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1 Introduction

Three dimensional dualities are useful tools to study various aspects of quantum field theo-
ries in both high energy and condensed matter physics. It has been known that there exist
duality transformations under which particles and topological vortices are exchanged [1, 2],
see refs. [3—7] for recent developments. Photons and scalar fields which mediate long-range
forces between charged particles and vortices are also exchanged under those duality trans-
formations. The 3d mirror symmetry in supersymmetric models [8], is an example of such
particle-vortex dualities. It swaps a Coulomb branch of a supersymmetric gauge theory
and a Higgs branch of the dual model. If those vacuum moduli spaces are lifted in such
a way that only some discrete points remain supersymmetric vacua, there should be BPS
domain wall solutions in both branches [9-19]. Some properties of the domain walls under
the duality transformation has been discussed and an interesting relation to the 2d mirror
symmetry was pointed out [14].

In this paper, we discuss the duality property of 1/2 BPS domain walls from the
viewpoint of classical BPS equations in 3d A/ = 4 Abelian gauge theories. In a self-dual
model such as SQED with Np = 2 charged hypermultiplets, domain walls are expected



to be invariant under the duality transformation. However, their profiles look different
when parameters of the model are transformed by the duality map. One may think that
the duality is valid only in the IR regime and it cannot be seen in the classical BPS
configurations. However, it has been known that the duality can be seen at any energy
scale if the model is modified by introducing a BF-type coupling [20]. We study domain wall
configurations in the modified models and compare them to see how domain wall profiles
transform under the duality. Although BPS domain wall equations are not invariant under
the duality map of the parameters, the duality is correctly reflected in the internal structure
of domain wall which can be seen in classical configurations of the modified models.

The organization of this paper is as follows. In section 2, we review the BPS domain
wall configuration in SQED with Ng = 2 hypermultiplets, which is known as a self-dual
model. In section 3, we modify the model by introducing a BF-type coupling and find that
the duality is correctly reflected in classical domain wall configurations. In section 4, BPS
domain wall configurations with Noether and vortex charges are discussed. We show that
they are distributed on the domain wall in such a way that they are correctly exchanged
under the duality transformation. Section 5 is devoted to a summary and discussions.

2 1/2 BPS domain wall in 3d /' = 4 SQED

In this section, we briefly recapitulate the 1/2 BPS domain wall in 3d A/ = 4 SQED. For
simplicity, we restrict ourselves to the simplest example of U(1) gauge theory with two
charged hypermultiplets (SQED with Ny = 2), where the BPS equations are given by [12]

2
Ol = —(S—m)Hy, OH =—(S+m)H, 0,5=T(H [+ H > =2, (2.1)

where Hy and X are the scalar components of the charged hypermultiplets and the vector
multiplet, respectively. We have chosen the gauge fixing condition such that the gauge field
in the z-direction vanishes (A, = 0). There are three parameters in this system: the gauge
coupling constant e, the hypermultiplet mass m and the Fayet-Iliopoulos (FI) parameter
v2. These equations have a domain wall solution interpolating the two degenerate vacua

(E, H,, H_) = (m, v, 0) and (E, H,, H_) = (— m, 0, v). (2.2)

A domain wall profile in the weak gauge coupling regime (e? ~ 0) is shown in figure 1. In
this regime, the energy density profile looks like a bound state of two constituents confined
by an object with an uniform energy density (tension) [13, 16]. They are stabilized at a
finite distance, which can be estimated as follows. In the weak coupling regime, the BPS
kink solution can be approximated by the piecewise functions [13]

(m,v,0) for z < 0
om N _4dm

(5, Hy,H_) =< (92,0, 0) forz~ 0, d= el (2.3)
(—=m, 0, v) for 0 < x

where we have fixed the center of mass position of the kink as xy;, = 0. This approximate
solution implies that the width of the wall, that is the distance between the two constituent
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Figure 1. The profile of domain wall for d = 50, m = m, v> = 2: (a) the energy density
£ =0, [vV*T — (S —m)|H{|? — (X +m)|H_|?] and (b) the scalar fields ¥ and |H|.
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objects, is given by the length scale parameter d = —375. Although it is unclear why such
an internal structure appears in the domain wall configuration of the current model, we will
elucidate the origin of such a property of domain wall by making use of 3d mirror symmetry.

3 Domain wall in the self-dual model

3.1 Self-dual models

Let us see what becomes of the domain wall under the 3d mirror symmetry transformation.
Although the U(1) gauge theory with Np = 2 is said to be self-dual, the domain wall width
is not invariant under the mirror symmetry transformation, which swaps the FI parameter
v? and the mass parameter m. This is because the self-duality of the current model is valid
only in the IR limit. Therefore, to see the property of the domain wall under the mirror
symmetry transformation, we have to modify the model so that the duality transformation
is valid for all scale. In particular, we need to introduce a dual parameter for the coupling
constant gQ.

As discussed in [20], such an extended self-dual theory can be obtained by coupling a
twisted vector multiplet to two copies of U(1) gauge theory with one charged hypermultiplet
(SQED with Np = 1) via a BF-type coupling. By using the scalar-vector duality (see
appendix A), the twisted vector multiplet can be rewritten into a hypermultiplet whose
scalar components (x, X, Y, Z) parametrize S* x R3. Then the self-dual Lagrangian can be
rewritten as

L = £§QED + Lsqep + LB, (3.1)
with
1 (1
L3omp = i [2(Fﬁ)2 + (0u21)* + (D+)?| —|DpHL = (351 — me)’[He|* + -+, (3.2)
1 1 _ 1
Lpr =-— 5 [u(auX)2 + a(aux + AT - A+ E(EJF S )2+ (3.3)



where - - - denotes terms which are irrelevant to domain wall solutions. The auxiliary fields
D4 are determined by solving the algebraic equations of motion as

H-vo

9

Di=">(HeP £ X - &) (3.4)

|

Although the coupling constants g1 can be different, in this paper, we set g, = g_ = g for
simplicity. Furthermore, shifting ¥4+ and X, we can always set

m4 = +m, £ =& (3.5)

The parameter u corresponds to the radius of S' parametrized by the periodic scalar
x and it is related to the gauge coupling constant € of the original twisted vector multiplet
as u o< 1/é2. In the v — 0 limit, this model reduces to the Np = 2 SQED discussed in the
previous section. When v = 0, we have to impose the following constraints so that Lpr
is finite

Oux+ AL —A,,=0 Y. -%_=0. (3.6)

In addition, the kinetic term of X disappears, i.e. X becomes an auxiliary field. Integrating
out X and imposing the gauge fixing condition x = 0, we can eliminate one of the vector
multiplets. Thus, the resulting theory is identified with the Ny = 2 SQED discussed in the
previous section, where the parameters are related as

1 2 9

672 — ?7 ’U prn 2&_ (3.7)
Coulomb and Higgs branches. If either of the mass or FI parameters is sufficiently
small, the low energy physics is described by the Coulomb or the Higgs branch effective the-
ory with a shallow potential proportional to the small parameter. Both Coulomb and Higgs
branch moduli spaces take the form of the two-center Taub-NUT space whose asymptotic
radius in the Coulomb and Higgs branches are respectively given by

g 1

RCoulomb = ﬁ) RHiggs = E (38)

The small FI and mass parameters give the following shallow potentials on the Coulomb
and Higgs branches, respectively:

VCoulornb = 71—252”3”27 VHiggs = m2|]EH2, (39)

where ||Z||? denotes the squared norm of the tri-holomorphic Killing vector Z on the two-
center Taub-NUT space. It has been known that the two branches are swapped by the 3d
mirror symmetry transformation and the parameters are mapped as (see appendix B for
details of the duality):

472

m <> &, U —5 (3.10)
g



Large and small (g, u) limits. As we have seen above, our model reduces to the U(1)
gauge theory with two charged hypermultiplets (SQED with Np = 2) in the v — 0 limit.
The duality map eq. (3.10) implies that the small u limit corresponds to the large g limit in
the dual picture. In the g — oo limit, both vector multiplets (Aff, ¥4, ) become auxiliary
fields and can be eliminated by solving their equations of motion. The resulting effective
model is the non-linear sigma model whose target space is the two-center Taub-NUT space
(Higgs branch moduli space) with the potential proportional to Viiggs.
On the other hand, in the u — oo limit, we have the constraint

9,X =0, (3.11)

and the vector multiplets (A4, ¥4, -+ ,) and (A_,¥_,...) are decoupled from each other.
Therefore, the model becomes two copies of U(1) gauge theories with a single charged
hypermultiplets (two copies of SQED with Ngp = 1). The duality transformation (3.10)
implies that this limit corresponds to the small g limit in the dual picture.

In the following, we will see that domain walls in the large and small (g,u) regimes
have the identical properties as expected from the duality.

3.2 Domain wall solution

When both & and m are non-zero, the Lagrangian has two degenerate vacua, in which the
VEVs of the scalar fields are given by

Yi= m, |H|? = 2¢, H_|*=0, X =—¢, (3.12)
Si = —m, |Hi|> =0, |H-|” =2, X= ¢ (3.13)

In this subsection, we discuss the property of the domain wall solutions from the viewpoint
of the duality.

Let us first consider static domain wall configurations which depend only on a spacial
coordinate x. The energy density for a static configuration can be rewritten into the
Bogomol'nyi form

E = Eog+ Wi +W_, (3.14)
where the positive semidefinite part £> is given by

2

)

1
Ex0= Y. [92 028 + Dif* + 0. H; + (5 — mi)Hiﬂ + % 0, X +u (2 —20)
i=+,—

(3.15)
with m4+ = +m. The total derivative terms W, which correspond to the domain wall
charges, are given by

2
Wy =0, gQEiDi:qu{iF] : (3.16)

Suppose that the field configurations at x — 0o are given by the two different sets of the
VEVs in eq. (3.13). Then we find from the fact that £>¢ is positive semidefinite that the



Figure 2. Energy density profiles of domain wall configurations. For d < m™! (left), the wall

width becomes larger as we increase d and a plateau appears for sufficiently large d. For d>>m™!

(right), the plateau region can be seen for small d and it becomes smaller for larger d.

energy density satisfies
/da:é’ > T = /dac(W++W_) = 4mé. (3.17)

As expected, the tension 7' is invariant under the duality map eq. (3.10). This Bogomol’'nyi
bound is saturated if €59 = 0, i.e. the following BPS equations are satisfied:

1
chi = —D:t, 8:1:H:|: = —(Ei F m)Hi, GIX = —E(E_i_ — E_). (318)

The last two equations can be solved by introducing profile functions ¥+ as

L % Wy, HE =/2€exp (imx - ;w) , X= —%(m —y-). (3.19)

The first BPS equations reduce to the following differential equations for the profile func-
tions (14, 1_):

1
851/}:‘: _ g2§ |:1 o 26i2m17¢i + ﬂ(w—‘r - w_):| . (320)

The boundary conditions for (¢4, 1»—) have to be chosen so that the solution (3.18) ap-
proaches the vacua (3.13) as x — +o0:

vy —  2mz, Yo = 2mx — 2u, for x — +o0, (3.21)

Y- — —2mz, vy — —2mx — 2ué, for z — —o0. (3.22)

By introducing the dimensionless coordinate y = max, eq. (3.20) can be rewritten as

1 1
o2 = — |1 -2V 4 _— — 3.23



where d and d are the characteristic length scales of the domain walls defined by

= e d= % (3.24)

_4m

Note that these two length scales are exchanged under the duality transformation (3.10).
The energy density of the BPS solution can be written in terms of the profile functions as

m?g
2

1

E = _
4dmd

(s =) . (3.25)

d
Oy |t w0 = TE0) (s ) +

figures 2(a,b) shows the energy density profiles of the domain wall solutions for some typical
values of the scale parameters. One of characteristic properties of these numerical solutions

is that plateau regions appear in both large (g, u) regime (d < d) and small (g, u) regime
(d < d).

Width of domain wall. We can see a self-duality of the domain wall from the widths
of the plateau regions. As mentioned above, in the limit of small u and g (cz <m~! < d),
the profiles of ¥4 = %agzpi becomes linear inside the domain wall (z ~ 0). This can be
seen from eq. (3.20), which implies that the profile functions ¢* are approximately given
by a quadratic function

2
Yt o= YT = 975352+~~. (3.26)
Since ¥4+ = m and X1 = —m in the vacuum regions outside the domain wall, ¥4 can be

approximate as
—m left vacuum
PINIFS 39%¢ x inside wall . (3.27)
m  right vacuum

From the connectivity of the function X, the width of the wall Az can be estimated as’
1
§g2£A$ =AYy =2m = Az=d. (3.28)

On the other hand, when u and g are large (d < m™! < J), the equation for the
profile functions eq. (3.23) implies that the scalar field X o 14 — 1_ is a linear function
inside the domain wall

2
Yy —Y_ = dmr+--- = X = f—mer---. (3.29)
U
Since X = —¢ and X = € in the vacua, it can be approximated by the following piecewise
linear function
¢ left vacuum
X ~ { —22g inside wall . (3.30)

—¢&  right vacuum

Tt was known that the domain wall at weak gauge coupling regime in u = 0 limit has the width d [13].
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Figure 3. The energy density profiles of the domain walls with d = 30, d = 1/8 (left) and
d=1/8, d =30 (right). The mass and FI parameter are at the self-dual point (m, &) = («,1).

From the connectivity of the function X, the width of the wall Az can be estimated as
2 -
A =AX =2 = Az=d (3.31)
U

Therefore, the width of the domain wall is given by the length scale parameters d and
d depending on the region in the parameter space:

4 .
d:% for d < m~ < d
g

Az = . (3.32)

d= ug ford<ml<d
m

Since d and d are exchanged by the duality transformation (3.10), the width of the domain
wall is invariant under the duality.

Note that we find the self-dual property not only from the widths, but also from heights
of the walls (heights of the energy density at the plateau). Plugging the approximate
solutions ¥+ into the energy density formula (3.25), we find that the heights of the wall h
and h for the parameter regions d < m™! < d and d < m~! < d are given by

- - 4m? -
h=g%? (ford<m ' <d), h= % (for d < m™! < d). (3.33)

As in the case of d and d, h and h are also exchanged by the duality transformation (3.10),
so that the height of the wall is also invariant under the duality. It is worth noting that
the tension of the domain wall is also invariant since it can be written as T = hd = hd.
We show a typical example of the mirror pair of the small (g, u) regime and of the large
(g, u) regime in figure 3.

Duality between two-center Taub-NUT sigma model and Ng = 2 SQED. Al-
though it is difficult to solve the coupled ordinary differential equations in eq. (3.20), we
can obtain analytic solutions in the strong gauge coupling limit by solving the following
algebraic equation obtained from eq. (3.20) in the g — oo limit,

1
1—2eF2 %% 4~ (4 —1p_) = 0. (3.34)
2md



Figure 4. Energy density profiles of mirror pairs of domain walls (the blue lines for © — 0 and
the orange lines for g — c0). The mass and FI parameter are at the self-dual point (£, m) = (1, 7).

This equation describes the domain wall in the two-center Taub-NUT sigma model. The
strong coupling limit corresponds to the v — 0 limit in the dual picture, where the model
reduces to SQED with Ny = 2 hypermultiplets. In this case, ¢+ must satisfy the constraint
¥4+ = ¢¥_ and hence we are left with the ordinary differential equation

b=y, P = % [1 — (W 4 W) e*w] . (3.35)

This equation is controlled by a dimensionless parameter md, and no analytic solutions has
been found for generic md except for several special discrete values [15]. Although eq. (3.34)
is an algebraic equation and eq. (3.35) is a differential equation, the duality map (3.10)
implies that they describe essentially the same domain wall configuration. We show some
examples of dual pairs of domain walls in figure 4. One can see the widths of domain walls
in the mirror pair are the same order in the whole range of the parameters (u, g).

The spikes in the energy density profiles. In SQED with Ny = 2 (the small w limit),
it has been known that there are spikes in the domain wall profile (see the left panel of
figure 1 or the left panel of figure 3). As expected from the duality, we can also see similar
spikes in the dual picture (the right panel of figure 3). Although the origin of such objects
is unclear in the original picture (J < m~! < d), we can identify them as a pair of confined
domain walls in the dual picture (d < m~' < d). To see this, we first note that there are
two types of walls whose topological charges are given by eq. (3.16)

T, = /dei = §/dx8x2i, (3.36)

where we have dropped some irrelevant terms in the integrand which do not contribute to
Ti. As shown in figure 5, in the dual picture, there are substructures of domain walls of Y
in such a way that the topological charge densities are localized on the edges of the whole
wall. Thus we can regard the whole domain wall as a bound state of the two constituent
domain walls of ¥ confined due to the constant energy density of X between them.
Splitting of a single soliton to several partonic constituents is a common phenomenon
which is frequently seen when it is deformed by taking a limit of parameters. A closely
related model to ours is 3d lumps in the N-center Taub-NUT nonlinear sigma model. It
was found that the single lump in the IR limit breaks up into N partonic lumps with
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Figure 5. The profiles of the kink topological charge density (left) and scalar fields (right) for
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fractional topological charge 1/N [21]. The kinks and lumps with fractional topological
charges would be related to each other in the same way as those with integer topological
charges [25].

Swapping of scalar fields. It is worth noting that the profiles of the scalar fields for
d < m~! < d (the right panel of figure 1) and for d < m~! < d (the right panel of
figure 5) are almost identical if we identify the scalar fields as

Hy| < T2, Y.~ Y o —X. 3.37
+

This swapping of the scalar fields reflects the facts that chiral and vector multiplets are re-
spectively mapped to (twisted) vector and chiral multiplets under the 3d mirror symmetry.

3.3 Effective actions and T-duality

Next, let us consider the low energy effective theory on the domain wall. For later con-
venience, let xo be the transverse coordinate to the domain wall. Since the translational
symmetry xo — 3 + o and the U(1) global symmetry Hy — e*H. are broken by the
domain wall, it has the position and phase moduli corresponding to the Nambu-Goldstone
modes of the broken symmetries. Therefore, the domain wall moduli space is a cylinder

M=Rx S, (3.38)

where R corresponds to the position zg and S' denotes the phase modulus 6. In the thin
wall limit, we can show that the domain wall worldsheet effective theory is described by
the Nambu-Goto action on the moduli space M [22, 23]:

1
Leg = —T+/—det Jag = — 4m§\/— det <na5 + 8a560(95$0 + —0,0 (959) , (3.39)
m
where a and 8 denote worldsheet indices. Let us consider the T-duality transformation

along the S' direction. Writing F,, = 0,60 and imposing the constraint e*? O0nFpg = 0 by
introducing a Lagrange multiplier 6 as

4 ~
Lo = —T+/— det gos + —0 P8, Fp, (3.40)
™

~10 -



we can rewrite the effective Lagrangian by eliminating F, as

1 .
Log = —T'\/—det gaﬁ = —4m§\/— det (T]aﬁ + 8al’085.730 + @aoﬁ (95(9>, (3.41)
where we have solved the equation of motion for F,
G- 2P0
Ot _ = Fy=o.0= DI 00 (3.42)

0Fg - ﬂf,/—detgafg

The T-dual pair of actions (3.39) and (3.41) are related by the swapping of the parameter
m <> w&, which ensures that the domain wall worldsheet theory is invariant under the 3d
mirror symmetry.

Both the original effective theory (3.39) and the dual effective theory (3.41) have BPS
solutions

0 = wt + kz, 6 = ot + ka, (z = x1), (3.43)

where dpz0 = 0 and (w, k) and (@, k) are constants corresponding to the internal momen-
tum and the winding number. They are dual to each other if (w, k) and (@, k) satisfy the
following relation so that eq. (3.42) is satisfied

m

(w7k) = - =
Jor-miE

(k,@). (3.44)

From this relation, we can show the agreement of the tension of these BPS states

2 2 4 2 7.2
Ty = 467 tF _dm (w7 +k (3.45)

’ m? — w? + k? m \/(775)2—@2—1—152.

This swapping of the internal momentum and the winding number can be regarded as an
exchange of charges of the domain wall from the balk viewpoint. In the next section, we
discuss the duality property of such excited domain wall configurations.

4 Domain walls with Noether and vortex charges

In the previous section, we have seen that the internal momentum and the winding number
of the excited domain wall states are exchanged by the duality transformation. From the
bulk viewpoint, they correspond to the Noether charge of the global U(1) symmetry [9, 10]
and the vortex topological charge associated with the broken U(1) gauge symmetry [24]. As
mentioned above, it is well-known that such Noether and topological charges are exchanged
under the duality transformation (particle-vortex duality). In this section, we discuss the
duality property of the domain wall with Noether and vortex charges.

Let us consider stationary domain wall configurations characterized by the internal
phase frequency and wave number (w, k). In this section, z,, (# = 0,1) and x» denote the

- 11 -



coordinates along the domain wall worldsheet and the codimension, respectively. For later
convenience, let us define a parameter M by

m? — w? + k2. (4.1)

Suppose that the Gauss law equations are satisfied
2 . L 1 P
0= ?aiFOi +i(HeDoHs — HiDoHy) + — (ox + A — Ap) - (4.2)

Then the energy density of the system can be decomposed into
E=8+E+E+ To + {total derivative}, (4.3)

where 7, ;, is the following combination of topological charges and Noether charges

T m2 — w?
k T ——
“ mM

k
Wy + W)+ — (VO VO 4 =2

- (5 = T5). (4.4)

S

This quantity gives the lower bound of the energy [dxo& > [dxg Ty determined by
the domain wall charges Wy in (3.16) and (V. Ji) are zeroth components of the vortex
topological current V{' are the Noether currents .J Mi associated with the phase rotations of
the scalar fields Hi,

VE =P, (AT — iHLD,Hy) Jy = iM(HiDyHy — HyD,Hy).  (4.5)

The total derivative terms are given by
{total derivative} = “ o LE F + LE_Ff + ﬁeija- (XD,x) (4.6)
m 93 +40i g% 0i M 4 JAX) :

where we have defined D, x = 0, x + Al‘f — A, The positive semi-definite terms &, &4 and
E_ (see appendix C) vanish when the following BPS equations are satisfied

w W w
= 7P+ DOH:N::_Z%(Z:I: Fm)Hy, Dox = _E(E-‘r -¥), (47)
Fj5 = _ﬁDi IDlHi:_iE(Ei Fm)Hy Dix = _E(E-‘r -X), (48)
12 Mo m ’ m ’
m M 1M
Y =——D DoHi— — (X% H DX =——,—%). (49
) e o H m(iij) +5 ) um(+ ). (4.9)
As in the case of the static domain wall, the BPS solution can be formally written as
1m 1w 1k
»E =220 Af=---20 Af=-220 Ay =0, (4.10
9 M 277/):|:> 0 oM 2%:7 1 oM 2¢:ﬁ:7 2 ) ( )
1 1
H* = /26 exp [j: (iwt 4 ikx1 + mxg) — Q@Z)i] , X = —2—(¢+ —_), (4.11)
u

where (¢4, ¢_) are the functions satisfying

e — gl [1—2eﬂM@-¢ii2i€<w+—w_> . (4.12)

~12 -
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Figure 7. Vortex and Noether charge densities with d = 1/10, d=50,m=m,§&=1, (w, k) =(1,1).

These equations for the profile functions are the same as those for the static domain
wall (3.20) except that the mass m is replaced by M. We can obtain profiles of domain wall
configurations with Noether and vortex charges by solving eq. (4.12) with the analogous
boundary conditions as the static case:

vy —  2Mxs, Yo —  2Mxzy — 2u€, for zo — 400, (4.13)
Yo — —2Mxo, vy — —2Muxo — 2u€, for z9 — —o0. (4.14)

The 3d mirror symmetry implies that the vortex topological currents V{ and the
Noether currents J/ are exchanged under the duality transformation. In terms of the
profile functions, they are given by

k 1 1
vy = magz [‘gfﬁﬂ/& + %(1/4 —Y_)+ 51/&] , (4.15)
1 1
Jy = wi, [_ggagngl: + o (W — ¢—)] : (4.16)
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Since these quantities are total derivatives, we can integrate the charge densities by using
the boundary conditions egs. (4.13) and (4.14) as

/ dzy VO = 26k, / dry JF = +26w. (4.17)

Then we can check that the domain wall tension agrees with that of the BPS state in the
effective theory in eq. (3.45)

m2 + k2

7 (4.18)

Tor = /d$ Tor = 4§
Since the equation for the profile function eq. (4.12) is essentially the same as the
corresponding equation in the static case eq. (3.20), we can obtain approximate solutions
for the wall with Noether and vortex charges from those for the static domain wall eq. (3.26)
and eq. (3.29) by replacing m with M . For d > m~! > d, the vortex charge densities
are constant inside the domain wall and the Noether charge densities are localized on the
edges of the wall as shown in the numerical solution in figure 6. On the other hand,
for d > m™' > d, they are localized in the opposite way: the vortex charge densities
are concentrated on the edges and Noether charge densities spread out inside the wall as
shown in figure 7. Comparing the numerical solutions figures 6 and 7, one sees that, as
expected, V and $J:0F are swapped under the duality. Furthermore, We can analytically
show that the height of the vortex charge densities hy and the Noether charge densities
hj are given by

ﬁ92€2 fOI'd>> mfl >>d~ 0 fOI'd>>m71 >>d
o hy = C(@19)

0 ford>mt>d Mo for d>m > d

and these quantities consistently transform under the duality transformation. Thus, we
can check the duality by looking at the localization properties of the vortex charges and
the Noether charges on the BPS domain wall.

5 Summary and discussion

In this paper, we have discussed the 1/2 BPS domain wall in the 3d N' = 4 supersymmetric
gauge theory which is self-dual under the 3d mirror symmetry. We have checked the BPS
domain wall is self-dual and shown that the width, height, shape and tension of the wall
are invariant under the duality transformation. We have shown that the domain wall in
Nr = 2 SQED (small u limit) can be seen as a pair of confined fractional domain walls
in the dual two-center Taub-NUT sigma model. We have seen that as expected from the
vortex-particle duality, the Noether charges and the vortex topological charges are correctly
exchanged under the 3d mirror symmetry.

We can also generalize the discussion to models with more Abelian gauge fields and
matters. In such a case, the dual model is a different system. It would be interesting to see
how domain walls in different systems are related to each other and discuss the connection
between 3d and 2d mirror symmetries from the viewpoint of domain wall effective theories

— 14 —



as was done in SQED with Np flavors (u = 0) and multi-center Taub-NUT sigma model
(9 = 00) [14]. Generalization to non-Abelian gauge groups such as U(N) is one important
direction, which may be doable since BPS domain walls in the Higgs branch of U(V) gauge
theories were studied [34-38].

Another interesting direction to be explored is the generalization to 1/4 BPS states
such as domain wall webs [26, 27]. It has been known in general that there are two types of
1/4 BPS configurations which preserve different combinations of the supercharges [28]: one
preserving (1, 1) supersymmetry, which we called type-IIa, and the other preserving (2,0)
supersymmetry, which we called type-IIb, in the cases of 2d worldvolume. While the latter
can be solved by the moduli matrix [18], the former is difficult to solve [39] in the present
stage. Since the 3d mirror symmetry exchanges these two combinations it is expected that
two types of 1/4 BPS configurations are swapped under the duality transformation. This
may offer a tool to solve 1/4 BPS equations of type-Ila. It would be also interesting to
see how the 3d mirror symmetry plays a role in the effective theories of the domain wall
web [29, 30].
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A Scalar-vector duality

We can show that an Abelian gauge field and a periodic scalar field are dual to each other
as follows. Consider a periodic scalar field ~

1
L= ~% YOty (A.1)
This Lagrangian can be obtained from
1 1
— _Cf R wp
L 2uf”f + 5 € Aoy fo, (A.2)
by integrating out A,
PO, fr=0 = f.=0u. (A.3)

On the other hand, if we integrating out f,, as

u u
' = e, = R, (A.4)
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we obtain the standard Maxwell action

1 472
———_F,, F", with ¢% = ——. (A.5)

r—
492 u

Therefore, the free action of for the Abelian gauge field eq. (A.5) and the periodic scalar
field eq. (A.1) are physically equivalent. We can check that the winding number of ~
corresponds to the electric charge

2 s 2
%dl’i 6i’)/ = gg%dxz 6”Fj0 = gf;r /dQ:B (%FZ() € 2n. (AG)

This implies that a charged particle and a vortex are exchanged by this duality
transformation.

In the presence of the BF coupling between the field strength F},, and another gauge
field B,

1

L=-1p

1
Fu P 4 5"’ B,F,,, (A7)

the corresponding scalar action takes the form

1

2u

L= (Ouy + By)*. (A.8)
Therefore, the introduction of the BF coupling corresponds to the gauging of the U(1)
Symmetry.

B The dual pair of theories

In this appendix, we summarize the details of the three dimensional mirror symmetry in
N = 4 supersymmetric theories. We consider the following dual pairs of theories:

e Theory A: U(1)V gauge theory with hypermultiplets parameterizing
(RHN x (R? x SH)N-L,

e Theory B: U(1)V gauge theory with hypermultiplets parameterizing
(RHN x (R? x S1).

This dual pair of models are identified with the S-dual pair of the effective theories on the
D3-branes in the Hanany-Witten type brane configurations [31] (see figure 8). The details
of the brane configurations are summarized below.

The R-symmetry of 3d N = 4 supersymmetry algebra is SU(2) g x SU(2), correspond-
ing to . We use bold face symbols to denote triplet of SU(2)r and symbols with an arrow
for triplets of SU(2)p.
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Figure 8. Brane configurations for the dual pair with N = 3. The 2% direction is compactified on
S with a twisted boundary condition in such a way that the position of the D3-brane is shifted along
a vector in the 3d subspace T = (23,24, 25). The shift vector corresponds to the FI parameter in
Theory A and mass parameters in Theory B, whereas the positions of five-branes in the 3d subspace
y = (w7, s, Tg) are identified with mass and FI parameters in Theory A and B, respectively.

B.1 Theory A
The bosonic part of the action of Theory A takes the form

N N
Sp = /d% (Z Li+ Z£a> : (B.1)

where
111, =
Li= 7? |:2(F;w)2 + (a,uzi)2 + (Dz)2:| B |DuHi|2 - (Ei - mi)2|Hi|2v (B'Z)
1 = .9 1 i oai\2 1 i 2
Lo, = — 3 e (0 Xa)® + o (Ouxa + ahA)” + w (0aXi)"| - (B.3)

There are three types of multiplets in this model (--- denotes fermionic partners):

e vector multiplets (AL,Ei,ﬁi, --+): each vector multiplet consists of a U(1) gauge
field AL, an SU(2)y, triplet scalar ; and an SU(2)g triplet auxiliary fields D;.

e R* hypermultiplets (H;,---): H; is the SU(2)r doublet scalar in each hypermultiplet
(2-component column vector) and it is charged under the gauge field AL (D, H; =
(8 +iAL)H;).

e R3 x S! hypermultiplets (Xa, Xa, - -+ ): the SU(2), triplet X, and the periodic scalar
Xa parametrizes R3 and xS', respectively. Y, is coupled to the gauge fields via the
Stueckelberg type interactions with coefficients

ol = 6,0 — 8,071, (B.4)

where the Kronecker delta 6,° is interpreted as §,7.
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The auxiliary fields D; are given by
L g? - 5
D=4 (HZFHZ- +alX, - g) , (B.5)

where T are the Pauli matrices. The parameters of this model are the gauge coupling con-
stants g;, the periods of (S1)" o u !, the SU(2),, triplet masses m; and the SU(2) triplet
Fayet-Iliopoulos (FI) parameter €. Note that the overall part of (R3 x S1)N parameterized
by Z;V:l()?a, Xa) is decoupled from the other fields, so that the interacting part of the

Lagrangian essentially contain only (R? x S1)V—1,

B.2 Theory B

The bosonic part of the action of Theory B takes the form

N
Sp = /d% (Z L4 +£0> , (B.6)
A=1

where

[,A = _;24 %( ;141/)2 + (auO_"A)2 + (DA)2:| o |DM¢A|2 - (5A)2‘¢A’27 (B'7)

2

1 1 A
2 A - -
Lo =— 3 w(0,Y)" + " (8,0( + Ag_l au> + " (Ag_l Ta— m> . (B.8)

The field content of this model is

e vectormultiplets (aﬁ,&A,D A,--+): each vector multiplets consists of a gauge field
aﬁ, an SU(2)p triplet scalar 64 and an SU(2)y, triplet auxiliary field D 4.

e R* hypermultiplets (¢4,---): the SU(2). doublet scalar ¢4 in each hypermultiplet
is charged under the gauge field a;‘ (Dpupa = (0u + iaﬁ)gzﬁA).

e R3x S! hypermultiplet (Y, x,---): the SU(2), triplet Y and the singlet x are scalars
in the hypermultiplet parameterizing S' x R3.

The auxiliary fields D 4 are given by

2
D= (shroatY —¢€,), (B.9)

where T are the Pauli matrices. ey are gauge coupling constants, u is a parameter related
to the period of x, &4 are SU(2), triplet FI parameters and m is a SU(2)p triplet mass
parameter.
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B.3 Duality

Both theories have Coulomb and Higgs branches in the absence of the masses and the FI
parameters. The 3d mirror symmetry exchanges the two branches of the dual pair

Coulomb (Higgs) branch of Theory A <= Higgs (Coulomb) branch of Theory B.
(B.10)
We can easily check the agreement of the numbers of the low-energy degrees of freedom

dim MGoUemb — dim M5B8 = 4, dim M'[#8 = dim MEUOmP — 4N, (B.11)

The Higgs brach effective action can be obtained by the standard hyperKéahler quotient
construction, whereas the Coulomb branch effective theories can be obtained by integrating
out the charged matters, which gives only one-loop corrections due to the supersymmetry.

Coulomb branch of Theory A = Higgs branch of Theory B. If the mass param-
eters are turned on m; # 0 in Theory A, the Higgs branch is lifted and the low energy
dynamics is described by the effective theory on the Coulomb branch moduli space param-
eterized by X = % vaz 1 2; and the dual photon v corresponding to Zivz 1 AL. We can
show that the moduli space metric, which is one-loop exact, is given by the multi-center
Taub-NUT metric

a2 L1
ds® = HdS - dS + H Y (dy + w - d%)?, H=""+%" o (B2
g i1 —my

where w and the parameter g is given by

N
9 ? 1 1
W= ==Y B.1
o YTt N;gg (B.13)

On the other hand, when the FI parameters are turned on €4 # 0 in Theory B, the
Coulomb branch is lifted and low energy physics is described by a non-linear sigma model
on the Higgs branch parameterized by Y and yx. The standard hyperKéahler quotient
procedure [32] gives the multi-center Taub-NUT metric (B.12) with

4 2
Y - 21y, N, mi — 21 4, I (B.14)
g

Higgs branch of Theory A = Coulomb branch of Theory B. When the FI param-
eter is turned on 5 # 0 in Theory A, the Coulomb branch is lifted and the low-energy effec-

tive dynamics is described by the Higgs branch non-linear sigma model. The hyperKé&hler
quotient procedure gives the metric

ds® = Ugyd Xy - dXp + (U ap(dxa + Qac - dXe) (dxp + Qog - dXg), (B.15)
with
1 N al b 1 N
Uup = uglgp + = —a b Qup = = ol ol &, B.16
b b 2 g |Oélea — | b 2 ; b ( )
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where &J; is the Dirac monopole connection

0

- X
81‘@

_ T
|z |3

—

i =a X, — € (B.17)

—

W; =

On the other hand, if mass parameter m is turned on in Theory B, the Higgs branch
is lifted and the Coulomb branch metric is given by (B.15) with
S 1 - 7 2
Xa — 70_:147 Xa = YA, 5 — E? Uq —> Tﬂ (B18)
27 27 €4
Discrete vacua and BPS mass spectrum
For non-zero m; and { in Theory A, there are N supersymmetric vacua labeled by
j=1,--,N:
X af fora<y i =m, HI7H =N6j;E  (B.19)
(a—N)gforaZj’ L G T '

These vacua corresponds to the minima of the following potentials induced on the Higgs
and the Coulomb moduli spaces:

—

VHiggs = (U_l)ab (azmi) : (aimj)v VCoulomb = H_lg : g (B'2O)

This also means that the vacua are given by the fixed points of the tri-holomorphic isome-
tries acting on the Higgs and Coulomb branch moduli spaces. For 5 # 0 and m # 0 in
Theory B, there are N discrete vacua labeled by B=1,--- , N:

Y =¢€p, GA=m0aRB, ¢LT pa=8&4—Ep- (B.21)

In the j-th vacuum of Theory A, there exist BPS vortices corresponding to the magnetic
flux of the overall U(1) gauge group. Correspondingly, in the B-th vacuum of Theory B,
the hypermultiplet ¢p form a BPS supermultiplet. Their masses are given by

Myt =orlé] = M = |m. (B.22)

Similarly, the hypermultiplets H (i # j) in the j-th vacuum of Theory A and the vortices
in the B-th vacuum are exchanged under the duality transformation

MAPS = i —my| = MY =2m g, — €. (B.23)

Brane construction. These models can be constructed by using the Hanany-Witten
brane configurations [31, 33]. Figures 9(a), 9(b) show the configuration corresponding to
the Higgs and Coulomb branches of Theory A. The vector & denotes the coordinates of
the (x7,xg, x9) directions, whose rotation group corresponds to the SU(2) i transformation.
Similarly, the vector y denotes the (x3, x4, x5) directions, whose rotation group corresponds
to the SU(2), transformation. The xg-direction is compactified on S with period lg. The
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Figure 9. The Higgs and Coulomb branches for m; = 5 =0.
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Figure 10. The Higgs and Coulomb branches.

scalar fields parameterizing the Higgs and Coulomb branches can be identified with the
position of D3 branes:

X,= lim ips — lim @ps, > = yps. (B.24)

zg—xg+0 z6—xg—0

When the FI parameter 5 is turned on, the D3 branes Zp3 becomes a piecewise linear
function of xg in the supersymmetric configuration. We can redefine & so that ¥ps looks
a piecewise constant function of z¢. Then the periodicity of ¥ps becomes Zps(zg + lg) =
Tps(xe) + € as shown in figure 10(a). Figure 10(b) shows the supersymmetric state with
non-zero m;, which correspond to the D5 brane positions y?5.

Figure 11 shows one of the discrete vacua in the case of 5 # 0 and m; # 0. The D3
brane ends on one of N D5 brane, so that there are IV supersymmetric states corresponding
to the discrete vacua of Theory A. D1 branes can be stretched between the end points of
the D3 brane on the D5 brane, whereas fundamental strings can be stretched between the
D3 brane and the other D5 brane. They can be interpreted as BPS vortices and particles
with flavor charges in Theory A.

The brane configuration for Theory B can be obtained by applying the S-duality trans-
formation, under which D5 and NS5 branes and D1 and F1 strings are swapped. We can
easily check that the Higgs and Coulomb branches are exchanged and the duality relation
between parameters egs. (B.14) and (B.14) can be correctly read off from the dualized
configuration. The BPS vortex and charged particle are exchanged by the S-duality trans-
formation since they correspond to the D and F-string in Theory A and B, respectively
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Figure 12. BPS vortices (D-strings) and particles (F-strings) in Theory A and B (N = 3).

(see figure 12). Similarly, the hypermultiplets (F-strings) in Theory A and the vortices
(D-strings) in Theory B are exchanged under the duality transformation.

C BPS equations

In terms of the BPS equations

k
Bt = FE 4 17D £EF = Fy, £ = Foo + %Di (C.1)
Sét =X+, Sf: =024, S;: = 094 + %Di, (CZ)
+ WS + k< + M ¢
Hi =Dyp+ + Zazﬁ:(ﬁﬂ:a Hi" =D+ + ’ngﬂbb Hy =Dypy + Zgﬁwi, (C.3)
M
Xo = udp X, X1 = ud X, Xo = ude X + RZ_F_, (04)
w k
Yo = Dox + EZ-F—a V1 =Dix+ EEJF_’ Y2 = Dsx, (C.5)

the positive semi-definite part of the energy can be written as

5125;<BﬂQ+Wﬂ2+H@f—MiSf—%§”Em>+HUﬁZ%H§MZ,(C@

/m

1 2
&zmo%%mw+W&w%me%%m> (C.7)

where

Dux = 0ux + At — A, Y =%LTm, Y, =%, -3 (C.8)
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and ||(a,b)||? is the following inner product

@2 = (ab) <;‘i‘> <Z) (C.9)
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