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ABSTRACT: We determine the Killing superalgebras underpinning field theories with rigid
unextended supersymmetry on Lorentzian four-manifolds by re-interpreting them as fil-
tered deformations of Z-graded subalgebras with maximum odd dimension of the N =1
Poincaré superalgebra in four dimensions. Part of this calculation involves computing a
Spencer cohomology group which, by analogy with a similar result in eleven dimensions,
prescribes a notion of Killing spinor, which we identify with the defining condition for
bosonic supersymmetric backgrounds of minimal off-shell supergravity in four dimensions.
We prove that such Killing spinors always generate a Lie superalgebra, and that this Lie
superalgebra is a filtered deformation of a subalgebra of the N = 1 Poincaré superalgebra
in four dimensions. Demanding the flatness of the connection defining the Killing spinors,
we obtain equations satisfied by the maximally supersymmetric backgrounds. We solve
these equations, arriving at the classification of maximally supersymmetric backgrounds
whose associated Killing superalgebras are precisely the filtered deformations we classify

in this paper.
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1 Introduction

A number of impressive exact results [1-9] obtained in recent years via supersymmetric
localisation have motivated a more systematic exploration of quantum field theories with
rigid supersymmetry in curved space. A critical feature in many of these calculations
is the non-trivial réle played by certain non-minimal curvature couplings which regulate
correlation functions, so a clear understanding of the general nature of such couplings would
be extremely useful.

Several isolated examples of curved backgrounds which support rigid supersymmetry,
like spheres and anti-de Sitter spaces (also various products thereof), have been known for
some time [10, 11]. Beyond these examples, the most systematic strategy for identifying
curved backgrounds which support some amount of rigid supersymmetry has hereto been
that pioneered by Festuccia and Seiberg in [12]. In four dimensions, they described how a
large class of rigid supersymmetric non-linear sigma-models in curved space can be obtained
by taking a decoupling limit (in which the Planck mass goes to infinity) of the corresponding
locally supersymmetric theory coupled to minimal off-shell supergravity. In this limit, the
gravity supermultiplet is effectively frozen out, leaving only the fixed bosonic supergravity
fields as data encoding the geometry of the supersymmetric curved background. Follow-
ing this paradigm, several other works explored the structure of rigid supersymmetry for
field theories in various dimensions on curved manifolds in both Euclidean and Lorentzian
signature [13-19].

A well-established feature of supersymmetric supergravity backgrounds is that they
possess an associated rigid Lie superalgebra [20-34] that we shall refer to as the Killing
superalgebra of the background. Indeed, with respect to an appropriate superspace formal-
ism, the construction described in ([20], section 6.4) (and reviewed in [34]) explains how this
Killing superalgebra may be construed in terms of the infinitesimal rigid superisometries of
a given background supergeometry. The even part of the Killing superalgebra contains the
Killing vectors which preserve the background, whereas the odd part is generated by the
rigid supersymmetries supported by the background. The image of the odd-odd bracket
for the Killing superalgebra spans a Lie subalgebra of Killing vectors which preserve the
background. This Lie subalgebra, together with the rigid supersymmetries, generate an
ideal of the Killing superalgebra, which we call the Killing ideal of the background. The
utility of this construction is that it often allows one to infer important geometrical prop-
erties of the background directly from the rigid supersymmetry it supports. For example,
in dimensions six, ten and eleven, it was proved in [35, 36] that any supersymmetric su-
pergravity background possessing more than half the maximal amount of supersymmetry
is necessarily (locally) homogeneous.

As a rule, the interactions in a non-linear theory with a local (super)symmetry may be
constructed unambiguously by applying the familiar Noether procedure to the linearised
version of the theory. Indeed, this is the canonical method for deriving interacting gauge
theories in flat space, supergravity theories and their locally supersymmetric couplings
to field theory supermultiplets. However, depending on the complexity of the theory in
question, it may not be the most wieldy technique and it is sometimes preferable to proceed



with some inspired guesswork, perhaps based on the assumption of a particular kind of
symmetry (e.g., conformal coupling in a conformal field theory). Either way, the guiding
principle is to deform (in some sense) the free theory you know in the most general way
that is compatible with the symmetries you wish to preserve.

One way to motivate the construction we shall describe in this paper is as an attempt
to streamline the procedure for deducing which curved backgrounds support rigid super-
symmetry directly in terms of their associated Killing superalgebras. Instead of applying
the Noether method to obtain some complicated local supergravity coupling, taking a rigid
limit, looking for supersymmetric backgrounds and then computing the Killing superal-
gebras of those backgrounds, our strategy will be to simply start with the unextended
Poincaré superalgebra (without R-symmetry) and obtain all the relevant Killing superal-
gebras directly as filtered deformations (see below for the definition) of its subalgebras.
As expected for the deformation problem of an algebraic structure, there is a cohomol-
ogy theory which governs the infinitesimal deformations. In this case this is a generalised
Spencer cohomology theory, studied in a similar context by Cheng and Kac in [37, 38]. In
the present work, we shall apply this philosophy to the unextended Poincaré superalgebra
on RY3, following a similar analysis on R? pioneered in [39, 40] which yielded what might
be considered a Lie-algebraic derivation of eleven-dimensional supergravity.

Let us describe more precisely the problem we set out to solve. Let (V,7n) denote the
Lorentzian vector space on which four-dimensional Minkowski space is modelled, so(V)
the Lie algebra of the Lorentz group and S' its spinor representation. The associated N=1
Poincaré superalgebra p has underlying vector space s0(V) @ S @ V and Lie brackets, for
all A,B €s0(V),se€ S and v,w €V, given by

[A,B] = AB — BA [A,s] =0(A)s [A,v] = Av and [s,s] = Kk(s,s), (1.1)

where o is the spinor representation of so(V) and & : ®2S — V is such that x(s,s) € V is
the Dirac current of s. (This and other relevant notions are defined in the appendix.) The
Poincaré superalgebra is Z-graded by assigning degrees 0, —1 and —2 to so(V'), S and V,
respectively and the Zo grading is compatible with the Z grading, in that the parity is the
degree mod 2. More precisely, the even subalgebra is the Poincaré algebra pg = so(V) @V
and the odd subspace is p;1 = 5. By a Z-graded subalgebra a of p we mean a Lie subalgebra
a=aygda_1 da_g, with a; C p;.

Now recall that a Lie superalgebra g is said to be filtered, if it is admits a vector space

filtration

9.3 ...39*239*13903...7
with U;g° = g and M;g° = 0, which is compatible with the Lie bracket in that [g¢,¢’] C
g7, Associated canonically to every filtered Lie superalgebra g® there is a graded Lie
superalgebra go = €D, gi, where g; = g'/gitL. Tt follows from the fact that g® is filtered
that [g;, g;] C gi+j, hence g, is graded.

We say that a Lie superalgebra g is a filtered deformation of a < p if it is filtered and
its associated graded superalgebra is isomorphic (as a graded Lie superalgebra) to a. If
we do not wish to mention the subalgebra a explicitly, we simply say that g is a filtered
subdeformation of p.



The problem we address in this note is the classification of filtered subdeformations g
of p for which g_1 = S (and hence g_o = V).

This paper is organised as follows. In section 2 we define and calculate the Spencer
cohomology group H??2(p_,p) of the Poincaré superalgebra. This is the main cohomolog-
ical calculation upon which the rest of our results are predicated. In particular we use it
to extract the equation satisfied by the Killing spinors, recovering in this way the form
of the (old minimal off-shell) supergravity Killing spinor equation. We will also use this
cohomological calculation as a first step on which to bootstrap the calculation of infinites-
imal subdeformations of the Poincaré superalgebra. We give two proofs of the main result
in section 2 (Proposition 3): a traditional combinatorial proof using gamma matrices and
a representation-theoretic proof exploiting the equivariance under so(V'). In section 3 we
prove that the (minimal off-shell) supergravity Killing spinors generate a Lie superalge-
bra, and that this Lie superalgebra is a filtered subdeformation of p. These results are
contained in Theorem 7 in section 3.2 and Proposition 8 in section 3.3, respectively. In
section 4 we classify, up to local isometry, the geometries admitting the maximum number
of Killing spinors. We do this by solving the zero curvature equations for the connection
relative to which the Killing spinors are parallel, and this is done by first solving for the
vanishing of the Clifford trace of the curvature: this simplifies the calculation and might be
of independent interest. Section 4.4 contains the result of the classification of maximally
supersymmetric backgrounds up to local isometry: apart from Minkowski space and AdSy,
we find the Lie groups admitting a Lorentzian bi-invariant metric. In section 5 we finish
the determination of maximally supersymmetric filtered subdeformations of p and recover
in this way the Killing superalgebras of the maximally supersymmetric backgrounds found
in section 4.4. In the case of a Lie group with bi-invariant metric, we note that the Killing
ideal is a filtered deformation of a = S @ V and also explicitly describe all other associ-
ated maximally supersymmetric filtered subdeformations of p. The main result there is
Theorem 14 in section 5.4. Finally, in section 6, we offer some conclusions.

Given the nature of this problem, it is inevitable that we shall recover some known
results and observations which it would be remiss of us not to contextualise. In particular,
in addition to RY3, our classification of Killing superalgebras for maximally supersym-
metric backgrounds yields, up to local isometry, the following conformally flat Lorentzian
geometries:

e AdSy;
e AdS3 xR, with AdSs identified with SL(2,R) with its bi-invariant metric;
e R x S, with S? identified with SU(2) with its bi-invariant metric; and

e NW,, a symmetric plane wave isometric to the Nappi-Witten group with its bi-
invariant metric.

We prove that the geometries above are indeed realised as the maximally supersymmetric
backgrounds of minimal off-shell supergravity in four dimensions, in Lorentzian signature.
That is, we do not assume the form of the supergravity Killing spinor equation from the



outset — we actually derive it via Spencer cohomology! It therefore follows that the first
three geometries above are precisely the maximally supersymmetric backgrounds obtained
in [12]. Indeed, the classification of maximally supersymmetric backgrounds of minimal
off-shell supergravity in four dimensions has been discussed in various other contexts in
the recent literature, e.g., see [18] (section 2.1), [41] (sections 4.2-3), [34], [42] (p. 2), [43]
(pp. 12-13). The NW, background is rarely mentioned explicitly — perhaps because,
unlike the other maximally supersymmetric Lorentzian backgrounds, it has no counterpart
in Euclidean signature — but it is noted in ([42] p. 2) as a plane wave limit, albeit in
the context of N = 2 supergravity backgrounds. It is also worth pointing out that ([18]
section 2.1) contains several useful identities (e.g., integrability conditions and covariant
derivatives of Killing spinor bilinears) that we also encounter in our construction of the
Killing superalgebra for minimal off-shell supergravity backgrounds.

2 Spencer cohomology

In this section we define and calculate the (even) Spencer cohomology of the Poincaré
superalgebra. This calculation has two purposes. The first is to serve as a first step in the
classification of filtered subdeformations of the Poincaré superalgebra which is presented
in section 5. The second is to derive the equation satisfied by the Killing spinors which, as
we show in section 3, generate the filtered subdeformation. The main result, whose proof
takes the bulk of the section, is Proposition 3.

2.1 Preliminaries

Let p = p_o @ p_1 @ po, where p_o = V, p_; = S and py = so(V), be the Poincaré
superalgebra and p_ = p_o @ p_1 the negatively graded part of p. We will now determine
some Spencer cohomology groups associated to p. We recall that the cochains of the
Spencer complex of p are linear maps APp_ — p or, equivalently, elements of APp* ® p,
where A® is meant here in the super sense, and that the degree in p is extended to the
space of cochains by declaring that p;, has degree —p. The spaces in the complexes of even
cochains of small degree are given in table 1, although for d = 4 there are cochains also for
p = 5,6 which we omit.
Let 4P (p—,p) be the space of p-cochains of degree d. The Spencer differential

8: CHP(p_,p) — CP(p_,p)

is the Chevalley-Eilenberg differential for the Lie superalgebra p_ relative to its module p
with respect to the adjoint action. For p = 0,1,2 and d = 0 (mod 2) it is explicitly given
by the following expressions:

9:C"(p—,p) = C'(p—,p) (2.1)
a¢(X) = [X. (],
9: 0" (p,p) = C¥(p—,p) (2.2)
OC(X.Y) = [X.¢(V)] — (~)*[Y.C(X)] — ¢(1X,Y]). |



deg 0 1 2 3 4
S—=S
0 % 25 -V
so(V) Vv ©°S —
NV =V 5
2 VossoV) | Ves—s @f;,g;jv 1S =V
©28 — s0(V)
SV =so(V) |
4 AV Sso(V) | A2V @S S gggg;"iv;
NV =V

Table 1. Even p-cochains of small degree.

0: C*(p-,p) = C%(p_,p)
(XY, 2) = [X,C(Y, 2)] + (=1)" Y, (2, X)] + (1) [Z,((X,Y)]  (23)
- C([Xv Y]7Z) - (_1)x(y+z)g([Ya Z]7X) - (_1)Z($+y)g([zv X],Y) )

where z,7, ... are the parity of elements X,Y,... of p_ and ¢ € C%P(p_,p) with p = 0,1,2
respectively.

In this section we shall be interested in the groups H%?(p_, p) with d > 0 and even. We
first recall some basic definitions. A Z-graded Lie superalgebra a = @ a,, with negatively
graded part a_ = @p <0 Op is called fundamental if a_ is generated by a_1 and transitive
if for any X € a, with p > 0 the condition [X,a_] = 0 implies X = 0.

Lemma 1. The Poincaré superalgebra p = p_o ® p_1 & po is fundamental and transitive.
Moreover H?(p_,p) =0 for all even d > 2.

Proof. The first claim is a direct consequence of the fact that x(S,S) = V and that the
natural action of so(V) on V is faithful. For any ¢ € C*2(p_,p) = Hom(A%V,s0(V))
one has

¢ (s1,52,v1) = —((K(s1,52),v1)
I¢(v1,v2,81) = —a(((v1,v2))s1

0C(v1,v2,v3) = —((v2,v3)v1 — ((v3,v1)v2 — ((V1,v2)V3

where s1,s89 € S and vy, v9,v3 € V. The first equation implies Ker 6[04,2('377,3) = 0, since p
is fundamental, and therefore H*?(p_,p) = 0. Finally C%?(p_,p) = 0 and H?(p_,p) =0
for degree reasons, for all even d > 4. L

Note that the space of cochains C4P(p_,p) is an so(V)-module and the same is true
for the spaces of cocycles and coboundaries, as 0 is so(V')-equivariant. This implies that
each cohomology group H®P(p_,p) is an so(V)-module, in a natural way. It remains to
compute

H2,2(p p) — ker 0 : 0272(‘3—7]3) — 02’3(]3—7]3)
o 90> (p—.p)




and, in particular, to describe its so(V)-module structure. We consider the decomposition
C**(p_,p) = Hom(A?V, V) @ Hom(V ® S, S) & Hom(®?S, 50(V))

into the direct sum of so(V)-submodules and write any ¢ € C%?(p_,p) accordingly; i.e.,
¢ =a+ B+ with
a € Hom(A?V, V)
g € Hom(V ® S, S)
and v € Hom(®%S, s0(V)) .

We denote the associated so(V')-equivariant projections by

7@ C*2(p_,p) — Hom(A2V, V)
™ 0?2 (p_,p) — Hom(V @ S, S) (2.4)
and 77 C%2(p_,p) — Hom(0%S,s0(V)) .

Lemma 2. The component 0% = 7% 0 : Hom(V,s0(V)) — Hom(A%V, V) of the Spencer
differential 8 is an isomorphism. In particular, ker ] c2.2(,_ ) = OHom(V,s0(V)) & #72,
where %2 is the kernel of 0 acting on Hom(V ® S,5) @ Hom(©2S,50(V)), and every
cohomology class [a+ B +~] € H*>2(p_,p) has a unique cocycle representative with o = 0.

Proof. The image of ¢ € Hom(V,s0(V')) under 0% is given by

0%(v1,v2) = P(v1)ve — P(va)v1

where v1,v2 € V and the first claim of the lemma follows from classical arguments (see [44];
see also e.g., [39, 45]).

Now for any given o € Hom(A?V, V), there is a unique ¢ € Hom(V,s0(V)) such
that 0y = a + 5—1— 7, for some B € Hom(V ® S,8) and 57 € Hom(®25,s0(V)). Hence,
given any cocycle ( = a4+ 8 + 7, we may add the coboundary 9(—1) without changing
its cohomology class and resulting in the cocycle (5 — 5) + (v — ), which has no com-
ponent in Hom(A2V, V). This proves the last claim of the lemma. The decomposition
ker 0|czz2(,_p) = OHom(V,s0(V)) @ 72 is clear. O

2.2 The cohomology group H?*?(p_,p)

Lemma 2 gives a canonical identification H??(p_,p) = 52?2 of so(V)-modules. Further-
more it follows from equation (2.3) that 3 + 7 is an element of 7?2 if and only if the
following pair of equations are satisfied:

(s, 8)v = —2k(s, B(v,s)) VseSvel, (2.5)
and
o(y(s,s))s = —B(k(s,s),s) Vses. (2.6)

Note that (2.5) fully expresses 7 in terms of /3, once the integrability condition that ~ takes
values in so(V') has been taken into account. The solution of the integrability condition
and of equation (2.6) is the content of the following



Proposition 3. Let 3+~ € Hom(V ® S, 5) ® Hom(®2S,s0(V)). Then (B +v) = 0 if
and only if there exist a,b € R and o € V' such that

(i) 5(”»5):U'(CL‘H)VOI)'8—%(U~<,0+3<p-v)-vol-s,

(ii) v(s,s)v = —2k(s, B(v,s)),

forallv eV and s € S. In particular there is a canonical identification
H*2(p_,p) = #*? ~2RDV
of so(V')-modules.

Proof. We find it convenient to work relative to an n-orthonormal basis (e,) for V. In par-
ticular the formalism of section A.2.1 is in force, as is the Einstein summation convention.
Let us contract the cocycle condition (2.5) with w € V. The left-hand side becomes

n(w,7(s,5)(v)) = (s, 8)mwtv”, (2.7)
whereas the right-hand side becomes
—2n(w, k(s, B(v,s))) = =2 (s,w - B(v,s)) = —2w'v"s,B,s, (2.8)
where we have introduced 3, = (e, —). In summary, the first cocycle condition becomes
whv” (y(s, 8)w + 25T ,8,5) =0, (2.9)
which must hold for all v,w € V, so that they can be abstracted to arrive at
(8, 8)uw + 25,8, =0 . (2.10)

Symmetrising (ur) we obtain the “integrability condition”

EF(#ﬂy)S =0, (2.11)
whereas skew-symmetrising [uv] and using that v(s, s)u., = —7(s, ),u, we arrive at
Y(8,8)uw = =251, 8,5 (2.12)

Notice that, as advertised, this last equation simply expresses v in terms of 5. Acting on
s€ S,

0(7(37 3))8 = _%7(87 S)MVFMVS

) (2.13)
= 5(50uBys)IH s,
and inserting this equation into the second cocycle condition (2.6), we arrive at
(3T%5)Bus + (3T By s)I"s =0 . (2.14)

So we must solve equations (2.11) and (2.14) for .



Since End(S) = C¢(V) = A*V (where the first isomorphism is one of algebras and the
second one of vector spaces), we may write

Bu=BO1+ BT + L8 TP + BT Ts + BT, (2.15)
with Bff) € A'V so that

5T,Bss = BYVBT s + BEVPST ups — BE) STPs + Leuor, BP0 s, (2.16)

where we have used the last of the duality equations (A.19) and the symmetry rela-
tions (A.11).

Inserting this into equation (2.11), which must be true for all s € S, we get that
the terms which depend on 5I'Ps and sI'”?s must vanish separately and we arrive at two

equations:
B + B — B, — B), =0, (2.17)
and
ﬂupﬁﬁr) + nup/B;(ir) - nuaﬂyp) - nuaﬁl(}p) + ﬁflg)TequU + /Bl(/S)TEM’TpU =0. (2‘18)

Tracing this last equation with n*¥, we learn that
1 _ 3) pv
B[pa] - _%B( n Cpvpo s (219)
whereas tracing (2.18) with n”? and using (2.19), results in
3
By =an, and B2 =0, (2.20)

for a = %n’“’ﬂﬁ) cR.
Substituting the expressions above back into equation (2.18), we find

B erpe + B €urpo =0 . (2.21)
Multiplying by %eo‘ﬁp", and using the identities (A.20), we obtain
— 09858 4 5880 — 50 B3F 1 5780 =0 . (2.22)
Tracing the expression above with n*?, we arrive at
59 = b (2.23)

for b = %n“"ﬁfﬁ) eR.
Tracing equation (2.17) with n*¥ gives

280 — 22 =0, (2.24)
while tracing it with n*? gives



These two equations together imply

BY =0, (2.26)
which, when inserted into equation (2.17), yields
2
B =0. (2.27)

This implies ﬂgj)p = 5[(53,,] (ie., B € A3V ), so that it can be parametrised by ¢ € V
such that

BD, = €upo” - (2.28)
In summary, the general solution of equation (2.11) is

Bu=Tula+bl5) + @I ls + BT, (2.29)

where we have used the the last of the identities (A.19).
Next we solve the second cocycle condition (2.14). Using the expression for 3, given
in equation (2.29), we can rewrite the first term of equation (2.14) as follows:

(5T"s) (Fu(a 4 bD5) + 0Tl + ﬂfﬁm) s, (2.30)

where, using that the Dirac current of s Clifford annihilates s (see Proposition 15), the first
term vanishes. Similarly, using I, = —I',I"), — 1, and again the fact that (sI'*s)I",s = 0,
the first term in equation (2.14) becomes

(57%5) (B~ ) Tss . (2.31)

We now rewrite the second term in equation (2.14) by inserting the expression for 3, in
equation (2.29) into equation (2.16) to obtain

28,8, s) s = $(3T(a + b5 )s)TH s — (3T7s)p,Iss (2.32)

where we have again used I',, = —I',T";, — 1., and the fact that (5T'"s)I',s = 0. The first
term on the right-hand side vanishes by virtue of the fact that the Dirac 2-form of s and its
dual both Clifford annihilate s (see Proposition 15). In summary, equation (2.14) becomes

(5THs) (5};9 - 2%) Tss =0, (2.33)
for all s € S, whose general solution is
BY =2¢, . (2.34)
Inserting this into equation (2.29), we arrive at
Bu =Tpula+0Is) + ¢"T W I's + 29,05,
which can be rewritten as

By =Tu(a+0bls) — " (0,1, +30,0,)T5,

from where the result follows. O

,10,



Hom(V, APV)
AV
AV @ A2V @ (Ve AV,
ALV @ (V@ A2V)g
ANV @ AV @ (Ve AlV)
AV

=W NN~ oo

Table 2. Irreducible components of Hom(V, APV) for p =0,...,4.

Alternative proof. It may benefit some readers to see an alternative proof of this result,
which exploits the equivariance under so(V').

Let us consider the first cocycle condition (2.5). Given 8 € Hom(V,End(S)) and
any v € V we let 8, € End(S) to be defined by 8,s = B(v,s) and rewrite (2.5) as
(s, 8)v = —2k(s, Bys). Taking the inner product with v and using (A.13) and (A.9) we
arrive at

0= (s,v-0Bys) , (2.35)

for all s € S, v € V. In other words, for all v € V, the endomorphism v - 3, of S is
in A28 = AV @ A3V @ A*V or, equivalently, it is fixed by the anti-involution ¢ defined
by the symplectic form on S. We claim that the solution space of equation (2.35) is an
s50(V)-submodule of Hom(V, End(S)). To see this, it is convenient to consider the so(V)-
equivariant map

T : Hom(V, End(S)) — Hom(®*V, End(S))
which sends 3 to Y(f) given by

T(ﬁ)(v>w) :,U'Bw"i‘w'ﬂva

for all v,w € V. We consider also the natural decompositions into so(V')-submodules

4
Hom(V,End(S)) = @Hom(V, NPV |
p=0

) (2.36)

Hom(©%V, End(S)) 2 @) Hom(?*V, A7V)
q=0
which are induced by the usual identification End(S) = @220 APV This allows us to write
any elements 3 € Hom(V,End(S)) and § € Hom(®?V,End(S)) as 8 = By + - + B4 and
0 = 0+ -+ 04, where 8, € Hom(V,A\PV) and 6, € Hom(®?*V,A%V). The claim then
follows from the fact that equation (2.35) is equivalent to Y(8), =0 for ¢ = 1, 2.

In table 2 above we list the decomposition of Hom(V, APV) for p = 0,1,...,4 into
irreducible so(V')-modules, with (V ® APV)g denoting the kernel of Clifford multiplication
V@AV — NPTV @ APV

From the first decomposition in (2.36) we immediately infer that Hom(V, End(S)) is
the direct sum of five different isotypical components, namely

2NV, antv, 2A%V (2.37)
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and
20V @ AV, (Ve AV, . (2.38)

Note now that for any ©, 0" € A%2S the element 3 € Hom(V,End(S)) defined by

Bus=v-0-5+0 -v-s

satisfies
S(v-By) = =n(v,v)s(0) +5(v- O v)
= -—nv,0)0+v-¢(O) v
=-—n(v,v)0+v-0" v
=v- /Bv
and it is therefore a solution of (2.35). If instead ©,0’ € ©2S = AV @ A%V a similar
computation yields ¢(v - 8,) = —v - B,. In summary we get that the solution space of

equation (2.35) contains an so(V')-module isomorphic to
NVa2A3V ety (2.39)

where, say, © € AV @ A3V @ AV, © € APV and that there exists another submodule
which is isomorphic to
ANV @2V (2.40)

and formed by elements which do not satisfy (2.35). Note that the direct sum of (2.39)
and (2.40) gives all the isotypical components (2.37) in Hom(V, End(S5)).

We now turn to the remaining isotypical components (2.38). We first recall that
Hom(V, End(S)) contains a single irreducible submodule of type (V ® A?V)g. We fix an
orthonormal basis (e,) of V', consider the element

B=e€®esNestes@e Nesc (VAT
and evaluate
TY(B)(e1 + ez, €1+ €2) = (€1 +€2) * Beites
= —(e1+e2) (e2Ne3) — (e1+e2) (e1 N e3)
= 1e,(€2 N €3) + 1, (€1 N E3)
= —263 .
In other words Y(); # 0, which implies that (V ® A2V)g is not included in the solution
space of equation (2.35). Finally any irreducible submodule in Hom(V, End(S)) isomor-
phic to (V. ® A'V)g is given by the image into Hom(V, A'V) @ Hom(V, A3V) of an so(V)-
equivariant embedding & + (r1€,72€), € € (V @ A'V)g, where 1,72 € R. For instance the
image of { =e1 ® ez +ea®@e; € (V@ AV)gis
B=ri(e] ®es+ €)@ er) +rae] ®xes + €y @ xer)

—ri(e)Rert+ ey @e) +ra(—€]DegAer Aez+ ey DegAey Aes)
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and we have

3T (B)(e1,e1) = e1 - fe,
= —ri(e1-e2) +rafer-eg Aep Aes)

= —rie; ANeyx —roeg N\ es.

It follows that ()2 # 0 unless 7 = ro = 0 and that the solution space of (2.35) does not
contain any submodule isomorphic to (V ® A'V)q either.

In summary we just showed that 5 € Hom(V, End(S)) solves (2.35) if and only if there
exist reals a,b and vectors ¢1, 9 such that

Buvs=v-(a+bvol)-s+ (v-p1+2-v)-vol-s, (2.41)

forallv eV and s € S.

We now turn to equation (2.6), with § as in (2.41) and v expressed in terms of 3
using (2.5). We remark that from the above discussion we already know that 72 is
identified with an so(V)-submodule of 2 A"V @ 2 AL V.

At this point it is convenient to fix an n-orthonormal basis (e,) of V and use the
Einstein summation convention on indices as in appendix A.2.1.

We first introduce

(s, S)W = n(eu,’y(s, s)ey)
and note that (2.5) is equivalent to 7(s,s), = —25[,B,5 where we set 8, = fBe,. In
particular,

0(7(87 S))S = _if)/(sv S)MVIWVS
= %(EFMBVS)F’“’S ,
B(k(s,s),8) = (5T"s)Bus ,
and equation (2.6) is equivalent to
(3L uBys) T s + (5T"s8)Bus = 0 . (2.42)

We first show that #%? includes the whole isotypical component 2A°V. Indeed if B,s = av-
s for some real a then the left-hand side of equation (2.42) is a(3 (3T 4, s)T"s + (sTs)I',,s)
and both terms are zero separately since w®) (s, s)-s = w()(s, s)-s = 0 (see Proposition 15).
If Bys = bv - vol s, for some real b, we also get b(3 (5T, 'ss)T s + (sT#s)I',IT'ss) = 0 since
*w@(s,5) -5 = xwM(s,5) - s = 0 (see again Proposition 15).

Finally, we consider the irreducible submodule in 2 A! V' determined by (2.41) and the
image of the so(V')-equivariant embedding ¢ — (¢1, 2) = (r1@, r2¢), where 1,72 € R. In
other words, we consider ,s = (r1v- ¢ +rop-v)-vol-s and note that equation (2.42) gives

sr1 (S0 ls8) I s + Sro (31,0l Ts )T s + 1 (ST¥s)T oL 58 + 1o (5T#s) ol I'ss = 0 .
(2.43)
The last term vanishes because (3T*s)[',I'ss = —w®) - s = 0 (see Proposition 15). The
third term is

rik - @l'ss = —r1p - k058 — 2rin(k, o)Tss = —=2rn(k, p)T'5s,
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again, using that w® . s = 0. Using equation (A.19) repeatedly, the Clifford relation and
Proposition 15 again, we can rewrite the first two terms of (2.43) as

—r1n(k, p)Lss + ran(k, ¢)Tss,

turning equation (2.43) into
(r2 = 3r1)n(k, ¢)l'ss =0 .

Since this must hold for all ¢ € A'V and s € S, it follows that ro = 3r1. ]

3 Killing superalgebras

In analogy with the results [39, 40] in eleven dimensions, we define a notion of Killing
spinor from the component g of the cocycle in Proposition 3. In this section we prove that
these Killing spinors generate a Lie superalgebra.

3.1 Preliminaries

Let (M, g,a,b,) be a four-dimensional Lorentzian spin manifold (M, ¢g) with spin bundle
S(M) which is, in addition, endowed with two functions a,b € €°°(M) and a vector field
@ € X(M). The main aim of this section is to construct a Lie superalgebra ¢ = €5 @ €;
naturally associated with (M, g,a,b, ¥).

Motivated by (i) of Proposition 3 we introduce the connection

Dxe:=Vxe—X-(a+bvol)-e+ (pAX)-vol-e —2¢(p, X)vol - (3.1)
on S(M), where V is the Levi-Civita connection of (M, g), X € X(M), ¢ € I'(S(M)).
Definition 4. A section e of S(M) is called a Killing spinor if Dxe = 0 for all X € X(M).

Note that any non-zero Killing spinor is nowhere vanishing since it is parallel with
respect to a connection on the spinor bundle. We set

E():{XE:{(M)|gxg:$)(a:$xbzgxcp:0},

3.2
t;={c € (S(M))| Dxe=0 forall X € X(M)}, (3.2)
and consider the operation [—, —] : £® £ — ¢ compatible with the parity of ¢ = ¢; @ ¢; and
determined by the following maps:
o [—,—]:t;®¢E; — £ is given by the usual commutator of vector fields,
o [—,—]: ¢t ®¢t — t is a symmetric map, with [e,e] = k(e,¢) given by the Dirac
current of € € 1,
o [—,—]: ¢t ®¢¥t — ¢t is given by the spinorial Lie derivative of Lichnerowicz and

Kosmann (see [46] and also, e.g., [47]).
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The fact that [—, —] actually takes values in ¢ is a consequence of Theorem 7 below, where
we show that [—, —] is the bracket of a Lie superalgebra structure on €. Assuming that
result for the moment we make the following

Definition 5. The pair (¢ = t; @ £, [—, —]) is called the Killing superalgebra associated
with (M, g,a,b, ).

We recall that the spinorial Lie derivative of a spinor field ¢ along a Killing vector
field X is defined by Lxe = Vxe + 0(Ax)e, where o : so(TM) — End(S(M)) is the spin
representation and Ay = —VX € so(T'M). It enjoys the following basic properties, for all
Killing vectors X, Y, spinors ¢, functions f and vector fields Z:

(i) Zx is a derivation:

Zx(fe) = X(f)e + fLxe;
(ii) X — Zx is a representation of the Lie algebra of Killing vector fields:

gx(gyé‘) - Zy(.ﬁfxe) = .,iﬂ[X,y}é‘ 5

(iii) Zx is compatible with Clifford multiplication:

Ix(Z-e)=[X,Z])-e+ 7 - Lxe;

(iv) Zx is compatible with the Levi-Civita connection:

gx(VZ{:‘) = V[X,Z]5 + VZ(ng .
We note for later use that, from property (iii) and the fact that 25 = AV @& A%V, we

have for any Killing vector X, spinor ¢ and vector field Z,

9([X, k(e e)], 2) = X(g(r(e,€), Z2)) — g(k(e, €), [X, Z])
=X{(e,Z €)= (e,[X,Z] - ¢)
=2(Vxe,Z-e)+(e,VzX -¢)
=2(Vxe,Z-e)+2(e,Z-0(Ax)e)
=29(rk(Zxe,€), Z)

which yields the following additional property of the spinorial Lie derivative:

(v) the Dirac current is equivariant under the action of Killing vector fields:

(X, k(g, e)] = 2k(ZLxe,€) .

We first collect a series of important auxiliary results, which will be needed in the
proof of the main Theorem 7.

Proposition 6. Let ¢ be a non-zero section of the spinor bundle S(M) of (M, g,a,b,p),
with associated differential forms
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o W) € QN (M), where WM (X) = (e, X - &),
o w® € QX(M), where WP (X,Y) = (e,( X AY) - &),
e 0 = —5%w® e (M), where 3P (X,Y) = (,(X AY) - vol -¢),
o w® = 5w e Q3(M), where w®(X,Y,Z) = (e,(X NY A Z) -vol ),
for all X,Y,Z € X(M). If € is a Killing spinor then
(i) dw® = —4aw® — 452 — 4Z¢w(3),
(ii) dw® = 6bw®),
(i) do® = —6aw®,
(iv) dw® = 0.
In particular the Dirac current K = k(g,€) of € is a Killing vector field satisfying
Zxa=Lxb= LoV = Lrw? = Z5® = Lrw® =0 (3.3)
and

0=—209(Z, X)g(Lrp,Y) +26P(Z,Y)g(Licp, X) — 20D (L, Y)g(Z, X)

(3.4)
+ 20 (Lo, X)g(Z,Y) + 45D (X, Y)g( Lo, Z)

forall X,Y,Z € X(M).
Proof. For any Killing spinor ¢ and X,Y, Z € X(M) we compute

(VzwM)(X) =2(e, X - Vze)
=2a(e, X NZ-e)+2b(e, X NZ -vol-e) +2(e,op NX NZ -vol-€) ,
and
(Vzw)(X,Y)=2(e, X AY - Vze)

=2a(e,XN\NY -Z-¢)+2b(e, X \NY -Z-vole)
-2, XANY - pNZ-vole)+4g(p,Z) (e, X NY -vol -¢)

=2a9(Z,X)(e,Y -€) —2a9(Z,Y) (e, X -¢) +2b(c, ZANX NY -vol-€)
+29(p,Y) (e, X N Z -vol-e) —2g(¢, X) (e, Y A Z - vol -€)
—29(Z,Y) (e, X Np-vol-€) +2¢(X,Z) (e,Y N -vol-e)
+49(p, Z) (e, X NY -volg) ,

where, in both cases, the last equality follows from equation (A.11) or, equivalently, that
®2S = A'V @ A%V, In other words we have

V2w = —2a1,03) — 201,53 — 2222¢w(3) , (3.5

Vzw0® =202 A w® 4 20170®) — 20,5 A o — 27 N 1,0 + 4g(p, Z2)DP (3.6)
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and applying x, which is a parallel endomorphism of 2°®(M ), on both sides of these identities

we also get
vzw@) — 207 A UJ(l) _ 2&2200(3) + 27 N ZWW(2) + 2ZZLL)(2) A\ ©w— 49(90’ Z)UJ(Q) 5 (37)
Vsw® =2aZ Ao® — 202 Aw® +2Z A o Aw®) . (3.8)

Claims (i)-(iv) follows then immediately from the fact that for any w € QP (M) we have

3 3
dw = Ze“ A Ve,w and Z et Ne,w =pw,
p=0 p=0

where (e,,) is a fixed local orthonormal frame field of (M, g).
Now, for any Killing spinor € and X,Y € X(M) we have

g(VxK,)Y)=2(e,Y -Vxe)
=2a(e,Y -X-e)+2b(e,Y - X -vol-e) —=2(¢,Y - (p A X)) - vol -€)
+4g(p, X) (e,Y - vol -€)
=2a(e, YANX)-e)+2b(e,(Y ANX) -vol-e) +2(c,(p AY AN X) -vol ¢)
where the last equality follows from equation (A.11). Since the last term is manifestly
skewsymmetric in X and Y we have that K is a Killing vector. From dw® = 0, we

also have
0 = d(dw®) = 6db A w® = —6db A xwM) = —6(2db) vol ;

i.e., Zxb=0. One shows Zxa = 0 in a similar way. If w = w®,w® 5@ or w®), then
1xw = 0 by Proposition 15 and from (i)-(iv) we get

Lrw = digw +1dw =0 .

This proof of (3.3) is thus completed.
In order to show (3.4) we use that K is a Killing vector and Zxw® = 0 so that for
all X,Y, Z € X(M):
0= (ZLiVze)(X,Y) = (Vg z0®) (X, Y)
= XK((va@)XX’ Y)) - (v[K,Z]w(2))(X7 Y) - VZW(Z)([Kﬂ X]? Y) - va(2)(X, [K7 Y])
+20® (Licp, X)g(2,Y) + 452 (X, Y )g(Licp, Z) ,
where the last identity follows from a direct computation using (3.6) and (3.3). O

3.2 The Killing superalgebra

We state and prove the main result of section 3.

Theorem 7. Let X,Y € t5 and ¢ € ¢5. Then [X,Y] € €5, k(e,e) € ¥ whereas Lxe € ¥;.
Moreover, [—,—] defines a Lie superalgebra on € = 5 @ €7.
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Proof. The fact that [t5,€5] C ¢; follows from basic properties of Lie derivatives of vector
fields. On the other hand for any X € €5 and Z € X(M) we have that

[Zx,Dz] = Dix 7,

since D depends solely on the data (g,a,b, p) which is preserved by X € €. This shows
that Zxe is a Killing spinor or, in other words, that [t5, £1] C ;.

We already know from Proposition 6 that K = k(e,¢) is a Killing vector field which
satisfies Zxa = Lxb = 0. To prove K € £; we still need to show Zxp = 0. From
Proposition 6 we have

0= —id(dw(l)) = da Aw® 4 6abw® +db A TP — 6abw® + diw®

=daAw® +dbADP — L, %0V
and hence, for any 9 € QY (M),

DA% LoD =9 N L, x w0 — div(p)d A — (L,g) (0, wD) vol

3.9
=9 AdaAw® +9AdbATP + div(e)d Aw® — (i@,g)(ﬂ,w(l)) vol . (3.9)

In the special case where 19 = 0 the first three terms of the right-hand side of the above
identity are degenerate 4-forms and hence zero. Then equation (3.9) becomes

0= AxZpwM + (L,9)(9,0™) vol
= —g(Z9,0W) vol
= —(Z,9)(K) vol
= V(LK) vol
= —9(ZLkp)vol,

so that L@ = fK, for some f € € (M). From this fact, equation (3.4) and wMAD? = 0
we finally get

0= 720X, V)wM(2) + 3P (X, 2)wM (V) + 352 (Z, V)V (X))
=3f0@(X,YV)wM(2),

for all X,Y,Z € X(M), hence f = 0. This proves Lxp = 0 and [¢1, ¢1] C ;.
We finally show that [—, —] : £ ® & — ¢ satisfies the axioms of a Lie superalgebra. This
is a direct consequence of the following observations:

(i) €5 is a Lie algebra: this is just the Jacobi identity of the Lie bracket of vector fields;
(ii) €5 acts on £1, by property (ii) of the spinorial Lie derivative;

(iii) the Dirac current is a symmetric €g-equivariant map, by property (v) of the spinorial
Lie derivative;
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(iv) for any e € ¢7, with associated Dirac current K = k(g,¢), we have from the definition
of Killing spinor and (3.5) that

e =Vige+o(Ak)e

= —(e A K)vol-e+2g(p, K)vol -5+Z<Pw(3) €

=g(p, K)vol-e + z(pw(?’) .

3 .o

9
:O’

where the last equality holds by Proposition 15. This is equivalent to the component
of the Jacobi identity for € with three odd elements.

The proof is thus completed. ]

3.3 The Killing superalgebra is a filtered deformation

We now show that the Killing superalgebra ¢ = €5 @ €7 is a filtered deformation of a
Z-graded subalgebra of the Poincaré superalgebra p. To this aim, it is convenient to
denote the triple (a, b, p) collectively by ® and to abbreviate the Killing spinor equation
as Vze = B2e, where 8% is the End(S(M))-valued one-form defined by

Bee =27 -(a+bvol) e —(pAZ) vol-e+2g(p, Z)vol €, (3.10)

for all Z € X(M) and € € T'(S(M)). The notation is chosen to make contact with that
of Proposition 3. The reason for the superscript ® is to distinguish 8% from the more
general component 3 of the filtered Lie brackets in (3.15) below. For a similar reason we
also introduce the so(7'M)-valued symmetric bilinear tensor 4 on S(M) given by

7@(575)(Z) = *2]{(/8%575) )

for all Z € X(M) and € € T'(S(M)).
Let & = &5 @ &7 be the super vector bundle with

& =TM@so(TM) and & = S(M)

and (even) connection Z defined on & by [48, 49]

3 Vz§+ A(Z)
7 = 3.11
. (A VA - R(Z,€) o1
and on &7 by the connection D in (3.1). A section (£, A) of & is parallel if and only if £
is a Killing vector and A = —V¢, whereas a section ¢ of &7 is parallel if and only if it is a

Killing spinor. Therefore £ is a subspace of the parallel sections of &: £; are precisely the
parallel sections of &7, whereas €5 are the parallel sections of & which in addition leave
invariant the scalars a and b and the vector field .
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Parallel sections ¢ of a vector bundle with connection are uniquely determined by their
value (|, at any given point o € M. (We tacitly assume that M is connected.) Let us
introduce the following notation

(Vin) = (ToM, gl,) s50(V) =so(T,M) S =S,(M) .

Therefore ¢ determines a subspace of &, =V @ so(V) @ S, which is the underlying vector
space of the Poincaré superalgebra p. We recall that p is a Z-graded Lie superalgebra with
Lie brackets given in equation (1.1) and that the Z and Zy gradings are compatible.

Let (&, A¢), with A¢ = —V¢, and (¢, A¢) belong to €5. Their Lie bracket is given by

[(§5 Ae), (¢ Al = (AeC — AcE, [Ag, Acl + R(€,€)) (3.12)

where the bracket on the right-hand side is the commutator in so(7'M). We see that the
Riemann curvature measures the failure of £; to be a Lie subalgebra of the Poincaré algebra
pg- If now e € £1, then the Lie bracket with (£, A¢) is given by

(&, A¢), €] = Vee + 0(Ag)e = e + o(Ag)e, (3.13)

where o : so(T'M) — End(S(M)) is the spinor representation. Finally, the Dirac current
of a Killing spinor € € ¢7 is given by

[e. ] = (k(e, €), AK(E,E)) )

where

Apee)(Z) = =V zh(e,e) = —2k(Vze,€) = —2r(Bre,e) .

We now show that £ defines a graded subspace of p = &,. Define ev) : €5 — V to be
evaluation at o and projection onto V' =T, M. More precisely,

evO(€, Ag) = €, -

Similarly, let ev! : &; — S be the evaluation at 0. We set ' = imev! and V’ = imev?.

Let h = kerev,. These are the Killing vectors in €5 which take the form (0, A4) €
V @ so(V) at o € M. Therefore b defines a subspace of so(V'), but from equation (3.12),
we see that it is also a Lie subalgebra:

Ol =

[(07‘4)7 (OvB)] = (07 [A7 B]) :

In addition, the conditions Zra = Z:b = Zrp = 0 that are satisfied by the Killing vectors
¢ € t5, when evaluated at o € M, imply that if (0, A) € b then

A e so(V)Nstab(al,) Nstab(b],) Nstab(¢l,),
and the Lie bracket (3.13) at o € M implies that

[(0,A),e] = (A .
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In particular, b acts on S by restricting the action of so(V'), and this action preserves S’.
The Lie subalgebra h < £; defines a short exact sequence

9 - & o,y 0, (3.14)

which yields a vector space isomorphism €5 = h@ V', and therefore as graded vector spaces,
a (non-canonical) isomorphism

txhpS oV cso(V)aSaV yp.

We now wish to express the Lie superalgebra structure on £ in terms of a Lie bracket
on the graded vector space h & S @ V'. This requires a choice of splitting of the short
exact sequence (3.14). Geometrically, this amounts to choosing for every v € V' a Killing
vector field £ € ¢ with |, = v. Such a choice gives an embedding of V' into V & so(V)
as the graph of a linear map X : V/ — s0(V); that is, by sending v € V' to (v,%,), where
Y., € so(V) is the image of v under 3. Any other choice of splitting would result in (v, 3!)
for some other linear map ¥/ : V' — s0(V), but where the difference ¥ — %' : V' — b.

The Lie bracket of (0, A) € h and (v, %,) € & is given by

[(0,4),(v,3,)] = (Av, [A,2,)]) = (Av, X ay) + (0, [A, 2] — Eay) -

Similarly, if € € £7, then
[(v,5,),€] = B%e + Bue,

whereas
[Ev E} = ("1(57 5)7 An(s,s)) = (5(57 5)7 En(s,s)) + (07 AH(E,E) - En(s,s)) :
Finally, if v,w € V’,

[(U7 ZU)» (wa Ew)} = (va - vaa [Em Zw] + R(Uv w))
- (va — Y, Evawav) + (07 [Eva Ew} + R(Uy w) - ZEUwawv)

This allows us to read off the Lie bracket on h & S’ @ V'. We will let v,w € V', s € S’
and A, B € h. Then we have

[A,B] = AB — BA
[A,s] =0(A)s
[A,v] = Av+ [A,%,] — T4y
S ——
A(Aw)

s,8] = k(s,5) +72(s5,8) — Sp(ss
[s,5] = r(s,8) +77( )v (5,5) (3.15)

[v,s] = ﬁfs + 3,8
—_————
B(v,s)
[v, W] = Xyw — Xy + [y, Xoy] + R(v, w) — Xoyp) 5
—————

a(v,w) S(v,w)
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which define maps A: h @ V' = b, v: 028 = b, B: V' @85 = 8, a: A’V = V' and
§: NV b,

Notice that all the under-braced terms have positive filtration degree: A, «, 5 and
~v have degree 2, whereas § has degree 4. If we set those maps to zero, which is equiva-
lent to passing to the associated graded superalgebra, then we are left with the Z-graded
subalgebra a < p given by the Lie brackets

[A,B] = AB— BA [s, 8] = K(s,s)
[A,s] =0(A)s [v,s] =0 (3.16)
[A,v] = Av [v,w] =0 .

Moreover, it follows from Lemma 16 in the appendix that if dim S’ > %dimS = 2, then
Vi =V.
Therefore we have proved the following

Proposition 8. The Killing superalgebra € in equation (3.15) is a filtered deformation
of the Z-graded subalgebra a < p defined on h & S" & V' by the Lie brackets in (3.16).
Moreover if dim S’ > %dimS = 2 then the Lie algebra t5 of infinitesimal automorphisms
of (M, g,a,b,p) acts locally transitively around any point o € M.

4 Zero curvature equations

In this section we calculate the curvature of the connection D on the spinor bundle and
solve the zero curvature equations for the metric g and the fields a, b, p. We do this in two
steps. In the first step we arrive at a first set of equations obtained by setting the Clifford
trace of the curvature to zero. We perform this first step for two reasons. The first reason is
by analogy with eleven-dimensional supergravity, where the vanishing of the Clifford trace
of the curvature is equivalent to the bosonic field equations (and the Bianchi identity).
The second reason is that this first set of equations is easier to solve and already imposes
strong constraints on the geometric data which simplify the solution of the zero curvature
equations. The second step is the solution of the zero curvature equations, which will yield
the maximally supersymmetric backgrounds. The Killing superalgebras of these maximally
supersymmetric backgrounds should (and do) agree with the maximally supersymmetric
filtered deformations which we classify in section 5.

With regard to the first reason for performing the first step, we must stress that any
relation in four dimensions between the equation obtained by setting to zero the Clifford
trace of the curvature and the bosonic field equations of minimal off-shell supergravity
remains to be seen. If we were to identify (up to constants of proportionality) the fields a,
b and ¢ in the connection D in (3.1) with the bosonic fields in the minimal off-shell gravity
supermultiplet in four dimensions (as described, say, in [50] section 16.2.3), and identify
(up to an overall constant of proportionality) De with the supersymmetry variation of the
gravitino ¥ in the gravity supermultiplet, evaluated at ¥ = 0, one finds that the purely
bosonic terms in the off-shell supergravity Lagrangian density must be proportional to
R+ 24(a® 4+ b* + |¢|?), where R is the scalar curvature of g. The Einstein equations for
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this supergravity Lagrangian are R, = —12(a?® + b2)gu,, — 24,0, which, after integrating
out the auxiliary fields a, b and ¢, imply that that g must be Ricci-flat. As we will see,
the equations obtained by setting to zero the Clifford trace of the curvature are similar but
different.

4.1 The curvature of the superconnection

Let us write the Killing spinor condition for e € I'(S(M)) as Vze = Boe for all vector
fields Z, and where the End(S(M))-valued one-form 5® was defined in equation (3.10). In
other words, Dy =V — 6%’. The curvature RP of D is defined by

R)%y =Dixy] — [Dx, Dy]
= RX,Y + (Vxﬁq))y — (VYﬁq))X - [B;%»Bg;] s

where R is the curvature 2-form of V on the spinor bundle. An explicit calculation
shows that

RYy = Rxy + X(a)Y + X (b)Y -vol =Y (a)X — Y (b)X - vol = (Vxp AY) - vol
+ (Vyp A X) -vol +29(Vx ¢, Y) vol —2¢(Vy g, X) vol +2(a® + b* — |¢\§)X ANY
+4a(p AN X ANY) - vol+4ag(e,Y)X - vol —4dag(p, X)Y -vol —dbp AN X NY
—4bg(p,Y)X +4bg(p, X)Y +29(p, X)p NY —2g(0, Y)p N X . (4.1)

From this expression we will be able to read off a set of equations by demanding that
the Clifford trace of the curvature Ric?” : TM — End(S(M)), defined by

Ric”(X) =) e*-RY. (4.2)
I

vanishes. Here e/ and e, are g-dual local frames of T'M. Another explicit calculation
shows that

Ric”(X) = Ric(X) — 3X (a) — 3X(b) vol —da* A X — (db* A X) - vol +6(a® + b*) X
- 4|g0\§X —da(p AN X) - vol +4bp A X + 12ag(p, X)) vol =12bg(p, X)  (4.3)
+49(p, X)o + (Vo X,THP = V0t X = 2g(Vp, X)) - vol

where Ric stands for the Ricci operator and we have introduced the shorthand g(Ye, X) =
TPV 0, X1,

4.2 The vanishing of the Clifford trace of the curvature

We now describe the equations arising by demanding that the Clifford trace of the curvature
of the spinor connection D vanishes; in other words, that for all vector fields X, Ric” (X) =
0. This is a system of equations with values in End(S(M)), which is isomorphic as a
vector bundle to @;zo APT M. This means that the components of these equations in each
summand have to be satisfied separately. The p = 1 component relates the Ricci tensor
to the data (a,b,¢), whereas the p # 1 components constrain (a,b, ). We start with
these first.
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4.2.1 The p =0 component
The p = 0 component of the equation Ric”(X) = 0 is given by

—3X(a) — 12bg(p, X) =0,
which, after abstracting X, is equivalent to
da* = —4by . (4.4)

4.2.2 The p =4 component
The p = 4 component of Ric?(X) = 0 is given by

—3X(b) vol +12ag(¢p, X) vol = 0

which is equivalent to
db* = 4ayp . (4.5)

4.2.3 The p =2 component
The p = 2 component of Ric?(X) = 0 is given by

—da* A X — (db* A X) - vol —4a(p A X) - vol +4bp A X =0,
which using equations (4.4) and (4.5) becomes
(pANX)-(b+avol)=0.
Multiplying by b — a vol and since this has to be true for all X, we arrive at
(a>4+b%)p=0. (4.6)

It follows from this equation that there are three branches of solutions:

(IT) a®>+b* > 0 and ¢ = 0, in which case a and b are constant by equations (4.4) and (4.5),
and

(ITI) a=b=0and ¢ # 0.

4.2.4 The p =3 component
The p = 3 component of Ric?”(X) = 0 is given by

— (V"X +29(Vip, X)) - vol =0,
which, abstracting X, can be written as

V" T + 2V ,0"TF = 0 . (4.7)
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Multiplying with I', on both left and right we arrive at the pair of equations:

-4V 0t + 2V 0, THTY = 0

—4V " + 2V o, I'TH =0 .
Adding the two equations, and using the Clifford relations,

-8V, ! =4V, ot =0 = V, 0" =0.
Plugging this back into equation (4.7), we arrive at
V" TH =0,
which says that ¢ is parallel:
Vo =0. (4.8)

4.2.5 The p =1 component
Finally we arrive at the p = 1 component of Ric?(X) = 0:
Ric(X) + 6(a® + b%) X — 4|[2X + 4g(¢, X ) + V0, X, T - vol = 0 .
The last term vanishes because ¢ is parallel, so that we are left with
Ric(X) + 6(a® + b°) X — 4[p|2X + 4g(¢, X)p =0 .
We can abstract X and leave it as an equation on the Ricci operator itself:
Ric = —12(a® + b%) Id +8|¢2Id —8¢p @ ¢’ , (4.9)

which, in terms of the symmetric Ricci tensor, becomes

Ry = =12(a® + b*)gyu + 8161590 — 8ot - (4.10)
4.3 The solutions

Let us analyse the type of solutions to these equations. We have seen that there are three
branches of solutions stemming from the p = 2 component equation (4.6).

(I) @ =0b= ¢ = 0. In this case, the p = 1 component equation simply says that g is Ricci-
flat. In this background, Killing spinors are parallel and therefore the supersymmetric
backgrounds are the Ricci-flat manifolds whose holonomy is contained in the isotropy
of a spinor. Since the Dirac current of a parallel spinor is null and parallel, these
metrics are Ricci-flat Brinkmann metrics. See, e.g., ([51] section 3.2.3) for a discussion
of these geometries.

(IT) a® +b% # 0 and ¢ = 0. Putting ¢ = 0, we see from equations (4.4) and (4.5) that
da = db = 0, so they are constant and the Ricci tensor is given by

R, = —12(a2 + b2)gw, ,

so that ¢ is Einstein with negative cosmological constant. The Killing spinors are
(up to an R-symmetry which allows us to set b = 0, say) geometric Killing spinors.
Such geometries are reviewed in ([52] sections 6-7) and discussed in [53].
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(IIT) a =b=0 and ¢ # 0. Then ¢ is a parallel vector field and the Ricci tensor, given by

Ry, = -8 (‘PM‘PV - ‘90|§guu) ) (4.11)

is also parallel. This is a kind of fluid solution. Ricci-parallel geometries have been
studied in [54]. The determining factor is the algebraic type of the Ricci endomor-
phism. In this case, this depends on the causal type of ¢, which is constant because
p is parallel. If ¢ is timelike or spacelike, so that (in our mostly minus conventions)
\(p]?] is positive or negative, respectively, then the Ricci endomorphism is diagonal-
isable and the geometry decomposes (up to coverings) into a product M = R x N
of a line and a three-dimensional Einstein space N, hence a space form. Moreover,
upon identifying the spin bundle of M with (an appropriate number of copies of) the
spin bundle of N, it is not difficult to see that Killing spinors in these backgrounds
correspond to geometric Killing spinors on N (up to an R-symmetry). If ¢ is null,
then the Ricci endomorphism is two-step nilpotent and the geometry is Ricci-null.
The subbundle of T'M of orthogonal vectors to ¢ is also in this case integrable in the
sense of Frobenius but the above simple interpretation of Killing spinors is missing
since the associated integrable submanifolds N have a degenerate induced metric.

4.4 Maximally supersymmetric backgrounds

Maximally supersymmetric backgrounds are those for which the spinor connection D is
flat. The zero curvature condition R)%Y = 0 for all vector fields X,Y becomes a system
of equations with values in End(S(M)) and therefore, just as for the vanishing of the
Clifford trace of the curvature, the different components of the curvature must vanish
separately. We can reuse our calculations above, since if D is flat, the Clifford trace of
the curvature certainly vanishes. This means that we can consider the three branches
described above. We will meet the geometries we are about to discuss again in the next
section, where we classify the maximally supersymmetric filtered subdeformations of the
Poincaré superalgebra.

4.4.1 Maximally supersymmetric backgrounds with a=b=¢p =0

If a =b=¢ =0, the connection D agrees with the Levi-Civita spin connection and hence
D-flatness means flatness and every such background is locally isometric to Minkowski

spacetime.

4.4.2 Maximally supersymmetric backgrounds with ¢ =0 and a? 4+ b? > 0

If ¢ = 0, then a,b are constant and not both zero and hence the D-flatness condition is
Rxy = —2(a® +0¥)X NY,
as an equation in End(S(M)). This is equivalent to
Rywpe = 4a® + 0°)(GupGve — GuoGup) »

which says that ¢ is locally isometric to AdS,.
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4.4.3 Maximally supersymmetric backgrounds with a =b=0 and ¢ # 0
If a = b =0, and using that ¢ is parallel, the D-flatness condition is

Rxy =2lplsX AY = 29(p, X)p AY +29(p,Y)p A X,
again as an equation in End(S(M)). The corresponding Riemann tensor is given by

R/u/pa = _4|<P|!2](gupgua - guagup) - 4@1/90/)9#0 +490V9009up + 4@#@,091/0 - 4@#90091/;) . (4'12)

Since ¢ and g are parallel, so is the Riemann tensor and hence this corresponds to a locally
symmetric space. Furthermore, it is conformally flat. Indeed, in four dimensions, the Weyl
tensor is given in terms of the Riemann tensor, the Ricci tensor R, = g?° R0, and the
Ricci scalar R = g"”R,,,, by

W,uzxpo = R,uz/pa + % (g,LLpRz/U - g,uURup - ngR,ua + guch,up) - éR (g,upgl/o - guagup) .

Inserting the above expression for R, ,, into the Weyl tensor we see that it vanishes, so that
the geometry is conformally flat. The corresponding Ricci tensor is given by equation (4.11)
and the Ricci scalar is R = 24|¢|?.

This geometry corresponds to a Lorentzian Lie group with a bi-invariant metric. In-
deed, the equation (4.12) satisfied by the Riemann tensor is equivalent to the vanishing of
the curvature of a metric connection with parallel totally skewsymmetric torsion propor-
tional to the Hodge dual of ¢. As shown, for instance, in [55, 56], the existence of a flat
metric connection with closed skewsymmetric torsion is equivalent to the manifold being
locally isometric to a Lie group with a bi-invariant metric.

Since ¢ is parallel, its g-norm is constant and in a Lorentzian manifold this can be of
three types:

1. ||2 > 0. This is timelike in our conventions. The background is locally isometric to
R x S%, where we identify the round S® with the Lie group SU(2) with its bi-invariant
metric.

2. |g0]§ < 0. This is spacelike and hence the background is locally isometric to AdS3 xR,
where we identify AdSs with SL(2,R) with its bi-invariant metric.

3. \gp]g = 0. This is the null case and hence the background is locally isometric to the
Nappi-Witten group [57] with its bi-invariant metric.

5 Maximally supersymmetric filtered deformations

We now resume the analysis of filtered subdeformations of the Poincaré superalgebra by
classifying the filtered deformations with maximal odd dimension. We will show that
they correspond precisely to the Killing superalgebras of the maximally supersymmetric
backgrounds classified in section 4.4.

More precisely, let a = a_o @ a_1 P ag be a Z-graded subalgebra of the Poincaré
superalgebra p =V @ S @ s0(V) with a_; = S. By Lemma 16, we also have that a_o =V,
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so that a differs from p only in zero degree, where ay = b is a subalgebra of so(V'). The aim
of this section is to classify, for any possible given b, the filtered deformations g of a. We
will see that they are essentially governed by the h-invariant elements H??(a_,a)" of the
Spencer group H?*?(a_,a) of a, where a_ = a_5 @ a_1 is the negatively graded part of a.

In section 5.1 we set up the calculation of H??(a_,a), which will be described in
section 5.2. This result will then be used in section 5.3 to classify the filtered deformations.
The results are summarised in Theorem 14 in section 5.4.

5.1 Preliminaries

Here we set up the calculation of the Spencer cohomology H??(a_,a). We introduce the
Spencer complex of a in complete analogy to the Spencer complex of p (cf. section 2):
one has simply to replace so(V) with b in the definitions. For instance any element ¢ €
C?2%(a_,a) can be uniquely written as the sum ¢ = a + 3 + 7, where

a € Hom(A’V,V), pBeHom(V®S,S) and  ~ e Hom(®2S,h) (5.1)

and the Lie brackets of a general filtered deformations of a take the form

[A,B] = AB — BA [s,s] = Kk(s,8) + (s, s)
[A,s] =0(A)s [v,s] = B(v,s) (5.2)
[A,v] = Av + A(A,v) [v,w] = a(v,w) + (v, w) ,

for some maps A: h @V — hand 6 : A’V — b, where A, Bebh, s€S, v,weV.
We recall that a transitive and fundamental Z-graded Lie superalgebra a = @Pa,

with negatively graded part a_ =
H%'(a_,a) =0 for all d > k.

p<0Op is called a full prolongation of degree k if

Lemma 9. Leta=a_o® a_1 ®ag be a Z-graded subalgebra of the Poincaré superalgebra
which differs only in zero degree. Then a is fundamental, transitive and H%?(a_,a) = 0
for all even d > 2. Furthermore it is a full prolongation of degree k = 2.

Proof. We only show the last claim, the others follow as in the proof of Lemma 1. Any
¢ € O%(a_,a) satisfies (V) C b, ¢(S) C a; =0 and

I((s1,52) = —((k(s1,52))
9¢(s1,v1) = —a(C(v1))s1
9¢(v1,v2) = C(v1)v2 — ((v2)v1

for all si,s0 € S, vi1,v2 € V. The first equation directly implies that ¢ = 0 is the only
cocycle and hence H*>'(a_,a) = 0. If d > 2 then C%'(a_,a) = 0 for degree reasons. 0

Remark. One can actually prove that a is a full prolongation of degree £ = 1, based on
the non-trivial fact that the so-called “maximal prolongation” g* of a_ = V @®.S is a simple
Lie superalgebra of type s[(1|4) with a special Z grading of the form g = g, & - -- & g5°,
cf. [58]; but the simpler result of Lemma 9 suffices for our purposes.
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To state the main first intermediate result on filtered deformations g of a we recall
that the Lie brackets of g have components of nonzero degree: the sum p: a®a — a of all
components of degree 2 and the unique component 6 : A2V — b of degree 4.

Proposition 10. Let a=V &SP be a Z-graded subalgebra of the Poincaré superalgebra
p=VaSPso(V) which differs only in zero degree. If g is a filtered deformation of a then:

1. pila_sa_ is a cocycle in C%2(a_,a) and its cohomology class
[M’a7®a7] € H2’2(a—7 Cl)

is h-invariant (that is, the cocycle plq_ga_ is h-invariant up to coboundaries); and

2. if g’ is another filtered deformation of a such that i |a_sa_] = [1tla_wa_]| then g’ is
isomorphic to g as a filtered Lie superalgebra.

Proof. The first claim follows directly from Proposition 2.2 of [37]. Let now g and g’
be filtered deformations of a such that [ulq ga | = []a_®a_]- Then (u — p/)]a e is a
Spencer coboundary and we may first assume without any loss of generality that u|q g =
t'|a_wa_ by Proposition 2.3 of [37]. Moreover, since a is a fundamental and transitive full
prolongation of degree k = 2 by Lemma 9, Proposition 2.6 of [37] applies and we may
also assume p = p’ without any loss of generality. In other words we just showed that g’
is isomorphic as a filtered Lie superalgebra to another filtered Lie superalgebra g” which
satisfies " = p.

Now, given any two filtered deformations g and g’ of a with u = p’ it is easy to see
that 6 — ¢ = (6 — &')|a_ga_ 18 a Spencer cocycle (use e.g., [37] equation 2.6). However
H*?(a_,a) = ker d|ca2(q_ ) = 0 by Lemma 9 and hence § = §'. This proves that any two
filtered deformations g and g’ of a with [¢//|a_ga_] = [#t|a_®a_]| are isomorphic. O

In other words, filtered deformations are determined by the space H>?(a_,a)? of b-
invariant elements in H>?(a_, a). In particular the components of non-zero filtration degree
A= plpey : h®V — hand § : A2V — b are completely determined by the class [p|q_gq ] €
H?2(a_,a)%, up to isomorphisms of filtered Lie superalgebras.

We will now describe H?2(a_,a). We recall that this group has already been deter-
mined in Proposition 3 when a = p is the Poincaré superalgebra. Therein we also described
the kernel J#*2 of the Spencer operator acting on Hom(V ® S, S) @ Hom(®2S,s0(V)): it
consists of the maps f+7 € Hom(V ® 5, S)®Hom (25, s0(V)) which are of the form given
by Proposition 3. To avoid confusion with the general components (5.1) we will denote
these maps by A® 4+~® from now on, that is we set ® = (a,b, ) € 2R@® V and

B2, s) =v-(a+bvol)-s— %(v-goJngo-v) -vol s,
v (s, 8)v = —2k(s, B(v, 5)) ,
for all v € V and s € S, according to Proposition 3. In addition we set
v¥# (s, 8)v = 2k(s, (p Av) - vol-s) ,
~ @) (s, s)v = —2ak(s,v - ) — 2bk(s,v - vol -s) ,

forallveV,seS.
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We will also determine the h-invariant classes in H>2(a_, a), the Lie subalgebras b C
so(V) for which H%?(a_, a)" # 0, hence the graded subalgebras a = V&S@h of p admitting
nontrivial filtered deformations. The condition H??(a_,a)? # 0 has strong consequences
and, as we will now see, gives rise to a dichotomy: either ¢ = 0 and a? +b> # 0 or ¢ # 0
and a =b=0.

5.2 The cohomology group H??(a_,a)
We start with the following

Proposition 11. Let a=V &SP be a Z-graded subalgebra of the Poincaré superalgebra
p=V &S ®so(V) which differs only in zero degree. Then

{ﬁq’ +42 40| P ERBV, ¢ : V = s0(V) s.t. y2(s,5) — U(k(s,s)) € b}
{0¢|v:V = b}

H*?(a_,a) =

and
(i) the cohomology class [3® +~® + 8@] is trivial if and only if ® = 0;
(ii) the condition v® (s, s) —1;(/1(8, s)) € b is satisfied for all s € S if and only if separately

V9 (s,8) = b(k(s,5)) € b, (5.3)
'y(a’b)(s,s) eh, (5.4)

forall s € S;

(iii) if [B® +~® + 8{5] is an h-invariant cohomology class then § leaves ¢ invariant, that
is b C b, where b, = s0(V) Nstab(p) and stab(yp) is the Lie algebra of the stabiliser
of ¢ in GL(V).

In particular if [B® +~® + 0] € H*?(a_,a) is a nontrivial and h-invariant cohomology
class then exactly one of the following two cases occurs:

(1) if o =0 then a®> + b2 # 0, v*(s,5) =~V (s,5) € b for all s € S and the cohomology
class [B% +~* + 0y] = [8* +~*];

(2) if o #0 then a =b =0 and
7¥(s,5) € by, (5.5)
Y(k(s,5) € by, (5.6)
forall s € S.

Proof. From Lemma 2 we know that given any a € Hom(A2V,V), there is a unique
¢ € Hom(V,s0(V)) such that 8¢ = a + § + 7, for some § € Hom(V ® S, ) and
7 € Hom(®29,50(V)). Any cochain a + 8+~ € C%2(a_,a) may be therefore uniquely
written as

atBry=(+B+y—0p)+8=(B—B)+(v—7) +8,
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where 8 — 3 € Hom(V ® S, S) and v — 5 € Hom(®25,s0(V)). If o + 3 + 7 is a cocycle,

then so is (8 — B) + (7 —7), so that by Proposition 3, 3 — 3 = % and 7 —5 = 4® for some
® € 2R&a V or, in other words,

ker 8|CQ?2(a_7a) c #%% @ 0Hom(V,s0(V)) . (5.7)

Conversely equation (2.2) tells us that di(s,s) = —t(k(s,s)) for all s € S so that an
element 3® +~® + 0v is in C?2(a_, a) if and only if

7 (s,8) = (k(s,s) €, (5.8)

for all s € S. This fact together with (5.7) yield immediately the claim on H*?(a_,a).

If ® = 0, then ¢(k(s,s)) € b for all s € S and ¢ is in the image of C>(a_,a) =
Hom(V, h), proving one implication of claim (i). The other implication is trivial.

We will now have a closer look at condition (5.8), using that ©2S = A'V & A%2V. From
(ii) of Proposition 3 we have

’y(b(sv S)U = _2I€(57 BCD (U, S))
= —2ak(s,v - s) — 2bk(s,v - vol-s) + 2k(s, (p Av —2n(p,v)) - vol -s)
= —2ak(s,v-s) — 2bk(s,v - vol-s) + 2k(s, (¢ Av) - vol-s) ,

with the first two terms (resp. last term) in the r.h.s. of the above equation acting on
the component A2V (resp. A'V) of ®2S but trivially on the other component A'V (resp.
A%V). In particular condition (5.8) splits into (5.3) and (5.4), proving claim (ii).

Let now [3% +~% + 31}] € H*2(a_,a) be an b-invariant class; i.e., for any x € b there
is a ¢ € Hom(V,b) such that = - (8% ++® + OQZ) = O1). In other words, in terms of the

s0(V)-equivariant projections (2.4), we have:

- (7(0Y)) = 7(0v) (5.9)
- (8% + 7P (0y)) = 78 (9y), (5.10)
v+ (" + 7 (00)) = 77(9Y) . (5.11)

Equation (5.9) and the so(V')-equivariance of 7% and 0 imply

(%0 9)(¥) = (7% 0 D) (x - )
so that z - {E =1, by Lemma 2. Equation (5.10) yields therefore
@) = (8°+7°00)) = - B° + 270 (09)
=B+ 770 1) =z B + 7P (0y)

from which ¥ =z - 3% = 2 - 3% = 0. This proves claim (iii).
We now prove the last claims. Let [3® +~+® + 9v] be a nontrivial h-invariant class. If
¢ = 0 then a® + b% # 0 by (i) and 9% is in the image of C?!(a_,a) = Hom(V, h) by (5.3).

This fact together with (5.4) immediately gives case (1).
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If ¢ # 0 then (ii) and (iii) imply

72(s,5) — P(k(s,8)) € by, (5.12)
7 @P)(s,5) € by, , (5.13)

for all s € S. We fix an orthonormal basis {e,, } of V, use the Einstein summation convention
and note that equation (5.13) gives

0=~*(s,5)p
= 2¢H(sI', 'y (a + bvol)s)e”
= 2ap" (5T, I'ys)e” 4 2bpt (51, ", vol s)e”
= 2ap" (5T ,,5)e” + 2bp (8T, vol s)e”
= 25(p"(aly, + bI'yy, vol))se”

for all s € S, hence #(al'y, + bI', vol) = 0 for every 0 < v < 3. Since ¢ # 0 this readily
implies a = b = 0. Similarly

v#(s,8)p = = (3T, (T + 3¢I',) vol 5)e”
= —2¢pH P (5", vol s)e”
= —2¢p" P (5l vol s)e”
-0,

so that v¥(s,s) € b, for all s € S automatically and, from equation (5.12), we infer that
Y(k(s,s)) € by for all s € S too. This is case (2). O

By the results of Proposition 10 and Proposition 11, we need only to consider the
filtered deformations associated to h-invariant cohomology classes in H>?(a_, a) with ® #
0. Indeed if @ = 0 then [p|qs_gq_ ] = 0 and the associated filtered Lie superalgebras are just
the Z-graded subalgebras of the Poincaré superalgebra.

We now investigate separately the cohomology classes in family (1) and (2) of Propo-
sition 11.

Lemma 12. Let [3® +~®] € H*?(a_,a) be a nontrivial and h-invariant cohomology class
with o = 0. Then b = Im(y®) = s0(V).

Proof. First of all, as a® + b?> # 0 by Proposition 11, we have that right multiplication by
a+bvol in CY(V) is a linear isomorphism. In particular it restricts to a linear isomorphism
of A2V C C4(V). On the other hand, from Proposition 3:

n(w,y‘b(s, s)v) = =2n(w, k(s,v - (a+ bvol) - s))
=—2(s,w-v-(a+0bvol)-s)
=-=2(s,wAv-(a+bvol)-s),

for all wAv € A2V C CU(V) and s € S. Since v®(s,s) € b for all s € S from (1) of
Proposition 11 and %S = A'V @ A%V, the claim follows. O
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To proceed further, we need to consider the case where ¢ # 0, a = b = 0. It is
however sufficient to consider ¢ up to the action of CSO(V) = R* x SO(V). To see it, we
note that the group CSpin(V) with Lie algebra co(V) is a double-cover of CSO(V') and it
naturally acts on the Poincaré superalgebra p = V& S@so(V') by 0-degree Lie superalgebra
automorphisms (tId € CSpin(V) acts with eigenvalues 0,e~! and e~2! on, respectively,
s0(V), S and V). In particular any element ¢ € CSpin(V) sends a Z-graded subalgebra
a=V&Sa®hof pinto an (isomorphic) Z-graded subalgebra ' =c-a=V & S @ (¢ h)
of p and, if g is a filtered deformation of a associated with ¢ then g’ = ¢ - g is a filtered
deformation of a’, which is associated with ¢’ = ¢ - .

We will distinguish ¢ according to whether it is spacelike, timelike or lightlike and
denote by IT C V the line defined by the span of (. In the first two cases we can decompose
V = I @ II* into an orthogonal direct sum and b, = so(II+) C so(V). If ¢ is lightlike,
we choose an n-Witt basis for V such that V = R(ey,e_) ® W and ¢ = e;. Our plane
is I = R(e4) and b, = so(W) & (ex AW) C so(V), where e, A W is the abelian Lie
subalgebra of s0(V') consisting of null rotations fixing e;. In this case we decompose any
v eV into

vV=vy +0_+v],

where vy € II, v_ € R{e_) and v, € W.

Lemma 13. Let [3® +~4® + 815] € H*?(a_,a) be a nontrivial and bh-invariant cohomology
class with ¢ # 0 and a = b = 0. Then Im(y®) = by and there exists a unique cocycle
representative 3% +~* + 9 for which v®(s,s) — ¥ (k(s,8)) =0 for all s € S.

Proof. We already know from (2) of Proposition 11 that Im(y®) C b,. In addition:

n(w, 7" (s,5)v) = n(w, &(s, (v ¢ + 3 - v) - vol -5))
= —2n(w, k(s,v - ¢ -vol-s))
=2(s,w-v-1,vol-s)
= 2(5, 1w (2, vol) - 5) (5.14)

for all v,w € V. Using (5.14) and ©%28 = A'V @ A%V, we first see that v®(A2V) = 0.
We now break our arguments into two cases, depending on whether or not the line II
corresponding to ¢ is degenerate.

If ¢ is spacelike or timelike then from (5.14) we see that v®(II) = 0 whereas

APl s I € AV — so(ITH)

is an so(HL)—equivariant monomorphism, hence an isomorphism by dimensional reasons.
If ¢ is lightlike we decompose

n(w,v® (s, 8)v) =2 (s, 22 (1, vOl) - 5)
2 (8,1, tw_ (1o vOl) - 8)+2 (8, 1_10, (1 vOl) - 8)+2 (8,2, 2, (15 vOl) - ),
(5.15)
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which readily gives v®(II) = 0, v®(e_) is a generator of so(W) and, finally, v*(W) =
e+ AW. In this case 4® is an hy-equivariant isomorphism from R (e_) & W to b,,.

To prove the last statement, we recall that v*(s, s) — ¥ (k(s, s)) € b for all s € S, by
Proposition 11. On the other hand we just saw that the operator v* — ¢(k(—, —)) acts
trivially on A?V C ®2S and possibly non-trivially only on A'V C ®2S. In other words it
is an operator of the form 9 (k(—,—)) : %S — b for some 1) € C**(a_,a) = Hom(V, )
and such a v is clearly unique, since a is fundamental. Subtracting the coboundary 0y to
the cocycle B® +~% + 812 gives the last claim. O

We collect here for later use different equivalent characterizations of the map @Z V=
s0(V') associated to the unique cocycle representative of Lemma 13:

k(s,8)) = v%(s,s) for all s € S

W
W
W

(
(u) = 2141, vol for all u € V;
(

u)v = 21242, vol for all u,v € V;

Vu)v) s =2(@ AuAv)-vol-s for all u,v € V and s € S.

We also remark that 7,; is an b,-equivariant map with the kernel I and image b,.

5.3 Integrability of the infinitesimal deformations

In this section we construct a filtered deformation g for any of the nontrivial h-invariant
elements in H*2?(a_, a). Our description of g will be very explicit and rely on a direct check
of the Jacobi identities. To describe the Lie superalgebra structure of g, it is convenient
to introduce a formal parameter ¢ which keeps track of the order of the deformation. In
particular, the original graded Lie superalgebra structure on a subalgebra a =V ©& S ® b
of the Poincaré superalgebra p = V @ S @ so(V) has order t° whereas the infinitesimal
deformation has order t.

From Proposition 10, Proposition 11, and Lemma 12, Lemma 13 we know that there
are two different families of non-trivial filtered deformations g. The first family has ¢ = 0,
a? 4+ b% # 0 and h = so(V), that is a = p. In this case v* : ©29 — so(V) is surjective and
by (2) of Proposition 11 the filtered Lie superalgebra g has the brackets of the form

[A,v] = Av + tA(A,v) [v, w] = 25 (v, w)
[A,s] =0(A)s [v,8] = tB%(v,s) = tv- (a+bvol) - s (5.16)
[A,B] = AB — BA [s,5] = K(s,s) + 72 (s, s),

where A,B € so(V), s € S, v,w € V, for some maps A : so(V) ® V — so(V) and
§: A2V — s0(V) to be determined. In other words the brackets on V ® S and ©2S are
respectively given by % and v® and we can always assume a = 0 without any loss of
generality.
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The second family has ¢ # 0, a = b = 0 and h is a Lie subalgebra of the stabiliser
by = s0(V) N stab(yp), see (iii) of Proposition 11. We recall that ¢ € AV can be either
spacelike, timelike or lightlike. In this case the bracket on ®2S is simply given by the Dirac
current and the filtered Lie superalgebra g has the form

[A, 0] = Av + tA(A, v) [0, w] = ta(v, w) + £26(v,w) = tx*(OY) (v, w) + 125(v, w)
[s,5] = (s, 5) = th(v)w — t(w)v + *5(v, w)

[A,s] =0 (A)s [v,s] = tB(v, 5) = tB (v, 5) + ta’ (0) (v, 5)
[A,B] = AB — BA =—1t(v-o+3p-v)- vol-s—i—t{/;(v)s,

(5.17)
where A, B € bh, s€ S, v,w eV, forsomemaps A\ : h®@V — h and § : A2V — b to be
determined.

To go through all the Jacobi identities systematically, we use the notation [ijk] for
i,7,k = 0,1,2 to denote the identity involving X € a_;, Y € a_; and Z € a_j,. We first
consider the second case (5.17), which is slightly more involved, and claim that the Jacobi
identities are satisfied if we set both A and § to be zero. To show this, it is first convenient
to note that [V,V] C V, [V, S] C S and [S,S] C V and prove that the putative bracket
operations restricted on V @ S satisfy the Jacobi identities. We have:

e the [112] identity is satisfied by virtue of the characterization (i) of ¢, the bo-
equivariance of the Dirac current and the first cocycle condition (2.5);

e the [111] identity is satisfied by virtue of the characterization (i) of ¥ and the second
cocycle condition (2.6);

e the [122] identity is satisfied provided

[B’U? ﬂw]s - ﬁa(v,w)s =0 5 (518)
for all v,w € V and s € S}

e the [222] identity is satisfied provided
S(a(u, a(v,w))) =0, (5.19)
where & is the cyclic sum on u,v,w € V.
Now using characterization (iv) of 1; one can check that
n(z, p(u)h(v)w) = 4 (202t VOL, 12042, VOL) = (z, (0 (w)v)u)

for all u,v,w,x € V, from which

o, (v, w)) = (u)ip(v)w — (w)i (w)o + P (w)v)u — PR (v)w)u
v)w = 2 (w)ib(w)
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and &(a(u, (v, w))) = 46 (1h(u)ih(v)w) = 0 by characterization (iii) of 1. This is the [222]
Jacobi identity (5.19). On the other hand, for all v,w € V and s € S we have

BuBuws = —1Bu((w - o+ 3¢ - w) - vol-s) + By (P(w)(s))
= —(pAv—20(p,0)) - (p Aw = 2n(p,w)) - s — (¢ Av — 2n(p, v)) - vol -P(w)s
—vol Y (v)(p A w — 2n(p,w)) - 8 + D(v)P(w)s

and therefore, repeatedly using equations (A.4) and the fact that @Z(u)cp = 0 for all
u eV, also

(B, Bw]s = —[p A v, J(w)] vol-s + [p A w, J(v)] vol -s
— [ Av,p Awls + [h(v), Y(w)]s
=(pA ibv(w)v) -vol-s — (p A {bv(v)w) -vol -s (5.20)
—2n(p,o)v Aw-s+2n(p,v)p Aw-s—2n(p,w)p Av-s

+ [$(), d(w)]s .

In a similar way we can prove:
Baw,w)s = (¢ A J(w)v) -vol-s — (p A J(v)w) -vol-s + @Z(@Z(v)w)s — J(J(w)v)s . (5.21)

In summary we use (5.20) and (5.21), together with characterizations (v) and (vi) of 4, to
arrive at:

[Bv, Bwls = Ba(wwys = —2n(p, p)v Aw - s+ 2n(p, v)o Aw - s — 2n(p, w)p Av - s
+ [h(v), Y(w)]s — PP (v)w)s + (P (w)v)s
= =2n(p,e)v Aw-s+2n(p,v)p Aw-s—2n(p,w)p Av-s
—lpAv,pAwls =20 (pAvAw)s —2(p AvAw)-@-s
=0 ,

proving the [122] Jacobi identity (5.18).

Let g— = (V@S,[—, —]) be the filtered Lie superalgebra structure on V&.S we have just
described. Note that the Lie bracket of g_ is defined in terms of 1;, Clifford multiplication,
Dirac current of spinors and the vector ¢, so that the stabilizer h, = so(V') N stab(yp) of
@ in s0(V') acts naturally on g_ by outer derivations. It is then clear from (5.17) that, for
any subalgebra b of b, the semidirect sum g = b € g_ is the required filtered deformation
ofa=VaoSah.

We now consider the first case (5.16) and set A to be zero. We have:

e the [000] identity is satisfied since so(V) is a Lie algebra,
e the [001] and [002] identities are satisfied because S and V' are so(V')-modules;

e the [011] and [012] identities are satisfied because the [SS], [SV] Lie brackets are
s0(V)-equivariant;
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e the [111] identity is satisfied by virtue of the second cocycle condition (2.6);
e the [022] identity requires § : A2V — s0(V) to be so(V)-equivariant;
e the [222] identity is satisfied provided
S(0(v,w)u) =0, (5.22)
where & is the cyclic sum on v, w,u € V;
e the [122] identity is satisfied provided
S(v,w)s = (B2, B2]s , (5.23)
for all v,w € v and s € S}

e the [112] identity has a component of order ¢, which is satisfied by virtue of the first
cocycle condition (2.5) and one of order ¢?, which reads

(v, k(s,5)) = 297 (By's, s) (5.24)
forallv eV and s € S,

Since A2V is an irreducible so(V)-representation of complex type, we have that the [022]
Jacobi identity is satisfied if and only if there exist r,7' € R such that

S(v,w)u = r(n(v,u)w — n(w,u)v) + ' * (VAwAu),

for all v, w,u € V. However it is easy to see that (5.22) implies 7’ = 0.
We will now show that (5.23) and (5.24) hold true for r = 4(a® + b%). Indeed:

=@+ v-w-s—w-v-s),
for all v,w € V, s € S, whereas

n(8(v, k(s s))u, w) = r(n(v, u)n(x(s, s), w) —n(k(s, s), u)n(v, w))
=r(n(v,u) (s,w-s) = n(v,w) (s,u-s)) ,

20(v* (B, s)u, w) = =2n(k(8y's, By's), w) — 2n(k(s, By By's), w)
=2(a® + ) ((s,v-w-u-s)— (s,w-u-v-s))

= 4(a® + 0*)(n(v, ) (s,w - 5) = n(v,w) (s,u-s))

for all v,w,u eV, seS.

— 37 —



5.4 Summary

We summarise the results of sections 5.1, 5.2 and 5.3 in the following

Theorem 14. There are exactly two families of nontrivial filtered deformations g = g5® 97
of Z-graded subalgebras a =V & S @ h of the Poincaré superalgebra p =V & S @ so(V),
which we now detail:

1. In this case b = s50(V), there exist a,b € R such that a®> +b* # 0 and the Lie brackets
of g are given by

[A,v] = Av [v,w] = 4(a® + b*)v A w
[A,s] =0(A)s [v,s] =v-(a+Dbvol)-s (5.25)
[A,B] = AB — BA [s, 8] = K(s,s) +~ @) (s, s),

where v,w €V, s €S, A, B € 50(V) and 7% (s, 5) € s0(V) is defined by

(@) (s s)v = —2k(s,v - (a+ bvol) - 5) ;

2. In this case there exists a monzero ¢ € V, b is any Lie subalgebra of the stabiliser
by = so(V) Nstab(yp) of ¢ in so(V) and the Lie brackets of g are given by

[A,v] = Av [0, w] = ¢ (v)w — P(w)v
[A,s] = o (A)s [v, 8] = —%(v “p+3p-v)-vol-s +P(v)s  (5.26)

[A,B] = AB — BA [s, s8] = Kk(s,s),

where v,w € V, s € S, A,B € b and {E(v) € by is defined by {E(v) = 211, vol. In
particular g— =V & .5 is an ideal of g and g = b & g_ is the semuidirect sum of h and
g— (b acts on g_ by restricting the vector and spinor representations of so(V')).

Note that the associated homogeneous Lorentzian manifolds (M = G/H,g), Lie(G) = gg,
Lie(H) = b always admit a reductive decomposition g5 = b & V. In the first family (M, g)
is locally isometric to AdSy whereas in the second family the geometry is that of a Lie group
with a bi-invariant metric, more precisely:

(1) If ¢ is spacelike then b, ~ s0(1,2) and (M, g) is locally isometric to AdS3 x R;
(i) If ¢ is timelike then b, =~ s0(3) and (M, g) is locally isometric to R x S?;

(iii) If ¢ is lightlike then b, ~ so0(2) € R? and we have the so-called Nappi-Witten
group [57], a central extension of the Lie group of Euclidean motions of the plane.
Explicitly, if we choose an n-Witt basis for V with ¢ = ey, then the only nonzero Lie
brackets of the Lie algebra of the Nappi- Witten group are:

[e—,e1] = 4dez [e—, e2] = —deq [e1, e2] = —dey .
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6 Conclusions

In this paper, we have considered the supersymmetries of rigid supersymmetric field theories
on Lorentzian four-manifolds from the viewpoint of their Killing superalgebras.

We showed that the relevant Killing spinor equations, which we identify with the
defining condition for bosonic supersymmetric backgrounds of minimal off-shell supergrav-
ity in four dimensions, admit a cohomological interpretation in terms of the Spencer group
H?2(p_,p) of the N=1 Poincaré superalgebra p in four dimensions. This result is in
analogy with a similar result in eleven dimensions [39, 40].

We then gave a self-contained proof of the fact that supergravity Killing spinors gen-
erate a Lie superalgebra, and that this Lie superalgebra is a filtered subdeformation of p.
Finally we classified, up to local isometry, the geometries admitting the maximum number
of Killing spinors: Minkowski space, AdS, and the nonabelian Lie groups with a Lorentzian
bi-invariant metric, namely AdSs xR, R x S* and the Nappi-Witten group NW,. Our ap-
proach here is based on two independent arguments. In section 4 we solved the flatness
equations for the connection defining the Killing spinor equations and described the corre-
sponding Lorentzian geometries. In section 5 we used again Spencer cohomology techniques
to describe the filtered subdeformations of p with maximum odd dimension and recovered
in this way the Killing superalgebras of the maximally supersymmetric backgrounds.

None of the geometries in our classification are new. The novelty in this paper lies
in our approach, which systematises the search for backgrounds on which one can define
rigid supersymmetric field theories by mapping it to an algebraic problem on which we
can bring to bear representation-theoretic techniques. In forthcoming work, we shall apply
these techniques to a broader class of field theories with rigid supersymmetry in higher
dimensions.
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A Conventions and spinorial algebraic identities

In this appendix we define our conventions for Clifford algebras, spinors and derive a
number of useful algebraic identities we will have ample opportunity to apply in the bulk
of the paper.

A.1 Clifford algebra conventions

Let (V,n) be a four-dimensional Lorentzian vector space, by which we mean that n has sig-
nature —2 (“mostly minus”). We may choose an n-orthonormal basis e, = (eg, e1, e2, e3)
with 1, = n(e,,e,) = diag(+1,—1,—1,—1). Such a basis defines an isomorphism
(V.m) = RES.
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The Clifford algebra C?¢(V') associated to (V,n) is the real, associative, unital algebra
generated by V' (and the identity 1) subject to the Clifford relation (please notice the sign!)

v? = —n(v,v)1 VoeV . (A1)

As a vector space, CU(V) = AV = @1%:0 APV If v € V and ¢ € APV, their Clifford
product, denoted by -, is given by

U'qs:UAd)_vad)’ <A2)

where v” € V* is the dual covector defined by the inner product: v”(w) = (v, w), for all
w € V. We will often drop the superscript b if it is unambiguous to do so. The Clifford
algebra is not commutative:

o= AP+ ) . (A.3)
Continuing in this way we may derive the Clifford product of ¢ € APV with bivectors:

(VAW) - d=0AWNA D+ Lylwd — VN Ly + WA Ly (A4)
(VAW) - d=0AWNA D+ Lylwd+ VA Ly — WA Ly . .
Let us introduce the volume element vol = eg A e; A es Aes € A*V. Tt obeys

vol?=—1  and  vol-¢ = (—1)P¢ - vol,

for ¢ € APV. In particular, it is not central. Clifford multiplication by the volume element
agrees (up to a sign) with Hodge duality:

* ¢ = (—=1)PPTD/24 . yol | (A.5)

for ¢ € APV. Tt follows that x> = (—1)P*! on APV. In particular, it is a complex structure
on bivectors, as expected.

The Lie algebra so(V') of n-skewsymmetric endomorphisms of V' is isomorphic, as a
vector space, to A’V. If v Aw € A%V, then the corresponding endomorphism is defined by

(0 A ) () = 10 (0 A ) = (e, 0)w — u, w)o (A.6)
We embed so(V') in C¢(V') by sending
VAW tv,w] =20 w—w-v) . (A.7)
Indeed, one checks that the Clifford commutator
[Hlv, 0], u] = n(u, v)w = n(u,wo,

agrees with equation (A.6).
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A.2 Clifford module conventions

The Clifford algebra CI(V') is isomorphic, as a real associative algebra, to the algebra
Maty(R) of 4 x 4 real matrices. Being simple, this algebra has a unique (up to isomorphism)
nontrivial irreducible module, which is real and four-dimensional. Let S denote the unique
(up to isomorphism) irreducible C'¢(V')-module, so that C¢(V) = EndS. Restricting to
s0(V) C CU(V), we obtain a representation o of so(V') on S:

c(vAw)s = t[v,w]"s . (A.8)

On S we have a symplectic structure (—,—) realising one of the canonical anti-
involutions of the Clifford algebra:

(v-s1,82) = —(s1,v - 82) , (A.9)
for all v € V and s;,s9 € S. It follows that it is also so(V')-invariant:
<O'(A)Sl, 82> = — <81, U(A)82> y (AlO)

for all A € so(V). More generally, it follows from repeated application of equation (A.9),
that if ¢ € APV, then

(@ s1,80) = (=1)PPHI2 (51,0 55) . (A.11)
We can therefore decompose EndS =2 ®25 @ A2S into representations of so(V) as

2SNV 2 V@so(V)  and  AZSEAVAAVOAY 22REV . (A12)

Associated with s € S there is a vector k, called the Dirac current of s, that is
defined by

n(k,v) = (s,v-s) , (A.13)
for all v € V. There is also a Dirac 2-form w? defined by
w® (v, w) = (s,v0-w-s) . (A.14)

(One checks that indeed w® (v, w) = —w® (w,v).) In addition we have a second 2-form
©® and a 3-form w® defined by

& (v,w) = (s,v-w - vol -s) and w® (u,v,w) = (s,u-v-w-vol-s) .  (A.15)

It follows that

5

2) and w® = — %W (A.16)

where w) = k” is the one-form dual to the Dirac current.
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A.2.1 Gamma matrices

We denote the endomorphism of S corresponding to e, € V by I', and note that the
Clifford relation (A.1) turns into the well-known

I, +T,0, = =21, (A.17)

where we let 1 denote also the identity endomorphism of S. The vector space isomorphism
CU(V) = AV defines a vector space isomorphism EndS = AV and this in turns defines the
standard R-basis of EndS:

1 T, T, T,5 Ts, (A.18)

where we have introduced I's = ['gI';I'2I's as the endomorphism corresponding to the
volume element and I',, = %[Fu, I'y]. In the same way we define the totally skewsymmetric
products I',,, and I'yp0, Which obey

po

Loy = €uvpol s Luwls = S€upol D5 = —greupe ™7, (A19)

where €103 = +1, we raise and lower indices with 1 and where the Einstein summation
convention is in force. Some useful identities involving €,,,, are

beunpoe™ = =05 Sewpoc®®7 = — (5007 — 5707 ) (A.20)
and
€ppoe*P1” = — (5;;555; — 606080 + 616705 — 606557 + 670065 — 535553) , (A21)

whereas some useful trace-like identities involving the I';, are
r-r,r,=2r, and rer,,r,=0. (A.22)

Let A € s0(V) be an n-skewsymmetric endomorphism of V. Its matrix relative to an
n-orthonormal basis e, has entries A", defined by

Ae, =e, A”,, (A.23)
whose corresponding skew-symmetric bilinear form has entries
"7(61/7 Ae,u) = Au,u . (A.24)

This in turn gives rise to a bivector %A”“e# A e, and the map so(V) — A2V thus defined
is the inverse to the one in equation (A.6). From equation (A.8), we see that the spin
representation o : s0(V) — EndS sends A to

o(A) = $A"'T,, = —3AMT,, . (A.25)

It is often convenient to introduce the notation 3189 = (s1, $2) and hence to write the
components of the Dirac current and the Dirac 2-form as

Kk =3Its and wl(fy) =35Lws, (A.26)
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and similarly for their (negative) duals

Z)l(fy) =30, 55 and wl(fy)p =50l 58, (A.27)

which, using the relations (A.19), can be expressed as

>®

= %ewpow(z)p” and w®) —€uvpo K’ (A.28)

prp =

A.3 Spinorial identities

Let s1,s2 € S. The rank-one endomorphism s95; defined by (s251)(s) = (515)s2 can be
expressed in terms of the standard basis for EndS via the Fierz identity

5951 :i ((5182)]]_ — (§1F“52)I‘u — %(511—‘”1}52)1—‘#” — (§1F#F582)F#F5 — (§1F582)F5) , (A29)

which specialises when s; = s9 = s to

5= —kn— Jo® = -1 (0T, + Lo | (A.30)
There are a number of algebraic identities relating a spinor s, its Dirac current and
Dirac 2-form and their duals, which are collected in the following

Proposition 15. Let s € S and k be its Dirac current, w = k> w@ jts Dirac 2-form,

0@ = — % w® and W = — x (k”). Then the following identities hold:

(a) K s=0 (h) (®,0®) =0
(b) w? .s=0 (i) tew® =0

(c) 5@ .5=0 () to® =0

(d) w® .s=0 (k) 1w =0

(e) n(k,k) =0 (1) wM Aw® =0
(f) (w(2),w(2))n =0 (m) wM AGP =0
(9) (@2,a®) =0 (n) wM Aw® =0

Proof. (a) This is equivalent to x”T',s = 0. Using the Fierz identity (A.30),

kT ps =T 550"
=T, (—1 (sT¥sT, + 35" sI,,)) I¥s
= _i(gr'“S)FpFuFPS - %(EFMVS)FPF/WFPS
= —%(EF”S)FMS

—_ 1. p
= —5kI'Tys,

where we have used the trace identities (A.22).
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(b) Using that ss = 0, we see from the Fierz identity (A.30) and part (a) that
w&zl,)]?“” s=0.

(¢) This follows from &® = vol -w® and part (b).

(d) This follows from w® = —vol-x and part (a).

(e) From (a) it follows that « is null:

n(k,k) = (s,k-s) =0.

(f) Similarly, from (b) it follows that w(®) is null:

(g) This follows from the fact that w(® is null and that Hodge duality is an isometry (up
to sign).

(h) This follows from the fact that x is null and that Hodge duality is an isometry (up
to sign).

(i) This is equivalent to w® (x,v) = 0 for all v, but
W (v,k) = (s,0-K-5) =0,
where we have used (a) above.

(j) This follows from (a) and

&P (v,k) = (s,v-k-vol-s) = — (s,v-vol-k-5) =0 .

(k) Again this follows from (a) and

P (u,v,8) = (s,u-v-k-vol-s) = — (s,u-v-vol-r-s) =0.

(1) We prove the equivalent statement x(w® A w®) = 0:

€uupaliyw(2)pa = €upok”5I77 s
= 2k"3L 58
= 2x"50, I, T'ss
= 25T, [5k"Tys = 0,

again using (a) above.
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(m) Similar to the previous part, we prove that +(w™ A w(®) = 0:
ew,pgﬁ’jfu(z)pa = €upok” 57 T'5s
= —2r"5L s
= —2x"sI',I'ys =0,
again using (a).
(n) By definition of Hodge star and (e) above,
WM Aw® = —6W A xw® = W™ WwM)vol =0 .
O

Two remarks are worth mentioning. The first is that from parts (1), (m) and (n) in
the above proposition, it follows that w® = w® A0, T = W A 0 and w® = wm A 92
for some covectors 0, 0 and 2-form 0 which are defined only modulo the ideal generated
by w,

A second remark is that it is possible to prove the above proposition without resorting
to the Fierz identity, by exploiting the representation theory of the spin group. The group
Spin(V') sits inside the Clifford algebra C'¢(V') and hence S becomes a Spin(V')-module by
restriction. The volume element defines a complex structure on S which is invariant under
the spin group. The identity component of the spin group is isomorphic to SL(2, C) under
which S is the fundamental 2-dimensional complex representation. The orbit structure of
S under Spin(V') is therefore very simple; namely, there are two orbits: a degenerate orbit
consisting of the zero spinor and an open orbit consisting of all the nonzero spinors. The
stabiliser of a nonzero spinor s is the abelian subgroup Hg consisting of the null rotations
in the direction of its Dirac current k, and it is a subgroup of the stabiliser of any object
we can construct from s in a Spin(V)-equivariant fashion: e.g., the Dirac current and the
Dirac 2-form. Now the Hg-invariant 2-forms can be seen to be of the form x A 6, for some
“transverse” 1-form 6, and hence the Dirac 2-form w® has this form. By equivariance
under H; < Spin(V'), the Clifford product of w® on s must be again proportional to s,
but by squaring we see that the constant of proportionality must be zero. Finally, Clifford
multiplication by the spacelike 6 is invertible, so it must be that s Clifford-annihilates s.

A.4 A further property of the Dirac current

For completeness we discuss a further algebraic properties of the Dirac current. Recall
that if s € S, its Dirac current « is defined by equation (A.13). Let us define a symmetric
bilinear map x: S ® S — V by

H(Slv 32) - % (’%81-&-82 — Rsy — 582) ) (A'?’l)

where ks denotes the Dirac current of s. It follows from the representation theory of so(V)
that the map « is surjective onto V. Now consider a linear subspace S’ C S and let V! C V
denote the image of the map « restricted to S’ ® S’. For which S’ do we still have that
V' = V? The following lemma, which is a modification of the similar result in [35] for
eleven dimensions, shows that this holds provided dim S" > 2.
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Lemma 16. Let S’ C S be a linear subspace with dim S’" > %dim S. Then the restriction
of k to 8" ® 8" is surjective onto V.

Proof. Let 5" C S have dim S’ > 1 dim S. Let V' = im g4 ¢ and let v € (V). We want
to show that v = 0 so that (V')* = 0 and hence V' = V. By definition, v is perpendicular
to k(s1,s2) for all s1,s9 € S’; equivalently, (s1,v-s3) = 0. This means that Clifford
multiplication by v maps S’ — (5’)*, where L here means the symplectic perpendicular.
Because of the hypothesis on the dimension of $’, dim(S')* < dim S, so that Clifford
multiplication by v has nontrivial kernel. By the Clifford relation (A.1), it follows that v
is null. In other words, every vector in (V/)* is null, and this means that dim(V’)+ < 1.
Now for every s € S’ k(s,s) is null and perpendicular to the null vector v, so that one
of two situations must occur: either v = 0 or else (s, s) is collinear with v. Suppose for
a contradiction that v # 0. Then (s, s) is collinear with v and, by polarisation, so are
k(s1,s2) for all s1, so € S’. But this says that V’ is one-dimensional, contradicting the fact
that dim(V’")* < 1. O
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