 8553 — 568859 = 0} ( )

(s8,89) # (0,0)
L V(L) : {yr = f2f + 327 = 0}/((V(11)&V (1))

where the Weierstrass coordinates of the rational section (y1,z1,21) are given in the ap-
pendix B of [6]. In the following we discuss the three ideals in more detail and determine
whether their associated matter is located over the A, resolution divisors or not.

e I3 locus: imposing the e; ; = 0 on the I3 locus and imposing the SRI results in two
constant non-vanishing functions for a generic complex structure. Hence there is no
charge three matter found over these loci and hence those states are located far away
from the As singularity and its resolution.

e I, locus: For the charge two matter the situation is very similar and we find i.e.
for e 1 = 0 and using the SRI, the two functions to be of the form:

3
Dyje, =0 = {e12a1a3; , as1(—y1a9a13 + e12a20a21 — €1 2a9a2s)}, (4.66)
which also admits no solution that is codimension two in the dPg coordinates.

e I; locus: Here we do find a solution, which can be seen by imposing again e;; = 0
where the ideal becomes of the form:

Lijey y=0=0 = {€1,20105,Q1(y1, €1,2)Q2(y1, €1,2) , 120103 Q1 (Y1, €1,2)Q3(y1, €12}
(4.67)
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Smooth Geometry 6-dimensional Spectrum

’ genus one ﬁbered‘ Repr. ‘MultiH Repr. ‘Multi
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A
s Hy, | 30 T(2?0) 3
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Figure 12. The genus one fibered geometry of the bicubic-quotient and its transition to an elliptic
fibration from top to bottom crossing three hyperconifold transitions. The 6-dimensional spectrum
is highlighted in every step.

with Q;i(y1,e1,2) being degree ¢ polynomials in y; and e; 2. The two solutions are

Q1(y1,e1,2) = (y1adar3 — ey agagoazy + €1,2a1a3; + e12a5a28) = 0. (4.68)
Hence we find one charge state at the intersection of the two P'’s and another one
over a non-toric locus just like in the higgsed case.

The above calculations show that each resolved A singularity in the base actually carries
three charged singlet states with minimal charge: one located over each P! and another
one at their intersection just as in the Z3 case. We summarize the whole flow of geometries
and their respective 6-dimensional F-theory spectra in figure 12.

Finally we note that in the U(1) theory we considered the height pairing, given as

b = —2(3K, ' + &7 — 2Sy) .

is actually not a Cartier divisor when taking the singular limit of the base. This is because
S7 — 28y is exactly the sum of the classes of the Zj3 resolution divisors by; as can be seen
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from equation (4.52). Thus if we do not Higgs the above theory we can couple the U(1)
theory to the Ay (2,0) points.

4.2 Example 2: threefold in (P'12 x F)/Zs

The second example we chose admits a Zg gauge symmetry and four A; (2,0) points in
the base but in addition it also admits a non-Abelian SU(2) gauge symmetry which gives
it more structure than the example we have studied before. In the following we go again
through the explicit construction of the quotient geometry and follow the change of the
spectrum. Finally we perform the hyperconifolds and check that the tensor branch of the
(2,0) theories admits additional purely discrete charged hypermultiplets consistent with

anomaly cancellation.

4.2.1 The geometric setup

For the sake of keeping the discussion short we go to the quotient geometry X straight
away'% which is given by the toric hypersurface in the (P2 x Fy)/Zy ambient space that
is encoded in the polytope generated by the following vertices

XY Z e |x t |y s
-1 -1 1 -1{0 0|0 O
1 -1 0 0|1 -1]0 0 . (4.69)
o 0 0 O0|-1 1]-1 1
0o 0 0 0|0 O0]2 -2

71’2

The first four coordinates are those of P12 whereas the second four parametrize Fy. From

the ambient space we find the toric morphism ¢

Z Xz ts y?
: c?® —_———, = 4.70
¢ %{XY€17Yt’.1‘y’82}’ (4.70)

whose kernel generates the usual four C* identifications of P2 and Fy. However, in
addition, we also find the discrete I'y identification:

FZ : (X7K Zvel;x7t7y78) ~ (P2X7 Y7 F2Z7 61;F2$7t7F2975)7 (4'71)

with 73 = 1. This geometry admits the same standard Stanley Reisner ideal as we would
have for the direct product manifold

SRI :={XY, Zey;xt,ys}, (4.72)
but admits 16 fixed points in total that come as the combinations:

(X, Z,Y,er;2,t,y,s) = (0,1,0,1;0,1,0,1), (4.73)

16The polytope of the covering CY, X can be obtained by giving the base coordinates of Fy trivial legs
in the fiber such that the polytope coordinates become block diagonal.

— 46 —



using the SRI and the C* transformations to set the residual coordinates to one. The CY
hypersurface X C (PL12 x Fy) /Ty misses those fixed points as we will discuss momentarily
and the Hodge numbers are given by

(hD(R), (X)), = (4,36) o4 (4.74)

These are indeed the expected Hodge numbers when we compared to the the covering CY
X C (P42 x Fy) geometry

(R0, D (X)), = (4,68) 125 (475)

Due to the two different ambient factors before quotienting, we actually have two choices
to pick a genus one fibration. We start by picking the PL12 as the fiber ambient space
whereas the second one is presented in section 4.3. The CY hypersurface in terms of fiber
coordinates has been discussed several times in the literature already [6, 8, 10, 13] and is
given by

p=dPex + a7 xXPY +d{VeX?Y? 4 d VXY + d DY+ d e X272

(+) (=) (+) (4.76)

+d; e XY Z +dg 'e)Y?Z +dg 77,
where the dgi) are sections in the anticanonical class of the base that transform even or
odd under the I'y; action on the base. Similarly as in the first example all odd sections

dz(»f) vanish over a fixed point in the base where the fiber attains the form
p=die?X* + d3e? X?Y? + dse?Y + dvet XY Z + dy 22, (4.77)

while the d; are non-vanishing for generic complex structures. Hence we find that the
sections d; with ¢ = 1,3, 5,9 prevent the singularities to lie on the hypersurface. Smoothness
of the fiber is readily checked by the following generically non-vanishing discriminant

A = —(1/16)dydsd2(—d% + 8dsd2dy — 16d2d2 + 64d,dsd2)? . (4.78)

4.2.2 Spectrum and hyperconifold tensor branch

The spectrum associated to the geometry described in the previous subsection can be
computed by using the general results given in [6]. The gauge group of this genus one
geometry is given as SU(2) x Zz. Indeed, the locus ds(;r) = 0 gives an SU(2) singularity that
is resolved by eq in the fiber but does not cross any of the base fixed points as it transforms
as an even section under the base I'y action. In addition we find several discrete charged
singlet states located away from the fixed points. The general formulas for the spectrum
computation and four different geometries are summarized in table 1. We would like to
contrast the tensor branch of the A; theories which we obtained by the hyperconifolds,
with that of a direct product manifold listed as the last row in table 1 that lacks the
additional discrete charged states. In the computation of the charged spectrum we used
S7 =8y = K, ' for the (un-)quotiented geometry with the self intersection (K, 12 = (8)4.
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Multiplicities
) Ambient Space Geometry
Generic Base O
1,1,2 1,1,2
State ED].,].,2 X ]FO (P ZQX]FO) (]P ZQX]FO) (PI,I,Q XBL4FO)
6(K; ! +28;, — 28
Ha, (s 7~ 25) 48 24 24 24
x (K, ' — 87+ So)
6(K;, )2 + 13K, 1S; — 352
Hi, Ky ) b OOt 80 40 48 40
—5KI;139 — 285789 + Sg
Hsy [143(K; 1 —87+89)(So—Sr) 1 1 1 1
Hy, - 69 37 33 41
\% 3 3 3 3 3
Th.0) h1(B) -1 1 1 5 5
Ti2,0) 10 — nYY(B) — K3 0 4 0 0

Table 1.  Spectra of four genus one fibrations with (SU(2) xZ4)/Zs gauge group and their ambient
spaces. We compare covering geometry, quotient, hyperconifold tensor branch and highlight the
change in spectrum. This is contrasted to the spectrum of a regular A; tensor branch theories given
in the last column.

We note again, that we used the general formulas of the discrete charged matter spectrum,
obtained in [6], with the identification

)~ K )~ S, A~ 2R - S, (4.79)

Similar to what we have described in the case of the bicubic quotient, we find that S7 and
Sy are degree (2,2) non-Cartier divisors in the base, unlike K- ! However, by abuse of
notation we set their classes to be equal when computing their intersections in table 1.

Note that all spectra satisfy all gauge and gravitational anomalies (C.1) listed in ap-
pendix C.

In the following we want to comment on the resolution of the (2, 0) subsectors and the
location of the newly appearing discretely charged matter states over the blow-ups, which
is the main difference to ordinary A; (2,0) superconformal points. For this we tune the
following four ambient space fixed points

(X7 Y? Z? 61; x? y’ s’ t) = (O? 1’ 07 ]‘; O? ]‘? 0’ 1)7 (4'80)

onto the CY hypersurface which amounts to tune the complex structure coefficients a; in
d;r = 2%t%a; + y?22as + s*t3as + y?s%ay + stayb, (4.81)

to zero and then resolving!” the singular CY. This choice leads to a new polytope spanned

Y Tuning the b coefficient to zero as well creates a section, and the blow-up of the the singular model
results in the familiar Bl;P*"? model of [54] with U(1) x SU(2) gauge group.
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€4,1

Figure 13. The polytope of the resolved Fy/Zs base. Resolution divisors are highlighted by red
dotted vertices.

by the following vertices

X Y A €1 xr t y S €1,1 €21 €31 €41

-1 -1 1 -1{0 0|0 O 0 0 0 0

1 -1 0 0|1 1|0 0] 1 1 0 0 . (4.82)
0O 0 O0}-1 1]-1 1 0 -1 0 1

o 0 0 0|0 02 -2 -1 1 1 -1

A choice of some triangulation yields a Stanley-Reisner ideal of the form

SRI : {XY,XZ,Zej,eie11,€e1€2,1,€1€31,€1€41,Tt, TE3 1, T€41,YS, Y€1 1, (4.83)

yes 1, sea1,5€e31,te11,tea1,Yea 1, ea1eq1,Yer1,Yes1,Yes},
and the Hodge numbers
(hBD 1) = (8,32) 4. (4.84)

The base can be identified via the projection of the polytope onto the last two coordinates
which gives the toric diagram of a resolved Fy/Zy as shown in figure 13.
Upon the shown resolution, the sections d; of the genus one curve factor out e;

coordinates in the following way

dy — ey1ez1e31e41d1, do — ey1€21€31€4,1d2, d3 — d3,
dy — dy, ds — ds de — e1,1€2,1€3,1€4,1d6, (4.85)
d7 — d7, dg — dg, dg — dg

Again we want to compute the full spectrum on this geometry but we are particular inter-
ested if there are new multiplets over the resolution divisors which we can find by inserting
the above factorization into the Jacobian of P2 given in appendix D. The discriminant
then obtains the following form introducing the collective notation D =), e;1

A=D (R do Q® + 0(192)) , (4.86)
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whereas R and () are polynomials in the d; and dg = 0 is the locus of the aforementioned
SU(2) gauge symmetry. The singlets are found,'® where the I; fiber enhances to Iy which
exactly happens for D = R = 0. Thus the singlets reside where also the polynomial R
vanishes which is explicitly given as

R = —624657&8 + Cng,g + Czicig + (ig,d% — 433&5(59 . (487)

As the resolution divisors within D do not intersect the SU(2) divisor in the base dg =0
we can solve the above locus R = 0 for dy and insert this solution over the blow up divisors
D = 0 into the fiber equation (4.77) using the factorization of the blow-up divisors which
results in a fiber of form:

PlA=R=0 = (4.88)
Y2(ds X2 4 Y (dyX + dsY)) + e1Y (dr X + dsY ) Z + ((—dsd2 + ds(dady — dsdg)) Z?)
(d? —4d3ds)

i

which indeed can be represented a reducible polynomial of the form

~

P=(Z+eY(BY + B2X))(BsZ + erY (B4Y + B5X)) (4.89)

which admits solutions for the 5; in terms of d; that have a Z, monodromy that interchanges
the two P!’s around the locus d = 0 with

d= (dz — 4&3625)(—263547 + Ci4628)2. (4.90)

Hence as expected the fiber in (4.89) splits into two ]P’} /2 that are both in the same fibral
homology class

Pl € 12]. (4.91)
The multi-section generator, which can be written as
oz, = 7], (4.92)

intersects the two matter IP)% /2 curves indeed 2 times and hence the discrete charged sin-
glets'? have charge 2. The multiplicities can again be obtained by reading off S; and Sy
along the conventions of [6] that are given as

S7 ~ Sy :[2t +y+es1t+eq1+ S] , (4.93)

using linear equivalence. From the SRI that is easily read off from the toric diagram in
figure 13 we deduce the relevant intersections:

(Kp)? =K, 'So=4, S2=2, [e1]Sr=1, (4.94)

8The A=Q = 0is a (2,3,4) point and carries no matter.
19To be precise we have not a Z4 discrete symmetry but an (SU(2) x Z4)/Z2 symmetry due to an non-
trivial SU(2) center [61-63] that mixes with the two-section.
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T

Figure 14. Intersections of toric divisors for singular and resolved Fg/Zs base. In red we denote
the orbifold fixed points and their resolution divisors. After resolution we find two discrete charged
matter states per —2 curve.

which is enough to compute the spectrum given in table 1. Again we remark, that the
change in the intersection numbers results from the fact that S; and Sg9 were non-Cartier
on the orbifold base. Let us finally return to the Is loci of the discrete charged matter.
Here we have found the polynomial R; which can be written to be in the class

[Rl] ~ [337 — 89 + Kb_l] . (4.95)
Hence, using the intersections in (4.94) we find
lein][Ri] =2, (4.96)

and thus exactly two discrete charged matter states over each of the four resolution divisors
as depicted in figure 14.

4.2.3 Tuning an SU(2) collision

In the following we want to tune in some additional singularities onto the fixed points,
which we do in the fully resolved CY. Our first example is to tune the SU(2) divisor
dg = 0 given as

d;r = :C2y2a9,1 + t2y2a972 + $2x2a9,3 + t232a9,4 + stxybg , (4.97)

onto the x = y = 0 fixed point by tuning a4 — 0 in addition to the hyperconifolds that
we considered above. The resulting SU(2) singularity over the -2 curve in the base is, as
expected, over the ep; = 0 divisor in the base and can be resolved by adding the vertex

Vess = (—1,1,-1,1). (4.98)

Actually we can also understand this deformation as another hyperconifold, where the
resolution divisors in the base do not subdivide a cone but restrict onto a divisor that was
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Figure 15. Matter locations after the blue SU(2) curve on the green resolution —2 curve, which
gets gauge enhanced to SU(2) as well. The former discrete charged singlet states enhance to
bifundamental matter at the intersection.

already present before as discussed in section 3.2. This deformation changes the geometry
such that dg = 0 becomes a genus 0 curve of self intersection —2. Moreover also the two
discrete charged singlets on e3 1 = 0 are now gauge enhanced to bifundamentals, as dg = 0
intersects e31 = 0 two times. The full spectrum is given in the following table and is fully
consistent with all anomalies and depicted in figure 15.

6-d Rep. |Multi.
(2,1) 24
(2,2); 2
(1,1)y | 46 . (4.99)
(1,1)p | 32
A% 6
T(l,O) )

4.2.4 The U(1) un-Higgsed theory

Another phase can be obtained by tuning in a section which un-Higgses the Z to a U(1).
This can be achieved tuning ds — 0 which amounts to set the residual b coefficient in
equation (4.81) and resolve. In terms of the ambient space we add the vertex v = (0,1, 0,0)
which blows-up the fiber ambient space to BL;PY!? which is the prototype of an elliptic
fibration with Mordell-Weil rank one. The full CY hypersurface Y has the following Hodge

numbers
(R1(Y), h*H(Y))y = (9,31) a4, (4.100)

as expected. Again, this theory admits two hypers that have charge ¢ = 4 under the U(1)
whose VEV triggers the Higgsing to the discrete symmetry when performing the conifold.

~52 -



The spectrum is free of all anomalies which can be checked by incorporating the new height
pairing b1, with the class

3 5 1
b11 :be 1y =57 — =89,

2 2 2
(4.101)
7 3

=Tz + 2t + 563,1 +5eq41 + 95+ 561’1

Indeed we find that the height pairing contains fractional parts of resolution divisors and
is not Cartier when we go back to the singular base. Hence again this model opens up
the possibility to construct a strongly coupled sector with U(1) charged superconformal

matter.

4.3 Example 3: threefold in (Fy x P%12)/Z,

The final example is the same geometry as we discussed in the proceeding section, but
this time we have switched the fiber and base ambient spaces.?’ This time we have a
Zs x U(1) gauge symmetry coupled to four A; (2,0) theories. In this model there are four
types of hypermultiplets in the spectrum distinguished by their U(1) x Zg charge where
only the Zs charged hypers appear on the tensor branch as expected. Moreover we find,
that a collection of three —2 curves can actually be shrunken to an A3 (2,0) theory where
exactly four discrete charged singlets disappear consistent with the general picture. Finally
we show that in order to tune in a section, one must also necessarily enhance the gauge
symmetry by another SU(2) over one of the —2 curves.

4.3.1 The geometric setup

The geometry we consider is actually the same as in section 4.2 however we consider a
different GL(4,Z) frame of the polytope A to make the projection to the base, that is
PL12 /49, more evident. In the new frame the polytope is given by the vertices:

x t y s|Z e X Y
-1 1.0 01 -1 0 -2
o o1 -1{1 -1 -2 0. (4.102)
o oo o1 -1 -1 -1
o 00 o0 0 2 -2

Here we have the same C* and v, identifications as before with the same fixed points and
Hodge numbers as given in equation (4.74). The genus one fiber is now described as the
vanishing of a biquadric equation

p= <bg+)y2 + bg_)sy + b:(;_)SQ) z? + (bé_)y2 + bé+)sy + b( ) 2) x

(0152 465 sy b)) ¢ (4.103)

20From the ingredients above, one could also easily have considered the non-simply connected threefolds
in (Fy x Fy)/Zs> and (PY12 x PH12) /7, [23].
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with the b; being non generic sections in the anticanonical class of the base such that
they transform under the I'p; action as highlighted by their superscript. The explicit
expressions can be found in appendix B.3 which shows that all odd sections vanish over
any base fixed point. The base P1:12/Z, is again identified by the projection 7 onto the
last two coordinates of the ambient space polytope A given above.

4.3.2 Spectrum and hyperconifold tensor branch

The presented model admits a U(1) x Zs gauge symmetry [6] as well as four A; (2,0) points
coupled to the discrete symmetry. The spectrum admits three kinds of fiber degenerations,
corresponding to singlets of charges 1(; y),1(;,_) and in particular purely discrete charged
singlets 1o _).

In table 2 we summarize the general formulas for the spectrum computation as well
as the concrete values for four CY threefold ambient spaces and their F-theory spectra.
We list the covering CY, the quotient geometry and its hyperconifold resolution. The
last column shows the tensor branch spectrum of a trivial fibration, where the discrete
symmetry is not coupled to the (2,0) points and where eight discrete charged hypers are
missing.

It is readily checked that for all theories above all anomalies are Green-Schwarz can-
celed. In addition to the gravitational anomalies, we repeat the U(1) anomalies here

gvaU(l)2 : —% > quq2 =a-b

4.104
U(1)*: 320 Hi,q* = b1y - by ( )

where the anomaly coefficient on the right hand side can be deduced from the anticanonical
class of the base and the U(1) height pairing [6] that are

a=K,, bi=2K,". (4.105)

The multiplicities of the charged matter states can again be computed using the formulas
in [6] and the identification of the classes S7,Sg and K, '. For any base those classes can
be taken from the line bundle classes of the genus one fiber (4.103) as

b~ K, I~ S, BT~ S (4.106)

The S7 and Sy do not descent from Iy invariant classes of B, but covariant ones, with
the same degree as K ! Thus, by abuse of notation we consider them as the same, keeping
the difference in mind and use the self intersection (K3)~! = (8)4 for the (un-)quotiented
case. Using the formulas in the first column of table 2, the full charged spectrum of the
covering, quotient and direct product CY can easily be computed.

To obtain the spectrum of the hyperconifold tensor branch of the quotient geometry,
we proceed by tuning ambient space fixed points onto the CY and resolving. We choose to
fix a fiber fixed point and tune in the four base fixed points that we resolve by adding the
four additional coordinates A;, Ay, B;, B, which amounts to four blow-ups of the ambient
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Multiplicities

Ambient Space Geometry

Generic Base o
State Fo x PL12 (FoxPL1%) | (FoxP11:2)

ZQ ZZ

(Fo X F13)

4K, (87 + So)+
Hy, b (81 5) 80 40 48 40

6(K, )% — (S + S7)
H, 4K (S0 = S1) 48 924 924 924
6(K, ") + 252 — 252

4K, NSy — S7)+

Hi, 48 24 24 24
T 6(KG )2 - 282 4282
H, - 69 37 33 41
\Y 1 1 1 1 1
T10) AbY(B) -1 1 1 5 5
Ti2,0) 10 — AYY(B) — K}? 0 4 0 0

Table 2. Spectra of four genus one fibrations with U(1) x Zs gauge group and their ambient
spaces. We compare covering geometry, quotient, hyperconifold tensor branch and highlight the
change in spectrum. This is contrasted to the spectrum of the tensor branch of a regular A; theory
in the last column.

variety, with polytope A given as

r t y s |Z e Y | A, A, B, B,
-1 1 o0 01 -1 0 -2|-1 -2 -1 0
0O 01 1|1 -1 2 0/-1 0 1 0 (4.107)
o oo o001 -1 -1 -1}-1 -1 0 0
o oo o0jo0 o0 2 21 -1 -1 1
Choosing a triangulation yields a Stanley-Reisner ideal
SRI : {tx,tA;,tAy, tBy,tBy,ys, Ze1, ZAy, ZAy, XY, XAy, XBy,Y By, e1 4y, (4.108)
e1By,e1By, sAy, sAy, sBy, sBy, Ay By, ByBy, AyBy, xyX, zyY, xye1 }, '
and a CY hypersurface with Hodge numbers
(WD p21) = (8,32) 4. (4.109)

After the standard projection down onto the last two coordinates of A, we find indeed the
base to be that of polytope Fi3 as shown in figure 16, the resolved orbifold of P12, After
performing the above steps, we find a factorized biquadric as in equation (4.103) with base
sections given in equation (B.6) of appendix B.3. The hyperconifold resolution leads to
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Ay

Y

Figure 16. The polytope of the resolved P1'1:2/Z, base. Red doted vertices represent the
additional resolution divisors.

factorized base sections b; that are of the form
by = Ay, AyB.Byby, b3 =bs, bg=bs, bs=bs, bio=e1XYbi,

b2 = AxAwaByeli)g s b5 = AwAyBxByeli)5 y b7 = 61[;7, bg = 6169 ,
(4.110)

with the b; being some residual polynomials, spelled out in detail in equation (B.6).
In the convention of [6] the base classes S7 and Sy are given by the base classes of the
polynomials b7 and bg respectively that are read off to be linear equivalent to

Sr~Sy~224+Y - A, — X + By,

1 (4.111)
K, ~[2Z+ B, + By].
These last quantities have intersections
(K1) =&K' =4, Si=2, (4.112)

which can be checked by using the intersection relations as read off from the toric diagram
in figure 16. Thus we have all information needed in order to compute the multiplicity of
all states by inserting them into the general formulas, see table 2.

As a last point we want to consider the states that appear over the four resolution
divisors. In order to do so, we consider the Jacobian of the biquadric given in appendix D
and insert the factorization (4.110). We factor the discriminant with respect to A = A, A,
and B = B, B, as

A = ABe; (318368131@?8 +O((AB)?.. ) . (4.113)

@1 and P; define polynomials that signal enhanced codimension two loci where matter
resides, whereas (1 = AB = 0 denotes a (2,3,4) locus which does not lead to additional
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matter degrees of freedom. The polynomial P; is given as
P1 = *6%8861 + 66676961 - 638361 - lA)lolA)%XY + 4610d388XY, (4114)

which defines an I fiber together with A, B = 0 in addition to the toric locus A = e; = 0.
For completion we confirm the factorization of the fiber into two degree (1,1) curves in terms
of the Fy ambient space classes of the fiber. Indeed over those loci, the fiber reduces to

PA=e;=0 = cZ382:c2 + Jgstxy + (fgt2y2
= (B1sz + Baty)(B3sx + Baty) ,

where the last factorization admits solutions of the 3; in terms of the d;. Hence we find that

(4.115)

the fiber reduces to two P’s that get interchanged by a monodromy around the Q1 = 0
locus. The charges of the state under U(1) x Zy we compute by intersecting one choice of
component of the reducible fiber with the U(1) and Zg generators that are given [6] as

o(s1) =yl =[], oz, =[a]. (4.116)

Using the familiar intersection relations of Fy we find for each choice of component of
the reducible fiber a state with charge 1y _) where the — denotes charge 1 under the Z
symmetry. The states at the loci A,B = P; = 0 are exactly of the same type which,
however, is harder to see. Things however get more transparent when we tune in a section
which amounts to an un-Higgsing of Zs — U(1) which can be achieved by tuning by — 0.
In that case we have an elliptic fibration with Mordell-Weil rank two [64-66]. We consider
the geometry in more detail in the next section however now we simply use that a singlet
of of charge 1 ) is found at the vanishing locus V' (/)

Iy = {b1bgb? + (b3ba + br(—bgbg + bgbr))(b3bsba + by(—bgbgbg + biby + b2bs)),

4.117
bobiab2 + b2bg — babgbabr — b3(—bgbsbg + b2br + babs)} ( )

which vanishes precisely for A, B = P; = 0 after inserting the factorization (4.110). Hence
after Higgsing the second U(1) factor those become the desired discrete charged singlets.
The multiplicities we compute by using the homology class of P;, which is

[P~ 2K, 2+ X +Y + 2], (4.118)
which admits the following intersections
[Alled] = [Al[A] =1, [BI[A] =2,  [a][l]=0. (4.119)

This results in exactly two discrete charged singlets over each—2 curves as depicted in
figure 17.

4.3.3 The U(1)? un-Higgsed theory

We conclude this section with some final remarks on the un-Higgsing of the Zy by tuning
bio — 0. In the geometry above, the polynomial b1g admits the form

bio = (AzAyer XYb + Zc) | (4.120)
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Dy

Figure 17. Intersections of toric divisors for singular and resolved P12 /Z, base. In red we denote
the orbifold fixed points and their resolution divisors. Over every resolution divisor, additional
discrete charge states appear.

with b, ¢ being the complex coefficients that we need to tune to zero. Tuning ¢ — 0
leads to another factorization in P — 61]51 of equation (4.114) and therefore to another
factorization of the discriminant (4.113) as

A = ABe? (1313368151@% +O(AB)? .. ) , (4.121)
with the polynomial
Pl = [A)gi)g - 668789 + 6363 . (4.122)

This is an SU(2) singularity over e; = 0, which can be resolved torically by adding the
vertex vy = (—2,0,—1,0) with corresponding coordinate e;; to the polytope inducing
another Kihler parameter and reducing one complex structure degree of freedom.?! Con-
sequently the former discrete charged singlet loci get enhanced from Is to I3 fibers that are
present over

er={A,=0,4,=0,P =0}. (4.123)

Over the A;/, = 0 loci, we find two neutral doublets, whereas over Py = 0 we find discrete
charged doublets as we will describe in detail in the following.

Due to the factorization, the P, divisor is linear equivalent to

[P ~ [P —el], (4.124)

21This is an example of another hyperconifold resolution whose new divisor restricts onto a divisor in the
base that was already present.
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Figure 18. Matter locations over the resolved P!:!:2/Zy base after a partial tuning. The green
—2 curve admits an enhanced SU(2) symmetry and the former discrete charged singlets have been
enhanced to fundamentals.

which, after using (4.119) and [e1][e1] = —2 leads to the following multiplicities
6-d Rep. |Multiplicity
L) 24 (4.125)
14, 24
\% 4
T(I,O) )

which is again consistent with all anomalies. The location of the matter is depicted in
figure 18.

As a final step, we can also perform the conifold b — 0 in (4.120) which is resolved by
adding the vertex vp ;1 = (—1,1,0,0) with corresponding coordinate z3 1. As this vertex lies
in the pre-image over a generic point on the base, the ambient space of the generic fiber can
be modified to that of dPy. The generic elliptic fiber in dP; [64-66] admits a MW group of
rank two and therefore corresponds to the un-Higgsing of the Zo symmetry. In addition,
we can use the corresponding divisor of z21 = 0 to construct a new U(1) divisor as

o(s2) = [z21] — []. (4.126)
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The reduction in the complex structure by one and the additional U(1) vector is compen-
sated in the gravitational anomaly by two singlets in the representation 1) whose vevs
trigger the Higgsing. As a consistency check, we recompute the full massless spectrum in
the SU(2) x U(1)? theory which is given as

6-d Rep. |Multiplicity
1(17_1) 4
1(171) 20
11-2) 4 , (4.127)
1(0 N 44
V 5
and is fully consistent with the Higgsed multiplicities in (4.125). Over the loci A/, = €1 =
0 we find the fibral divisor e;; of the SU(2) to split as a perfect square
p = b3a?s? + bgyast + bgy?t? = (Bras + Boyt)(Bzxs + Layt) (4.128)

where the coeflicients §; can be expressed in terms of the b; involving square root factors.
Both P! factors are homological equivalent and get exchanged by monodromies in the base
around the square root factors in the 3;. Therefore both states must have vanishing U(1)?
quantum numbers. For the e; = ]51 locus on the other hand we do not find a solution
which interchanges the monodromy in a similar way, such that we conclude the charges as
given in (4.127).

Finally we turn to the anomaly coefficients of the U(1) generators that have the form [6]

2K, K148 -8;
bon = b ) 4.129
(K L Sy — S 2(K 5 + So — [ed]) (4.129)

In order to be consistent with all anomalies, the baa height pairing of the Unhiggsed U(1)
we had to shift byy by —2[e;] . From (4.111) we find that the height pairing of the second
U(1) is equivalent to

bay ~ [2(3Z + Ay + 2X + 2B, + B,)]. (4.130)

Thus, in distinction to the other entries, that are proportional to K~ ! and are thus Cartier
when taking the limit to a singular base, the boo coefficient is non-Cartier.

In summary we find various interesting effects in this example that are worth study-
ing further: first we find exactly eight purely discrete charged singlets appearing on the
tensor branch of four A; singularities where two of them are connected by another —2
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curve. Thus we have a chain of three —2 curves that can be collapsed® to an Zj4 singu-
larity. The resulting superconformal matter is again an unconventional A3 theory as the
collapse involves four discrete charged hypers consistent with the overall picture. Second,
the un-Higgsing of the discrete symmetry admits non-trivial structure, as the involved
tuning necessarily introduces an SU(2) divisor over one —2 curve and introduces further

superconformal matter.

5 Summary and outlook

In this work we have taken a preliminary look at smooth Calabi-Yau threefold quotient ge-
ometries and their consequences for M-/F-theory compactifications in 5- and 6-dimensions.
We find that quotients of CY threefolds can lead to smooth, non-simply connected genus
one fibrations with singular base geometries, multiple fibers and a discrete gauged symme-
try. These orbifold singularities in the base lead to (2,0) SCFT sectors in the associated
6-dimensional physics. The non-simply connected quotiented threefold can be mapped to
a geometry with section via its Jacobian. Once in that Jacobian geometry we have the
tools to easily read off the effective physics of F-theory compactifications in 6-dimensions.
There we find our primary result — an F-theory vacuum with discretely charged supercon-
formal matter charged under the discrete symmetry. Within the context of M-theory in
5-dimensions The genus one fibered CY quotient manifolds can be connected to geometries
with section via hyperconifold transitions that represent the tensor branch of the super-
conformal sector with an U(1) gauge symmetry. In addition, we find a number of new
results linking Abelian gauge symmetries to superconformal sectors. There are a number
of open questions that would be interesting to explore both in the context of the physics
and geometry described in this work and we will address each in turn briefly here.

First, from a geometrical perspective we have found that CY quotient geometries
generically lead to theories with superconformal loci (i.e. orbifold fixed points) in the base
geometry. The CY quotients remain globally smooth by the addition of multiple fibers
over the singular points in the base. In future work it would be intriguing to consider such
multiple fibers in more generality. It is possible to ask for example whether the number of
such multiple fibers (and relatedly, orbifold fixed points in the base) can be bounded in a
CY threefold. If such a bound existed, it could provide intriguing physical constraints on
the order of discrete symmetries appearing in such F-theory compactifications.

In addition to being interesting in their own right, the presence of such multiple fibers
can effect the form of CY torsors (genus one fibered geometries sharing a common Jaco-
bian). This difference may be manifest in that the full Weil-Chatelet group could differ
from its subgroup, the Tate-Shafarevich group (which has to-date been commonly employed
in the F-theory literature). It would be very interesting to fully explore the Weil-Chatelet
group for the quotient manifolds considered here and understand its physical relevance.

Turning next to the associated physics, it is clear that the non-trivial torsion in ho-
mology can generate discrete fluxes in Type ITA/IIB or M-theory vacua, but it is unclear
whether such fluxes tied to the torsional cycles considered here uplift into F-theory vacua.

22Note that the resulting threefold is not smooth.
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In future work it would be interesting to investigate more fully the role played by the
non-trivial first fundamental group. In addition, completing a careful analysis of the 5-
dimensional to 6-dimensional M-theory to F-theory uplift (in the spirit of [8]) would be
fruitful. This analysis in principle should be straightforward since the CY quotient geome-
tries studied here are smooth, and hence the light states in M-theory are well understood.
In a similar spirit, one could also ask whether such CY quotient geometries in F-theory
could give rise to interesting dual 6-dimensional heterotic theories. It remains to be seen if
K3 fibers can survive the quotienting procedures described here as the elliptic fibers have.
If so, the multi-section geometry must be understood in the context of heterotic/F-theory
duality, generalizing previous efforts in this regard [67].

Finally, the coupling of discretely charged matter to superconformal points studied
here seems to give rise to a potentially novel form of 6-dimensional SCFT. The discrete
symmetries studied here arise from the Higgsing of a U(1) theory in the F-theory geometry.
The fact that the U(1) symmetries are not localized in F-theory (in the neighborhood of
the C2/T singularity) but rather a feature of the global, compact threefold, leads to the
interesting question of what happens to the structure of the superconformal sector in
a decompactification limit leading to an SCFT or Little String Theory. How are such
theories related to the classification of [1-3]7 Do the discrete charges persist or are they
really intrinsic to the compact geometry (i.e. the strongly coupled theory linked to gravity)?
We hope to turn to some of these fruitful questions in future work.

Acknowledgments

We thank Fabio Apruzzi, Michele del Zotto, Inaki Garcia-Etxebarria, Markus Dierigl,
Fabian Ruehle and Sav Sethi for valuable discussions. L. A., A. G. and J. G, are grateful
to the Aspen Center for Physics for hospitality during the beginning part of this project.
We also thank the Banff Research Station for hosting during the final stage of the work.
The work of L.A. and J.G. is supported in part by NSF grant PHY-1720321 and is part
of the working group activities of the the 4-VA initiative “A Synthesis of Two Approaches
to String Phenomenology”. A.G. was supported in part by a University of Pennsylvania
Faculty Working Group. The work of P.K.O. is supported by an individual DFG grant OE
657/1-1.

A Threefold in P?x dPg fibration

In this appendix we want to contrast the F-theory physics of the bi-cubic quotient we have
considered in section 4.1 with a geometry that admits also a Z3 discrete symmetry as well
as three A, points which however is not coupled to the discrete symmetry. This model
represents the smooth CY realization of the first model presented as a Weierstrass model in
section 2.2 and therefore corresponds to the tensor branch of the Ay points. The geometric
setup is very similar as the one we considered in section 4.1 for the bicubic and the CY
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threefold is given by the hypersurface in the following polytope A

o X1 X2 || Yo Y1 Y2

1 0 -1 0O 0 0

0 1 -1 0O o0 0 . (A1)
0 0 0 1 1 -2

0 0 0 o 3 -3

It is important to note that the base coordinates y; do not have a ’leg’ in the fiber. The
above threefold is singular and corresponds to the genus one fibration over a singular P?/Z3
base. The resolved geometry that corresponds to the tensor branch is then given by the

following polytope

o X1 T2 || Y Y1 Y2 | €1,1 €12 | €21 €22 | €31 G332

1 0 -1 0O 0 O 0 0 0 0 0 0

0 1 -1 0O 0 O 0 0 0 0 0 0 (A.2)
0 0 0 1 1 -2 0 -1 -1 0 1 1

0 0 0 0o 3 -3 1 -1 -2 -1 1 2

This ambient space is a direct product manifold P? x dPs whereas the CY hypersurface

admits Hodge numbers:

(hB1 h%Y), = (8,35). (A.3)

The triangulation is unique and the composition of the two ambient spaces

SRI : {yoyl, Yoy2,Yo€1,1,Yo€1,2, Y0€2,1, Y0€3,2, Y1€2.2, Y2€2 2, €1,1€22, €1 2€2 2, €2 2€3 1, €2 2€3 2,

Y1€3,1,Y2€3,1,€1,1€3,1,€1,2€3,1,€2,1€3 1, Y1Y2, Y1€1,2, Y1€2.1, Y2€1,1, €1,1€2,1, €1,1€3,2,

Y2€3,2,€1,2€32,€21€32,€12€21, $0$1$2} . (A-4)

The mayor distinction to the hyperconifold resolution is that all dPg divisors have no ’leg’ in
the fiber and hence the ambient space is simply a direct product of P? and dPg. The genus
one fiber is again described as a generic cubic hypersurface (4.3) where the ten sections s;
all transform in the anticanonical class of the dPg base and do not factorize further. Thus
by symmetry we have S; = S = K~ 1 which we can use to compute the spectrum using
the formulas given in (4.8). We compute the spectrum again in the following table and
compare the spectrum with that of the hyperconifold resolved quotient of Example 1 of
section 4.1.7 to clarify the distinction.

Bicubic-Quotient Fixed point resolved dP6 direct fibration
6d Rep. Multi Multi Multi
1 63 72 63
1 30 27 36
T(1,0) 0 6 6
T(2,0) 6 0 0

Note that we have performed similar computations for all other examples to illustrate the
difference to regular A, theories that are not coupled to a discrete symmetry.
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B Specializations of base sections

In this appendix we give the full explicit base dependence we of the sections of the three
examples we present in the sections 4.1-4.3 as they appear in the hypersurface equations.

B.1 Base sections of Example 1

The full sections s; of the bicubic quotient which we use in Weierstrass model of section 2.3
and are obtained from the smooth geometry of a cubic equation (4.3) in subsection 4.1.4

are given as
0

2
s = agyoy? + arsydys + asrnyl,

1

0
551 ) — agyg + a5y% + a20Y0Y1Y2 + agyg )

1
Sé ) = auygyl + a21y%y2 + azgyoy% )

0
sé ) = a2y + a3y} + azyoyiye + azsy;

2

2
Sé ) = a15y0y% =+ a24y(2)y2 + a3lyly§ )

1
8§, ) = a16y§y1 + azsyny + aszyoy§ )

0
Sgo) = aoyg’ + G:wi’ + a26Y0y1Yy2 + aayg .

(B.1)

After performing three hyperconifold transitions we have the following sections with the
additional blow-up coordinates e; ;, i=1...3, j = 1,2, and generic complex coefficients a;:

S1 = €1,1€2,1€31 (62,16%,26;2),7163,21113@1 + 6%,161,263,16323/%@3

+e1,1€3 9€3 122505 + e1,1€1 262,162 2€3.1€3 2Y0Y1Y2015) ,
S2 = €1,1€1,2€2,1€22€31€3 2 (61,163,163,2y0y%a7 + 62,162,2€3,1y8y2a16 + 61,161,262,11;11;%@25) ,
S§3 = €1,1€1,2€2,1€22€31€3 2 (62,263,16372y8y1a8 + 61,161,263,2y%y2a17 + 61,262,162,2y0y5a26) )

S4 = €1,2€2,2€3 2 (62,163,2637163,2%@2 + 6%,1617263,16;%,2@1)’@4
+e1,167 9€3 12,2506 + €1,1€1,2€2,1€2,2€31€3 2Y0Y1Y2018) ;
S5 = €1,1€2,1€3,1 (62,263,163,23183/1&9 + 61,161,263,2@/%1/2@19 + 61,262,162,2y0y%a27) )
Se = 62,1631263,163,23/8&10 + 6%,161,263,163,29§011
+€1,1€1,2€2,1€2,2€31€3,2Y0Y1Y2020 + 61,16%7263,162,2%&31 )
St = €1,2€22€3 2 (61,163,163,234024%(112 + 62,162,263,13131/2@21 + 61,161,262,1y1y%(128) )
S8 = e1,163,1€3,2yoy%a13 + 62,162,263,1y8y2a22 + 61,161,262,1y1y%a29 )
S9 = 62,263,163,23133/1@14 + 61,1617263,2y%y2a23 + 61,262,162,2y0y%@30 )
S10 = YoY1Yy20a24 -

(B.2)
B.2 Base sections of Example 2

In the second example, presented in section 4.2 the fiber is represented as the vanishing of a
quartic polynomial in P12, given in equation (4.77) with nine base sections d; depending
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on the Fy/Zs base as

dgﬂ =2?t%a5 + y*2’ag + s°tPar + y?s’ars + yswtagy

dgf) = sxt2a15 + ySQtalg + metagg + y28:m26 ,

d;(;r) = s*t2ay3 + 2%t a16 + ysatas + y2s’az + y*aasr,

dg_) = sat’ais + ys’tair + yxtas + y’szass,
A = 2?%a) + y?aPay + s*2ar + yPs2ag + yswtar, (B.3)

d(_) = sxt2a30 + ySQta33 + y$2ta36 + y28$a39 ,

) = $2tPags + 2?tPaz) + yswtazs +yP s as + yPata,
dé_) = sxt2a29 + ythagz + yw%a% + y25$a38 )
ds(;+) =2*t?az + y*z’as + s°tPag + y*s*aro + ysatag

with s,%,z,y being the base coordinates and a; generic complex coefficients. The su-

perscript of the polynomials denotes their weight under the I'y; transformation. After

performing the four hyperconifold transitions described in section 4.2.2 we introduce four

additional blow-up coordinates e; and the sections d; attain the following, partially factor-

ized form

dy =

do =
ds =

dy =

ds
dg

dy =

ds =
do =

2 2.2 2 2.2
€1,1€2,1€3,1€4,1 (61,1627163,1y x®a3 +eze3 eq4,1t°2%aq

2 2,2 2 2.2
+ef jez1€4,187y ar + e 1€31€5 11757 ag +61,162,163,164,1758%&17) )

2 2 2 2
€1,1€2,1€31€4,1 (61,162,18y rail +er1e4,1t87yar4 + eg 13 1tyr-a1g + €3 14,1t SICL22) >

6%7162,164,1322/2619 + 61,16%163,11/2532@12 + e1,1€21€31€4,1tSYTA16
+€1,163,1€ilt282a20 + 62,1637164711521‘2&23 ,

e1162,18y°Talg + e11e4,1ts’yars + ez €3 1tyrars + eseq1t?szas;
tsyzais ,

2 2 2 2
€1,1€2,1€3,1€4,1 (61,162,181/ Tage + €1,1€4,118°Yazg + ea 1e31tyxr-ase + ez 1e4.1t 833@35) )

6%7162,164,182?4%24 + 61,16%,163,1y2562a27 + e1,1e21€31€4,1t8yTasy
—1—61716371621#82(133 + 62,1€§’16471t21’2a36 ,
e1,162,18Y°xazs + e1,1e41t8*yass + ea1e31tyr?as + es1es1t?srass,
617165’163,1y2$201 + 62,163164711521‘2&2 + 6%’16271647182?;2&5
+€1,1€3,1621t282a6 + e1,1€21€31€4,1t8yTa3y .

(B.4)

B.3 Base sections of Example 3

Here we present the polynomial dependence of the base sections b; of the biquadric fiber

equation (4.103) of Example 3 presented in section 4.3 in terms of the base coordinates
(X,Y,Z,e1) of the P42 /7, base:

=  Z2a1 +e2X%ar + e2Yag + e2X?Y2a97 + e1 XY Zayy,
= e1 (1 XY3ag + e1 X?Yags + Y2 Zags + X* Zass)

= Z2a9 + e%X‘lag + e%Y‘Lalo + e%X2Y2a16 +e1 XY Zag,
= e1 (1 XY3ags + e1X3Y ags + Y?Zazs + X2 Zagy),
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b7 = eYiag + e3X2Y 2az0 + X az1 + e1 XY Zagy + Z3au

b(7_) = e1 (1 XY3a14 4+ e1 XY a5 + Y?Zagy + X* Zas)

b = 2%+ X an + e}V a1z + X2V 2ags + e XY Zayr, (B:5)
bé_) = e (e1XY3a17 +e1X3Yais + Y% Zagy + X*Zass) ,

b = Z2a4 + e2V4as + 2 X4ag + €2 X2V %a13 + 1 XY Zaos ,

with complex coefficients a;. Sections with a (—) superscript transform odd under I'y;, and
vanish over fixed points. Note that odd sections factor out a e; coordinate. Performing
the hyperconifold transitions described in section 4.3.2 the base becomes smooth with
four additional resolution divisors A;, Ay, B;, By. The nine base sections from above then
obtain the form

b= A A,B.B, (AiAiBmBye%XQ‘Yzal + B.B,Z%a3 + AmAnge%Y‘laﬁ
+A§AyB§e%X4a,7 + AxAyBxByelXYZagg) 5
b2 = AxAmeByel (AzAZQIBrelXYSCLQl + AgAyByelXSYagg + AyBIYQZ(Zgg -+ AxByX2ZCL34) y

b3= BszZ2a4 + AzAnge%Y‘Lag + A:;AyBSe%X‘lag
+AZA2B, Byei X?Y?ay5 + Ay Ay B, Bye1 XY Zayy
b5 = AmAwaByel(AwAiBzelXY3a24—|—AiAyByelX3Ya25+AyB$Y2Za36—|—A$ByX2Za37),
b6 = AxAzB§6%Y4CL18 + AiAszByG%X2Y2a19 + AgAyB§6%X4a20
+A$AyBrBy€1XYZa32 + BxByZ21139 s
b7: €1 (AzAszelXY?’alg + AgAyByelX?’YaM + AmeYQZaW + AmByXQZQQS) s
ng BwByZ2a5 + AmAnge%Y‘lam + AgAyBEG%X‘lall
+AiA§BmBye§X2Y2a23 + AmAszByelXYZa% 5
bg = €1 (AxAinelXYSCLlG + AiAyBy61X3Y0417 + AmeY2Z0J30 + AxByX2Za31) s
blO = 61XY (AIAyelXYCLQ —+ AxAyelXYalg —+ Z(lgﬁ) y

(B.6)

where we highlighted again the factorized form of the polynomials.

C Conditions on 6-dimensional anomaly cancellation

In this appendix we give a brief overview of the 6-dimensional SUGRA relations obeyed
by any anomaly-free theory, following the notations of [68, 69], which we refer to for
more details. In section 4 we check that those conditions all apply, when descending to
a quotient theory. Similarly they are checked in the explicit examples of sections 4.1-4.3.
For an effective SUGRA theory in 6 dimensions, the anomaly cancellation conditions read:

trR* H—-V +29T =273, (trR?)?: 9—T =a-a (Pure gravitational)
trFtrR? : =% (Aag. — Y r RAR) = a- (%) (Non-Abelian-gravitational)
F,,F,trR? : —% Zg Zg.gndmdn = @ bmp (Abelian-gravitational)
trF Bygj, — Z rrBr =0, (Pure non-Abelian)

R
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2, 2. 1 be 2
trFotrEy 3 (ZR TRCR — Cadjn) = (ﬁ) )

FnFuFiFy s Y g guana@m@n@edi = Dimn: D) (Pure Abelian)
q
2 bn . .
E FotrFy . Z TR g ,qn dmIn AR = WA bmn (Non-Abelian-Abelian)
R.qm qn "
FptrE3 Z TR, GER = 0. (C.1)
R,qm

We have given the terms of the 6-dimensional anomaly polynomial, whose coefficients are
the respective anomalies. The Ricci tensor we denote by R as well as the gauge field
strengths F), and F,, of gauge group factor G, and the m-th U(1). The numbers of
hypers, vectors and tensors are denoted as H, V and T, respectively. The multiplicities of
hypermultiplets in the representation R with m-th U(1) charge ¢, is given by 2R .4,

The right hand side of the equations represent their respective GS counter-terms a, b,
and by,,. These transform as SO(1,T) vectors, and are determined by the underlying mi-
croscopic theory. In context of F-theory compactifications these coefficients are interpreted

in terms of geometrical objects that are
a=[Kp], by=58.,  bun=-7(0(5) 0(5m)), (C.2)

where K p is the canonical divisor of B, Sgn is the divisor on B supporting the non-Abelian
group G, and (0 () -0(5y,)) is the Néron-Tate height pairing. Under these identifications,
the inner product in (C.1) with €, s is replaced by the intersection pairing on the base B.

In addition, in the anomalies (C.1), we have made use of several group theory relations
between different representations R. Their explicit form can be found in [69]. For this
work, their explicit values are not relevant, apart from the SU(2) case that we summarize
in the following table

Representation | Dimension | Agr | Br | Cr | Er
Fundamental 2 1 0 o]0 |. (C.3)
Adjoint 3 4 0 8 0

D Jacobians of genus one fibers

We summarize the Weierstrass coefficients f and g of the three different genus one fibrations
considered in the main text that have, constructed in [70, 71]. The generic cubic, given in
equation (4.3) has ten sections s;. The Weierstrass coefficients of the associated Jacobian
are given as

1
48
+ 528788 + S$35589 + S157S9) + 2(8108%85 + 813338 + 89838859 + 813333

(—(Sg — 4(8587 + 8388 + 8239))2 + 24(—86(8108283 — 95151084 + S455S8 (D.l)

f

+ 87(5108% — 35181083 + S3S588 + 525559) + 84(—35108285 + 8285 + (Sg — 33158)89)))) ,
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1
864
X (—s6(8105283 — 95181084 + S45588 + S25788 + 38589 + $15789)

g ((sg — 4(s587 + s388 + 5239))3 — 36(5% — 4(s587 + $388 + $259))

+ 2(5103335 + sls%g + 89538889 + 818383 + 57(81083 — 35181083 + $38558 + S25559)
+ 84(—38108285 + 828% + (S% — 35158)89))) + 216((8108283 — 95181084 + S4S5S8

+ 895758 + 835589 + 515759)2 + 4(—313%0% — sfslosg - 52(278%8%0 + slosg

+ 51(—9s105558 + 53)) + 51052 (— 5255 + 5156)59 — 51535853

— 53(510(5355 — 2518355 — $1525¢) + S158(8358 + $259))

— s357(510(—825556 + 5155 + 5558 + 53(52 — 25158) + 515250)

+ 59(525558 — 515658 + 515559)) + S4(—55 (55 — 9515953)

+ 510(86(—525556 + 5156 + 5388) + 53(5256 — 525558 — 3515658))

+ (510(25355 4 3515355 — 3515256) + S8(—535% + 598556 — 5152 — 5358 + 2515358) )59
+ (—Sgsg + 518556 + 2818288)83 — 5%58 + 87(310(2328§ — 3518556 + 3515258 + 98%89)

— 88(828588 — 815658 + 818589)))))) R (D.2)

For a biquadratic polynomial (4.103) i.e. a genus one curve in Fy we have:
1
f= @[_(—41)11)10 + b2 — 4(bsbr + babs + babg))? + 24(—bg(b1obabs + babrbs
+ bsbsbg + bibrbg) + 2(bio(bibsbr + blbs + by (b2 — 4bybg) + bibaby) (D.3)
+ by (b1brbg + bobsbg) + b3(bsbrbs + babgbg + b1b2)))]

1
= gaall
+ bgbg + bzbg))(—bﬁ(b10b2b5 + b2b7b8 + b3b5b9 + b1b7b9) + 2(b10(b1b5b7 + bgbg

+ b3(b? — 4b1bg) 4 bibabg) + by(b1brbs + babsbg) + b (bsbrbg 4 babgbg + b1b3)))

+ 216((b1obabs + babrbs + bsbsby + bibrbg)? — A(bobsbsbrbsby (D-4)
+ b3by1o(—4b1gbsbg + b2bg + b3bZ) + b1o(b3bEbg + b3bsbrbg + babs(—bsbgbs + bab>

+ b2bg)) + by (b3 (b3b? + bibg) + bob2bgbg + b2bgb2 + bsbr(byb3 — bgbsbg + bsb?)

+ b1o(—4b3b3 + b3bs(bebs — bsby) + babr(—bgbs + bsbg)))))] -

g —4bybyg + b — 4(bsby + b3bg + babg))? — 36(—4b1byg + bz — 4(bsbr

1,2

For the quartic polynomial, the genus one curve in P12 given in equation (4.76) there is:

f = &[-24dy(—2d5d§ + dudgdr — 2dsdeds + dadrds — 2d1d3 — 2dadady + 8d1d5dy)

— (d2 — 4(deds + dsdy))?], (D.5)

9 = 5o1[36do(—2d5d + dadgdr — 2d3dgds + dadrds — 2dyd3— 2dadady + 8d1dsdy)
x (d% — 4(dgds + dzdy))
+ (d2 — 4(dgdg + d3dg))®+216d3[4dadsdedr — 4dydsd2+dad3 +dy(—2dydgds+4d, d7dg)
— 4d3dsdy + d3(d% — 4dydy) — 4ds(dsd? + did2 — 4d1dsdy)]] .
(D.6)
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E Another description of the bicubic

It is easy, using the conventional description of the quotiented bicubic, to check that the
fibers of our fibration at generic points over the base are smooth as would be expected.
However, we might wish to check whether or not the fibers over the orbifold fixed points
in the base are multiple in the sense of being non-reduced (that is, everywhere singular).
This is a somewhat subtle computation to carry out in the conventional description of the
manifold as the group action is mapping fibers at such points to themselves. Given this,
let us obtain another description of the quotient of the bicubic by the toric Zs action in
which the symmetry action is explicitly taken into account and is not imposed in addition
to the defining relations. This can provide us with a different perspective on this aspect of
the geometry.

We begin by constructing a generating set of monomials that are invariant under the
symmetry action [72].

g =10, 92 = 1o , g3 =1T1Y2,  ga=Tayi, g5 =T1T2, (E.1)
9% =wny2, gr=7a, gs = T35, g9 =y}, gi0 =15 ,
g11 = x%yl ) gi12 = QTIy% ) g13 = x%yg ) g14 = 332113

If one takes the ideal generated as follows,

j = <g1 — 20,92 — Y0,93 — T1Y2, - - > s (E2)

and eliminates the original coordinates, one gets an algebraic description of the quotiented
ambient space (P? x P2)/Zs.

J =1NClg, ..., g1 (E-3)
= <9398 — 95913, 9497 — 95911, 93913 — 95914, 93914 — 95910, 93911 — 9697,
9394 — 9596+ 93 — Y8914, 913914 — 98910, 94913 — 9698, Iia — G10913,
96914 — 94910, 94914 — 96913, 9%2 — 99911, 911912 — 9799, 96912 — 9399,
94912 — 9599, 9%1 — 97912, 96911 — 93912, 94911 — 95912, gg — 9798, 93952> — 97913,
9396 — 911913, 9495 — 98911, G395 — 97914, 939596 — 911914, 9595 — G12914,
949596 — 912913, 9295 — 98912, 969798 — 95911913, 9697913 — 95911914,
g§’ — 97910, 932,912 - 939% 9?2)96 — g10911, 939(2; — g10912, 9525913 - 929107
96 — 99910, 9498 — 90914, 916 — 9913, G — 9sgo)

Note that this method describes the ambient space as a non-complete intersection in a
space that inherits non-trivial scalings of coordinates from its parent product of projective
spaces. In particular

(91:92:93:94:95:96:97: 9899 G10  G11 : 912 : 913 : J14) ~ (E.4)
()\1_91 : )\292 . )\1)\293 : )\1)\2_94 : )\%95 . )\%gﬁ : )\?97 . )\il)’gg : )\ggg . /\gglo
P A Aagi1 : ALARg12 F AT Aagis t A A3g14)
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where A1 and Ay are two scalings inherited from the scalings of the original ambient space.
Note that the orbifold singularities in the quotiented ambient space are now encoded, not
in an explicit Z3 action, but rather in the usual singularities that occur in such weighted
projective spaces. There is also an associated Stanley Reisner Ideal which we neglect to
write out here.

We are, of course, not interested in the ambient space but rather the Calabi-Yau
hypersurface inside it. This can be computed in a very similar manner. Let us choose a
random complex structure, consistent with the Zs action for the initial upstairs description
of the threefold defining relation.

p = 58xys + 4923ys + 86xox1 a2y 4+ Slasys + 20wexiydy (E.5)
+4dxdroydyr + 34z x3ydyr + 1523z1y0yt + 55T vay0y]
+24z0x3y0y? + 22%’83/% + 8623y} + dxoziz0ys + 6825y}
+73x%x1y§y2 + 29x%x2y§y2 + 95x0x§y§y2 + 63x8y0y1y2
+11a3yoy1y2 + 30zoz1T2y0y1y2 + 90T3Y0y1y2 + 55T0TTYT Y2
+20x(2)x2y%y2 + 66x1$§y%y2 + 699301:%y0y% + 356%3323/03/%
+49x1 23y0ys + T8x3x1y1y5 + Slatreyiys + 1lzorsyiys + 38x3ys
+2023y5 + 100z0z1 2275 + 3TT5Ys

We then simply perform the following elimination to obtain an algebraic description of the
quotiented Calabi-Yau threefold.

I = (g1 — 20,92 — Y0, 93 — T1Y2, .- -, D) (E.6)
J = Iﬂ@[gl,...,gpd

Performing this computation we arrive at the following.

J = (9398 — 95913, 9497 — 95911, 93913 — 95914, 93914 — 95910, 93911 — 9697, (E.8)
9394 — 9596, 9%3 — 98914, 913914 — 98310, 94913 — 9698, 9%4 — 910913,
96914 — 94910, 94914 — 96913, 9%2 — 99911, 911912 — 9799, 96912 — 9399,
94912 — 9599, 9%1 — 97912, 96911 — 93912, 94911 — 95912, gg’ — 39798, g39§ — 97913,
9396 — 911913, 9495 — 98911, 9395 — 97914, 939596 — 911914, 596 — 912914,
949596 — 912913, 9295 — 98912, 969798 — 95911913, 9697913 — 95911914,
95 — 97910, 93912 — 9597, 9396 — 910911, 9398 — 910912, 9913 — 91910,
96 — 99910, 9495 — 99914, 9196 — 99913, 94 — 9899,
589397 + 63929697 + 229097 + 389109} + 73959397 + 44959497
+78939697 + 20949697 + 159291297 + 3921497 + 69929301 + 24929501
+86959591 + 3092959691 + 94959091 + 100g5g1091 + 209591191 + 559391291
+959591391 + 119691391 + 29959395 + 34959495 + 499597 + 11929697
+51g39s + 90g2g6gs + 869790 + 68gsge + 20g7g10 + 3Tgsg10 + 559295912
+66g12913 + 499295914 + 51911914)
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Note that the first 8 lines here reproduce the description of the quotiented ambient space
that we obtained in (E.3). The remaining generator describes the Calabi-Yau as a hyper-
surface within this ambient space.

Let us now examine this description of the downstairs manifold and observe the fibra-
tion structure and the nature of the fibers over the fixed points in the base. We begin by
describing the fibration itself in this language.

The projection map for the fibration is given by

g1 — 0, 93— 0, g5 — 0, g11 —~ 0, g2 —~ 0, (E.9)
g14 — 0, 913 — 0, g1 —0, gr— 0, g8 — 0

Taking the image of the entire manifold under this map we obtain the following defining
relation for the base

96 — 9og10 =0 (E.10)

in the weighted coordinates (g2 : g6 : go : g10) ~ (Mag2 : A3gs : A3go : A3g10). By studying
the nature of the gauge invariant operators (GIOs) g2 = Y0, g6 = V1¥2, g9 = ¥3 and g10 = y3
we can see that this description of the base is simply the description of P2/Z3 that would be
obtained by using the same formalism that we have employed above to describe the quotient
of the total space. This 2-dimensional base clearly has orbifold singularities thanks to the
non-homogeneous scalings.

Perhaps the easiest orbifold fixed point to see explicitly corresponds to (yo : y1 : y2) =
(0,0,1), or (92 : g6 : g9 : g1o) = (0 : 0 : 0 : 1) in the current description (note if you
set these ¢’s to zero, the ideal (E.8) then implies that g4 = g11 = ¢g12 = 0 also). If one
perturbs slightly away from this point and makes go, g5 and gg slightly non-zero then we
see that we identify three sets of homogeneous coordinates with the scaling while leaving
g10 unchanged (by taking A to be a third root of unity). As we take go2, g¢ and g9 back
to zero these three identified points coalesce - giving us a triple fixed point. Note that, in
performing this analysis, we have simply swapped the use of the symmetry and two scalings
to see fixed points and multiple fibers (as employed in the upstairs picture) for just two
scalings (at the price of those scalings becoming inhomogeneous).

What does the fibre look like over such a singular point in the base? We can see from
the above analysis that we have three identified fibers coalescing at this one point - and
thus in that sense we have a triple fiber. Algebraically we can find an expression for the
fiber by simply substituting the values (g2 : g6 : g9 : g10) = (0: 0: 0 : 1) into the ideal (E.8).
Upon doing this and performing some trivial algebra, we arrive at the following description
of the fibre in terms of the coordinates g1, g3 and g14.

38¢} + 37gis + 1009191493 + 20g3 (E.11)

Notice from (E.4) that all three of these variables scale linearly with A;. Thus the fiber is
described by a cubic in P? and is manifestly an elliptic curve as expected (a more careful
analysis of (E.1) shows that this P? is identical to the first P? in the original description and
in particular therefore has the correct Stanley Reisner ideal). Notice also that the ideal
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describing the fiber over the singular point is primary and thus the fiber is irreducible.
The “triple” nature of the fiber can only be seen by the argument of the proceeding para-
graphs. A straightforward and standard analysis shows that this elliptic curve is smooth
everywhere. This is as expected, as in these examples the orbifold singularities in the
ambient space miss the Calabi-Yau.

A similar analysis to that presented above can also be carried out when we tune the
complex structure of the manifold to a singular point where we regain a section to the
fibration. This could be done, for example by setting all of the coefficients of x3 in (E.5)
to zero. We then find the following description for the fiber over a fixed point in the base,
replacing (E.11).

38g} + 100gsg1491 + 20g3 = 0 (E.12)

This fiber is singular at the point g; = g3 = 0, which is not unexpected as the Calabi-Yau
is singular after such a tuning of complex structure. Note, however, that the fiber is still
not singular everywhere and thus the multiple nature of the fiber over the orbifold fixed
point can only be seen by considering the action of the scalings, even in this limit.

To add a final insight into this somewhat convoluted description of the multiple fiber,
it should be noted that we could perform the analysis above for the standard Enriques quo-
tient of K3. In a close analogy to the bi-cubic, consider a K3 surface defined as a {2,2,2}
hypersurface in a P! x P! x P! ambient space. Then the toric Zs action, z; — (—1)z;, in
each ambient P! yields a smooth surface with a non-trivial, finite first fundamental group.
In addition, the Atiyah-Singer index of the resulting quotiented surface is Ind(K3/Zg) = 1.
Hence the quotient produces an Enriques surface. Repeating the analysis above provides
an identical description of the well-known two multiple fibers of the Enriques surface [20]
realized by Zs scalings as above.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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