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1 Introduction

One of the earliest examples of the AdS/CFT correspondence [1] is the D1/D5 system
on K3 or T%. There, we expect that a marginal deformation of a 2d CFT with target
Sym™ (K3) is dual to large radius gravity on AdS3 x S x K3 (and similarly for 7%). In
particular, there should be a region in the conformal moduli space where the low-lying CFT
spectrum matches the 6d supergravity Kaluza-Klein spectrum. A very nontrivial check of
this conjecture was done in [2, 3] where the elliptic genus of Sym” (K3) was calculated at
the symmetric orbifold point, and compared to the supergravity elliptic genus, and the two
were found to match.

More generally, one can look at the growth of the low-lying states in a 2d CFT and
see if it is consistent for it to be dual to large-radius gravity. In particular, elliptic genus
of a purported 2d CFT dual to large-radius gravity must have the number of low-lying
states grow subexponentially with dimension [4]. The growth of the low-lying states in the
elliptic genus of Sym” (K3) is given by [5]

pgme(Kg) (n) ~ Nexp (@wﬁ) (1.1)



where pgfm]\, (K3) (n) counts states n above the vacuum in the NS-sector elliptic genus of

Sym® (K 3), and crucially 1 < n < ¢ = 6N.!

In this paper, instead of simply computing the elliptic genus (a signed count of
quarter-BPS states) of Sym®”(K3), we will compute the recently introduced “Hodge el-
liptic genus” [6], which counts quarter-BPS states without cancellations. We compute this
object at various points in the symmetric orbifold moduli space, and see the growth of
the low-lying states. In particular, we will find that at the supergravity point, the Hodge
elliptic genus grows as

4N 2r
Phugra,ics(n) ~ N exp ( s 4) (1.2)

which is parametrically faster than (1.1). Thus we expect a very large number of can-
cellations in the quarter-BPS spectrum, even at the supergravity point in moduli space.
From dimensional analysis arguments, we expect the total partition function of the six-
dimensional supergravity to grow as

pgqura,K?)(n) ~ exXp <n5/6> . (13)

The mismatch between (1.3) and (1.2) can be understood as restricting our attention to
BPS states; the mismatch between (1.2) and (1.1) can be understood as cancellations
between said BPS states. We pause to emphasize that the refined count of states we
propose is counting not black hole states in the gravity description, but low-lying KK
modes. Indeed, in the known examples where the elliptic genus already gets the black hole
entropy correct (such as the D1/D5 system on K3 [7]), the Hodge elliptic genus and the
elliptic genus must have the same parametric growth when counting black hole states.
The organization of this note is as follows. In section 2 we will study the growth of the
Hodge elliptic genus for both Sym™ (K3) and Sym® (7T%) at the symmetric orbifold point
and at the supergravity point. In section 3 we decompose the various Hodge elliptic genera
calculated into N = 4 characters and see how the decomposition changes at different points
in the moduli space. Suggestive relations to symmetry groups including the sporadic finite
group Mog are found in the decomposition. In section 4 we give some concluding remarks.

2 Growth of BPS states

The Hodge elliptic genus, introduced in [6], is defined for theories with at least N' = (2,2)
supersymmetry as

Zuwa(r 2, v) = Tran <(_1)FL+FRqLo—2—1yJoujo> (2.1)

_c
h=23

where trace is taken only over right-moving Ramond ground states, which have h = 57
2miT 2miz 2miv

Here and throughout this paper, we define ¢ = ™7,y = e*™* u = ™. By definition,

The divergence as N goes to infinity is simply due to the large number of right-moving Ramond ground
states that all contribute to the genus.



this object only counts quarter-BPS states, since we only take contributions from right-
moving supersymmetric states. Note that the Hodge elliptic genus is not an index; as we
vary around points in the CFT moduli space, various short multiplets can combine to form
long multiplets in a way that does not leave (2.1) invariant. If we take y = u = —11n (2.1),
then this reduces to

Zuwc (1,1/2,1/2) = Trrr (qLo—i) ., (2.2)

24

in other words a simple count of the quarter-BPS spectrum of the theory.

2.1 K3

We will first investigate the growth of coefficients of the Hodge elliptic genus in Sym®™ (K'3).
We study the growth at three points in the moduli space: at the symmetric orbifold point
of the T*/Zs orbifold; at the symmetric orbifold point of a generic K3 surface; and at the
supergravity description. Much of this analysis will be quite similar to that in [5].

2.1.1 Sym™N(T*/Z)

We will first consider a T /Zs orbifold as our K3 surface. The Hodge elliptic genus of this
is easily calculated from free field theory; it is calculated in [6] and is given by

01(7.2) >2 (02(7,2) )2 (93(T,Z)>2 (04(T,Z)>2
Z T,2,V) =28 u_ | + U + +
HEG,T4/ZQ ( ) ( < 91 (T) 02 (7_) + 93 (7_) 04 (7_)
=u "ty uy ey Fuy+20+ (4o y T Huy T 4T Ty Huy

—136y—136y ' +20y® +20y > —8u—8u ' +232)¢+0O(¢%)

= Z cra 7, (m,f,f’)qmyéugl (2.3)
m, 0

where u4 := % (u1/2 + u‘1/2) and the theta functions are defined in appendix A.
We can use a modification of the DMVV formula [6, 8] to get the Hodge elliptic genus
growth at the symmetric orbifold point. In particular, we have

1
> Zurc sy (i) (T 2 )" = ] (1 — prgmytul’)or/z b0 (2:4)
>0 >0 —prqgTyu 2
"= m>0
L.
We can spectral flow to the NS-R sector? to get
1
AN n T, 2, V)p" =
g() HEG,Sym (T4/Z2)( > )p r]L;[O (1 _ pnqm+£/2+n/2y€+nu£/)CT4/22 (nm,£,0")
n
- m>0
o
1
= ]I _ . (25)
p50 (L —prgmytul’)orte )
m€§
m—%EZ
2For convenience, we use a convention where the NS vacuum is at ¢°, not (fc/24 =q "



In order to reproduce the growth of quarter-BPS states with no cancellations, we can
simply set y = u = —1, as in (2.2). After doing so, note that the only term in the product
we get with no g dependence occurs at n = 1,m = 0,/ = 0,/ = £+1 in the product. Thus

we get
zNe 1/2,1/2)p" = — !
2 Btk sy ) (T 1/ 1/2)0" = (1+p)? Ho (1 — prgm(—1)tHe)ers jzg (MM E=nt)
n>0 n> - -
- meZ,m>0
m—%EZ

(2.6)
The divergence of the BPS spectrum as n — oo due to right-moving Ramond ground states
can be seen in the

1
s =1-2p+3p> —4p’ +... 2.7
e p+ 3p° —4p (2.7)
prefactor of (2.6). At large N, the growth of states of Sym® (T*/Zs) will therefore scale
linearly with N; to extract the coefficient, we can set p = —1 in the product in (2.6). In

other words, at large N we have

1
(1 —qm(_l)n+€+€/)CT4/ZQ (nm—%l7g_n7[,)

L s
N ZHEG Sym™ (14/2) (T:1/2,1/2) = 11

n>0
meZ m>0
mngZ

- 1

mE%,m>0 (1_qm)

+0(¢"

m\fra (M)
1 T4 /7.
0™ (23)

gT4/z‘,2 (m)

where fra,7,(m) and gra/z,(m) are defined as

nt
fra)z, (m) = Z —Cr4/7, (nm — 3,5 —n,0')
n>0,n€Z
{=2m (mod 2)
0'=2m+n+1 (mod 2)

nt
gr4/z,(Mm) = Z cpa 7, (nm — o 0—mn,t). (2.9)
n>0,n€EZ
£=2m (mod 2)
{'=2m+n (mod 2)

Note if we consider g4z, (m) — fra/z,(m), we are summing over ¢, effectively setting u = 1
in the Hodge elliptic genus, which reproduces the K3 elliptic genus. Thus

nl
gT4/Z2 (m) - fT4/ZQ (m) = Z c%%(nm - ?7 0 — n) (210)
n>0,n€Z
{=2m (mod 2)

where c]}:(%; measures the coefficients of the elliptic genus of K3, not the Hodge elliptic

genus. In [5], the r.h.s. of (2.10) was calculated to be 44 for all half-integer m, and 28
for integer m. The asymptotic growth of fra,z,(m) and gra,z,(m) then are the same.
Moreover, it can be shown that if fra/z,(m) + g4 ,7,(m) grow as m? for some p, then the



3 5 7
13 2 5 3 I 4

1

2
frajz,(m) | 0 288 4416 75168 1370688 26195808 516627840 10420480416
griz,(m) | 44 316 4460 75196 1370732 26195836 516627884 10420480444

m

Table 1. First few values of fr4/z,(m) and gps,z,(m), defined in (2.9).

ptl
q" coefficient of (2.8) grows as exp <n£+2); but if it grows faster than polynomial in m,

then (2.8) exhibits Hagedorn growth?® (see appendix B).
We can of course do a very similar analysis for any symmetric orbifold Sym® (X). We
would then define the analogous functions fx(m) and gx(m) as in (2.9):

nf cn o,
fx(m) = Z —cX(nm—?,E—F,E)
n>0,n€Z
¢=2m (mod 2)
0'=2m+n+1 (mod 2)

gx(m) = Z cx(nm —
n>0,n€EZ
£=2m (mod 2)
{'=2m+n (mod 2)

nt cn
Sol= ). (2.11)

where cx are the coefficients of the seed theory X and c is the central charge of the seed
theory X. At large N, the number of BPS states n above the vacuum is similarly given by
the ¢" term of

I1 (Lt gm)htm (2.12)

meE m0 (1— qm)gx(m)
In fact, we can show that at any symmetric orbifold point, fy(m) will grow as e?™™
which will give us a Hagedorn density of BPS states. In particular, every term in both sums
of (2.11) is manifestly nonnegative. First, fx(m) only gets contributions from terms with
odd eigenvalue under Jy + Jo, which therefore gets a minus sign under the (—1)" in (2.1)
that cancels the sign in the definition of fx(m). Likewise gx(m) only gets contributions
from terms with even eigenvalue under the same operator, so each term comes positive.
Thus we can get no cancellations, and can put a lower bound on the growth by looking at
one term in the sum. In [5], this was estimated from the Cardy formula of the seed theory,

which gives fx(m) growing as €™

at large m. Note that unlike in [5], no cancellations
are allowed in fx(m) and gx(m); thus, we cannot get sub-Hagedorn growth.
To illustrate, we show the first few values of fr4,7,(m) and gpa,z,(m) in table 1, and

plot the sum in figure 1.

2.1.2 Sym®(generic K3)

The T*/Zs theory is at a very special point in the K3 moduli space. We can also consider
the symmetric orbifold of a generic K3 surface. The Hodge elliptic genus for a generic K3

3We know it cannot grow superexponentially since the partition function itself at any symmetric orbifold
point has a Hagedorn density of states [9-12], which provides an upper bound.
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Figure 1. A plot of log (fr4/z,(m) + graz,(m)) up to m = 5 for T*/Z,. Note the exponential
growth in m.

was recently computed in [13], by making the simple assumption that at a generic point in
the K3 moduli space, the chiral algebra should not enhance: for all integers n > 0, there
should be no states with h = n, h = 0 (or the reverse).

For K3, it turns out that this assumption, combined with knowledge of the elliptic
genus, is enough to fix the Hodge elliptic genus. It is given by [13]

Znga,x3(1,2,0) = (2 = u = u” ) Xvac(7, 2) + Zic, K3(7, 2)
=uly  ruy T w4y + 20+ (1flgf1 +uyt Fuly 4 uy
— 130y — 130y~ + 20y? + 20y ™2 — 2u — 2u™" + 220)q + O(¢?)
= Z cxes(m, 0,0) g™y u” (2.13)

m,e,0

where Zgg k3(7, %) is the elliptic genus of a K3 surface and xyac(7,2) is the Ramond
vacuum character of the V' = 4 algebra at ¢ = 6.4
The analysis of the growth follows exactly the same as in section 2.1.1, with

L Ns (1+ gm)frestm) N/4

Nomesmvae (1212 =TT = e + 0@, (2.14)

meZ m>0

and fr3(m) and gxs(m) defined as in (2.11) (with c¢x replaced with cxs). The first few
values are plotted below in table 2, and plotted in figure 2.

2.1.3 Supergravity

Finally we can also analyze the growth of the Hodge elliptic genus at the supergravity point
in moduli space. Here, unfortunately, the conformal field theory becomes very strongly
coupled, and intractable; however, we can obtain the BPS spectrum by looking at the

“This is given in (3.3), by taking x5™ with m = 1.
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1

2
frs(m) | 0 264 4160 71984 1328848 25602688
grs(m) | 44 292 4204 72012 1328892 25602716

m

Table 2. First few values of fxs(m) and gxs(m), defined in (2.11) for a generic K3 surface.
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Figure 2. A plot of log (fx3(m) + gxs(m)) up to m = 3 for a generic K3. Note the exponential
growth in m.

supergravity Kaluza-Klein modes. The 6d N' = (2, 0) supergravity KK spectrum on AdSs x
S3 was computed in [2, 3], and is organized into representations of SU(1, 1|2) x SU(1, 1|2).
The KK spectrum has only short representations of SU(1,1|2) x SU(1,1|2), which are
labelled in [2] by (j,7’)s. This represents a chiral primary state on both the left and right,
with Lo eigenvalue j/2 and Jy eigenvalue j; and Lg eigenvalue j'/2 and Jy eigenvalue j'.
The supergravity multiplet is then obtained by acting with global part of the N' = (4,4)
algebra. In [3], agreement with the elliptic genus is obtained by introducing an exclusion
principle, which introduces a “degree” to each multiplet (4, j'). At finite N, the supergravity
quarter-BPS spectrum is given by multiparticle states whose total degree is equal to V.
The short multiplets and their degrees are given in eq. (2.8) of [3]; we reproduce it
below, where each triplet (4, j;d)s gives the spins of each chiral primary, and the degree:

(m—1,m+1;m)s

(m+1L;m+1;m)s

20(m, m;m)s

(m,m;m +1)g

(m+1,m—1;m)s. (2.15)

In (2.15), m=1,2,3,....



To get the full BPS spectrum, we need to include multiparticle states as well. This is
given then by

1
Z ZHEG,sugra,n (7-7 2, V)pn = H (216)

Z el sugra 9 7£7£/
n>0 n>0,m, 0,00 (1 = prgmy‘ul’)susalnmtE)

where cgugra(n, m, ¢, ¢') is counting single-particle states in the Hilbert space with degree
n, Lo eigenvalue m, Jy eigenvalue £, and Jy eigenvalue ¢/, weighted with a (—1)¥", and only
getting contributions from supersymmetric states on the right.

If we write a generating function for the states contributing from a chiral primary of
spin j, we get (see eq. (2.1) in [3])

¢/?
I-9y—y1)

Tr(j) (1) g™y’ = ((yj+1 Y 23 (Y —y ) gy - yH)) :

(2.17)
Now we need to sum over all the left-moving states that appear in (2.15), and include both
the degree and the u-dependence from the right-moving ground states. The supergravity
calculation is interpreted as the NS-NS sector of the CFT [14], so to match to the NS-
R elliptic genus, we spectral flow the right-movers by 1/2 unit. This is done by shifting
the Jy eigenvalue by N, which we interpret as the degree. This means that for each line
in (2.15), we only get one charge under the .Jy after spectral flow. Our final expression for
Csugra(n, m, ¢, ') is then

’ 1 U + u—l 2
" Cougra(n,m, £,0)p g™y ut = 1 <( 1/2)p (W*q"* = 2yq + ¢*?)
nm, 0! 1=g)y—y )\ 1—q¢"2yp
(utu)p® 1/2 -1 3/2 (u+up 5 2 3/2 2
B e —2 Wwrv JPs, 2
1—q1/2y—1p<y q yoatqrt)+ 1—q1/2yp(yq Yo g’ +yq°)
(utu)p 4 —2 3/2 | —1 2 20p 2 1/2 3/2
s W a2y ¢y ) (W — 2ygt ¢
1— ql/zy‘lp( g ql/Qyp( )
20p -2 1/2 —1 3/2 1
T, W 4 2y a ) )+ (utup. (2.18)
—q'7y °p

The first two terms in (2.18) correspond to the first and fourth lines of (2.15); the next
two correspond to the second and fifth lines; and the next two correspond to the third line.
Note that setting v = 1 indeed reproduces eq. (5.9) of [3].

To find the unsigned growth of the quarter-BPS states, we can simply take (2.16), and
set y = u = —1, as seen from (2.2). This gives

1
Z ZHEG,sugra,n(Ty 1/27 1/2)pn = H (219)

= i (L= g ()0 v )

~mr 1l !
~ (+pp — — 1)+ \csugra(n,m,0,0") "
(1 +p) n>0,m>0,0,0' (1 pnqm( 1) )C " (n,m )



To extract the large N behavior of (2.19), we can set p to —1 in the product. Using the
form of cgygra in (2.18) we then get at large N,

1
NZHEG,sugra,N (T, 1/2> 1/2)

1
AL Tt
n 7m )

o

H (1 +qm—%)48m2748m (1 +qm)48m274
(- qm—%)48m2—48m+44 (1 — gm)4sm?+24

(2.20)

= 1+ 44./q + 1106q + 20520¢%/% 4 310735¢> + O(¢*/?).

The form of (2.20) is very similar to that of (2.12), but with the analogous f(m)+g(m)

2 so the ¢" coefficient grows as exp (n3/ 4) .5 In appendix B, we show it grows

433%”3/ 4). Note that this is parametrically faster than the elliptic

genus, which grows as exp (nl/ 2), which means that even at the supergravity point, there

growing as m

in particular like exp (

must be substantial cancellations between the supersymmetric states in the theory. We
will explicitly see some of these cancellations in section 3. Finally we note that we can see
the exp (n3/ 4) growth in the supergravity KK spectrum from a naive counting argument.®
From dimensional grounds the number of states in the full CF'T at the supergravity should
grow as exp (n5/ 6) (due to arguments from scaling of the 6d supergravity). However, we
count only BPS states, which gives us two constraints: h = ¢/2 (BPS condition), and
|h — h| < 2 (absence of higher spin). This brings us down to the exp (n3/4) growth seen.

2.2 T4

We can repeat the above analysis for the D1/D5 system on T*. Here the elliptic genus
vanishes due to right-moving fermion zero-modes (though one can define a modified index
that does not vanish [15]).

2.2.1 Sym™(T%)

To get the Hodge elliptic genus at the symmetric orbifold point, we again need the Hodge
elliptic genus for the seed theory. In [6], this was computed for a generic 7% as

Zypars (T, 2,0) = (4 (’;Ez; ) u_> 2

=u Yy ey uy T uy — 20T —2u—2y =2y 4+
(—2u_1y_2 —2u 2 —2uy 2 —2ugy® +8uty T 4+ 8u Ly 4+ 8uy 4 8uy
—12u ' —12u—16y ' —16y+4y > +4y*+24) ¢+ O(¢?)

= Z cpa(m, 6,0) g™y u” . (2.21)
—%

5In section 2.1.1, we showed that any symmetric orbifold has fx (m)+ gx (m) growing exponentially with
m which leads to a Hagedorn density of states. Here, near the supergravity point, we find the analogous
f(m) + g(m) growing polynomially with m, which leads to a sub-Hagedorn density of states. There is no
contradiction, of course, because we are not at the orbifold point in moduli space.

5We thank Christoph Keller for explaining to us this argument.



m |3 1 3 2 3 3 ! 4

fra(m) | 12 76 652 6988 87180 1207500 18021132 284382028

Table 3. First few values of frs(m) for T*.
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Figure 3. A plot of log (2fp4(m)) up to m = 5 for T*. Note the exponential growth in m.

Again, we repeat the analysis in section 2.1.1 to get the growth of states in the
Sym® (T*) theory. This time however, the r.h.s. of (2.10) vanishes, since all the coeffi-
cients chE vanish (due to the elliptic genus of 7% being zero). Thus the growth for the

quarter BPS spectrum goes as

1 1
— N8 1/2.1/2) = OV
N A s 2020 = 1L e G+ 0@
m6%7m>0
mfgez
1_|_q77’l fT4(m)
= ]I (1_qm> + O(gN"). (2.22)
meZ m>0

The first few values of fra(m) are listed in table 3 and plotted in figure 3.

2.2.2 Supergravity

We can also analyze the 6d A = (2,2) supergravity spectrum on AdS3 x S3. The KK
spectrum will decompose as short representations of SU(1, 1|2) x SU(1, 1|2). The table of
representations that show, as well as the degree we associate to each, is

(m7 m;m + 1)5

2(m - 17m;m)5

~10 -



2(m,m — 1;m)g

(m—1,m+1;m)g

(m+1,m—1;m)s

4(m,m;m)s

2(m,m+1;m)s

2(m+1,m;m)g

(m+1,m+1;m)g, (2.23)

m =1,2,.... (The states with a 2 in front have the highest weight state fermionic, so they
will come with a sign when we count.) Counting the single-particle states weighted with a
(—1)¥ then gives

Z csugra<n7 m, L, el)pnqmyfué =

n,m, L0
1 utut—2)p? +(4—2u"t—2u
_( P+ P a2 g )
(1-g)(y—y) —q'2yp
utu ' =2)p?+(4—2u"1—2u)p, _ _
A sy
u+u‘1—2 u+u‘1—2p _ _
(1_qmyp)(y 4—2y%q 3/2+yq2)—<1_q1/2y_1;(y Sg—2y7%¢" +y 1q2)>
+(utu~t—2)p. (2.24)
We then get
1
no__
go ZHEG,sugra,n(Tv 1/2,1/2)p" = >01—[€ P (1— pnqm(_1)€+Z/)csugra(n,m,€,£’) (2.25)
n* n 7m7 k)

~_(1-p) H 1
- 2 _ — 1)+ \csugra(n,m,0,0")
(1 + p) n>0,m>0,0,0" (]_ pnqm( ]_) )c gra(n,m )

Again, we can extract the large N behavior by setting p = —1 in the product in (2.25).
This gives

1 1
N Zmcsunn (T 1/2,1/2) =4[] (1 = g (— 1) oomgra o 0 (2:26)
n>0,m>0,0.¢'

14 gm/? 8m2+4
q
0 (1447)
— 4+ 96,/ + 1440q + 16768¢%/% 4+ 165024¢> + O(¢*/?).

/4
As far as asymptotics, the ¢” term in (2.26) grows as exp <%3)n3/ 4). (See appendix B

for derivation.)”

"See also [16, 17] for analysis of the quarter-BPS spectrum at the supergravity point.
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3 Character decomposition

In this section we now decompose the various Hodge elliptic genera computed into char-
acters of the N/ = 4 algebra. These representations and their characters were studied
in [18-20], we review some results below.

3.1 AN = 4 characters

We label the representations of the N' = 4 superconformal algebra by the Lo and J; eigen-

values of their highest weight state (h and j respectively). The representations come in
representations which have i > 2. There are m + 1 different short representation, corre-

two types: short (or BPS) representations which have h = £, and long (or non-BPS)

sponding to 7 = 0,1,...,m, and there are m families of long representations labelled by
j=0,1,...,m — 1, where ¢ = 6m. The characters of each representation r, defined as

x(7,2) = Tr, ((=1)Fylogho), (3.1)

are given by

| aw 1/4 T, 2)2
G 2) = P (1) (W>

Zq(m+1)k2+(j+1)k y2(m+Dk+i+1 B y~2(m+Dk—j—1
keZ (1- qu+%)2 (1— y’lqk+%)2
. o s 1/49 ( )2
ENS (1 2) = gif>h(—qyi [ 1L OAT 2N
Y #) = D <el<r, 22)0(r)°
Zq(m+1)k2+(j+1)k (yQ(m+1)k+j+1 _ y72(m+1)k—j71) (3.2)
keZ

where X;’NS is a short representation with highest weight state of spin and weight j/2,
and X? 5 is a long representation with highest weight state of spin j/2 and weight j/2 + h.
In (3.2), all the characters are computed in the NS sector Hilbert space. To get the R

sector character, one simply spectral flows by 1/2 unit. The R sector characters are given
by®

s,R ; i61(7, 2)*
3 — (=1)ytm_ 2\
X] (Ta Z) ( ) 01(7_7 22)77(7_)3
m 2 m
A <ymfj+1qk(mfj+1) _ yf(mfj#l)qfk(mfj#l))
= (1 —yg")?
LR — 4 j+m Z.91(7—7 Z)2
4 = gh(—1)itm_ 1%
X],h (Ta Z) q ( ) 01(7_7 22’)77(7')3
Zq(m+1)k2y2(m+l)k <qk(mfj)ymfj _ qfk(mfj)yf(mfj)> (3.3)

keZ

8For convenience, our convention is that in the R sector, the characters are mnot defined as
Tr, ((—1)"y’°¢"), but rather as Tr, ((—I)FyJO qLO_ﬁ). This way, both the NS vacuum character and R

vacua characters start at ¢°. Also note that we label each character by j which is twice the spin in the NS
sector. The spin of the highest weight state in the R sector is (m — j)/2, not j/2.
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Evaluating the long characters at z = 0 reduces to calculating the Witten index, which
vanishes for long representations, and equals a constant for short representations.

X 0) = (m o+ 1= j)(=1)7 "
Xip (7,0) = 0. (3.4)

)

Moreover, some short multiplets can combine to form long multiplets. In particular,

X; + 2X§'+1 + X?+2 = X§,0 (3.5)

for j=0,1,...,m—2, and
Xm—1 12X, = Xﬁl—l,O' (3.6)
Note that (3.5), (3.6) have vanishing Lh.s. when setting z = 0, which means the elliptic
genus is invariant when these short multiplets pair up.
Since we are decomposing the NS-R Hodge elliptic genus, we will use NS characters
on the left, and R characters on the right. Moreover, we only get short representations
on the right by definition of the Hodge elliptic genus, which means we only get integral

h long representations on the left (by modular invariance). Thus a general decomposition

will look like

NS SRy ¢,NS R
Zugc (T, 2, V) Z ij (1, z)x;. (T,v) + Z djniXin (T, z)xj (T,v) . (3.7
j’h’j _ﬂ

3.2 K3 decomposition

Now we will decompose the Sym” (K3) Hodge elliptic genus into N = 4 characters at the
three regions in moduli space we calculated in section 2.1: Sym® (T*/Z,), Sym'¥ (K3), and
supergravity.

The first observation we make is that the coefficients c; ; in (3.7) are independent of the
moduli. These coefficients count half-BPS states, and are fully determined by the Hodge
diamond of Sym” (K3) which is independent of moduli and given by [21]

Z XHodge, Sym™(K3) (z,v)p"
n=0

] 1
= H (1 - u_ly p )(1 —u- yp )(1 — uy—lpk)(l _ prk)(]_ _pk)20. (38)

The quarter-BPS state character decomposition does depend on moduli. We will look
at the characters contributing to low-lying states in the Hodge elliptic genus. In (3.7), a long
multiplet Xﬁigs starts at ¢//2t". The lightest quarter-BPS states thus have h = 1,5 = 0.
We show the multiplicities of all right-moving short characters multiplying Xg,l in table 4.

We pause to make two points. First, at the symmetric orbifold points, we have many
more states than at the supergravity point. This is indeed consistent with what was seen in
section 2.1, where we showed at the symmetric orbifold point, the quarter-BPS states grew
exponentially; compared to the subexponential growth at the supergravity region. Second,

~13 -



Theory | X01X5  X0aXi X0aX5 X01X3 X0aXi X61X34
Sym™ (T%/7Z5) 3 102 428 142 44 0
13 16 13
Sym™ (K 3) 0 90 410 130 41 0
190 120
Supergravity 0 0 210 0 21 0

Table 4. Coefficients of all short characters multiplying Xé,l for Sym®™ (T*/Zs,), Sym™ (K3), and
the supergravity region. These are the coefficients dy ; ; in (3.7) for j=0,1,2,...N. A number n
next to a downward-pointing arrow below short multiplet X represents 2n short multiplets of type
j combining with n of type j — 1 and j + 1 to form n long multiplets.

Long | X5 Xi X3 X3 Xi X5 X6 X7 X8 X9 Xio Xiio
X1 |0 0 210 0 20 0 0 0 0 0 0 0
i1 |0 0 0 342 0 484 0 2 0 0 0 0
X510 0 21 0 36961 0 6281 0 506 0 22 0
X6 | O 0 231 2660 21526 420 3796 0 275 0 1 0

Table 5. Coefficients of all short characters multiplying the first four long characters that at the
supergravity region in Sym® (K3). Note that cancellations can (but do not) occur for Xg,z'

at the supergravity point, no more cancellations can occur amongst BPS states with Xg,l
on the left. For BPS states to “pair up”, we need two of type j to combine with one of
type 7 — 1 and j + 1; this is impossible in the third line of table 4. We will see, however,
that this not always true in the supergravity. In table 5, we show the multiplicities of all
right-moving short characters multiplying X&l (¢ above the vacuum in the NS sector), X{,l
(¢*/* above the vacuum in the NS sector), Xé,l (¢? above the vacuum in the NS sector),
and Xég (¢? above the vacuum in the NS sector) at the supergravity point.

For quarter-BPS states with Xé,Q on the left, we see from table 5 that cancellations can
occur but do not (for instance, x3, 2x35, and xj can pair up 231 times). In fact, this appears
to be a general statement for all states with X? n>1 on the left.” Assuming that supergravity
has the slowest growth of low-lying states in the moduli space of Sym’ (K3), this implies
that at a generic point in the moduli space, it is not the case that short multiplets that
can pair up always do pair up. It would be interesting to understand if there was, e.g. an
extra symmetry that protected some of the short multiplets that do not pair up in table 5.
Another logical possibility is that there is a point in the moduli space with slower growth
than supergravity, in which all short multiplets that can cancel do cancel.

Finally we end this section with a curious numerological observation. Many of the

%In fact, we knew that at the supergravity point, we had to have cancellations possible in the character
decomposition — if cancellations could never occur, then the growth of the total number of quarter BPS-
states would be the same as the growth of the signed sum of quarter BPS-states. But in fact the former
3/4) 1/2

grows as exp (n and the latter as exp (n

— 14 —



multiplicities in table 5 decompose very nicely under sizes of irreducible representations of
the sporadic Mathieu group Mss. For instance,

210 = 210, 21 = 21, 484 = 99 + 385, 22=1+21, 231=231
506 =1+ 21+ 99 + 385, 420 =210+210, 275=1+1+21+21+231. (3.9)

where the bolded numbers in (3.9) are irreducible representations of Mss. It would be
interesting if there were some CFT in the moduli space with a natural Mss symmetry
(for instance, some point in the moduli space where the supergravity interactions break a
naive symmetry of the states in the 6d (2,0) supergravity theory into an Msy). Relations
between the elliptic genus of K3 and the related Mathieu group Ms4 have been discussed
in many papers, starting with [22].

4 Discussion

In this paper, we analyzed the recently introduced Hodge elliptic genus [6] at various
points in the moduli space of a 2d CFT with target Sym” (K3) and Sym” (7%). We
showed that at the symmetric orbifold point of any supersymmetric sigma model with
target Sym” (X), the entropy of the low-lying quarter-BPS spectrum grows exponentially
with the dimension. However, after a deformation to the large-radius supergravity point
for both K3 and T*?, the total entropy of the quarter-BPS spectrum scales as exp (n3/ 4).
This is to be contrasted with the signed quarter-BPS spectrum (the elliptic genus), whose
growth scales as exp (nl/ 2). This means that at the supergravity point, there are still many
cancellations that do occur between BPS states.

We can make this more precise by looking at the character decomposition of this
quantity. We decompose the Hodge elliptic genera computed at various points in the
Sym®™ (K3) moduli space into N’ = 4 characters. As we move from the symmetric orbifold
point to the large radius supergravity, we can explicitly see short multiplets pair up to form
long multiplets, which vanish in the genus (see table 4). However, even at the supergravity
point, we see many short multiplets that could potentially pair up that do not. Finally,
we note that at the supergravity point, the Hodge elliptic genus decomposed into N' = 4
characters suggest a possible relation to the sporadic group Mas. We conclude with a list
of potentially interesting questions:

e Is the growth exhibited at the supergravity point generic in the Sym™(K3) and
Sym™ (T*) moduli space? If not, is there a point that grows slower than supergravity?

e Is there some extra symmetry preventing more quarter-BPS states from combining

into nonsupersymmetric states at a generic point?
e Is there any relation between the group Mso and the D1/D5 system?

e Do we get anything interesting studying the decomposition of Sym® (T*) Hodge el-
liptic genera into contracted large N' = 4 characters?

~15 —



e [s there an interpretation for places in the moduli space where the Hodge elliptic
genus “jumps”?

e Can the Hodge elliptic genus provide a more refined count to the black hole entropy

when the elliptic genus gets the count wrong due to too many cancellations (see
g. [23])7

e Can cancellations at generic points in the Hodge elliptic genus be used to understand
the BPS spectrum in the S-dual of the D1/D5 system [24]?10
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A Theta functions

We define the standard Jacobi theta functions

01(7,2) = —igFy? ﬁl(l —¢")(L—yg") (1 -y ")

Oa(,2) = g¥ 510__0[1—q L+yd")(L+y g™

0s(7, 2) = 10_1(1 — M)A +yg" (1 +y 7 "E)

0a(r,2) = [[(1 =" A —yg" 2) (1 —y~'q""3). (A1)

With the second argument suppressed, we are taking it at z = 0, except for 61, where
we remove the zero-mode. More explicitly

[e.o]

01(7) = —2ig Hfl —q")’

0o(7) = 05 éf[1—q )1+ ¢")
0<>—es<fo>=1ojl<1—q><1+q )’

04(r) = 04(7,0) = [[(1 = g™ (1 — ¢""2)2. (A-2)

18ee also [16, 17].



Finally we define the Dedekind eta function as
n(r) =¢"* T[(1=q"). (A-3)
n=1

B Derivation of prefactor

In this appendix we derive the growth of the ¢" coefficient of

H (1 — qlm)amp (Bl)

m=1

and
o0

[Tt +qmy (B.2)

m=1

which has been used often in section 2. Let’s first consider (B.1) where we take ¢ =1 — e:

II

m=1

1 [e.e]
W = exp (— Z amP log (1 — qm)>
q m=1
—om (332
m=1n=1 "

[o.¢]
ap!
o (3 o)

n=1
> ap!
~ eXp Z n(ne)p+1
n=1

o (PP +2)
P ((— log q)”“) (B3)

The ¢* coefficient is given by doing the integral

ap'C(p + 2)

TP\ (“log gt

21

— zlog q) (B.4)

which can be evaluated by saddle to give

11 1 2 ptl
a7 (ph) 72 ((p + 2) 7+ <p+p+1> ri. (B.5)
(p+1)r#2
We can evaluate the ¢* growth of (B.2) using the same strategy; the final answer gives
S e 1 2 ptl
(1—2w4vwawwwww«p+mma<p+pﬂ>xﬁz (B.6)
(p+1)r+2

This is the same as (B.5), but with a — (1—277"1)a. In (2.20), we can therefore take (B.5)

with a = 96 + 96(1 — 277~ !) and p = 2, giving 43\9{/55 for the prefactor in the exponential.

Similarly, in (2.26), we can take (B.5) with a = 64+64(1—27P~1) and p = 2, giving %3/4)

as the prefactor in the exponential.
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