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Introduction

Recently, a new method to construct Bethe vectors in gly-invariant quantum spin chains

was proposed in [1].

In the present paper we study this method by the nested alge-

braic Bethe ansatz (NABA) in the case of quantum integrable models with gls;-invariant

R-matrix.



There exist several ways to study quantum integrable models with a high rank of
symmetry. A nested version of the Bethe ansatz [2] was proposed in [3-5]. In the context of
the Quantum Inverse Scattering Method (QISM) [6-9], an algebraic version of this method
(NABA) was developed in [10-12]. One more approach based on the qKZ equation and
Jackson integrals was proposed in [13-15] and generalized to the superalgebras in [16]. We
should also mention a method to construct Bethe vectors via certain projection of Drinfel’d
currents, that was developed in a series of works [17-21]. The Separation of Variables (SoV)
method [22, 23] was applied to the study of gls-invariant quantum spin chains in [24].

The main task of the methods listed above is to construct the eigenfunctions of the
quantum Hamiltonians. Traditionally they are called on-shell Bethe vectors. In distinction
of the gly based models, a form of these eigenfunctions for the models with higher rank
of symmetry is quite involved. This is due to the fact that these models describe physical
systems with several types of particles. Respectively, one has to consider several creation
operators corresponding to each type of excitations.

For instance, within the framework of QISM, we deal with a quantum monodromy
matrix 7'(u), whose trace plays the role of generating functional of the integrals of motion.
The upper-triangular entries of the monodromy matrix T;;(u) with ¢ < j are creation
operators, and a physical space of states can be generated by successive action of these
operators on a referent state |0). In the case of the gl, based models, there exits only one
creation operator Ti2(u). Respectively, the eigenvectors of the quantum Hamiltonians have
the form of products of these operators acting onto a referent state |0). However, already
in the case of the gl; based models, we deal with three creation operators, and the form of
on-shell Bethe vectors immediately becomes much more complex (see e.g. [25] and (2.14)
for explicit formulas).

It was observed in [1] that an operator used for constructing the SoV basis of the
gly-invariant spin chain can be also used for generating the basis of the on-shell Bethe
vectors. It was conjectured in [1] that a similar effect might take place in the spin chains
with higher rank of symmetry. In particular, in the gls-invariant spin chain one should
consider an operator!

BI(u) = Tog(u)Ti2(u — i) Tog(u) — Tog(u)Tee(u — i) Th3(u)
+ Tlg(u)Tn(u — i)ng(u) — Tlg(u)T21(u — i)Tlg(u) (1.1)

for constructing the SoV basis [24]. Here T;j(u) are entries of a twisted monodromy matrix
(see section 3 for more details). Then, in complete analogy with the case of gl, based
models, on-shell Bethe vectors can be presented as a successive action of BY(u;) onto the

referent state
BI(uy) ... B%(uq)|0). (1.2)

This conjecture was justified by the computer calculation, however, an analytical proof is
lacking so far. The goal of this paper is to find such the proof.

Our proof of representation (1.2) is given within the framework of NABA. We show
that representation (1.2) for on-shell Bethe vectors holds not only for spin chains, but for

n [1] this operator was denoted as B#°°?(u). We find this notation too heavy and reduce it to B (u).



a more wide class of integrable models possessing gls-invariant R-matrix. In particular, we
do not use the SoV method.

The paper is organized as follows. We recall basic notions of NABA in section 2.
There we also give a standard description of Bethe vectors within this method. Section 3
is devoted to special NABA-solvable models that usually are applied to the systems of
physical interest. The main results of our paper are gathered in section 4. There we give
explicit representation of the states (1.2) in terms of the monodromy matrix entries acting
on the pseudovacuum vector. We also describe a relationship between the states (1.2) and
the Bethe vectors obtained by the standard NABA approach. In the rest of the paper
we give the proofs of the results of section 4. We identify the state (1.2) with a Bethe
vector in section 5. In section 6 we compute the action of the operator B9(u) on a generic
Bethe vector. Finally, in section 7 we express the state (1.2) in terms of the monodromy
matrix entries acting on the pseudovacuum vector. Several auxiliary identities for rational
functions are gathered in appendix A. Appendix B contains a proof of connection between
two types of Bethe vectors considered in the paper. Finally, the formulas of the action of
the monodromy matrix entries onto the Bethe vectors are given in appendix C.

2 Basic notions of NABA

We consider quantum integrable models solvable by NABA and possessing the gls-invariant

R-matrix
R(u,v) =101+ gu,0)P,  glu,v) = —

. (2.1)

Here I is the identity matrix in C?, P is the permutation matrix in C*> ® C?, and ¢ is a
constant.?

The monodromy matrix T'(u) is a 3 x 3 matrix with operator-valued entries Tj;(u)
acting in a Hilbert space H. Their commutation relations are give by an RT7T-relation

R(u,v)(T(v) @) (I T(v)) = (1@ T(v)) (T (u) ® I)R(u,v). (2.2)

It follows from (2.2) that an operator

3

T(u)=trT(u) =Y Ti(u) (2.3)

i=1

has the following property: [7 (u), 7T (v)] = 0 for arbitrary u and v. This operator is called
a transfer matrix. It plays the role of a generating functional of the integrals of motion of a
quantum model under consideration. One of the main tasks of NABA is to find eigenvectors
of this operator.

If a 3 X 3 c-number matrix K is such that [R(z,y), K ® K] = 0, then the matrices
KT(u) and T'(u) K also satisfy the RT'T-relation (2.2). A peculiarity of the R-matrix (2.1)
is that [R(x,y), K ® K| = 0 holds for arbitrary K € gl;. In particular, if K is invertible,

2To compare our presentation with the results of [1] one should set ¢ = i.



then one can consider a transformation T'(u) — TU)(u) = KT(u)K~'. Obviously, this
transformation preserves the transfer matrix.

Besides the monodromy matrix T'(u), we also will consider a matrix 7'(u) that is closely
associated to a quantum comatrix [26, 27]. First, we introduce quantum minors

tillljké (u) = T}, (u)sz,kz (u—c)— L5, (U)Tj1,l€2 (u—c). (2.4)
The entries of the quantum comatrix fjk(u) then are given by
Tjr(u) = (—1)7+Fek (w), (2.5)

where j = {1,2,3} \ j. The quantum comatrix plays the role of the inverse monodromy
matrix due to

T(u — ¢)T(u) = qdet T(u) I, (2.6)

where qdet T'(u) is a quantum determinant of T'(u) [26-29].

The matrix T(u) is defined as the transposition of T'(u) with respect to the secondary
diagonal:
Tj(u) = Ta—pa—j (u)- (2.7)
It is known [25-27, 30] that a mapping ¢ : T(u) — T(u) is an automorphism of the
RTT-algebra (2.2). Thus, the matrix f(u) satisfies the RTT-relation with the same R-
matrix (2.1).

Using the matrix 7 (u) we can write down the operator BY(u) (1.1) in a more compact
form

BI(u) = Tog(u)Tis(u) — Tis(u)Tia(u). (2.8)
Similar representation for BY was used in [24].

2.1 Notation

Besides the function g(u,v) we also introduce two new functions

u—v+c flu,v)  w—v+ec
flu ) =1t glu) = 0 ) = = (2.9)
The following obvious properties of the functions introduced above are useful:
1
g(u,v) = —g(v,u), h(u—-cv)= , gu+cv)= , flu—cv)= .
N T R B Tt R AL )
(2.10)

Before giving a description of the Bethe vectors we formulate a convention on the
notation. We denote sets of variables by a bar: @, v, and so on. Individual elements of the
sets are denoted by subscripts: u;, vx, and so on. Notation %+ ¢ means that the constant c
is added to all the elements of the set u. Subsets of variables are denoted by roman indices:
Uy, Uy, Vi, and so on. In particular, we consider partitions of sets into subsets. Then the
notation @ = {u;, Uy} means that the set u is divided into two disjoint subsets u; and uy.
The order of the elements in each subset is not essential. A special notation ; is used for
subsets complementary to the element u;, that is, 4; = @\ u;, vy = v\ v} and so on.



In order to avoid too cumbersome formulas we use shorthand notation for products of
functions depending on one or two variables. Namely, if the functions g, f, and h depend
on sets of variables, this means that one should take the product over the corresponding
set. For example,

h(aa U) = H h(ujvv)a g(zlagl) = H g(ZhZ])v f(ﬂllaal) = H H f(u]auk)
U EU Z;€Z U EUL Uk EUT
zj#zi
(2.11)
In the last equation of (2.11) the set @ is divided into two subsets @;, g, and the double
product is taken with respect to all u;, belonging to #@; and all u; belonging to @iy. We use the
same prescription for the products of commuting operators and their vacuum eigenvalues
Ai (see (2.13))
M@ = T e Tg@) = [T Tisten), (212)
UFET LIS
By definition, any product over the empty set is equal to 1. A double product is equal to
1 if at least one of the sets is empty.

2.2 Bethe vectors

Now we pass to the description of Bethe vectors. They belong to a Hilbert space H,
in which the operators Tj;(u) act. We assume that this space contains a referent state
(pseudovacuum vector) |0) such that

Tjj(u)[0) = Aj(w)|0),

2.13
T, ()]0) = 0, i > j, 219

where \;(u) are some scalar functions. Generically, they are free functional parameters.

The action of the operators Tj;(u) with ¢ < j onto pseudovacuum is free. Within
the framework of NABA, it is assumed that successive action of these operators onto |0)
generates vectors of the space H. Bethe vectors are special polynomials in Tj;(u) with i < j
acting on |0). Their explicit form will be given later. Here we would like to mention that
in the models with gls-invariant R-matrix Bethe vectors depend on two sets of complex
parameters 4 = {uy,...,u,} and v = {v1,...,vp} called Bethe parameters. We denote
these vectors by B, (u;v), where a and b respectively are the cardinalities of the sets @
and v. A characteristic property of the Bethe vectors is that they become eigenvectors of
the transfer matrix 7 (z) = tr T'(z) provided u and © enjoy ceratin constraint. In this case
they are called on-shell Bethe vectors. Otherwise, if 4 and v are generic complex numbers,
then the corresponding vector is called off-shell Bethe vector.

In physical models, vectors of the space H describe states with quasiparticles (excita-
tions) of two different types (colors). We say that a state has coloring {a, b}, if it contains
a quasiparticles of the color 1 and b quasiparticles of the color 2. The vector |0) has zero
coloring. The operator 175 is the creation operator of quasiparticles of the first color, while
the operator T3 creates quasiparticles of the second color. The operator Ti3 creates one
quasiparticle of the first color and one quasiparticle of the second color. The diagonal



operators Tj; are neutral, the matrix elements Tj; with ¢ > j play the role of annihilation
operators. Generally, there are no restrictions on the coloring {a, b}, thus, the parameters a
and b are arbitrary non-negative integers. In specific models, some restrictions may appear.
Different methods to construct Bethe vectors were developed in [12, 15-17]. Several
equivalent explicit representations were found in [25]. One of this representations reads

min(a,b)

o Ko (0] t) f (@, ) f (0, 1) _ _ _
By (u;0) 7;] #UIE#IUI T R e(@(o 1) T13(t;)Tio(ty)T23(0y)[0).  (2.14)

Recall that here we use the shorthand notation (2.11), (2.12) for the products of the oper-
ators T;; and the functions Ag, f, and g. The sum in (2.14) is taken over partitions of the
sets 4 = {uy, Uy} and © = {;, Uy} such that #u, = #0; = n, where n =0, 1, ..., min(a,b).
It is easy to see that each term of this sum has a fixed coloring {a, b}, and thus, Bethe
vector B, ;(@; v) has coloring that coincides with the cardinalities of the Bethe parameters.
We would like to stress that generically there is no any restriction on the cardinalities of
the Bethe parameters u and v. In particular, one might have a < b, that is #u < #wv.

The function K, (v;]u,) in (2.14) is a partition function of the six-vertex model with
domain wall boundary condition (DWPF) [31, 32]. It depends on two sets of variables
v and u; the subscript shows that #v = #u = n. The function K,, has the following
determinant representation [32]:

Ko (0la) = h(o,a) | T o(vj, v0)g(w, uy) | det <g(”3“’“)> (2.15)

i<k Uj» Uk

Some properties of K, are gathered in appendix A.

Observe that the normalization in (2.14) differs from the normalization of Bethe vectors
used in [25]. The present normalization is chosen so that the Bethe vector does not have
singularities for v; = uy and v; — ¢ = uy,.

We also consider Bethe vectors I@a,b(ﬂ; ©) which correspond to the monodromy matrix
T(u). They have the form

min(a,b)

Ko (Oiltn) f (@, @) F 00 0D 73 s () T ()10, (2216
”2;] #UIE#:vI =n 5‘2(7711))\2(@)9(17,@) 13(t) Tha () To3(0n)[0), - ( )

@I

where Ag(2) = A1 (2)As(z — ¢).
The automorphism 7'(u) — f(u) generates a connection between the Bethe vectors B
and B:

™ = =Y (_1\a+b ab)‘Q(ﬁ))‘Z(@) U0
By o0+ ¢ u) = (=1)F (@) (D) Bay(;0). (2.17)

The proof is given in appendix B.

We have mentioned already that a generic Bethe vector becomes an on-shell Bethe
vector, if the parameters u and v satisfy a special constraint. This constraint is known as



a system of Bethe equations and has the following form:

M) _ fQuya) o - ;
Malug) ~ Flaguy)? I T o1
Ao(vk)  flog,vg) 1 E—1 b '
As(vg)  f(Ok, vk) £k, @) Y
If the system (2.18) is fulfilled, then
T(Z)Ba,b(a; T)) - T(ZW’ 27) IBga,b(ﬂ; 77)7 (2‘19)
where
7(2) = 1(z]u,v) = M(2) f(u, z) + A2 (2) f(z,a) f(0, 2) + A3(2) f (2, D). (2.20)

Below we will need the action formulas of the operators T;;(z) and ﬁj(z) on the
generic Bethe vectors. They were obtained in [25]. We give the list of necessary formulas
in appendix C.

3 Special NABA-solvable models

At the first sight, a method to construct on-shell Bethe vectors by means of the operator
BY9(u) (1.1) contradicts to the content of the previous section. Indeed, according to the
general scheme, the on-shell Bethe vector depends on two sets of variables subject to the
equations (2.18). At the same time, vector (1.2) depends on only one set of variables.
The solution of this contradiction lies in the fact that in some models there is a kind of
hierarchy between the variables  and v: the set u plays a basic role, while the variables
v are auxiliary. In particular, the system of Bethe equations can be reformulated as a
constraint on the Bethe parameters @ only (see (3.4) below).

This class of models includes the X XX SU(3)-invariant Heisenberg chain, for which
the operator BY(u) was originally constructed in [1]. A characteristic property of these
models is that only the operators Tjo(u) and Ti3(u) are true creation operators, while
T53(u)|0) = 0. In spite of these models are a particular case of the models considered
above, they find a wide application in physics.?

Consider a monodromy matrix T9(u) such that T9(u)|0) = 0. This condition imme-
diately implies a restriction on the vacuum eigenvalues A;(u). Indeed, it follows from the
RTT-relation that

(T35 (w), Tos (v)] = g(u, U)(T§2<”)T§3(U) - ng(“)T??:a(U)) (3.1)
Acting with this equation onto |0) we obtain

0 = (Aa(v)Aa(u) — Aa(u)a(v)) |0}, (3.2)

30ne can also consider models, in which Ti2(u)[0) = 0, while Th3(u) and Ti3(u) are true creation

operators. This case is equivalent to the one considered in this paper, due to an automorphism of the
RTT-algebra (2.2) with respect to the replacement Tj;(u) — Tu—ja—i(—u).



leading to A2(u) = kA3(u), where k is a constant. Without loss of generality we can set

Ao(z) = Kk and A\3(z) = 1. At the same time, the vacuum eigenvalue \;(z) still remains a

free functional parameter. Below we omit the subscript and denote it \1(z) = A(2).
Bethe equations (2.18) take the form

Auj) = Hmf(@,uj), i=1....a, (3.3a)
N f(vkvf)k) _
kf(vg,u) = 7f(17k,vk)’ k=1,...,b. (3.3b)
One can show (see e.g. [33]) that this system implies
dgzt <5jk + a)\(uj)m> = (1+a)’(1 + ar)*’. (3.4)

Here « is a complex number. Equation (3.4) should be valid for an arbitrary value of
this parameter. As both sides of (3.4) are polynomials in « of degree a, this condition is
equivalent to a set of a equations for a variables @ = {uy,...,u,} (the free terms in both
sides obviously are equal to 1). We see that the set of auxiliary variables v is eliminated.

According to the coloring prescriptions, quasiparticles of the second color now can
be created by the action of the operator T103(u) only. Since this operator simultaneously
creates a quasiparticle of the first color, we conclude that the coloring of any state in
these models has a property b < a. In particular, Bethe vectors Bg,b(a; v) for such the
monodromy matrix possess this property. Their explicit form also simplifies:

Bly(mo) = Y SO 10 07t ). (35)
#ur=b
In distinction of (2.14), here the sum is taken over partitions of the set u = {@;, uy} such
that #u; = b, while the set v is not divided into subsets. We see that a generic off-shell
Bethe vector 18327,)(12; v) still depends on the set of auxiliary Bethe parameters v. We will
show, however, that the auxiliary parameters can be eliminated from on-shell Bethe vectors,
as it was done for the system of Bethe equations.

Thus, for the models with the monodromy matrix 7°(u), one can actually restrict
himself with a one set of the Bethe parameters only. However, if we substitute the operators
ng(u) into equation (1.1) for BY(u), then we see that BY(u)|0) = 0. This is due to the
fact that T (u)|0) = 0. Thus, the operator (1.1) cannot be used as a creation operator in
these models.

A nontrivial action of BY(u) onto the pseudovacuum vector can be provided by an
appropriate twist transformation

T(u) = KT(uw)K 1. (3.6)

In paper [1], a generic twist matrix K was considered. We restrict ourselves with a ‘minimal’
twist, which provides a condition T53(u)|0) # 0, but does not change the action of other
operators T;; onto |0). Let

B
K=I+—F .
+ 1B (3.7)



where 3 # 0 is a complex number and Ep3 is an elementary unit matrix (Fag)i; = di20;3.
It is easy to see that the matrix T'(u) has the same vacuum eigenvalues \i(z) = A(z),
A2(z) = K, and A\3(z) = 1. However, now we have Th3(u)|0) = 3]0) provided x # 1.

Of course, the twist matrix (3.7) is not the only matrix, ensuring the condition
Th3(u)|0) # 0. We discuss more general twists in Conclusion.

4 Main results

We are now in position to formulate our main results.

Proposition 4.1. Let the vacuum eigenvalues of the monodromy matriz T'(u) be given be
equations

Tii(w)[0) = A(w)[0),  Toa(u)[0) = «[0),  Ts3(u)|0) = |0), (4.1)
and Th3(u)|0) = B|0). Let w and v be two sets of complex numbers such that #u = a,
#v = b, and the constraint (3.3a) is fulfilled. Then Bethe vector By (1, v) has the following
representation:

a b—n n
Buplit) = 30 s D 50 (o) N ) w0 i ) (. )
n=0 s= O#fslnss
X Tlg(aI)Tlg(ﬂH)Tlg(ﬂm)|0>. (42)

Here the sum is taken over partitions of the set @ into three subsets u = {uy, Uy, Ug}. The
cardinalities of the subsets are shown explicitly by the subscripts of the sum symbol in (4.2).

The proof of proposition 4.1 is based on the explicit representation for the Bethe
vectors (2.14). This is done in section 5. Here we give several comments on this proposition.
The condition (3.3a) is a part of Bethe equations, therefore, the corresponding Bethe
vector can be called a semi-on-shell Bethe vector [34]. The constraint (3.3a) is a system
of a equations for a + b variables. In particular, if* b > a, then we can consider (3.3a)
as the system of equations for the parameters vy, &k = 1,...,b. At the same time the
parameters u remain generic complex numbers, and one can easily show that the system
is solvable. Furthermore, it follows from representation (4.2) that if vg, K = 1,...,b and
vy, k=1,...,b" are two different solutions to the system (3.3a), then
K PG ) Bay (4, ') = B (0, @) Ba s (, 7). (4.3)
This property is due to the very specific action of the operator T53(z) onto the pseudovac-
uum vector: T53(z)|0) = 5]0). Thus, two semi-on-shell Bethe vectors with different sets of
the Bethe parameters © and ©’ actually are proportional to each other. In fact, for an ap-
propriate normalization, semi-on-shell Bethe vectors (4.2) do not depend on the parameters
of the set v.

Proposition 4.1 implies that on-shell Bethe vectors also have representation (4.2). In
this case the parameters u and v enjoy the additional set of equations (3.3b). We see,
however, that the condition (3.3a) is already sufficient to eliminate the parameters v from
the representation for the Bethe vector. They are only included in the normalization factor.

4Recall that due to Th3(2)|0) # 0 we have no restriction b < a.



4.1 Multiple action of the operator BY

Now we give an explicit representation for the multiple action of the operator BY onto
pseudovacuum vector |0). It was shown in [1] that [BY(u), BY(v)] = 0 for arbitrary u and
v. Thus, given a set @ = {uy,...,uy}, then the notation

BY(a) = [ B*(w)) (4.4)
j=1

is well defined.

Proposition 4.2. Let the vacuum eigenvalues of the monodromy matriz T(u) be as in
proposition 4.1 and Ta3(u)|0) = S|0). Let a set w consist of generic complex numbers and

#u = a. Then

BI(u)|0) = Zﬁza nz Z )" A f (G, W) f (G, U) f (U, U )
s=0 Hui=s
#Hug=n—s

x T3 () T13(tn) Th2(Um)|0). (4.5)
Here the sum over partitions of u is taken as in proposition 4.1.

This proposition gives the result of multiple action of the operator BY onto |0) in terms
of multiple actions of the creation operators 115 and T13. The proof of proposition 4.2 is
given in section 7.

Comparing (4.5) and (4.2) we immediately arrive at

Corollary 4.1. Under the conditions of propositions 4.1 and 4.2
BI(w)|0) = B> k" T0g(0, u)Ba (1, 0). (4.6)

Thus, if the Bethe parameters u and v satisfy Bethe equations (3.3a), (3.3b), then the
vector BY(u)|0) is on-shell Bethe vector, as it is proportional to the on-shell Bethe vector
B,»(t, 7). One can also consider the vector BY(u)|0) for generic complex @. Equation (4.6)
remains true in this case, if the set v satisfies the system (3.3a). Due to the property (4.3)
one can always provide the solvability of this system for generic complex .

5 Proof of proposition 4.1

We begin with an explicit form of Bethe vectors corresponding to the twisted monodromy
matrix 7'(u) (3.6). This form follows from the general representation (2.14), where one
should take into account the condition Ta3(u)|0) = 3]0). Then

min(a,b)

b K (0 a) f () f (O, 01
o= 3y O S 000 gm0 (5.1)

Katb—ng(T
n=0 #Hu=#v1=n g(7)

,10,



Here, like in (2.14), the sum is taken over partitions of the sets u = {u;, 4y} and v =
{01, U1}. The subscripts of the sums show that the partitions satisfy restrictions #u; =
#0; =n, where n =0, 1,...,min(a,b).

The sum over partitions v = {v;, 0y} can be transformed into a sum over additional
partitions of the subset @; via (A.2), in which one should set & = v and y = ;. Then

> K (vi|t) f(0r, 7) Z (=)™ fu, u) £ (0, ). (5.2)

#or=n s=0 #u;=s

Here in the lhs, the sum is taken over partitions © = {o;, Uy} so that #v; = n. In the rhs, the
sum is taken over all possible partitions @, = {;, 4; }. Substituting this into (5.1) we find

a

me(ﬂ, ’D) = Z Iia""b ng Z Z n sf uhull)f(q_}?ai)f(ﬁiaﬂll)f(aihaﬂ)
n=0 s=0 H#uj=s
H#Hiujj=n—s

X Tlg(ﬂi)Tlg(’L_Lii)Tlg(’L_LH)|0>. (53)

n (5.3), the sum is taken over partitions of the set @ into three subsets u = {;, @i, Uy}
The cardinalities of subsets are shown explicitly by the subscripts of the sum.

Note that we have replaced the upper summation limit min(a,b) with @ in the sum
over n. If a < b, then this replacement certainly is possible. If a > b, then all the terms in
the sum over n with n > b vanish due to proposition A.2. Indeed, due to this proposition
the sum in the r.h.s. of (5.2) gives a determinant (A.14). The latter vanishes for n > b.
Thus, if a > b, then the sum in (5.3) actually breaks at n = b.

Suppose that B, ;(@, 0) is a semi-on-shell Bethe vector whose Bethe parameters satisfy
the condition (3.3a). Then taking the product of equations (3.3a) over subset u; we find

I (T, @) f (s, ;)

[(0,10) = &5N(0) == —. 5.4
(0, %) ( )f(ui,uﬁ)f(ui,un) (54
Substituting this into (5.3) we arrive at
a IBb n n
Ba,b(uav) = Z H‘H'b Z Z A ul)f(uibui)f(u]la Ui)f(uii,un)
n=0 s=0 #uj=s
#HUjj=n—s
X Tlg(ﬂi)Tlg(ﬂji)Tlg(ﬂH)|0>. (55)

This representation coincides with (4.2) up to the labels of the subsets. Thus, proposi-
tion 4.1 is proved.

6 Action of B9(z) on Bethe vectors

We use induction over a in order to prove proposition 4.2. However, before doing this, we
find the action of the operator BY(z) on an arbitrary Bethe vector B, (u,v). This will give
us a necessary tool for the proof.
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Below, for some time, we do not use restrictions T53(2)|0) = /]0), A2(z) = K, and
A3(z) = 1. Instead, we consider the most general case of the monodromy matrix. In order
to avoid new notation, we still denote this monodromy matrix by 7'(z). However, we do not
assume that the action of Th3(z) has some peculiarity, nor do we impose any restrictions
on the eigenvalues \j(z). We simply consider the action of the operator BY(z) (2.8) on
an arbitrary Bethe vector B, ,(u; v) using (2.17) and action formulas (C.2)-(C.4). We also
replace the expression for B9(z) (2.8) by Tbs(22)T13(21) — Tis(22)Ti2(21) and consider the
limit z; — z (kK = 1,2) in the end of the calculations. Then we specify the obtained result
to the semi-on-shell Bethe vectors described in section 4.

6.1 Action of T23(22)T13(21)

In this section we study the action of Ths(z2)Ti3(21):

Ay = To3(22)Th3(21)Bap(G; D). (6.1)
Using (2.17) we have
Ay = (1) SO T o) B B0 + i) 62)

Then due to (C.2) we obtain

(=1 (@) A3 (0)Aa(21)

A= h(z1,0 + ¢)h(T@, 21) A2 (@) A2 (D)

TQg(Zg)Bb+1 a+1({U +c, 21} {’LL 21}) (6.3)

Turning back from B to B and using X2(2) = A1 (2)A3(z — ¢) we arrive at

_1)atb z zZ1 — C 21,0
A= SO +1)\2(h22:\22:f)1 ol )T23(22)Ba+1,b+1({ﬁ7 aji{v, s —c}). (64)

It remains to act with Th3(z2) onto the obtained vector via (C.4):

(=1 Ng(21) Mo (22) Ao (21 — €)g(21,D)g (21, 22)
h(a, zl)h(z ,u)h(z2, z1)h(v, z2)
f 7]177]11 77 77) (227771)
<

Ay =

at+1,0+2(Tn; {0, 21 — ¢, 22}), (6.5)
#m=1

where 77 = {u, 21, 22} and the sum is taken over partitions 77 = {7, 77y} so that #m; = 1.
We see that 7; # 21 due to the function g(z1,7;) in the denominator of (6.5). Thus,

either 7y = 22 or iy = u;, where j = 1,...,a. Respectively, we can present A; in the
following form
a
0 .
A=A+ AP (6.6)
j=1

Here Ago) corresponds to the case 7, = zo:

A2(21)A2(22) A2 (21 —¢)g(v, 21)g(, 22)g(21, 22)

A0 _
! h(ﬂ’azl)

Ba+1’b+2({ﬁ, 21}; {’D, 21—c, 252}) (6.7)
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The contributions Agj ) correspond to the case 7); = u; and have the form:
AW (=) g (z1) Ao (22) A2 (21 — €)g(21,)g(21, 22)
! h(u, z1)h(z2, u)h(z2, z1)h(v, 22)
x flug, wj)h(ug, 21)h(0, uz) f (22, uj)Bay1pr2({Ty, 21, 22} {0, 21 — ¢, 22}).  (6.8)

Due to (C.2) we can present the vector B,y 1 py2({%;), 21, 22}; {0, 21 — ¢, 22}) as a result
of the T13(z2) action:
h(ZQ, ﬂj)h(ZQ, Zl)h(@, 22)
A2 (22)g(21, 22)
x Ti3(22)Bap+1({0, 21} {0, 21 — c}). (6.9)

Bot1pr2({t, 21, 22} {0, 21 — ¢, 22}) =

Then
. _1)etbtly (5 o — ala. o
Ay - /\Q(h(léf\zf)l o, >h(uj,21)9(2%uj)f(Ujﬂj)h(@uj)
x T13(22)Bap+1({1), 21} {0, 21 — ¢c}). (6.10)

Observe that here we can take the limit 21 = 29 = z:

AY) - (—1)“A2(z;?;(z)— 0)9(@2)]0(”],7Z)f(ujvﬂj)h(@,uj)
X T13(Z)Bajb+1({ﬂj, Z}; {'D, z — C}) (6.11)

6.2 Action of T13(Z2)T\12(Z1)

Now we study the action of T13(z2)f12(21):

Ay = Th3(22)Tha(21)Bap(; D). (6.12)
Using again (2.17) we have
A1(a)A3(v) ~ =~ _
Ay = (—1)otbtab 20y (20) T (21)B : 1
2=(-1) Mo (@) (0] 13(22)T12(21)Bpa (0 + c; @), (6.13)

and due to (C.3) we obtain

(= 1)“““(’)\2(2’1) 1(2)A3(0)g(21,0)
(@) ( )h(u 21)

f gII)gI )
({7 + ¢, 21} &), (6.14)
#EZI VU ) (21751) b+1 !

Ay =

T13(22)

where € = {@, 21} and the sum is taken over partitions & = {&, &} so that #& = 1.
Turning back to the vector B we find

Ay — (—1)a+1)\2(_z22272_2;_— c)_g(zm‘))TlS(Zz)
» Z A1 (&) f(&n, &)R(&, Zl)Bu,b—f-l(éﬂ? {0, 21 — c}). (6.15)

4E=1 )‘2(51)9(517 @)h‘(zh gl)
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There is no problem to compute the action of Ti3(z2), however, we do not do this.
Instead we present the obtained result in the form similar to (6.6)

Ay =AD 4+ iAgﬂ. (6.16)
j=1
Here A;O) corresponds to the partition & = z;:
AP = (1) (210) Mo (21 — €)g(T, 21)Ti3(22)Ba i (1 {0, 21 — €}). (6.17)
Observe that here we can take the limit 21 = 29 = z:

Ago) = (=1)"" '\ (2) A2 (2 — €)g(, 2)T13(2)Baps1 (@ {0, 2 — c}). (6.18)

21=20=2%
The contributions Agj ) correspond to the partitions & = u;j and have the following form:

(=1)*X2(21)A2(21 — ¢)g(21,0)

Agj) — h(ﬁ’ zl) T13(22)
N () f (i, u7) f (., 21) -
Noy)guy o) Besriliiz1fi{o 2 =), (6.19)

Here we also can take the limit

Agj) R _ (_1)GA2('Z})LE‘;(2)_ c)g(z, 17) T13(z)
M (uy) f(85,u5) f(ug, 2)

Az (uj)g(u, 0)

ap+t1({gj, 2} {0, 2 — ¢}). (6.20)

6.3 Action of BY9(z) on semi-on-shell Bethe vectors

Consider the difference of the contributions Agj ) and Agj ) at z1 = z2 = z. Using (6.11)
and (6.20) we find

(e f 20
I e PR TS

At (uy)
A2(u;)

If B, (w; ) is a semi-on-shell Bethe vector such that

(a9 - 29")

X {f(uj,uj)f(v,uj) — f(’LLj,Uj)}Tlg(Z)Ba7b+1({Uj,Z};{U,Z — C}) (621)

L Fag,ug) = fug, ) f(0,15), (6.22)

then this difference vanishes. In particular, if we impose the constraint (3.3a) (setting
M (u;) = AM(uj) and A2(uj) = k), then the contributions Agj) and Agj) cancel each other.
It is remarkable, however, that the cancellation of these terms takes place in the most
general case of the semi-on-shell Bethe vectors, for which A;(z) and A\2(z) are free functional
parameters.
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7 Proof of proposition 4.2

Now we are able to prove proposition 4.2 via induction over a. For this, we specify the
action formulas of section 6 to the case Ai(z) = A(z) and \2(2) = K

7.1 Inductive basis

Consider the action of BY(z) onto |0) = Bgo(0;?). Then due to (6.7), (6.18) we have

Ago) = k2g(21,22) Bia(z15{z1 — ¢, 22})

2112213’ (71)
AY) = —kA(2)T13(2)Bo (0; 2 — ).

Using (5.3) we easily find B 1(0; 2 — ¢) = Sx1[0). In the case a = 1, b = 2, equation (5.3)

gives
2

P ) <T12(U)|0> + B(f@’u) - 1)T13(u)|0>> ' (7.2)

Setting here u = z1, v1 = z1 — ¢, and vy = zo we obtain

BLQ(U; {Ulv UZ}) -

Bra(er: {21 — ¢, 22)) = gf?) (Tn<zl>|o> - gT13<zl>|o>) 7 (7.3)
leading to
= B%T15(2)|0) — kBT13(2)|0). (7.4)
Thus, we arrive at
BI(2)[0) = A — AL = 52715(2)[0) + BA(2) — K)T13(2)]0). (7.5)

It is easy to see that representation (4.5) gives the same result for a = 1:

BI(2)|0) = 252 "Z > (—8)"AE)Tis(2) Tis(2) Ti2(Z0)[0). (7.6)

s=0 #z1=s
#Zp=n—s

Here the sum is taken over partitions of the set z (consisting on one element z) into three
subsets z;, Zy, and Zy. Clearly, two of these subsets are empty. Because of this reason
we did not write the product of the f-functions in (7.6) (see (4.5)), as these products are
taken at least over one empty set. Setting successively in (7.6) z; = z, zZy = z, and Zy = 2
we obtain three contributions coinciding with (7.5). Thus, the induction basis is checked.

It is interesting to write down this result in terms of the entries of the original mon-
odromy matrix 7°(u). Using (3.6) and (3.7) we find

Tisu) = Thu) — 2 Th(u),  Tio(u) = Th(uw). (77)

Then replacing z with u in representation (7.5) we obtain

B0)0) = B3 - w10 + 5 (T2 ) Th)[0), (78)
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The monodromy matrix 7%(u) has two on-shell Bethe vectors in the case a = 1I:
B?’O(u, () and B%l(u, v). In the first case, there is only one Bethe equation \(u) = k, and
hence, (7.8) yields

B9 (u)|0) = B*T75(u)|0). (7.9)
In the second case we have a system of two Bethe equations
AMu) = kf(v,u), kf(v,u) =1, (7.10)
what implies A(u) = 1. Then (7.8) yields
B9(u)|0) = B(1 — k) T13(u)|0). (7.11)

Both vectors T (u)|0) and T (u)|0) indeed are on-shell Bethe vectors respectively for
A(u) = k and A(u) = 1. Thus, the action of BY(u) onto the pseudovacuum vector does give
the on-shell Bethe vectors, if u is a root of Bethe equations.

7.2 Inductive step

We assume that (4.5) holds for some a > 1. Then due to corollary 4.1 the action B9(u)|0)
with @ = {u1,...,uq} is proportional to the semi-on-shell Bethe vector B, ;(u,v) (4.2),
where the set ¥ enjoys the constraint (3.3a). Hence, we have

B9(2) BY()|0) = B2 kg (5, @) BI(2) By (@, ). (7.12)

The action of BY(z) onto B, (@, ) is given by the terms Ago) (6.18) and Ago) (6.7) (in the
limit z; = 29 = z). Thus,

BI(2) BY(@)]0) = 5%k +g (5, @) (A - AL

(7.13)

zZ1=29=2

Now we should set A1(z) = A(z) and A2(z) = £ in (6.7) and (6.18) for AECO) and substitute
these expressions into (7.13). We obtain

BY(2)BY(u)|0) = My + Ma, (7.14)

where
Ml = B2a—b1{a+b+lg(@, ﬂ))\(z)g('zv ﬂ)TIS(Z)IBa,b+1(ﬂ; {1_1, z = C})a (715)

and

My = p20-biatb3 (5 ) 9(v, 21)g(u, 22)g(21, 22)

h(a, Zl) Ba+1,b+2({ﬂ7 21}7 {177 21 — ¢ Z2})

ZlZZQZZ.

(7.16)
It remains to substitute explicit expression (5.3) for the Bethe vectors B,y (u; {7, z — c})
and Bg1p42({, 21}; {0, 21 — ¢, 22}) into (7.15) and (7.16). However, before doing this, it
is convenient to describe an expected form of the result.
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We expect that multiple action BI(z)BY(u)|0) is given by (4.5), in which one should
replace @ with 7 = {@, 2z} and a — a + 1. That is,

a+1
BY(2)BY()|0) = 252“” "Z Y R TN S s ). s ) s )

5=0  Fir=s
#in=n—s

x T13(7)T13 (M) T12(7m)|0).- (7.17)

Let us give more details on the expected form of the result (7.17).
There are three possibilities in the sum over partitions in the r.h.s. of (7.17): z € 7y;
z € My; 2 € M. Respectively, there are three contributions

B9(2)BY(@)|0) = Wy + Wa + Wi, (7.18)

In the first case we have

Wi = A(z)Th3(2) Zﬁ2a+1 " Z Z )" A (@) f (U, @) f (G, @) f (U, )

s=0 Hur=s
#Hug=n—s

X f(ﬁu, Z)f(ﬂm, Z)Tlg(ﬂI)Tlg(@H)Tlg(ﬁm) ’0) (719)

Indeed, we can set 7, = {z,u}, iy = Uy, and 7y = uy. The set 7; is not empty, thus,
s € [1,...,n]. This implies n € [1,...,a + 1]. Shiftingn - n+1 and s — s+ 1 in (7.17)
we arrive at (7.19).

In the second case 7y = {z, Uy}, 1 = Uy, and 7y = Gy. The set 7y is not empty, thus,
s€0,...,n—1]. We also have n € [1,...,a+ 1], because the union {7, 7y} is not empty.
Shifting n — n + 1 in (7.17) we arrive at

Wy = —kTi3(2) 262““ ”Z Y (RN ) f (s ) f (o, ) f ()

s=0 Hur=s
H#Hug=n—s

X f(Z, ﬁl)f(z, ﬁm)T13(ﬁI)T13(ﬂH)T12 (ﬂm) ’0> (7.20)

Finally, in the third case 7, = 4, 7y = @y, and g = {z, Ux}. The set 7y is not empty,
thus, n € [0,...,a]. We obtain

Z protan Z Z )" N an) f (@) f (U, W) f (U, Um)

s=0 Hur=s
#ug=n—s

X f(Z, ﬂl)f(ﬂ]], Z)T13(ﬂI)Tlg(ﬂH)le(ﬂm)le(z) ’0> (721)

Thus, our goal is to check that equations (7.14)—(7.16) give all three contributions
W, j=1,2,3.
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7.2.1 Contribution W3
Consider the term M;. Using (5.3) for B 441 (u; {0, 2 — c¢}) we obtain

M = )\( u P T13 ZRnBQa—H nz Z

s=0 Hui=s
#Hug=n—s

X f(uh @H)Mf(ub Um)f(’an, am) T13(ﬂI)T13(aH)T12(aHI)’O>' (7'22)

Taking into account (3.3a) we arrive at

M = /\ T13 ZﬁZa—&-l nz Z n Sf U, 2 )f('am,z)

s=0 #ur=s
#ug=n—s

X )\(ﬂl)f(alh ﬂI)f(a]]b al)f(alla U]]I) T13(EI)T13(aH)T12(ﬂm)|O>- (7-23)
We see that this is exactly Wy (7.19).

7.2.2 Contributions W5 and W3

Consider the term M,. Using (5.3) for Bgi1pi2({@,21};{0,21 — ¢,22}) and setting
{z1,u} = 7 we obtain

azﬂﬁnﬁzaw nz S J(0,m) f(z2,m)
s=0 #n1=s (77 )
#Nn=n—s

X f (s ) f (s ) f (T ) T3 (790) T3 (77n) Ta2 (1) |0) - (7.24)

We see that z; ¢ 7;, otherwise 1/f(7,21) = 0. Thus, either z; € 7y or 21 € 7y. Respec-
tively, My consists of two contributions: le corresponding to the case z; € 7y and M2(2)
corresponding to the case z; € 7.

Let z; € 7y. Then we can set 7j; = Uy, iy = Uy, and 7y = {z1,uy}. We also have
n—s >0, and thus, s € [0,...,n—1] and n € [1,...,a+ 1]. Shifting n — n+ 1 and setting
z1 = 729 = z we obtain

M(l = —rTi3(z Zﬁnﬁzaﬂ nz Z )" f (2 un) f (2, Um)

s=0 H#uj=s
#Hug=n—s

X f (i, tn) f (0, @) f (@, Um) f (U, Um) Tr3 () T13(0n) Ti2(Um)[0).  (7.25)

Using (3.3a) we arrive at

M(1 = —rTi3(z 252%1 nz Z )" f (2, ) f (2, Um)

s=0 #ur=s
#Hug=n—s

X )\(ﬂl)f(alh ﬂl)f(anb al)f(ﬂlla am) T13(EI)T13(aH)T12(ﬂIH)|0>7 (7-26)
and we see that this is exactly Wa (7.20).
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Let now z1 € 7. Then we can set 7; = 4y, 7y = Uy, and 7y = {21, Uy }. We also have

n € [0,...,a]. Setting z; = 29 = z we obtain
2) _
M Z KBRS ”Z > (1) Sz ) f (i, 2)
n=0 s=0 #ur=s
#Hug=n—s

X f(ﬂla ﬂn)f(l_}, al)f(ﬂla am)f(ﬂm ﬂm) T13(EI)T13(aH)T12(aHI)T12(Z)’O>' (7-27)

Using (3.3a) we arrive at

Zﬁz"” ”Z Y (R)"f(z @) f (i, 2)

s=0 Hur=s
H#Hug=n—s

X AN@y) f (g, @) f (U, @) f (g, @) Ths()Ths(tn) Tho(m) Th2(2)]0). (7.28)

We see that this is exactly W3 (7.21). Thus, the multiple action BY(z)BY(u)|0) is given by
the formulas (7.19)—-(7.21), leading to (7.17). Hence, proposition 4.2 is proved.

Conclusion. In this paper we have proved one of conjectures of [1]. Namely we have
shown that the successive action of the operator BY (1.1) on the pseudovacuum vector
generates on-shell Bethe vectors in gls-invariant models, provided the arguments of these
operators satisfy Bethe equations. Furthermore, if the arguments of the BY operators are
generic complex numbers, then the successive action of BY gives a semi-on-shell Bethe
vector. This property holds not only for gls;-invariant spin chains, but for a wider class of
models, for instance, for the two-component generalization of the Lieb-Liniger model [3, 35—
37]. At the same time, we would like to emphasize that the operator BY can not be used
to construct on-shell Bethe vectors in generic NABA-solvable models. The restriction
T9:(u)|0) = 0 is crucial. On the other hand, the existence of this restriction was clear from
the outset, since within the framework of the new approach Bethe vectors depend only
on one set of variables by construction, rather than two sets, as is the case of the Bethe
vectors of the general form.

In this paper, we considered the minimal twist (3.7). A general twist K9¢" can be
treated as further twisting of the matrix T'(u). It is quite natural to expect that the effect
of the general twist must be similar to what one has in the case of gl, based models [38].
Namely, we saw that for the minimal twist, the multiple action of BY was equivalent to
the one semi-on-shell Bethe vector B, ;(w,v). Most probably, that the multiple action
of BY in the case of the general twist is equivalent to a linear combination of semi-on-
shell Bethe vectors with different sets of the Bethe parameters. However, as soon as we
impose Bethe equations, only one term in this linear combination should survive. The
proof of this property in the case of gly-invariant models is very simple (see [38]). However,
a generalization of this proof to the models with gls-invariant R-matrix meats certain
technical difficulties. Therefore, we did not consider the case of the general twist.

Despite the fact that we have proved the property of BY(u) to generate on-shell Bethe
vectors, we still do not have a clear understanding of why this is happening. In this
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context, the most intrigues looks the cancellation of ‘unwanted’ terms (6.21). Recall that
this cancellation takes place for a general semi-on-shell Bethe vector. We do not need to
assume any specific form of \j(u) and specific action of Th3(u) onto |0). Perhaps this is
due to some hidden structure of the operator BY(u), which is not yet clear. It would be
very interesting to find this structure.

Finally it is worth mentioning that a generalization of the operator BY(u) to the gly-
invariant spin chains (N > 3) was also proposed in [1]. It was conjectured that this operator
also generates on-shell Bethe vectors, similarly to the gl case. Basing on the results of this
paper we can assume that the successive action of B9(u) is equivalent to a semi-on-shell
Bethe vector of a certain gly-invariant integrable model. However, the method that we
used in this paper hardly can be applied to the case N > 3, as it becomes very bulky.
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A Properties of DWPF

The DWPF K, (Z|y) defined by (2.15) is a rational function of  and y. It is symmetric
over Z and symmetric over . If z; — oo (or y; — 00) and all other variables are fixed,
then K, (z|y) — 0. This function has simple poles at ; = yj, j,k = 1,...,n. The residues
in these poles can be expressed in terms of K, 1. Due to the symmetry of K, over Z and
over , it is enough to consider the residue at x, = y,:

Kn@@) = 9(5Un7 yn)f(jm xn)f(ym gn)Kn—l(i"n@n) +reg, (A'l)

Tn—Yn

where reg means regular part.
The properties listed above, together with the initial condition Ki(z|y) = g(x,y) fix
the function K, (z|y) unambiguously [31, 32].

Proposition A.1. Let #x = m and #y = n so that m >n. Then

S Ka(@lp)f@ne) =3 3 (<1 f () f (@, ) (A2)

#Tr=n k=0 #y1=k

Here in the lhs, the sum is taken over partitions T = {Z, Ty} so that #Z; = n. In the rhs,
the sum is taken over all possible partitions y = {Yi, Yu}-
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Proof. We use induction over n. For n = 1, equation (A.2) takes the form
> glwj,y) f(z5,25) = f(z,y) - 1. (A.3)
j=1

Obviously, the Lh.s. of (A.3) is partial fraction decomposition of the r.h.s. Thus, iden-
tity (A.2) is valid for n = 1 and arbitrary m > 1.
Assume that (A.2) holds for some n — 1 and arbitrary m > n — 1. Let

(z;9) = Z Kn(z|y) f(Zu, T1),

#i‘lf’n
(A.4)
Z Z f (@G gn) £(Z, 1)
k=0 #in=k
Consider properties of H, nm and Hy, . as functions of y, at other variables fixed. Both

functions are rational functions of y,. Due to the properties of K, (Z;|y), the function
Hf;m(f; y) vanishes as y, — 0o. Let us show that H}, ,,(7; ) has the same property. We
use the fact that for arbitrary finite z the functions f(z,y,) and f(yn, z) go to 1 as y, — oc.
Clearly, we have either g, € y; or ¥, € yy in the sum over partitions over y. Consider

the first case. Then k > 0 and we can set §; = {yn, yi}. We obtain

n n—1
tim S ST (S0 f (g, 50) G ) B 9) F (0 5) = (—1) 4 (G, ) £ 30
Yn 00 1 k1 k=0 #gi=k

(A.5)

In the second case k < n and we can set ¥y = {yn, 7ii}. We obtain

yyllgnooz Z n kf yhyn)f(ylayn .f yI Z Z n kf ylvyll)f('f7gl)'

k=0 #71= k=0 #y1= ( )
A6

Relabeling 45 — #; in (A.5) and % — ¥p in (A.6) we see that the obtained sums over
partitions cancel each other. Thus Hy, ,,,(Z;9) — 0 as yn — oo.

It remains to compare the residues of two rational functions in the poles y, = z;,
j=1,...,m. Let y, — x; in the function Hf;’m(i“;gj). The pole occurs if and only if
xj € T;. Setting Z; = {x;,Zy} and using (A.1) we find

HY . (T:7)

= Z g(l'j,yn)f(fﬁﬂ,fﬂj)f(yn,yn)Kn—l(fI"gn)f(i'nyi'ﬂ)f(fz'n,wj)‘i‘reg,

—xj
Yn J #:fl/ =n—1

(A7)

where reg means regular part. Obviously f(Zy,z;)f(Zn, ;) = f(Z;,x;). Hence,

Hﬁ,m(j; Y) = 9(@j, yn) [(Z5,25) f (Yn, Un) Z Kn—1(Zy[Yn) f (Zn, Tv) + reg.
Yn 3] #531/ =n—1
(A.8)
The remaining sum over partitions gives Hfzfl,mfl(‘%j; Un), and we finally arrive at
Hf;’m(f; 37) Yn—>T - g(xﬁ yn)f<jj’ l'j)f(yn, gn)Hﬁfl,mfl(jﬁ gn) +reg. (A.Q)
n—7T;j
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Consider now the behavior of Hy ,,(Z;9) at y, — ;. The pole occurs if and only if
Yn € Ur. Setting g = {yn, yrr} we obtain

- Z Z n kf ymy11>f(371’73711)

k=1 #qg =k—1

H, o (7:9)

yn—>$J

x f(Zj, 00)9(xj, yn) f(Zj,25) f(Yn, Jr) +7eg. (A.10)
Using f(yn, 9v) f(Yns Ju) = f(Yn, Jn) and Changing k — k+1 we find

Hy, o (Z;9)

Yy —mcv:g(wj’yn)f(ij’x] yn’yn Z Z n - kf 3/1’ yn)f(:?:j,ng/)Jrreg.
: ! k=0 #y =k

(A.11)

The remaining sum over partitions gives H}, 1, 1(Z;;¥n), and we finally arrive at

Hrrz,m(fag) = g(xjayn)f(jjvxj)f(ymgn)H:Lfl,mfl('fj;gn) +reg. (A‘12)

yn—>$]'

Due to the induction assumption Hy _; ., 1 (Z;j;¥n) = Hﬁfl’mfl (Zj;Yn). Hence, the residues

of Hy, .,(z;y) and Hﬁ}m(i; ) in the poles at y, = x; coincide. Since both functions vanish
at yn, — oo we conclude that Hy, . (7;7y) = Hﬁ,m(i; g). O

Proposition A.2. Let #x = m and #y =n. Then

Z Z n kf )f(f,gl) _ dﬁ,‘t (f(yj?gj)f(jayj) . 5jk> ) (Al?))

k=0 #g1=k h(yj, yk)
Here the sum is taken over all possible partitions § = {gr,yu}. If m < n, then
n h(y;, yr)

Proof. Expanding the determinant in the r.h.s. of (A.13) over diagonal minors we find

Sy, 9) f(Z,y5) o )
dfft( h(yj, yk) Ok

e Y (T w55 @) | et (A1)
s=1

1<j1<<je<n \p=1 (Wier i)
The determinant in the r.h.s. is the Cauchy determinant, hence,
1 > 1
det —— = _— . (A.16)

s h(Yio i) oy T (im0 Yi)

p#q
Thus, we obtain

. [y, 9)f (@, y5) )
dnt( h(y;» yk) sk

n+2(_1)n_s Z Hf Yips Yjp f('f7yjp) H f(y vi) (A.17)
s=1 1<j1<<js<n \p=1 pz;l o> 9Jq
pFq

This is exactly the sum over partitions in the L.h.s. of (A.13).
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Let now m < n. Obviously,

o Fi ) F(Tyi) <) L o S 9)f (@ ye) o
dnt ( h(y;, k) 5]k> dnt < 7y o) 5]1@) , (A.18)

because both matrices are related by a similarity transformation. It is easy to see that the
matrix in the r.h.s. of (A.18) has an eigenvector with zero eigenvalue:

— (Y, yr)
where (00, 55)
9\Yk, Yk
“ (@) (4.20)
Indeed, consider a function
AT (2, — 2
1 _ Hp—l( p ) (A21)

hz,9)9(T,2)  [lj=1(z —yq+¢)

Due to the condition m < n this function vanishes as z — oo. Hence, it has the following
partial fraction decomposition

[y Gvate) Gt Ly evs) 2= hiz.)
Setting here z = y; we arrive at

— (Y, yr) hy;,9)9(Z,y;)
On the other hand, substituting v; from (A.20) into (A.19) we immediately obtain the
Lh.s. of (A.23). O

B Proof of the connection between two types of Bethe vectors
The proof of (2.17) is based on the double induction, first on a, and then on b.

B.1 First step of induction
We first assume that b = 0. Then (2.17) takes the form
a A2 (ﬂ)

)\1(@)

For a = 0, (B.1) turns into a trivial identity: |0) = |0). It is easy to see that (B.1) also
holds for a = 1:

Bo,o(0;7) = (1)

Ba’o(ﬁ; @) (Bl)

B (0 ) = Ts(w)|0)  Tip(w)]0)  Mo(w) u
Bo,1(0;u) = j\g(u) = ) Al(u)Bl’O( ;0), (B.2)

where we used (C.8) for Ths(u).
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Assume now that (B.1) holds for some a > 1. Then we have for #u = a

5 ) = Ton() L28@I0) vag o T12(3)[0)
IB30,a+1(®7{ ) }) T23( ))\ ( )5\ (ﬂ) ( 1) 23( )5\2(2))\1(11,) (B 3)
Substituting here fgg(z) from (C.8) we find
Th2(w)|0)

Bo,ar1(0;{@, 2}) = (—1)*(T13(2) T2 (2 — ¢) — T12(2)T33(2 — ¢)) (B.4)

Ao (2)A1(@)

To calculate the obtained action we use commutation relations of the monodromy matrix
entries. The RTT-relation (2.2) implies

[T (w), Tha(v)] = g(u, v) (Thj (0)Tin(u) — Thej(w) T (v)). (B.5)

In particular, we have

T32(U)T12 (U) = T12(U)T32(u)f(u, ’U) — TlQ(U)TgQ (v)g(u, U). (B.G)

We see that permuting the operators T3 and 172 we obtain the annihilation operator 739
on the right. Eventually, this operator approaches the vector |0) and annihilates it. Thus,
the contribution from the term 713(2)732(z — ¢) vanishes.

The commutation relations (B.5) also imply

T33(U)T12(U) =Tis (’U)T33 (u) + g(u, ’U) (T13(’U)T32 (u) — Tlg(u)ng(v)) . (B7)

We see that when the operator T3z is permuted with the operator Ts, it either commutes
or generates the operator T32. As we have already seen, the latter annihilates the state
Ti2(w)|0). Thus, the operator T53(z — ¢) acts on the state T12(w)|0) as

Ts3(z — ¢)T12(w)|0) = A3(z — ¢)T12(w)[0). (B.8)

Substituting this into (B.4), we arrive at

T2 T2 (@0) _ (_yyas1 d2(@Aa(2)
A1 (@) Aa(2) Ar(w)Ai(2)

Boar1(0;{@,2}) = (—=1)*" A3(2—c) Bat1,0({w,2}:0),

(B.9)
what completes the first step of the induction. Thus, equation (2.17) holds for b = 0 and
a arbitrary non-negative.

B.2 Second step of induction

We pass to the second step of induction. This time we use a recursion for the Bethe vectors
B [25]
Na(2)g(t, 2)By1,a ({0 + ¢, 2} 0) = Tia(2)Ba (0 + 5 0)

a

+> " g(uy, z)wﬁg(z)@b,a_l(@ + ¢ a;). (B.10)

=1 g(’LLj,U)
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This recursion allows us to uniquely construct the Bethe vector @bﬂ,aa knowing the Bethe
vectors® I@b,a and I@b,a_l.

Assume that (2.17) holds for some b > 0 and a arbitrary. Then we can replace the
Bethe vectors B by B in the r.h.s. of (B.10). We obtain

5‘2(2)9(57 Z)@bﬂ,a({ﬁ—i—c, z}u) = (_1)a+b+ab/\2(ﬂ)>\2g_

We should compute the action of the operator Tiz(z) on B, y(u;v) and the action of the
operator T13(z) on B,_1 4(;;v). This is done in sections C.2.2 and C.2.1 respectively. The
results have the following form:

T (2B 4(1550) = (1P a(2)dale = O H L B i (2 = ). (B2

and
ﬁz<z>Ba,b<a;@>=<—1>a+1x2<z—c>{xl<z>g< )Bapi (@ {7, 2 — c})

- Al(U')g(Z,u')f(’l_L',U‘)
+ 22909 2 50 )02

Ba,b-{—l({’ajv Z}; {’Ua Z = C})}
(B.13)

Substituting these formulas into (B.11) we immediately arrive at

Sale)Bosral {0+ 1) = ()M LRI )3z - B (3 (5 o

Finally, using A2(z) = A1(2)A3(z — ¢) we obtain

@b+1,a({v+cvz};u):(_1)a+(b+1)+a(b+1)iig ;ZE Ple

This completes the second step of the induction.

?M _3 By (540, 2—c}).  (B.15)

C Action formulas

C.1 Actions of the operators T;; on Bethe vectors B,

In this section we give a list of formulas for the actions of the operators T;;(z) on the Bethe
vectors By ;(u; 0). These formulas were obtained in [25]. Here they are adopted to the new
normalization of the Bethe vectors. In all action formulas 7 = {z, 4} and & = {z,0}. We
also set

(C.1)

"We set by definition I@b,,l =0.
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e Action of Ty3(2):

T13(2)Bap(u;0) = A(2)Bar1,6+1(7;§)- (C.2)
e Action of Tha(2):
Tlg(z)IBa,b ’17, 17 Z f 511751 ff )Ba+1,b(ﬁ§gﬂ)‘ (03)
#&=1

The sum is taken over partitions & = {&;,&;} so that #& = 1.

e Action of Th3(2):

S (e, o) (€, )
(7717 )

Ba,b+1(7n; €).- (C4)

The sum is taken over partitions 77 = {7, 77z} so that #5, = 1.

e Action of Thy(z2):

£ (s 71n) £ (€0, €
h(z,&

V(& 1) h(Ens )

Y (i, 2) Ba,p(7n;€n).  (C.5)

Tos(2)Bap(0) =A(z) >
#E=#m=1

The sum is taken over partitions & = {&;, &} and 7 = {7y, 7z } so that #& = #m, = 1.

e Action of T11(2):

To(@Bu(an) =AYy MEIAEEEM, i6). (Co)
#er=#m=1 '

The sum is taken over partitions &€ = {&, &5} and 7 = {7y, T } so that #& = #n; = 1.

e Action of Ty (z2):

— =\ Al(ﬁl)f(’r_h[?ﬁl)f(ﬁllvﬁﬂl)f(ﬁﬂla’F/I)f(gllagl)
Ta(@Bes@0) =M D T g6 b e 2. 6)
h(ghﬁn)h(f_laﬁm)h(‘f_naﬁn)Ba—l,b(ﬁmgu)- (C.7)

The sum is taken over partitions ¢ = {&,&} and 7 = {7, 7y, fu} so that
#E& = # = #in = 1.

The actions of ﬁj onto I@a,b(ﬂ;ﬂ) are given by the same formulas, where we should put
hats for the operators, the vacuum eigenvalues A\ (z), and the Bethe vectors.
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C.2 Actions of the operators f’ij on Bethe vectors B,

The action formulas (C.2)—(C.7) allow us to derive the actions of the operators ﬁj onto
the Bethe vectors B, ,(u; ). For this we should express T;; in terms of the original entries
T;; via (2.5)-(2.7). In particular, we have

Tio(2) = Ty (2)Ti3(z — ¢) — Tog(2)T11 (2 — ),
Tys(2) = Tis(2)Ts2(z — ¢) — Ti2(2)Ts3(z — ), (C.8)
Tis(2) = Tha(2)Tas(z — ¢) — Ti3(2)Tha(z — ).

Then the actions of Tfij onto B, ,(u;v) can be obtained via successive application of the
formulas (C.2)-(C.7). Below we give some details of this derivation for the action of 713
and flg.

C.2.1 Action of flg

The operator T13(z) is given by the last equation (C.8). It is convenient to consider the

following combination

Tho(x)T23(y) — Tis(w)Tra(y) (C.9)

and set * = z, y = z — c in the end. Such the replacement of ﬁg(z) allows us to avoid
singular expressions in the intermediate computations.
Applying successively, first (C.5) and (C.2), and then (C.4) and (C.3) we obtain

z W) = Az, y) f(ﬁl)ﬁﬂ_)f(g]bgl) h(gla_ﬁ)h(gmfh) _ 7
Tis (@) Toa(y)Buo(@:9) = 7o 8 #;1 M o o ) Flr ) ot Oins o)
#mi=1
(C.10)

and

Az, y) Z f(ﬁlaﬁﬂ)f(gﬂagl)h;(glaﬁ)h(gﬂyﬁl)
h(y7$) #51:1 h(ﬁl,y)h($,&)f(ﬁ1,$)
#im=1

Tho (%) T23(y) By (;0) = Bat 1,641 (7ln; &n)-

(C.11)
Here 7 = {u,z,y} and £ = {v,x,y}. The sum is taken over partitions 5 = {7, 7y} and
€ = {&,&1} so that #n; = #& = 1. Here we also introduced

A(z,y) = (C.12)

Taking the difference of (C.10) and (C.11) we arrive at

S (e, ) f (€, EOR(E, M)A (En, ) _ =
= = B, s I — -
( x y Z 7717y w,&)h(y f)f(ﬁh ) +17b+1(77 5 ) yi;ic

(C.13)

T13(Z)B

#&=1
#im=1
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Now we should consider several cases. First of all, we see that 77; # x, because otherwise
the factor 1/ f (7, z) in (C.13) is equal to zero. Thus, either iy =y or r=u;, j=1,...,a
Consider the first case 7, = y and denote this contribution by G. Then

g]lagl 517 ) (gba) — -
Ba s ) 76-]1 r=z °
W eh(y &) et BB e

(C.14)

G = ANz, y) f(y, w)h(v,y)h(z,y) Z 4

This case respectively should be divided into subcases.

e & =z, hence, & = {v,y}. Then, substituting (C.12) in (C.14) we find

G1 = (—1)" "o (2) Ae(z — ©) Zgi Z)) Bos 1501 ({@, 2}; {0, 2 — ¢}). (C.15)

e & =y, hence, & = {v,z}. Then h(,x) = h(y,z) = 0, as 2 — z and y — 2z — c.
Thus, this contribution vanishes.

e {=wj,j=1,...,b, hence, & = {v;,x,y}. Then

G — /\Q(x)&(y)g(y’u)f{(gj’;)j;ff;;}j)g(y’Uj)h(vj’U)Ba+1,b+1({u,x}; @) .
" (C.16)

In this case the Bethe vector B, ,({@,x}; {v;,z,y}) vanishes in the limit = z and

y = z — c¢. Indeed, we have due to (C.2)

1
Bat1pr1({@, 2} {v), 2, 9}) = Wh(y’ x)h(vj, 2)h(z, w)Ti3(x)Bap(u; {05, y}),
(C.17)
and the r.h.s. of (C.17) vanishes, because h(z — ¢, z) = 0.

Similarly, one should consider the case 7; = uj, j = 1,...,a. The analysis of this case
shows that all the corresponding contributions vanish. Thus, the action of Ti3(z) on the
Bethe vector B, (u; v) is given by (C.15):

Tia(2)Baa(150) = () a2l = 2 D Bupran ({2} {02 = ). (€19

C.2.2 Action of fﬁz

The action of flg(z) can be considered exactly in the same manner. Using (C.8) and the
action formulas (C.2)—(C.7) we obtain

Z M (T0) £ iy 70) f (T T ) f (s 730) f (€, &4)

T12(Z)Ba,b(ﬂ; ﬁ) = A(ZL‘, y) )\Q(ﬁl)g(gﬂv ﬁl)h(ﬁﬂ’ :B)h(l‘, 5I)h(yv gl)

#m=#nm=1
#&1=1

Xh(§77711)h(§_lyﬁm)Ba,b+1(ﬁm§§ru) o—n (C.19)

y=z—c
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Here 7} = {@,z,y} and £ = {v,,y}. The sum is taken over partitions 77 = {7, 7y, m } and
€= {&,&n} so that #iq = #in = #&§ = 1.

Again one should consider several cases. The analysis shows that non-vanishing con-
tributions arise if and only if & = x and 7y = y. Then

A2(2) X2 (y)g(y, u)g(v, x)

Tha(2)Bay(; ) =

A1 () f (D, ) P22, ) .
21 Xo(70)9(T, 1) g (y, ) Ba,bﬂ(nm,{ Y1) yﬁjfc’ (C.20)

where 77 = {u, 2} and the sum is taken over partitions 7 = {7, } so that #n; = 1. Then
we should consider two cases. First, we can set 7, = z and 7y = u. Then we obtain the
first term in (B.13). The second case is 7; = u; and 7y = {4, 2}, j = 1,...,a. Then we
obtain the second term in (B.13).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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