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ABSTRACT: We constrain theories of a massive spin-2 particle coupled to a massless spin-2
particle by demanding the absence of a time advance in eikonal scattering. This is an
S-matrix consideration that leads to model-independent constraints on the cubic vertices
present in the theory. Of the possible cubic vertices for the two spin-2 particles, the re-
quirement of subluminality leaves a particular linear combination of cubic vertices of the
Einstein-Hilbert type. Either the cubic vertices must appear in this combination or new
physics must enter at a scale parametrically the same as the mass of the massive spin-2
field, modulo some standard caveats. These conclusions imply that there is a one-parameter
family of ghost-free bimetric theories of gravity that are consistent with subluminal scat-
tering. When both particles couple to additional matter, subluminality places additional
constraints on the matter couplings. We additionally reproduce these constraints by con-
sidering classical scattering off of a shockwave background in the ghost-free bimetric theory.
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1 Introduction

In this paper we study infrared (IR) constraints on theories containing both a massive

spin-2 particle and a massless spin-2 particle in the low energy spectrum, extending the
analyses of [1] and [2, 3]. Consistent effective field theories (EFTs) describing a massive
spin-2 particle coupled to a massless spin-2 particle with a cutoff scale parametrically larger

than its mass can be constructed by introducing dynamics for the reference metric in the



EFT of a single massive spin-2 particle [4, 5]. The theory of this type with the highest
known cutoff and largest known regime of validity is ghost-free bi-gravity [6], obtained by
making the reference metric of ghost-free [7] massive gravity [8, 9] dynamical. However,
just as in the theory of a single massive spin-2 particle, it is not known whether any of these
theories can arise as the IR effective theory of some ultraviolet (UV)-complete description.
Our goal is to find constraints that may point us in the right direction.!

Absence of superluminality is a traditional constraint placed on low-energy theories.
These constraints are usually derived by looking for a classical background solution to the
effective theory, and then demanding subluminal propagation of fluctuations about this
solution. (This was mentioned in the context of bi-gravity in [11].) However, it is more
desirable to have a sharp S-matrix diagnostic of superluminality that applies asymptotically
and sidesteps questions about whether the background can actually be reached dynamically
within the regime of the effective theory [12, 13] or whether the superluminality is itself
detectable within the effective theory [14].

Eikonal scattering is a kinematic regime of 2 — 2 scattering where the center-of-mass
energy squared, s, is taken to be large with the impact parameter held fixed. We display the
precise eikonal kinematics for particles of any mass in section 3. The leading contribution
to scattering in this kinematic regime is captured by a sum of ladder and crossed ladder
diagrams in the ¢t-channel, which exponentiate into the expression [15-17]

iMeikonal (8, 1) = 23/d2gei‘7'g (ei‘s(s’g) — 1) ) (1.1)

Here b is the impact parameter, Fourier conjugate to the exchanged momentum, ¢, and
the eikonal phase, §, is given by
2 -

d(s,b) = % / ((21732 e O My(s, —q?), (1.2)
where My(s,t) is the tree-level t-channel amplitude evaluated in the eikonal limit. When
the external polarizations have spin, there will also be polarization labels on the eikonal
phase and amplitudes.

The eikonal phase is related to the time delay experienced by one particle scattering
off of the other, in lightcone coordinate time [1, 3, 18]

Aw = —5(s,b). (1.3)
P~
In UV-complete theories, the expectation is that particles can only experience time delays
Az~ > 0, never time advances Ax~ < 0. This corresponds to a positivity requirement on
the eikonal phase, § > 0.

As noted in [1], the eikonal phase only depends on the on-shell three-point scattering
amplitudes of the theory. This is most easily seen by performing a complex deformation of
the ¢ integration contour in (1.2). Upon deformation, the integral picks up the residue of
any t-channel poles. By complex factorization, this residue is given by a product of on-shell

!Similar constraints can also be placed on some theories of massless higher spins [10].



three point amplitudes [19]. This results in a contribution
_ 2 M (i0p) ME* (i) / 4’7 e TP
2s (2m)2 @ + m?

for each exchanged particle of mass m. Here the index I sums over polarizations of the

5(s,b) (1.4)

exchanged particle.

If the eikonal phase is negative, § < 0, for some choice of polarizations, it means
that there is asymptotic superluminality in the theory visible at a scale ~ m, which is
the typical scale suppressing derivatives in the cubic vertices in the effective theories of
interest. Assuming the UV theory does not have such asymptotic superluminality, either
the cubic vertices responsible for § < 0 must be absent, or new physics must come in at a
scale ~ m, meaning there cannot be a parametric gap to the next most massive states, as
would be required to have an effective field theory with a cutoff parametrically larger than
the mass. Thus, under the assumption of such a UV completion with a gap, we can place
sharp model-independent constraints on the cubic vertices.

On-shell cubic vertices are strongly constrained by Lorentz invariance. In D = 4
dimensions, there are only 12 possible cubic interaction vertices involving combinations
of a single massive spin-2 particle and a single massless spin-2 particle. Demanding the
absence of a time advance in eikonal scattering leaves a particular linear combination of
cubic vertices which on-shell are equivalent to the Einstein-Hilbert cubic structure. Within
this linear combination, there is a free parameter which roughly corresponds to the ratio of
the Planck masses for the two spin-2 fields. When both spin-2 particles couple to matter,
we find additional constraints on the matter couplings.

One application of these constraints is to ghost-free “bi-gravity” [6]. This is an effective
theory of two interacting spin-2 particles, one massive and one massless, with a cutoff scale
parametrically larger than the mass of the massive spin-2 particle. The theory contains
two free parameters in addition to the two Planck masses, the spin-2 mass and a possible
cosmological constant for each of the metrics. Among theories generalizing massive gravity,
this theory has seen the widest application to cosmology (see [20—-23] for reviews and further
references). The constraints we find here reduce the two-parameter family of theories to a
one-parameter sub-family. In D = 4 dimensions, this one-parameter family is the unique
choice for which there is a Zo symmetry under the interchange of the two metrics. Our
constraints also constrain the coupling of ghost-free bi-gravity to matter, as summarized
in figure 2 for the case of coupling to a single scalar field. We determine these constraints
both through eikonal scattering and by considering classical scattering off of a shockwave
background in the ghost-free bimetric theory.

Another application is to large- N confining QCD, which is essentially a weakly-coupled
theory of interacting higher spins (the hadrons and glueballs of the theory). The constraints
we derive here also serve as constraints on the possible interactions of a large-N QCD with
a massive spin-2 particle as the lightest state, and the way in which it can interact with
gravity. If some large-N QCD-like theory has an isolated massive spin-2 excitation, then
its cubic self-couplings and its couplings to gravity must appear in the specific combina-
tions we find.



2 On-shell cubic amplitudes

The 2 — 2 scattering amplitudes in the eikonal regime are only sensitive to the on-shell
cubic vertices in a theory. The first step is therefore to enumerate the possible on-shell cubic
vertices for a given particle content. These three-point vertices are strongly constrained
by Lorentz invariance — they are fixed to have a finite number of structures for a given
particle content. Here we will use the construction presented in [24] to enumerate the
possible cubic vertices describing the interactions in the theory of a single massless and a
single massive spin-2 particle.

2.1 General construction

Consider the on-shell amplitude for the scattering of three particles with integer spins, s,
and masses, m,, where a = 1,2,3. Each particle has a corresponding momentum vector,
ph, which are on-shell, i.e., satisfy p? = —m?2 and P + ph + p5 = 0. The polarization
data is carried by ei****  which is a symmetric, transverse (pauef{“ 2 — ) traceless
(€qut#3Hsa = 0) tensor associated to each particle. Since the polarization tensors are

symmetric, it is convenient to make the replacement

pr e f L
ekt hsa oy K zHsa (2.1)

where 2z} is some auxiliary vector.? The transversality and traceless conditions on /1" #sa

translate into the condition that z4 is both null and transverse: zg =0 and p, -z, = 0.

Tree amplitudes are Lorentz-invariant contractions of the momenta and polarizations
constructed from polynomials of the scalar invariants built by contracting z’s and p’s. The
three types of contraction are zg,, = 24 - 2b, 2Pab = Za * Pb, and Pap = Pg - Pp- For cubic
amplitudes there are no independent p,; invariants because they can be written in terms of
masses using momentum conservation and the on-shell conditions. We can also eliminate
three of the six possible zp,; invariants by contracting the momentum conservation equation
with each z,. The most general on-shell three-point scattering amplitude can thus be
written as a sum of terms of the form

niz2 ,nN13 ,n23 mM12 m23 m3i1
A3(p1,p2,p3) X 21972137 293" ZP19 “ZP93  ZP31 (2'2)

where the exponents n,, and mg, are non-negative integers. Since each z, comes from a
polarization tensor (2.1), the amplitude (2.2) must also be homogeneous of order s, in each
of the z,, meaning that the equations

ni2 + nig + mig = s, (2.3a)
ni2 + Nog + Mma3z = So, (2.3b)
n13 + N9z + M3 = s3, (2.3c)

must be satisfied. These equations have a finite number of solutions and each solution
gives an independent cubic amplitude [24, 25]. If the process of interest involves identical

2This is just a trick to keep track of index contractions and does not mean that the physical polarizations
can be written as outer products.



particles, we can decompose the amplitudes into irreducible representations of the sym-
metric group which acts by interchanging particles. In what follows, we will restrict our
interest to situations where we have a single particle of a given type and so the kinematic
factors must be symmetric under exchange of some of the external particles, but in more
general situations the kinematic factors can be antisymmetric with the introduction of
color factors.

When there are massless particles with spin > 1, the amplitudes must be gauge invari-
ant. If particle a is massless, this corresponds to the invariance of the amplitude under the
replacement

Za F> Zaq + EDa (2.4)

which generally reduces the number of allowed structures. (There can also be parity odd
cubic amplitudes in five or fewer dimensions, which contain contractions of z’s and p’s with
an antisymmetric tensor, but here we will restrict our attention to the parity-even cases.)

In four or fewer dimensions there can also be redundancies in the cubic amplitudes
due to dimensionally dependent identities. For example, in four-dimensions, which is the
case we will be mostly interested in, any five four-vectors cannot be linearly independent.
This implies that the following Gram determinant of the five vectors z1, z9, 23, p1 and ps
must vanish [24, 26]:

1% 12) v: V4 vs __
6'ulm'uw%%61/11/2V3I/4V5p1 M1P11p2ﬂ2p2 21 M3213Z2,u422 Z3M5235 =0. (2'5)

This gives relations between the various structures built from these constituents.

We now proceed to list the three-point amplitudes that will be relevant for the eikonal
scattering calculation. These are obtained by first solving (2.3) and then imposing the
relevant particle exchange/gauge symmetries on the resulting amplitudes (2.2). In what
follows there are two mass scales: m is the mass of the massive spin-2 particle, which is
used to suppress powers of the derivatives in the interaction vertices, and Mpj is the Planck
mass, which will suppress powers of the field.

2.2 Three massive particles

Solving the equations (2.3) for the case of three identical massive spin-2 particles gives five
independent cubic vertices which are symmetric under interchange:

e Zero derivatives

Ay = mPz12213223, (2.6)

e Two derivatives
Ay = 2532pis + 2132p5s + 2122P51, (2.7a)
A3 = 2132232p122P23 + 2122232P122P31 + 2122132P232D31, (2.7b)

e Four derivatives
Ay = %Zpuzpmzpm (2122p31 + 2232p12 + 2132D23) (2.8)



e Six derivatives

1
As = WZP%ZP%?,ZP%- (2.9)
The most general interaction vertex is then given by a linear combination of these struc-
tures as® s
1
Vo = — a;A;, 2.10
a MP1 Zz; ray ( )

where a; are dimensionless constants.

It is worth noting that the structures (2.6)—(2.9) do not directly correspond to the
on-shell amplitudes generated by a fiducial basis of Lagrangian structures. For example,
the amplitude from the Einstein-Hilbert cubic vertex is a linear combination of Aj, .As
and Ajs, and another linear combination is the amplitude from the 2-derivative non-gauge
invariant “pseudo-linear” term of [27, 28]. This is relevant because the four-dimensional
identity (2.5) in this case reads

44, —2A5 — 243 +3A4; =0, (2.11)

which corresponds precisely to the vanishing of the Gauss-Bonnet term in four dimen-
sions.* We therefore see that there are actually only four linearly independent structures
in D=4. For a precise translation between the structure basis we adopt here and a fiducial
Lagrangian basis, see [3].

2.3 Two massive particles and one massless particle

Next we consider three-point amplitudes where two identical massive spin-2 particles and
a massless spin-2 particle interact. Taking particle 3 to be the massless particle, there are
six possible structures symmetric under interchanging particles 1 and 2,

e Two derivatives

B = S, (2.12a)
Ba = z122p31 (223212 + 2132DP23) (2.12D)
By = (z232p12 + 2132p23)°, (2.12¢)
e Four derivatives
1
By = T3 #P122P232P31 (z232p12 + 2132P23) 5 (2.13a)
1
Bs = quzpmzpmngl, (2.13b)
e Six derivatives
I 9 o 9
Bs = T A7P127P23 2P0 (2.14)

3To obtain the D-dimensional vertices send Mp; — MI(DID_Q)m.
4Note that even though the Gauss-Bonnet term has no non-derivative terms, a part proportional to A;
will be generated by the massive on-shell kinematics.



A general interaction vertex is a linear combination of these structures
i
Vy=——Y b, (2.15)

where b; are dimensionless constants. In this case, the four-dimensional identity (2.5)
becomes
2B5 + 2B, — B3 =0, (2.16)

so we see that there are only five linearly-independent such structures in D = 4.

2.4 'Two massless particles and one massive particle

Next we consider the interactions between two identical massless particles and one massive
particle. Taking particle 3 to be the massive particle, there are two possible structures
symmetric under interchanging particles 1 and 2,

e Four derivatives
1

C = m2 ( 219 — 222?1221723) (m2213223 + 22p31 (2232p12 + 2132p23 + 21221931)) )
(2.17)
e Six derivatives

1 2 22

CQ = m ( Z12 — 22])122’])23) ZP31- (2.18)
A general interaction vertex is then
i 2

Y, = Vi ; G, (2.19)

where ¢; are dimensionless constants. The four-dimensional identity (2.5) in this case
becomes

C; =0, (2.20)
so that in D = 4 only the Cy structure survives.

2.5 Three massless particles

Finally we consider the case when all three particles are identical and massless. There are
three possible structures symmetric under interchange:

e Two derivatives

D1 = (2232p12 + 2132p23 + 2122p31)° (2.21)
e Four derivatives
Dy = %Zplzzpzzszpm (2232p12 + 2132p23 + 2122P31) (2.22)
e Six derivatives 1
D3 = @Zp%ﬂpgszp%y (2.23)



The general interaction vertex is constructed as

. 3

Dy =0, (2.25)

which corresponds to the vanishing of the Gauss-Bonnet term in four dimensions.

In the case of massless particles, there is a straightforward relation between the struc-
tures (2.21)—(2.23) and the amplitudes which arise from simple Lagrangian terms. Specif-
ically, D; is proportional to the Einstein-Hilbert amplitude, Ds is proportional to the

Gauss-Bonnet cubic term’s amplitude and Dj is proportional to the cubic amplitude aris-

3

ing from R}, .

2.6 Scalar coupling

We will also be interested in the eikonal amplitude where massive and massless spin-2
particles interact with a scalar source, so we will require the cubic amplitudes involving
one spin-2 particle and two scalar particles. There is a unique such vertex coupling a spin-2
particle with two identical scalars, irrespective of whether the spin-2 is massive or massless:

K= i, (2.26)
where particle 3 has spin 2. The vertex coupling the scalar to the massless spin-2 particle
is then .

i
V=l = — koK, 2.27
K Mp, 0 ( )
and the vertex coupling the scalar to the massive spin-2 particle is
i
vl — kK, 2.28

where kg, kK, are constants.

We could also consider cubic amplitudes involving one scalar and two spin-2 parti-
cles but these would require the exchange of a scalar in the eikonal amplitude, which is
suppressed relative to spin-2 exchange at large center-of-mass energy.

2.7 S-matrix equivalence principle constraints

So far we have allowed the possible cubic amplitudes to have arbitrary coefficients. How-
ever, for cubic vertices involving massless spin-2 fields there are constraints coming from
the decoupling of longitudinal polarizations in higher-point amplitudes [29]. These con-
straints follow from Poincaré invariance and the masslessness of the graviton and are the
S-matrix manifestation of the equivalence principle. The requirement is that any particle
that couples directly or indirectly to Einstein gravity must have a gravitational minimal
coupling interaction with a universal coupling constant [30].

The S-matrix equivalence principle imposes the following constraints on the cubic
couplings depending on what couplings to the massless spin-2 particle are nonzero:



1. When b; # 0 and kg # 0 the equivalence principle implies by = kg = dy,
2. When b1 # 0 and k¢ = 0 then we have k,, =0 and b; = dy,
3. When by =0 and kg # 0 then we have b; = k., = 0 and kg = dy,

4. When b1 = 0 and kg = 0 then b; = 0.

The second case (by # 0,k9 = 0) is when the scalar decouples from gravity, the third
case (b = 0,k9 # 0) is when the massive spin-2 particle decouples from gravity, and the
last case (b = ko = 0) is when both decouple. In GR the usual canonically-normalized
gravitational coupling corresponds to d; = 2, which can always be set by a rescaling of
Mpy if di # 0.

We emphasize that the S-matrix equivalence principle constraints, although powerful,
require only very weak assumptions, namely the masslessness of the graviton and Poincaré
invariance. When we impose these constraints we are thus not making any assumptions
beyond those already implicitly made.

3 Eikonal scattering in D = 4

The eikonal regime consists of two highly boosted particles moving approximately along
orthogonal null directions in flat space. The kinematics in this situation are somewhat
nonstandard, so here we describe a convenient parameterization of the momenta and a
basis for the polarizations of the external particles.

3.1 Kinematics

The interactions listed in section 2 allow for mixing between massive and massless spin-2
particles on the rails of the ladder diagrams for eikonal scattering (see (3.18) below), so we
need to generalize the eikonal kinematics used in [3] to allow for this. We work in lightcone
coordinates (z~,z*, %) defined by

T .
x _ﬂ(ﬂi . (3.1)

In these coordinates, the Minkowski line element takes the form
ds® = —2daz*da™ + &;ja'ad, (3.2)

where §;; is the 2 x 2 identity matrix.
The external momenta are given by

1 (q? ¢ 1 (q? —
b 2 + Ho_ 2 +
Py = <2p+ < 1 +m1>,p g ) Py =55 (7 +my )5t =5 ) (3.3a)
) A




Here p* and p~ are the independent lightcone momenta which are taken to be large in the
eikonal limit, and the constants p* and p~ are fixed by imposing momentum conservation.
There are always two solutions for p* and p~ consistent with momentum conservation. If
all the particle masses are equal, then one solution is

pt=pt, P =p, (3.4)

which gives the usual eikonal kinematics — as in [3] — and the second solution gives
pi = p} and py = pf, which corresponds to backward scattering. When the masses are
different we choose the solution that at high energies reduces to (3.4) in the limit of equal
masses.” The Mandelstam variables are given by

(8ptp~ + @ % +4m?) (8p*p~ + 7% +4md)

2 _
s =—(p1+p2) 32 p pp, (3.5)
(P +51)° 7% +4(pt —p*) (p*md — prm?) 2
b= —pa)? = — ~ g2, 3.6
(p1 — p3) pp— q (3.6)

The last expressions are their approximate form in the high energy eikonal limit where
pt,p” — o0.

3.2 Polarizations

We also need a basis for the polarization vectors of the external particles. These are

given by
JE — 2 + 7
M _ (18 s Hioy 1 g 9\ P ¢ 37
) = (5208) o= (g (T -mt) 20
J — =2 %
q e . p 1 q 2 q
m =0 - K = | = _—— — 3.7b
6T,A<p2) ( ; 2p_ 5 )\) ) 6L(p2) <m27 2m2p_ < 4 m2>7 2m2> 5 ( )
— — — 2 ~+ 7
q-ex .- 1 q 2\ P q
= - 0 - = — — —, - 3.7
TP ( 2%+ ’”) B <2m3ﬁ+ ( [ m3> g’ 2m3> B
= > ~— 1 -2 7
" — (0,12 & tipy) = (2 4 _p2) 1 3.7d
€T,)\(pﬁl) ( ) 2]57 ,6)\> ; EL(p4) <m4’ 27714]57 4 my ’277’1,4 ) ( )
where the vectors €) form an orthonormal basis for the 2-dimensional transverse plane,
6)@6{\, = 5,\)\/, Zeg\ei = 5” (3.8)
A

A convenient basis, which we will use, is to take eg = 5f\. The polarization vectors (3.7) are
all transverse to their momenta, orthonormal, and they satisfy the completeness relation

v * 124 * v 1 4
e (pa)€r (pa)” + Y €5 (Da) 2 (Pa)* = 1" — PPl (3.9)
by a

5We match solutions at large energy because the equal-mass limit of one of the general solutions
gives (3.4) at high energies and backward scattering at low energies, while the other general solution
gives the opposite. This is possible because the equal mass solutions coincide when s = 4m? 4 ¢* and so the
space of solutions is not smooth. We will not write out the explicit expressions for p* and p~, as they are
rather long and not particularly enlightening. The solution that in the equal-mass limit reduces to (3.4) at
high energies is the correct one for eikonal scattering since we always work in the high-energy limit.

~10 -



where a = 1, 2, 3, 4 labels the four particles.
We can use the polarization vectors (3.7) to construct polarization tensors for the
external spin-2 fields. For a massive spin-2 particle we choose the polarizations given by

6;7;\(17&) = G%A(pa)e%)\, (Pa) » (3.10a)
ea(pa) = % (E‘TL,A(pa)ei(pa) + eﬁ(pa)EE’r,A(pa)) : (3.10D)

€5 (Pa) = \/g [6%(10@)62(%) - é (n“” - plgpfz‘pZﬂ , (3.10¢)

where T', V', and S stand for tensor, vector and scalar polarizations, respectively. In the
N7
T .
orthonormal basis of symmetric traceless tensors,

expression for €. (p,) we replace €}e}, — egj, where the e%\j are two-tensors that form an

eij,iezjf/ = 5i:\” Zegjel)f\l — 3 (5zk5]l + §ikgil _ 5135kl) ‘ (3'11)
py

Explicitly, we take the two tensors to be the standard plus and cross polarizations,

1 10 1 01
e@:\/i<0_1>, e®:ﬁ<10>, (3.12)

which means that the full tensor polarizations are

1

To = NG (#,16%,1 - 6%26%,2) : (3.13)
1

I = 2 (6%16%,2 + 6%,26%,1) : (3.14)

For a massless spin-2 particle we have only these tensor polarizations.
The polarization tensors so defined are all transverse and orthonormal. Additionally
they satisfy the completeness relations

€5 (pa)eg’ (Pa)” + ) fA(Pa) b (pa)” + D s (pa)es (pa)”
A A
- (Propra 4 proprd) - L puw pos (3.15)
2 3 ’ ‘
with P, =, + #pupl,, and

(nuanuﬁ + o — annaﬁ> _ (3.16)

DO | —

Z 6,;17/5\ (pa)égg\ (pa)* =

A

The right hand sides of equations (3.15) and (3.16) are the massive spin-2 and massless
spin-2 (in de Donder gauge) propagator numerators, respectively.

- 11 -



3.3 Scalar-spin-2 eikonal scattering

After these preliminaries, we are now ready to describe the computation of the eikonal
scattering amplitude. The object that we are interested in is the eikonal phase
2= -

5(s,5) = 2% / (;17326—@1’/\44(5,—472), (3.17)
where My(s,t) is the tree-level t-channel amplitude in the eikonal limit p*,p~ — co. We
begin by considering eikonal scattering between a scalar source particle and an admixture
of massless and massive spin-2 particles, which proceeds through the exchange of both
massive and massless spin-2 modes.

We take the vertices to be the general linear combinations V,, Vy, Ve, Vg, V770,
and V' 79 as defined in section 2. In this section we concern ourselves with the eikonal
amplitude in D = 4, which allows us to use the identity (2.5) to set ay =by =c; =d2 =0
without loss of generality. (We will comment on the case D > 4 in section 5.) Altogether
there are are 8 inequivalent diagrams that contribute,

P 3 P P3 y4i %W P3 m P3
IR M 3 oo
P2 Pa P2 Pa P2 — Pa P2 P4

P1 ~emeA P P11 ===~~~ D3 P1 ~emnmim D3 m W‘W P3
E + E + gg + (
P2 Pa P2 Pa P2 Pa P2 ————D4
(3. 18)

A single wavy line represents a massless spin-2 particle, a double wavy line a massive spin-2
particle, and a straight solid line a scalar.

For the external polarization states for the massive particles we take a linear combi-
nation of the polarizations (3.10),

e};"';)a = Posetd + Povety + Porenl (3.19)

while for the massless spin-2 particle there is only tensor polarizations,
egf,)a = Qa,TEZ’lT- (3.20)

Here the P,, Q, are just coeflicients labeling the mixture of different polarization states. It
is convenient to assemble all of these polarization coefficients into a big unit-norm vector

Pa,S

PaV
P, = | * |, 3.21
a Pur (3.21)

Qa,T

so that a general incoming state can be thought of as an admixture of all possible massive
and massless polarization states (and the same for an outgoing state). The amplitude is
then a transition matrix between these vectors of polarization coefficients.
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A somewhat tedious computation of the ¢ channel diagrams (3.18) in the eikonal limit
yields the following form for the eikonal phase after transforming to impact parameter

space:0

1 L - 1
(S(S,b) PTS()<61,63,’L(91,) Pl—log (b) MI%IPBS (él,ég,iab) Pngo(mb).

2w
(3.23)
Here the term proportional to xg comes from the diagrams with a massless spin-2 particle

2
MPl

on the internal line and the term proportional to k,, comes from the exchange diagrams
involving a massive spin-2 particle.
The operator Sy is given explicitly by

So = (3.24)
b %y c9
=+ SV cig ST 4id 2. —cy iig2.
2 m 1% m2 1 bz] \fmZ 1 Ypij
C%V i b1 o = C(‘)/V P TV ij i ij kg3 \fl‘z k -
2V-e50,i 5 €1 €3+ e 2 - Op€3 - Oy €17 e300, + ﬁf 1 eSBbq‘jk el egdb”k
0 0
.. c ) : b
ST 1] 52 TV I % o1 .7 ij ij Jk 6 ij kl g4 C2 7'.7
ey 0y ez €10y +2f,,l3 3 labuk 2eres +2 Syerl "% + 5 8 er e Eer e3 BWM
—co  ija2 V2co k 202 ij d1 17 77 ij Kkl
Tem2 €3 Oyij TFey el 0 Feil el abijkl 5l e

where we have defined 9}, .;, = Oyir - - - Opin, and the various constants that appear in the

matrix are
V3 1
Coy = ———(2b; — b Cop = ———= (2by — 2by +2b3 + b 3.25a
SV 4( 1 2), ST 2\/6( 1 2 3 5)7 ( )
2b1 — 2by + 2b3 + b5 2b1 — by
Cy = Chy = "— - 3.25b
vV 4 ; TV 2\5 ( )
The operator Sy, is given by
S =
ez %g;iab Loz, “o. 0,
%gnl 59y CPy &1 &+ V2 e - Byes - By C%V e ebay; +toueasel ek o C?yz/l Yedo, +—2 Q 2ellef03, 1,
?Tgeg.iazij CTV 53 elabJ +2f 3 ea Eiawk % 517 Z]Jf % 571J €3 abwkl bfgeij ij+ bG 5717 elglabukl ’
c,izQ eéjafw CQ‘,/I etledo,; + QXZ €] ek@fwk b73€§]€11]+m€§jelflagukz Zellel) - 2C2 S?E{k uﬁfﬁi eijeglagijkl
with coefﬁcients
1
Cdg = (8a1+28a2—12a3+3a5) Cdy = ———= (4a1+20a2—10a3+3as) , (3.26a)
16 8v/3
1 1
Cl = —— (4a3 — 8as — 3as; Cly = ——= (2by — 2b1 — 2b3 + 2bs — 3bg 3.26b
ST 4\/6 ( ) ’ SQ 2\/6 ( ) ) ( )
a1 + 3as — ag 2a0 — a3 + as
CVyy=——F Chy, = ——>——, (3.26¢)
4 4
2&2 — as bg — 253
Ch,=——— Chy = ————= 3.26d
TV 22 Qv ol ( )
bs — 2bg
Cly = ——————. 3.26e
5The Fourier transform with respect to the momentum transfer, ¢ requires the following formulae:
d?2g eiTb 1 42§ 7% 1 L
. N 24° g2 22
/ 2@ +m? 2 o(mb),  and / @2 @  2r 8 <b) ’ (3.22)

where Ko(mb) is the Bessel-K function of order 0 and L is an IR regulator.
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The goal now is to place constraints on the a;, b;, ¢; and d; coefficients by demanding
that the eikonal phase, §, is positive for all impact parameters and all choices of polariza-
tions for the external particles. The amplitude written in the form (3.23) makes manifest
that once we have chosen an explicit basis for the polarizations, the amplitude is then a
7 x 7 matrix corresponding to the 5 + 2 possible polarization states for the incoming and
outgoing spin-2 particles. The phase shifts come from diagonalizing this matrix, and it is
these eigenvalues which must be non-negative. A convenient way to organize the calcula-
tion is to enforce positivity of the phase shift order-by-order in the limit of small impact
parameter.

The precise form of the amplitude at each order is not particularly enlightening, so
we just quote the parameter constraints. The leading contributions to the phases in the
small b limit are of order 4. The phases at this order come from diagonalizing a matrix
that depends on the couplings from the six-derivative spin-2 vertices, as, bg, ds, c2, as
well as the scalar couplings, kg and k,,. This matrix has a vanishing trace and hence the
sum of eigenvalues vanishes. The eigenvalues can then only have the same sign if they all
vanish, which means the matrix itself vanishes since it is symmetric. This gives the simple

constraints
bgro + askm = 0, (3.27a)
4eoky + bgkm = 0, (3.27b)
dskg + 4cakpm = 0. (3.27¢)

Similarly, at order b~2 we obtain the constraints

bsko + askm = 0, (3.28a)
—4cokg + (b5 — 2b6)lim =0. (328b)

At order b2 the constraints are

2(2b1 — 2by + 2b3 + bs) ko + (8az — 4as + 3as)km = 0, (3.29a)
(2b1 — 2bg + 2b3 + b ) ko + (2a2 — a3 + as)km = 0, (3.29Db)
2co0Kk0 + (2b1 — 2bo + 2bg — 2b5 + 3b6)lﬁm =0, (3.29C)
askm = bgkm = cakm = 0. (3.29d)
Lastly, at order b~! we get the constraints
6(2b1 — bQ)K/O + (4@1 + 20ag — 10as + 3a5)l-€m =0, (330&)
(—261 + bg)/ﬁg + (—20,2 +az — CL5)Hm =0, (3.30b)
(—2b1 + bg)ﬁo + (—2&2 + ag)ﬁm =0, (330C)
(bg - 2b3)/ﬁ:m = (bg — 2b3 4+ b5 — 2b6)l<&m = 0. (330(1)

There are various solutions to these sets of constraints depending on whether or not the
scalar couplings, k¢ and k,,, vanish:
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1. The trivial case kg = Ky, = 0 does not constrain the spin-2 couplings since there is
no scattering.”

2. The case kg = 0 with k,, # 0 — which means the scalar does not couple to the
massless spin-2 particle — has the solution

a] = a5 = b5 = b6 = Cy = O, (3.31&)
as = 2ay, (3.31b)
2()1 = 2b3 = bQ. (3.310)

In this case the S-matrix equivalence principle requires that the massive spin-2 parti-
cle also does not couple to massless spin-2 particle (since we have assumed £, # 0 so
the scalar does couple to the massive spin-2 particle), so we must additionally have
b; = 0. The resulting constraints are then equivalent to those found in [3] for an
isolated massive spin-2 particle.

3. The case Ky, = 0 and k9 # 0 — which means the scalar does not couple to the
massive spin-2 particle — has the solution

b5 = b6 =0= Cy = d3 = 0, (3.32&)
2b1 = 2b3 = bo. (3.32b)

The a; couplings are unconstrained by this process since the vertex V, does not
contribute to the amplitude in this case. Substituting these constraints into the
general expression for the vertices in the theory, we find that there are two allowed
couplings: one which couples 3 massless particles, and one which couples two massive
particles with a massless spin-2 particle. Interestingly, both surviving constrained
vertices take the Einstein-Hilbert form,

b1

Vi = Vo (2232p12 + 2132D23 + 2122p31)° (3.33)
Pl
’idl 2
Vi = Mo (2232p12 + 213223 + 2122P31)° . (3.34)
Pl

The S-matrix equivalence principle requires that b; = d; = k9. We can further fix
d1 = 2 by canonically normalizing Mp), leaving no free parameters beyond Mpy.

4. The last case is where we have both kg # 0 and &, # 0, which has the solution

a] = a5 = b5 = bﬁ = Cy = d3 = 0, (3.35&)
as = 2ag, (3.35D)
2()1 = 2[)3 = bQ. (3.35C)

The difference with the previous case is that there is now also a coupling between
3 massive spin-2 particles. The surviving vertices all take the Einstein-Hilbert

TOf course, there will still be constraints on the various couplings coming from other processes.
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form: (3.33), (3.34), and

ia
Vo= M72 (z232p12 + 2132P23 + 2122’1)31)2 : (3.36)
Pl

Again, the S-matrix equivalence principle requires by = d; = kg, and we can fur-
ther fix d;y = 2 by canonically normalizing Mp;. This leaves two free parameters:
as and Kyy,.

After solving the constraints (3.27)—(3.30), we still have to check that the remaining
phase shifts are positive in the non-trivial cases.

e For the case kg = 0, Kk, # 0, the remaining phase shifts are

(557\/ = a Ko(bm), (3.37&)

KmS

327TM1%1
_ / 2 2 Fms

or = <a2 + as + 4b1> 327TMI%I Ko(bm), (337b)

where g1 is the phase shift for both the scalar and vector modes, while dr is the
phase shift for the tensor modes. Since b? > 0, some of these are negative unless
by = 0. This is the same constraint that the S-matrix equivalence principle would
impose. The remaining phase shifts are then all non-negative for k,,as > 0, as
found in [3].

e In the case k., =0, kg # 0, the final phase shifts are

. KRQS
- 16mM3,

5 log <§) x (by or dy), (3.38)

for all polarizations, where L is an IR regulator. These are positive for kgb; > 0 and
kod1 >0, as guaranteed by the S-matrix equivalence principle constraint by =d; = k.

e For the final case k9 # 0 and k,, # 0, the general form of the phase-shifts is a
bit complicated but after imposing the S-matrix equivalence principle constraints,
b1 = dy = Ko, we get

s 9 L
557{/ = m |:2b1 log <b) + agano(bm)] R (339&)

s L

The dg 1 phase-shifts comes from the scalar and vector modes, which are each diag-
onal. The dp phase-shifts come from the tensor modes of the massive and massless
spin-2 particles, which are mixed. The terms in square brackets have the general form

AKy(bm) — 2b3 log(bm) + 2b2 log(Lm), (3.40)
where A is some combination of coupling constants. In the limit b — 0 this becomes

(—A — 2b3) log(bm) + log 2 — g + 202 log(Lm) + .. ., (3.41)
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Figure 1. Plot of the allowed parameters that satisfy the inequalities (3.42).

which divergences like log(bm), i.e., a negative phase shift at small b, unless A > —2b3.
The total phase shift still has the wrong sign for large bm, but the difference between
this and the GR result can be made arbitrarily small by increasing Lm. The condition
A > —2b% in (3.39) gives

202 + Ko <a2 + /a3 + 4b§> > 0. (3.42)

These conditions are automatically satisfied when we turn off the scalar coupling to
the massive spin-2 particle, k,, — 0, which is consistent with (3.38). We can use
the freedom to rescale the Planck mass to fix by = 2, after which the remaining
inequalities define an allowed two-dimensional region, which we plot in figure 1. In
section 4 we will discuss how this constrains matter couplings in ghost-free bi-gravity.

3.4 Spin-2-spin-2 eikonal scattering

We now consider the eikonal scattering between massive and massless spin-2 particles
where all external legs have spin 2 in D = 4. There are 2° = 32 different diagrams that
contribute to this amplitude, since each of the four external legs and the internal line can
be either massive or massless. As a result the computation is substantially more intricate,
but the final result can be phrased fairly simply in terms of the ingredients we have already
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introduced:

S AL L = AL L = 1 L
6(s,b) = @P§450(61,63,23b) ® So(€2, €y, —i0h) P25 _log <b)

s 5 o o @ 5 o o R 1
P31 Sm(€1, 3, 10p) ® Sy (€3, €4, —i0p) P12 =—Ko(mb). (3.43)
M3~ 2m

Here Sy and S, are the same matrices defined in section 3.3 and the polarization informa-
tion is now carried by P, = P,®P; which is a tensor product of the vectors of coefficients
for the top and bottom vertices. The fact that our result can be written in the form (3.43)
is a nontrivial check of our calculation.

Going through a similar procedure to that described in section 3.3, we find that the
leading contributions in the limit of small impact parameter start at order b=8. Con-
straining the phase shifts to be positive all the way through to order b~' reproduces the
constraints (3.35) that we found when both particles coupled to matter. This is not un-
expected since the spin-2-scalar process should be captured by the more general process
considered here after averaging over the polarizations of the lower half of the diagram.

If we impose the S-matrix equivalence principle constraint that d; = b;, then the
remaining phase-shifts are given by

s L
d=—— [202log [ = AKy(b A4
e 2 () + Asotm) | (344)

where A is one of the following combinations of the coupling constants:

A=< 2] (3.45)

% (a% + asy/a3 —i—4b%> )
a3 + 2b% £ agy/a3 + 4b3.

These come from diagonalizing a 49 x49 matrix with lots of off-diagonal terms. As discussed
earlier, we impose the requirement A > —2()%. The first phase shift saturates this constraint,
so this theory is only marginally consistent with asymptotic subluminality. All of the other
phase shifts automatically satisfy this constraint as well, so we see that there are no further
constraints beyond (3.35). This is similar to what happens for massless [1] or massive [2, 3]
spin-2 particles in isolation: the shockwave amplitude happens to capture all the parameter
constraints required for the theory to be asymptotically subluminal.

To summarize, we find that it is possible to couple D = 4 Einstein gravity to a mas-
sive spin-2 particle and still satisfy the constraints that follow from forbidding asymptotic
superluminality. This requires the vanishing of the cubic vertices involving two massless
gravitons and a massive spin-2 particle, V. = 0, as already shown in [1]. Moreover, the
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remaining interaction vertices must take the Einstein-Hilbert form,
ia2

Vo = o (z232p12 + 2132p23 + 2122p31)° , (3.46)
Pl
iby 2
Vy = Vo (2232p12 + 2132p23 + 2122P31) ", (3.47)
Pl
ibl 2
Vg = M, (2232p12 + Z132P23 + 2122P31) ", (3.48)

where we have used the S-matrix equivalence principle to match the coefficients of V}, and
V4. The coupling of the massive spin-2 particle to a scalar is further constrained by the
conditions (3.42). We see that there is a recurring theme that the Einstein-Hilbert on-
shell cubic amplitude is the only possible structure consistent with positivity of the eikonal
phase, so it is tempting to speculate that this observation would continue to be true with
the addition of further massive spin-2 particles. That is, it seems that the only couplings
allowed between spin-2 particles are of the Einstein-Hilbert form at cubic order.

4 Shockwaves and Shapiro delay in ghost-free bi-gravity

In General Relativity, the Shapiro time delay experienced by a particle passing by a mas-
sive object can be computed by considering the particle’s propagation in a shockwave back-
ground given by the Aichelburg-Sexl metric [31, 32]. This delay was shown to be equivalent
to that determined by the eikonal scattering calculation in [18]. We would therefore like
to match the eikonal scattering results we have obtained to a shockwave calculation.®

Here we consider a particular bimetric theory that can be trusted in the classical
nonlinear regime, making the computation particularly convenient, though there should
be no obstruction to performing the same computation in an arbitrary theory. The result
will in fact only depend on the cubic vertices of the theory, in agreement with the eikonal
calculation. We consider the analogue of the Shapiro time delay calculated in a shockwave
background for this theory, and we find that it identically reproduces the results of the
eikonal scattering, as expected. We also find that, in the formulation of the classical
non-linear bi-gravity theory, the constraint on the cubic self-coupling picks out the unique
bi-gravity theory with a Zo symmetry.

4.1 Ghost-free bi-gravity

The non-linear ghost-free bi-gravity theory [6] is an extension of dRGT massive gravity [9]
that describes two interacting spin-2 particles — one massive and one massless — and
no additional degrees of freedom. The theory is formulated using two metrics, g, and
fuv, each with their own Einstein-Hilbert kinetic term and a zero-derivative potential term
which mixes the two metrics. The form of the potential term guarantees the absence of
ghosts in the classical theory and in the low energy effective quantum theory. In D = 4,
the ghost-free bi-gravity Lagrangian takes the following form:

M? !
L= —nggR(g) + 7f\/ij(f) - m2M>k2\/ngBnSn (\/ﬁ) . (4'1)
n=0

8The analogous computation in massive gravity has been done in (2, 3].
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The S,, are the n-th elementary symmetric polynomials of the eigenvalues of the matrix
square root X", = \/g#**f\,. They are given by

So(X) =1,

S1(X) = [X],

S2(X) = §(X]* - [X%), (4.2)
S3(X) = 5 ([X]? - 3[X][X?] + 2[X%])

S4(X) = £ ([X]* — 6[X][X?] 4 3[X?]? + 8[X][X?] - 6[X*]),

where the square brackets denote the trace of the enclosed matrix.
There are two mass scales M, and My, along with the graviton mass m. The effective
mass, M,, is defined as

) . —-1/2
9 f
The (,, are free coefficients.

If we expand both metrics around the same flat spacetime, then the requirement of no
tadpoles for each metric gives two conditions on the [,

Bo+ 361+ 362+ p3=0, (4.4)
B1+382+3083+ 84=0.

After imposing this condition, demanding that the parameter m? is the correctly normalized
mass for the massive spin-2 particle requires

Bi+282+pB3=1. (4.6)

These three conditions mean that, of the five §,, there are only two free parameters.
These two parameters are often written as c3 and ds (see, e.g., [8]), where c3 parametrizes
cubic interactions in the potential and d5 parametrizes quartic interactions in the potential.
All higher-order interactions in the potential are fixed after specifying c3 and ds. The 3,
can be written in terms of c3, ds as

Bo = 48d5 + 24c3 — 6, (4.7a)
By = —48ds — 18¢3 + 3, (4.7b)
By = 485 + 12¢5 — 1, (4.7¢)
B3 = —48d5 — 6es, (4.7d)
B4 = 48ds. (4.7e)

When the (6, satisfy 54 = By and B3 = (1, the ghost-free bi-gravity theory enjoys
a Zz symmetry under the interchange of g,, < f,, and My <> M;. From the above
expression (4.7) we see that this occurs precisely when c3 = 1/4. The parameter ds is left
unspecified by this requirement.
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4.2 Cubic vertices of ghost-free bi-gravity

In order to connect to the eikonal computation, we need the cubic vertices that couple
the massive and massless particles in bi-gravity. Importantly, the g,, and f,, metrics are
not mass eigenstates of the bi-gravity theory. If we expand both metrics around the flat

background,
2
Guv = Nuv + M, huw (4.8a)
2
f/u/ = Nuv + Mf ku (4.8b)

then we find that the mass eigenstates are given by the linear combinations [6]

W | kuw
- 4,
M. M T (4.9)
v h 17 k 17
Ypv _ M R (4.9b)

M, M, My’

so that the quadratic Lagrangian takes the form?

2

£ = Uy EP P g g + vuyc‘f“”aﬁvag - % (v — vt 0" (4.11)

).
The fluctuation u,, is the massless spin-2 field and v, is the massive spin-2 field. We
recover dRGT massive gravity in the limit that My — oo. This gives M, — Mg, uy, — ku
and vy, — hyy. The massless f,, metric decouples and we are left with the massive g,
metric.
If we expand the ghost-free bi-gravity Lagrangian (4.1) to cubic order and use the mass
eigenstates (4.9) we find the following four terms in the on-shell cubic Lagrangian:

(3) _ M, (3) M, M, (3) M, 3
[’on—shell - Mng [’E‘H(u) + (Mg - M]%) ‘CEH(U) + MngE( )(UVUVU)
M 3 M 1
—m? * _ 2 * - 3
m [ 3 (203 2> + M]% (203 + 2) Vp - (4.12)

Both the massless u field and massive v field have an Einstein-Hilbert cubic vertex with
different coefficients; there is also a two-derivative term containing one massless and two
massive spin-2 particles. The coefficients of all three of these interactions are completely
fixed once the mass scales have been chosen. Finally, there is also a cubic potential for
the massive spin-2 particle, with a free coefficient parameterized by c3. The corresponding

9Here £#v*# is the Lichnerowicz operator, which acts on symmetric tensors, X uvs as

grrasx o — _% (D — 2010, X% 40" X — DX + 5/ 0,0, X" . (4.10)
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on-shell cubic vertices are given by

1 1 3im?(1—4
Vo = 2i M, (W - W) (2232p12 + 2132p23 + 2122p31)° + mgw*cg)znzlgzzzs, (4.13)
21 M.,
Vy = MZng (2232p12 + 2132D23 + 2122P31)° (4.14)
21 M.
Vi = ]\;g]\/;f (z032p12 + 2132D23 + 2122D31)° - (4.15)

The mass scale suppressing the massless cubic vertex, Vy, is My My/M, = | /MJ% + M g2 SO
this defines Mp; for this theory. Comparing to the vertices in section 2, we then see that
ghost-free bi-gravity corresponds to

M, My M,

_ MMy =2 =2 = 41
@ =3 M?2 ( cs); 2 (Mg My )’ s a2 a5 =0, (4.16)
b1 =dy = bz =2, by = 4, co =d3 =bs =bg =0. (4.17)

The original bi-gravity action is invariant under a diffeomorphism which transforms both
metrics as tensors, and so we automatically have b; = d; as mandated by the S-matrix
equivalence principle.

In the massive gravity limit My — oo we are left with just the vertex

2i 3im?(1 — 4es
V,= — (22322912 + 2132p23 + 21222931)2 + (]\4)
g

M, 212213223, (4.18)

which is the dRGT cubic vertex [3].

4.3 Background solutions

We now look for shockwave solutions of the ghost-free bi-gravity theory (4.1). We use light-
cone coordinates (3.1), and look for Aichelburg-Sexl type solutions of the following form:

Juv = M + G(iL‘+, f) l,ull/ ) (4'19)
f}u/ = 77}1,1/ + F(ﬂf+, f) lulyj ) (420)

where I = (1,0, 0). Substituting this ansatz into the equations of motion for g and f that
follow from (4.1), we find

M2 m2M2

VG @) + T GGt ) — Fat, @) =T, (4.21)
M?2 2772
IV FEt g+ " ZM (F(at,7) — Gt 7)) = T | (4.22)

where V? = 83 + 0%. Notably, the 3, disappear from these equations as we would expect
for an Aichelburg-Sexl type metric, which typically only depends on the linear structure of
the theory.

—99 _



The stress tensor sources that we consider are
M, S _ .
T = 37271 40@) 8(@) + Ip7| An(@*) 6(2). (4.23)

M . _ .
) = T Ao(a®) 6(F) — [p7| Au(a™) 8(@). (4.24)
g

which in the general case describe shocks propagating in the x~ direction coupled to both
the massive and massless eigenstates with radial profiles given by the general functions
Ap(z*) and A, (xt). From (4.9), the coupling of the mass eigenstates to the energy-
momentum tensor is given by

2 2 2 _ . 2 _ .
A T + T T = S Ao ) () + v 7| Am(a ") 6(3). (4.25)
We see that the function Ag(x*) sources the massless spin-2 particle u,, while A,,(z")
sources the massive spin-2 particle v,,. We consider a point source energy-momentum
tensor and define the constants xg and k,, by

M? M?
) * + +) * +
Ap(z™) = HO2MfM95(x ), An(zh) = /im2MfMg(5(x )s (4.26)

which correspond to the scalar couplings defined in section 3. The S-matrix equivalence
principle requires that kg = 2. This choice ensures that matter is canonically coupled to
the Minkowski metric in the limit of zero metric fluctuations for both the f and g metrics.

There are two independent solutions to the equations (4.21) and (4.22), which can be
expressed as

2
G, ) = Aofa*) fol@) + 3 5 Am() fin(B), (127)

A2
Pt ) = Aofa®) fol®) — 15 An(a) fn(®), (125)

!

where the functions fo(Z) and f,,(Z) satisfy

V() = 3737 00 (4.29)
(V2 = 1) fn (&) = — 3 7 16(7). (130)

The solutions to equations (4.29) and (4.30) are given by

fol@) = —21 e <L) , (4.31)

fm(Z) = lp_| Ko(mb). (4.32)

Here we have introduced an IR cutoff, L, in the first expression.
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4.4 Fluctuations

In order to determine the phase shift due to propagation in the shockwave background, we
expand the two metrics g,,, and f,, about their respective backgrounds as follows:

2
G = N + G(@7,Z) Ly + —hyw (4.33)
Mg
2
fMV = T/MV + F(.CU+, f) lull/ + 7kuu . (434)
My

We expand the equations of motion for g and f to leading order in the fluctuations A,
and &, and look for solutions. Of the combined 20 components of h,, and k,, there will
be seven independent propagating degrees of freedom corresponding to the two degrees
of freedom of the massless graviton and the five degrees of freedom of the massive spin-
2 particle. We solve for these. For clarity, we consider the phase shifts due to the two
independent background solutions F,G separately. The total phase shift due to both
backgrounds will simply be the sum of the two.

4.4.1 Massless shockwave

Let us start by setting kg # 0, Kk, = 0, which corresponds to a shockwave source that only
couples directly to the massless spin-2 particle. After various field redefinitions of h,, and
k.. we can isolate the five physical modes of the massive spin-2 field, which we denote by
Vi where I = S, Vq, Vo, T1,T5 and the two physical modes of the massless spin-2 field which
we denote by Ur where I = T1,T5. (See [2, 3] for more details of our method.) From the
full equations of motion for the metric fluctuations, we find the following five equations of
motion for the five massive modes, V7:

m2+q2 p*pﬁLMQ 1
O Vi +ilpt | ——5 VI = itkp——5—50(z") |41 — VIl . 4.35
Ve = gl Rt e ()i G

For the two massless modes, U;, we find the following:

2 —mt+ 172
. q . ppTM; 1
8+U[ + Z|p+| 2(p+)2 UI = ZHOWJ%Mgé(er) |:410g (n]l)) U[:l . (436)

The mixing matrix between the various modes (i.e., the right hand side of the above
equations) is diagonal, with the eigenvalues for all seven modes given by

Ar = 4log (i) . (4.37)

After diagonalizing the modes, the first order differential equations (4.35) and (4.36) can
be integrated to obtain

i L 2, 2 - M2 ~
i+ [T + | m®+q°  _KoP * +
ip fwg dz (2(p+)2 T6m M2 M2 5(&F)As(b)

V(z*) =Vi(z{)e I : (4.38)

. zt 2 K p_Mf -
—ip™ f:a' &t <2(§+)2 N 16(7)rMJ%Mg S(@H)Ar(b)

U(z™) =Ur(zd)e (4.38b)
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The phase shifts experienced by the particles have two components, the first is a dispersion
effect which is integrated along the trajectory; the second is an anomalous phase shift
localized at the shock, which corresponds to the Shapiro time delay. We integrate just
across the shock to isolate this second component:

p*p+M*2 S L
5(s.b) = 1oL P 3\ (b)) = ko——log [ 2 4.39
(5,6) = Ko 1670702 () TSV (b ! (4.39)

where Mp) = M;M,/M,. This agrees with the corresponding amplitude result (3.38) when
we substitute by = 2. The S-matrix equivalence principle sets kg = 2 and we see again
that all seven modes have a positive phase shift.

4.4.2 Massive shockwave

We repeat the same procedure, now setting ko = 0,k,, # 0. This corresponds to a

shockwave source coupling only to the massive spin-2 particle. For the scalar and vector
modes of the massive particle we find the following equations:

2, 2

. m°+q

o, Vi +ilpt|——n

+ VI ’p ’ 2(p+)2

where we restrict to I = S, Vi, Va. My is a 3 x 3 matrix with eigenvalues given by

' ppt
Vi = ikm——08(x")M;;Vy, 4.4
7 =K 16 rng (IL’ ) IDAS) ( O)

(5 —12c3) M7 + (1 — 12¢3) M/

As = A Ko(mb), (4.41)
M7 + M?
(13 — 36¢3) M7 + (5 — 36¢3) M, 1— 4es
= K, + K, 2 L 48K 2,
A\ Vs 2017+ M2) o(mb) 5 V9K (mb)? + 48K, (mb)
(4.42)
The phase shifts are then given by

S5 (5,6) = KPP A1 (B) = KA1 (b) (4.43)

SVAS S T e M M, T T T 32w MM, ‘

In order for the vector phase shift to be positive at small impact parameter, we must have
c3 = % and thus a; = 0, as found in (3.31a). On this value, the eigenvalues become

2 2
Asy = uKo(mb). (4.44)
’ M3 + M2
The phase shifts are thus
S Mf M
Ssv = km———— | == — =2 | Ky(mb). 4.45
SV =M l6n g, (Mg Mf> o(mb) (4.45)

This agrees with the scattering result (3.37a) after substituting as as given in (4.16).
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If we now consider the tensor modes, we find that the equations mix the massless Uj
and massive V7 tensor modes:

7 p ptM?
O.U;s +ilpt|—L Uy = inyy 2P % 5(0) 4K (mb)V7] 4.46
Ur +ilp \2(p+)2 [ =ik 1670702 (z") [4Ko(mb) V] (4.46)
m2 _|_q2 p—p+M2 M]% _ M2
pt | ———V = ik —————=0(2") |4K b 4t Ik b
6+VI+1’|p | 2(p+)2 ‘/I L 1677M?M3 ('T ) O(m )UI+ MfMg O(m )‘/I

(4.47)

Here I = 13,715 corresponds to the two tensor modes for each of the fields. As can be
seen from the left hand side of the above equations, the two sets of modes obey different
dispersion relations — one massless and one massive. However, this difference becomes
negligible when integrating across the shockwave to find the phase difference. Thus we can
simply calculate the eigenvalues of the mixing matrix from the right hand side of the above
expression. We find the following four eigenvalues:

Mf Mg

The phase shifts are thus given by

S My mb). (4.49)

S Mf
or = LR (mb), S0 =~k —r
= fom o(mb). 01 = ~km g A= 3,

871'MP2,1 M,
These agree with the scattering result (3.37b) after substituting b; and ay as given in (4.16).
Thus, for the case of k9 = 0, we see that the phases are only positive when M; — oo,
implying by — 0, which is also the constraint from the equivalence principle.

4.4.3 General case

For the most general case with kg # 0 and &, # 0, the total phase shifts are simply the sum
of the phase shifts found separately above for the two independent shockwave solutions. In
order for the phase shift associated to the vector modes to be positive in this generic case,
we again find c3 = i. We can then determine the phase shift for all the modes, subject to
this constraint. One finds

s | L km (M M,
gy = ——— 1 = L 9 ) Ko (mb 4.
SV s, [ Og(b)* 2 (Mg Mf) ol )}’ o0
S [ L Mf
op= ——— 1 = m—Ko(mb)| , 4.51
v = gz o108 (5) + o gy Katont) (451
s [ L M
Opr = ———— 1 =) — b —LKy(mb)| . 4.52
T 87TMI§1 _Ho Og(b) K Mf 0(m )] ( )

Positivity of the phase shifts then requires the following two conditions on the free param-
eters of the bi-gravity theory:

M
Ro+ hm 77 20, (4.53)
g
M,
Ko — Km ﬁj >0 (4.54)



Mg/Mf

2
Figure 2. A plot of the allowed parameter space for the coupling constant «,, = lﬁm% and
g

the ratio M,/M;. The shaded region corresponds to the allowed parameter space. The different
curves correspond to different matter couplings: coupling to the g metric only (blue, dotted), to the
f metric only (orange, long dash), equally to both metrics (green, solid), to the massless eigenstate
only (pink, dot dashed), and equal coupling to both the massive and massless eigenstates (yellow,
short dash). The information contained in this plot is equivalent to that in figure 1, but these
variables are the ones that arise naturally in bimetric gravity.

These are the same inequalities as (3.42), but phrased in the variables more natural to
bi-gravity.

This allowed region is plotted in figure 2, together with curves corresponding to various
special cases of the matter couplings. For clarity, following the definitions of equation (4.26),
we use the couplings

M? M?

e = byt 4.55
oMM, ™ T "Man M, (4.55)

g = R
2
The S-matrix equivalence principle sets kg = 2 and thus ay = %, leaving an allowed
region for values of a,, as a function of My/M;. The dRGT massive gravity limit corre-
sponds to My — oo and thus ap — 0. Le., in this limit the matter sector couples only to
the massive eigenstate.

4.5 Implications for bi-gravity

As mentioned above, the main constraint that arises from the asymptotic subluminality
condition for bi-gravity is that the cubic coupling takes the special value cg = %. Intrigu-
ingly, this corresponds to the most general ghost-free bi-gravity theory (4.1) with a Zo
symmetry under the interchange of the g, and f,, metrics.
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In addition, the conditions (3.42), found both from the scattering and the shockwave
calculations, constrain the matter coupling constant ,, in terms of M,/My. The allowed
region of parameter space for ghost-free bi-gravity coupled to a single scalar is shown in
figure 2.

Bi-gravity theories in which both metrics couple to the same matter sector have at-
tracted much interest in the literature. Generically, “doubly-coupled” matter re-introduces
the Boulware-Deser ghost [33] at scales below the cutoff of the bi-gravity EFT. However,
in [34] (see also [35]) a particular double-coupling was introduced of the form

1 v
Ly = TV Yeft (945 0ud0L b + m§,¢2) , (4.56)
where
9 = ag, + 20890 XN + B fuw (4.57)

and X', = \/¢g#*f\,. With this matter coupling the Boulware-Deser ghost is absent in a
certain high-energy limit known as the “decoupling limit.” This indicates that the scale
associated with the ghost is larger than the cutoff Az = (m?Mp;)'/? of the bi-gravity EFT.
Thus such a matter coupling is consistent within the regime of validity of the EFT. Let
us make contact between this particular matter coupling and the results of the previous
sections. We can expand the matter Lagrangian around a flat background using (4.8) and

1 1
g,MXAV = N + ﬁgh’“’ + Ekuy + O(h%, K2, hk). (4.58)

In terms of the mass eigenstates (4.9) this gives the cubic interactions

1 vHY My M
L — (4" + —— oL - p=E 0,0 4.59
¢ 2 Mp1|:u +a+ﬁ<aMg ﬂMf>:|¢uV¢a ( )
where Mp; = M]% + Mg2 and we have canonically normalized the scalar assuming that

a+ B # 0. The doubly-coupled matter Lagrangian thus corresponds to the cubic couplings

2 M; M,
5 _ _gMg\ 4.60
RO=2 B =018 (O‘Mg ﬁMf> (4.60)

From this we see that the equivalence principle constraint xg = 2 is automatically satisfied,
as expected from overall diffeomorphism invariance of the action. The k,, coupling falls
inside the region allowed by asymptotic subluminality when o8 > 0. The cases of coupling
to a single metric, a = 0 or 8 = 0, correspond to the top and bottom lines in figure 2,
which are on the boundary of the region allowed by asymptotic subluminality. The case
a = = 1/2 gives the solid green curve in figure 2.

5 Eikonal scattering in D > 4

Up to this point, we have focused on physics in D = 4. Although this is likely the most
physically relevant situation, the D = 4 Gram identity (2.5) means that some structures
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vanish identically. We would therefore like to understand if any of these structures can
appear in a higher-dimensional theory consistent with asymptotic subluminality. In this
section we briefly describe the higher-dimensional version of the eikonal scattering calcu-
lation considered in section 3.

The main difference in higher dimensions is that all 16 structures can appear. In
addition to this, there are now D — 2 independent vector polarizations and w -1
tensor polarizations.' Aside from this, the computation in D # 4 is essentially the same
as in four dimensions.

Repeating the procedure outlined in section 3, we obtain an amplitude of the schematic
form (3.23). The various constants appearing in Sy and S,,, are now dimension-dependent.
Their exact form is not particularly illuminating, so we will not reproduce them here. Upon
diagonalizing the amplitude we get a collection of constraints on the couplings. Solving
these gives the same solutions as in D = 4 for the cases kg = 0, K, # 0 and Ky, = 0, k9 # 0,
namely (3.31a) and (3.32a). The only difference is that the conditions ¢; = da = by = 0 now
follow from positivity of the eikonal phase of the additional vector and tensor polarizations,
rather than from dimensionally-dependent identities. The case kg # 0, Ky, # 0 is different
since the higher-dimensional structures can survive. The final solution to the constraint is

a5 = b6 = Cy = d3 = O, (5.1&)
123
day = 6ag — 12a3 = 3ay = — :2001, (5.1b)
4 4k,
2b1 = bg, bg — 2()3 = b4 = b5 = KOCl, d2 = Fom . (5.1C)
Km, Ko

There is now an extra free coefficient, ¢;, parameterizing the non-Einstein-Hilbert cou-
plings. However since these additional terms depend on the matter couplings, x;, we
should expect them to be set to zero by the full spin-2-spin-2 eikonal calculation. This is
because the constraints from the full amplitude must be at least as strong as (5.1) but they
cannot depend on k.

In order to consider pure spin-2 scattering, we square the scalar-spin-2 amplitude as
in (3.43). In this case, we find that positivity of the eikonal phase requires, in addition to
the constraints (5.1), that ¢; = 0, as expected. We therefore see that again all couplings
must be of the Einstein-Hilbert form. This is in accordance with the results of [1], who
considered a restricted set of couplings.

6 Conclusions

We have derived model independent constraints on the cubic couplings of any effective field
theory of a massive spin-2 field coupled to a massless spin-2 field. These constraints come
from demanding positivity of the eikonal phase in 2 — 2 scattering, which corresponds
physically to demanding the absence of asymptotic superluminality in the four-particle

19Gee [3] for an explicit basis for these in D-dimensions.
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S-matrix. We find that the vertices in the theory must be of the Einstein-Hilbert type,
as well as other constraints involving matter couplings to a scalar. If an effective theory
has vertices which do not satisfy these constraints, then there is superluminality at a scale
parametrically the same as the scale suppressing the cubic couplings, which in effective
theories of bi-gravity is generally the mass of the spin-2 particle. Curing this superlumi-
nality requires the presence of new physics at this scale. Thus, in any UV-complete theory
with these low energy degrees of freedom and a parametric gap to the next states, we can
say the cubic vertices must satisfy our constraints.

In the purely massive case, we also have other IR constraints on UV completion coming
from analytic dispersion relations [36-39] applied to the four particle amplitude in the
forward limit ¢ — 0. When there are massless particles present these constraints become
muddled due to ~ 1/t singularities in the forward limit and possible violations of the
Froissart bound, so it is difficult to extract any clean constraints. Thus in the case of
interest for this paper we do not have any such complementary constraints and the eikonal
constraints are the only robust clues about UV completion that we are aware of.

When these constraints are applied to ghost-free bi-gravity, they reduce the possible
two-parameter family of theories to the unique one-parameter sub-family which possesses a
Zy symmetry under the interchange of the two metrics. Curiously, this is not the first time
that a Zs-symmetric bi-gravity theory has been identified in the literature as possessing
special properties beyond this symmetry. In [40-42] a Zg-symmetric theory was identified
as the unique candidate theory for “partially massless” gravity, an exotic representation of
the de Sitter algebra that propagates fewer degrees of freedom than a usual massive spin-2
particle [43]. In this theory, the longitudinal mode of the massive spin-2 particle is entirely

absent in the scalar-tensor sector of a certain high-energy limit (the “decoupling limit”).

_L
32>

the quartic interactions of the theory. It would be interesting to extend our calculation to

This requirement fixes cg = %, just as we found above, and also d5 = where dy controls

include next-to-leading-order terms in the eikonal limit, which would be sensitive to quartic
vertices, and to check if d5 = —3% is identified as a special point.

It is worthwhile to mention the assumptions that go into these constraints. First of
all, we assume that the eikonal approximation is in fact valid in the spin-2 case, i.e., that
summing over the ladder diagrams indeed captures the eikonal limit of the full scattering
amplitude. The eikonal approximation for lower-spin particles in fact fails, as described
in [44-46]. A physical argument for its validity for spins > 2 and its failure for spins < 2
is given in [1], but it has not been proven at a technical level. Secondly, we have assumed
that the absence of asymptotic time advances is in fact a fundamental requirement of a UV
complete theory. As far as we are aware, there is no direct derivation of this requirement as
a consequence of more fundamental S-matrix requirements like locality or analyticity. It is
possible that the presence of superluminality of this kind may not always lead to acausality,
closed time-like curves, or consistency problems [12, 13, 47, 48]. Conversely, even in the
absence of superluminality of this kind, there could be other consistency issues that arise,
possibly on other backgrounds.'' Finally, we have assumed that flat space is a solution out

1 According to [13], problematic spacetimes admitting closed time-like curves are excluded in ghost-
free bi-gravity provided that the square root matrix appearing in the bi-gravity action is specified in a
proper way.
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to length scales much larger than the Compton wavelength of the massive spin-2 particle.
In many cosmological applications of massive gravity or bi-gravity, this is typically not the
case, since the horizon size is of order m ™", and so the bounds derived do not directly apply.
It would be interesting to find analogous bounds directly in cosmological backgrounds.

There are a variety of situations where both massless and massive spin-2 states appear,
and it would be interesting to explore how our constraints interact with these examples. It
is already known that the way string theory is consistent with these eikonal constraints is
rather intricate: it is not through having the cubic vertex combinations we have identified,
but rather through cancellations between particles on the leading Regge trajectory [1, 49].
Another oft-studied situation where massive spin-2 states arise coupled to gravity is in
Kaluza-Klein reductions, where an infinite set of massive spin-2 particles appear. It would
be illuminating to study the cubic couplings which arise in these cases.

Finally, we have focused on scattering amplitudes in flat space, but the AdS version
of our constraints should connect to causality constraints on CFT correlation functions
involving the stress tensor and a non-conserved spin-2 operator, with the gap to the next
heaviest operator, Ag,p, playing the same role as m in our analysis. The analogous con-
nection for pure stress tensor correlators has by now led to many interesting consequences,
e.g., [50-54]. Indeed, recently [55] have placed constraints on some mixed spin-2-stress ten-
sor correlators using the Regge behavior of CFT correlators [56-59] and our results appear
to be in qualitative agreement with theirs. It would be very interesting to further elucidate
this connection.
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