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1 Introduction

There have been an increasing interest and relevant progress in studying 1+ 1 dimensional
integrable quantum field theories (QFTs), due to the fact that they can be solved exactly.
The usual definitions of QFTs are based on a Lagrangian and the main'! analytical tool to
investigate them is perturbation theory, which provides a systematic expansion of physical
quantities around a properly chosen free theory. In general, only a few terms are calculable
technically, leading to merely approximate results.

Integrable 1 + 1 dimensional QFTs are special in the sense that they offer an exact
non-perturbative treatment [1, 2]. Their exact bootstrap solution does not start from
any Lagrangian, rather it determines the scattering matrices of the particles from such
consistency requirements as unitarity and crossing symmetry assuming maximal analyticity.
In contrast to the ultraviolet (UV) description based on the Lagrangian the infrared (IR)
formulation relies on the particle masses and the scattering matrices. In the simplest case
of the scaling Lee-Yang model there is only one type of particle with a given mass and the
scattering matrix is a simple CDD factor without any parameter [3]. The procedure to
connect the large scale IR scattering theory to a small scale UV Lagrangian formulation
is to put the system in a finite size and calculate an interpolating quantity, such as the
ground-state energy, exactly.

The Thermodynamic Bethe Ansatz (TBA) equation [4] describes the ground state
energy from the IR side by summing up all the vacuum polarization effects. This is a
nonlinear integral equation depending on the scattering matrix and the masses of the

1Some non-perturbative methods exist especially for supersymmetric QFTs.



particles. Unfortunately the TBA equation does not allow any systematic analytic small
volume expansion. Nevertheless, the central charge of the UV limiting theory and the bulk
energy constant can be extracted exactly. The central charge basically identifies the UV
conformal field theory (CFT), which is perturbed with relevant operators. Demanding the
integrability of the perturbation leaves a few choices, from which the one matching with
the IR description can be easily singled out. The identification between the UV perturbed
CFT (pCFT) Lagrangian and the IR scattering theory boils down to the relation between
the mass of the fundamental particle and the strength of the perturbation. This relation
is called the mass-coupling relation and is a real challenge to calculate in any integrable
model. This relation is of fundamental significance as it also gives the vacuum expectation
values of the perturbing operators, which contain all the non-perturbative information
which is not captured by the pCFT [5, 6].

In order to calculate the mass-coupling relation one typically embeds the theory into
a larger model with extra symmetries. After introducing some type of magnetic field
coupled to the extra conserved current the TBA equations can be linearized and expanded
systematically. Comparing the result with the analogous perturbative expansion on the
Lagrangian side the relation between the masses and the parameters of the Lagrangian can
be established. This route was followed for the O(3) [7] and sine-Gordon models [8] and has
been extended for many other integrable models [9-17]. (For a different route, see [18].)
None of these models, however, contains integrable perturbations with more than one mass
scale. Even though the models have multi-parameters and/or a non-trivial spectrum, the
mass ratios are encoded in the S-matrix.

Such integrable models with multiple mass scales are obtained by more general cosets
with rank higher than the su(2) cosets of minimal models. The homogeneous sine-Gordon
(HSG) models, which are perturbed generalized parafermionic CFTs, provide a simple
class [19-24]. They are also distinct in that they are generically parity asymmetric, possess
unstable particles and exhibit cross-over phenomena due to the multi-scales [24-26].

Moreover, the free energy of the HSG models gives the strong-coupling gluon scattering
amplitudes of the four-dimensional maximally supersymmetric Yang-Mills theory (N = 4
SYM) through their TBA equations [27-31]. Based on this fact, an analytic expansion of
the amplitudes has been investigated around a certain kinematic point corresponding to
the UV limit of the HSG models via bulk and boundary pCFT for the free energy and for
the Y-functions [32-36]. In order to make this expansion powerful an explicit connection
is needed between the expressions given in terms of the IR/TBA data and those obtained
analytically in terms of the UV /pCFT data. This missing link would be provided by the
mass-coupling relation.

In this paper, we thus initiate a systematic study of the mass-coupling relation of multi-
scale integrable models. Our main focus is on the simplest among such models, which is

the perturbed SL?((I?’))f theory.

The paper is organized as follows: in section 2 we describe the homogenous sine-Gordon
models as perturbed CFTs. We start by recalling the perturbed coset representation of the
theory. We then exploit the fact that it has an alternative coset representation, which can
be equivalently rewritten in terms of the projected product of minimal models. We use this



minimal model representation to confirm the modular invariant partition function and to
identify its integrable perturbations. The latter is done by constructing spin 1 conserved
charges and by showing the existence of spin 3 charges. The pCFT description allows us
to calculate order by order the ground-state energy, which is an analytical small volume
expansion. Section 3 collects the analogous information about the model for large volumes.
The model is defined by its particle content and their scattering matrices. These data can
be used to derive TBA integral equations for the ground-state energy valid at any finite
size. The operators are defined by their form factors. We identify the IR basis of the
perturbing fields and the densities of conserved spin 1 charges. We then use in section 4
form factor perturbation theory to relate the IR basis to the UV basis by the mass-coupling
relation. Finally, using a generalization of the © sum rule Ward identities coming from the
conservation laws, we derive differential equations for the mass-coupling relations, which
we solve explicitly in terms of hypergeometric functions. These analytical mass-coupling
relations are compared in section 5 to the ones which we obtain by numerically solving
the TBA equations. As we find complete agreement we use the mass-coupling relation in
section 6 to analyze the vacuum expectation values of the perturbing fields and conclude
in section 7. To make the relatively long paper readable the technical details are relegated
to various appendices. Our conventions are summarized in appendix A. The exact mass-
coupling relation presented in section 4.9 has been announced in [37].

2 Homogeneous sine-Gordon model as a perturbed CFT

In this section we describe the simplest HSG model with multi-coupling deformations,
namely the su(3)s/u(1)? HSG model, as a perturbed CFT. We start by introducing the
model as integrable perturbations of the coset su(3)2/u(1)?> CFT. We then discuss in some
detail the representation of the same model in terms of the projected product of minimal
models. This second representation is useful as the structure constants and the correlation
functions of minimal models are all well-known. We construct the conserved currents, and
analyze the ground state energy from the pCFT point of view. The results on conserved
currents and the symmetries of the ground state energy will be important later in the
discussion of the exact mass-coupling relation in section 4.

2.1 Coset representation

The homogeneous sine-Gordon models [19-24] are obtained by integrable deformations of
the gi/u(1)" coset CFTs [38, 39], where k is the level, g is a simple compact Lie algebra
and 7y is its rank. The deforming term consists of the weight-0 primary fields in the adjoint
representation of g, which are r, degenerate in the holomorphic sector. Combining them
with the antiholomorphic sector, the complete basis can be denoted as ®;; (i,j =1,...,7g).
The actions of the HSG models take the form

Tg
Susc = Scrr — [ oLyt Lo = D vy, (2.1)

1,7=1



where Scpr is the action of the coset CFT or the gauged Wess-Zumino-Novikov-Witten
model. The left/right conformal dimensions of the deforming fields ®;; are all the same.
Denoting them by (h, h), those of the couplings v;; are (1 — h,1 — h). The couplings are
factorized as

Vij = /\25\] . (2.2)

These dimensionful coupling constants are not renormalized in the perturbative CFT
scheme and hence are physical themselves [5, 56]. Due to the invariance under a rescaling
(Ais Aj) = (aXi,@™1);), the number of the independent couplings (A, A;j) is 27y — 1. Thus,
for ry > 1, the HSG models are distinct in that they remain integrable under multi-coupling
deformations.

In the UV regime, one can investigate the HSG models by regarding them as perturbed
CFTs. A useful fact in this respect is that coset CFTs often have equivalent representations
by other cosets. In the case of g = su(n), which is relevant to our discussion, one has [41, 42]

su(n)g su(k)gl) X su(k)?) X e X su(k)gn)
u(1)n-1t su(k)n,
su(k); xsu(k);  su(k)2 x su(k)1 su(k)pn—1 x su(k)1

su(k)a x su(k)s SR su(k)n o (23)

I

up to identifications of the common factors in the denominators and the numerators. The
superscripts in su(k:)gp ) just express that it is the p-th factor. Since the unitary minimal
model with the central charge ¢, = 1—6/m(m+1) is represented by the su(2) diagonal coset

as My42.m+3 = su(2)m X su(2)1/su(2)m+1, the second line in (2.3) implies for k£ = 2 that

=P (Mga x Mys x - X Myying2) - (2.4)

We have explicitly indicated by P that the product is the projected one due to the identi-
fications implicit in (2.3).

In the rest of the present paper we study the case of n = 3, which corresponds to
the simplest HSG model possessing all the characteristic features mentioned above. The
su(3)2/u(1)? coset CFT in this case has nine chiral primary fields. Their conformal di-
mensions are given by h = 0 (identity), 1/10,1/2,3/5 with the multiplicities 1,3, 3,2,
respectively. The fields of dimension 3/5 form the perturbing fields ®;;. In each set of
three fields with h = 1/10 or 1/2, they are related to each other by the Zz symmetry
of su(3). At level k = 2, only the diagonal modular invariant may be allowed, which is
expressed by the string functions of su(3)s (see appendix B). Properties of the su(3)a/u(1)?
coset theory have been summarized in [43].

According to (2.4), the su(3)2/u(1)? coset CFT is represented equivalently by a pro-
jected product of the Ising (Mgz4) and the tricritical Ising (My5) CFT, and has central
charge ¢ = g = % + %, the sum of those of M3, and My 5. In each of the chiral sec-
tors, the spectrum of Ms 4 consists of the fields with h = 0, 1/16 and 1/2, respectively,
whereas that of My consists of the fields with » = 0,3/80,1/10,7/16,3/5 and 3/2. All

the multiplicities are 1. The identification of the su(2)qe factor implies that only certain



combinations of the fields in M3 4 x My appear in the spectrum of su(3)2/u(1)?. The
possible combinations are identified by the character decomposition of the coset CFT in
terms of the Virasoro characters and the affine su(2) characters. Denoting the primaries
with conformal dimension h by |h), the result including the multiplicities reads

(10) + 1)) pgs, X (100 +155) +13) +13) uy s + 2% (1560 gy % (116 + 1860 pty s
(2.5)
Up to the states which can be interpreted as descendants in terms of the larger su(3),/u(1)?
algebra, the above chiral spectrum indeed agrees with that of the su(3)2/u(1)? coset theory.
Moreover, the modular invariant of the su(3)2/u(1)? theory is expressed by the Virasoro
characters of M3 4 and My and it has to be compatible with the field content (2.5). As
shown shortly, one can construct this modular invariant by starting directly from the
Virasoro characters. For definiteness, we summarize the relations among the su(2); and
the Virasoro characters, and the su(3)s string functions in appendix B.

2.2 Minimal models product representation

In this subsection we consider the su(3)2/u(1)? homogeneous sine-Gordon model as per-
turbations of the projected product of minimal models P(M3 4 x Mys). We first give a
description of the chiral algebras and build up the Hilbert space from their highest weight
representations by choosing the relevant modular invariant partition function. In this pic-
ture we easily identify a multi-parameter family of integrable perturbations by demanding
the existence of higher spin conserved charges. In particular, integrability ensures that
the perturbing operators themselves are components of conserved currents. Note that the
conserved charges correspond to off-critical deformations of some of the elements of the
enveloping algebra of the chiral algebra.

2.2.1 The chiral algebra

The chiral algebra of M3 4 x My s contains two commuting Virasoro algebras

()

LD, LG = (= m) Ly + T (0 =)0, (LD L] =0, (26)
with central charges ¢(!) = % and ¢? = 1—70, such that the total Virasoro generator is
Lp=LM 4+ 12 (2.7)

The Ising part. As the Ising model is the free massless fermion theory, we may introduce
the fermion field ¢(z) = 3, 27"~ /24, where n € Z+ 3 for the Neveu-Schwarz (NS) sector
and n € Z for the Ramond (R) sector. The modes 1), have anticommutation relations

{%, wm} = 5n+m ) (2'8)

such that )
LW (z) = 5 ()Y (2) :, (2.9)



where : : denotes normal ordering. Let |0) denote the vacuum vector, satisfying 1,,|0) = 0
(n > 0). The two representations corresponding to the highest weight vectors |0) and

2
representation with half-integer moding. The highest weight representation built on |%>

|1) =+)_1]|0) form the vacuum representation of the free fermion algebra. This is the NS
2

is the R representation with integer moding.

The tricritical Ising part. The presence of the field with conformal dimension h = 3/2
in the tricritical Ising model indicates that it is actually a superconformal model with

n
(L@, G = (5 - m) Grsm (2.10)
(2 1
{Gn, G} =212+ % <n2 - 4>5n+m . (2.11)

The two Virasoro modules built over |0) and |3) = G_ s |0) form the vacuum module of

the superconformal algebra, while the one built over |&) and |2) = G_ 1 |-) the NS type
highest weight representation. The R representations of the superconformal algebra are
built on |%) and |3).

The chiral algebra of the product picture is generated by the fields A = {¢, L(®,G}. In
particular, it contains three spin 2 chiral fields: LM (z), L) (z), and L®)(2) = (2)G(2),
which will play a central role in our considerations. Below, we search for the relevant
modular invariant partition function on the torus in this picture which accommodates 4

3 3

fields with dimensions (i, 5) required by the homogeneous sine-Gordon models.

2.2.2 The Hilbert space of the product model

To construct the modular invariant, we start from the vacuum module of A.

(x00 + X 10 + X038 +x13)(Xoo + X10 + Xo3 +X13), (2.12)

1 1
2 2

where xpn = Xél) XE?,) denotes the Virasoro character of the product representation. The

NS representation of the chiral algebra is given by

(ogs + Xog X335 +x33) (ogy +Xog T X445+ X32) (2.13)
which contains 4 fields with dimensions (%, %) as required by the coset correspondence.

The sum of the characters of these representation spaces is almost modular invariant. It
is invariant with respect to the modular S transformation, but fermionic elements, where
the difference of the left and the right dimensions is half integer, pick up a sign for T
transformation. The result of this action can be concisely written as

(Xo0 = X10 = Xo3 + X 3), (2.14)

1
2

on the vacuum sector and as

%) , (2.15)



on the NS sector. The modular S transformation acting on these later characters produces
the characters of the twisted R sector as

3 X

4y 1 3 +4XLL>_( (2.16)
16 8 0 16 16

sl
c:‘\'

1
16

(=}
00!

The full modular invariant partition function can be obtained by summing up them all.
Actually since every space appears twice, we take its half and get the following modular
invariant partition function:

Z =2x13X13 +2x17X1 1
16 80 16 80 16 16 16 16
+(x00 + X%g)(foo + X%g) + (X%o + Xog)(f(%o + Xog)
+(xoL +x18)(Xor +X13)+ (o2 +x11)(Xos + X1 1) (2.17)

The chiral algebra of the coset conformal field theory is larger than that of the product of
minimal models, thus the diagonal modular invariant partition function on the coset side
is not diagonal in terms of the Virasoro characters. Rather, it contains off-diagonal terms
signaling the presence of the larger chiral current algebra.

From this expression one can easily read off the field content of the model, which
36 10) 3 fields
and 4 fields with highest weights ( 25 5) required from the coset

additionally to the vacuum sector contains 3 fields with highest weights (
with highest weights (2, 2)
point of view. This is the model we would like to perturb with the (5, 5) fields, whose
corresponding vectors we denote by

@) = P9 1) (4,5 =1,2), (2.18)
\<I>>=|1—10,%>7 W=y,  p® =G, (2.19)

such that they form an orthonormal basis

Finally, we note that the actual chiral algebra is the remnant of the current algebra of the
coset theory, which is larger than the one generated by ¥(z), L (2),G(z). The missing

fields are related to the other two fermions with h = = Wthh appear in 2y 1 7 )‘(
16

sl=
@\*'

1
61
shown in section 2.1 and appendix B.

2.2.3 Perturbation and conserved charges

Given the Hilbert space of the model in the product picture, let us move on to a discussion
on the conserved charges. As we are working with a smaller chiral algebra we do not expect
to find all conserved charges in this picture. We start from the perturbed action of the
form (2.1), not assuming (2.2). In the present case g = su(3)a, 7y = 2 and the left/right
dimensions of ®;; and v;; are (h,h) = (%, %) and (1 — h,1 — h), respectively. It turns
out below that the couplings v;; must factorize as in (2.2) to ensure the integrability of
the model.



Integrability requires an infinite number of conserved charges. In the conformal field
theory, where all couplings vanish, v;; = 0, any differential normal-ordered polynomial
of the generating fields of the chiral algebra corresponds to a conserved charge. Indeed,
taking a representative A(z), it depends only on z and dA(z) = 0. After we introduce the
perturbation this is no longer true, but we can systematically calculate the corrections

aA(Z, 5) = Vij@ij(z, 2) + Vijl/kl@ijkl(zy 2) + ... (2.21)

What is nice about the perturbed rational unitary conformal field theories is that, due to
the discrete and nonnegative set of the allowed scaling weights, the conformal perturbation
theory terminates with a finite number of terms only. This can be seen by comparing the
dimensions of the two sides of eq. (2.21). Let us assume that the conformal dimension of
A is (s,0) with s being a positive integer. Associating the dimension (A,A) to ©;; the
comparison gives (s,1) = (1—h+A, 1—h+A) at first order, which means that A = h+s—1
and A = h, i.e. ©;; is a level s — 1 left descendant of the ®;;s. Inspecting the second order
perturbation we find that A = 2h — 1 = 1/5. But there are no fields with this dimension,
so the second order perturbation vanishes. As there are no fields with negative dimensions
either, all higher order terms vanish and we conclude that the first order perturbation is
actually ezxact.

Clearly we cannot introduce a total derivative for A as its integral vanishes and does
not give rise to any conserved charge. Thus the existence of an off-critical conserved current
requires that A is not, but the level s — 1 descendant is a total derivative:

aA(Z’, 2) = yij@ij(z, 2) = VijaAij(z, 2) . (2.22)
If we are interested only in the existence of the conserved charge, and not its explicit form,
we only have to compare the dimension of the nonderivative operators at level s in the
chiral algebra to the dimension of the level s — 1 derivative descendants of ®;;. If the
former is larger, then we can construct a conserved charge. The argument based on this is

called the counting argument [44, 45]. It is presented in appendix C.
One can actually do a better job and determine explicitly the linear combinations

A=o LW 4+ oL@ 4 a3L® (2.23)

with some constants a1, ag and a3, which remain conserved under the perturbation. Doing
the first order perturbative calculation (see the master formula in appendix A.4)

ON(z,2) = —mvy; ?{ % (A(2)®i5(w, 2)) , (2.24)
L 2T
we need the OPE

A(Z)(I)ij(w,w) _ (Aq)ij)f2(wwﬁ) + (Aq)ij)q(w,w) N

E— S— o (2.25)

to obtain

ON(z,2) = =75 [0((ADij)-2(2, 2)) — (ADy)-1(2,2)] - (2.26)



Writing formally ®;; = ¢;¢; the OPEs with the (chiral part of the) perturbing fields
are calculated to be

Lai(w) |, 061(w)  dufw)

L0 @) = 3 2 2] 2] o

L0 (2)a(ur) = O(1)

LO(2)¢1 (w) = 1% (f 1_(7;‘;))2 ¢_(”f3 +0(1)

L@ (2) ¢y (w) = g( Z@_ ?)2 N icbi(:z) +o() (2.27)
L @on(u) = = 22 YOO o

LOE)a(w) = Z=r ¢+ o) 8l o),

Here ¢, is a non-derivative field.
Clearly the total energy and momentum is always conserved:

OL(z,2) = (LW (2, 2) + LO (2, 7)) = %”a (1315 (2, 2)) . (2.28)

Combining LM and L® we demand the vanishing of the non-derivative term, which

leads to
_ 40[3 Vo1 4043 V22

o] = = .
YT Bvn VB i

The compatibility of these two equations implies r19197 = V11199, which is equivalent to

(2.29)

the factorization of the coefficients of the perturbation as in (2.2). Actually from this
factorization it follows that we can search for the conserved charges separately at each
chiral half as the other chiral half behaves merely as a spectator.

The conservation law now takes the form

0 (OqL(l)(Z, 2) + OégL(?’)(Z, 5)) =0 (Ul\Ifl(Z, Z) + UQ\IJQ(Z, Z)) , U, = S\jq)ij , (2.30)
with a possible normalization

5\ A2
ap =2, ag:i*l, vl =T, UQZE*I-
3 Ay

(2.31)
By the left/right symmetry of the problem we also have a conservation law by replacing
each quantity with its bar version:

) <@1E(1)(z, %) +as Lz, 2)) =0 (0191(2,2) + D2Wa(2, 2)) (2.32)

where a1 = 2, @3 = V/5A1/(2X2) and ©; = 71, Ta = 7A?/(3)2). In the following we do not
write out explicitly the formulas which can be obtained by the left/right replacements.

The results above on the conserved currents and corresponding charges turn out to be
important later. For future extension to the su(n)z/u(1)"~! theory, the projected product
of the minimal models (2.4) is further discussed in appendix D.



2.3 Ground state energy from perturbed CFT

From the pCF'T formulation of the model, we can derive pieces of information on the ground
state energy, which are used in the later analyses. We consider the dimensionless ground
state energy F'(L) = %EO (L), which can be expanded at small cylinder circumference L as

F(L) = _1% + 3 F,Le-2), (2.33)

where ¢ = £ is the central charge of the su(3)2/u(1)? coset CFT and h = £ is the dimension
of ®;;. The perturbative coefficients are

F, = (27r)1+2”(h b / 1] HA,kAjkcb,m (2K, Z1)]0)e H (zezp) P V%2, (2.34)

where the subscript in (-). stands for the connected part and z; = z; = 1.
The operators ®;; and the identity I form a closed set under operator product expan-

sion (OPE). Formally, we can choose a basis ¢;(2),$;(2) of the fields of dimension (2,0)
and (0, 2) and may write
(I)ij(z7 2) = ¢z(z)d)](2) ) (235)
such that the OPE rules read [43]
o101 =1—-vV2C02, ¢192=—-V20h1, a2 =1+ V202, (2.36)

where

N[

C =

<‘51> o <§) , (2.37)

and y(z) = I'(x)/T'(1 — x). In the above formulas, only the leading terms are shown, and

1
37

the dependence on spacetime variables is suppressed. These OPEs are invariant under
rotations of ¢; by 2m/3, which form a Zs group, and under the reflection ¢;1 — —¢1,
¢2 — ¢2. These transformations generate the symmetric group S, which corresponds to
the Weyl reflection group of su(3). Due to this symmetry of the model, F, (A1, A2, A1, A2)
have to be invariant under the S3 Weyl symmetry group generated by

1. Zg rotations: A\; — wj;A; where w;; stands for the 27 /3 rotation ,
2. reflection: Ay — —A1, Aa = Ao .

The same applies separately to the variables \;. It is useful, therefore, to introduce the

invariant polynomials
= AT +X5, ps =23 -3l (2.38)

p2 and p3 generate all Ss-invariant polynomials of )\;, and the same applies, of course, to
the similarly defined quantities po, p3, As.
In terms of these polynomials, we get for the perturbative coefficients,

F, =Cypapa, F3=C3p3ps, (2.39)
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where Cy and (3 are constants which are read off from the integrals of the two- and
three-point functions of ¢; [46] and from the OPE coefficients in (2.36):

€y = ~tmts (—;) )2 @ (2.40)

. ]. 3 3 3 1 9
Cy = 51 C(2m)sy <10) 0% <10> . (2.41)
(4 is positive since v(—1/5) < 0. If \; are parametrized as A\; = Acos ¢, Ay = Asin g, then
po and p3 take the form py = A2, p3 = —A3sin 3¢, and it can be seen immediately that

2 2
0<f§<%

P < 23 2.42
- F T C3 (2.42)

In section 5, the couplings \; are determined through (2.38) and (2.39) by the numerical
data of F and F3 which are obtained from the TBA equations.

From conformal perturbation theory it follows also that Fj, (A1, A2, A1, A2) are homoge-
neous polynomials of order n both in (A1, o) and in (A1, A2). Taking into consideration the
S3 symmetry described above, one finds that Fy, F5 and F7 are determined up to constant
factors Cy,, which are calculable, in principle, in pCFT:

F, = C,pnbn (n =4,5, 7) ) (2'43)
pa = D3, Ps = P23, pr=Dp3ps . (2.44)

These relations imply that

Fi_ G B G By O (2.45)
F?  C3’ FByFy  CyC5” FiF;  C3Cs’ '
ie. 1%2, Ff}g and F?}S are constants.
For Fg the discrete symmetries give the form
Fs = Ceaa P P + Cess 3 3 + Ceas ph 3 + Ces2 p3 P » (2.46)

where Cgao, Cg33, Cgoz and Cgszo are constants, and the symmetry between the holomorphic
and antiholomorphic sectors implies Cgag3 = Cgsa. These relations are used for checking the
precision of the numerical data from the TBA equations.

3 Homogeneous sine-Gordon model as a scattering theory

After the description of the model from the UV side, we now turn to the description from
the IR side. In the IR description, the physical masses (and the resonance parameter) are
the fundamental variables of the system. To relate these to the perturbation couplings on
the UV side is the main subject of this paper. In the following, we first summarize the
S-matrix and the TBA equation of the model. We then discuss the form factors. We find
the form factors of the four dimension 3/5 operators, which should be the IR counterpart
of the perturbing operators ®;;. These results, together with those in the previous section,
are used in the next section.
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3.1 S-matrix and TBA

The spectrum of the HSG models contains stable solitonic particles associated to the simple
roots g of g. They are labeled by two quantum numbers (a,p) where a = 1,...,74 and
p=1,...,k—1, and their masses are parametrized as m®P) = mg sin(mp/k). The exact S-
matrices describing the scattering among those particles have been proposed in [22]. These
depend on further r, — 1 real parameters o4, = —0y, assigned to each pair of neighboring
nodes of the Dynkin diagrams. m, and oy, form a set of 2r, — 1 independent parameters,
the number of which agrees with the one for the deformation parameters. When the sum
of the simple roots a, + a3 is a root, the S-matrix for the scattering of the corresponding
particles exhibits a pole where the rapidity variable 6 coincides with op,. This is a resonance
pole, signaling the formation of an unstable particle associated with the root a, + ap. Due
to the resonance parameters o,p, the S-matrices are not parity invariant. The existence
of the resonance and the parity non-invariance are characteristic of the HSG models. The
scattering properties feature their infrared (IR) behaviors.

For the su(3)2/u(1)? HSG model with r, = 2, k = 2, there are two self-conjugate
particles of mass my and ms, which can take arbitrary values. We omit the superscript p
of m((lp ) as it can only be 1. There is only one resonance parameter oo =: o. In this case,

the two-particle S-matrix is given by [22]

1
S12(0 — &) = —S51 (6 + o) = tanh [2 (9 - 1727)} , S1(0) = S8n0)=-1. (3.1
The S-matrix elements (3.1) do not have poles in the physical strip, therefore the two
particles do not have bound states.
From this S-matrix we obtain the TBA equations for the ground state at cylinder

circumference L, which take the form [23, 24]

2
€a(0) + 3 (Kup + Ly)(0) = myLcosh(8), La(f) =In (1 + e—6a<9>) : (3.2)
b=1

with a = 1,2, where ¢,(0) is the pseudo-energy function for the a-th particle and the kernels
K, = —id% In S,p(6) are

1
12(0 — o) cosh(0) 210 +0), Ki1(0) = Ka2(0) =0 (3.3)
The convolution here is defined as
e’ , ,
(f59)0) = [ S-1(0-0)9(0) (3.49)
It is convenient to use the dimensionless ground state energy, which is given by
L L & [ )
Eo(L)o==F(L)=--5> [ dfmgcosh(d) La(6) + FouiL® . (3.5)
2 472 — )

Here we had to add the term containing the bulk energy density Fiuk = %Ebulk to compen-
sate the mismatch between the TBA and pCFEFT normalization of the ground-state energy.
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In the following we introduce two real resonance parameters o; and oo ,
o =01 — 09, (3.6)
and two ‘left” and ‘right’ masses,

_ mee’” _ mee %°

Ha = 2 ; Ha = 2 ;

with a = 1, 2, such that the shifted pseudo-energies
€a(l) = €a(0 — 04) (3.8)

satisfy the TBA equations

e1(0) + (K + L2)(8) = L <ﬁ1e0 + me_e) , (3.9)

éx(0) + (K + 1.)(0) = L (ﬂgee + uge-e) , (3.10)
with ) A

KO = gy L@ =Ta0-00). (3.11)

Equation (3.5), which gives the dimensionless ground state energy, takes the form

2
L +oo _ AN
F(L) = ~ 13 E / do (,uaee + pge 9) Lao(0) + Fou L (3.12)
a=1"7 ">

The ground state energy is invariant under the following transformations:
1. Dynkin reflection: py <> po, fi1 <> ji2 ;
2. parity: py <> i1, po <> f2 ;
3. scaling: g — pa/a, fla — Qfiq, where « is any positive real number.

The coefficient Fi,yx can be calculated [33] by following the standard procedure for TBA
systems:

1
Frux = %(Mlﬂ? + fp2) - (3.13)

Dimensional analysis shows that the coefficients F,, as functions of u, and fi,, have the
scaling property

Folap, aps, afin, afiz) = o™/ F, (1, po, fir, fiz),  a>0. (3.14)

3.2 Special cases

In this TBA system, there are a few special cases at ¢ = 0 in which it is possible to make
definite statements about the relation between the pCFT and TBA parameters. These
cases provide inputs and checks for the exact mass-coupling relation in the next section.
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Single-mass cases (m1 = 0 or ma = 0). In these cases the TBA of the HSG model
coincides with the TBA of the (RSOS)3 scattering theory, i.e., the unitary minimal model
perturbed by the primary field of dimension h = h = 3/5; Mys+veor3, v < 0. Comparing
the conformal perturbation series in this model and in the HSG model, at second order

we have
(D) = 1v*(d1,301,3) Mas (3.15)
where & = ZZ ; Vij®ij, which gives
papa = 1° . (3.16)
At third order we have
(PDD) = —1*(p1,301,301,3) Mas (3.17)
which gives
p3p3 = —v° . (3.18)
The cases m; = 0 or mg = 0 thus correspond to psps = pg/ng/Q, ie.
]?1;2 - 13];2 —+1. (3.19)
The mass-coupling relation of the perturbed minimal models is known [8]. In this case,
v = —kBSOS N5 (3.20)

where M is the mass of the massive particle and

1 2 1 (4
rsos _ L 2\ A (2 91
15 = st (3)7(5) (3:21)

Equal-mass case (m1 = mg2). In the case m; = mg = M the TBA for the ground state

VI

coincides with the TBA for the ground state of a non-unitary minimal model perturbed
by the primary field of dimension h = h = 1/5; M35 + vy 3. This is equivalent to the
perturbed diagonal coset model su(2); x su(2)_;/2/su(2); /2. By comparing the conformal
perturbation series in this model and in the HSG model one finds that

(PDD) =0 (3.22)
has to hold in the HSG model. The reason for this is that in the perturbed M3 5 model

2 — 2h = 8/5, whereas in the HSG model 2 — 2h = 4/5, therefore odd terms in the
perturbation series of the HSG model have to vanish. From the OPEs (2.36) one gets

(®PD) o p3 3, (3.23)
thus (3.22) implies
p3=p3=0. (3.24)
The mass-coupling relation in this case reads [8, 14]
v=ikM®", (3.25)

with

. JONONGRIC R

Thus £ is purely imaginary.
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3.3 Form factors of the dimension 3/5 operators

The form factors are built from the minimal 2-particle form factors Fy(61,62) and poly-

£1 _ 0

nomials in the variables x;; . The minimal form factors are [47, 48]

Fab(el, 92) = fab(91 - 92), if a 75 b, (327)
_ Tifaalbr =02
Fab(el, 02) = 27_[_(1_1 T x2) s if a= b, (3.28)
where 9
f1(0) = fo2(6) = —isinh 3 (3.29)
and
f12(0) = G(0 — im), fa1(0) = G(ir — 0) (3.30)
with s (0o
Cotepl? G0 [Td st
G(0) =2 v exp { 1 7 d /0 t sinhtcosh(t/2) } ' (3:31)

Here G = 0.91597. .. is the Catalan constant. Note that for many calculations we do not
need this explicit integral representation and it is sufficient to use the relation

1
1+4ie—o-9"

G(0)G(0 — in) = (3.32)

A general n-particle form factor corresponding to a local operator X takes the form

FX a1, ,00) = | ] Faia, (05.60;) | Q0 (@1,- - 20). (3.33)

i<j

For X = O, the trace of the energy-momentum (EM) tensor, the 2-particle solution is
characterized by
QT = imi(z1 + 22), QS = imj (1 + 22), (3.34)

and the 4-particle form factor corresponds to
Qflo2 (w1, w2, 3, 74) = —2¢~ 7 P2a3ay, (3.35)
where P2 = PT P~ is the square of the total momentum

Pt = mlpq) +m2]5‘;

! lay: (3.36)

Here for later purposes we introduced the notation ]5(’; ) the coefficient of m, in the total
momentum, with p =+, —; a=1,2.
It is clear that all form factors of the trace © are proportional to P? and take the form

Q° = P24, a,. (3.37)

a...an

Qa, ..., itself also satisfies almost all the requirements coming from the form factor axioms,
with the exception of the n = 2 case where it would lead to a singular form factor. This
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singularity is cancelled by the prefactor P2?. This cancellation also happens if we consider
various parts of P? separately. This way we can introduce the local operators A, B, C, D,
whose form factors (satisfying all the requirements including the cancellation of the above
mentioned pole in the 2-particle case) are defined by

han = P3P danans (3.38)
& an = P PG Gar o (3.39)
Qer.oan = (P Py + P PG darcans (3.40)
iran = (P Po) = PHFL) dar.an (3.41)
It is clear from (3.37) that
O = m2A+m3B + mymsC. (3.42)

In the 4-particle example (see appendix E, where all higher form factors can be found),
q1122(71, T2, T3, T4) = —2e X374, (3.43)
For later purposes we now calculate the 1-particle and 2-particle diagonal form factors

Foo'(0) = im FY(O+im+e,0),  Fouly)(61,02) = lim Flo (1 +im-+e, 6 -+im+-c, 61, 62).

(3.44)
Here the superscript (s) refers to the symmetric evaluation. We find
A B 1
]:11(8)(9) = ]:22(5)(9) = o0 (3.45)

All other 1-particle diagonal form factors vanish.
For the 2-particle case, from the explicit form of qq, 4, calculated in [47, 48], we obtain

FXE(0y,0,) = —4—;2 85012(6){1,1,2(:osh9,2sinh0} o (3.46)
=01—02

for the operators X = {A, B, C, D} respectively.

The form factors of A, B, C, D are obtained from those of © by replacing the momenta
P* with map(’fl ) From this similarity, one may expect that these operators have the same
dimension 3/5 as © ~ Lyers. This is checked numerically below.

3.4 Numerical check of the dimension

To find the dimension of the operators A, B, C, D, we consider the two-point functions,

(0i(r)0;(0)) = > C;fr?M =212 (04(0) + -+, (3.47)
k

for small r. The constants Cijk are the three-point couplings. Since the su(3)s/u(1)? HSG

model is unitary, the dominant contribution comes from the identity I = Op—g with hg =0
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Figure 1. Plots of log(O(r)O(0)) =: log G for O = A (o), (C'+ D)/2 (x) and © (+). We have set
my = mg =:m and o = 0. The solid line represents —(12/5) log(mr)+(const.).

on the right-hand side, and thus (O;(r)0;(0)) ~ r~4% for small r if C,,° # 0. Furthermore,
the two-point functions are evaluated by the form factors through the expansion,

(O(r)0(0)) = Z Z /Oo w exp(—erai cosh&i) ‘.7-";91”_%(91, e ,(971)‘2 :
- ’ i=1

n=0azi,...,an
(3.48)

We have performed the multi-dimensional integrals for A and (C'+D)/2. For simplicity,
we have set m; = mg =: m and o (resonance parameter) = 0. For the relevant form
factors, see appendix E. Alternatively, in such a case with m; = mao, the explicit forms of
the form factors of © are found in [47, 48] up to the 8-particle ones. Similarly to the cases
of (3.45), (3.46), one can convert these results to the form factors of A, B,C, D via (3.33)
and (3.37)—(3.41).

Figure 1 shows plots of log(mr) versus log(O(r)O(0)) =: logG for O = A (¢) and
(C+ D)/2 (x). The contributions of the n-particle form factors are included up to n = 6.
(For (C' + D)/2, the 2-particle contribution vanishes.) We have omitted the constants
for n = 0, which are irrelevant to small r behavior. These vacuum expectation values
are obtained in the next section. For reference, a similar plot for © (+), and a plot of
—(12/5) log(mr)+(const.) (solid line) are shown. We observe that all of these data scale
approximately as —(12/5)log(mr), which is consistent with h = 3/5. The results for
B, (C — D)/2 follow from the symmetry m; <> ma.

Thus, the operators A, B,C, D may form a basis of the IR counterpart of ®;;. The
way to define these operators via form factors, P* — maf’(’; ) Was simple. Yet, applying a
similar replacement to the EM tensor, we can obtain additional conserved currents on the
IR side, which will play an important role in the following discussion.

4 Analytical mass-coupling relation

Based on the results from the UV and the IR side in the previous sections, we derive the
exact mass-coupling relation in this section. First, using the formulas for the response of
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the physical masses and the S-matrix under the change of the couplings, we find explicit
relation between the UV operators ¥; in (2.30) and the IR ones A, B,C, D. This enables
us to find the form factors of ;. Expressing the conservation laws in section 2 by the
perturbing operators ¥;, we then show that the ratio u;/ps depends only on \;, not on
\; (‘partial factorization’), which also simplifies the IR expression of ¥;. As mentioned
above, using the partial momenta P(‘; ) we obtain conserved currents in terms of the IR
variables. They are identified with the UV currents through the IR expression of ¥;. By
comparing their commutation relations on the UV and the IR side, the perturbing operators
®;; are expressed by the IR operators. With the help of the generalized © sum rule for
the above conserved current and \T/j, the free energy Ward identity relates the vacuum
expectation values (VEV) of ®;; and the derivatives of the free energy with respect to
the couplings. From this relation, u, themselves are found to be functions of A; only
(‘complete factorization’). Applying again the generalized © sum rule to ®;;, the Ward
identity for ®;; yields a differential equation for their vacuum expectation values. This
is further translated into a differential equation for the mass-coupling relation, which is
solved by hypergeometric functions.
To begin with, let us recall the form of the perturbing Lagrangian on the UV side,

Epert(z, 2) = )\15\1‘1’11(2, 2) + )\15\2‘1’12(2, 2) + )\25\1@21(2, 5) + )\25\2‘1)22(2, 2). (4.1)

4.1 Exact VEVs and relations from changing the couplings

Here we collect all available pieces of information about the coupling dependence of the
problem. First of all we establish that because all perturbing operators are of dimension
(3/5,3/5), the trace of the EM tensor is given by

4

0= —g/lpert. (4.2)
Further, the VEV of the EM tensor must be of the form
<TMV> = &Muv, (43)

where 7, is the 1 + 1 dimensional Minkowski metric. The bulk energy density is known
from TBA as in (3.13), which we denote by

mim

e = (Too) = 2 cosho. (4.4)

Thus
(©) = 2e = myma cosho. (4.5)

We can also calculate the free energy density F. First we have to calculate the partition
function Z in finite 2-volume V and then take the limit

1
=— lim —=InZ. 4.
FEoymyh (46)
From this definition it is easy to see that a small change of the couplings leads to the
relations oF or
— . _GFpert _ Yy & Y &
a)\l - <\I/Z> ’ \IIZ a)\z )\1(1)11 + AQCI)zQ . (47)

~ 18 —



In the following we refrain from writing out explicitly analogous equations for the bar
variables if it is obviously true with the left /right replacement.
Since F is of mass dimension 2, from dimensional analysis we get

2
OF 5
Ai =—-F. 4.8
St s
Thus 57 = 2(0©) and hence
F=c="1"2 osh o, (4.9)

as anticipated.
The result of infinitesimal changes of the couplings can be expressed in terms of the
matrix elements of the operators ¥;, ‘Ilj [49]. For example, the change of the particle mass

is given by
om?

o = —47m(0,a|¥i(0,0)[0,a) = —4nFYi()(0), (4.10)

while the change of the scattering matrix is given by the formula

9. ~Ti(s) o lamg lﬁmg A(megmp)\ 0Sa(0)
AT i (01,02) = (2 o Tzan T, 06
+mgmyp sinh 98%;7\('0) , (4.11)

where § = 1 — 05, and similar ones for the bar variables.

4.2 Relations among the local operators

It is very natural to assume that the local operators ¥;, ¥; related to the pCFT Lagrangian
and the operators A, B, C, D defined on the form factor side form the same operator basis.
Their relation can be written as

U, = XA+ XxPB+xFPC+ XxPD, (4.12)

with some coefficients XZA etc. and similarly with X jA for \Ilj. The coefficients are not all
independent since they have to satisfy the relations which follow from (3.42) and (4.2),

Z )\ZXlA = _Zm% Z)‘leB = _Zm%7 Z /\zXZC = —Zm1m2, Z )\ZXZD =0.
i=1 i=1 i=1

- (4.13)
Taking into consideration these relations, from the mass dependence of the VEV of © (4.5)
we have
(4) = (B) =0, (C) = cosho, (4.14)
and this leads to
- gi = X" cosho + XP (D). (4.15)
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From the mass relation (4.10) and the form factors (3.45) we obtain

A lam% B _ 13m%

(4.16)

PTo2aN PT20n
Finally, from the S-matrix formula (4.11) and the form factors (3.46) we can read off

190(mim 1 do
XO= ST P = gl (®1n

Comparing to (4.15) with F in (4.9) we see that they are consistent if
(D) = —sinho. (4.18)

Having found the coefficients we can now write down the complete expression for the
perturbing operators ¥;, \Tij in terms of the bootstrap ones.

4.3 Relations from conserved spin 1 charges: factorization of mass ratios

Given the IR expression of the perturbing operators, we can derive non-trivial relations
from the conserved currents. To see this, we first recall that the form factors F¥¢ take
the form (3.33). Substituting (3.38)—(3.41) and factoring out the minimal 2-particle form
factors and qq, ..., , we are left with the proportionality coefficient

— (8ilnm1) P Py — (8ilnma) P P,

1 _ 1 _
_ 5(81 Inmq + 9;Inmsg + o%a)P(Jg) 1)~ 5(81 Inmi + 0;Inmo — aiO')P(—’l_)P(Q),

(4.19)

where 0; = 9/0\;. There is an analogous formula for \Ilj. Note that this formula is written
in terms of P(’i 2 the 1,2 parts of the full momentum:

oo D 0w _ pH 1z
Play = mally) Pr=Poy + Py -

For our purposes we now write the conservation laws (2.28) and (2.30) in the form

(4.20)

ov; = or;, (4.21)

where the local operators 7; are some linear combinations of the L(®)s. The Minkowski
version of these spin-1 conservation laws in the language of form factors imply that the
form factors of W; are proportional to the T light-cone component of the total momentum:

Fli=pPtf, FTi=P fi. (4.22)

The requirement that (4.19) is proportional to P*, though rather obvious from the
UV point of view, leads to the two equivalent relations

20;Inmq = 0;Inmq + 0; Inms + 0;0, (423)
implying
9; In <mle—") = 9;In (’“) = 0. (4.24)
ma H2
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Thus the chiral mass ratio pi/pe only depends on A; and similarly fi;/fi2 only depends
on );, showing the ‘partial factorization’. With this simplification the proportionality
coefficients are also simplified, to give

F¥i o —(d;1n my) PP

0y — (0iln ma)PT P,

) (4.25)

for ¥,;, and there is an analogous relation for \I’j.
To prove the full factorization we have to study further properties of the conserved

currents.

4.4 Relations from conserved tensor currents

Next, we consider conserved tensor currents. Using the “scalarized” form factors of ©, we
can define, via their form factors, the tensor operators X é; 1;(1;)' The corresponding form
factors are

Xg;(b) — pt pv

ar-.an = L) (b)Qal...an, (4-26)
and they are local operators since the two momentum factors cancel the unwanted double
pole from the 2-particle form factors. Since all operators we consider here are proportional
to the “scalarized” form factors qq,.. 4, , we will use the simplified notation?

uv o v 2
Xiayw ~ Pl Py O~ P~ (4.27)

The scalar operators we introduced earlier are given in this new notation as

miA =X m3B = X5, (4.28)

and

mimaC = X ) + X b 0y, mimaD = X [0 — X5 (4.29)

For later use we list here the vacuum expectation values in the new notation

Xy = X)) =0 (4.30)
<X(+1;(2)> = %mlmze_a = 2pafi1, <X(+2;(1)> = %mlmge” = 21 fio. (4.31)
We also introduce
Yo = zb:X&l)/(a) ~ PIEG), (4.32)
where
Pr=% P (4.33)
is the total momentum, and
21 =) Yy ~ PP (4.34)

a

2X(-¢:)_(b) are denoted by Xqp in [37].
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The energy-momentum tensor in this notation is
T = —ee’P 7,5 ~ —ee’P P, Py. (4.35)

Its conservation is obvious in this representation. We can now define further conserved
tensor currents by

I = — e Y, 50y~ —e" P Py Py(a). (4.36)

These are also obviously conserved in their first indices:

DIl = 0. (4.37)

We put the second tensor index to square brackets to indicate that it is part of the “name”
of the conserved current (together with the particle subscript (a)). There are altogether
four conserved currents, but two combinations of them are not new, because of the relation

Z i =, (4.38)

The corresponding conserved charges are given by

QL) = / dzly) (x,1). (4.39)
These act diagonally on multi-particle states
QEI;])|91,a1; oo Op,an) = P(”a)|«91,a1; oo O, an). (4.40)

The above eigenvalues can be obtained by first considering one-particle states, where the
eigenvalues can be calculated directly from the two-particle form factors, and then using
additivity for multi-particle states. The latter property of the conserved charges follows
from the fact that they are given as space integrals of local currents. The physical meaning
of the conserved charges is thus rather trivial: they just express the separate conservation
of the two parts of the total momentum corresponding to each particle type. These parts
are trivially conserved since the particle momenta are not changed in a scattering process
since the scattering is diagonal.

The algebra of the conserved charges is Abelian, but we can obtain useful information
by considering the action of the charges on the local current components. We find

QUL I8 ~ Pl P Py Py ~ €00 XY, 5. (4.41)

Here we used the fact that the form factors of the derivative of a local operator are pro-
portional to the original form factor multiplied by the total momentum. The commutator
formula becomes more transparent if we specify some of the tensor indices:

Q- 1t ) = e, X (4.42)

Q) I“[+ | =i 00X (5 - (4.43)
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Now we identify the conserved currents and charges on the pCFT side. We already
established in (2.30) that (after Wick-rotating the pCFT formulas to Minkowski space)

oy JT+0-J =0, (4.44)
where
2
J-=—2LW —2xL®) k= éﬁ, Jt=vU;, v =7\, vy = AL (4.45)
4 )\2 3 >\2

We will denote the corresponding charge by ). Since we already expressed the scalar

operators ¥; in terms of the X ('; )_(b) basis on the IR side, we can write

JT = —v;(6;In ma)IJ;[_]. (4.46)

Because of Lorentz covariance, the same linear combination has to appear for the other
tensor component as well and we can write:

Tt = =0 nmg) I} (4.47)

Analogous formulas exist for the bar variables, so we can summarize the relation between
the current components in the UV and IR bases as

JH = —kadls), ke = wi(@5lnmy), (4.48)

JH = —];/'aléla[)—‘r], ]_Ca = @j(éj In ma). (4'49)

Using this identification and the commutation relations (4.42) and (4.43) we get
(Q, J'] = —[Q, JH] = ie"*0, 9, (4.50)

where

0= l‘cakbx(*;)—(b). (4.51)

These are used to express the perturbing operators ®;; in the IR basis.
4.5 Relation between the UV and IR bases

So far we are able to give the UV scalars ¥; and ¥, in terms of the IR scalars X (J; )_(b). Only
three linear combinations are independent, because of the relation \;¥; = /_\j \le. Here we
will determine the remaining coefficients ./\fi‘}b in the relation

i = ¢idj = N X[ (4.52)

We start from
Q, ] ] = —2i0,Q = —209. (4.53)

(Here the last equality comes from continuing back the formula to pCFT conventions.) At
the leading order we have

0,7 ] = —= 7{ 0 (w)oy (2, 2)) = (gvmj@(zj) , (4.54)
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where the short distance expansion formulas summarized in section 2.2 were used. By
dimensional analysis explained in section 2, we can convince ourselves that this leading
order formula is actually exact in conform perturbation theory. Comparing this to (4.53)

and (4.51),
9 D

Q= v,v]gbZ(Z)J vzv] ;5 (4.55)
in terms of UV fields, and
v;(0; Inmy)v;(9; Inmyg) = vzvj./\/'“b. (4.56)

Using also the relations we found earlier,

ab a — a _
Uy = MNFX L = — (0 Inma)Y ) = - Zb:(aj Inma) X (4.57)
we have
)\Z'./\/;(;-b == —5]' In meg. (458)
Similarly we have
NEPX; = —0i Inmy,. (4.59)

These two relations, together with (4.56) imply
ab 4 3
N = —5(8,- Inmy) (9 Inmy,). (4.60)
Thus we completely identified the four UV scalars ®;; in terms of the IR scalars X (t ;(b).

4.6 Free energy Ward identity

From the IR expression of ®;;, we can prove the full factorization. For this purpose, we
also need the free energy Ward identity, which is discussed below.

Using the vacuum expectation values (4.30), (4.31) and (4.60) we can calculate the
vacuum expectation values of ®;;:

2 _ 2 _
(D45) = *g#lﬂz(ai In i1 7a1) (95 In pafiz) — 5/12!71(@‘ In pofiz) (05 In pa fin ). (4.61)

Here we used the chiral mass parameters defined in (3.7). The free energy density can be
similarly written as a sum of two chirally factorized terms:

F = pifio + pofiy. (4.62)

Using (4.7) and taking a second derivative with respect to the couplings we can derive the
following Ward identity:

0i0;F = —(®;5) — /d%@i(x)@j(o»c. (4.63)

Here the subscript . means, as before, connected correlation function.
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We can calculate the integral of the two-point correlation functions by using the gen-
eralized © sum rule, which is derived in appendix F. First we calculate

/d2 (JT ()T ( /d2 (0))e, (4.64)

for which we need the short distance expansion

.\ 3 <
T (2,2)85(0,0) =~ 50i6,(0)6(0). (4.65)
TZ
Using this in the generalized © sum rule we obtain
- 3
vi/d%@pi(x)\pj(o»c = 5vi(®). (4.66)

In our case the original © sum rule, where v; are replaced by \;, gives

)\i/d%(\lfi(x)@j(O))c _ 0 /d2x<e(x)¢j(0)>c _ gxi@ij). (4.67)

S

The last two relations together imply

— 3
/d%mfi(x)\pj(o»c = 5(®5), (4.68)
and putting this result into the free energy sum rule leads to the simple relation
= 5
0;0;F = —§<¢)ij>. (4.69)

4.7 Proof of complete factorization

The partial factorization we already established in subsection 4.3 allows the following
parametrization:

H1 = W, ,al = /-_1/7 H2 = a()\la AQ)M, /12 = Oé(Xl, 5\2)/-_1' (470)

We now use this parametrization and substitute (4.61) and (4.62) into (4.69). We find that
the « factors cancel and we get

B0;0;8 = 8;80;8, (4.71)
where )
B=up="L. (4.72)

This can be rewritten as
8:0;,8  0i0;
B 2

which means that In 8 must be the sum of two chiral terms,

0;0;In B = =0, (4.73)

In B = b(A1, A2) + b(A1, A2), (4.74)
and 8 = pji is chirally factorized. Thus we must have complete factorization:

= p(A1, A2), fi = p(A1, A2). (4.75)
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4.8 Mass-coupling relation

Similarly, with the help of the generalized © sum rule, a Ward identity for the perturbing
operators ®;; gives a differential equation, from which the exact mass-coupling relation is
derived.

We will make use of the short distance expansion

_ M;jpj(w) 1
J f(w) = ——2H 0 4.76
@oitw) =228 o (1), (1.76)
where
n A1
M11 = 1, Mlg = M21 = -, M22 = 0, n= - (477)
2 A2
It is easy to see that
3
i = 5, Vi (4.78)
For later use we calculate
2 2,2
Q; = o Mp; + vpOpv; = <2 — 7?3) v; + %)\z (4.79)
The generalized © sum rule corresponding to (4.76) is
/d2x<J+(x)<I>ij(O)>c = 77Mik<q)kj>7 J+ = ’Ui\I’i. (480)
Let us consider the Ward identity
0i(®yj) = /d2x<\1:i(g:)q>kj(0)>c. (4.81)

If we multiply this identity with A;, we get the original © sum rule. To obtain something
new, we have to multiply with v;. We then get

00.(@1) = [ PolTH @)1 (0))e = 7 D). (4.82)

Here we substitute into ®;; the known relation between the UV and IR fields (4.52)
and (4.60). Factoring out 57 In m, depending only on j\j from both sides,

v;0; ((8k In mb) <X+_

(a)(b)>) = My (8 Inmp) (X (4.83)

(@)

Now we use the VEVs of X('Z)_(b) in (4.30), (4.31) and find

0;0;(0; Inmy) + 2k, (3 Inmy) = M;;i(9; Inm,), (4.84)

where there is no summation over the index ., which can be either 1 or 2, and we have
introduced
kx == 17182 lnmx , V; = 7'('772'. (485)
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Multiplying this with \; gives nothing new (the identity —k, + (5/2)k, = (3/2)kz). Mul-
tiplying with v; gives

2
- - ~ 5
Let us introduce the differential operator D = 9;0; which acts on functions of n as
773 /
Dftn) = txf ) = (n="5) 7o) (1.87)

Using dimensional analysis we can parametrize the chiral masses (in the fundamental do-
main defined in (4.104) below) as

5/2
242 = N4 (). (4.88)
In this parametrization,
~ 5 D
%y = Dlnjy = - + 222 (4.89)
2 @
and the differential equation (4.86) translates into
2 5 2
quyc“‘ 3+1 Dq + 1_777 ¢z =0, (4.90)
3 4 3
which can be simplified to
2 92 2 5
n? <1 - g) @y +1 <4 - g) ¢p+ 79 = 0. (4.91)

This is a differential equation of hypergeometric type. Its solutions can be expressed in
terms of hypergeometric functions.

4.9 Solution of the differential equation

The differential equation (4.91) has three regular singular points at n = 0,4v/3. The
exponents at the critical points are —1/2,—~5/2 (at 0) and 0,2 (at £+/3). One solution

of (4.91) is
-1/2
n 13 2n )
{—= =3 . 4.92
<v§+n> 21( 22" B4y (492

—5/2

This behaves like n~%/2 for 7 — 0. The other, more singular solution goes like 7 for

1n — 0. Naively it would be given by

—5/2
n 5 1 27))
Fi{——,—=;—1; , 4.93
<\/§+77> ? 1( 2" 2 V3+n (4.93)

but this is ill-defined and the other solution must be given differently. Luckily, the solution

we need can also be expressed with the hypergeometric function appearing in the first
solution, at a different argument. We will write, for short,

F(2) = o Fy (_; 2;3;2) . (4.94)
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For later use we note that

32 327 1
~ 151 Fl/2) = 5fr2(1/4)'

(4.95)

We now look for solutions which satisfy boundary conditions coming from the special
cases discussed in section 3.2, and are symmetric under the reflections and Zs3 rotations
(S5 Weyl symmetry) shown in section 2.3. The latter conditions are

ta(A1, A2) = pra(—A1, A2), (4.96)
and
V3, 1 1 V3
,ua()\l, )\2) = Uq <2)\2 - 5)\1, —5)\2 - 7/\1 . (497)

The special case we need is the left-right symmetric point with couplings A\; = A; = 0,
A2 = A2 = A. This model is (up to identification of fields, as discussed in section 2)

Ising (unperturbed) ® perturbed tricritical Ising, (4.98)

where the perturbation is given in the tricritical Ising part by v¢; 3 where v = A2, In this
model one of the masses vanishes. By convention, we call this m,. The mass-coupling
relation between A and the other, non-vanishing, mass mg is known as in (3.20). Thus at

this special point
m1(0, A0, \) =0, ma(0, A0, \) = KX*/2, (4.99)
where
K = (k5S08)=5/4 (4.100)

with £RSOS

given in (3.21).
The point (0, —A|0, —A) in coupling space is obviously the same model, but here we
have two possibilities. Either (case a)

m1(0, =0, =\) =0, ma(0, =0, =\) = KA*/2, (4.101)

or (case b)
ma(0, —A0, =\) = 0, m1(0, =0, =\) = KA%/2. (4.102)

For py, the solution satisfying the boundary condition (4.99) is based on (4.92):

2
0. 22) = BXAY (V5 + )2 (2 n) , (4.103)

where B is some constant. This solution is valid in the fundamental domain

A
Ao > — > 0. 4.104
22 52 ( )

Later we will also use the anti-fundamental domain defined by

Ay < —ZE <0, 4.105
2<— < (4.105)
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Using the Z3 symmetry, we now calculate

NI 8
11(0, =) = g (2)\, A= 5—%31/43)\5/2 #0. (4.106)
This excludes case a and we are left with
201(0, =) = KXY/2, (4.107)
which can be used to fix the constant B as
B= %3—1/41(. (4.108)

Since we are left with case b, we can write down ps immediately using the boundary
condition and the differential equation. In the anti-fundamental domain it takes the form

p2(A1, A2) = BAF(= M) 2(VB —n)'/F <\/§2—n77> : (4.109)

refl(n) = o (—n) satisfies the same differential

This solution is based on the observation that g,

equation. Using the Z3 symmetry, we can rotate this solution to the fundamental domain,
where it takes the form

(4.110)

a0, 22) = 2 (VBha - AR(VBN 4 M)2F (“m> .

V3 + M
The boundary condition

2412(0, ) = K\/? (4.111)
tells us that B = B. Incidentally, from (4.110) we can read off the other, more singular

solution of the differential equation:

q2(n) = gn’m(\/g —n)?*(V3+n)'/2F <\\/§:Z> : (4.112)

To summarize, the mass-coupling relation (in the fundamental region) is

2\
p.32) = B -+ VBa) F ().

X+ Vake (4.113)
B iy vap (VP2 A ‘
p2(A1, A2) = 1 (V32 — M)% (A1 + V3X) V2R Nt o )

where the constant B is given by (4.108). These expressions are extended outside the
fundamental domain by the S35 Weyl symmetry. This is the main result in this paper.
Figure 2 is a plot of pq(A;). In appendix G, we summarize the symmetry of pq(A;) and
their parametrization invariant under the symmetry.

Having found the solution, we can now study the other special case. It is easy to

see that
1. V3.) 1. V3 \ B 5/2
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Figure 2. Plot of p,()\;) in (4.113) extended to the entire (A1, Ag)-plane. The red and the blue
surface represent p1(A;) and pa(A;), respectively.

The point (\/2,v/3)/2) in coupling space can be transformed to (A,0) by a reflection
followed by a 120 degree rotation. Thus

21(X, 0) = 2ua(X, 0) = KA\/2, (4.115)
with

~ B
K= Z5F(1/2). (4.116)

We can calculate the ratio K /K analytically. We find

5_ _1/4 V27
K I2(1/4)

(4.117)

One can check that this is the same as found in [33] representing this special case as
perturbation of the non-unitary minimal model M35. The constant K is related to &
in (3.26) as K16/ = (&/m)2v(9/5)7%(2/5).

5 Numerical mass-coupling relation

We have found the exact mass-coupling relation p, = pq(A;) in (4.113). In this section,
we summarize our numerical investigations of the TBA system and the mass-coupling
relation, providing numerical checks of our analytic findings so far. We then discuss the
inverse mass-coupling relation \; = A;(q) with the help of numerics, which is necessary to
express the pCFT results in terms of A\; by the IR variables. We also make a comment on
an earlier work on the mass-coupling relation.

5.1 UYV expansion coefficients of the ground state energy from TBA

First, we present the outcome of our numerical investigations of the TBA equations. By
solving the TBA equations (3.9) and (3.10) numerically and using (3.12) one can determine

— 30 —



F(L) at different values of L, and then extract from these results ¢ and the first few
coefficients F), appearing in (2.33).
The pCFT formulation of the model implies ¢ = 6/5 and F; = 0, and the numerical
values that can be obtained from the TBA agree with these exact values with high accuracy.
Equation (2.39) and the chiral factorization derived in section 4.7 imply that F5 and
F3 have the following factorization properties:

Fo(p1, po, fir, fiz) = Gap, po)Ga(fir, fi2) (5.1)
F5(p, po, i1, i2) = —Gs(p1, p2)Gs(f, f2) (5.2)

where GGo and (G5 are real. These properties can also be confirmed numerically.
Regarding Fy, Fy and Fy, we found that Fy/F3, F5/(FyF3) and Fy/(F2F3) are constant
(i.e. they do not depend on p;, fi;), again in agreement with the pCFT results in section 2.3.
The numerical values of Fy/Fy, F5/(FoF3) and Fy/(FiF3) are
Fy F5 F7 o

—2 — B, ~0.33913 = Br ~ —1.1295 ——
2o ’ BFy 0 ’ F2Fy

By ~ 1.685 . (5.3)

In order to compare these values with (2.45) it would be necessary to calculate the latter
constants in pCFT. These results together with (5.1), (5.2) imply that F, F5, F; are also
factorized,

Fy(p, pa, fin, fiz) = Ga(p, p2)Ga(fin, i) (5.4)
F5(p1, po, i, fiz) = Gs(p, p2)Gs(fin, fiz) ,
Fr(pa, pa, fin, fiz) = —Gr7(p1, p2)Gr(fin, i)

and G4/G%, G5/(G2G3), G7/(G3G3) are constant.
F% is not factorized, but instead it is found numerically to satisfy the more complicated

relation
o 3 2
Fe(p1, po, fir, fiz) = BeaaFo(p1, po, fit, i2)” + BeasF3(pt, p2, fi, fi2)
+BeasGalp, p2)> G (fiy, fiz)*
+Be32G3 (11, p2)?Ga(jin, i), (5.7)
where
B622 ~ —00745, 3633 ~ 0.2221, B623 = 3632 ~ 0.2704 . (58)

Clearly, the structure of (5.7) is similar to that of (2.46). Taking into consideration the
previous results, it can be seen that (5.7) follows from (2.46) if

Ce22 Cé33 Ce23
Be22 = —5, Bess = —5-, Bgas = — - (5.9)
a3 C3 CCo?
In addition to the symmetries listed below (3.12), we found numerically that
Fy(pa, po, fin, fiz) = Fa(pe, pa, i, fiz) (5.10)
Fs(pa, pi2, i, fiz) = —F3(pz2, pa, fin, fi2) - (5.11)



These are indeed derived on the pCFT side in the next subsection. Due to the Dynkin
reflection symmetry the same transformation rules apply under fi; <+ fis. For Gy and G35
these properties imply

Gao(p1, p2) =  Galpa, 1), (5.12)
Gs(p1, p2) = —Gs(p2, p1) - (5.13)

From the relations between Fs, F3 and Fy, F5, Fg, Fr described above it follows then that

Fn(,ula/@,ﬁl»/b) = (_1)nFn(”2?Mlvﬁlaﬂ2)a n:47"'77a (514)
Gn(,“’ly,“’?) = Gn(,“’?v,ul)v n= 2)47 (515)
Gn(lu’lalu'Q) = _Gn(lu'27,ul)7 n= 37 57 7. (516)

Finally, in the case when u; = pi; we found that F32 /F3 grows monotonically from 0 to
2

~ % = 5.26554 ... as m1/mso goes from 1 to 0. This result is consistent with (2.42).
2

5.2 Numerical mass-coupling relation

Let us move on to the numerical investigation of the mass-coupling relation. Given the
numerical coefficients F,, as in the previous subsection, the equations (2.38) and (2.39)
determine the couplings \;, A;. By the factorization (4.75), they are functions of p, and
[la, respectively. Setting u, = f, for simplicity, one obtains twelve sets of the solutions
(A1, A2), which are indeed real. Due to the S3 Weyl symmetry, without loss of generality
(A1, A2) are set to be in the fundamental domain Ay > % > 0, or the fundamental Weyl
chamber of the su(3) weight space. The resultant two sets in this domain are regarded as
a pair related by the Dynkin reflection (u1, 1) <> (u2, fi2).

Figure 3 is a plot of \; obtained in this way, where (ug2)%/°

= 2 and py is varied.
The points represent A;(i,) from the TBA equations. The dot-dashed lines represent
Ao = tan((2k + 1)7/6)A\; (k = 0,1,2), whose intersections with the trajectories of the
points correspond to the single-mass cases 1 = 0 or uo = 0. The dotted lines represents
Ao = tan(km/3)A\1 (k = 0,1,2), whose intersections at the cusps correspond to the equal-
mass cases (11 = po. The twelve sets of the solutions form the twelve branches starting
from the single-mass points (mid points of each edge of the hexagon).

These are compared with the analytic ones. Figure 4 (a) is a plot of (u1, pe) versus
(A1, A2) in the fundamental domain. The red and blue surfaces represent pq(A;) (a = 1,2)
in (4.113), respectively, whereas the red and blue points represent the numerical data A;(1,)
for given u,(= fi,). Each horizontal sequence from the bottom to the top corresponds to
(12)?/® = 1/2,1,3/2,2, with p; varied, while each vertical sequence from the left to the
right corresponds to (11)%® =1/2,1,3/2,2, with ps varied. In figure 4 (b), the diamonds
(¢) represent the projections of the points in (a) to the (A1, A2)-plane. The horizontal solid
lines are the contours of (ug()\i))Q/S =1/2,1,3/2,2 from (4.113), while the vertical solid

lines are the contours of (Nl()\i))2/5 =1/2,1,3/2,2. We find good agreement between the
analytic results and the numerical ones.
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Figure 3. Plot of numerical data of A; from the TBA equations as function of y; when (MQ)Q/ 5=9
is kept fixed. The dot-dashed lines represent the p1 = 0 or ps = 0 cases, while the dotted lines the

41 = o cases.
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Figure 4. Comparison of the analytical and the numerical results for mass coupling relations. The
red and blue surfaces represent the analytical formula p,(A;) (@ = 1,2) in (4.113), respectively,
while red and blue points represent the numerical data. On the right points are projected to the
(A1, A2)-plane.

5.3 Inverse relation

The analytic mass-coupling relation (4.113) expresses the mass parameters p, as functions
of the couplings \;, whereas what one obtains numerically from the TBA equations is \;
as functions of p,, i.e., the inverse relation of (4.113). On dimensional grounds, a useful
parametrization in the fundamental domain is

(A, A2) = 122 p1(€) - wr + 1P pa(€) - w2, (5.17)
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(and similarly for A;(fi,)), where p, > 0, w; are the fundamental weighs of su(3); w; =
(V3. 1)/V/6, ws = (0,2)//B; and

=1 (5.18)

2

This parametrization generalizes, up to the power of 14, a classical one in [24]. (4.113) im-
plies that ¢ is a function of n = A1 /A2. In appendix H, we show that {(7) is a monotonically
increasing function in the fundamental domain, and its inverse n(§) is well-defined. From
the symmetry of the analytic relation under the chiral Dynkin transformation, u; < po
with fi, fixed, which is shown in appendix G, it follows that

p2(1/€) = p1(8). (5.19)

The inverse mass-coupling relations thus can be expressed in terms of a single function of
one variable. Substituting (5.17) into (2.38), one also finds (p2,p3) — (p2, —p3) under the
chiral Dynkin transformation, proving the relations (5.10) and (5.11) on the pCFT side.
If p, were unity, (5.17) would give p; ~ /\‘;)/2, p2 ~ (V/3Xa — A1)%/2. The relations (4.113)
are generalizing these. From (5.17) and (4.113), one finds that p, take a simple form
xgl/QF[xa] with z,();) being simple functions of \;.

The differential equations for A; or p, are derived by inverting the Jacobian matrix
Ot /0N, giving ON;/Ouq. It is, however, difficult to solve them generally. Instead, let us
first consider the asymptotic forms for p; =~ 0 and ps = 0, corresponding to A\; ~ 0 and

V32 & A1, respectively. From (4.113) it follows that F(1)¢ ~ (21/+/3)2, and hence
(&) = a0+ OEP), pa(€) meall - es?) +0(€), (5.20)

for £ < 1. Here, the constants ¢, are

= 23/10372/5 [F(l)] 1/107 co=cy - [F(l)] —1/2?
2

es =S [F()] /2 <;F(1) - F’(1)> . (5.21)

Similarly, one has F(1)é~! ~ ((vV3 — 77)/217)2 and
pr&) m el =3¢ V) 067", paA8) mard VO + O, (5.22)

for € > 1.3 From these, the special values of p, are read off,

p1(0) = pa(oc0) =0,
p1(o0) = p2(0) = c2 = 0.62317, (5.23)
pr(1) = po(1) = 2/ [BF(1/2)] " ~ 0.49291 .

For reference, we have added the values at ¢ = 1, corresponding to Aa = v/3\1.

Generally, one can invert the relations (4.113) numerically. It is confirmed that the
relation (5.19) indeed holds. Figure 5 is a plot of p,(§) obtained in this way. The blue
points in the increasing sequence represent p1(§), whereas the red points in the decreasing
sequence represent po(§). The dashed lines indicate the special values in (5.23).

3F(x) has a branch point at = = 1, but F'(z) exists for < 1 and Taylor’s theorem with Peano’s form
of the remainder can be applied. The asymptotic behaviors are well approximated by functions of the form

é—j:l/lO ZCkEik/Q or chfik/Q-
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Figure 5. Plot for numerically inverting the mass-coupling relation. Blue points represent p; (),
whereas the red points ps(§).

5.4 Comment on earlier work

Finally, we comment on an earlier work [33], where the mass-coupling relation of the
su(3)2/u(1)? HSG model was studied in order to evaluate the strong-coupling amplitudes
of N'=4 SYM. Assuming that \; are polynomials of ug/ 5, the couplings were parametrized
as \i = >, MZ/ 55\m-. The constants 5\m- were determined by matching the perturbative
expression of Fy in (2.39) and those in the perturbed minimal models corresponding to
the single-mass and equal-mass cases in section 3.2. The results were used for analytic
expansions of the ground state energy and the Y-functions around the UV limit. It was
observed that they appeared to be consistent with numerical data from the TBA equations
within the numerical precision.

For the amplitudes, only the result of F was used. The chiral factor py of Fy in (2.39)
reads there

2 45
piIsS — §M2/ [ (1 + E4) 4 1y (5.24)
where
1 = p3(0), ry = 3p3(1) — 271 . (5.25)
With these constants, pi'>S indeed matches the expression from (5.17),
2 45
p2= §u2/ (05 + p1pa€?/® + p1e7] (5.26)
at £ = 0,1. Figure 6 is a plot of the relative deviation of the two expressions,
HISS
Sp=12— 1. (5.27)
b2

For simplicity, d,2 is shown as a function of 7 in the range 0 < 7 = A\/Ay < 1/ V3,
corresponding to 0 < ¢ < 1. The case with £ > 1 is covered by the Dynkin symmetry. One
finds that the deviation is less than 1 per cent. It is still an open problem why a simple
assumption in [33] works so well effectively. Other part of the analyses in [33] does not
depend on the exact form of F, and hence need not be corrected. Similar remarks may
apply to the analyses in [35] for the su(3)4/u(1)? HSG model.
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Figure 6. Plot of the relative deviation of the exact expression and the one which was obtained

assuming that \; are polynomials of ug/ %

Figure 7. Plots of (a) (©) and (b) (®;) as functions of \; = A;.

6 Vacuum expectation values from the mass-coupling relation

Given the mass-coupling relation, one can obtain the vacuum expectation values of the
perturbing operators, which are the derivatives of the partition function with respect to
the couplings. Indeed, in the course of the derivation of the analytic mass-coupling relation,
a number of formulas have been found from the UV as well as the IR side: (4.5), (4.7), (4.14),
(4.18) and (4.69).

To be concrete, (®;;) are for example given in terms of the couplings A;, A; by (4.69),
while those in terms of 1, i are obtained through the inverse relation (5.17). On the
other hand, (©) is simply given by the mass parameters as in (4.5), which is expressed
by Ai, A; through the mass-coupling relation, e.g., (4.113) in the fundamental domain. In
figure 7 (a) and (b), we show plots of the vacuum expectation values as functions of the
couplings, for examples of (©) and (®11). For simplicity, we have set A\; = A;.

7 Conclusions

In this paper, we studied the mass-coupling relation of multi-scale quantum integrable
models, focusing on the su(3)2/u(1)? HSG model as their simplest example. Our basic
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strategy is to compare the conservation laws and the Ward identities of the integrable
model both from the UV and IR points of view, which provides a novel method to analyze
integrable models.

For this purpose, we first identified the relevant conserved currents on the UV side, and
the dimension 3/5 operators on the IR side, which are the counterpart of the UV perturbing
operators and characterized by their form factors. The representation of the coset in
terms of the projected product of the minimal models provided an efficient calculational
basis. It is notable that the products of minimal models allow multi-parameter integrable
perturbations. Using the formulas for the response of the masses and S-matrix under the
variation of the couplings, the perturbing operators ¥, were expressed by the IR operators.
This enabled us to express the conserved currents in terms of the IR operators. Comparing
the conservation laws on the UV and the IR sides, the perturbing operators ®;; were also
expressed by the IR operators. From the generalized © sum rule and the free energy Ward
identity, the factorization of the mass-coupling relation (4.75) was shown.

The Ward identity for ®;; gave a differential equation of their one-point function.
Together with the IR expression of ®;;, it was translated into a differential equation for
the mass-coupling relation, which led to our main result (4.113). In the course of the
derivation, we also obtained the vacuum expectation values of the perturbing operators.
The resultant mass-coupling relation reproduced the known exact results in the single-
mass cases, and agreed with the data obtained by solving the TBA equations numerically.
Via the gauge-string duality, the relation provides the missing link to develop an analytic
expansion of ten-particle strong-coupling scattering amplitudes of N'= 4 SYM around the
Zyo-symmetric (regular-polygonal) kinematic point.

Though we concentrated on the su(3)2/u(1)? HSG model, our discussion in this paper
is conceptually more general and can be applied to other multi-scale integrable models.
Once a set of relevant form factors are given, the analysis of the mass-coupling relation
would be straightforward. Our derivation also implies that one can obtain the differential
equation for the one-point functions of the perturbing operators only through the UV
conserved currents. Recalling the importance of differential equations in determining the
correlations functions at the critical point, it would be an interesting future problem how
powerful this Ward identity/differential equation is in determining the non-perturbative
off-critical one-point functions.
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A Conventions
In this appendix, we summarize our conventions.

A.1 Space-time coordinates

We use the Minkowski space coordinates
z~ (2% 2Y) = (t,z), et =t+ux, (A.1)
and for any 2-vector W# we define
wE=wl+wl, Wy = %W? (A.2)
The scalar product is
V-W=VW,+V W_= %(V*W* +V W), =2, (A.3)

The derivatives are given as

0 0

1
_ _ L +ap. Ad
Ao i o 0 =3 (0o £ 01) (A4)

The Minkowski metric and antisymmetric tensor components are
Noo = —111 = €01 = —€10 = 1, M01 = N0 = €00 = €11 = 0, (A.5)
and in light-cone coordinates
ntt=n"=ett = =0, ntT=nptT=" =t =2 (A.6)

2:

In Euclidean space we use the coordinates (z!, 2%), where x —izg and the complex

coordinates z, Z defined by

T =i(2? —izl) =iz, T =i(2? +ixt) = iz (A.7)
So we have
—2?=r? = ("2 + (2?)? =22 8:g:i(9 5:2218 (A.8)
’ oz oz '

A.2 Energy-momentum tensor

In the IR part of the paper we use the canonical energy-momentum tensor T+, which is
symmetric and conserved:

0_T = 40, Tt =0, O.TTH+o0_-T T =0. (A.9)

Its trace is denoted by
O=Th=T"". (A.10)
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The normalization of the canonical EM tensor is fixed by requiring that the total momentum
operator

P, = /deou(a;,t) (A.11)
acts on any local field ®(z,t) according to
[Py, ®(x,t)] = —10,P(x, t). (A.12)

In the UV part we use the CFT normalized Virasoro densities L(z), L(Z) with the
usual short distance expansion

1 2L(w) n OL(w)

L(Z)L(w)%g(z_w)4+ (z—w?  z-—w’

(A.13)
where ¢ is the Virasoro central charge. For any chiral primary field ®(z) with conformal

weight A,
Ad(w)  0P(w)

L(z)® R : A.14
@00~ T (A14)
There are analogous formulas for antichiral fields.
The identification of UV and IR fields is given by
L= gT“ = 2nT 4. (A.15)
Similarly
=27t =97 _, r=—1t-="p, (A.16)
2 2 2
where 7 is the trace of the EM tensor in CFT normalization.
A.3 Equal time commutators in CFT
Equal time commutators are given in the CFT limit by the formulas
[P, ®(z,2)] = —7 —T__ )D(z, 2), (A.17)
27
[PT,®(z,2)] = Jq{ — T (0)®(z, 2). (A.18)
27
Analogous formulas hold for any chiral conserved currents and charges.
A.4 Master formula
The master formula for the first order conformal perturbation is
- _ dw B
0Ls(z,2) = —m %Epert(w,z)Ls(z) (A.19)

for any chiral field Lg(z) (in the CFT limit). Applying this to L(z) we obtain, for a
perturbation by a primary field with conformal weight A,

OL(7) = = f 3 Lyl 2)1(2) = = f 5 | SCo(Le) , Onfipm (10

271 2mi | (2 — w)? z—w

=7(1 - A)0Lpert(2,2) = —0T. (A.20)
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Thus we conclude that the CFT normalized trace is
T = _W(l - A)ﬁperty (A.Ql)
whereas the trace of the canonical EM tensor is

0 = —2(1 — A)Lpes. (A.22)

B Characters

In this appendix, we summarize the relations among the su(2); and the Virasoro characters,
and the su(3)y string functions, which are used to confirm the relations among the coset
theories and the minimal models in (2.3) and (2.4).

B.1 su(2), and Virasoro characters

A unitary highest weight representation of su(2)y (k € Z~¢) has spin [ = 0,1/2,...,k/2,
and the central charge of the corresponding CFT is c¢(su(2)x) = 3k/(k +2). We denote the
character of the representation with spin [ by

chy(1,0) == tr (qLO*C/Meie‘]g) , (B.1)

where ¢ = e2™7 ¢ = c(su(2)y), and L and J$ are the zero-modes of the Virasoro generators
and one of the affine su(2) currents.

The unitary minimal model M, 41 has the central charge ¢(M, m+1)=1— ﬁ =
¢m- The spectrum consists of the primary fields qﬁgz) with dimensions
pomy _ [m 4 Dr —ms]* — 1 (B.2)
dm(m + 1) ’
wherer =1,...,m—1;s=1,...,r. By the invariance under r - m—r and s - m+1—s,
the range of s may be extended to s = 1,...,m. The character of the representation with

(Cm, hg’;)) is given by
ngrrnz (T) = tr (qLO_cm/24> = 77_1(7-) [ﬂr(m—i-l)—sm,m(m—i-l)(T) - ﬁr(m+1)+sm,m(m+1) (7—)] s
(B.3)

= % ﬁ 1-— q 79m,k:(7-) = qu(wr%)z . (B-4)

ne”

(m)

The superscript of h, s’ has been omitted.
In terms of these characters, the coset representation of the minimal models su(2),,—2 x
su(2)1/su(2)m—1 = My, m+1 implies [50]

chim.1(7,0) chye(,0) = 3 ey (o1 2(7.0) x4 (7). (B.5)

s
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where e =0,1/2;r =24+ 1;1<r<m-—1;1<s<mjand r — s is even if e = 0 and odd
if e =1/2. For n = 3 the relation (2.4) reads
su(3)y _ su(2); xsu(2); su(2)2 xsu(2);

a2 - su@s | su@s (B-6)

with the two factors su(2)y being identified. By this identification, the coset partition
(3),4)

function consists of the terms of the form x;” x;,” where the two Virasoro characters share
the common su(2)s in the decompositions, chy;chi =", ch27(s,1)/2xé3) and chyjchy . =

Yo ch3,(5_1)/2xl(l4). For example, one has Xg‘?l (r = 1,2) with chg on the right side of

the first decomposition, and X§L41)s (s =1,...,4) with chyo on the left side of the second

decomposition. This gives ¢£31) X ¢§2 (r=1,2;s=1,...,4) in the spectrum, which have the
form of the projected products qb%b) ¢1(07st+1) [40]. Taking into account ¢,({Z) = ¢£21)r,m s
and reducing the multiplicities by a factor two so that the identity appears only once, one
finds the spectrum of su(3)2/u(1)? in terms of the primaries of M3 4 and My as in (2.5).

B.2 su(3)2 string functions and Virasoro characters in M3 4, My

Chiral fields in the gi/u(1)™ coset (generalized parafermion) theory are labeled by the
highest weight A and the weight A of g; as <I>§\\. The parafermionic character for @’)} is

Lo=¢/24) = p(r)9¢} (1), where c is the central charge, 7, is the

written as chi () := tr(q
rank of g and cg\\ is the string function.
For su(3)a, there are four independent string functions. Using the Dynkin labels, they

read [51]

ciio(r) = n(r) " *n(27)q"/* 1T (1—¢*"),
n€Zsop,n#+1(mod5)
on(r) = n(r) " *n(27)g"* 1T (1—q™),
n€Z>o,n#+2(mod5)
c300(7) — 11 (r) = n(7)"*n(r/2)g"/* 11 (1—q"), (B.7)
n€Zso,n#+1(mod5)
ciig(7) — caon (1) = n(r)"*n(r/2)g”* I1 (1—-¢"?).

n€lso,n#+2(mod5)

These are related to the products of the Virasoro characters in Mz 4 x My 5 as [52]

n(r)2eif(r) = X1 s (r) =g 50 4+
n(2@R(r) = X2z (r) =g 5t 4
n(r)S0(7) = xo0(r) + x13(7) =g 50+, (B.8)
n(r)2e3(r) = Xo3(7) + X112 (1) =2q7 3575 4+,
where ¢ = ¢34+ ¢4 = 6/5 and
X (7) = x5 (7) % X3 (7) (B.9)
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In the main text, we have denoted Xém) (m = 3,4) by X(Z) (¢ = 1,2). Furthermore,
with (B.3) one can check that

X13(T) =X (T)+x13(7),  x11(7)=x10(T) + Xp2(T)- (B.10)

Since the modular invariant for su(3)s is unique and diagonal [53], so is the modular

N
Sl

1
2

5=
&le:

invariant for su(3)2/u(1)2:

( u(3)2/u(1) Z’chA
=\n< !(!c%88 )2+ 3]0 + 3B + |3 n)]*) . (BAD)

From the relations among the string functions and the Virasoro characters given above,
one finds that this modular invariant agrees with the one in (2.17). Given the multiplicities
which are read off from the rightmost expressions in (B.8), one confirms the chiral field
content: 1 identity, 3 fields with h = 1/2, 3 fields with A = 1/10 and 2 fields with A = 3/5.

C Conserved charges from the counting argument

In this appendix we analyze conserved charges in the product picture in section 2.2.

Spin 1 charges. Let us see how the counting argument works for the spin s = 2 currents.
We focus on the left chiral dependence as the right chiral part behaves as a spectator. We
have 3 candidates to remain conserved after the perturbation, which correspond to the

vectors:*

1
L9 =Slosvon), LS. L) =Gy, (C.1)

These are the holomorphic stress tensor components in each theory L) (z) and the product
LB)(z) = 1(2)G(z). Clearly none is a total derivative. After the perturbation the level 1
subspace contains 3 vectors: ¢_s|&), L.1G_1|&) and L_19_1|L), out of which only 1 is
not a total derivative. The two total derivatives are the descendants of ©_1|L) ~ |®1;)
and G_ 1 | &) ~ |®2;) as we are focusing only on the left chiral dependence.2 Comparing

the dimensions we can conclude that two appropriate linear combinations of the L(®) have
to be conserved. Clearly one of them corresponds to the energy L(z) = LM (2) + L®)(2).
The existence of the other conserved charge is consistent with the finding from the IR side
(see section 4) and can be obtained from short distance OPEs.

We calculate the relevant terms one by one:

1 iy
L) = sley),  LOey) = Laj@y) —v Y Lafe),  (C2)
LW|®y) =0 (n=0,-1). (C.3)

The action of L® is

2 1 2 i)
LY @) = Tolq’lj% & |®gy) = *\‘Pzﬁ LO)|®,;) = ¢(,)%¢(,J)%L—1\‘I’>- (C.4)

4Using the state-operator correspondence we often represent field operators by their corresponding
vectors.
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Finally the action of L(()g) = ...¢7%G% —H/J%CL% +... and L( ) = 1/17%G% +1/)7%G7% +
¢%G,% + ... turns out to be
3 1 3 V5
L(() )|(I)1j> = %\@23% L(_%|(I)lj> = ?L—l‘@2j>a (C.5)
L(() )|CI)2j> = ﬁ\@lj% L(_%|‘1>2j> = EL—I@W + ﬁ¢(_;¢(_])%L—1|‘I’>a (C.6)

where we used the super null vector G _ \(I>> 5G_s L(Z% |®) of the superconformal algebra.
2
These formulas are used to calculate exphmtly the second spin 1 charge in subsection 2.2.3.

Spin 2 charges. In order to prove the factorization of the scattering matrix we need at
least one higher spin charge. In [20] the authors used the coset chiral algebra and showed
the existence of spin 2 conserved charges. As we are working with a smaller chiral algebra
the counting argument does not guarantee any conserved charge at this level. Indeed, the
possible candidates at the third level are

Wosw_1), L2, 1G_sw1), |G st_s), (C.7)

out of which only one is not a total derivative. On the other hand after the perturbation
the level 2 descendant space is

¢ &), (C)
LEuslE), sl (C.9)

which contains three non-derivative operators and does not guarantee the existence of any
conserved charge at this level. The reason why we could not find the spin 2 conserved
charges is that we did not include in our chiral space (C.7) the contributions of the other

two fermions of the representation spaces 2y 1 7 X

17
16 16 16 16

Spin 3 charges and integrability. Contrary to the spin 2 case our chiral algebra will
be sufficient to find conserved charges at spin 3. In this case, we first analyze the operators
of the chiral algebra A at level 4. We list the corresponding vectors:

Worvoa), Wosvs), 1E%e svoa), 1LGLE), L), (C-10)
!L@G,gd),y, Gt 1), G sy s), |G sy s). (C.11)

To see how many of them is not a total derivative we compare them to the states at the
third level (C.7) and conclude that we have 5 non-derivative operators. As for the subspace
after the perturbation, at the level 3 it contains the operators,

D ETIRY R W ) A ST ES N A ) A T IRT RS I VA )l IR N B (C.12)

2 2 2
CO_sl), LOG_ 1w s al), L slh), Giv svoald), vozld),
(C.13)
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Again to see how many of them is not a total derivative we recall the states at one level
higher (C.8), (C.9). Thus we have three non-derivative operators. This means that we can
make two spin 3 conserved charges. This assures the quantum integrability of this model,
as shown in [20]. Clearly the compatibility of the perturbations ®;; and ®;2 again forces
the coupling constant to factorize vio191 = v11199.

D Projected tensor product of minimal models

With extension to general cases in mind, in this appendix we discuss the identification
between the su(n)z/u(1)"~! coset CFT and the projected tensor product of the minimal
models
su(n)a
(7)71 = P(M3,4 X o X ./\/ln+17n+2). (D.l)
u(1)"
In the coset model su(n)s/u(1)"~!, there are n — 1 weight zero primary fields in the adjoint

representation of su(n), whose conformal dimension is and which are used as the

n
n+27
perturbation operators. In the projected tensor product the corresponding operators are
represented as

n+1

H ¢km,km+1’ (D.2)

where k,, = 1,3 with k,, < ki1, knt1 = 3 [54]. Here, the degenerate primary fields gﬁg?)
have conformal dimension hq(ns as in (B 2). Since ky, change only once, the products are
of the form 1 x ---1x gbg X ¢33 (D) o .. (nH) (3 <p <n+1). Their conformal dimension
is shown to be

n+1 n+1

-1 2 n
h(m) — p = . D.
Z km km41 p_|_ 1 + Z m(m+1) n+ 2 ( 3)

m=3 m=p+1

For example, in the su(3)2/u(1)? model, one has the primary fields ¢1 1¢1 5 and (;51 3<Z>3 3 in
the projected product P(M3 4 x Mys) as explained in section 2.

In order to show the integrability of the HSG model, it is necessary to construct the
conserved currents with integer spins. The quantum conserved currents with spin two and
three have been constructed in [20]. In the projected product of minimal models, candidates
of spin two conserved currents consist of the energy-momentum currents Lm) (z) for each
minimal model M, 41, and spin two operators gbﬁg)gbgﬁﬂ). They thus take the form

n+1

A= ZQZLU + Z ﬂmqb (D.4)

with some coefficients a; and Bm.

For the su(3)s/u(1)? model, the primary field ¢§3%¢§4% is identified with the L(=3) in
the notation in section 2 and appendix C. Focusing on each chiral sector, the projected
product can be reorganize(d into an ordinary tensor product in this special case [40], where

the Virasoro characters Xhm) (m = 3,4) are linearly combined into the chiral characters of
the free fermion and the N' = 1 super minimal model, respectively.
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E Form factors

In this appendix we give all higher form factors corresponding to our tensor operators. We
adapted the results of [47, 48] to our form factor conventions and field normalizations.
The n-particle form factors of a local field operator X are defined by the matrix

elements

FoX (01, 0,) = (0|X(0)61, a1 ... 0, an), (E.1)
where particle states are normalized according to
(0',d'10,a) = 04,26(0 — 0'). (E.2)

Below we give the “scalarized” form factors for our tensor operators for the case of £ = 2s
type-1 particles (s > 1) and m = 2t type-2 particles (¢ > 1). The total particle number is
n = £ + m. The form factor polynomial can be written

Garan (T15 -+ x0) = HO QG o (@1, ), (E.3)
where the normalization constant H%™ is given by

(4mi)s(—D)

2y HO™, (E.4)

it —
The lowest constants H%™ still must be fixed from some further considerations. For ex-
ample, from the normalization of the 2-particle form factors we can determine
H"? =i, (E.5)
The polynomials are given as
Qbm — (—1)H Dt to (2(1)>5‘t (E(z))t Dot (E.6)

where

@ =] = (E.7)

a;=a

and D*! is the determinant of an (s + ¢ — 2) x (s + ¢t — 2) matrix,
Dl =1, D5 = det( M), (E.8)

whose matrix elements are symmetric polynomials,
(1) :

o8 o 1<i<t

s,t . 2j—21+1 — ’
M) = 1)i=itt ) t<i<s4t—2 (E.9)

(1) 09j—2i+2t—1 S1Ss+t— 2

The symmetric polynomials are defined by

H (z4x;) = Z ze*ka,gl), H (z+mie™?) = Z zm*k&,(f). (E.10)
a;=1 k=—o00 a; =2 k=—o00

Special cases are
aV=pf,  dP=ehy, o =30, 6@ =emx®, (E.11)
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F Generalized © sum rule

In this appendix we describe a generalization of the well-known © sum rule [55], which is
used in section 4. Let us consider a conserved spin-2 current Y#:

DY = 0. (F.1)

We do not assume that Y#” is symmetric and it need not be conserved in its second tensor
index. Moreover, we do not assume that the theory is parity invariant.
Let us consider the Euclidean 2-point correlation function

CH(z) = (Y (2)¥(0))c, (F.2)

where W is some scalar field. From Euclidean (Lorentz) covariance it must be of the form

v yE0?) | W AC?) | B(r?)
CH (z) = —atx —a T nt e e’ o (F.3)
and its components are
(e FUNR2ACN £2B0Y) G0N 2RO FG
r r r z
The conservation equation
oCT~ +0C~ ™ =0 (F.5)
is equivalent to
5= (F+G), (F.6)

where / here means derivative with respect to the argument r2. From here we have

oo 7,,2
/d2x<Y+(:c)\I/(0)>c = 7T/0 dT2G£2 ) =n(F+G)[y. (F.7)

We assume that the theory is massive and therefore
F(o0) = G(0) = 0. (F.8)
We also assume that the relevant conformal weights are A < 1 and so
G(0) =0. (F.9)

We conclude that the integral of the scalar component is completely determined by the
short distance asymptotics of the tensor component:

/ Az (YT (2)¥(0)). = —7F(0), (F.10)

where

(F.11)
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If we apply these formulas to the EM tensor T+ and W is a scalar field with conformal

weight A, we have
_2A(V0)

™

F(0) (F.12)

and

/d%(@(x)\p(o»c = —2A(V). (F.13)
For the CFT normalized trace we have

/ (7 (2)T(0)), = —A (D). (F.14)

This is the © sum rule in its original form [55].

G Symmetries of the mass-coupling relation

In this appendix, we describe symmetries of the mass functions p,(A1, A2), and their
parametrization invariant under the symmetries.
G.1 S3 Weyl symmetry

Our (A1, A2) functions (a = 1,2) satisfy the differential equation (4.91), as well as the
scaling equation,

Lig = gua, L =M01 + Xo0s. (G.1)
The transformation rules for u, under the S5 Weyl symmetry are
fa(Ms A2) = pa(=A1,02) s (A, A2) = pa(Mr, Ag) (G.2)
where
A\ = —%)\1 + ‘fxz, Ao = —?Al - %Az, (G.3)

corresponding to a clockwise rotation by 120 degrees. Our differential equations are con-
sistent with these discrete symmetries, since we can show that [i, and ji, satisfy the same
equations as p,. Using these one can extend the solution (4.113) outside the fundamental
domain.

G.2 p1 < p2 chiral Dynkin reflection

Next, let us consider the transformation,

< 1 V3 V3
)\1——§>\1+7)\2, >\2—7

which is the reflection with respect to the axis Ay = v/3\; (n = 1/4/3). Using the explicit

solution in subsection 4.9, we can show that

(A1, A2) = pa(Ar, Aa) - (G.5)

1
A+ 5)\2 , (G4)

From this symmetry it is sufficient to consider half of the fundamental domain, given by
0<n< 1/\/§ The other half 1/\/5 < 1 < +/3 is mapped to the first half by this 1, < pe

Symmetry.
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G.3 Ss-invariant parametrization

To find the expression of u,();) in the entire (A1, A2)-plane, it is useful to adopt a Ss-

invariant parametrization,

2p0 = (p2)™* faly) , (G.6)
where y = p3/p3 and pa = A\? + A3, p3 = A2(A3 — 3A\?) as in (2.38). We note 0 < y < 1 for
real \;. The differential equation (4.91) then becomes

144y(1 — y) fo (y) + 72(1 — y) foy) — 5faly) = 0, (G.7)

whose general solutions are

5 11 153)

faly) = Ca1 - 2F1 (_E’ 13’ 5;1/) + Cyo - \/?§2F1(E, 127 33Y (G.8)

The constants Cyi, (a,k = 1,2) are determined so as to match the mass-coupling relations
in the equal- and single-mass cases discussed in section 3.2, as done in [33]. The results are

-T(1

Chhi=Cy=K, C(Cp=-Cp= 2K (G.9)

—~

clNels
N~—
—
—~

where K is given in (4.116). A useful identity in deriving these is

34 N2 TN 1L
2= r(7)T(5)r(5) - G.10
Var2 \a) \12)7\12 (G.10)
In this expression, f1(y) < fa(y) (0 <y < 1). Thus, smooth functions p,();) are obtained

by continuing f; and fo along the locus of fi(y) = f2(y), where y = 0, and Ao = £v/3)\;
or \yg = 0.

H &-n relation

In this appendix, we describe the relation between the ratios of the chiral masses u, and
the couplings );. The result is used in section 5.
For numerical studies we need the &-n relation, where

P qi(n A1
_m_al) A (H.1)
p2 q2(n) A2
and ¢, is defined in (4.88). The derivative of the £(n) function is
d w
dn a5
where W is the Wronskian of the differential equation:
W = d1a2 — 145 - (H.3)
It satisfies the differential equation,
w12 —2p?
— = 2777 . (H.4)
W n(n* —3)
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This can be used to determine W explicitly. We find

2
W(n) = M’if“)@ P, (1.5)
and
d¢ 8V3F(1)n

= , (H.6)
" ()

with F'(z) defined in (4.94). From this expression we see that the derivative is positive.
This means that £(n) is monotonically increasing and its inverse is well-defined. In the
fundamental domain, 0 < n < /3, it is sufficient to determine this inverse function ()
for0<E<1(0<n< 1/\/3) For £ > 1 (1/\/?: <n< \/?:), it can be obtained using the
formula

n(&) = n(1/€), (H.7)

where

&

_— -1
M= ' (H.8)
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