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1 Introduction

Three dimensional dualities are useful tools to study various aspects of quantum field theo-

ries in both high energy and condensed matter physics. It has been known that there exist

duality transformations under which particles and topological vortices are exchanged [1, 2],

see refs. [3–7] for recent developments. Photons and scalar fields which mediate long-range

forces between charged particles and vortices are also exchanged under those duality trans-

formations. The 3d mirror symmetry in supersymmetric models [8], is an example of such

particle-vortex dualities. It swaps a Coulomb branch of a supersymmetric gauge theory

and a Higgs branch of the dual model. If those vacuum moduli spaces are lifted in such

a way that only some discrete points remain supersymmetric vacua, there should be BPS

domain wall solutions in both branches [9–19]. Some properties of the domain walls under

the duality transformation has been discussed and an interesting relation to the 2d mirror

symmetry was pointed out [14].

In this paper, we discuss the duality property of 1/2 BPS domain walls from the

viewpoint of classical BPS equations in 3d N = 4 Abelian gauge theories. In a self-dual

model such as SQED with NF = 2 charged hypermultiplets, domain walls are expected
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to be invariant under the duality transformation. However, their profiles look different

when parameters of the model are transformed by the duality map. One may think that

the duality is valid only in the IR regime and it cannot be seen in the classical BPS

configurations. However, it has been known that the duality can be seen at any energy

scale if the model is modified by introducing a BF-type coupling [20]. We study domain wall

configurations in the modified models and compare them to see how domain wall profiles

transform under the duality. Although BPS domain wall equations are not invariant under

the duality map of the parameters, the duality is correctly reflected in the internal structure

of domain wall which can be seen in classical configurations of the modified models.

The organization of this paper is as follows. In section 2, we review the BPS domain

wall configuration in SQED with NF = 2 hypermultiplets, which is known as a self-dual

model. In section 3, we modify the model by introducing a BF-type coupling and find that

the duality is correctly reflected in classical domain wall configurations. In section 4, BPS

domain wall configurations with Noether and vortex charges are discussed. We show that

they are distributed on the domain wall in such a way that they are correctly exchanged

under the duality transformation. Section 5 is devoted to a summary and discussions.

2 1/2 BPS domain wall in 3d N = 4 SQED

In this section, we briefly recapitulate the 1/2 BPS domain wall in 3d N = 4 SQED. For

simplicity, we restrict ourselves to the simplest example of U(1) gauge theory with two

charged hypermultiplets (SQED with NF = 2), where the BPS equations are given by [12]

∂xH+ = −(Σ−m)H+, ∂xH− = −(Σ +m)H−, ∂xΣ =
e2

2
(|H+|2 + |H−|2 − v2), (2.1)

where H± and Σ are the scalar components of the charged hypermultiplets and the vector

multiplet, respectively. We have chosen the gauge fixing condition such that the gauge field

in the x-direction vanishes (Ax = 0). There are three parameters in this system: the gauge

coupling constant e, the hypermultiplet mass m and the Fayet-Iliopoulos (FI) parameter

v2. These equations have a domain wall solution interpolating the two degenerate vacua

(
Σ, H+, H−

)
=
(
m, v, 0

)
and

(
Σ, H+, H−

)
=
(
−m, 0, v

)
. (2.2)

A domain wall profile in the weak gauge coupling regime (e2 ≈ 0) is shown in figure 1. In

this regime, the energy density profile looks like a bound state of two constituents confined

by an object with an uniform energy density (tension) [13, 16]. They are stabilized at a

finite distance, which can be estimated as follows. In the weak coupling regime, the BPS

kink solution can be approximated by the piecewise functions [13]

(Σ, H+, H−) =





( m , v , 0 ) for x� 0

(2m
d x, 0 , 0 ) for x ≈ 0

(−m, 0 , v ) for 0� x

, d ≡ 4m

e2v2
, (2.3)

where we have fixed the center of mass position of the kink as xkink = 0. This approximate

solution implies that the width of the wall, that is the distance between the two constituent
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Figure 1. The profile of domain wall for d = 50, m = π, v2 = 2: (a) the energy density

E = ∂x
[
v2Σ− (Σ−m)|H+|2 − (Σ +m)|H−|2

]
and (b) the scalar fields Σ and |H±|.

objects, is given by the length scale parameter d = 4m
e2v2

. Although it is unclear why such

an internal structure appears in the domain wall configuration of the current model, we will

elucidate the origin of such a property of domain wall by making use of 3d mirror symmetry.

3 Domain wall in the self-dual model

3.1 Self-dual models

Let us see what becomes of the domain wall under the 3d mirror symmetry transformation.

Although the U(1) gauge theory with NF = 2 is said to be self-dual, the domain wall width

is not invariant under the mirror symmetry transformation, which swaps the FI parameter

v2 and the mass parameter m. This is because the self-duality of the current model is valid

only in the IR limit. Therefore, to see the property of the domain wall under the mirror

symmetry transformation, we have to modify the model so that the duality transformation

is valid for all scale. In particular, we need to introduce a dual parameter for the coupling

constant g2.

As discussed in [20], such an extended self-dual theory can be obtained by coupling a

twisted vector multiplet to two copies of U(1) gauge theory with one charged hypermultiplet

(SQED with NF = 1) via a BF-type coupling. By using the scalar-vector duality (see

appendix A), the twisted vector multiplet can be rewritten into a hypermultiplet whose

scalar components (χ,X, Y, Z) parametrize S1×R3. Then the self-dual Lagrangian can be

rewritten as

L = L+
SQED + L−SQED + LBF, (3.1)

with

L±SQED =− 1

g2
±

[
1

2
(F±µν)2 + (∂µΣ±)2 + (D±)2

]
−|DµH±|2−(Σ± −m±)2|H±|2 + · · · , (3.2)

LBF =− 1

2

[
u(∂µX)2 +

1

u
(∂µχ+A+

µ −A−µ )2 +
1

u
(Σ+ − Σ−)2

]
+ · · · , (3.3)
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where · · · denotes terms which are irrelevant to domain wall solutions. The auxiliary fields

D± are determined by solving the algebraic equations of motion as

D± =
g2
±
2

(
|H±|2 ±X − ξ±

)
. (3.4)

Although the coupling constants g± can be different, in this paper, we set g+ = g− = g for

simplicity. Furthermore, shifting Σ± and X, we can always set

m± = ±m, ξ± = ξ. (3.5)

The parameter u corresponds to the radius of S1 parametrized by the periodic scalar

χ and it is related to the gauge coupling constant ẽ of the original twisted vector multiplet

as u ∝ 1/ẽ2. In the u→ 0 limit, this model reduces to the NF = 2 SQED discussed in the

previous section. When u = 0, we have to impose the following constraints so that LBF

is finite

∂µχ+A+
µ −A−µ ,= 0 Σ+ − Σ− = 0. (3.6)

In addition, the kinetic term of X disappears, i.e. X becomes an auxiliary field. Integrating

out X and imposing the gauge fixing condition χ = 0, we can eliminate one of the vector

multiplets. Thus, the resulting theory is identified with the NF = 2 SQED discussed in the

previous section, where the parameters are related as

1

e2
=

2

g2
, v2 = 2ξ. (3.7)

Coulomb and Higgs branches. If either of the mass or FI parameters is sufficiently

small, the low energy physics is described by the Coulomb or the Higgs branch effective the-

ory with a shallow potential proportional to the small parameter. Both Coulomb and Higgs

branch moduli spaces take the form of the two-center Taub-NUT space whose asymptotic

radius in the Coulomb and Higgs branches are respectively given by

RCoulomb =
g2

4π2
, RHiggs =

1

u
. (3.8)

The small FI and mass parameters give the following shallow potentials on the Coulomb

and Higgs branches, respectively:

VCoulomb = π2ξ2||Ξ||2, VHiggs = m2||Ξ||2, (3.9)

where ||Ξ||2 denotes the squared norm of the tri-holomorphic Killing vector Ξ on the two-

center Taub-NUT space. It has been known that the two branches are swapped by the 3d

mirror symmetry transformation and the parameters are mapped as (see appendix B for

details of the duality):

m↔ πξ, u↔ 4π2

g2
. (3.10)
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Large and small (g, u) limits. As we have seen above, our model reduces to the U(1)

gauge theory with two charged hypermultiplets (SQED with NF = 2) in the u → 0 limit.

The duality map eq. (3.10) implies that the small u limit corresponds to the large g limit in

the dual picture. In the g →∞ limit, both vector multiplets (A±µ ,Σ±, · · · ) become auxiliary

fields and can be eliminated by solving their equations of motion. The resulting effective

model is the non-linear sigma model whose target space is the two-center Taub-NUT space

(Higgs branch moduli space) with the potential proportional to VHiggs.

On the other hand, in the u→∞ limit, we have the constraint

∂µX = 0, (3.11)

and the vector multiplets (A+,Σ+, · · · , ) and (A−,Σ−, . . . ) are decoupled from each other.

Therefore, the model becomes two copies of U(1) gauge theories with a single charged

hypermultiplets (two copies of SQED with NF = 1). The duality transformation (3.10)

implies that this limit corresponds to the small g limit in the dual picture.

In the following, we will see that domain walls in the large and small (g, u) regimes

have the identical properties as expected from the duality.

3.2 Domain wall solution

When both ξ and m are non-zero, the Lagrangian has two degenerate vacua, in which the

VEVs of the scalar fields are given by

Σ± = m, |H+|2 = 2ξ, |H−|2 = 0 , X = −ξ, (3.12)

Σ± = −m, |H+|2 = 0 , |H−|2 = 2ξ, X = ξ. (3.13)

In this subsection, we discuss the property of the domain wall solutions from the viewpoint

of the duality.

Let us first consider static domain wall configurations which depend only on a spacial

coordinate x. The energy density for a static configuration can be rewritten into the

Bogomol’nyi form

E = E≥0 +W+ +W−, (3.14)

where the positive semidefinite part E≥0 is given by

E≥0 =
∑

i=+,−

[
1

g2
|∂2Σi +Di|2 + |∂xHi + (Σi −mi)Hi|2

]
+
u

2

∣∣∂xX + u−1(Σ+ − Σ−)
∣∣2 ,

(3.15)

with m± = ±m. The total derivative terms W±, which correspond to the domain wall

charges, are given by

W± = −∂x
[

2

g2
Σ±D± ∓m|H±|2

]
. (3.16)

Suppose that the field configurations at x→ ±∞ are given by the two different sets of the

VEVs in eq. (3.13). Then we find from the fact that E≥0 is positive semidefinite that the
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Figure 2. Energy density profiles of domain wall configurations. For d . m−1 (left), the wall

width becomes larger as we increase d̃ and a plateau appears for sufficiently large d̃. For d� m−1

(right), the plateau region can be seen for small d̃ and it becomes smaller for larger d̃.

energy density satisfies

∫
dx E ≥ T ≡

∫
dx (W+ +W−) = 4mξ. (3.17)

As expected, the tension T is invariant under the duality map eq. (3.10). This Bogomol’nyi

bound is saturated if E≥0 = 0, i.e. the following BPS equations are satisfied:

∂xΣ± = −D±, ∂xH± = −(Σ± ∓m)H±, ∂xX = −1

u
(Σ+ − Σ−). (3.18)

The last two equations can be solved by introducing profile functions ψ± as

Σ± =
1

2
∂xψ±, H± =

√
2ξ exp

(
±mx− 1

2
ψ±
)
, X = − 1

2u
(ψ+ − ψ−). (3.19)

The first BPS equations reduce to the following differential equations for the profile func-

tions (ψ+, ψ−):

∂2
xψ± = g2ξ

[
1− 2e±2mx−ψ± ± 1

2uξ
(ψ+ − ψ−)

]
. (3.20)

The boundary conditions for (ψ+, ψ−) have to be chosen so that the solution (3.18) ap-

proaches the vacua (3.13) as x→ ±∞:

ψ+ → 2mx, ψ− → 2mx− 2uξ, for x→ +∞, (3.21)

ψ− → −2mx, ψ+ → − 2mx− 2uξ, for x→ −∞. (3.22)

By introducing the dimensionless coordinate y ≡ mx, eq. (3.20) can be rewritten as

∂2
yψ± =

1

md

[
1− 2e±2y−ψ± ± 1

2md̃
(ψ+ − ψ−)

]
, (3.23)
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where d and d̃ are the characteristic length scales of the domain walls defined by

d =
4m

g2ξ
, d̃ =

uξ

m
. (3.24)

Note that these two length scales are exchanged under the duality transformation (3.10).

The energy density of the BPS solution can be written in terms of the profile functions as

E =
m2ξ

2
∂2
y

[
ψ+ + ψ− − md

4
∂2
y (ψ+ + ψ−) +

1

4md̃
(ψ+ − ψ−)2

]
. (3.25)

figures 2(a,b) shows the energy density profiles of the domain wall solutions for some typical

values of the scale parameters. One of characteristic properties of these numerical solutions

is that plateau regions appear in both large (g, u) regime (d� d̃) and small (g, u) regime

(d̃� d).

Width of domain wall. We can see a self-duality of the domain wall from the widths

of the plateau regions. As mentioned above, in the limit of small u and g (d̃� m−1 � d),

the profiles of Σ± = 1
2∂2ψ± becomes linear inside the domain wall (x ≈ 0). This can be

seen from eq. (3.20), which implies that the profile functions ψ± are approximately given

by a quadratic function

ψ+ ≈ ψ− ≈ g2ξ

2
x2 + · · · . (3.26)

Since Σ± = m and Σ± = −m in the vacuum regions outside the domain wall, Σ± can be

approximate as

Σ± ≈





−m left vacuum

1
2g

2ξ x inside wall

m right vacuum

. (3.27)

From the connectivity of the function Σ, the width of the wall ∆x can be estimated as1

1

2
g2ξ∆x = ∆Σ± = 2m ⇒ ∆x = d. (3.28)

On the other hand, when u and g are large (d � m−1 � d̃), the equation for the

profile functions eq. (3.23) implies that the scalar field X ∝ ψ+ − ψ− is a linear function

inside the domain wall

ψ+ − ψ− ≈ 4mx+ · · · =⇒ X ≈ − 2m

u
x+ · · · . (3.29)

Since X = −ξ and X = ξ in the vacua, it can be approximated by the following piecewise

linear function

X ≈





ξ left vacuum

−2m
u x inside wall

−ξ right vacuum

. (3.30)

1It was known that the domain wall at weak gauge coupling regime in u = 0 limit has the width d [13].
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Figure 3. The energy density profiles of the domain walls with d = 30, d̃ = 1/8 (left) and

d = 1/8, d̃ = 30 (right). The mass and FI parameter are at the self-dual point (m, ξ) = (π, 1).

From the connectivity of the function X, the width of the wall ∆x can be estimated as

−2m

u
∆x = ∆X = −2ξ ⇒ ∆x = d̃. (3.31)

Therefore, the width of the domain wall is given by the length scale parameters d and

d̃ depending on the region in the parameter space:

∆x =





d =
4m

g2ξ
for d̃� m−1 � d

d̃ =
uξ

m
for d� m−1 � d̃

. (3.32)

Since d and d̃ are exchanged by the duality transformation (3.10), the width of the domain

wall is invariant under the duality.

Note that we find the self-dual property not only from the widths, but also from heights

of the walls (heights of the energy density at the plateau). Plugging the approximate

solutions ψ± into the energy density formula (3.25), we find that the heights of the wall h

and h̃ for the parameter regions d̃� m−1 � d and d� m−1 � d̃ are given by

h = g2ξ2 (for d̃� m−1 � d), h̃ =
4m2

u
(for d� m−1 � d̃). (3.33)

As in the case of d and d̃, h and h̃ are also exchanged by the duality transformation (3.10),

so that the height of the wall is also invariant under the duality. It is worth noting that

the tension of the domain wall is also invariant since it can be written as T = hd = h̃d̃.

We show a typical example of the mirror pair of the small (g, u) regime and of the large

(g, u) regime in figure 3.

Duality between two-center Taub-NUT sigma model and NF = 2 SQED. Al-

though it is difficult to solve the coupled ordinary differential equations in eq. (3.20), we

can obtain analytic solutions in the strong gauge coupling limit by solving the following

algebraic equation obtained from eq. (3.20) in the g →∞ limit,

1− 2e±2y−ψ± ± 1

2md̃
(ψ+ − ψ−) = 0. (3.34)

– 8 –
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Figure 4. Energy density profiles of mirror pairs of domain walls (the blue lines for u → 0 and

the orange lines for g →∞). The mass and FI parameter are at the self-dual point (ξ,m) = (1, π).

This equation describes the domain wall in the two-center Taub-NUT sigma model. The

strong coupling limit corresponds to the u→ 0 limit in the dual picture, where the model

reduces to SQED with NF = 2 hypermultiplets. In this case, ψ± must satisfy the constraint

ψ+ = ψ− and hence we are left with the ordinary differential equation

ψ = ψ±, ∂2
yψ =

4

md

[
1−

(
e2y + e−2y

)
e−ψ

]
. (3.35)

This equation is controlled by a dimensionless parameter md, and no analytic solutions has

been found for generic md except for several special discrete values [15]. Although eq. (3.34)

is an algebraic equation and eq. (3.35) is a differential equation, the duality map (3.10)

implies that they describe essentially the same domain wall configuration. We show some

examples of dual pairs of domain walls in figure 4. One can see the widths of domain walls

in the mirror pair are the same order in the whole range of the parameters (u, g).

The spikes in the energy density profiles. In SQED with NF = 2 (the small u limit),

it has been known that there are spikes in the domain wall profile (see the left panel of

figure 1 or the left panel of figure 3). As expected from the duality, we can also see similar

spikes in the dual picture (the right panel of figure 3). Although the origin of such objects

is unclear in the original picture (d̃� m−1 � d), we can identify them as a pair of confined

domain walls in the dual picture (d� m−1 � d̃). To see this, we first note that there are

two types of walls whose topological charges are given by eq. (3.16)

T± =

∫
dxW± = ξ

∫
dx ∂xΣ±, (3.36)

where we have dropped some irrelevant terms in the integrand which do not contribute to

T±. As shown in figure 5, in the dual picture, there are substructures of domain walls of Σ±
in such a way that the topological charge densities are localized on the edges of the whole

wall. Thus we can regard the whole domain wall as a bound state of the two constituent

domain walls of Σ± confined due to the constant energy density of X between them.

Splitting of a single soliton to several partonic constituents is a common phenomenon

which is frequently seen when it is deformed by taking a limit of parameters. A closely

related model to ours is 3d lumps in the N -center Taub-NUT nonlinear sigma model. It

was found that the single lump in the IR limit breaks up into N partonic lumps with

– 9 –
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Figure 5. The profiles of the kink topological charge density (left) and scalar fields (right) for

d = 1/10, d̃ = 50. The mass and FI parameter are at the self-dual point (m, ξ) = (π, 1).

fractional topological charge 1/N [21]. The kinks and lumps with fractional topological

charges would be related to each other in the same way as those with integer topological

charges [25].

Swapping of scalar fields. It is worth noting that the profiles of the scalar fields for

d̃ � m−1 � d (the right panel of figure 1) and for d � m−1 � d̃ (the right panel of

figure 5) are almost identical if we identify the scalar fields as

|H±| ↔ ∓Σ±, Σ+ ≈ Σ− ↔ −X. (3.37)

This swapping of the scalar fields reflects the facts that chiral and vector multiplets are re-

spectively mapped to (twisted) vector and chiral multiplets under the 3d mirror symmetry.

3.3 Effective actions and T-duality

Next, let us consider the low energy effective theory on the domain wall. For later con-

venience, let x2 be the transverse coordinate to the domain wall. Since the translational

symmetry x2 → x2 + x0 and the U(1) global symmetry H± → e±iθH± are broken by the

domain wall, it has the position and phase moduli corresponding to the Nambu-Goldstone

modes of the broken symmetries. Therefore, the domain wall moduli space is a cylinder

M = R× S1, (3.38)

where R corresponds to the position x0 and S1 denotes the phase modulus θ. In the thin

wall limit, we can show that the domain wall worldsheet effective theory is described by

the Nambu-Goto action on the moduli space M [22, 23]:

Leff = − T
√
− det gαβ = − 4mξ

√
− det

(
ηαβ + ∂αx0∂βx0 +

1

m
∂αθ ∂βθ

)
, (3.39)

where α and β denote worldsheet indices. Let us consider the T-duality transformation

along the S1 direction. Writing Fα = ∂αθ and imposing the constraint εαβ∂αFβ = 0 by

introducing a Lagrange multiplier θ̃ as

Leff = −T
√
− det gαβ +

4

π
θ̃ εαβ∂αFβ , (3.40)
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we can rewrite the effective Lagrangian by eliminating Fα as

Leff = −T
√
− det g̃αβ = −4mξ

√
− det

(
ηαβ + ∂αx0∂βx0 +

1

(πξ)2
∂αθ̃ ∂β θ̃

)
, (3.41)

where we have solved the equation of motion for Fα

δSeff

δFβ
= 0 =⇒ Fα = ∂αθ =

m

πξ

g̃αβε
βγ∂γ θ̃√

− det g̃αβ
. (3.42)

The T-dual pair of actions (3.39) and (3.41) are related by the swapping of the parameter

m ↔ πξ, which ensures that the domain wall worldsheet theory is invariant under the 3d

mirror symmetry.

Both the original effective theory (3.39) and the dual effective theory (3.41) have BPS

solutions

θ = ωt+ kx, θ̃ = ω̃t+ k̃x, (x ≡ x1), (3.43)

where ∂αx0 = 0 and (ω, k) and (ω̃, k̃) are constants corresponding to the internal momen-

tum and the winding number. They are dual to each other if (ω, k) and (ω̃, k̃) satisfy the

following relation so that eq. (3.42) is satisfied

(ω, k) = − m√
(πξ)2 − ω̃2 + k̃2

(k̃, ω̃). (3.44)

From this relation, we can show the agreement of the tension of these BPS states

Tω,k = 4ξ
m2 + k2

√
m2 − ω2 + k2

=
4m

π

(πξ)2 + k̃2

√
(πξ)2 − ω̃2 + k̃2

. (3.45)

This swapping of the internal momentum and the winding number can be regarded as an

exchange of charges of the domain wall from the balk viewpoint. In the next section, we

discuss the duality property of such excited domain wall configurations.

4 Domain walls with Noether and vortex charges

In the previous section, we have seen that the internal momentum and the winding number

of the excited domain wall states are exchanged by the duality transformation. From the

bulk viewpoint, they correspond to the Noether charge of the global U(1) symmetry [9, 10]

and the vortex topological charge associated with the broken U(1) gauge symmetry [24]. As

mentioned above, it is well-known that such Noether and topological charges are exchanged

under the duality transformation (particle-vortex duality). In this section, we discuss the

duality property of the domain wall with Noether and vortex charges.

Let us consider stationary domain wall configurations characterized by the internal

phase frequency and wave number (ω, k). In this section, xµ (µ = 0, 1) and x2 denote the

– 11 –
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coordinates along the domain wall worldsheet and the codimension, respectively. For later

convenience, let us define a parameter M by

M ≡
√
m2 − ω2 + k2. (4.1)

Suppose that the Gauss law equations are satisfied

0 =
2

g2
∂iF

±
0i + i(H±D0H̄± − H̄±D0H±)± 1

u

(
∂0χ+A+

0 −A−0
)
. (4.2)

Then the energy density of the system can be decomposed into

E = E0 + E+ + E− + Tω,k + {total derivative}, (4.3)

where Tω,k is the following combination of topological charges and Noether charges

Tω,k =
m2 − ω2

mM
(W+ +W−) +

k

M
(V 0

+ + V 0
−) +

ω

M
(J+

0 − J−0 ). (4.4)

This quantity gives the lower bound of the energy
∫
dx2 E ≥

∫
dx2 Tw,k determined by

the domain wall charges W± in (3.16) and (V 0
±, J

±
0 ) are zeroth components of the vortex

topological current V µ
± are the Noether currents J±µ associated with the phase rotations of

the scalar fields H±,

V µ
± = εµνρ∂ν

(
ξA±ρ − iH±DρH̄±

)
, J±µ = iM(H±DµH̄± − H̄±DµH±). (4.5)

The total derivative terms are given by

{total derivative} =
ω

m
∂i
(

1

g2
+

Σ+F
+
0i +

1

g2
−

Σ−F−0i

)
+

k

M
εij∂i (XDjχ) , (4.6)

where we have defined Dµχ ≡ ∂µχ+A+
µ −A−µ . The positive semi-definite terms Ee, E+ and

E− (see appendix C) vanish when the following BPS equations are satisfied

F±02 = − ω

M
D±, D0H±=−i

ω

m
(Σ± ∓m)H±, D0χ = − ω

m
(Σ+ − Σ−), (4.7)

F±12 = − k

M
D±, D1H±=−i

k

m
(Σ± ∓m)H±, D1χ = − k

m
(Σ+ − Σ−), (4.8)

∂2Σ = −m
M
D±, D2H±=−

M

m
(Σ± ∓m)H±, ∂2X = −1

u

M

m
(Σ+ − Σ−). (4.9)

As in the case of the static domain wall, the BPS solution can be formally written as

Σ± =
1

2

m

M
∂2ψ±, A±0 = −1

2

ω

M
∂2ψ±, A±1 = −1

2

k

M
∂2ψ±, A±2 = 0, (4.10)

H± =
√

2ξ exp

[
± (iωt+ ikx1 +mx2)− 1

2
ψ±

]
, X = − 1

2u
(ψ+ − ψ−), (4.11)

where (ψ+, ψ−) are the functions satisfying

∂2
2ψ± = g2

±ξ

[
1− 2e±2Mx2−ψ± ± 1

2uξ
(ψ+ − ψ−)

]
. (4.12)
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Figure 6. Vortex and Noether charge densities with d = 50, d̃ = 1/10, m = π, ξ = 1, (ω, k) = (1, 1).
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Figure 7. Vortex and Noether charge densities with d = 1/10, d̃ = 50, m = π, ξ = 1, (ω, k) = (1, 1).

These equations for the profile functions are the same as those for the static domain

wall (3.20) except that the mass m is replaced by M . We can obtain profiles of domain wall

configurations with Noether and vortex charges by solving eq. (4.12) with the analogous

boundary conditions as the static case:

ψ+ → 2Mx2, ψ− → 2Mx2 − 2uξ, for x2 → +∞, (4.13)

ψ− → −2Mx2, ψ+ → − 2Mx2 − 2uξ, for x2 → −∞. (4.14)

The 3d mirror symmetry implies that the vortex topological currents V µ
± and the

Noether currents Jµ± are exchanged under the duality transformation. In terms of the

profile functions, they are given by

V 0
± =

k

2M
∂2
x2

[
− 1

g2
∂2
x2ψ± ±

1

2u
(ψ+ − ψ−) + ξψ±

]
, (4.15)

J±0 = ω∂x2

[
− 1

g2
∂2
x2ψ± ±

1

2u
(ψ+ − ψ−)

]
. (4.16)
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Since these quantities are total derivatives, we can integrate the charge densities by using

the boundary conditions eqs. (4.13) and (4.14) as
∫
dx2 V

0
± = 2ξk,

∫
dx2 J

±
0 = ±2ξω. (4.17)

Then we can check that the domain wall tension agrees with that of the BPS state in the

effective theory in eq. (3.45)

Tω,k =

∫
dx Tω,k = 4ξ

m2 + k2

M
. (4.18)

Since the equation for the profile function eq. (4.12) is essentially the same as the

corresponding equation in the static case eq. (3.20), we can obtain approximate solutions

for the wall with Noether and vortex charges from those for the static domain wall eq. (3.26)

and eq. (3.29) by replacing m with M . For d � m−1 � d̃, the vortex charge densities

are constant inside the domain wall and the Noether charge densities are localized on the

edges of the wall as shown in the numerical solution in figure 6. On the other hand,

for d̃ � m−1 � d, they are localized in the opposite way: the vortex charge densities

are concentrated on the edges and Noether charge densities spread out inside the wall as

shown in figure 7. Comparing the numerical solutions figures 6 and 7, one sees that, as

expected, V 0
± and ∓J0

∓ are swapped under the duality. Furthermore, We can analytically

show that the height of the vortex charge densities hV and the Noether charge densities

hJ are given by

hV =

{
k

2M g
2ξ2 for d� m−1 � d̃

0 for d̃� m−1 � d
, hJ =

{
0 for d� m−1 � d̃

2Mω
u for d̃� m−1 � d

, (4.19)

and these quantities consistently transform under the duality transformation. Thus, we

can check the duality by looking at the localization properties of the vortex charges and

the Noether charges on the BPS domain wall.

5 Summary and discussion

In this paper, we have discussed the 1/2 BPS domain wall in the 3d N = 4 supersymmetric

gauge theory which is self-dual under the 3d mirror symmetry. We have checked the BPS

domain wall is self-dual and shown that the width, height, shape and tension of the wall

are invariant under the duality transformation. We have shown that the domain wall in

NF = 2 SQED (small u limit) can be seen as a pair of confined fractional domain walls

in the dual two-center Taub-NUT sigma model. We have seen that as expected from the

vortex-particle duality, the Noether charges and the vortex topological charges are correctly

exchanged under the 3d mirror symmetry.

We can also generalize the discussion to models with more Abelian gauge fields and

matters. In such a case, the dual model is a different system. It would be interesting to see

how domain walls in different systems are related to each other and discuss the connection

between 3d and 2d mirror symmetries from the viewpoint of domain wall effective theories
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as was done in SQED with NF flavors (u = 0) and multi-center Taub-NUT sigma model

(g =∞) [14]. Generalization to non-Abelian gauge groups such as U(N) is one important

direction, which may be doable since BPS domain walls in the Higgs branch of U(N) gauge

theories were studied [34–38].

Another interesting direction to be explored is the generalization to 1/4 BPS states

such as domain wall webs [26, 27]. It has been known in general that there are two types of

1/4 BPS configurations which preserve different combinations of the supercharges [28]: one

preserving (1, 1) supersymmetry, which we called type-IIa, and the other preserving (2, 0)

supersymmetry, which we called type-IIb, in the cases of 2d worldvolume. While the latter

can be solved by the moduli matrix [18], the former is difficult to solve [39] in the present

stage. Since the 3d mirror symmetry exchanges these two combinations it is expected that

two types of 1/4 BPS configurations are swapped under the duality transformation. This

may offer a tool to solve 1/4 BPS equations of type-IIa. It would be also interesting to

see how the 3d mirror symmetry plays a role in the effective theories of the domain wall

web [29, 30].
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A Scalar-vector duality

We can show that an Abelian gauge field and a periodic scalar field are dual to each other

as follows. Consider a periodic scalar field γ

L = − 1

2u
∂µγ∂

µγ. (A.1)

This Lagrangian can be obtained from

L = − 1

2u
fµf

µ +
1

2π
εµνρAµ∂νfρ, (A.2)

by integrating out Aµ

εµνρ∂νfρ = 0 =⇒ fµ = ∂µγ. (A.3)

On the other hand, if we integrating out fµ as

fµ =
u

2π
εµνρ∂νAρ =

u

4π
εµνρFνρ, (A.4)
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we obtain the standard Maxwell action

L = − 1

4g2
FµνF

µν , with g2 =
4π2

u
. (A.5)

Therefore, the free action of for the Abelian gauge field eq. (A.5) and the periodic scalar

field eq. (A.1) are physically equivalent. We can check that the winding number of γ

corresponds to the electric charge

∮
dxi ∂iγ =

2π

g2

∮
dxi ε

ijFj0 =
2π

g2

∫
d2x ∂iFi0 ∈ 2πZ. (A.6)

This implies that a charged particle and a vortex are exchanged by this duality

transformation.

In the presence of the BF coupling between the field strength Fµν and another gauge

field Bµ

L = − 1

4g2
FµνF

µν +
1

2π
εµνρBµFνρ, (A.7)

the corresponding scalar action takes the form

L = − 1

2u
(∂µγ +Bµ)2. (A.8)

Therefore, the introduction of the BF coupling corresponds to the gauging of the U(1)

symmetry.

B The dual pair of theories

In this appendix, we summarize the details of the three dimensional mirror symmetry in

N = 4 supersymmetric theories. We consider the following dual pairs of theories:

• Theory A: U(1)N gauge theory with hypermultiplets parameterizing

(R4)N × (R3 × S1)N−1.

• Theory B: U(1)N gauge theory with hypermultiplets parameterizing

(R4)N × (R3 × S1).

This dual pair of models are identified with the S-dual pair of the effective theories on the

D3-branes in the Hanany-Witten type brane configurations [31] (see figure 8). The details

of the brane configurations are summarized below.

The R-symmetry of 3d N = 4 supersymmetry algebra is SU(2)R×SU(2)L correspond-

ing to . We use bold face symbols to denote triplet of SU(2)R and symbols with an arrow

for triplets of SU(2)L.
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Figure 8. Brane configurations for the dual pair with N = 3. The x6 direction is compactified on

S1 with a twisted boundary condition in such a way that the position of the D3-brane is shifted along

a vector in the 3d subspace ~x = (x3, x4, x5). The shift vector corresponds to the FI parameter in

Theory A and mass parameters in Theory B, whereas the positions of five-branes in the 3d subspace

y = (x7, x8, x9) are identified with mass and FI parameters in Theory A and B, respectively.

B.1 Theory A

The bosonic part of the action of Theory A takes the form

SA =

∫
d3x

(
N∑

i=1

Li +

N∑

a=1

La
)
, (B.1)

where

Li = − 1

g2
i

[
1

2
(F iµν)2 + (∂µΣi)

2 + ( ~Di)
2

]
− |DµHi|2 − (Σi −mi)

2|Hi|2, (B.2)

La = − 1

2

[
ua(∂µ ~Xa)

2 +
1

ua

(
∂µχa + αiaA

i
µ

)2
+

1

ua

(
αiaΣi

)2
]
. (B.3)

There are three types of multiplets in this model (· · · denotes fermionic partners):

• vector multiplets (Aiµ,Σi, ~Di, · · · ): each vector multiplet consists of a U(1) gauge

field Aiµ, an SU(2)L triplet scalar Σi and an SU(2)R triplet auxiliary fields ~Di.

• R4 hypermultiplets (Hi, · · · ): Hi is the SU(2)R doublet scalar in each hypermultiplet

(2-component column vector) and it is charged under the gauge field Aiµ (DµHi ≡
(∂µ + iAiµ)Hi).

• R3 × S1 hypermultiplets ( ~Xa, χa, · · · ): the SU(2)L triplet ~Xa and the periodic scalar

χa parametrizes R3 and ×S1, respectively. χa is coupled to the gauge fields via the

Stueckelberg type interactions with coefficients

αia = δa
i − δai−1, (B.4)

where the Kronecker delta δa
0 is interpreted as δa

N .
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The auxiliary fields ~Di are given by

~Di =
g2
i

2

(
H†i ~τ Hi + αia ~Xa − ~ξ

)
, (B.5)

where ~τ are the Pauli matrices. The parameters of this model are the gauge coupling con-

stants gi, the periods of (S1)N ∝ u−1
a , the SU(2)L triplet masses mi and the SU(2)R triplet

Fayet-Iliopoulos (FI) parameter ~ξ. Note that the overall part of (R3×S1)N parameterized

by
∑N

a=1( ~Xa, χa) is decoupled from the other fields, so that the interacting part of the

Lagrangian essentially contain only (R3 × S1)N−1.

B.2 Theory B

The bosonic part of the action of Theory B takes the form

SB =

∫
d3x

(
N∑

A=1

LA + L0

)
, (B.6)

where

LA = − 1

e2
A

[
1

2
(fAµν)2 + (∂µ~σA)2 + (DA)2

]
− |DµφA|2 − (~σA)2|φA|2, (B.7)

L0 = − 1

2


u(∂µY )2 +

1

u

(
∂µχ+

N∑

A=1

aAµ

)2

+
1

u

(
N∑

A=1

~σA − ~m

)2

 . (B.8)

The field content of this model is

• vectormultiplets (aAµ , ~σA,DA, · · · ): each vector multiplets consists of a gauge field

aAµ , an SU(2)R triplet scalar ~σA and an SU(2)L triplet auxiliary field DA.

• R4 hypermultiplets (φA, · · · ): the SU(2)L doublet scalar φA in each hypermultiplet

is charged under the gauge field aAµ (DµφA ≡ (∂µ + iaAµ )φA).

• R3×S1 hypermultiplet (Y , χ, · · · ): the SU(2)L triplet Y and the singlet χ are scalars

in the hypermultiplet parameterizing S1 × R3.

The auxiliary fields DA are given by

DA =
e2
A

2

(
φ†Aτ φA + Y − ξA

)
, (B.9)

where τ are the Pauli matrices. eA are gauge coupling constants, u is a parameter related

to the period of χ, ξA are SU(2)L triplet FI parameters and ~m is a SU(2)R triplet mass

parameter.
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B.3 Duality

Both theories have Coulomb and Higgs branches in the absence of the masses and the FI

parameters. The 3d mirror symmetry exchanges the two branches of the dual pair

Coulomb (Higgs) branch of Theory A ⇐⇒ Higgs (Coulomb) branch of Theory B.

(B.10)

We can easily check the agreement of the numbers of the low-energy degrees of freedom

dimMCoulomb
A = dimMHiggs

B = 4, dimMHiggs
A = dimMCoulomb

B = 4N. (B.11)

The Higgs brach effective action can be obtained by the standard hyperKähler quotient

construction, whereas the Coulomb branch effective theories can be obtained by integrating

out the charged matters, which gives only one-loop corrections due to the supersymmetry.

Coulomb branch of Theory A = Higgs branch of Theory B. If the mass param-

eters are turned on mi 6= 0 in Theory A, the Higgs branch is lifted and the low energy

dynamics is described by the effective theory on the Coulomb branch moduli space param-

eterized by Σ = 1
N

∑N
i=1 Σi and the dual photon γ corresponding to

∑N
i=1A

i
µ. We can

show that the moduli space metric, which is one-loop exact, is given by the multi-center

Taub-NUT metric

ds2 = HdΣ · dΣ +H−1(dγ + ω · dΣ)2, H =
4π2

g2
+

N∑

i=1

1

|Σ−mi|
, (B.12)

where ω and the parameter g is given by

∂

∂Σ
× ω =

∂

∂Σ
U,

1

g2
=

1

N

N∑

i=1

1

g2
i

. (B.13)

On the other hand, when the FI parameters are turned on ξA 6= 0 in Theory B, the

Coulomb branch is lifted and low energy physics is described by a non-linear sigma model

on the Higgs branch parameterized by Y and χ. The standard hyperKähler quotient

procedure [32] gives the multi-center Taub-NUT metric (B.12) with

Σ→ 2πY , γ → χ, mi → 2πξA,
4π2

g2
→ u. (B.14)

Higgs branch of Theory A = Coulomb branch of Theory B. When the FI param-

eter is turned on ~ξ 6= 0 in Theory A, the Coulomb branch is lifted and the low-energy effec-

tive dynamics is described by the Higgs branch non-linear sigma model. The hyperKähler

quotient procedure gives the metric

ds2 = Uab d ~Xa · d ~Xb + (U−1)ab(dχa + ~Ωac · d ~Xc)(dχb + ~Ωbd · d ~Xd), (B.15)

with

Uab = uaδab +
1

2

N∑

i=1

αiaα
i
b

|αia ~Xa − ~ξ|
, Ωab =

1

2

N∑

i=1

αiaα
i
b ~ωi, (B.16)
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where ~ωi is the Dirac monopole connection

∂

∂~xi
× ~ωi = − ~xi

|~xi|3
, ~xi = αic

~Xc − ~ξ. (B.17)

On the other hand, if mass parameter ~m is turned on in Theory B, the Higgs branch

is lifted and the Coulomb branch metric is given by (B.15) with

~Xa →
1

2π
~σA, χa → γA, ~ξ → ~m

2π
, ua →

2π

e2
A

. (B.18)

Discrete vacua and BPS mass spectrum

For non-zero mi and ~ξ in Theory A, there are N supersymmetric vacua labeled by

j = 1, · · · , N :

~Xa =

{
a~ξ for a < j

(a−N)~ξ for a ≥ j , Σi = mj , H†i ~τ Hi = Nδij~ξ. (B.19)

These vacua corresponds to the minima of the following potentials induced on the Higgs

and the Coulomb moduli spaces:

VHiggs = (U−1)ab (αiami) · (αjbmj), VCoulomb = H−1~ξ · ~ξ. (B.20)

This also means that the vacua are given by the fixed points of the tri-holomorphic isome-

tries acting on the Higgs and Coulomb branch moduli spaces. For ~ξ 6= 0 and m 6= 0 in

Theory B, there are N discrete vacua labeled by B = 1, · · · , N :

Y = ξB, ~σA = ~mδAB, φ†Aτ φA = ξA − ξB. (B.21)

In the j-th vacuum of Theory A, there exist BPS vortices corresponding to the magnetic

flux of the overall U(1) gauge group. Correspondingly, in the B-th vacuum of Theory B,

the hypermultiplet φB form a BPS supermultiplet. Their masses are given by

Mvortex
A = 2π|~ξ| ⇐⇒ Mhyper

B = |~m|. (B.22)

Similarly, the hypermultiplets H i (i 6= j) in the j-th vacuum of Theory A and the vortices

in the B-th vacuum are exchanged under the duality transformation

Mhyper
A,i = |mi −mj | ⇐⇒ Mvortex

B = 2π |ξA − ξB| . (B.23)

Brane construction. These models can be constructed by using the Hanany-Witten

brane configurations [31, 33]. Figures 9(a), 9(b) show the configuration corresponding to

the Higgs and Coulomb branches of Theory A. The vector ~x denotes the coordinates of

the (x7, x8, x9) directions, whose rotation group corresponds to the SU(2)R transformation.

Similarly, the vector y denotes the (x3, x4, x5) directions, whose rotation group corresponds

to the SU(2)L transformation. The x6-direction is compactified on S1 with period l6. The
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Figure 9. The Higgs and Coulomb branches for mi = ~ξ = 0.

D3

D3

D5 D5

D3

D5

(a) Higgs branch (~ξ 6= 0)

D3

D5D5

F1

F1

D5

F1

(b) Coulomb branch (mi 6= 0)

Figure 10. The Higgs and Coulomb branches.

scalar fields parameterizing the Higgs and Coulomb branches can be identified with the

position of D3 branes:

~Xa = lim
x6→xa6+0

~xD3 − lim
x6→xa6−0

~xD3, Σ = yD3. (B.24)

When the FI parameter ~ξ is turned on, the D3 branes ~xD3 becomes a piecewise linear

function of x6 in the supersymmetric configuration. We can redefine ~x so that ~xD3 looks

a piecewise constant function of x6. Then the periodicity of ~xD3 becomes ~xD3(x6 + l6) =

~xD3(x6) + ~ξ as shown in figure 10(a). Figure 10(b) shows the supersymmetric state with

non-zero mi, which correspond to the D5 brane positions yD5
i .

Figure 11 shows one of the discrete vacua in the case of ~ξ 6= 0 and mi 6= 0. The D3

brane ends on one of N D5 brane, so that there are N supersymmetric states corresponding

to the discrete vacua of Theory A. D1 branes can be stretched between the end points of

the D3 brane on the D5 brane, whereas fundamental strings can be stretched between the

D3 brane and the other D5 brane. They can be interpreted as BPS vortices and particles

with flavor charges in Theory A.

The brane configuration for Theory B can be obtained by applying the S-duality trans-

formation, under which D5 and NS5 branes and D1 and F1 strings are swapped. We can

easily check that the Higgs and Coulomb branches are exchanged and the duality relation

between parameters eqs. (B.14) and (B.14) can be correctly read off from the dualized

configuration. The BPS vortex and charged particle are exchanged by the S-duality trans-

formation since they correspond to the D and F-string in Theory A and B, respectively
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Figure 11. The root of Higgs branch.
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Figure 12. BPS vortices (D-strings) and particles (F-strings) in Theory A and B (N = 3).

(see figure 12). Similarly, the hypermultiplets (F-strings) in Theory A and the vortices

(D-strings) in Theory B are exchanged under the duality transformation.

C BPS equations

In terms of the BPS equations

B± = F±12 +
k

M
D±, E±1 = F01, E±2 = F02 +

ω

M
D± (C.1)

S±0 = ∂0Σ±, S±1 = ∂1Σ±, S±2 = ∂2Σ± +
m

M
D±, (C.2)

H±0 = D0φ± + i
ω

m
Σ̃±φ±, H±1 = Dtφ± + i

k

m
Σ̃±φ±, H±2 = D2φ± + i

M

m
Σ̃±φ±, (C.3)

X0 = u∂0X, X1 = u∂1X, X2 = u∂2X +
M

m
Σ+−, (C.4)

Y0 = D0χ+
ω

m
Σ+−, Y1 = D1χ+

k

m
Σ+−, Y2 = D2χ, (C.5)

the positive semi-definite part of the energy can be written as

E± =
1

g2

(
|S±0 |2 + |B±|2 +

∣∣∣
∣∣∣(E±1 − iE±2 ,S±1 − iS±2 )

∣∣∣
∣∣∣
2

ω/m

)
+
∣∣∣
∣∣∣(H±1 ,−iH±2 )

∣∣∣
∣∣∣
2

k/m
, (C.6)

E0 =
1

2u

(
|X0|2 + |Y0|2 +

∣∣∣
∣∣∣(X1 − iX2, i(Y1 − iY2)

∣∣∣
∣∣∣
2

k/m

)
(C.7)

where

Dµχ = ∂µχ+A+
µ −A−ν , Σ̃± = Σ± ∓m, Σ+− = Σ+ − Σ−. (C.8)
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and ||(a, b)||2α is the following inner product

∣∣∣∣(a, b)
∣∣∣∣2
α
≡
(
ā b̄
)( 1 α

α 1

)(
a

b

)
. (C.9)
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