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1 Introduction

Motivated by the goal to obtain predictions that are as precise as possible for quantities

entering benchmark high-energy processes, there have been significant recent developments

of computational techniques and methodologies in higher-order perturbative calculations

for Quantum Chromodynamics (QCD). As a result, computations of the basic renormal-

ization group functions of QCD [1–14] have recently reached the five-loop level [15–21].

In the modified minimal subtraction (MS) scheme [22, 23], the standard renormalization

scheme for perturbative QCD which is closely related to dimensional regularization [24, 25],

these functions are obtained by computing single poles in corresponding Green’s functions.

Since only the poles are required, the above four- and five-loop results were first obtained

using the method of infrared rearrangement [26–34] which simplifies computations without

changing the ultraviolet singular structure, but modifies the finite parts.
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The main aim of this work is to provide the self-energies and a set of vertices with one

vanishing external momentum for massless QCD at the four-loop level. The unrenormal-

ized results are exact in terms of ε = (D− 4)/2, where D is the space-time dimension, and

four-loop master integrals [35, 36]. The renormalized D = 4 results are given in the MS

scheme. The computation has been performed for a general gauge group and in an arbi-

trary covariant linear gauge, by using the Forcer program [37–39] for massless four-loop

propagator-type integrals. For the vertices, setting one of the momenta to zero effectively

reduces vertex integrals to propagator-type integrals. In QCD this does not create IR

divergences, which means the poles do not change. At the three-loop level, similar com-

putations were performed in ref. [40], but with an expansion in ε. In addition, studies of

QCD vertices in perturbation theory for various configurations include refs. [41–53].

We compute all QCD vertices in a general linear covariant gauge, with the exception

of the four-gluon vertex for which there are at least three difficulties: first, two momenta

have to be nullified before the diagrams become propagator-like. Second, the number of

diagrams is large at four loops. Third, the colour structure for a generic group is no longer

an overall factor, but will be term dependent. Additionally, the renormalization constant

is completely determined through the Slavnov-Taylor identities [54, 55], which means the

quartic gluon vertex does not provide extra information in this context.

A direct application of our results is to compute conversion factors from the MS

scheme to momentum subtraction schemes, see, e.g., refs. [41, 44], for renormalization

group functions. Unlike the MS scheme, momentum subtraction schemes are defined in a

regularization-independent way. In these schemes, the field renormalizations are performed

such that finite radiative corrections on propagators are absorbed as well as divergences

and hence they coincide with their tree-level values at the renormalization point. Then one

of (or an arbitrary linear combination of) the vertex functions is normalized to its tree-level

value and the other vertices are fixed via the Slavnov-Taylor identities. Common choices

for the subtraction point of the vertex are a symmetric point (referred as MOM schemes)

and an asymmetric point where one of the momenta is nullified, sometimes referred as

M̃OM schemes. The latter choice corresponds to our result for the vertex functions. In-

deed, ref. [40] derived four-loop beta functions in four particular M̃OM schemes from that

in the MS scheme by computing conversion factors via finite parts of two- and three-point

functions in the MS scheme.

As an example application, we provide the five-loop beta function in the minimal

momentum subtraction (MiniMOM) scheme introduced in ref. [56], thus extending previous

results [56, 57] by one order in the coupling constant. This scheme, see the preceeding

references for a detailed discussion, is more convenient than MS for extending analyses of

the strong coupling constant and its scale dependence into the non-perturbative regime,

e.g., via lattice QCD; for a recent analysis see ref. [58]. In the perturbative regime the

MiniMOM scheme provides an alternative to MS for studying the behaviour and truncation

uncertainty of the perturbation series for benchmark quantities such as the R-ratio in e+e−

annihilation and the Higgs-boson decay to gluons, see refs. [59–61].

The remainder of this article is organized as follows: in section 2 we specify our nota-

tions for the self-energies and vertex functions and recall their renormalization. In section 3

– 2 –



J
H
E
P
0
6
(
2
0
1
7
)
0
4
0

we address technical details and checks of the computation. Due to their length, the re-

sults for the renormalized self-energies and vertex functions for a generic gauge group and

a general linear covariant gauge are deferred to appendix A. In section 4 the five-loop beta

function is presented in the MiniMOM scheme for QCD in the Landau gauge; the general

result and the corresponding MS-to-MiniMOM conversion factor for the coupling constant

are provided in appendix B. In section 5 we summarize and give a brief outlook.

Our result can be obtained in a digital form as supplementary material to this article.

They are also available from the authors upon request. The files contain the bare results

for the self-energies and vertices in terms of master integrals with coefficients that are exact

for any dimension D, as well as the results in the MS scheme for D = 4. The notations in

these files can be found in appendix C.

2 Preliminaries

We first summarize the notations for self-energies and vertex functions with one vanishing

momentum presented in this article. In most cases we follow the conventions in ref. [40].1

2.1 Self energies

The gluon, ghost and quark self-energies (figure 1) are of the form

Πab
µν(q) = −δab(q2gµν − qµqν)Π(q2), (2.1)

Π̃ab(q) = δabq2Π̃(q2), (2.2)

Σij(q) = δij/qΣV (q2). (2.3)

The colour indices are understood such that a and b are for the adjoint representation of the

gauge group, i and j for the representation to which the quark belongs. The form factors

Π(q2), Π̃(q2) and ΣV (q2) can easily be extracted from contributions of the corresponding

one-particle irreducible diagrams by applying projection operators [40] (the same holds for

the vertex functions discussed below). They are related to the full gluon, ghost and quark

propagators as follows:

Dab
µν(q) =

δab

−q2

[(
−gµν +

qµqν
q2

) 1

1 + Π(q2)
− ξ qµqν

q2

]
, (2.4)

∆ab(q) =
δab

−q2
1

1 + Π̃(q2)
, (2.5)

Sij(q) =
δij

−q2
/q

1 + ΣV (q2)
. (2.6)

Here the Landau gauge corresponds to ξ = 0, and the Feynman gauge to ξ = 1. We note

that this convention differs from that in the widely used Form version [62] of the Mincer

program [63] for three-loop self-energies, where the symbol xi represents 1− ξ.
1We note that these conventions may be different from the ones commonly used in the literature. In fact,

the Feynman rules in Forcer are different as well, and hence we occasionally had to convert intermediate

results from one convention to the other and back.
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Figure 1. The gluon, ghost and quark self-energies Πab
µν(q) (a), Π̃ab(q) (b) and Σij(q) (c).

q

−q

0

a, µ

b, ν c, ρ

Figure 2. The triple-gluon vertex with one vanishing momentum, Γabcµνρ(q,−q, 0).

2.2 Triple-gluon vertex

Without loss of generality, one can set the momentum of the third gluon to zero, as depicted

in figure 2. Then the triple-gluon vertex can be written in the following form:

Γabcµνρ(q,−q, 0) = −igfabc
[
(2gµνqρ−gµρqν−gρνqµ)T1(q

2)−
(
gµν−

qµqν
q2

)
qρT2(q

2)

]
, (2.7)

where g is the coupling constant and fabc are the structure constants of the gauge group.

The first term in the square bracket corresponds to the tree-level vertex while the second

term arises from radiative corrections, i.e., at the tree-level the form factors T1,2(q
2) read

T1(q
2)
∣∣
tree

= 1, T2(q
2)
∣∣
tree

= 0. (2.8)

Because of Furry’s theorem [64] and the fact that we have no colour-neutral particles,

symmetric invariants with an odd number of indices cannot occur for internal fermion lines.

Neither can such invariants occur for the adjoint representation. Hence, if we project out a

dabc structure, we would get a scalar invariant with an odd number of f tensors, and such

a combination must be zero. This has been checked explicitly to the equivalent of six-loop

vertices in ref [65]. Due to the bosonic property of gluons, the totally antisymmetric colour

factor fabc leads to antisymmetric Lorentz structure as in eq. (2.7). One could consider

another Lorentz structure,

− igfabcqµqνqρT3(q2). (2.9)

However, a Slavnov-Taylor identity requires T3(q
2) to vanish.

2.3 Ghost-gluon vertex

Since the tree-level vertex is proportional to the outgoing ghost momentum, nullifying

this momentum gives identically zero in perturbation theory. Therefore, we only have
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Figure 3. The ghost-gluon vertex: (a) Γ̃abcµ (−q, 0; q) with the vanishing incoming ghost momentum

and (b) Γ̃abcµ (−q, q; 0) with the vanishing gluon momentum.

q

−q 0

a, µ

a b

0

−q q

a, µ

i j

(a) (b)

Figure 4. The quark-gluon vertex: (a) Λaµ,ij(−q, 0; q) with the vanishing incoming quark momen-

tum and (b) Λaµ,ij(−q, q; 0) with the vanishing gluon momentum.

two possibilities to set one of the external momenta to zero. One is the incoming ghost

momentum and the other is the gluon momentum (figure 3):

Γ̃abcµ (−q, 0; q) = −igfabcqµΓ̃h(q2), (2.10)

Γ̃abcµ (−q, q; 0) = −igfabcqµΓ̃g(q
2). (2.11)

The subscript ‘h’ of Γ̃h(q2) indicates the function with vanishing incoming ghost momen-

tum, whereas ‘g’ of Γ̃g(q
2) denotes the vanishing gluon momentum. These functions are

equal to one at the tree-level,

Γ̃h(q2)
∣∣
tree

= Γ̃g(q
2)
∣∣
tree

= 1. (2.12)

2.4 Quark-gluon vertex

We consider the case of a vanishing incoming quark momentum and the case of a vanishing

gluon momentum (figure 4). Nullifying the outgoing quark momentum gives the same

result as nullifying the incoming quark momentum. Then the vertex can be written as

Λaµ,ij(−q, 0; q) = gT aij

[
γµΛq(q

2) + γν
(
gµν −

qµqν
q2

)
ΛTq (q2)

]
, (2.13)

Λaµ,ij(−q, q; 0) = gT aij

[
γµΛg(q

2) + γν
(
gµν −

qµqν
q2

)
ΛTg (q2)

]
. (2.14)
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Tij is the generator of the representation for the quark. The subscript ‘q’ indicates the

functions with vanishing incoming quark momentum and ‘g’ indicates those with vanishing

gluon momentum. At the tree-level we have

Λq(q
2)
∣∣
tree

= Λg(q
2)
∣∣
tree

= 1, (2.15)

ΛTq (q2)
∣∣
tree

= ΛTg (q2)
∣∣
tree

= 0. (2.16)

2.5 Renormalization

In a generic renormalization scheme R, the respective renormalizations of the gluon, ghost

and quark fields can be written as

(AB)aµ =
√
ZR3 (AR)aµ, (2.17)

(ηB)a =

√
Z̃R3 (ηR)a, (2.18)

ψBif =
√
ZR2 ψRif . (2.19)

The superscript ‘B’ indicates a bare quantity and ‘R’ a renormalized one. For the coupling

constant, we define a = αs/(4π) = g2/(16π2). Then a and the gauge parameter ξ are

renormalized in dimensional regularization (D = 4− 2ε) as follows:

aB = µ2εZRa a
R, (2.20)

ξB = ZR3 ξ
R. (2.21)

Here µ is the ’t Hooft mass scale. We have used the fact that the gauge parameter is also

renormalized by the gluon field renormalization constant, ZRξ = ZR3 . The renormalization

of the self-energies and vertex functions is performed as

1 + ΠR = ZR3 (1 + ΠB), (2.22)

1 + Π̃R = Z̃R3 (1 + Π̃B), (2.23)

1 + ΣR
V = ZR2 (1 + ΣB

V ), (2.24)

and

TRi = ZR1 T
B
i , i = 1, 2, (2.25)

Γ̃Ri = Z̃R1 Γ̃Bi , i = h, g, (2.26)

ΛRi = Z̄R1 ΛBi , ΛT,Ri = Z̄R1 ΛT,Bi , i = q, g, (2.27)

where the vertex renormalization constants are related to the field and coupling renormal-

ization constants via the Slavnov-Taylor identities by√
ZRa Z

R
3 =

ZR1
ZR3

=
Z̃R1
Z̃R3

=
Z̄R1
ZR2

. (2.28)

In MS-like schemes, the renormalization constants contain only pole terms with respect

to ε and thus take the form

ZMS
i = 1 +

∞∑
l=1

al
l∑

n=1

Z
MS,(l,n)
i

εn
. (2.29)
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The coefficients Z
MS,(l,n)
i are determined order by order in such a way that any renormalized

Green’s function becomes finite. The choice of the subtraction point defines the specific

(MS-like) renormalization scheme; the beta function is independent of this choice.

3 Computations and checks

The results in this article are obtained by direct computation using the Forcer pack-

age [37–39], written in Form [66–68]. Forcer is a four-loop equivalent of Mincer [62, 63]:

for each topology a parametric reduction to simpler topologies is provided. Most topologies

can be reduced using direct integration of one-loop insertions, by the triangle rule [69, 70]

or by the diamond rule [71]. If these substructures are absent, a manually designed reduc-

tion scheme is required. Through parametric integration-by-parts (IBP) identities [69, 70],

similar to the triangle rule, such reductions are found in a computer-assisted manner.

Great care has to be taken to prevent term blow-up from rewriting momenta to a new

basis for the transitions between topologies. In Mincer this was done manually, but in

Forcer a basis is found that minimizes the terms that are created automatically. The

performance of the Forcer program has been demonstrated by computing the four-loop

beta function in ten minutes in the Feynman gauge and in eight hours with all powers of

the gauge parameter on a modern 24-core machine [37, 38].

The diagrams have been generated using Qgraf [72]. Subsequently, we filter propagator

insertions. These insertions are known lower-loop propagators, and can be factorized out

of the diagram, see ref. [73]. Next, the topology is mapped to a built-in Forcer topology,

after nullifying a leg for the vertices, and the colour factor is determined using the Form

program of ref. [65]. To extract the form factors defined above, a generalization of the

projection operators in ref. [40] to a generic gauge group is used. Then the Feynman

rules are applied. The remaining Lorentz-scalar integrals (which include loop-momenta in

numerators) are computed by the Forcer program.

The computation time varied between an hour and a week, on a single computer. The

easy cases, such as the ghost propagator and quark propagator took an hour. The gluon

propagators and ghost-ghost-gluon vertex and quark-quark-gluon vertex took about eight

hours per configuration. The triple gluon vertex was the hardest case and took a week

per configuration on a single machine with 24 cores. Had we chosen to compute with an

expansion in ε, the computations would have been much faster.

We have checked our setup and results in various ways:

• The longitudinal component of the gluon self-energy δabqµqνΠL(q2) was shown to be

zero by an explicit calculation at the four-loop level.

• The form factor T3(q
2) of the triple-gluon vertex in eq. (2.9) was computed and indeed

vanished at the four-loop level.

• All the self-energies and vertex functions computed in this work were compared up

to three loops with those in ref. [40]. Note that the finite parts of the vertex-function

results in ref. [40] are only correct for SU(N) gauge groups, since the presence of

– 7 –
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quartic Casimir operators was not taken into account in the reconstruction of the

general case. This fact was also noted in ref. [20].

• The four-loop renormalization constants and anomalous dimensions for the case of

SU(N) and a general linear covariant gauge were provided in ancillary files [74] of

ref. [13]. Directly after Forcer was completed, we established agreement with those

results. For a generic group our results are in agreement with ancillary files of ref. [20].

• We remark that the ghost-gluon vertex is unrenormalized Z̃MS
1 = Z̃MS

3

√
ZMS
a ZMS

3 = 1

in the Landau gauge. Moreover, our results confirm that the vertex has no radiative

corrections when the incoming ghost momentum is nullified (i.e., Γ̃MS
h = 1) in the

Landau gauge up to four loops.

The renormalized results for all self-energies and vertex functions are rather lengthy

and are thus given in appendix A. The unrenormalized results in terms of master integrals,

and the values of the master integrals in 4−2ε dimensions available online as supplementary

material to this article. A description of the files is given in appendix C.

4 Five-loop Landau-gauge QCD beta function in the MiniMOM scheme

In the MiniMOM scheme [56], the self-energies are completely absorbed into the field

renormalization constants at the subtraction point q2 = −µ2:

1 + ΠMM(−µ2) = ZMM
3

[
1 + ΠB(−µ2)

]
= 1, (4.1)

1 + Π̃MM(−µ2) = Z̃MM
3

[
1 + Π̃B(−µ2)

]
= 1, (4.2)

1 + ΣMM
V (−µ2) = ZMM

2

[
1 + ΣB

V (−µ2)
]

= 1. (4.3)

Here the superscript ‘MM’ indicates a quantity in the MiniMOM scheme. In addition,

motivated by the non-renormalization of the ghost-gluon vertex in the Landau gauge [54],

the vertex renormalization constant for this vertex is chosen the same as that in MS,

Z̃MM
1 = Z̃MS

1 , (4.4)

which is equal to one in the Landau gauge.

The above renormalization conditions lead to the following relations for the coupling

constant and gauge parameter in the two schemes:

aMM(µ2) = aMS(µ2)
1[

1 + ΠMS(−µ2)
][

1 + Π̃MS(−µ2)
]2 , (4.5)

ξMS(µ2) = ξMM(µ2)
1

1 + ΠMS(−µ2)
. (4.6)

Eq. (4.5) allows one to convert a value of αMS
s to αMM

s . For example, αMS
s (M2

Z) = 0.118

leads to αMM
s (M2

Z) = 1.096αMS
s (M2

Z) for QCD in the Landau gauge with nf = 5 quark

flavours. The general expansion of eq. (4.5) is given in appendix B.
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The scale dependence of the coupling constant in eq. (4.5) in this scheme is given by

βMM = µ2
daMM

dµ2
=
∂aMM

∂aMS
βMS +

∂aMM

∂ξMS
γMS
3 ξMS, (4.7)

where we have used the beta function and gluon field anomalous dimension in MS,

βMS = µ2
daMS

dµ2
, (4.8)

γMS
3 ξMS = µ2

dξMS

dµ2
. (4.9)

Note that the right-hand side of eq. (4.5), and hence that of eq. (4.7), is naturally given in

terms of aMS and ξMS. One has to convert them into aMM and ξMM by inverting the series

of eq. (4.5) and by using eq. (4.6).2

Having results for the four-loop self-energies in the MS scheme at hand, one can obtain

the five-loop beta function in the MiniMOM scheme from the five-loop beta function [16, 19]

and the four-loop gluon field anomalous dimension in the MS scheme. The result for SU(3)

in the Landau gauge (ξMM = 0) reads

βMM = −
4∑
l=0

(
aMM

)l+2
βMM
l + O

((
aMM

)7)
, (4.10)

with

βMM
0 = 11− 2

3
nf ,

βMM
1 = 102− 38

3
nf ,

βMM
2 =

(
28965

8
− 3861

8
ζ3

)
+ nf

(
−7715

12
+

175

12
ζ3

)
+ n 2

f

(
989

54
+

8

9
ζ3

)
,

βMM
3 =

(
1380469

8
− 625317

16
ζ3 −

772695

32
ζ5

)
+ nf

(
−970819

24
+

516881

72
ζ3 +

1027375

144
ζ5

)
+ n 2

f

(
736541

324
− 6547

27
ζ3 −

9280

27
ζ5

)
+ n 3

f

(
−800

27
+

16

9
ζ3

)
,

βMM
4 =

(
3248220045

256
− 1064190195

512
ζ3 −

4922799165

512
ζ5 −

7696161

64
ζ 2
3 +

21619456551

4096
ζ7

)
+ nf

(
−115659378547

31104
+

10327103555

20736
ζ3 +

18219328375

6912
ζ5 +

82869

32
ζ 2
3

− 24870449471

18432
ζ7

)
+ n 2

f

(
833934985

2592
− 13019053

1296
ζ3 −

65264845

324
ζ5 +

59531

36
ζ 2
3

+
26952037

432
ζ7

)
+ n 3

f

(
−3249767

324
− 129869

162
ζ3 +

299875

54
ζ5 −

2240

27
ζ 2
3

)
+ n 4

f

(
2617

27

+
304

27
ζ3 −

1760

27
ζ5

)
. (4.11)

2In ref. [56], the results are presented in ξMS instead of ξMM. On the other hand, in ref. [57] the conversion

from ξMS to ξMM was performed. The results become the same in the Landau gauge ξMS = ξMM = 0. The

same is true for the “M̃OMh” scheme of ref. [40].
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The result for a generic group and in an arbitrary covariant linear gauge can be found

in appendix B; it agrees with the result given in ref. [57] up to four loops. As is well

known, the first coefficient βMM
0 is scheme independent. The next coefficient βMM

1 has a

gauge dependence and the universal value is obtained only in the Landau gauge. The last

coefficient βMM
4 is the new result. In the MS scheme, some of higher values of the zeta

function (e.g., ζ23 , ζ6 and ζ7 at five loops) do not occur, for a discussion of this issue see

refs. [21, 35, 75]. In contrast, one cannot expect their absence in the MiniMOM scheme.

Indeed eq. (4.11) includes terms with ζ23 and ζ7, and for ξMM 6= 0 also ζ6 occurs.

The numerical values of the above beta function for three to five quark flavours are

β̃MM(nf = 3) = 1 + 0.5658842421αMM
s + 0.9419859046(αMM

s )2

+ 2.304494526(αMM
s )3 + 6.647485913(αMM

s )4,

β̃MM(nf = 4) = 1 + 0.4901972247αMM
s + 0.6452147391(αMM

s )2

+ 1.638457168(αMM
s )3 + 3.466865543(αMM

s )4,

β̃MM(nf = 5) = 1 + 0.4013472477αMM
s + 0.3288519562(αMM

s )2

+ 1.026892491(αMM
s )3 + 0.8417657296(αMM

s )4,

(4.12)

where β̃ ≡ β(a)/(−β0a2) has been re-expanded in powers of αs = 4πa. These values may

be compared with those in the MS scheme [16, 19] reading

β̃MS(nf = 3) = 1 + 0.5658842421αMS
s + 0.4530135791(αMS

s )2

+ 0.6769674420(αMS
s )3 + 0.5809276379(αMS

s )4,

β̃MS(nf = 4) = 1 + 0.4901972247αMS
s + 0.3087903795(αMS

s )2

+ 0.4859007965(αMS
s )3 + 0.2806008338(αMS

s )4,

β̃MS(nf = 5) = 1 + 0.4013472477αMS
s + 0.1494273313(αMS

s )2

+ 0.3172233974(αMS
s )3 + 0.08092104151(αMS

s )4.

(4.13)

Obviously, the MiniMOM coefficients in eqs. (4.12) are (much) larger than their MS coun-

terparts in eqs. (4.13) starting from the second order; moreover, they exhibit a definite

growth with the order that is absent in the MS case. One may expect that this behaviour,

and the larger value of αMM
s , is more than compensated by smaller expansion coefficients

for observables, leading to a better overall convergence in MOM-like schemes. However, this

issue has been studied up to four loops in some detail for the R-ratio in electron-positron

annihilation, without arriving at such a clear-cut conclusion [59].

5 Summary and outlook

We have computed the four-loop three-particle vertices with one vanishing momentum and

the four-loop self-energies for QCD-like theories in a manner that is as general as presently

possible. Our results, explicitly presented in the appendix of this article for the D = 4

renormalized quantities in the MS scheme, and available online in terms of their more
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lengthy bare counterparts, should be useful for precision studies of QCD-like theories with

any simple compact gauge group, in any linear covariant gauge, for any MS-like or M̃OM-

like renormalization scheme (see also ref. [40]), and in any number of space-time dimensions

D. The latter requires replacing the master integrals, which is the only component that is

not known exactly in D.

As an example application, we have determined the five-loop beta function in the

MiniMOM scheme of ref. [56], i.e., we have extended the result of refs. [56, 57] by one

order in the coupling constant αs. This function appears to have a higher-order structure

quite different from that in the MS scheme, thus inviting further studies especially for the

physical case of QCD in four dimensions.

Our computations have been made possible by the construction of Forcer [37–39],

a four-loop generalization of the well-known Mincer program [62, 63] for the parametric

reduction of three-loop massless self-energy integrals. We have verified that, except for

an issue in the transition from SU(N) to a general gauge group that was also noted in

ref. [20], our renormalized self-energies and vertices up to three loops agree with the results

of ref. [40]. Furthermore, we have verified to four loops that the ghost-ghost-gluon vertex

is unrenormalized in the Landau gauge, i.e., its anomalous dimension is proportional to ξ

and that the gluon propagator is transverse. Earlier, we had checked the four-loop beta

function and the four-loop SU(N) [74] renormalization constants and anomalous dimensions

of ref. [13].

Performing a similar calculation at five loops is a formidable challenge: so far most

methods used for computations at five loops use infrared rearrangement, which modifies the

finite terms. A direct computation, as has been performed in this article, would require a

five-loop Forcer equivalent. This is hard for at least two reasons: the number of topologies

that need a manually designed step-by-step IBP reduction is larger than 200, and the

number of parameters increases from 14 at four loops to 20 at five loops. Additionally,

given the size of the step from three to four loops, the required computer time could be

an issue.
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A Four-loop MS results for self-energies and vertices

We expand the results for the scalar ‘form factors’ of the self-energies and vertices addressed

in eqs. (2.1)–(2.16) at the point q2 = −µ2 in the MS scheme as

ΠMS(−µ2) =

4∑
l=1

alΠMS,(l) +O(a5), (A.1)

Π̃MS(−µ2) =
4∑
l=1

alΠ̃MS,(l) +O(a5), (A.2)

ΣMS
V (−µ2) =

4∑
l=1

alΣ
MS,(l)
V +O(a5), (A.3)

TMS
1 (−µ2) = 1 +

4∑
l=1

alT
MS,(l)
1 +O(a5), (A.4)

TMS
2 (−µ2) =

4∑
l=1

alT
MS,(l)
2 +O(a5), (A.5)

Γ̃MS
i (−µ2) = 1 +

4∑
l=1

alΓ̃
MS,(l)
i +O(a5), i = h, g, (A.6)

ΛMS
i (−µ2) = 1 +

4∑
l=1

alΛ
MS,(l)
i +O(a5), i = q, g, (A.7)

ΛT,MS
i (−µ2) =

4∑
l=1

alΛ
T,MS,(l)
i +O(a5), i = q, g. (A.8)

Here the coupling constant a = αs/(4π) = g2/(16π2) and the gauge parameter ξ are

the renormalized ones in the MS scheme, i.e., aMS(µ2) and ξMS(µ2). The Landau gauge

corresponds to ξ = 0. Recall that this differs from the convention in Mincer and Forcer,

where ξ = 0 corresponds to the Feynman gauge and ξ = 1 to the Landau gauge.

A.1 Gluon self-energy

ΠMS,(1) =

(
−97

36
CA +

20

9
TFnf

)
− 1

2
CAξ −

1

4
CAξ

2,

ΠMS,(2) =

[
C 2
A

(
−2381

96
+ 3ζ3

)
+ CATFnf

(
59

4
+ 8ζ3

)
+ CFTFnf

(
55

3
− 16ζ3

)]

+

[
C 2
A

(
463

288
− 2ζ3

)
− 10

9
CATFnf

]
ξ +

(
95

144
C 2
A −

10

9
CATFnf

)
ξ 2 − 1

16
C 2
A ξ

3

+
1

16
C 2
A ξ

4,

ΠMS,(3) =

[
C 3
A

(
−10221367

31104
+

1549

24
ζ3 +

9

32
ζ4 +

7025

192
ζ5

)
+ C 2

A TFnf

(
1154561

3888
+

871

18
ζ3

− 9ζ4 −
160

3
ζ5

)
+ CACFTFnf

(
96809

324
− 1492

9
ζ3 + 12ζ4 − 80ζ5

)
+ C 2

FTFnf

(
−286

9
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− 296

3
ζ3 + 160ζ5

)
+ CAT

2
F n

2
f

(
−10499

243
− 256

9
ζ3

)
+ CFT

2
F n

2
f

(
−7402

81
+

608

9
ζ3

)]

+

[
C 3
A

(
13141

1152
− 12071

288
ζ3 +

3

8
ζ4 +

115

8
ζ5

)
+ C 2

A TFnf

(
−241

24
+

202

9
ζ3

)

+ CACFTFnf

(
−55

6
+ 8ζ3

)
+ CAT

2
F n

2
f

(
16

9
− 64

9
ζ3

)]
ξ +

[
C 3
A

(
30835

10368
− 161

96
ζ3

+
3

32
ζ4 +

385

96
ζ5

)
+ C 2

A TFnf

(
−6137

1296
− 25

6
ζ3

)
+ CACFTFnf

(
−55

6
+ 8ζ3

)
− 100

81
CAT

2
F n

2
f

]
ξ 2 +

[
C 3
A

(
−2813

1152
+

149

96
ζ3 −

5

24
ζ5

)
− 5

18
C 2
A TFnf

]
ξ 3 +

[
C 3
A

(
−29

48

+
13

96
ζ3 −

35

192
ζ5

)
+

5

12
C 2
A TFnf

]
ξ 4 +

1

16
C 3
A ξ

5 − 1

64
C 3
A ξ

6,

ΠMS,(4) =

[
C 4
A

(
−4698915983

746496
+

122449741

82944
ζ3 +

49117

2048
ζ4 +

338738527

110592
ζ5 −

238325

4096
ζ6

− 2360029

18432
ζ 2
3 −

9266411

6144
ζ7

)
+
d abcdA d abcdA

NA

(
3319

3456
− 311113

768
ζ3 −

989

32
ζ4 −

226975

512
ζ5

− 50925

512
ζ6 +

753337

768
ζ 2
3 −

99757

128
ζ7

)
+ C 3

A TFnf

(
42950657

5832
− 232351

1296
ζ3 −

2767

32
ζ4

− 1650287

432
ζ5 +

275

4
ζ6 −

557

18
ζ 2
3 +

9471

4
ζ7

)
+ C 2

ACFTFnf

(
20572427

2916
− 324935

162
ζ3

+ 61ζ4 −
36166

9
ζ5 + 75ζ6 + 410ζ 2

3 −
2800

3
ζ7

)
+ CAC

2
FTFnf

(
−576533

648
− 192157

54
ζ3

+
245

6
ζ4 +

29210

9
ζ5 − 150ζ6 − 60ζ 2

3 + 2240ζ7

)
+ C 3

FTFnf

(
−31

3
+ 104ζ3 + 1960ζ5

− 2240ζ7

)
+
d abcdF d abcdA

NA
nf

(
−4544

27
+ 1964ζ3 + 172ζ4 + 1005ζ5 + 75ζ6 −

5350

3
ζ 2
3

+
49

2
ζ7

)
+ C 2

A T
2
F n

2
f

(
−44177531

23328
− 156817

162
ζ3 −

41

6
ζ4 +

16586

27
ζ5 −

704

9
ζ 2
3

)
+ CACFT

2
F n

2
f

(
−13241219

2916
+

124210

81
ζ3 − 22ζ4 +

6008

3
ζ5 + 256ζ 2

3

)
+ C 2

FT
2
F n

2
f

(
−7505

162
+

49696

27
ζ3 +

88

3
ζ4 −

16000

9
ζ5 − 256ζ 2

3

)
+
d abcdF d abcdF

NA
n 2
f

(
6896

27

− 336ζ3 − 64ζ4 + 320ζ5 −
512

3
ζ 2
3

)
+ CAT

3
F n

3
f

(
113743

1458
+

4280

27
ζ3 +

8

3
ζ4 −

640

27
ζ5

)
+ CFT

3
F n

3
f

(
393026

729
− 25888

81
ζ3 −

1280

9
ζ5

)]
+

[
C 4
A

(
129316433

1492992
− 51101257

82944
ζ3

+
8411

1536
ζ4 +

1847129

6144
ζ5 −

51175

6144
ζ6 +

63007

3072
ζ 2
3 −

7806659

36864
ζ7

)
+
d abcdA d abcdA

NA

(
−385

96
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− 33515

192
ζ3 +

1347

128
ζ4 +

322195

768
ζ5 −

2375

256
ζ6 −

17449

128
ζ 2
3 −

3997

384
ζ7

)
+ C 3

A TFnf

(
−21636697

186624
+

260717

432
ζ3 +

5

6
ζ4 −

22703

144
ζ5 +

29

6
ζ 2
3 +

539

8
ζ7

)
+ C 2

ACFTFnf

(
−485489

2592
+

1625

9
ζ3 −

3

2
ζ4 + 67ζ5

)
+ CAC

2
FTFnf

(
143

9
+

148

3
ζ3

− 80ζ5

)
+
d abcdF d abcdA

NA
nf

(
992

3
ζ3 − 340ζ5 + 16ζ 2

3 −
147

2
ζ7

)
+ C 2

A T
2
F n

2
f

(
552001

11664

− 5452

27
ζ3 + ζ4 +

230

9
ζ5

)
+ CACFT

2
F n

2
f

(
4781

81
− 784

9
ζ3

)
+ CAT

3
F n

3
f

(
−320

81

+
1280

81
ζ3

)]
ξ +

[
C 4
A

(
882095

27648
− 193639

4608
ζ3 +

365

1536
ζ4 +

69395

1152
ζ5 −

175

512
ζ6 −

147

256
ζ 2
3

− 147553

6144
ζ7

)
+
d abcdA d abcdA

NA

(
−487

384
+

1313

96
ζ3 +

9

8
ζ4 −

5195

128
ζ5 +

375

128
ζ6 −

1501

64
ζ 2
3

+
2625

64
ζ7

)
+ C 3

A TFnf

(
−298517

3456
− 8369

288
ζ3 +

41

6
ζ4 +

1397

48
ζ5 +

5

6
ζ 2
3

)
+ C 2

ACFTFnf

(
−82181

648
+

413

6
ζ3 − 9ζ4 + 40ζ5

)
+ CAC

2
FTFnf

(
143

9
+

148

3
ζ3 − 80ζ5

)
+ C 2

A T
2
F n

2
f

(
227

36
+

50

9
ζ3 −

10

9
ζ5

)
+ CACFT

2
F n

2
f

(
2051

81
− 16ζ3

)]
ξ 2

+

[
C 4
A

(
−1100549

41472
+

651137

27648
ζ3 −

73

256
ζ4 −

515119

55296
ζ5 +

475

6144
ζ6 −

985

3072
ζ 2
3 +

15785

9216
ζ7

)
+
d abcdA d abcdA

NA

(
283

64
ζ3 +

3

128
ζ4 −

3255

256
ζ5 +

275

256
ζ6 −

633

128
ζ 2
3 +

2737

384
ζ7

)
+ C 3

A TFnf

(
−4751

1296
− 1213

108
ζ3 +

595

432
ζ5 +

1

6
ζ 2
3

)
+ C 2

ACFTFnf

(
−55

24
+ 2ζ3

)
+ C 2

A T
2
F n

2
f

(
−97

81
+

32

9
ζ3

)]
ξ 3 +

[
C 4
A

(
−14803

2048
+

90341

27648
ζ3 −

181

2048
ζ4 −

310055

110592
ζ5

+
575

12288
ζ6 +

1279

6144
ζ 2
3 −

189

256
ζ7

)
+
d abcdA d abcdA

NA

(
−1195

768
ζ3 +

3

64
ζ4 +

4505

1536
ζ5 +

25

512
ζ6

+
329

256
ζ 2
3 −

567

128
ζ7

)
+ C 3

A TFnf

(
− 875

1728
+

59

27
ζ3 −

175

216
ζ5

)
+ C 2

ACFTFnf

(
55

16
− 3ζ3

)
+

25

27
C 2
A T

2
F n

2
f

]
ξ 4 +

[
C 4
A

(
− 121

1536
− 157

384
ζ3 −

4565

9216
ζ5 +

21

512
ζ 2
3 +

4823

36864
ζ7

)

+
d abcdA d abcdA

NA

(
− 5

64
ζ3 +

35

384
ζ5 +

15

64
ζ 2
3 −

91

192
ζ7

)
+

5

12
C 3
A TFnf

]
ξ 5 +

[
C 4
A

(
341

1152

− 13

192
ζ3 +

35

384
ζ5

)
− 5

36
C 3
A TFnf

]
ξ 6 − 7

256
C 4
A ξ

7 +
1

256
C 4
A ξ

8. (A.9)
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A.2 Ghost self-energy

Π̃MS,(1) = −CA,

Π̃MS,(2) =

[
C 2
A

(
−1751

192
+

15

16
ζ3

)
+

95

24
CATFnf

]
+ C 2

A

(
7

64
− 3

8
ζ3

)
ξ + C 2

A

(
−3

8
+

3

16
ζ3

)
ξ 2,

Π̃MS,(3) =

[
C 3
A

(
−466373

3888
+

12403

576
ζ3 −

9

64
ζ4 +

65

32
ζ5

)
+ C 2

A TFnf

(
150247

1944
+

29

9
ζ3 +

9

2
ζ4

)

+ CACFTFnf

(
899

24
− 22ζ3 − 6ζ4

)
+ CAT

2
F n

2
f

(
−5161

486
− 8

9
ζ3

)]
+

[
C 3
A

(
− 61

576

− 1429

192
ζ3 −

3

16
ζ4 +

65

32
ζ5

)
+ C 2

A TFnf

(
−199

144
+

13

6
ζ3

)]
ξ + C 3

A

(
−327

128
+

93

64
ζ3 −

3

64
ζ4

− 35

32
ζ5

)
ξ 2 + C 3

A

(
−361

384
+

23

64
ζ3 +

5

32
ζ5

)
ξ 3,

Π̃MS,(4) =

[
C 4
A

(
−13485064225

5971968
+

26382331

55296
ζ3 −

139015

12288
ζ4 +

9816437

24576
ζ5 +

238325

8192
ζ6

− 83463

4096
ζ 2
3 −

711739

4096
ζ7

)
+
d abcdA d abcdA

NA

(
3259

256
− 202049

512
ζ3 −

1827

64
ζ4 +

363115

1024
ζ5

+
50925

1024
ζ6 −

15879

512
ζ 2
3 +

106827

1024
ζ7

)
+ C 3

A TFnf

(
267238975

124416
+

51919

1152
ζ3 +

2731

64
ζ4

− 21887

96
ζ5 −

275

8
ζ6 −

121

8
ζ 2
3 +

441

8
ζ7

)
+ C 2

ACFTFnf

(
1805161

1728
− 13667

24
ζ3 − 27ζ4

− 213ζ5 −
75

2
ζ6 + 9ζ 2

3

)
+ CAC

2
FTFnf

(
−4393

48
− 947

4
ζ3 −

111

4
ζ4 + 285ζ5 + 75ζ6

+ 30ζ 2
3

)
+
d abcdF d abcdA

NA
nf

(
318ζ3 + 18ζ4 −

665

2
ζ5 −

75

2
ζ6 − 15ζ 2

3

)
+ C 2

A T
2
F n

2
f

(
−2051269

3456
− 3469

36
ζ3 −

45

4
ζ4 +

67

2
ζ5

)
+ CACFT

2
F n

2
f

(
−36485

108
+

689

3
ζ3

+ 15ζ4 + 12ζ5

)
+ CAT

3
F n

3
f

(
150979

2916
+

20

27
ζ3 −

4

3
ζ4

)]
+

[
C 4
A

(
24242833

1492992
− 315153

2048
ζ3

− 1195

1024
ζ4 +

1747691

36864
ζ5 +

7675

12288
ζ6 +

20387

6144
ζ 2
3 +

105217

12288
ζ7

)
+
d abcdA d abcdA

NA

(
139

64
+ 8ζ3

− 15

256
ζ4 −

17735

512
ζ5 −

2425

512
ζ6 +

1807

256
ζ 2
3 +

119

8
ζ7

)
+ C 3

A TFnf

(
−5301809

186624
+

14683

192
ζ3

− 15

32
ζ4 −

2459

288
ζ5 +

7

2
ζ 2
3

)
+ C 2

ACFTFnf

(
−1321

96
+

143

8
ζ3 +

3

4
ζ4 +

7

2
ζ5 − 6ζ 2

3

)
+ C 2

A T
2
F n

2
f

(
173743

23328
− 17

2
ζ3 +

1

2
ζ4 −

10

3
ζ5

)]
ξ +

[
C 4
A

(
−9026467

221184
+

33203

1536
ζ3 −

75

512
ζ4

− 199099

9216
ζ5 −

225

1024
ζ6 −

257

256
ζ 2
3 +

100037

12288
ζ7

)
+
d abcdA d abcdA

NA

(
125

256
− 205

32
ζ3 +

27

128
ζ4
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+
3005

256
ζ5 −

525

256
ζ6 −

51

128
ζ 2
3 −

2639

512
ζ7

)
+ C 3

A TFnf

(
71593

6912
− 827

128
ζ3 −

3

32
ζ4 +

211

72
ζ5

+
5

8
ζ 2
3

)]
ξ 2 +

[
C 4
A

(
−13949

1024
+

13575

2048
ζ3 +

25

512
ζ4 +

11203

12288
ζ5 −

1975

12288
ζ6 −

527

6144
ζ 2
3

− 30961

12288
ζ7

)
+
d abcdA d abcdA

NA

(
435

128
ζ3 +

141

256
ζ4 −

1765

512
ζ5 −

875

512
ζ6 +

317

256
ζ 2
3 −

7

4
ζ7

)]
ξ 3

+

[
C 4
A

(
−35579

12288
+

6319

6144
ζ3 +

41

4096
ζ4 +

2985

8192
ζ5 −

175

24576
ζ6 −

515

12288
ζ 2
3 +

231

1024
ζ7

)

+
d abcdA d abcdA

NA

(
−523

512
ζ3 −

3

16
ζ4 +

345

1024
ζ5 +

175

1024
ζ6 +

155

512
ζ 2
3 +

483

1024
ζ7

)]
ξ 4. (A.10)

A.3 Quark self-energy

Σ
MS,(1)
V = CF ξ,

Σ
MS,(2)
V =

[
CACF

(
41

4
− 3ζ3

)
− 5

8
C 2
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A.4 Triple-gluon vertex
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A.5 Ghost-gluon vertex
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A.6 Quark-gluon vertex
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(A.18)
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B General five-loop MiniMOM coupling constant and beta function

The right-hand side of eq. (4.5) is expanded as

aMM(µ2)

aMS(µ2)
= 1 +

4∑
l=1

alc(l) +O(a5) (B.1)
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where a and ξ are understood as aMS(µ2) and ξMS(µ2). The coefficients c(l) are given by

c(1) =

(
169

36
CA −

20

9
TFnf

)
+

1

2
CAξ +

1

4
CAξ

2,

c(2) =

[
C 2
A

(
76063

1296
− 39

8
ζ3

)
+ CATFnf

(
−3166

81
− 8ζ3

)
+ CFTFnf

(
−55

3
+ 16ζ3

)

+
400

81
T 2
F n

2
f

]
+

[
C 2
A

(
269

144
+

11

4
ζ3

)
− 10

9
CATFnf

]
ξ + C 2

A

(
35

16
− 3

8
ζ3

)
ξ 2 +

5

16
C 2
A ξ

3,

c(3) =

[
C 3
A

(
42074947

46656
− 20225

144
ζ3 −

7805

192
ζ5

)
+ C 2

A TFnf

(
−202997

243
− 868

9
ζ3 +

160

3
ζ5

)
+ CACFTFnf

(
−41243

81
+ 328ζ3 + 80ζ5

)
+ C 2

FTFnf

(
286

9
+

296

3
ζ3 − 160ζ5

)
+ CAT

2
F n

2
f

(
47965

243
+

592

9
ζ3

)
+ CFT

2
F n

2
f

(
14002

81
− 416

3
ζ3

)
− 8000

729
T 3
F n

3
f

]

+

[
C 3
A

(
17743

648
+

10355

144
ζ3 −

295

16
ζ5

)
+ C 2

A TFnf

(
−1010

81
− 136

3
ζ3

)

+ CACFTFnf

(
−55

6
+ 8ζ3

)
+ CAT

2
F n

2
f

(
56

81
+

64

9
ζ3

)]
ξ +

[
C 3
A

(
16235

576
− 71

24
ζ3

− 175

96
ζ5

)
+ C 2

A TFnf

(
−497

72
+ ζ3

)]
ξ 2 + C 3

A

(
1207

192
− 61

48
ζ3 −

5

48
ζ5

)
ξ 3 + C 3

A

(
169

192

− 11

48
ζ3 +

35

192
ζ5

)
ξ 4,

c(4) =

[
C 4
A

(
14547680453

839808
− 2765315

768
ζ3 −

11

6
ζ4 −

114885815

27648
ζ5 +

857341

4608
ζ 2
3 +

2850407

1536
ζ7

)
+
d abcdA d abcdA

NA

(
−5707

216
+

229315

192
ζ3 + 88ζ4 −

34035

128
ζ5 −

176425

192
ζ 2
3 +

292201

512
ζ7

)
+ C 3

A TFnf

(
−2162787959

104976
− 30109

72
ζ3 + 17ζ4 +

174305

36
ζ5 +

4471

36
ζ 2
3 − 2478ζ7

)
+ C 2

ACFTFnf

(
−53165981

3888
+

154055

24
ζ3 −

82

3
ζ4 +

45320

9
ζ5 − 554ζ 2

3 +
2800

3
ζ7

)
+ CAC

2
FTFnf

(
11768

9
+ 4761ζ3 +

44

3
ζ4 −

44980

9
ζ5 − 2240ζ7

)
+ C 3

FTFnf

(
31

3
− 104ζ3

− 1960ζ5 + 2240ζ7

)
+
d abcdF d abcdA

NA
nf

(
4544

27
− 2600ζ3 − 208ζ4 − 340ζ5 +

5440

3
ζ 2
3

− 49

2
ζ7

)
+ C 2

A T
2
F n

2
f

(
31237051

4374
+

19931

9
ζ3 +

28

3
ζ4 −

2755

3
ζ5 +

1280

9
ζ 2
3

)
+ CACFT

2
F n

2
f

(
80044

9
− 39140

9
ζ3 +

56

3
ζ4 −

21440

9
ζ5 − 512ζ 2

3

)
+ C 2

FT
2
F n

2
f

(
13025

54

− 25792

9
ζ3 −

88

3
ζ4 +

22400

9
ζ5 + 512ζ 2

3

)
+
d abcdF d abcdF

NA
n 2
f

(
−6896

27
+ 336ζ3 + 64ζ4

– 38 –



J
H
E
P
0
6
(
2
0
1
7
)
0
4
0

− 320ζ5 +
512

3
ζ 2
3

)
+ CAT

3
F n

3
f

(
−5370989

6561
− 3680

9
ζ3 +

640

27
ζ5

)
+ CFT

3
F n

3
f

(
−295702

243

+
7712

9
ζ3 +

1280

9
ζ5

)
+

160000

6561
T 4
F n

4
f

]
+

[
C 4
A

(
7179859

15552
+

1693429

1152
ζ3 −

1003

256
ζ4

− 5192539

9216
ζ5 +

3625

512
ζ6 −

24195

512
ζ 2
3 +

7175357

36864
ζ7

)
+
d abcdA d abcdA

NA

(
−1

3
+

30443

192
ζ3

− 333

32
ζ4 −

134495

384
ζ5 +

75

4
ζ6 +

7821

64
ζ 2
3 −

7427

384
ζ7

)
+ C 3

A TFnf

(
−7734173

23328
− 628187

432
ζ3

+
87

16
ζ4 +

21671

72
ζ5 −

299

6
ζ 2
3 −

539

8
ζ7

)
+ C 2

ACFTFnf

(
−113789

648
− 205

3
ζ3 − 6ζ4 + 6ζ5

+ 88ζ 2
3

)
+ CAC

2
FTFnf

(
143

9
+

148

3
ζ3 − 80ζ5

)
+
d abcdF d abcdA

NA
nf

(
−992

3
ζ3 + 340ζ5

− 16ζ 2
3 +

147

2
ζ7

)
+ C 2

A T
2
F n

2
f

(
32087

1458
+

12935

27
ζ3 − 2ζ4 −

170

9
ζ5

)
+ CACFT

2
F n

2
f

(
5921

81
− 16ζ3

)
+ CAT

3
F n

3
f

(
4640

729
− 1280

27
ζ3

)]
ξ +

[
C 4
A

(
59745655

124416

− 37511

1152
ζ3 −

185

512
ζ4 −

966623

13824
ζ5 +

25

32
ζ6 +

2735

256
ζ 2
3 +

11879

1536
ζ7

)
+
d abcdA d abcdA

NA

(
7

24

− 83

96
ζ3 −

99

64
ζ4 +

1095

64
ζ5 +

75

64
ζ6 +

97

4
ζ 2
3 −

7861

256
ζ7

)
+ C 3

A TFnf

(
−3380129

15552
− 4249

432
ζ3

− 67

16
ζ4 +

2015

432
ζ5 +

11

12
ζ 2
3

)
+ C 2

ACFTFnf

(
−2887

48
+

387

8
ζ3 + 6ζ4 − 6ζ 2

3

)
+ C 2

A T
2
F n

2
f

(
7771

486
+

128

27
ζ3 +

10

9
ζ5

)]
ξ 2 +

[
C 4
A

(
766171

6912
− 16391

864
ζ3 +

3

64
ζ4

− 53467

13824
ζ5 +

125

512
ζ6 −

87

128
ζ 2
3 +

61313

18432
ζ7

)
+
d abcdA d abcdA

NA

(
−359

32
ζ3 −

9

8
ζ4 +

1255

64
ζ5

+
75

32
ζ6 +

79

32
ζ 2
3 −

1393

384
ζ7

)
+ C 3

A TFnf

(
−30983

1728
+

601

216
ζ3 −

695

432
ζ5 −

1

6
ζ 2
3

)]
ξ 3

+

[
C 4
A

(
109757

4608
− 17009

2304
ζ3 +

23

512
ζ4 +

18575

9216
ζ5 −

25

768
ζ6 −

29

1536
ζ 2
3 +

147

512
ζ7

)

+
d abcdA d abcdA

NA

(
691

192
ζ3 +

21

64
ζ4 −

1385

384
ζ5 −

25

64
ζ6 −

121

64
ζ 2
3 +

1785

512
ζ7

)]
ξ 4 +

[
C 4
A

(
323

128

− 259

384
ζ3 +

6485

9216
ζ5 −

21

512
ζ 2
3 −

4823

36864
ζ7

)
+
d abcdA d abcdA

NA

(
5

64
ζ3 −

35

384
ζ5 −

15

64
ζ 2
3

+
91

192
ζ7

)]
ξ 5. (B.2)

In terms of aMM(µ2) and ξMM(µ2), the beta function in eq. (4.7) is expanded as

βMM(aMM) = µ2
daMM(µ2)

dµ2
= −

4∑
l=0

al+2βMM
l +O(a7) (B.3)
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C Notations in the result files

The notation of the result file, which is distributed along with this article as supplemen-

tary material, is displayed in three tables below. We define the colour factors in table 1

(see ref. [65] for the definitions), and the names of the unrenormalized and renormalized

results in table 2 and table 3 respectively. We also provide transition functions from the

calculationally convenient G-scheme [77], where a certain universal function is set to one,

to the standard convention used for calculations in MS, as well as values for the master

integrals in 4− 2ε dimensions, which were adapted for use by Forcer from the results in

refs. [35, 36].

SU(N) QCD QED

TF tf
1

2

1

2
1

CA ca N 3 0

CF cf
N2 − 1

2N

4

3
1

dabcdA dabcdA

NA
[d4AA/na]

N2(N2 + 36)

24

135

8
0

dabcdF dabcdA

NA
[d4FA/na]

N(N2 + 6)

48

15

16
0

dabcdF dabcdF

NA
[d4FF/na]

N4 − 6N2 + 18

96N2

5

96
1

dabcdF dabcdA

NR
[d4FA/nr]

(N2 + 6)(N2 − 1)

48

5

2
0

dabcdF dabcdF

NR
[d4FF/nr]

(N4 − 6N2 + 18)(N2 − 1)

96N3

5

36
1

Table 1. Symbols for colour factors.

ΠB gluonB aB a

Π̃B ghostB ξB xi

ΣB
V quarkB

TBi glglgl‘i’B i = 1 or 2

Γ̃Bi ghghgl‘i’B i = h or g

ΛBi ququgl‘i’B i = q or g

ΛT,Bi ququglT‘i’B i = q or g

Table 2. Symbols for unrenormalized results.
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ΠMS gluonMSb aMS a

Π̃MS ghostMSb ξMS xi

ΣMS
V quarkMSb

TMS
i glglgl‘i’MSb i = 1 or 2

Γ̃MS
i ghghgl‘i’MSb i = h or g

ΛMS
i ququgl‘i’MSb i = q or g

ΛT,MS
i ququglT‘i’MSb i = q or g

Table 3. Symbols for renormalized results.
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