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embedding tensor of the gauged supergravity is given by the intrinsic torsion of generalised
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quadratic constraint when the section condition is satisfied.
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1 Introduction

Finding consistent truncations of higher-dimensional supergravity to yield lower-
dimensional theories is a notoriously difficult problem. By a consistent truncation we
mean that solutions of the lower-dimensional equations of motion automatically satisfy
those of the initial higher-dimensional theory. Because of the non-linearity of the field
equations such consistent truncation Ansétze are generically hard to find [1], unless the
background has a lot of underlying symmetry. For example, Scherk and Schwarz [2] showed
that consistent truncations can be defined on Lie groups, which are of course parallelisable
manifolds. As a result the truncation has the same number of supersymmetries as the
higher-dimensional theory.

Recently, the Scherk-Schwarz set-up has been generalised using double field theory
(DFT) [3-6] and exceptional field theory (EFT) [7-9], as well as generalised geome-
try [10-13]. These theories are O(D, D)- and Eyg)-manifest extensions (or reformulations
in the case of generalised geometry) of 10-/11-dimensional supergravity which treat the
gauge and gravitational fields on an equal footing, see [14-17] for earlier work in this di-
rection. They thus naturally include fluxes in the Scherk-Schwarz set-up. As a result, a
generalised Scherk-Schwarz Ansatz [18-29] can be performed on a background which is
“generalised parallelisable” [28], the flux-analogue of a parallelisable manifold. Such back-
grounds may not be parallelisable as a differential manifold and indeed one can show that
an otherwise remarkable set of consistent truncations on spheres, in particular S7 [30] and
5S4 [31, 32] of 11-dimensional SUGRA and S° [33] for [IB SUGRA, can be understood as
such generalised Scherk-Schwarz Ansétze [23, 28].

With this set-up it has been possible to derive and study a variety of new consistent
truncations on spheres and hyperboloids [23, 34, 35], on non-geometric backgrounds [20, 36],
on product manifolds [37] as well as to study the relationship between different consistent
truncations [38].! Because such generalised Scherk-Schwarz truncations are defined on gen-
eralised parallelisable spaces, they also preserve the same number of supersymmetries [13]
and thus yield maximal gauged SUGRAs when used in EFT or half-maximal gauged SUG-
RAs when used in DFT, or their respective generalised geometry analogues. While it is
possible to define a further truncation of the maximal gauged SUGRA to half-maximal
ones, corresponding to the reduction of EFT to DFT, see e.g. [20, 42], there are of course
half-maximal gauged SUGRAs which cannot be obtained this way. Furthermore, there
are half-maximal gauged SUGRAs which cannot be obtained by a consistent truncation of
type II theories but require either the heterotic SUGRA or 11-dimensional SUGRA.

The purpose of this paper is to initiate the study of consistent truncations which break
some amount of supersymmetry in exceptional field theory (and exceptional generalised
geometry). Here we will focus on the seven-dimensional case where we show how to obtain
arbitrary half-maximal gauged SUGRAs coupled to n vector multiplets and thus with scalar

coset space
0(3,n)

Msca ar = AN/oN N7\
T 0(3) x O(n)

x RT . (1.1)

!The closely-related approach of [39-41] has also been fruitful in finding consistent truncations.



Our set-up allows us to capture consistent truncations to half-maximal gauged SUGRAs
arising from either 11-dimensional or type II SUGRA, as well as the heterotic SUGRA, as
shown in [43].2

In order to break half of the supersymmetry, the internal manifold must have gener-
alised SU(2)-structure and we show how to define consistent truncations on such spaces.
In particular, the embedding tensor is encoded in the generalised Lie derivative acting
on the sections defining the truncation and automatically satisfies the linear constraint of
half-maximal gauged SUGRA. Exactly as in the maximal case [19], the section condition
is sufficient for the gaugings to fulfil the quadratic constraint.

In order to understand how to obtain n # 3 vector multiplets it is important to
distinguish between linear symmetry groups acting at each point in space and the symmetry
group acting on the sections we keep in the truncation. The linear symmetry group is in
the case of exceptional field theory just Eyg), or in the case considered here SL(5). This is
simply a consequence of the field content of the theory, and not a result of the backgrounds
considered.? However, when we consider truncations on generalised parallelisable spaces
then this also becomes the symmetry group acting on sections and this is why generalised
Scherk-Schwarz reductions lead to gauged SUGRAs with global symmetry group FEgyg).
On the other hand, when the background is not generalised parallelisable, as we will be
considering in this paper, the group acting on the space of sections can be much larger
because the number of independent sections can be larger. This is why the supergravities
we obtain have global symmetry groups O(3,n) which are clearly not subgroups of SL(5).

To emphasise this point, let us consider the more familiar example of general rela-
tivity in d + 4-dimensions on a product manifold so that its linear symmetry group is
GL(d) x GL(4). When performing a truncation on T*, one obtains d-dimensional gravity
minimally coupled to scalars parameterising a coset whose global symmetry group is in-
deed GL(4). However, when considering less supersymmetric truncations, for example on
K3, one obtains duality groups which are not subgroups of GL(4). In the K3 example one
obtains d-dimensional gravity minimally coupled to scalars parameterising the coset space
0(3,19)/0(3) x O(9). The duality group O(3,19) acts of course on the space of sections
defining the truncation on K3, i.e. the 22 harmonic forms. The linear symmetry group of
the internal space, GL(4), which just tells us that at each point we have a 4-dimensional
metric plays no direct role in the global symmetry group of the reduced theory, O(3,19).

We begin by reviewing the SL(5) EFT relevant for truncations to 7-dimensional gauged
SUGRAS in section 2 and introducing the tensors required to define a SU(2)-structure in
section 3. Then we reformulate the theory in section 4 in a way that is more adapted to
N =2 SUSY. This involves rewriting the theory in terms of tensors defining the SU(2)-
structure group rather than the generalised metric. That such a reformulation bypassing

?We should mention that the approach we take here differs from that in [44] which reduces the usual flux
formulation of double field theory, which is only valid for paralellisable manifolds, on C'Y3 to obtain a N = 2
scalar potential. Furthermore, our approach allows us to consider general flux backgrounds whereas [44] is
restricted to fluxes which can be treated as small deviations to the Calabi-Yau background.

3In this discussion we ignore the existence of the extra coordinates but we show how these fit into the
picture in [43].



the generalised metric is necessary should not come as a surprise since as a particular exam-
ple one could here consider the M-theory truncation on K3 for which the metric, and hence
generalised metric, is not explicitly known. We show how to rewrite the supersymmetry
variation of the gravitino as well as the scalar potential, kinetic terms and topological term
in a way that is adapted to N'= 2 SUSY.

We next discuss how to perform a truncation of EFT on generalised SU(2)-structure
manifolds in section 5. The conditions for a consistent truncation are compactly formu-
lated in terms of the generalised Lie derivative. In particular, with the truncation Ansatz
we present the internal coordinates can only appear in the action through the embedding
tensor, which is defined by the generalised Lie derivative of the sections defining the trun-
cation. Thus when the embedding tensor components are constant, the Ansatz guarantees
that the action becomes independent of the internal coordinates and thus the truncation
is consistent. Finally, we conclude in section 6 by discussing possible application and
extensions of this work.

Summary of results. Throughout this paper we are concerned with generalised SU(2)-
structure manifolds. Such manifolds admit two linearly-independent, nowhere-vanishing
spinors. This is equivalent to the manifold having the following nowhere-vanishing tensors
under generalised diffeomorphisms: (k, Aq, A%, By qp). Here a,b = 1,...,5 denote SL(5)
indices and v = 1,...,3 are SU(2)g indices denoting the R-symmetry. Furthermore,
is a scalar density of weight % and is related to the determinant of the external seven-
dimensional metric. Additionally these structures satisfy

1
Ao =5, BuwA"=0, B, wByea = 4V2A° . (1.2)

This set of tensors reduce the USp(4)-structure group to SU(2) and thus define a generalised
metric implicitly.

The action can be rewritten completely in terms of the generalised SU(2)-structure,
ie Kk, Ag, A% By qa. To do so one introduces a generalised SU(2)-connection V which
annihilates the SU(2)-structure

Vab/i = VabAC = VabAC = Vameab =0. (1.3)
Its intrinsic torsion lives in the representations
Wing =2+ (131) +2- (173) + (3a 1) + (373) +3- (2’2) + (234) ) (14)

of SU(2)s x SU(2)r C SL(5), where SU(2)g refers to the structure group while SU(2)r
refers to the R-symmetry group. The intrinsic torsion can be used to rewrite the SUSY
variations and the scalar potential. For example, the generalised Ricci scalar is given by

R=8S8%2-2T7%2-8/28T —3T,T" + T,S" — 2 S, S% — 16V2 e®eder Ty A

4 16 8
— 36V2 T T caAe — 42 M*S,S), — 3 M8, T, + 3 M®U,S, .

5 (1.5)
3



where S, T are singlets of the intrinsic torsion, T, S, are (1,3) under SU(2)g x SU(2)Rg,
T, are (3,1) under SU(2)g x SU(2)g, T, are (3,3) and S,, Ty, U, are the (2,2) of the
intrinsic torsion.

We perform a truncation by expanding the SU(2)-structure in terms of a finite basis of
sections of the (1,1), (1,3) and (3, 1)-bundles of SU(2)s x SU(2)g. In particular because
SU(2)s is non-trivially fibred over the manifold we use n sections of the (3,1)-bundle and
these will give rise to n vector multiplets in the reduced theory. We denote the sections by
n®, ng and wprqp, where M = 1,...n + 3 collective denotes the sections of the (3,1) and
(1, 3)-bundles. These sections satisfy

n'ng =1, wpapn” =0, WL abWN €™ = dnprnne, (1.6)
where 1y is an O(3,n) metric whose signature depends on the number of (3, 1) sections.
The truncation Ansatz for the scalars is given by

() (2, Y) = [e]/"(x) e 21/ p(Y) |

1
(A")(2,Y) = —ze M0 5p2(y),
V2 (1.7)

(Aa)(z,Y) = jie‘*“@/f’nm ,

(BU,ab>(xa Y) = e 26@/5 bu,M(f’f)WMab(Y) )

where we use () to denote the truncation Ansatz, and p(Y') is a density of weight 1 under
generalised diffeomorphisms. The scalars b, then satisfy

buMbv,M = 5uv (18)

and parameterise the coset %. Similarly |e| and d(z) are the determinant of the

7-dimensional metric and the dilaton, respectively.
In order to have a consistent truncation, the sections p, n%, n, and wyy 4, must satisfy
three types of differential constraints. Firstly, any doublets must vanish, e.g.

n L, on® =0, (1.9)

where we defined the n + 3 generalised vectors

b= pwy®, with  wy® = e“deewM,cdne . (1.10)

op®
Secondly, the generalised Lie derivative of the sections wys 4, must be expandable in a basis
of the w M, ab-

The embedding tensor of the half-maximal gauged supergravity is then given by the
generalised Lie derivative of the sections defining the truncation. In particular, this satisfies
the linear constraint of 7-d half-maximal gauged supergravities so that one can identify

1 ab
Junp = %EQ[MWNMMWP] )
fvr = naﬁg,Mna ) Em = p_l[:@Mp,

O = pn®dyn’.

(1.11)



By construction, closure of the algebra of generalised Lie derivatives (hence for example the
section condition) is sufficient for the gaugings to satisfy the quadratic constraints of the
gauged SUGRAs. Finally, the truncation is consistent when the embedding tensor (1.11)
is constant.

Unlike in the construction of effective actions, the wysq’s appearing here are not
uniquely defined by the topology of the background. This is a reflection of the fact that
a given background can admit multiple, different consistent truncations. Additionally, it
is important to highlight that the consistent truncations defined here do not require the
background to be a solution of the equations of motion. In this case, the gauged SUGRA
will not have a vacuum at the origin of the scalar manifold, nor does it need to have
a vacuum at all. Related to this, the fields in the truncated theory are not in general
massless. In particular, the consistent truncation may have discarded some light modes
but kept certain heavier modes. However, it does so in a manner in which any solutions
can be uplifted to solutions of the full theory.

2 Overview of exceptional field theory

Let us begin by giving a brief review of the SL(5) exceptional field theory [8, 9, 45] with
emphasis on the aspects needed for our purposes. We refer the interested reader to the
reviews [46-48]. The SL(5) EFT can be viewed as a reformulation of 11-dimensional super-
gravity which makes the linear symmetry group SL(5) manifest. Thus, the starting point is
11-dimensional supergravity in a 744 split. Let us use z#, p =1,...,7, as coordinates for
the “external” 7-d space and label yg, i=1,...,4 as the four “internal coordinates”. These
are part of 10 “extended coordinates”, Y, forming the antisymmetric representation of
SL(5), where we use a,b = 1,...,5 as fundamental SL(5) indices. In the case where the in-
ternal geometry really is a torus, the extra six coordinates can be understood as being dual
to wrapping modes of branes. However, the extra coordinates are always introduced, in a
background-independent manner, and we will suggest a possible interpretation in the case
where the four-dimensional part of the internal space is non-toroidal, e.g. a K3, in [43].%
We will always refer to the seven-dimensional space as external and the four-dimensional
(or 10-dimensional if the extended viewpoint is taken) as “internal” although no truncation
has been performed, i.e. all fields can depend on any of the (7 + 10) coordinates.

All scalars with respect to this (7 + 4)-split can be described by the generalised metric

My € SL(5)/USp(4). (2.1)
This coset can also be described by the generalised vielbein V,% such that

Mab = Vaijvb,ij ) (22)

4In the case of double field theory this process is a little bit clearer. There one doubles the “internal”
space, corresponding to independent zero modes of left- and right-movers which one could introduce for a
string propagating in an arbitrary background. In the case of a toroidal background these zero modes are
indeed dual to momentum and winding modes of the string. In EFT an analogous zero-mode interpretation
is lacking.



where i,7 = 1,...,4 are USp(4) indices which are raised/lowered by the symplectic invari-
ant €;;. The V," furthermore satisfy

Va(ij) =0, VaijQij =0, (Vaij)* = Va,ij . (2'3)

See [49] for more USp(4) conventions which we here largely follow. Similarly, all bosonic
objects with one leg in the external space can be combined into 10 vector fields .A”“b.
Those with two external legs can be combined into five two-forms B, 4, etc.

Just as the bosonic degrees of freedom form SL(5) representations, so too do the local
symmetries of 11-dimensional supergravity, i.e. diffeomorphisms and p-form transforma-
tions. The symmetries acting on the internal space combine into so-called generalised
diffeomorphisms generated by the generalised Lie derivative. For a tensor in the SL(5)
fundamental representation V¢ of weight % this takes the form [13, 50, 51]

1 1 A
,CAVa = §Abcabcva - VbabcAac + gvaabcAbC + 5VaabcAbC ) (24)

and for a scalar .
LAS = 5Aabaabs. (2.5)

All other cases follow by linearity. Note that from the above considerations d,; can be
seen to carry weight —% under generalised diffeomorphisms. Furthermore, the parameter
of generalised diffeomorphisms A% is in the 10 of SL(5) and has weight %, so that under
a generalised diffeomorphism it itself transforms as

1 2 1
L A5 = SM 0,05 + (5 + 10) A8 DAt — NS Deq A — AG°OaAT . (2.6)

We will henceforth call any tensors in the 10 of SL(5) of weight % “generalised vectors”,
because they generate generalised diffeomorphisms.
For consistency the algebra of generalised diffeomorphisms must close, i.e.

(LA, La,) VE = Linyag, V- (2.7)
Here the D-bracket just represents the action of a generalised Lie derivative,
(A1, Ao] P = L, AS. (2.8)
In order for (2.7) to hold one needs to impose the so-called section condition [13, 50]

8[abfacd]g =0, 8[abacd}f =0, (29)

where f and g denote any two objects of the SL(5) EFT. There are two inequivalent so-
lutions to the section condition, one corresponding to 11-dimensional SUGRA while the
other corresponds to type IIB [9, 52, 53]. Upon using a solution of the section condi-
tion, the generalised Lie derivative (2.4) generates the p-form gauge transformation and
diffeomorphisms of the corresponding SUGRA. Similarly, the action that we are about
to sketch reduces to the 11-dimensional SUGRA or IIB SUGRA action, upon imposing a



solution of the section condition. However, one could also consider a set-up where there
is not a globally well-defined solution to the section condition, in which case we obtain a
non-geometric background.

Given the generalised Lie derivative, one can introduce connections which give covari-
ant derivatives with respect to these generalised diffeomorphisms. As usual one can also
introduce a torsion as the tensorial part of a connection V. This can be conveniently
defined via the generalised Lie derivative as

LYV® = LAV = %quda/\bcvd + %TbcAbcvd, (2.10)
where EX denotes the generalised Lie derivative (2.4) with all partial derivatives replaced
by the covariant derivatives V. It can be shown [13, 54, 55] that the torsion lives in the
following irreps of SL(5)

Tape? €10 © 15 @ 40. (2.11)

Using these concepts one can, for example introduce a generalised torsion-free
USp(4) connection [9, 13, 24, 54]. This connection is particularly useful for coupling
fermions [56-58] and can also be used to derive a “generalised curvature scalar”. We
will make use of it throughout this paper and label it by V,;. However, it is important to
note that the torsion constraint does not fix the connection uniquely. Instead, only certain
irreducible representations are uniquely fixed, see e.g. [13, 24]. The generalised curvature
scalar that can be derived in this way is in fact a scalar density under generalised diffeo-
morphisms which only involves derivatives with respect to the internal space of M, and
guv- 1t is the EFT lift of the scalar potential of seven-dimensional gauged SUGRAs. Con-
versely, it reduces to the scalar potential of maximal seven-dimensional gauged SUGRAs
upon imposing a Scherk-Schwarz Ansatz [22, 23]. We should mention that there are also
other geometric ways of constructing the generalised curvature scalar, e.g. [55, 59].

In order to define the EFT on the full (7 4 10)-dimensional space one needs to introduce
a seven-dimensional derivative which is covariant under generalised diffeomorphisms. This

is given by the covariant external derivative
D, =0,—La,, (2.12)

and upon Scherk-Schwarz reduction this reduces to the gauge-covariant derivative of the
gauged SUGRA.

The final ingredient required for constructing the EFT action are the field strengths
of the vector fields, two-form and three-form potentials. We will label these as A,ﬂb, Buva,
Cuvp® and D,y pg,qp, Which is the auxiliary 4-form potential appearing in the action without
kinetic term [9, 60, 61]. These have weights %, %, % and %, respectively, under generalised
diffeomorphisms. Following [60, 61], their field strengths can be written in SL(5) index-free
notation as

Fuw =204, A, — [Au, Alp + 0B
Huvp = 308y — 30,A, ¢ Ag + Apy @ [A, Ajle + OChvp »
Tvpo = 4D [,Cypo) + 30B),,, @ Bpy — 6F |, @ Byo) + 4A), © (A, 0 9pA,)
—Ap o (Ay o [Ay, Agle) + éDquo )

(2.13)



where the E-bracket is the antisymmetrised generalised Lie derivative
1
V,W]g = 3 (LyW — LwV) (2.14)
the e operation is defined as
1
(Al ° AZ)a = ZeabcdeAl{CAge ,
(AeB) = A"B,,
1
(A i C)ab = ZeabcdeACdce )

(2.15)
AeD = %AabDab s
(Bl i BQ)ab = BQ[QB\Hb] ’
BeC =B,C",
and the (nilpotent) derivative 9 is
R 1 R A 1
oB» = ieabcdeacdse, OCq = DpaCl, oD = ieabcdeabcpde. (2.16)

Note that the derivative § is a covariant derivative when acting on objects with the appro-
priate weight, i.e. when B, has weight %, C® has weight g and Dy has weight %.

With all these ingredients one can construct the SL(5) EFT action [9, 45, 62] as
S = / d"Vd z|e| (Lgg + Lsk + Lax — V) + Shop - (2.17)

Here Lgp is the seven-dimensional modified Einstein-Hilbert term, where all 9, are re-
placed by D, [63], in order to be invariant under generalised diffecomorphisms. This is
necessary because the seven-dimensional metric g, is not a scalar but a density of weight
% under generalised diffeomorphisms. The alternative is to use the vielbein formalism [53].
We define the modified Riemann tensor as

Ruupa = 33pr'uya - QUFHV/) + F#)\pr)\uo - F'u)\crr)\llp ) (218)
where )
I, = g"’ <”D(ygp)g — 2©Ugyp> . (2.19)

The modified Einstein-Hilbert term is then
LEH = ngRpMpl, . (220)
Furthermore,
1
Lsk = Eg'ijuMabDuMaba

1 2
Lok = _g (.Fuyab}—m/’CdMachd 4 B’H,quﬂHqubMab) 7 (2.21)

11
V=- (473 + SM“M”dvabvicdi> :



where R is the generalised Ricci scalar [9, 24] which involves only internal derivatives of
the generalised metric. The topological term is best written as an integral over a 10-
dimensional extended space and an eight-dimensional external spacetime, whose boundary
is the seven-dimensional external spacetime we are considering [45, 60-62]

Stop = _2\1/6 /leY 'z <4118‘7M1---u4 ® Tspis = AF o ® (Hus.ps H%---us)) el s
(2.22)
While each of these terms is individually a scalar (density) under generalised diffeomor-
phisms, it transforms anomalously under external diffeomorphisms. The various coefficients
are fixed uniquely in order to ensure that the entire Lagrangian is invariant under external
spacetime diffeomorphisms.

3 Spinor bilinears and SU(2) structure

In order to obtain a half-maximal theory in seven-dimensions, the internal space must
admit two globally well-defined spinors, ©; and ©3. These two spinors form a SU(2)r
doublet O, with & = 1,2, and are vectors of USp(4) ~ Spin(5). The subscript R is used
to emphasise that this SU(2) corresponds to the R-symmetry. Let us begin by fixing our
spinor convention.

3.1 Spinor convention

The spinors transform as USp(4) vectors, i.e. we can write §%¢ for each spinor with i =
1,...,4 the USp(4) index and & = 1,2 the SU(2)g index as discussed above. For Spin(5)
the charge conjugation matrix has to be antisymmetric [64]. The only invariant tensor we
have is the symplectic tensor 2;; and so we take this to be the charge conjugation matrix.
In particular, it is also unitary because it satisfies

()" = QY. (3.1)

Hence
Qir (Qr)" = QupV* =57, (3.2)
which shows that it is unitary, i.e. QQF = 1.

Because the charge conjugation matrix is antisymmetric we cannot define Majorana
spinors. Instead we can define symplectic Majorana spinors because we have extended
SUSY. Thus we have .

(0%)ai = 077 €54 (3.3)
Thus we will throughout use pseudo-real objects where both the USp(4) and SU(2) g indices
are raised /lowered by complex conjugation.

Finally, let us normalise our spinors. We will take the EFT spinors to have weight
—1/10, matching the usual EFT convention [56-58]. The full 11-d fermions are a product
of the 7-d fermions and the internal spinors and should have no weight. Thus we take the
internal spinors #%% to have weight 1/10 and impose the normalisation condition

091051 Q)5 = ket (3.4)



with k a density of weight 1/5. This looks perhaps more natural if written as a positive
definite product:
0‘”(9*)52. = I{(;g. (3.5)

3.2 Spinor bilinears

We can use these two spinors to construct a set of bilinears which define the SU(2) structure.
In particular, we can form the following pseudo-real USp(4) tensors

K, AY= ;90‘1963%8 -597, Bl= ;96“953 (0w » (3.6)
where u = 1,...,3 and o, are Pauli matrices. One can check that A% € 5 and B," € 10.
These tensors satisfy a set of compatibility conditions:

Bl B,F = A6, Byl A% =0, Bu7Byij = 204, . (3.7)

Any set of such tensors of USp(4) have stabiliser SU(2) C USp(4) and thus define a
generalised SU(2) structure. This can also be seen as follows. Consider decomposing
USp(4) — SU(2)s x SU(2)g, where SU(2)s denotes the SU(2) structure group. The
relevant representations then decompose as

5—(2,2)®(1,1),

(3.8)
10 — (1,3) @ (3,1) @ (2,2) ,

and A% and B, correspond to the singlets under SU(2)s.

In order to define a reduction of the SL(5) x RT structure group to SU(2) we need
to lift these objects to tensors of SL(5) x RT. We then have a SL(5) vector A% and three
SL(5) antisymmetric tensors B, qp, which satisfy

BuapA’ =0, Bu.ab By ca€™® = 44/26,, A° . (3.9)
Note that here we use the conventions that

D4/ (g[mwmxkan]w + ianQWfQW) | (3.10)

However, we see that it is impossible to impose all the compatibility conditions (3.7) as
SL(5) x R relations on A% and By, 4.

As aresult, the objects (k, A%, B, 4) are stabilised by SU(2)xR* C SL(5)xR*. Indeed,
one can check that they define 18 degrees of freedom, which matches the dimension of the
coset space

SL(5) x R
SU(2) x R*~

The issue here is that by using spinor bilinears to construct invariant tensors, we are

(3.11)

already taking the structure group to be a subgroup of USp(4). Thus the spinor bilinears
can be used to further reduce the structure group from USp(4) to SU(2). However, to define
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a SU(2) structure of SL(5) x RT, without explicitly requiring the existence of spinors, we
need to introduce another SL(5) covector A, satisfying

A A0 = % . (3.12)

The additional four degrees of freedom of A, are used to absorb the T* factor of the
stabiliser and thus make the structure group a subgroup of USp(4). Indeed, the set

(’i’ Aa ) Aa 5 Bu,ab) 5 (313)
satisfying
1
A"y =3, BuabA" =0,  ByuapByea€™™ = 4v26,,A°, (3.14)
parameterises the coset space
SL(5) x R
T@ Pl (3.15)

and thus defines a SU(2) C SL(5) x R structure. Because SU(2) C USp(4), this set of
tensors also implicitly defines a generalised metric.

To see that the stabiliser is indeed SU(2), note that up to a SL(5) x R transformation
we can take
Al=0, i=1,...,4, (3.16)
and thus 1

As = —. 3.17
=5 (3.17)

This configuration is stabilised by SL(4) x T* but the T* degrees of freedom can be used
to set A; = 0. As a result, the stabiliser now becomes SL(4) C SL(5) x RT. The constraint

BuapA® =0, (3.18)
implies that B, ;5 = 0 and thus we are left to satisfy

B, 5By " = 40,, . (3.19)

u,ij

Three such antisymmetric rank-two tensors of SL(4) parameterise the coset space
SL(4)/SU(2), see e.g. [65].

One should think of the objects Ay, A* and B, 4 as the “exceptional generalisation” of
the complex and Kéhler structure on four-manifolds. We have already mentioned that they
implicitly define a generalised metric, although there is no explicit formula relating the two.
This is not surprising since, for example, the Kahler metric on K3 surfaces (which are an

example of exceptional SU(2)-manifolds) is not known. However, by their definition we can
SL(5)

USp(4)
This arises because the coset representatives define the map between SL(5) and USp(4)

and thus

identify A, and B, 4 with certain components of the coset representatives V.9 e

Aa = ﬂVaUQééina , Bu,llb = i (O’u)aﬁ Vabljeiaejﬁ , (320)

where V7 = %v[aﬂmvbﬁk.
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3.3 Properties of the spinor bilinears

Using A, we can actually “raise” the indices on B, 4 by defining the tensor
V% = eedep, 4 A, . (3.21)

Due to the compatibility conditions (3.14), it further satisfies
1
§VuabB“ab =v26,", V,®A,=0. (3.22)

The generalised vector of weight %

V% = kV, 2. (3.23)

will play an important role in defining the intrinsic torsion.
Furthermore, using A* and A, we can project any SL(5) vector, Q%, onto a subspace
parallel to A* and perpendicular to it by

Q" = A"AQ" + P."Q", (3.24)
where we introduced the projector
P = (0" —24°4;), P A, =0. (3.25)

Note that this can also be expressed in terms of V,,® and B%,, as

2
Pl = \B[B“acvubc. (3.26)

One can also form the following objects which are adjoint-valued:

1
T"." = —€""“ By oV 3.27
Vo (327
These satisfy the following algebra
TUCT b = —gw (5,} - 2AGA”> — W TV, (3.28)

It is clear that these objects form a hyper-complex structure in the subspace perpendicular
to A,. In the fluxless M-theory limit this reduces to the hyper-complex structure on 4-
manifolds of SU(2)-structure.

Finally, we can also define a metric on the subspace perpendicular to A, using

u v w,cd
Map = €uvwB"acB paV )

3.29
Mab — 6uvwV'uac‘/;]dew70d , ( )

which satisfy
MMy, = 9v/2P%, . (3.30)
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4 Reformulating the SL(5) EFT

We will now reformulate the SL(5) EFT in terms of the generalised SU(2)-structure, &,
A,, A% By, qp. This can be thought of as an SL(5) version of the rewriting in [66-68], but
extended to the case where there are non-vanishing gauge fields. This will be necessary in
order to obtain the full gauged SUGRASs after performing a consistent truncation and not
just their vacua.

To perform the reformulation we need to introduce a generalised SU(2)-connection,
which in general is not torsion-free. To motivate this, consider the case of maximal su-
persymmetry [55, 69]. In that instance the consistent truncation is defined on a space
with generalised identity-structure [24, 28] and thus the compatible connection is uniquely
given by the Weitzenbock connection. As showed in [55, 69] the EFT scalar potential can
be rewritten in terms of the torsion of this connection and upon truncation, the torsion
becomes the embedding tensor of the maximal gauged SUGRA.

Here we perform the analogous construction in the case of generalised SU(2)-structures
for which the connection is not unique. Nonetheless, the intrinsic SU(2)-torsion, which we
define and discuss in 4.1, corresponds to generalised fluxes and can be used to reformulate
the theory. For example, the intrinsic torsion appears in the SUSY variations, as we show
in 4.2, and in section 4.3 we show that we can express the scalar potential completely in
terms of the intrinsic torsion.® In section 4.4 we rewrite the kinetic and topological terms
in terms of the generalised SU(2)-structure.

4.1 Intrinsic SU(2)-torsion

We now introduce a SU(2)-connection whose intrinsic torsion will be identified with the
embedding tensor of the half-maximal gauged supergravity obtained after truncating. A
SU(2)-connection Vg, is compatible with the tensors defining the SU(2)-structure, i.e.

6abi€ = VabAC = VabAc = vabBu,cd =0. (4.1)

This does not uniquely specify the connection, unlike in the maximally-supersymmetric
case of an identity structure.

Recall from section 2 that the torsion of a connection V is the tensor part of the
connection and can be defined in terms of the generalised Lie derivative, by

1 A
LU = LIV = DU e d” + SUE ne, (4.2)

where U? has weight A under generalised diffeomorphisms and 7, is the trombone part of
the embedding tensor. We know that for SL(5) the torsion has components only in the

TEW=15640a10. (4.3)

In the following discussion of the intrinsic SU(2)-torsion we essentially follow the gen-
eral prescription outlined in [71]. The torsion map viewed as a map from the space of

SFor readers who wish to read more about intrinsic torsion we refer to [70] as well as [71] for its uses in
generalised geometry.
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SU(2) connections to the space of torsions W may be neither injective nor surjective. In
the first case, many SU(2) connections could have the same torsion, while in the latter, it
is impossible to find a SU(2)-connection yielding an arbitrary torsion (the torsion map is
not right-invertible on all of ). The part of the torsion that is independent of the choice
of SU(2) connection is called the intrinsic torsion, and is non-zero when the torsion map
is not surjective.

4.1.1 Representations in the intrinsic SU(2)-torsion

To calculate the representations in which the intrinsic SU(2)-torsion transforms note that
any two SU(2) connections must differ by an adjoint valued tensor in the 10, i.e. by
¥ € I'(Ksy(g)) where

Ksu(2) = 10 ® ad(Psy(z)) - (4.4)

In terms of SU(2)s x SU(2)g representations® we have

Now the torsion map is a map
T: KSU(2) — W, (4.6)

where W = 15640610 in terms of SL(5) representations. Decomposing W into SU(2)g x
SU(2)r we find

W=2-(3,3)®2-(3,1)®2-(1,3)04-(2,2)®(2,4)®(4,2)®3-(1,1) . (4.7)
Thus we see that the image of the torsion map is at most
Wsy@) =Im7 C (3,1)@(3,3)® (1,1) ® (4,2) ®(2,2) , (4.8)
and hence the set which is independent of the connection is given by
Wint = W/Wsyie) 22-(1,1)®(3,1) ©2-(1,3) @ (3,3) ®3-(2,2) D (2,4) . (4.9)

Finally, for the sake of completeness let us mention that the kernel of the torsion map is
at least
U=ZKert D (5,1), (4.10)

although this will not concern us further.

In principle the image of 7 could be smaller than the right-hand side of (4.8) in which
case the intrinsic torsion is larger than the right-hand side (4.9). However, a direct calcu-
lation shows that this is not the case and so we find

Wit =2-(1,1)®(3,1)®2-(1,3) @ (3,3) ®3-(2,2) ® (2,4) . (4.11)

Because they are intrinsic these are the only components of the SU(2)-torsion that are
physically relevant and we will see that these are related to the embedding tensor after
truncation. In the following section we will show that the EFT can be rewritten entirely
in terms of the SU(2)-structure and its intrinsic torsion.

SWe will be sloppy here and not differentiate between sections and linear representation spaces.
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4.1.2 Explicit expressions for the intrinsic SU(2)-torsion

We now wish to find explicit expressions for the intrinsic SU(2)-torsion which has irre-
ducible components transforming in the representations (4.11). The fact that the intrinsic
torsion is independent of the SU(2)-connection means that it can be expressed directly
in terms of the SU(2)-structure and its partial derivatives with no connection appearing.
Thus, the intrinsic torsion is given by SL(5) tensorial combinations of derivatives of the
SU(2)-structure.

For example, consider the combination

S = A%, AL, (4.12)

It follows from the tensor hierarchy [60] that this is a tensor under generalised diffeomor-
phisms. Regardless we could have written it in terms of any connection V

8 = A" (VA" = Ty " A%) (4.13)

where fab,cd are the components of the connection V. Because S is a tensor and the first
term on the right-hand side of the above equation is a tensor, the final term must be a
tensor too. By definition, it is part of the torsion of V. If we now specialise to the case
where V is a SU(2)-connection we find that

S = ATy A%, (4.14)

where as we said the right-hand side is part of the torsion. However, S was defined in (4.12)
without referring to a specific SU(2)-connection and thus we see that it corresponds to the
intrinsic torsion.

In order to find expressions for the intrinsic torsion let us first define the projectors
onto the representations appearing in (4.11). Firstly, note that A® define the singlets in
the decomposition

5—(1,1)d (2,2), (4.15)

as SL(5) — SU(2)s x SU(2) g, and similarly A, for the 5 decomposition. Then the subspace
perpendicular to A% in the 5 corresponds to the (2,2). Thus, we use A, to project onto
the (1,1) and the projector we have met in section 3.3 for the (2, 2):

Pl =6, —24,A
5 (4.16)
= {Buacvubca

and similarly of course for the conjugate SL(5) reps.
For the 10 of SL(5) we have the decomposition

10 - (3,1) & (1,3) @ (2,2) , (4.17)

as we break SL(5) — SU(2)g x SU(2)g. The three tensors V,%° project onto the (1,3)
representations, while A® can be used to project onto the (2,2). Finally, we can use

1
P = (60" — —— By apVu + 44,45 f”) : 4.18
b ( b 2\/§ ,ab [ b] ( )
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to project onto the (3,1) since
PadeBu,cd =0. (419)

Before giving the explicit expressions for the intrinsic torsion let us also define the
projector onto the (2,4) C (2,2) ® (1,3)

5
pub, — 5. bsu, \B[B“acvvcb. (4.20)

We are now ready to give explicit expressions for the intrinsic torsion.

Singlets
S = A% A",
1 (4.21)
T = —euwn V" Ly B e
(1,3)
T, = —2/4214“5% (Aa/{_?’) , (422)
Su = 25_6£Vu/€5 . ’
(3,1)
1 cd u
Tab = m ab E\”/UB cd
1 u 1, od . . . (4.23)
= m £‘”/UB ab — 2\/§B ab‘/;) [:‘”/UB cd +4A A[aﬁf/uB b]c .
(3,3)
U 1 uVW cd
T = ﬁe P Ef/va,cd
1 1 J (4.24)
= meuvw (‘CVUBw’ab - 27\/§Bxabvxc EVva7Cd + 4ACA[a£\7va,b]c> .
(2,2)
1
Sa = —50ub (A%?’) — 24, AbB, AC
K
1
Ty = 5" BuaVo" Ly, Ac, (4.25)
1
Uy = EBu,abcvuAb.
(2,4) )
T, = ,Pawbvevmew,bcﬁv A¢ ’ (4.26)
K x
or more explicitly
1 2
Tua = E (Euvay,ab»Cf/wAb + {Buabwb> , (427)
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with
W ="V, Byp Ly, A°. (4.28)

Note that while one can think of other tensorial combinations transforming in the above
representations they cannot be linearly independent from the expressions given above. For
example, we can of course raise and lower the (2,2) indices using the metric My, defined

n (3.29). We can also dualise the (3,1) and (1,3) indices using ¢?*®* A,. However, in this
case it is clear that the resulting expressions are linearly dependent on the intrinsic torsion
given above.

4.1.3 Intrinsic torsion in terms of spinors

In order to rewrite the supersymmetry variations it will be useful to express the intrinsic
torsion in terms of the spinors #%¢. We do this using the torsion-free USp(4) connection.
For example, this allows us to write

S = A% AP = AV, AP
1 a b mn Atj kl
= ViV i Vab AV i A (4.29)

1 .
= 72\/§AZ]VikAkj ,
where V4 is the torsion-free USp(4) connection as discussed in section 2. This can then

be expressed in terms of the spinors #%! by the definition of A¥ in equation (3.6).
One finds that

1 .- .
S = \fm (e@ V09 — fel eﬂ’ﬁak’gvijek’f)‘) :
T = ; <9idvij9j’d + Hidgj’ﬁek,ﬁ'vijgk’d> ,
\f (4.30)
4
Ty =i(0)i5Tu=— ek a0 507"V 015
o 4\/
Sap =1 (0") 5 Su = —0 (Vi85 -

4.2 Supersymmetry variation of the gravitino

Let us begin the rewriting of the theory in terms of the A/ = 2 structures by studying the
supersymmetry variations of the gravitino. The gravitini of the SL(5) EFT transform in
the 4 representation of USp(4). Under USp(4) — SU(2)g x SU(2)g this decomposes as

4-(2,1)®(1,2). (4.31)

We see that we obtain a SU(2)g doublet of gravitini 1,4 as well as SU(2)s doublet. The
gravitini forming a doublet of SU(2)g are responsible for enhancing the SUSY to N = 4
and thus we will ignore them here. Upon imposing the consistent truncation Ansatz they
will correspond to massive gravitino multiplets of the gauged SUGRA and we ensure the
truncation does not excite them.
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By comparison with [56, 57] and [49] one can see that the SUSY variation of the
gravitini of the SL(5) EFT can be written (up to coefficients and -matrix orderings which
are not important to us here) as

561% ~ Duei + Vaikajk anbej + Mab/\/lcd]:l,p‘:dvl’pfyuej} (432)
+ Hypa,avaijij'prU’Yuek .

The N = 2 gravitini are embedded in the USp(4) ones via the internal spinors 6%,
hence

bt =0, " (4.33)
The N = 2 SUSY parameters are similarly embedded into the USp(4) ones as
& =0'qe" . (4.34)
Hence we can write the variation of the NV = 2 gravitini as

1

K

561/%& ~
1

- K [GidDM (9i56ﬂ> + aidvaikvbﬂcfyuvab <9j36ﬁ) + ejBﬂidvai’“vbjk]-“l,p“bwmeﬂ

aidééiui

—Hypg,aeidvaiﬂjﬁ-fy”p”%eﬂ . (435)

In appendix B we show how one can rewrite this in terms of the SU(2)-structure and

its intrinsic torsion. The result is

& ~ s 1 & i 3 1 ab & Loa (9 g 3
Seth, & ~ Dye —E(ai 0u0';) &+ oo AT + 6, (£5,05)

K T K ;
—2(eg+ = a_ Mgd . B

2 < * \/§> Tue Ty g e (4.36)
— VA (0" Ve — iVEBLaFuy™ (0") e
- /Hupa,aAa’YVpU’Yu€d .

One could proceed similarly for the other fermions which do not form doublets under
SU(2)s but we will not do so here as this is not necessary for our purposes.
4.3 Scalar potential

It is useful to write the scalar potential as
1 1 ac A 4bd uv
V = _ZR — é./\/l MV g Ved9uv - (4.37)

Here R is the so-called generalised Ricci scalar [23] — although it is a density of weight

—% — and contains only internal derivatives of the EFT scalars. It can also be written as

the square of covariant derivatives of spinors [13, 23, 24], that is

1 0 1a a1l om0 S n
e Re = 5vjkv’“eﬂ — gvjkw’“el - 5v““vjkeﬂ : (4.38)

~ 18 —



where V is the USp(4) connection without the seven-dimensional spin connection. This
follows from the supersymmetry variation of the fermionic equations of motion which must
be proportional to the bosonic equations of motion [24]. We show how to derive these
coeflicients in appendix A.

We now write the spinor as ¢ = 6%4¢® in terms of a SU(2)g pair of spinors and use
the fact that the right-hand side is linear in € to find that

. 1 o 1 . 3 . )
%R = 0% <2vjkv“€03d —~ §vjkvﬂ“91d + QV“CVJ-,CQJQ) : (4.39)

We further integrate by parts to obtain
1 -1 & ik i 1 & ik pi 3 ik e j
TGR =K ije VO — 5ij9 VIR0 s + §V 0 Z-ijé? ol - (4.40)

We will show in 5.7 that this does reduce to the correct scalar potential of seven-dimensional
half-maximal gauged SUGRAs.

Now we are in a position to re-express the potential in terms of the spinor bilinears
A® A, and B, g via their intrinsic torsion (4.11). By expressing the intrinsic torsion in
terms of the spinors #%; we find the generalised Ricci scalar to be

3
R=882-2T%—-8V2ST —3T,T" +T,S" — 1 S,S% — 16V/2 e®ede T, A,
W3 16 . (4.41)
— 36V2 T (T, A — —~ M®S,S, — 0 M®™S, T, + 3 MU,S, .
Here M is the metric on the (2,2) as defined in (3.29).
Finally, we claim that one can write
= L MO MY 45,0V ca g = ViV 1,0, g 4.42
4 ab9uv Vedd = Vu ab9uv Vedd ( . )
where V, is the SU(2)-connection and which acts on g, as
@abguu = ”2aab (“_29111/) . (4.43)

While this term vanishes when performing a consistent truncation as we are doing here,
in [43] we show that this does reproduce the correct term in the heterotic DFT.

4.4 Kinetic terms

The kinetic terms of the scalar and gauge fields are usually written in terms of the gener-
alised metric directly

1 1 2
Lkin = ZQ#VDMMabDVMab - g <~F,uuabfuy76dMachd + 3HHVP,aHMVprab) . (4'44)

We need to rewrite these in terms of the SU(2) structures directly.
It is clear that the kinetic term for the scalars

guVDuMabDuMab ; (4.45)
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should be replaced by terms involving derivatives of A%, A, and B, 5. Derivatives of x are
of course included in the Einstein-Hilbert term which needs no modification as it does not
involve a generalised metric. There are only two such terms which are independent:

9" (DyBuy.ay Dy B ) €% A, and 9" D, A“D, A, . (4.46)

Similarly, we wish to replace the kinetic term of the gauge field by the terms

Fu ™ F By ayB g, and  FuF B, B - (4.47)
Note that 1
Bu[abBucd] = EeabcdeAe . (448)
For the H,,~,, one could consider the term
/H,uz/'y,a,HMV’YbAaAb (449)
as well as
HuypyaH“Vprab 5 (4..50)

However, as we are about to discuss in the next section 5.1, terms such as (4.50) necessarily
vanish when we have an honest N/ = 2 theory and so we will not consider them. This
possible omission is irrelevant for N' = 2 theories which are the subject of this paper.

We claim that the kinetic terms are given by

Lyin = V26" (DyBy.ap Dy B cg) €% A, — 56 g" D, AD, A,
1
48

One may be able to derive the coefficients appearing here by requiring invariance under

(4.51)

1
+ gf,uuab]:lw cd (Bu,abBucd _ Bu[abBucd]) _ fHW}p’a'HuupbAaAb )

external diffeomorphisms. However, we have fixed the coefficients by comparison with
gauged SUGRA. As we will see in sections 5.8, (4.51) does reduce to the correct kinetic
terms of seven-dimensional half-maximal gauged SUGRA. In [43] we also show that it
reproduces the correct kinetic terms of the heterotic DFT.

5 Consistent truncations to half-maximal gauged supergravity

5.1 Decomposition of supergravity fields

The following discussion is the SL(5) EFT analogue of the discussion in section 2.2 of [66]
and section 3 of [67] where they consider four-dimensional N = 2 truncations of 10-
dimensional supergravity.

Let us begin by decomposing the EFT fields under SU(2)s x SU(2)r where the first
factor labels the SU(2)-structure group and the second the R-symmetry group. We give
the decompositions of the bosons in table 1 and that of the fermions in table 2.

Now we can reorganise all these degrees of freedom into N/ = 2 supermultiplets. The
singlets under the SU(2)-structure group form the graviton supermultiplet.

Graviton multiplet: (guy,AMdg,tb, C’u,,p,qpud,xo") : (5.1)
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Field | SL(5) | USp(4) SU(2)s x SU(2)r
My 15 | 1491 | (3,3)8(1,1)9(2,2)$ (1,1)

A% |10 10 (3,1) @ (1,3) @ (2,2)
Buwa | 5 5 (2,2) @ (1,1)
Crvp” 5 5 (2,2)®(1,1)

Table 1. Decomposition of the SL(5) EFT bosonic degrees of freedom under SU(2)g x SU(2)g.

Field | USp(4) SU(2)s x SU(2)g
Py’ 4 (2,1) s (1,2)
Xk 16 (2,1)®(1,2)®(3,2)®(2,3)

Table 2. Decomposition of the SL(5) EFT fermionic degrees of freedom under SU(2)s x SU(2)g.

Those in the adjoint of the SU(2)-structure group form the vector multiplets (with A =
1,...,n).

. A
Vector multiplets: <AM,¢d’B,XO‘> . (5.2)

Finally, all doublets of the SU(2)-structure group form a doublet of gravitino multiplets
Gravitino multiplets: <Aud,¢d,wu,XQB,X>a ) (5.3)

Let us first understand how we obtain n # 3 vector multiplets. A naive expectation
would be to have three vector multiplets related to the (3,1) representations. However,
the generalised SU(2)-structure group is non-trivially fibred over the manifold. Thus, the
number of sections of the (3,1) bundle is in general n # 3 giving n # 3 vector multiplets.
By contrast, the SU(2)r group is trivially fibred over the manifold and hence it contains
exactly three sections. This is why, for example, we have exactly three vectors in the
graviton multiplet and three scalars in each vector multiplet. Finally, the scalars in the
vector multiplets, ¢4°4, as well as the scalar in the graviton multiplet, ¢, will correspond
to deformations of the SU(2) structure A and B,, that we have introduced in section 3.

Now let us turn to the massive gravitino multiplets. These are associated to bro-
ken N/ = 4 SUSY. Indeed, one can only consistently couple these multiplets to seven-
dimensional half-maximal gauged SUGRA for n = 3 in which case we have a straightfor-
ward truncation of a N' = 4 theory. Because we want an honest N' = 2 theory, we do not
want couplings to the gravitino multiplets in the truncated theory. This is ensured by not
having any SU(2)s doublets in our Ansatz.

One can also understand the need for removing SU(2)g doublets in the truncation
Ansatz differently. We want to have a generalised SU(2)-structure, not an identity struc-
ture. But from the discussion in 3 we see that a nowhere vanishing section in the doublet
representation of the SU(2)g bundle would correspond to another pair of globally well-
defined internal spinors. In this case it is clear that the structure group would be broken
to an identity structure and we really have AN/ = 4 SUSY. To avoid this, we project out all
doublets of the SU(2)-structure group in our Ansatz.
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5.2 Defining the truncation

We now wish to define a consistent truncation of the SL(5) EFT fields in order to obtain
a seven-dimensional half-maximal gauged SUGRA. For the scalar sector we expand the
SU(2)-structure (K, Aq, A%, By qp) in terms of a finite basis of sections which we are about
to define.

In the analysis above we have seen that the SL(5) EFT degrees of freedom organise
themselves into sections of the (1,1), (1,3) and (3,1) bundles of SU(2)g x SU(2)g. Thus
we choose a SL(5) density and a finite number of these sections, which we label by

p(Y), na(Y>7 na(Y)v wM,ab(Y) ) (5'4)

and where we have made it explicit that these objects only depend on the internal manifold.
n® and n, form a basis for the (1, 1) sections coming from the 5 and 5 of SL(5) respectively.
Similarly, the wys 4 provide a basis for the (3,1) @ (1, 3) sections and thus satisfy

wM,abnb =0. (5.5)

Furthermore they consist of three sections of the (1, 3)-bundle and n sections of the (3, 1)-
bundle, reflecting the fact that the SU(2)g is non-trivially fibred while the SU(2)g is
trivially fibred, as already discussed in 5.1. We can thus write

WM,ab = (Wl,aba wA,ab) ) (56)

where I = 1,2, 3 labels the SU(2)r adjoint sections and A = 1,...,n labels the SU(2)g
adjoint sections.
We normalise these sections according to

n“na =1 s wM’awaﬁdeabcde = 477]\/[]\771e 5 (57)
where npsn has signature (3,n) reflecting the number of adj(SU(2)r) and adj(SU(2)s)
sections. We will throughout this paper use 1y to raise and lower (n + 3) vector indices.
We can use these relations to introduce n + 3 sections of the (3,1) @ (1,3) C 10 of SL(5).
These are given by

ab 6oLbcde

wy® = WM cdMe - (5.8)

These satisfy

b

wMa wN,ab = 477MN N wMabna =0. (5.9)

Given these relationships we can further deduce the following identities which we will
use copiously in this paper.

w(MwaM)ca =T1MN (5ab - nanb) ;

bd d
wn“wpyapwn”" = WN“nmp,
wMﬂbGabcde _ gwM[cdne] 7 (510)
b
W™ €abede = 12wM[cdne] )

cd, e
WM N €gbede = 4wM,ab7

b

d
wMa WNC €abcde = 16"’/MNne .
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Furthermore, we will often find it convenient to use the following tensor densities of weight
% under generalised diffeomorphisms

b

on® = pwy®. (5.11)

In particular, &%

is a generalised vector and will be useful in formulating the consistency
condition for our Ansatz.

Before giving the truncation Ansatz, let us point out that in general we are not de-
veloping an effective theory because our truncation Ansatz may be keeping heavy modes,
while discarding lower ones.” Instead we wish to perform a consistent truncation such that
all solutions to the equations of motions of the lower-dimensional theory are also solutions
to the equations of motions of the full exceptional field theory, and thus of 11-dimensional
supergravity or type IIB. This allows us for example to perform a consistent truncation on
a background that is not a solution of the equations of motion.

Because we are only requiring a consistent truncation, not an effective one, the basis
of sections which we use for the truncation are not in general analogues of harmonic forms.
Indeed, they should not correspond to topological invariants of the background manifold
on which we define the consistent truncation. This is because one manifold may admit
several different consistent truncations for which different modes are kept, see for example
the discussion in the case of maximal SUSY in [28]. Instead, we will require a weaker set
of differential constraints on the sections which we discuss in subsection 5.4.

5.3 Truncation Ansatz
5.3.1 Scalar truncation Ansatz

We begin by expanding the generalised SU(2) structure in terms of the basis of sections
defining the truncation. We let the coefficients in the expansion depend on z*, the seven
coordinates of the external space. These coefficients determine how the generalised SU(2)-
structure, hence the geometry of the internal manifold, changes and they become scalars
of the truncated seven-dimensional theory.

We will denote the truncation Ansatz by angled brackets: (). For the scalar fields it
is given by

(k)(2,Y) = [e|"/T(2) e 24)/5 p(y)

(A . Y) = e ()

1 (5.12)
(A)(z,Y) = ﬁe4d<x>/5na(y) ,
(Buap)(@,Y) = e 21 @/5 b ap(@)w o (V).
This implies that
1
<Vuab> _ 7€2d(x)/5 bu,M ($) wM,ab(y) ) (5'13)

V2

"This is not because we are using exceptional field theory and thus keeping “wrapping modes” but a
generic and desired feature of consistent truncation Ansétze. Indeed the truncation considered here could
equally have been performed in generalised geometry.
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We must now check the compatibility conditions (3.14). The Ansatz (5.12) automati-

cally satisfies
1

A A = 3 (5.14)
However in order to satisfy
Bu,abBU,chadee = 4\/5146 s (515)
we find using (5.7) that
bu,Mbv,NnMN = 6uv . (516)

This imposes six constraints on the 3n + 9 scalars b, »s. Furthermore, it is clear that a
rotation on the u index of b, as corresponds to a SU(2) g rotation of the theory. We thus
identify any three sets of b, ps related by the action of SU(2)g. This removes another three
degrees of freedom of by, .

We are left with 3n degrees of freedom which is the dimension of the coset space

0(3,n)

Meoset = 003) x O(n) (5.17)

Indeed, we can write
by b N = % (MmN —Hun) , (5.18)

where H /N satisfies
’HMPHNQUPQ =1NMN, (5.19)

because of (5.16). Thus H sy is a symmetric element of O(3,n) and hence gives coordinates
on the coset space M oser. It is the generalised metric of the seven-dimensional gauged
supergravity.

There are two further scalars d(x) and |é|(x). These are related to the dilaton and the
determinant of the seven-dimensional metric g; with |&| = |g7|'/2. In total we see that we
obtain the scalar coset space

0(3,n)

Mscalar = W

x RT, (5.20)

where we are not counting |é| as part of the scalar manifold because it forms part of the
external metric.
5.3.2 Fermion, gauge field and external metric truncation Ansatz

Let us now give the truncation Ansétze for the fermions and gauge fields. Recall from the
discussion in 4.2 that the A/ = 2 gravitini are embedded as USp(4) fermions by

P’ =0 a1, (5.21)

Furthermore, we have rewritten the SUSY variations in terms of ¥,%, x%, x*% and 6;.
The truncation Ansatz for these objects is analogous to (5.12), e.g. for the gravitino it
takes the form

() (2, Y) = 4, () @6 (Y) p'2(Y) (5.22)
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where ®%(Y) is now an internal spinor with no weight under the generalised Lie derivative
and is the fermionic analogoue of wM b, n® and ng, which can in turn be written as bilinears
of ®%s. Writing (5.22) in terms of the N = 2 gravitini and 64 directly it becomes

W’ud)(xa Y)= %d(x) )

] i 5.23
(0L (z,Y) = Big (V) pH2(Y). (5.23)

The SL(5) EFT has one-form, two-form and three-form gauge fields, as well as an
auxiliary four-form valued in the 10, 5, 5 and 10 of SL(5) and of weight & 5 2, 3 and 4
respectively. This determines their truncation Ansétze to be

(A ) (2, Y) =
B r,Y)=
By 52
(Crvy ™) (,Y) =

< ,uzl'ygab>(x7Y

The factor of —4 in the two-form Ansatz has been chosen to match the half-maximal gauged
SUGRA conventions.
Similarly, the truncation Ansatz for the external metric is given by

(e")(2,Y) = &,/ (x) e 2@/ p(Y). (5.25)
We have included the power of the dilaton in order to recover the string-frame action.

5.4 Consistency conditions and the embedding tensor

We have already listed a set of algebraic constraints which the truncation basis needs
to satisfy. These are given by equations (5.5) and (5.7). However, this is not enough
to guarantee a consistent truncation. As we already mentioned, we are in general not
truncating to the massless or lowest-lying excitations of a background. Thus, our sections
are not some sort of “exceptional harmonic forms”. Instead we require them to satisfy a
weaker set of constraints which can be naturally formulated in terms of the generalised Lie
derivative and ensures that we have a consistent truncation.

5.4.1 Doublet and closure conditions
First of all, we must ensure that we do not excite any doublets of SU(2)g, as we already dis-
cussed in 5.1. Thus, we require that any doublets generated by the tensorial combinations
of derivatives vanish. In particular, we impose
n* Ly ONab =0,
Loyn® =nnpLoy,n’, (5.26)
Oab (nbp3) = pPnanpen® .

The first equation is manifestly a tensor while it can be checked from [60] that the second

equation is also a tensor. It is easy to see using (5.12) that these conditions ensure that
the doublets of the intrinsic torsion (4.25) and (4.26) vanish.
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Furthermore, we require the sections wys 4, to form a closed set under the generalised

Lie derivative, i.e.

1
,C@MwNab =1 (EJJMchd) wpwl 4. (5.27)

In other words, the generalised Lie derivative of wj, can be expanded in the basis of
whr,ap's. Using (5.26) one can see that this implies

1
E@MwNab =1 (,C@MwNCd> wpeaw? @, (5.28)

so that the wp;®’s also form a closed set under the generalised Lie derivative.

These conditions are analogous to the differential conditions encountered when study-
ing consistent truncations of SU(3)-structure manifolds [66, 67]. There one requires the
sections used in the truncation Ansatz to form a closed set under the exterior derivative. In
the case of consistent maximally supersymmetric truncations of EFT, which are governed
by generalised identity-structures, these conditions are satisfied automatically and thus do
not need to be imposed by hand.

However, these conditions are not yet enough to guarantee a consistent truncations.
The remaining consistency condition is best understood by using the terminology of the
embedding tensor to which we turn next.

5.4.2 The half-maximal embedding tensor
It is easy to show that the conditions (5.7), (5.9) imply the following identities

b b
Ly wN"wpay = —LgywpapwN®
b b
Loy wN"wpah — Loy WN,apwp™ = 40" L, nanNp, (5.29)
b
Loy wn"wpy.ap = 20" Ly NaINP

where the third equation follows from the first two.
We will now show that the object

9MNP = ~ Loy wNawp® (5.30)

4
contains only the irreducible representations allowed by the linear constraint of half-
maximal gauged SUGRA [20] and can thus be identified with the embedding tensor. Let

us first define the O(n + 3) vectors

v = n“,C@Mna, Ev = pil,C(;,Mp. (531)
It follows immediately from (5.29) that
1 1 1
IM(NP) = ZEGJMW(NIab\WP)ab = —5'INp n* Loy Na = —§fM77NP, (5.32)

This implies that gyyvp € (n+ 3) x (adj + (n + 3)). Furthermore, one can use the fact
that the torsion lies in the 15 & 40 @ 10 of SL(5) to show that
1

9MN)P = zﬁawwN)awaab (5.38)

1
= 2§pnmN — 25Ny p + ZUMNfP — founnyp -
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Thus we see that the only irreducible representations of gy;np are given by

funpe =gune,  fu, & (5.34)

These are exactly the representations allowed for the embedding tensor by the linear con-
straint of the half-maximal gauged supergravity and we will see that indeed these objects
faunp are to be identified with the embedding tensor. Additionally, there is a singlet de-
formation allowed in seven-dimensional half-maximal gauged supergravity [72] which we
identify with

O = pndyn’. (5.35)

By comparison with (4.21)-(4.24), fynp, far, Ev and © can also be identified with the
intrinsic SU(2) torsion of the background on which the truncation is defined.

The embedding tensor of gauged SUGRAs has to also satisfy a quadratic constraint
which ensures closure of the gauge group. Similarly, consistency of the EFT requires closure
of the algebra of generalised Lie derivatives. Indeed by the definition of the embedding
tensor in terms of generalised Lie derivatives (5.34), (5.31), the closure of the algebra
of generalised Lie derivatives automatically implies that the quadratic constraint for the
embedding tensor is satisfied.

For example, we could derive a set of quadratic constraints by considering

[Lans Laylwpab = Ligyon]WPab s (5.36)
where [Wyy, @N]ab = ﬁg,M(Z)Nab. Another set of quadratic constraints comes from
n [Lay, Loy Ma = n"Lig,, on)Ma - (5.37)

If we contract with n™ the left-hand side vanishes identically whereas the right-hand
side gives
N fufn =0, (5.38)

which indeed reproduces a quadratic constraint for the vector fluxes of half-maximal gauged
SUGRA, see e.g. [42] for the case where n = 3.

As we already discussed in 2, the algebra of generalised Lie derivatives closes when the
section condition is fulfilled. Thus, when the background satisfies the section condition, the
gaugings automatically satisfy the quadratic constraint. There may however, be examples
where the section condition is violated but the quadratic constraint is not.

Furthermore, exactly as in the maximal case [23], we require )y = 0 in order to have
an action principle for the reduced theory. This can be seen, exactly as in [23] by requiring
integration by parts to be valid. We want boundary terms to vanish

/aa,,(ye\vab) 0. (5.39)

where |e| is the determinant of the external vielbein and V% has weight —1/5 under
generalised Lie derivatives. However, we can write

D (\e|vab) = 2L, |57, (5.40)
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where V% = \6\2/ Vb is a generalised vector of weight % After imposing the truncation
Ansatz we find

(Ou (1elV?)) = 10[e]V M énr (5.41)

and hence we find that integration by parts is only possible when &y = 0. &, is known
as the trombone gauging and it is also known from the gauged SUGRA perspective that
such a gauging prohibits an action principle [73].

By performing the truncation on the SUSY variation in section 5.9 and particularly
scalar potential in section 5.7, we will obtain further evidence that the objects firnp,
far, &ar and © are to be identified with the embedding tensor. Furthermore, we will see
that upon using the reduction Ansatz, all the w™ ,;’s, n®'s and 7,’s will drop out and the
only possible dependence on Y% in the action will appear through the embedding tensor
components fynp, fur, & and © and an overall factor given by a power of the internal
density p(Y). Thus when the embedding tensor components are constant and obey the
quadratic constraint, e.g. by requiring the section condition the internal space, we obtain
a consistent truncation to a seven-dimensional gauged SUGRA.

5.5 Intrinsic torsion and the T-tensor

Let us now evaluate the intrinsic torsion (4.21)—(4.26) using the truncation Ansatz (5.12),
the relations (5.7), (5.9), (5.26) and the definitions (5.34), (5.31) and (5.35). We immedi-
ately find that the doublets (4.25) and (4.26) vanish on account of (5.26). For the other

representations we obtain

_ b s
(5) = 5,7,
1
(T) = @eQdm’HMNPfMNP?
1
(T) = TﬁemﬁbuM (3¢ — fm)

5.42
<Su> = 57\/§62Cl/5bu]\/[£M7 ( )

(Tup) = PY ™oy (4w + /)
a pf +
1
<Tuab> = 120\/§ 6mm)bvwapf)fMWJ‘/I(JLbePQ .

Here we defined the left-moving and right-moving projectors PMY and P_{Y[ N as well as the

antisymmetric tensor HMNP a5

)

PMN _p MpuN _ 1 (MY — M)

PMN — pMN _p MpuN _ ~ (pMN 4 g MN) (5.43)

N

HMNP _ GUwauMbvawP
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Similar to the maximally supersymmetric case [23] we expect these expressions to
correspond to the T-tensor of the seven-dimensional half-maximal gauged supergravity,
some components of which are given in [42] for the case of three vector multiplets, i.e. n = 3.

5.6 Reducing the external covariant derivative

As a first check that we are obtaining a half-maximal gauged SUGRA let us consider the
reduction of the external covariant derivative D,. We can consider acting with it on any
generalised vector, i.e. an object in the 10 of weight L, call it W2 with truncation Ansatz

(W) (@, Y) = W (2) wn ™ (Y) p(Y). (5.44)

Then from equations (5.34) and (5.31) we find

1 ~ __Ci
(D, WO (2,Y) = pup® <8MWM — prNcAuwN de’cd>
= pan™ (WM + ANWPgnpM — ApNeywty  (B4)

= prabQ;LWM )

where ©,, is the gauge-covariant derivative of the half-maximal gauged SUGRA (usually
this is only given in the case of vanishing 1-form fluxes fa; = &y = 0).
Similarly, if we have the external covariant derivative D,, acting on a SL(5) vector X¢

which is truncated as
(X (z,Y) = X(z)n"(Y), (5.46)

then the external covariant derivative reduces as
(D X*)(2,Y) =n" (8, X+ AN fnX) =n'D,X . (5.47)
Again ©,, corresponds to the gauge-covariant derivative of the gauged supergravity.

5.7 Reducing the scalar potential
We will now take £y = 0 in order to have an action for the reduced theory. Recall that
the potential is given by
1
V=—IR+ VPV 16,V cag™” (5.48)
It is easy to see that
(Vabguw) =0, (5.49)

so we are left to evaluate the generalised Ricci scalar.
From equations (4.41) and (5.42) we can see that the potential of the truncated
theory becomes

1 _ 1 1
(le]vV)=—7p°lele™ [Pﬂ”QPiVR <P55+Pfs> funpfors+5 (PN +3PMY) far fy

3
1g V2 5o
+§p5\e|e 6d@2—?p5\e\e MOUMNE 1 NP (5.50)
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By writing out the left-moving and right-moving projectors explicitly and recalling that
the quadratic constraint implies n™ fyr fx = 0, we obtain

1 -, _ 1 1 1
<‘€‘V> _ ZpE}’e‘e 2dfMNPfQRS <—12HMQHNRHPS + ZHMQUNR'HPS . 677MQ,'7NR77P5>
1. _ 1o, O
_§p5|e|e 2dHMNfoN+§p5|€|€ 6d@2—?p5|€|€ 4d®HMNPfMNP-

(5.51)

This is precisely the scalar potential of seven-dimensional half-maximal gauged SUGRA
coupled to n vector multiplets, with general embedding tensor satisfying the linear con-
straint and including the singlet deformation ©, see e.g. [42, 74]. A particularly interesting
feature is that we here automatically obtain the term

nMOnNEnPS frinp foRs (5.52)

which vanishes in truncations of double field theory when the section condition is fulfilled
by the background.

5.8 Reducing the kinetic terms
5.8.1 Scalar kinetic terms

Consider first the scalar kinetic terms. These were given by
g" D, A“D,A,, and (g™ Dy By ayDy B eq) €€ A, . (5.53)

Let us begin with the kinetic terms of A®. From the reduction Ansatz we find

1 4 4
(D A" = 56_4‘1/511“ (58ud + AMMfM) = fﬁn“e_‘ldﬁ@lld, (5.54)

where we defined the gauge-covariant derivative of the dilaton, and thus

("D, A°D,A,) = %p—2e4d/5gﬂV©#d©Vd. (5.55)

Similarly, for B, 4, we find

(5.56)
From (5.54) one can now read off ©,b,". We can now calculate
242
<(D,uBu,abDVBucd) 6abcdej4e> = 2\/§QubuM®ubuM + 2\5/>:Dlid©Vd . (557)
But from (5.18) we find
D,HMND, Hyry = 8D,0,MD, 0%, (5.58)
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and hence

V2
4

Combining (5.55) and (5.59) we find

24+/2
D,HYND, Hayn + igudz)yd. (5.59)

<(DuBu,abDuBucd) 6ade6Ae> = 95

{le|Lsk) = (|e|g"” (ﬂDMBu,abDVBucdeabcdeAe _ 56DMA“DVAG)>

5121.—2d (1w MN _uv (5.60)
=p’lele ig“ DH" D, Hun + 16g47D,dD,d | .

This is the correct kinetic term for the scalars of seven-dimensional half-maximal gauged
SUGRA, see e.g. [42].

5.8.2 Gauge kinetic terms and topological term
Let us first of all consider the reduction of the field strength. We find

<J~_~Myab> — prabF;wMa
<Huy7a> = _4p2naHuV77 (561)

(Tre®) = P3”a<]uvw )
where FWM , Hy and Jy,4o are the reduced field strength of the gauged SUGRA
Fu™ =20, A,™ — [A,, A — B, (26M + M) |

1
Hywp = 3D, By + 36[MAVMAP}M - A[uM [A,,, Ap}] vt ZGCMVP ; (5.62)
3
J/,Ll/pO' = 4©[u0ypo] + <2fM + €M> D,uzzpaM .

Here [AM,A,,]M denotes the Lie bracket of the gauge group defined by the embedding
tensor gyrnp.
(A ALY = gnpM AN AL = fnpM AN A — ALMAYN (46w + fu) - (5.63)

Let us now consider the kinetic term for the vector fields
1

Lkin,vectors = gfuyabFHU’Cd (Bu,abBucd - Bu[abBucd]) . (564)
First note that 1
Bu[abBucd] = ﬁﬁabcdeAea (5.65)
and from (5.10) that
wirwn “eapede = 16mnnn° . (5.66)

It is now straightforward to see that

<|€|Lkin,vectors> = p5|é|6_2d§'u7gyaFuuMF'yaN (Qbu,MbuN - nMN)

) (5.67)
= —p°lele 19" 5" Fu M Py Harw

which is the correct kinetic term for the vector fields.
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Finally, let us reduce the kinetic term for the two-form potentials.

1
Lkin,Q—form = _@H,uyp,a,H“VpbAaAb . (568)
We find
1 55| ,—2d=po =Vp =Y
<|€’Lkin,2—form> = _Ep ’6’6 g 99 H,UJ/"/HO'p)\7 (569)

again reproducing the correct kinetic term for the two-form potentials.
Let us now turn to the topological term. Using (5.24) we find that the second term of
the topological part of the action vanishes, i.e.

(Fraps ® Hps.us ® Hyg..pis)) =0, (5.70)
and we are left with
1
(St0p> = /dgf’?dwYPS8\/66#1“'#8Ju1-~~u4<]us.-.us@a (5.71)

where we used (5.35). We see that the singlet deformation © induces a mass-like term for
the 3-form C,, [72].

5.9 Reducing the SUSY variations

Finally, let us use the truncation Ansatz (5.22) to evaluate the SUSY variations (4.36).
For the gravitino variation we find

<56¢Ma> ~ Q,uea — 1 <€2d@ -+ MHMNP.}CMNP> 7)/“6(1

52 : 5 Vv up  (BT2
_ ZT€4d/5 (Uu)a BbuMEM7u€B _ Z€2d/5bu,MF1/pM (Uu)a B,yup,yueﬂ ( )

+ 464d/5HVpU,7VpU,7,u€d ’

where D 6% = 9,e% — A,M (Ear — fur) €@ is the gauge-covariant derivative of €* and 7, =

z P~
eut v
6 Conclusions

In this paper we showed how to construct seven-dimensional half-maximal consistent trun-
cations of 10- and 11-dimensional supergravity using exceptional field theory. To do this,
we began by reformulating the SL(5) exceptional field theory in a way that is adapted to
N = 2 SUSY. In particular, we rewrote the theory by replacing the generalised metric
My with a set of well-defined tensors x, A%, A,, By q subject to a compatibility con-
dition, which define the SU(2)-structure. We showed that the existence of these tensors
is equivalent to there being two well-defined spinors on the internal space thus ensuring
we have N/ = 2 SUSY. Furthermore, we introduced generalised SU(2) connections and
their intrinsic torsion to rewrite the scalar potential, SUSY variations and kinetic terms of
the theory.

~32 -



A consistent truncation can then be defined by expanding the SU(2)-structure and
all other fields of the EFT in terms of a set of sections of the (1,1), the (3,1) and the
(1,3)-bundles of SU(2)g x SU(2)g C SL(5). The number of sections of the (3,1)-bundle
determines the number of vector multiplets in the gauged SUGRA. These sections were
subject to a number of differential constraints, in particular a “doublet constraint” which
ensured that all SU(2)g doublets vanished and hence that we obtained a N' = 2 gauged
SUGRA. In addition, we had to impose that the sections defining the truncation formed a
closed set under the generalised Lie derivative.

We saw that the embedding tensor of the half-maximal gauged SUGRA is now given a
geometric definition in terms of the intrinsic SU(2) torsion of the background on which the
truncation is performed. It can thus be written in terms of the generalised Lie derivative of
the sections defining the truncation. Exactly as in the case of maximal SUSY, it automati-
cally satisfies the linear constraint of gauged SUGRA and satisfies the quadratic constraint
whenever the algebra of generalised diffeomorphisms closes, for example by imposing the
section condition. The truncation was shown to be consistent when the embedding tensor
is constant.

The framework introduced here can be used to find uplifts of half-maximal seven-
dimensional gauged SUGRAs which cannot be obtained by simple truncations of a maximal
seven-dimensional gauged SUGRA. These include gauged SUGRAs with non-zero singlet
part of the embedding tensor, ©. A particularly interesting example of these admits a fully
stable deSitter vacuum [42].

It would also be interesting to generalise the procedure of this paper to lower-
dimensions. In this case the number of possible truncations increases because more fluxes
are available. For example, it would be nice to study the consistent truncation of IIA
on K3 where the full O(20,4) duality group should become visible directly in EFT. An-
other generalisation that is possible in lower dimensions is to consider a larger amount of
broken supersymmetry. For example, in four dimensions one could consider ' = 2 trunca-
tions, corresponding to truncations on generalised SU(6)-structure manifolds, which would
include “exceptional Calabi-Yau”s and their AdS counterparts [75, 76].

Finally, as we show in [43] one can use the set-up introduced here to obtain the heterotic
DFT by a reduction of EFT. In this case, the extended space contains a SU(2)-structure
manifold, but the coefficients in the truncation Ansatz are still allowed to depend on the
extended space, albeit in a restricted fashion. This is reminiscent of the way massive ITA
SUGRA can be obtained by a Scherk-Schwarz-like reduction of EFT [77]. In particular
the duality between M-theory on K3 and the heterotic string on T arises naturally from
this picture.
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A Scalar potential in terms of spinors

As discussed in [13, 23, 24] one can write the generalised Ricci scalar in terms of covariant
derivatives of spinors, i.e.

Rel ~ (@2) ¢, (A1)

where V is the torsion-free USp(4) connection but without spin connection.

To fix the right-hand side, we follow [24] and note that the potential must only involve
the determined parts of the torsion-free USp(4) connection. Also, we know that the right-
hand side must be linear in €', and hence cannot have any double partial derivatives acting
on ¢ (as well as no single partial derivatives acting on €’). This knowledge is enough to fix
the right-hand side. The first observation lets us write

1 . 1 a1 e NP
G Re = §vjkv’“eﬂ — §ijvjke’ +aVi*V el (A.2)

as we will discuss in A.1, while the second implies that the potential must only make use
of the combinations coming from the commutator of two covariant derivatives and their
projection onto the 5 (since then the second order partial derivatives vanish by the section
condition), i.e.

1 . 1 ma 1o o~ A DU
g Re =a <2vwvjkek—2vjkv”e’f> +3 <v“€vjka +V i Vel —zvﬂfvjke@> . (A3)
These two conditions uniquely fix the Ricci scalar, up to an overall coefficient, to be
Lo 1o erii le @i, Seiky )
16R6 = QV]kV e — 2V]kV €+ 2V Vre, (A.4)
and in particular the right-hand side is linear in €’

A.1 Determined connections

We must use the covariant derivatives which only depend on the determined part of the
torsion-free USp(4) connection [13, 24]. There are four different possible combination,
depending on whether we act on a spinor in the 4 or 16 of USp(4). Let us denote a generic
spinor in the 4 by € and a generic spinor in the 16 by x which thus satisfies

ik — Lk Xij,inj —0, VG- (A.5)
The unique operators are given by
V X4 €, V X16 €, V X4 X, V X16 X (A.6)
with x4 and X1 being the projectors onto the 4 and 16 respectively. In particular, we need
(V xqe) =Vie,
(V x16 €)F = kgl 4 é (Qijvklel + Qk[ivj]lq) , (A.7)

(V xax)" = Vjpx@*
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Now we can write
Ve =a(V x4 (Vxige) +B(V x4 (Vxge) . (A.8)

On the other hand, we use the commutator [V, V] € 35 & 10 of USp(4). But since
10 x 4 > 4 and 35 x 4 54 only the 10 can contribute when acting on €. This is given by

[V, V)7, = VHiv,d). (A.9)

The other allowed combination involves the projector onto the 5 since this gives the section
condition for the terms involving only partial derivatives. We write

(V x5 V)7 = Vi, VIk 4 vikyi, — §Q’Jvklvk, : (A.10)

and thus combining the two we have

g

Ve = % (v“‘?vjkeﬂ - vjkv“feﬂ) +5 (v“ﬂvjkeﬂ +Vjp Viked — QVkajkeZ> . (A1)

Equating the two allowed expressions gives the unique answer (4.40) (up to overall rescal-
ings of the coupling constant).

B SUSY variations of the gravitino

We begin with

e = — e
~ —% (0D, (6567) + 0,5V V1, Vo (87367 ) + 07 46,5V, o Fop ™y 6
—Hypg,aeidVaiijB’y”pgfyueB} . (B.1)
Let us go through this term-by-term.
We use the product rule to write the first term as
0:°D,, (GiﬂeB) = (Gi‘j‘DNHiB) ef — KD, . (B.2)

We can further rewrite D, 6" ;4 In terms of the intrinsic torsion. By definition (2.12)

D05 = 0,0" 5 — La,0"

n’ B
i vV ni 1 a i
= 8M9 8~ <£X‘L9 8 27014“ bTab9 5) (B3)
. 1 ) s
= 0ub'y + g ATl = L3065

where we have introduced an SU(2) connection V and used the definition of the torsion
via the generalised Lie derivative (4.2).
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The second term can also be rewritten using the intrinsic torsion. We first write it as

XYV IS (ejBEB) — V20,5V Vo (93‘668)

A . N o . (B4)
= _\/ﬁvasz,m (Giava,ﬁjﬁ) eﬁ+\/§V“bij9w‘6ﬂnyﬂvabeB .

We now first use the relationship between B, ; and Vb in equation (3.20). Thus we have

HidV“"kaijVab (0],365> = —\@Vabij’yu <0idvab9jﬁ'> EB+\/§Vabij9ia9jB’yuvab€B
(B.5)

SR

The first term on the right is proportional to the intrinsic torsion and can thus also

eﬁviﬂ’ejﬁ) e’g—i—\fQiVu“b () yuvabe’g.

be rewritten in terms of the spinor bilinears using (4.30). To do this we first decompose it
into its irreducible representations

1
2V/2

K T K 3
AR

(0:970,7) = =% (6:19790;5) + —= (6,479,

Sl
< |-

Hence we have that

Gypaikyb A TN, &, bfea . B
0; V"V ik Vap (9%6 ) =3 <S+\/§> Yu€ +4S A€

+ \/iiVu“b (O’u)d B"yuvabGB .

(B.7)

The third and fourth term follow similarly and we get
07 0. Va Vi 1 Fup ™y Py = iV2Bu b Fu™ () 7" e’
—’H,,pg,amdVainjB*y”pavueB = %’H,jpg’aAavl’payﬂed )
Putting everything together we find the (N = 2)-like gravitino variation.
Seb ~ Dyetr — & (0% ei-)eﬁﬁriA B 4 108 (£5,.05) ¢
e¥p H PRI 20uab o ALY B

K T K ;
—2eg+ = & _ Mgd o B
2 < i \/§> e T e (B.9)
— V2V, (U“)d B’yuvabeﬁ - i\@Bu’ab}},p“b (U“)d B’y”pvﬂeﬁ
- /Hupa,aAa’YVpU’Yuﬁd .
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