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1 Introduction

The AGT(-W) correspondence [2-4] is a relationship between, on one side, the 2D Liouville
(Toda) CFT on a Riemann surface of genus g with n punctures and, on the other side, the
4D N = 2 SU(2) (SU(N)) quiver gauge theories obtained by compactifying the 6D (2,0)
SCFET on that same surface. The correlation functions of the 2D Toda W j conformal field



theories are obtained from by the partition functions of the corresponding 4D N = 2 gauge

theories as

z5 = /[da]‘Zf\%Ek(a, m,€1,2) ? X (Vay (21) * * Ve, (21) ) Toda - (1.1)

The conformal blocks of the 2D CFTs are given by the appropriate instanton partition
functions, while the three point structure constants should be obtained by the S* par-
tition functions of the Ty superconformal theories. These partition functions were until
recently [1, 5] unknown, with the sole exception of the Wy case, i.e. the Liouville case,
whose three point structure constants are given by the famous DOZZ formula [6, 7]. The
AGT(-W) relation (1.1) holds after the mass parameters m of the gauge theory, the UV
coupling constants and the vacuum expectation values a of the scalars in the vector mul-
tiplet (the Coulomb moduli) are appropriately identified with, respectively, the external
momenta « of the primary fields, the moduli z; of the 2D surface (i.e. the sewing parame-
ters) and the internal momenta over which we integrate. Finally, the IR regulators of the
gauge theory, which are given by the Omega deformation parameters €2, are identified
with the Toda dimensionless coupling constant via b = €1 = €, ! The AGT conjecture, i.e.
the N = 2 case, was recently proven in [8-13], while a lot of evidence and even proofs for
specific cases exist) [14-16] in support of the AGT-W correspondence for N > 2.

Similarly, there exists a 5D version of the AGT(-W) relation® [18, 19] (see also [1, 20—
30]) which relates the 5D Nekrasov partition functions on S* x S* to correlation functions
of g-deformed Liouville (Toda) field theory:

4 1 2
ZS 5= /[da]lzligk(% m, Bv 61,2) X <Va1 (Zl) T Van (Zn)>q—Toda ) (1'2)
where 3 = —logq is the circumference of the S'. Importantly, the integral of the norm

squared of 5D Nekrasov partition function is the 5D superconformal index Z5'%S 1, which
as discussed recently in [31] can be computed using the topological string partition function

Z5%8" = / (da] |20, (@) o / (da] | Z1op(a)[? (1.3)

From both the 4D and the 5D AGT-W relations a very important element is missing:
the three point functions of the Wy Toda CFT. Computing the three point functions of
the W Toda CFT has been a long standing unsolved problem. From the the CFT side,
the state of the art is due to Fateev and Litvinov, who in [32-34], were able to compute
the 3-point functions of Toda primaries for the special case in which one of the fields is
semi-degenerate, using [35]. On the gauge theory side, the 3-point functions correspond
to the partition functions of the T theories, but since these theories lack? any known

!Originally suggested in [17].
2 After our paper, [36] discovered that the topological string partition functions of 5D mass-deformed
T~ theories, before the removal of the decoupled content (4.12), can be rewritten as the partition function

of the linear quiver [SU(N)] — U(N — 1) — U(N — 2) — ---U(2) — U(1), where the bracket denotes flavor
symmetry. This led the authors of [36] to propose that the partition function of the linear quiver [SU(N)] —
SU(N — 1) — SU(N — 2) — ---SU(2) — SU(1) reproduces the partition function of the T quiver after the

removal of the decoupled content. One may interpret this proposal as providing a Lagrangian description
of the 5D T'n theories through these quivers.



Lagrangian description, the usual methods of computing the partition functions are not
applicable.

In [1] we computed the partition functions of the 5D Ty theories on S% x S! by using the
web diagram provided by [37] and by employing the refined topological vertex formalism
of [38, 39]. We further argued that these partition functions should give the three point
functions of ¢-deformed Toda, which was also proposed earlier in [40]. Our results were
checked by computing the 5D superconformal index, i.e. the partition function on S4 x S,
using the prescription in [31] and comparing it to the result obtained via localization in [41].
The same partition functions were also obtained in [5] and the two computations agree.
More comparisons with the superconformal index were given in the recent work [42].

In this paper we show how to, in principle,® take the 4D limit, thus obtaining the 4D
T partition functions. Through the AGT(-W) relation, they are identified with the usual,
undeformed Toda three point functions. Our formula has the correct symmetry properties,
zeros and reproduces the known answer for the Liouville CFT. Furthermore, we carefully
study the 5D AGT-W dictionary. For that, it was very important to examine the known
g-Liouville case [23, 40] for which for the first time we were able to write the formula with
the complete factors, thanks to the exact definition of the functions Y, see appendix C.2.

Our method of attacking the problem of solving Toda, even though indirect, is very
powerful for the following reasons. For 2D CFTs with only Virasoro symmetry the mul-
tipoint correlation functions of Virasoro descendants can be obtained from the ones con-
taining only Virasoro primary fields [44]. On the other hand, for the W Toda CFTs with
N > 2 complete knowledge of the correlation functions of W primary fields is not enough
to obtain the correlation functions of descendents. Fully solving Toda means being able to
construct the complete set of correlation functions both of primaries and descendants. Ob-
taining the three point functions with descendants is very naturally done using topological
strings and is work in progress [45].

Since this article relates two somewhat disjointed fields, each used to its own notations,
we wish to include a reader’s guide to the other sections. We begin in section 2 with a pre-
sentation of the parametrizations and the precise relations between the partition functions
of section 4 and the correlators of section 3. In the following section 3, we review shortly
the Toda CFT, introduce the associated notation and make some observations regarding
the symmetries of the correlation functions that to our knowledge are not available in the
literature. We finish section 3 by a discussion of the pole structures and the ¢-deformations
of the correlation functions. In section 4, we give a short review of the derivation of the
partition functions of the Ty theories, rewrite them using the functions T, that in our
opinion are the appropriate tools to use in this context. We then discuss their 4D limit. In
sections 5 and 6 we illustrate our claims for the two simplest cases with N =2 and N = 3.
The reader can find a collection of useful formulas, notations and parametrizations in the
in appendices. Finally, the exact definition of the functions Y, is given in appendix C.2
together with a discussion of their properties.

3The specification “in principle” refers to the fact that there is still a missing ingredient which is to
perform the sums in (4.10). This work can be found in a separate [43] publication, where we compute some
of the sums.
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Figure 1. This figure depicts the identification of the v weights appearing on the Toda CFT side
with the position of the flavor branes on the T side, here drawn for the case N = 4.

2 The AGT dictionary

The main goal of this section is to provide the dictionary needed to relate the topological
string amplitudes of section 4 to the Toda CFT correlation functions of section 3. First,
we review the parameters of the Omega deformation. The circumference of the 5D circle
is B > 0 and the € background parameters are €; and €5 from which we derive

qi=e P, ti= P2, (2.1)

Furthermore, we need to also define?

_ q =
gi=e,wi=g[i=aT, yi=Vat=gT, (2:2)
with €4+ = €1 & €2, and ¢ the g-deformation parameter. The combinations x and y are

the natural variables, fugacities of the 5D superconformal index. When we need to relate
the topological string partition functions to the Toda CFT correlators, the Q2 background
parameters need to be specialized as

€1 = b, € = bil, (2.3)

which implies in particular that |¢| < 1, |q| < 1, [{{ > 1 and |z| < 1 since we take b to be
positive.

On the Toda CFT side, see section 3, one uses the weights a; parametrized by (3.4) to
label the primary fields, while on the T theory side, one uses the positions of the exterior
branes, see section 4 and appendix A, as parameters. The rough relationship is illustrated
in figure 1 and the precise identifications are

4The combinations §¢; are dimensionless, but not 8 or ¢; separately. In this paper we rescale them by
the dimensionful constant /e1€2 while keeping their product Se; fixed so that each one of them 8 and ¢;
are separately dimensionless.



. N+1-2
mi=(o1—Qh) =N of =) joi - ————0Q,
j=i j=1
= : N+1 2i
n; =—(az— Qh;) =— Z +Z]042 — @, (2.4)
Jj=t
N—-1 .
P N+1-2¢
R _ — o —
li=— (o3 — Qhyp1i) =—N Z + Y jod @
j=N+1—i j=1

where h; are the weights of the fundamental representation of SU(N). In appendix B the
reader can find all the group theory conventions. In particular, for N = 2, we have

mlz—mgza%—g, ny :—HQZ—OJ%—F%, llz—lgzaé—l—%, (2.5)
while for N = 3 we have
my = 20& + a% - Q, mo = —o& + a%, ms = —a% — 204% + Q, (2.6)

with similar expressions for the n; and [;.

Having set up the parametrization, we are ready to present our full claim. For that it
is important to stress that from the Toda CFT 3-point structure constants C, see (3.10),
we can extract the Weyl-invariant structure constants € as

(QQ p) 3

C(a17a2’a3) = <|:7T;u’y(b2 b2 2172} HY (a7} ) 041,(12,0{3), (27)

with the functions Y («) defined in (3.11) encoding all the information about the Weyl
transformation. All the details needed are introduced in section 3. We claim that the
exact AGT-W dictionary relates the Weyl-invariant structure constants € to the 4D Ty
partition function on S* (Zf;l) as

¢(ay, ag, ax3) = const X Zf;l (2.8)

where the constant part can be a function of N and of the Omega deformation parameters
but cannot be a function of the masses. The partition function on S* itself is obtained
from the partition function on §* x S', also called the 5D superconformal indez, by taking
the appropriate limit when the circumference 3 of the S* goes to zero:

Z3 = const x lim 3~ e ZS4X51 (2.9)
£5—0
The partition function Zﬁxsl is contained in (4.22) and the power xn of the divergence

n (4.24). Moreover, as far as the 5D AGT-W dictionary is concerned, we need (2.3) to set
b=¢ = 62_1 and obtain

C C
¢ (o, n, ) = CalOLOBO) M — const x (1 — g)xv Z5xS"
Jy(au; @z, 3) [Tj=1 Ya(ay;)
3 3
- 1y2p]— Db (k)
[ Yaley) = const x [(1=¢")™ " (1=¢" )] 77 (1 - ) 2872, (2.10)

j=1



where again the constant parts can only depend on N and of the Omega deformation pa-
rameters but cannot be functions of the parameters that define the theory, i.e. the masses.
The €, are the g-deformed Weyl-invariant structure constants (3.42), J; the ¢g-deformation
of the Weyl-covariant part of the structure constants (3.41) and Z](%,ec the partition func-
tion of some extra degrees of freedom (4.12) that are included in the topological string
calculation but then decouple from the 5D theory. In [1] we refer to them as non-full spin
content. Note that the second line of (2.10) is the same as equation (4.13), where the
constant factor is explicitly written.

Finally, putting (2.9) and (2.10) together, we obtain the final identification
(2972%1 o) . |Z]‘%,ec‘2 Z]‘?;LXSI

Cla,a, ) = const x (mur (47672 i Ras T
i=1\%,

(2.11)
where the limit is well defined up to an overall divergent term that only depends on 5 and
b. The above equation gives the complete relationship between the Toda 3-point structure
constants and the partition functions of the T theories.

3 Toda 3-point functions

We begin this section with a review of known facts about Toda 3-point functions of three
primaries that we will need in later sections. We follow [32-34] whenever possible. We then
discuss the symmetry enhancement of the Weyl invariant part of the 3-point functions as
well as it’s pole structure. We conclude the section with a generalization of these facts for
the g-deformed Toda.

3.1 Review

The Lagrangian of the Toda CF'T theory is given by
1 N-1
- v bek,¢)
L= (009, 0"0) + 1 g_l e, (3.1)

where ¢ = Zf\; Il p;w; and ey, respectively wy are the simple roots, respectively funda-
mental weights of SU(N). We have collected all useful definitions and notations in in
appendix B for the convenience of the reader. The parameter p is called the cosmological
constant. The theory defined by (3.1) is invariant under the exchange b <+ b~!, which sends
the cosmological constant to its dual i, defined in such a way that

1/},2

(v (0%))
Ty (1/6?)
The Toda CFT has a Wy higher spin chiral symmetry generated by the spin £ fields

Wo =T, Ws,...,Wx. The fields that are primary under Wy are denoted by V4, are labeled
by a weight of SU(N), i.e. an (/N — 1)-component vector e and are given explicitly by

(i (b72)" = (mw(bQ))% == (3.2)

Vo 1= (@), (3.3)



For the sake of avoiding some fractions, we shall parametrize the weights a of the fields
Va, entering the correlation functions as follows

N-1
o; =N olw;. (3.4)
j=1

The central charge of the Toda CFT and the conformal dimension of the primary fields are

c=N-1+12(Q,Q) = (N~ 1) (L+ N(N +1)Q%), A(O‘):(QQ;ma)’

(3.5)
where Q := Qp = (b+ b~ 1)p with the Weyl vector p defined in (B.3). The conformal
dimension, as well as the eigenvalues of all the other higher spin currents Wy, are invariant
under the affine® Weyl transformations (B.9) of the weights c;. Furthermore, the primary
fields of Toda CFT transform under an affine Weyl transformations ¢ — w o «x as follows

Voo = R"(at) Vi (3.6)

with the reflection amplitude R given by the expression

Ala)

R"(a) := m )

(3.7)

Here, as in [34], we define the function

(abe,p) H r (1 B b(a o) 6)) T (_b*l (a - Q, 6)) . (38)

e>0

Al@) := (mpy (b))
The 2-point correlation functions of primary fields are fixed by conformal invariance
and by the normalization (3.3). They read

(2m)N 16 (a + ag — 2Q) + Weyl-reflections
|21 — zg[#A ()

(Vo (21, 21)Vay (22, 22)) = , (3.9)
where “Weyl-reflections” stands for additional d-contributions that come from the field
identifications (3.6).

In this article, we shall be mostly interested in the three point functions of primary
fields. Their coordinate dependence is fixed by conformal symmetry up to an overall
coefficient called the 3-point structure constants C'(a, az, az) as follows:

_ _ _ Clay, oz, a3)
(Vo (21, 21)Veaa (22, 22) Voo (23, 23)) = 210 21+ 22— R3) | 55 2081 +A5—A2) | 15| 2B+ A3—A1)

(3.10)

where we have used z;; 1= z; — z;.
Due to the property (3.6), the 3-point structure constants are not invariant under
affine Weyl reflections of the weights «;, but are instead covariant and transform like

5One should not confuse the affine Weyl tranformation, i.e. Weyl reflections accompanied by two trans-
lations, with Weyl reflections belonging to the Weyl group of the affine Lie algebra.



the primaries themselves. As [34], we will find it advantageous to talk about the Weyl
invariant part of the 3-point structure constants. For that purpose, it is useful to define
the functions® Y as

_ (xp)
Y(a) = {W,wy(bQ)bz_%Q] " IITQ - a.e)

e>0

=X SN vy NNk ‘
= [W,u’y(b2)b2_2b } b= T <k‘Q N(at +- +O/+k_1)> ,
k=1 i=1
(3.11)
where the product in the first line goes over all w positive roots of SU(N). These

functions obeys the same reflection property as the primary fields, i.e.
Y(woa)=R"(a)Y(a). (3.12)

The transformation property (3.12) under affine Weyl transformation can be easily derived
for reflections on the simple roots e; by noting that for any function f

[/ ae) = JLF(Q—ae—cs(ese)) = [] 7(Q—ae)) x f(~ (@~ e,
e>0 e>0 e>0
e#e;

(3.13)
where the transformation acts as w;oax = a — (a0 — Q, e;) e;. After that one uses T(—z) =
T(z+ Q) as well as equation (C.4) to show (3.12). As a final remark on Y (a), we observe
that this function is zero if « is a multiple of a fundamental weight and in particular it has

(N—-1)(N-2)
2

a zero of order if we set @ = Kwy or @ = KWpN_1.-

Now, we can introduce the Weyl invariant part of the structure constants
C(ala a2, a3)

C(ay, az, a3) 1= o .
[mpy (b2)622°] 0 T2, Y ()

(3.14)

by dividing out the piece that transforms non-trivially under Weyl transformations. The
function € of the weights « is independent of the cosmological constant p and is invariant
under affine Weyl reflections in the ct. Anticipating a bit, we will show in the later sections
that the Weyl invariant part of the 3-point structure constants has a higher symmetry than
the naive affine Weyl symmetry of SU(N)3. In particular, for N = 2 it is invariant under
the SU(4) Weyl group, while for N = 3 it is invariant under the Eg Weyl group.

While the general formula for the 3-point structure constants of Toda CFT is not
known, they have been computed in special cases. The formula for the structure constants
of Wy for the degenerate case in which one of the three weights becomes proportional to
the first or the last fundamental weight, i.e. a3 = »wq or @z = s»wy_1 is known from [32]

For the Liouville case, these functions are also introduced by AGT [2] and labeled by f(a).



and reads’
(20-58 1 @)
Clay, ag, mwy_1) = (Wu’y(bQ)bZ*%z) e
» T (0)N Y (50) [T TUQ — 1,€))T((Q — ex, e)).
12 T(% + (o1 = Q, hi) + (a2 — Q, 1))

(3.15)

We remark that in the limit in which the degenerate field becomes the identity, i.e. s — 0
one can show that the 3-point structure constants (3.15) converge to (3.9).

In the N = 2 case, the degeneration doesn’t matter since there is only one fundamental
weight anyway and (3.15) reduces to (we set » = 2a3) the famous DOZZ formula®

53
e T'(0) IT3-, Y (20i)

(i ai — Q) [ YTk, ai — 205)
(3.16)

Clay, o, a3) = (Wuv(bQ)bQ*QbQ)

which was conjecture by [6, 7] and derived by [46, 47].

3.2 Enhanced symmetry of the Weyl invariant part

In this subsection, we shall make a couple of observations on the symmetries of the Weyl
invariant part of the structure constants that to our knowledge are not found in the liter-
ature.

In the Liouville case (N = 2) the Weyl invariant piece of the structure constants (3.14)
take the form

T'(0)

Clay, a0, a3) = .
(cx1, 002, €x3) T(ar+ a2 + a3 — Q)Y (a1 +ag —az)Y(ar —ag + az)T(—a1 + az + a3)
(3.17)

At this point, we use (2.5) and replace the a; by the mq, n; and [; as
alzml—l—g, OCQZ—TLl—i—Q, a3:l1+Q. (3.18)

2 2 2

Setting then

ml:m-;-ug, nlzuz-;ug’ 11:U1-;U2 (3.19)

and using the symmetries of the T functions leads to the following compact expression for
the Weyl invariant structure constants of the Liouville CE'T

1'(0)
T, Y(ui + %)

We observe that the above is invariant under the SU(4) Weyl group that acts as the

Cla, o, a3) =

4
,  where Zuz =0. (3.20)
i=1

permutation group S* on the variables u;. We have thus uncovered the presence of a

"In [34] a more general formula was derived for N = 3 for the case of semi-degenerate fields az =
»w2 — mbwi with m integer. We will not need it here.
8For N = 2 we set a; = 20wy, i.e. we omit the unnecessary second index and set af = o.



“hidden” symmetry group. In fact, in the next section, we shall find that the enhanced
symmetry becomes an SO(8), see (3.29).

The N = 3 case is considerably more involved. For reasons that will become apparent
shortly, we will label by an index j = 1, 2, 3 the weights hl(j ) of the three different SU(3)s
that appear, i.e. each a; lives in its own copy of the SU(3) weight space labeled by j.
Using [34], we know that € is invariant not only under SU(3) affine Weyl reflections of the
a;’s, but also under the 27 new transformations

1 2 3
o] — 0 — gijkhl( ), Qg — O — gijkhé ), a3 — 3 — gijkh](g ), (321)

where 7, j and k are fixed and we have defined
ijp = (a1 = Q) + (a2 = Q1) + (a5 - 1Y), (3.22)

We can now make the following set of observations. First, the affine SU(3) Weyl transfor-
mations in the a;; become the usual SU(3) Weyl reflections when expressed in the variables
m;, n; and [; defined via (2.4), i.e. they act as the S® permutations. Using the parametriza-
tion (2.4), we then observe that

3 3 3
Sijk = My — Nj — l4_k, where Zml == an == Z ll =0. (323)
i=1 i=1 =1

Therefore, the transformation (3.21) for a given choice of ¢, j and k acts of the variables
Mg, np and [. as

1
Mg — Mg — (mz —nj — l4_k) <5ai — 3) s

1

ny — Ny + (mz —nj — l4_k) (55]' - 3> , (3.24)

le = e+ (miy —nj —ly_y) (50,4—k - ;) 7
where no sum over i, j, k is to be taken. We now want to interpret the new transforma-
tions (3.21) as being the result of the (non-affine) action of the Weyl group of Eg. Since the
Weyl group is generated by the Weyl reflections associated to the simple roots, we only need
to consider those. We have 9 weights hgj ) subject to the three constraints Z?Zl th ) =0
and we can build the Fg root system from them as

efo = M — pd, e¥o = Y — n, eo = n + 0 + 0,
Ay 1 N I (3.25)

where we refer to figure 2 for the numbering of the Fg simple roots. We observe that

(ef"',efﬁ') is the Cartan matrix of Fg, if we require (h((lk),hél)> = 0if k£ # [. There-

fore, we have constructed the Fg root system within the space spanned by the hgj ). Fur-
thermore, we can obtain all the variables m;, n; and [; by taking the scalar products

,10,



Figure 2. The figure shows the Eg Dynkin diagram together with our labeling of the simple roots.
(Z§:1(ai — Q),e;%), where each aj — Q is expressed only through the hgk). We find
that Weyl reflections for the simple roots efﬁ with ¢ # 3 correspond to permutations of

the m’s, n’s and [’s among themselves. However, the Weyl reflection corresponding to efﬁ
transforms the weights as

O o D) 2 D (0 4 o (320

which implies that the variables change as

3 3
m; — Z(Oﬁj —Q), el 'hgl) ; ng = — Z(aj — Q) e 'h’z@) )
=1 =1
y . ’ (3.27)
i =D (o — Q) e he,
j=1
Going through the computations, we find explicitly
mip — mi + A, mo — Mo + A, mg — mg — 2\,
ny — Ny — A, Nng — No — A, ng — ng + 2\, (3.28)
1 =11 — 2\, lo = lag + A, I3 — I3+ A,

where 3\ = mg — n3 — l3. We easily see that this transformation corresponds to (3.21) for
i =3, j=3and k = 1. The transformations corresponding to the other choices of i, j and
k can be obtained by acting with some other ef ¢ first. Hence, the Weyl transformations of
the three SU(3) can be combined with (3.21) to generate the Weyl group of the entire Eg.

For the cases N > 4 the full enhanced symmetry of the Weyl invariant structure
constants is not completely known. We shall argue in the conclusions that the enhanced
symmetry should contain E7 in the case N = 4 and Eg for N = 6.

3.3 Pole structure of the Weyl invariant part
We see from (3.20), that the poles for the N = 2 Liouville case are all captured by the

expression

4
H T(ui + %)

i=1

= HG<Q+<i<a'—Q> h)) h (3.29)
2 ! ’ ’ '

he8y i=1

where we used the function G(x) = %(w) with T(z) = G(z)G(Q — ) introduced in [34],

see (C.11). Using the functions G allows us to see that the enhanced symmetry group is

— 11 —



bigger than SU(4); specifically it is SO(8). The representation 8, appearing on the right
hand side of (3.29) is the vector representation of SO(8) which decomposes as the 4 & 4 of
SU(4). The weights h are defined as SU(4) weights and in the fundamental representation
4 they are’

RV = p — D 4 ) e Y e
ny" W = p) 4 P — "W = ) - - p®) (3.30)

with the weights of 4 being the negatives of the above.
Moving on to the case with N = 3, it was argued in [34] that the pole structure of the
full correlation function C(av, g, ax3) is given by

-1 -1

3 3 3
Clag,az,a3) =F H 3 (Z(ak -Q, hE?)) =3 H 3(mi—n;—1)|

ivyizis=1  \k=1 ij,k=1

(3.31)
where § is some unknown entire function and the function 3 is defined in (C.12), 3(z) :=
G(Q + 2)G(Q — z). Using the Eg Weyl symmetry of €, it follows that the poles of € are

contained in

-1

3 3
Clar, oz, a3) ~ [3(00* [[ 3(mi—n;— k) [[ 30mi—mj)3(ni —n)3L-1)|
i,4,k=1 i<j=1

(3.32)
where 3(0)3 is just convenient normalization. We recognize in this expression the weights of
the 78-dimensional adjoint representation of Fg expressed using the weights of SU(3)? C Fg,

1
[[1ers G (Q + (Z?ﬂ(ai - 9Q), h)) .

Q:(Otl,ag,ag) ~ (3.33)

The additional poles introduced in (3.32) are completely canceled by the Weyl covariant
part in the formula (3.14) relating them to the 3-point structure constants, because

& [T =1 30mi = my)3(n; —nj)3 (L — 1)
Y(ay)
;};[1 (o) Hi:l He>0(Q—ak,e)F(b(Q—ak,e))F(b—l(Q—ak,e))

(3.34)

where we have used (3.11) and (C.12). The proportionality factor in (3.34) depends only
on 4 and b and has no zeroes or poles while the additional factors of I' in the denominator
of (3.34) lead only to more zeroes of [[;_, Y (). Thus, multiplying (3.32) with the Weyl
covariant part, see (3.14), in order to get the full 3-point structure constants will cancel
the extra poles that we introduced.

%Note that in order to get the suitably normalized scalar product for SU(4), we need to define
(a1,a2)SU(4) =

two.

3
(a1,02)5Y @) /2, i.e. we compute the scalar products as before and divide the answer by
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Finally, it is compelling to conjecture that for any N the poles of the Weyl invariant
structure constants should behave as

1

[her @ (%Q + (Z?ﬂ(ai - Q), h)) (3.35)

Clau, o, a3) ~

for an appropriate representation R of SU(N)3.

3.4 The ¢-deformed Toda field theory

One of our goals in this paper is to show how to use the topological string formalism
to solve the Toda field theory. This will require a careful study of the ¢-deformed Toda
correlation functions which topological strings naturally provide and to then learn how to
take the ¢ — 1 limit. For this purpose here we generalize some of the formulas that we
discussed in the previous sections. An incomplete list of references includes [1, 18-27]. This
section goes hand in hand with appendix C.2, where we define the g-deformed version of
the T functions and discuss in detail its symmetry properties as well as its zeros. To our
knowledge these formulas do not exist in the literature.

We begin by stressing some defining properties that all the g-deformed formulas
must have:

e They must reproduce the exact undeformed formula in the ¢ — 1 limit. With no
further prefactor, unless stated otherwise. That will be the case of the C; (3.36).

e For the N=2 case, they must give the known answers, insofar they are available [23].

e They must have exactly the same symmetries and transformation properties as the
undeformed ones under the (affine) Weyl, as well as the enhanced symmetry group.

e They must have their poles and zeros in the same place with the undeformed ones.
To be more precise, the g-deformed functions have more zeroes/poles, specifically a
whole tower of zeroes/poles for each zero/pole of the undeformed function as discussed
in (C.31). The tower is generated by beginning with the undeformed zero/pole and

27 2w

Togg — M5 where m is a positive integer.

translating it by m

We moreover want to stress that the g-deformed version of Toda field theory does not
have a known Lagrangian description. Everything is defined algebraically in analogy to
the usual case via a deformation of the Wy algebra, see [48] and references therein. Since
no Lagrangian description is known for the ¢-deformed Toda field theory, we can compute
everything up to overall factors that in the ¢ — 1 limit give the cosmological constant.
Thus, we define the 5D correlation functions up to the 7uy(b?) term, since they together
form the b — b~! invariant combination. Explicitly, we have for the g-deformed 3-point
structure constants

q—1 _(20-5% eiv)
Cylag, a2, 3) — (mw(bQ)) b C(ag, a9, a3) . (3.36)
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Obviously, after the ¢ — 1 limit is taken and the undeformed answer is obtained, it is clear
how one can put back the appropriate muy(b?) factors for a given correlation function, thus
obtaining the full result with all the factors.

As we already said in section 3.1 the Weyl invariant part € is independent of the
cosmological constant and thus it’s ¢-deformed version should be straightforward. However,
the Weyl covariant part with which we need to multiply in order to obtain the full C;, will
converge to its undeformed version, up to an 7wuy(b?) factor. In particular, the g-deformed
version of the functions Y defined in (3.11) is

b 2n—1 bt 2b —(evp)
Y, () = (1-g )(1_511)2Qq ) []7.((Q-a.e), (3.37)

e>0

where the functions Y, are introduced in (C.26). Using (C.30), we find that this function
behaves under affine Weyl transformations as

Yy(woa) =Ry (a)Yy(ex) (3.38)

with the g-deformed version of the reflection amplitude

Aq(a)

Ry (a) := A (3.39)

¢g(woa)

being composed out of

Ayla) = H L (1-b(a—Q,e))Tp (—6_1 (a—Q,e)). (3.40)
e>0
Note that also the ¢g-deformed version of the reflection amplitude in the ¢ — 1 limit gives
R" up to an overall mu7y(b?) factor. The g-deformed factor that we need to divide by in
order to get the Weyl invariant structure constants is

(1 . qb)2(1 . qb—1)2b2 @LI;/)) 3 3
Jy(ar, az,a3) = (1 g [T Ya(eu) = const x [ [ Ya(ew), (3.41)
=1 1=1

so that like in (3.14)
Cyla, az, a3)

. 3.42
Jo(a, oz, a3) (3.42)

Q:q(al, o, Ot3) =

The g-deformation version of the Fateev and Litvinov formula (3.15) for the 3-point
correlation functions with one degenerate insertion reads

(29*2%:1 O‘ivp)

<1—qb>2<1—qb1>2”2> *’

(1 — ¢)20+5) X

Cylar, g, wn_1) = ( (3.43)
3.43

L X0V () TTes Yo(Q = 01, €)) Yy ((Q — @2, €))
[1o1 Yo% + (01 — Q. hy) + (@2 — Q,hy))
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This formula to our knowledge does not appear anywhere else in the literature. We write
it down as the unique formula that has the properties mentioned at the beginning of the
section. First, it has its poles and zeros in the correct positions, see (C.5). Second, it has
the correct covariance properties under the affine Weyl symmetries of the non-degenerate
fields (3.39). Finally, for the N = 2 case, (3.43) reduces to the g-deformation of the DOZZ
formula (up to the pu dependence)

Q*Z?:1 @

(1 _ qb)2(1 B qb1)2b2> b

Cq(al; Qo, a3) = < (1 _ q)2(1+b2)

) O T, Ty(20)
Tq(Z?:l a; — Q) H?:l TQ(Z?:l o — 205)

derived in [40]. From it we can extract the g-deformed version of the Weyl invariant part

. (3.44)

using equation (3.42),
1;(0) 1;(0)

. - _ _ , (3.45
¢(a1, az, as) Tq(Z?zl o — Q) H?’:l Tq(Zle a; — 2a;5) H?:l Tq(ui + %) ( )

which immediately gives the he correct undeformed €

¢q(a1,a2,a3) (Zl) C(al,ag,ag) (3.46)

as it is in equations (3.17) and (3.20) with no further factors.

4 The Ty partition function from topological strings

In this section we introduce the formula for the 5D Ty partition functions that we computed
in [1] and we discuss how they can be brought to a form that allows us to take the 4D limit
(8 — 0) in order to obtain the Ty partition functions on S*. Since the parametrization is
crucial, we begin by carefully discussing it and the way it is read off from the web diagrams.
Some details of the computations are presented in appendix D.

The Tn theories are isolated strongly coupled fixed points that one can discover by
taking the strong coupling limit of the SU(N)N=2 or of the UN —1) x U(N —2) x - -- x U(1)
linear quivers. The calculation of the Ty partition function is not possible using any
purely field theoretic method currently known, because the T theories have no known
Lagrangian description. The only applicable method is string theory and in particular
5-brane webs [49, 50] from which the answer is derived using topological strings.

4.1 The 5-brane webs

A very short review of 5-brane webs is in order. First, 5D N = 1 gauge theories can be em-
bedded in string theory by using type IIB (p, q) 5-brane webs [49, 50]. All the information
needed to describe the low energy effective theory on the Coulomb branch is encoded in the
web diagrams, through which the 5D SW curves can be easily derived [22, 49-51]. Further-
more, 5D N = 1 gauge theories can also be realized using geometric engineering [52, 53],
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in particular M-theory compactified on Calabi-Yau threefolds. This alternative descrip-
tion provides an efficient way of computing the Nekrasov partition functions of the gauge
theories by computing the partition functions of topological strings living on these back-
grounds. Recent reviews on the subject can be found in [54, 55]. In particular, the dual
to the Calabi-Yau toric diagram is exactly equal to the web diagram of the type IIB (p, q)
5-brane systems [56].

The SW curves and the Nekrasov partition functions are parametrized by the Coulomb
moduli a as well as the UV masses m and coupling constants 7 of the gauge theory. These
parameters are encoded in the web diagrams as follows. On the one hand, deformations
of the webs that do not change the asymptotic form of the 5-branes correspond to the
Coulomb moduli a and their number is the number of faces of the web diagram. On the
other hand, deformations of the webs that do change the asymptotic form of the 5-branes
correspond to parameters that define the theory, namely masses and coupling constants
and they are equal to the number of external branes minus three. Note that at each vertex
there is a no-force condition (D5/NS5 (p, ¢) charge conservation) that serves to preserve 8
supersymmetries.

Having said all the above, we can now return to the T theories. The first step towards
being able to calculate the T partition functions was taken by Benini, Benvenuti and
Tachikawa, who gave in [37] the web diagrams of the 5D Ty theories. Subsequently, in [1]
we tested their proposal by deriving the corresponding SW curves and Nekrasov partition
functions. Most importantly, we were able to cross-check our results for the partition
functions against the 5D superconformal index that was recently calculated in [41]. For
similar work see also [5, 42].

We now turn to the parametrization of the Ty web diagrams. The general parametriza-

tion in contained in the appendix, see figure 6 and here we just give a short introduction.
(4)

We have one parameter a,”” for each face, or hexagon, of the diagram, that will also appear

~ (s ) . . .

as Al(] ) = e—Ba”, They can be thought of as Coulomb moduli that will be integrated over

and are called breathing modes. The number of faces in the web diagram of the Ty theory

(N—-1)(N-2)
2

exterior flavor branes for the branes on the, respectively, left, lower and upper right side

is . In addition, we have 3N parameters m;, n;, l; labeling the positions of the

of the diagram. From them, we define the fugacities

M; = e Pmi, N; = e Pni, Li:=e Pl (4.1)

that are subject to the relation

N N N N N N
HMk:HNk:Hik:1<:>2mk22nk22lkzo. (4.2)
k=1 k=1 k=1 k=1 k=1 k=1
From the mass parameters, we also define the “boundary” Coulomb parameters. They are
the fll(j) with i+j = N, with ¢ = 0 or with 7 = 0 and are given as functions of the positions
of the flavor branes in (A.1).
In the dual, geometric engineering description, the parameters above correspond to
the Kahler parameters of the Calabi-Yau threefold. On the web diagram, the Ké&hler
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Figure 3. The parametrization and Kéahler parameters of the T, and T3 junctions. The external
“mass” parameters are shown in red, the “face” moduli in blue and the “edge” ones in black.

parameters correspond to the horizontal, the diagonal and the vertical lines and are labeled
by Qn o> Q ;, and Qz respectively. They are derived quantities through the equations (A.4)
and are useful because they are the ones that enter in the computation of the partition
function via the topological vertex.

In order to familiarize the reader with the parametrization, we shall illustrate the
simplest cases N = 2 and N = 3 with some examples. The parametrization in those cases
is contained in figure 3. For N = 2, we see that we have no Coulomb moduli and the
Kahler parameters obey the relation

(1 ) 1 1M H®) ) () _ L1
Q. = —, Q1 Qni = = Q,1Q;{ = = 4.3
l My il Ny G Lo (4.3)
Using (4.2), we find le = Mfiivl, in = M1L1 and Q(I) %Lll For N = 3 we have

seven independent parameters: one Coulomb modulus A= Ag ) and 3 x (3—1) independent
brane positions. A straightforward computation gives the nine Kéhler parameters of the

web diagram as

QW =ATnN, Q) =AML Ls, QW = AN>LT Y,
QW =ANMTING, QY = AL Ls, QY = AN, UL, (4.4)
Q) = AN INTY, Q) =AU, QY = ANSLy

It is easy to check that the above solutions obey the set of equations (A.6) relating them
to the brane position parameters and that they furthermore satisfy the two constraints
coming from matching the height and widths of the hexagon of figure 3

1 1 1 2) (2
QuaQu = QuhQuy Q@i = Qi@ (4.5)
4.2 The topological vertex computation

Now that we have gained some understanding of the parametrization of the T web di-
agram, we would like to compute its refined topological string amplitude. For this, we
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Figure 4. The left part of the figure shows the strip diagram, while the right one depicts the
dissection of the Ty diagram into N strips. The partitions associated with the horizontal, diagonal

and vertical lines are I/(J), ,ugj) and )\(j) with j=1,...,N —1,4i=1,..., N — j respectively. The
(7) (4)

miis @i respectively

Kahler parameters of the horizontal, diagonal and vertical lines are Qn o @
with the same range of indices.

use the refined topological vertex, choose the preferred direction to be the horizontal
one and cut the toric diagram diagonally into sub-diagrams called strips. The calcula-
tion was carried out in [1], here we just reproduce the results for the reader’s conve-
nience. We consider the strip diagram of arbitrary length L > 0, drawn on the left in
figure 4. The corresponding partition function depends on the external horizontal parti-
tions v = (v1,...,vr41), T = (71, ..., 71) as well as the parameters Q,, = (Qm:1,- .-, Qm:L)
and Q; = (Qu.1,...,Qur). It takes the form

L L+1 L
lejgtlp(va Ql; t, CI) - Z H<_Qm§i)lui|(_Ql;i)‘)\i| H CMEX;-,lV; (qv t) H Cuk)\ka (t7 Cl),
A i=1 j=1 k=1

(4.6)
where 41 = Ao = . We refer to [39] for a definition of the topological vertex C),,,. The
full topological string partition function is then given by

L) _
2\ = ZH( ) ‘Z.S/t:?l)y(r)(Q?(v?aQz(r);f,q)- (4.7)

v r=1

The strip partition function (4.6) was computed in [1]. In appendix D, we show that it
is useful to redefine the strip slightly, i.e. to “cut” the Tx junction in a different way by
moving some factors from one strip to its neighbors. These redefinitions do not change the
full topological string partition function of the T junction. The technical details are left
to appendix D. Combining everything, we obtain

Z30P = ZPert Zinst (4.8)
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where we have defined the “perturbative” partition function

A(T 1)A(T 1)
N—1 N—r M(W) N—r—1 ¢ A(r) ~(r)
pert i—1 41 ) J
H H -1 71 =D H M(=——==), (49)
t4 A t A4 o qAm 40
risim My S ) M S e ) i-1+1
Aifl Aj AiflAj+1
and the “instanton” one
("]
N N-r —5
; N, LN
inst .__ T
2 = I (i
v r=1 i=1 r+14N—r+1

N—r NS_(TA)V(_T) (agr_l) + a§?1 - agr__ll) - ay) - 6*/2>
K J

(4.10)
r—1 r—1 r—1 r—1
r=1i<j=1 NB@ 1y (r= 1)( ( )+a§' - az(fl ) §+1 )>

Vi1
r r—1 T r—1
Nﬂ(”) (7“ 1)< l()+a§ )_al(_)l—ag-_i_l)—e_‘_/z)
X Vi ]+1 7
Nﬁ(r) (r)( A a(r) %@1 — aE” — e+>

. (5 @ .
U) are defined via AZ(] ) = e B’ We put the words “perturbative” and

where the a;
“instanton” 1nside quotation marks because for the T there is not really a notion of
instanton expansion. There is no coupling constant, since there is no gauge group. We

recall that the boundary agj) are related to the masses via (A.1). In writing (4.9) and (4.10)

we have introduced the notation!©
o0
M(ust,q) =M(u) = [T (1 - ut™'¢?),
t,j=1
Nf#(m; tq) = H 2smh [m+er(Ni —j+1) +eai — ph)] (4.11)
(4.3)EX
< 1] 2sinh 2 [m+e1(j — i) + 2\ —i +1)].
- 2 !
(i.5)€n
We refer to appendix C.2, respectively C.3 for more details concerning M, respectively
N
Ap

As in [1], we define the non-full spin content (also called U(1) factor in [5])

Zdeo . H M(M, M(YaN;N;HYM(LLT). (4.12)

1<j=1

We remark that for b =€ =€, 1 we can write

3N(N—1) N(N—1)(2N2—2N—-1)
8 Q

AT (1)
| (4.13)

3
H 1— q N(ag,a,—29Q) ((1 . qb)Qb*l (1 B qb—1)2b> (ag,p }/q(ak)

‘chc

10We often drop the explicit dependence of these functions on the parameters t and .
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where we have used (2.4), the identity (B.7) and the g-deformed function (3.37). Thus, up
to some ambiguities, there is a clear identification of the decoupled part ’Z]C\l,e“|2 with the
Weyl covariant part (3.41) of the correlation functions, see (2.10).

The contributions (4.12) decouple from the gauge theory and need to be removed in
order to obtain the S* x S! partition function. In particular, using (A.3), we find for the

quotient
() 4 i 5
N—r—1 Ai Aj ) (i Ai Aj )
Zkert :Nl:f I[Tig;a M(AEZEA;QI M GG
2N M( fﬁET‘”AE-Z) M( \fA”A”)
i<j=1 9 AT DAD aAD Al (4.14)
lz_v[ (t A(()i)A((JJ—l)) " (AEN_i)AngjJrl))
% L
F(i=1) 7(5) A(N—i+1) 7(N—j)
i<j=1 TAy A Ay Aj

We now want to compute the norm squared of the above expression and write it in a way
that would make the 4D limit more accessible. First, from the definition (C.26) of the
g-deformed T function, we see that

_ _+ 1 (g )2
Mt q)2 = Mg~ 7t a)2(1— )= ) Y (cafere). (4.15)
Here and elsewhere, we shall use the notation

|f(u17 M ,,U/rr-;t, q)’2 = f(u17 ct 7uT;t7q)f(u1_17 R 7u7"_1;t_17q_1)' (4'16)

For the remainder of the section we shall write T,(z) instead of Yy(z|e1, €2). Since it will
appear often, it is convenient to define

A= Mg 75t q)% (4.17)

Furthermore, we need to carefully define the norm squared of the refined McMahon function
in order to avoid a trivial zero. We follow [31] and define

M u;t, 2 B (e1—e0)?
|(uq1)’ = M@ St = (1—q) a2 ATy(a).  (418)

The advantage of using the functions T, is the fact that they have a well defined 4D limit
g — 0 or ¢ — 1, while the M do not. We can apply this to the norm squared of (4.14)
with the result

pert 2 ;. N—1 Hﬁvfzfl T (az(i) 4 CL(-T) _ Cbgr) _ CL(-T)>
Zﬁec = ANV D ()5 I = ——— <Ti1) H(lr) (r—1) : (r)
2N r=1 | ITi<;51 Yq (% T e a = ajzl)

N—r— r r r r -1
Higj:11 T, <a’z( ot a§- ) az(—)l - a§+)1) N
X [T Yo(mi—np) e, —t)|

N—r € r r—1 T r—1
[Ti<;2: Yq (% + ag )+ a§- /- agjl - a§'+1 )) i<j=1

(4.19)
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with the exponent

! I (r—1) (r=1) (r=1) _ ,(r=1) 2
v = ; |:z<j:1 (ai ta; T —a gy —a, 2)
(a7 =l ) (ol )
Y el a5 wm
i<j=1
5 [ 5 e 5 e )]

that miraculously depends only on the boundary parameters

N
v B R S SR
= 1Zm zg:l[(n] nz+2)—|—<l, l]+2>]
(4.21)
N(N —1)(N —-2)
—Z<z]:1 + (& —l _2;nle+1 i+ 12 53_-

Now we have all the ingredients in order to compute the partition function on §% x S!. First,
we should remember that we need [1, 5, 31] to add a copy |M(t,q)|* of the norm squared

of the refined McMahon function for each one of the W faces of the diagram and
integrate over all the Coulomb moduli. Then, the partition function on S* x S! for the T

superconformal theory reads

it N— —1— l) pert
4 1 B ﬁd N—1)(N— Z inst [2
B k=1 =1 N

2, while we use (4.10)

Q)
for the instanton part. The integrals over the ag) originate as contour integrals § %
XX k

where we need to plug in (4.19) for the perturbative part ‘Zzpvert/zg,ec

~ (1) _ _
after the substitution Ag) = e P% . Observe that there are W integrals to be

done which is equal to the number of faces of the web diagram and that in the simplest 75
case no integrals have to be done. Furthermore, in order to compute the final expression
N(N—-1) (4)
— .

for the partition function, we still need to perform sums over the partitions v,

This can unfortunately for now only be done exactly in the N = 2 case. Finally, the
derivation of (4.8) depended strongly on a choice of a preferred direction for the refined
topological vertex. It is conjectured [39, 57|, under a principle called slicing invariance,
that the final answer will not depend on the choice of the preferred direction. We can
make three different choices of preferred direction for the Ty web diagram and in section 6,
we shall do it for 7T3. In the Toda field theory interpretation, each choice puts one of the

primary fields on a special footing.
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4.3 The 4D limit

Naively, taking the 4D limit requires simply taking § — 0. However, as we show in the
previous subsection for the perturbative part for NV > 2 and for the full partition function
for N = 2 (see also section 5), in the limit most quantities diverge, but thankfully only
with an overall factor of (1 — ¢) raised to the appropriate power. We conjecture that this
will also be the case for the full partition function for every N, even after the instantons are
accounted for. Our conjecture is supported by symmetry arguments, a careful study of the
N = 2 case and from the lessons we extracted form section 3.4, in particular equation (3.43).
What is more, it is supported by [39], where it was conjectured that the refined topological
string partition function read off using the refined topological vertex from any web diagram
should always at the end be possible to be written as a product of M’s.'! Thus, we define
the partition function of the Ty theory on S* to be

XN
Z}?;l = const X éli]% (6 erez Zﬁxsl) , (4.23)

where by definition the power x is taken so that the limit is convergent. The constant
factor cannot depend on the parameters of the theory, i.e. the masses, though it can, and
in the cases checked does, depend on the Omega background parameters.

In what follows we want to use symmetries and the known limits for the partition
function to argue that the exponent yy of 5 is given in terms of the quadratic Casimir of
SU(N)3

N 3
XN = — Z [(mi —mj)? + (nj —ng)? + (L — ;)] = —NZ (i — Q0 — Q) . (4.24)
i<j=1 i=1

First, for the N = 2 case, we can explicitly calculate the exponent and we find

2 3
xe=— Y [(mi—my)?+(nj—n)® + (i —1)’] = -2 (i~ Qa; = Q) (4.25)
1<j=1 i=1

where we have made use of formulas (2.4) and (B.7). Moreover, for the perturbative
part (4.21) we can also explicitly calculate x5 and we find that it is quadratic in the masses.
What is more, we know the answer for the case with one degenerate insertion (3.43), it is
expressed in terms of T'j-functions, which when combined with (4.15) tells us that the power
XN is a quadratic function in the masses. Furthermore, both Z ]%4 and Zf;xs " are invariant
under (affine) Weyl reflections of SU(V)? and since the constant term is independent of the
parameters, the power yn has to be Weyl invariant as well. Therefore, we have to have!?

3
v =c1 Y (a0 —2Q) + e, (4.26)
=1

"1 One might worry that the product would be infinite, but our symmetry argument that xx should
be given by the quadratic Casimir suggests that cancellations will always happen so that the degree of
divergence xn is finite!

2Usually the eigenvalue of the quadratic Casimir is written (o, + 2p), where p is the Weyl vector.
After a rescaling of the weight e, this is the same as (4.26).
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where the ¢; are constants that symmetry cannot fix. The second constant co = —3N (Q, Q)
in (4.25) can in any case be reabsorbed in the constant prefactor of (4.23) as it does
not depend on the masses. For ¢; we compare with (3.43). When the [-parameters are
degenerate!3

2

MG TS M () M (s

)
— RALIZA N (4.27)
om0 w0 (¢) )

Cylar, o, sewpn—1) = const X

Since the [-part is degenerate and some zeroes from the non-full spin content have canceled
some poles from the index in order to obtain (4.27), we don’t expect to get the correct I-
dependence in y . Thus, if we ignore [, subtract the remaining non-full spin content in the
numerator for the m and n parts and compute the power of the 5 divergence using (4.15),

we obtain
N cin2 N
- Z (mz —nj + %) =_ Z [(mi —mj)® + (n; — n;)?] + const (4.28)
i,j=1 1<j=1

which sets ¢; = —N and supports our claim (4.24).

We would like to conclude this section by stressing that even though in the present
paper we do not show how to do the sums, we know that their outcome will be a product
of functions M, exactly as in (4.27), but of course for the general non-degenerate case
with a potentially infinite!* number of Ms. That was already conjectured in [39] for any
topological partition function coming from a toric diagram, see [58] for a more recent
discussion. This statement is just the refinement of the Gopakumar-Vafa formula [59, 60].
This is fully in agreement with our claim that the power xnx has to be at most quadratic
in the masses.

5 Liouville from topological strings

In this section we show in detail how one can start from the partition function of T that
we computed in section 4 and derive the known Liouville 3-point function. This exercise
allows us to draw experience and learn some tricks that we shall be able to use for N > 2,
fix our conversions and test the dictionary we presented in section 2.

For N = 2 there are no Coulomb moduli. The perturbative part (4.9) is

~ 2

M ((Agm) >
A(l)ggm A§0)A§1)
M(\/% 0A(ll) )M(\/% A(()l) )

13In that case [; = %%7 WQ fori < N an Iy = f%%Jr %Q, implying s =Iny_1 — In + Q.
' Any geometry with at least one breathing mode has to have an infinite number of Gopakumar-Vafa

pert
Z5 =

(5.1)

invariants. We thank the JHEP referee for stressing this point.
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while the instanton one (4.10) reads

[v]

st LM\ P NG(ar” +ai” —ag? — GING, (ag” +af” — o) — )
Zpt =" 5= v v (5.2)
7\ L2l N5, (0)
so that (4.8) becomes after replacing the A’s with the mass parameters via (A.1)
25013 — _ M(M%) -
DIV o
5.3
=\ PINGy (= — NG, (i —h — )
X L z v
2 (1) N7, (0)

We can use the identity of equation (C.40) to perform the sum over partitions and get

o M(MP)M(NEYM(LR) (5.4)
MURE [ [OMOEE oM )

Setting b = € = 62_1 and using the definition (C.26) of the Y, functions as well as the
parametrization (2.4), we get from (5.4) the following expression for | Z5°P|?

3 .
|Z§0p‘2 = A_l(]_ — q)QQ(Zle O‘i—Q)_QTQ Hi:l 3(1(20‘1) (55)
To(Oopak — Q) [ 1= To(Xop ke — 201i)

where we have used the symmetry Y,(z) = Y,(Q—=). Up to an infinite constant prefactor,
the same formula was obtained in equation (3.73) of [23] as well as equation (5.10) of [40].
We can use the expression for the derivative (C.32) found in the appendix as well as the
McMahon function (4.18) to combine some factors into 17 (0) leading to

2 (1-@REL0Q) T,(0) T, Yg(200)
T AMEAP Ty (Shar — QI Yo on — 200)

‘z;‘m (5.6)

This result is almost the g-deformed structure constants. In fact, we see by looking at (3.44)
that

2

: (5.7)

Cylan, a, a3) = [5|M(t, q)|2 ((1 - qb)Qb*1 (1 B qb_l)Qb)QfZi Oli:|

2

which is the g-deformed version of (2.11) for T5.

Already in [1] we computed the superconformal index for the 75 theory. It is obtained
from |Z;°p|2 by dividing with the non-full spin content |Z5°°|? that corresponds to degrees
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of freedom that decouple from the 5D theory.

e [N CND L LND eI

=A4(1—q) (mi+ni+3) < +m1+n1+l1>Tq

XTq<Q+m1n1+l1 <m1+n1+l1

:[A4(1—q i=1 ZHT <Q+u,> (5.8)
=1
In particular, we find by comparing with (3.45)
€yan, g, as) = AMT(0)(1 - g) 2255, (5.9)

as promised in (2.8). The index (5.8) of the 75 theory can be expanded in powers

t
SU(2)xSU(2)xSU(2) or of SU(4). Specifically, we find:

of v = \/E with coefficients that can be interpreted either as sums of characters of

4 1
Z55 =14 a2yt + [X(s,l,l) + X1 T X113 + X333 + X2(y)><(2,2,2)} 7+ 0(a)

=1+ xs,2° + [L + X35, + X8, X2(¥)]2*

+ [x1120 + X8y + (X56e + X8e) X2(¥) + X8 X3(y)] 2t + - - (5.10)

where we have the SU(2)? characters X(my mg.ms) = Xy (M1) Xmg (N1) Xms (L1) and the
SU(4) characters depend on the four variables U; with H?Zl U; =1 that are given by

My =UiUs,  Ny=\ToUs, L=+l (5-11)

We thus also see by comparing with (3.20) that the index Zég *%5% has the same symmetry
as the Weyl-invariant structure constants of the Liouville CFT (3.20), as was expected.

6 Wj; from topological strings

In this section, we want to review our result for the 3-point structure constants of primaries
for the case N = 3 in its full glory and to investigate its symmetries and structure.

We begin with slicing invariance. In figure 5, we depict the three possible ways of
choosing the preferred direction. Each one is labeled by the mass parameters that become
prominent for that choice. The one we have used in section 4 for the determination of the
strip partition functions is M. For the choice M of the preferred direction, we can compute

the sum over the partitions )\Z(-j ) and ,u,gj ), but not over VZ.(j )

()

we cannot perform the sum over the \;

. Similarly, for the choice N,
(9)

and for the choice L we cannot do it for the [T
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0
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)\gl)= V%l) ’ug2) 1 X

Figure 5. This figure shows the three different possible preferred directions for the T3 junction.
Each one is labeled by the Kéahler moduli of the non-full spin content that is factorized. We also
indicate the names of the partitions entering the instanton sums and to avoid clutter, we only do
it for the middle one.

From equations (4.9) and (4.10), we can read off the partition function for the M choice.
top __ Ztog .
3,M°

After some rearrangements, we find the cumbersome expression for Z;
M (A2 1L3)
M (LA N ) M (AN N ) M (| ians AT m(([EANa L)

M ($A2NT L)

(T e (fasn) a5 e (fiaSi

) 1+

M (31315 ) M (31385 ) M (3T > <JY2?1>12 (5’1?2> 6.1)

top _
Z3" =

N3Lo NyLs
N/J’@) o (a+mng—1la — 6+/2) 0,2 (a+ng— Il —e+/2)
Nﬁ@) e (0)
[T N 1>@ (a—n1 —mj —<+/2) N ovsV (a+13+my —e+/2)

NB(I) (1) (0) Nﬁ(l) (1) (0) NB(I) (1) (2a —ni+ l3) N (1) (1) ( 2a + ny — 13)
SIS vy Vg

X

where A = e~F2 = flgl) is the relabeled Coulomb modulus.

We can also compute the topological string partition function for the choice N or L
of the preferred direction. A straightforward computation as in [1], which we skip here,
shows that the topological amplitude Z Op for the choice N of preferred direction can be

obtained from equation (6.1) by simply makmg the substitutions
mE — N4k, ng — My, Ik — ~la—k, (6.2)

and exchanging t <> q. Furthermore, the amplitude Z Op for the last remaining possible
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choice of preferred direction is obtained by setting in (6.1)
my = —la—p, nk — —Ma_f, Uik = i, (6.3)
without exchanging t <> q. We can express this succinctly as

Zgozg(mk, Ny U) = Z§0p(n4—k, my, —la—k) ,
: (6.4)

Zgog(mk, Ny k) = 2570 (—la g, =My, ) -

It is thought and in some cases shown [39, 57] that the choice of preferred direction is
irrelevant. Thus, we may assume that the transformations (6.2) and (6.3) are symmetries
of the topological amplitude and conjecture that (6.1) is invariant under them:

Z3P (mgy g, 1) = Z5°P (N, mi, —la—g) = Z5°P (—ly_p, — Mgk, ng) - (6.5)

Checking this conjecture turns out to be quite involved since it requires computing the sums
in (6.1) for a large number of boxes in the partitions Z/Z-(j ), Thankfully, for our claim (2.11)
relating the topological string amplitude to the Toda structure constants, we only need a
much weaker statement that is easier to check, namely that

dA o 2 dA R
% ‘Z; p(mkank,lk)‘ = y{ ’Z; p(n4_k,mk, —l4_k)

2miA 2mi A
dA 2
= ?{ SriA 23 (~lye g, —mu—p,np)| . (6.6)

:

We now shall perform a direct check of the above relations. We first observe (4.22) that

dA _ 1y gl
§ oo 1257 = 1M ) 2 28 25 (67)

The decoupled part Z$°¢ was defined in (4.12) and we easily find that | 2|2 is invariant
under the transformations (6.2) and (6.3) if we use the symmetries of the functions M,
see (C.24), as well as the definition (4.16) of the norm squared.

Since M (t,q) is independent of the fugacities, we only need to check that the super-
conformal index Z:f xS s invariant under (6.2) and (6.3). For this, we expand in powers

Be
of x =e 2 before performing the integration. As shown in [1, 5] this leads to the index
computed in [41], that reads

4 1 N
255 = 14 X+ xa(n) (1 + 597" + [1+ XG0 + xa(y) (1 +x7)| o
E E E E E E E
+ [X2(y) (1 + X78 + X2430 T X2928) + Xa(y)(1 + X7§>] 2+ [2X7§ + Xag25 + Xa3758
+xa() (2+ 28 + X6k + 2is0 + Xbizs ) T xs(v) (1+37%) | o°+ 0@ (63)

The fugacities M, N and L enter the Eg characters as follows. We embed SU(3)? into Eg
so that the character of the 78-dimensional adjoint representation of Eg decomposes as

X]73§ = X(8,1,1) +X,81) tX1,1,8 T X(3,3,3) T X(333) (6.9)
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where X(j, ja.js) Hk 1X JU(3) The fundamental representation 3 of the first SU(3) has

the character X3 ue M, + My, + Ms with similar expressions for the other SU(3) factors.
The other characters can be decomposed in a similar fashion, see appendix C of [1] for
more details. One easily checks that (6.2) acts on the SU(3) characters as

e B T R e R B OF
(6.10)
Thus (6.2) exchanges x(33 3y and X(333) and leaves the sum over the adjoint characters
invariant, so that ng of (6.9) remains unchanged. Similar relations ensure that the other
Es characters appearing in (6.8) are invariant as well and the same holds for the transfor-
mation (6.3). Hence, we are confident that for the Toda structure constants (6.2) and (6.3)
hold, making our proposal (2.11) independent of the choice of slicing.
The weaker form (6.6) of the slicing invariance conjecture for the partition function
can help us prove the Weyl covariance of the structure constants. Using (6.1) and the
properties of the T, functions, the index

2
dA ZioP
Z5xS8t = ]{ M(t,q)) |22 11
g M| S (6.11)
reads
! +€%/4 3 _
zp _ f A (—ga Yol [T Talni = n) Tyl = 1)
2miA A [Thoy Yola = mg — ny + e4/2) Yg(a+ my + I3 + <+/2)
~ ~ 1 ~ ~ —_—
Tq(2a—n1 —|—l3)Tq(—2a—|—n1 — l3) Z Nolq ? NiLo ?
Tq(a—i—ng—l2+6+/2)Tq(a+n2—l1 +€+/2) ” NSiQ Ngig
(6.12)
Nﬁ(z) (1) (a+mn3—1ly— 6*/2) (1) (2) (a+ng — 11 —€+/2)
x ]
NI/<2>I/<2) (O)
1 1
[Tizi N (1)® (a—mnp —my —<+/2) Ng o @+ 13 +myg — e+/2) 2
>< )
N’fu)yu) (0) Nfu)ya) (0) Nfu)yu) (2 —ni+ l3) (1) (1) ( 2a+ny — l3)
1 1 2 2 1 2
where we the exponent of (1 — g) is
/ S, 5 €+\2 €42
X3——2;mi —i<Z;1 [(nj—ni+2) + (li—lj—i-?) :|
o, = (6.13)
1
N Z [(nj —n)* + (i — —227%54 z+7
i<j=1

agreeing with (4.21). The additional factor of € /4 in (6.12) comes from the factor of
|M(t,q)|%. In deriving expression (6.12), we have used (4.15) and (4.18).
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Now the invariance of Z3S *5" yunder the Weyl reflections of SU(3)? is almost trivial
to check. Affine Weyl transformations on the a; act as usual Weyl transformations on
the m;, n; and [;, i.e. they simply permute them. For the choice M of preferred direction
shown in (6.12), we can easily see that the expression is invariant. However, while the
invariance of (6.12) under the Weyl group of the first SU(3) is easy, the Weyl reflections
of the remaining Weyl groups act non-trivially. At this point we need to use the fact
that slicing invariance is a symmetry of the problem and by applying first (6.2) or (6.3)
on (6.12) before acting with the Weyl reflection we can prove the complete invariance under
Weyl reflections.

Since we wish to identify the index as the g-deformed Weyl invariant structure con-
stants and since we showed in section 3.2 that the Weyl invariant structure constants have
an Fg symmetry, we have an additional piece of evidence in our favor. Furthermore, we can
use the fact that (3.32) captures all the poles of the Weyl invariant structure constants and
that the position of the poles does not change under ¢g-deformation to write another formula
for the index.!® Specifically, we make a guess for the g-deformation of (3.32) and write

ZS4><51 . ‘FS
3 = ST = S S = = 10
3q(1)3 H?,j,k:l Bq(MiNj 1Lk 1) H:i3<j:1 3q(MiMj 1)3q(NiNj 1)3q(LiLj 1)
(6.14)
where
By(usta)i= J] (-t lg (1 —u gt (6.15)
i,j=0

is up to a constant the g-deformation of 3 and the compensating factor F3 is an unknown
entire'® function with the expansion in x given by

Fs =1+ x2(y)a® + [x:a(y) - ngo} ot + [X4(y) - (X$§ + XéEéfo) Xz(@/)} 2"

(6.16)
+ [xs) = (8 + X850 ) X() + (XEdsa + Yoz + XbSo) | 2° + O").
So far, we have no closed expression for the function F3.
We end this section with one last remark. Our claim (2.8) states that
¢(ay, ag, a3) = const X gin% ﬁ7X3Z§q4xsl. (6.17)
%

We see in (6.8) that 335 x5 ig invariant under an E¢ symmetry and we saw in section 3.2
that € is invariant under that symmetry as well. A direct computation shows that xs given

by (4.24)
3

Xa=— > [(mi—my)®+ (nj —ni)> + (L — 1))’ (6.18)

i<j=1

is invariant under the Eg Weyl tranformations (3.24) as well.

5To be more precise, as we discussed in section 3.4 and can be seen in equation (C.5) of the appendix C.2,
after the g-deformed versions of the functions have more poles. For for each single pole of the undeformed
function, they have a whole tower of poles.

YThat the function F is entire follows from the facts that 1) the function § in (5.5) of [34] is entire and
2) the Weyl covariant part has no poles.
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7 Conclusions and outlook

In [1] we calculated the 5D partition function of the non-Lagrangian Ty theories on S* x S*
using topological strings. In this paper we take the next very important step and argue
that it is possible to take the 4D limit (5 — 0 i.e. ¢ = e P - 1), thus obtaining the
partition function of the 4D non-Lagrangian T theories on S*. Taking the 4D limit is not
as simple as one might naively think and it is definitely not as easy as for theories with a
Lagrangian description.

The first step in overcoming this difficulty was realizing that one can bring formula (4.7)
into the form (4.8) in which the individual building blocks are only the Y, functions
and the “Nekrasov functions” wa for which the 4D limit is well defined as individual
functions (C.29) (C.42). Our formula for the partition function (4.22) is then written
as a product of the factors'? [ZX™/z e ? and ‘Z}{,‘Stf. The first factor |2X™/zde ?

be explicitly brought into a form that only includes products of the T, functions times a

could

divergent factor of (1—q)X§\’/ <122, Thus, taking the limit is straightforward after we divide by
(1— q)X/N/ <12, However, for the {Z}{,‘St 2 piece we have a further obstacle to overcome. The
sums that contain the “Nekrasov functions” wa diverge if one naively takes the 4D limit,
in contrast with the usual sums in theories with Lagrangian description. Schematically,
instead of having a coupling constant gy = e?™7UV as for theories with a Lagrangian
description, where one can commute the limit with the sum, as for example in

duv

5D\ lul Ngm(al)'”NﬁuL(aL) B—0 ap Il Ny (a1) -+ Nyy, (ar)
D TR A R AR P Y e ey M

B BAL

for the case of the Ty theories (that are isolated non trivial fixed points) there is no of qyy
but rather a combination e=#% of the mass parameters (M = e~#™) and instead of (7.1)
we have

Z (6_/3:1:) lul Ngl/l (al) U NIZVL (CLL) @)} BPOWer x finite (7.2)
1 Niay (01) -+ Ny, (br)
that makes the sum diverge as BP°V". Explicitly obtaining this power would require per-
forming the sums in (4.10). In this paper we do not do that, except for the N = 2 case
where the sum is given by (C.40). However, by carefully studying the symmetry properties
of the 3-point functions for general N, the properties of the T, functions and the known
N = 2 case we manage to obtain this power of the divergence (5.8). Our result is tested
against the ¢-deformed version of the Fateev-Litvinov formula with one semi-degenerate
insertion (3.43). Combining everything, we propose that the 4D limit of the superconfor-
mal index (4.23), multiplied with § raised to the appropriate power —x, will be finite and
equal to the partition function of the T theory on S*. Moreover, we explicitly computed
in (4.13) the decoupled part ‘Z}{FC’Z
3 raised to the power 2ey Y, (o, p) — xn. Finally, the full topological string partition

and it is finite after extracting a divergent factor of

function itself is finite after the divergent factor of 8 to the power 2e; >, (o, p) has been
removed.

17As we already stress in the main text, using the worlds “perturbative” and “instanton” is an abuse of
terminology.
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Via the AGT-W correspondence, we translate our formula for the T partition function
to the 3-point structure constants of three generic primaries of the Toda field theories, both
for the undeformed (4D AGT-W) as well as for the deformed (5D AGT-W) Wy algebra.
We give explicitly the parameter identification from the topological string parameters to the
gauge theory ones in appendix A and then to the 2D Toda parameters in equations (2.4).
We identify the 3-point structure constants of the Toda CFT with the topological string
partition function in (2.11). A very nice byproduct of our work is our ability to give the
exact definition of the g-deformed Y, functions together the all their factors, which to our
knowledge do not appear in the literature. This discussion appears in appendix C.2.

Moreover, we identified in (2.10) €,, the Weyl invariant part of the ¢g-deformed 3-point

Z5%%S 1, a powerful gauge theory

structure constants, with the 5D superconformal index
object.'® This identification allows us to predict that the Weyl invariant part of the g-
deformed 3-point structure constants should have not just SU(N)? symmetry but also an
extended symmetry as predicted by [67-69] due to the existence of non-trivial UV fixed
points for the 5D gauge theories. We have explicitly checked in the Liouville case that the
Weyl invariant part of the DOZZ formula (3.20) enjoys SU(4) enhanced symmetry, and
that for the N=3 case the Weyl invariant structure constants have Fg enhanced symmetry.
Checking that the Weyl invariant 3-point structure constants for higher N enjoy some,
other than just the Weyl group of SU(N)3, enhanced symmetry is an important future

direction.?

The formula we give for the 3-point functions at this point is very implicit, since there
are still integrals and sums that need to be performed. In a separate publication [43],
we show how at least some of the sums and integrals can be performed. In so doing,
we are able to explicitly reproduce the formula (3.15) of Fateev and Litvinov [32-34] for
degenerate fields. Furthermore, our formulas predict highly nontrivial relations for the sums
of “Nekrasov functions” Nf ., by for example requiring that our formulas reproduces (4.24)
in the semi-degenerate case.

In this paper we give the Toda 3-point functions with three primaries, which however
is not enough to solve Toda. To achieve that, we need to also compute the correlation
functions of descendants, which as we discussed in the introduction is not as immediate as
in the Liouville case. However, it is straightforward to see from the point of view of the
topological strings what needs to be done in order to compute them. Specifically, we need

8The superconformal index in any dimension is the partition function of protected operators and is
independent of the coupling constants of the theory, implying that it remains invariant under S-duality. In
4D the superconformal index S® x S* was proven to be equivalent to a 2D TQFT [61-65]. Tt is very possible
that something very similar will also be proven for the 5D superconformal index S* x S* (see [66] for some
progress in this direction) and thus the Weyl invariant part of the g-deformed 3-point function could be
discovered to obey special properties not visible from the CFT point of view, but realized only once one is
using the superconformal index interpretation.

9The authors of [5] were able to discover that some specialization (called “Higgsing” in the gauge theory
jargon) of the parameters in the T} theory leads to an E7 symmetry, while in [42] a similar specialization of
the parameters in T leads to an Es symmetry. These specializations change the T geometry significantly
and in particular reduce the number of Coulomb moduli to one. It would be very interesting to see the
meaning of this on the CFT side.
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to take the T web diagrams from figure 4 and evaluate them with the refined topological
vertex without putting empty Young diagram to the external legs. This will provide the
general Ding-Iohara algebra interwiners. The Ding-Iohara algebra [70] in the free boson
representation (with N free bosons) is known to become

A=Wy oH (7.3)

where H is the Heisenberg algebra which is exactly the algebra that is needed to describe
what is obtained from AGT-W [11, 14]. In particular, it is quite easy to obtain the 3-
point function of two primaries and one descendant and in fact the answer is just (4.8)
without putting empty Young diagrams for (%), Such 3-point functions are already going
to give us, via bootstrapping many higher point functions. Solving this problem is work in
progress [45].

We would like to finish by remarking that for many reasons it seems to be much more
advantageous to study the ¢g-deformed version of the Toda field theories instead of the unde-
formed ones. For example, the functions T, behave in a sense a bit better than the T ones,
since for example the product formula (C.26) is much simpler that (C.17) and (C.10). Fur-
thermore, in the g-deformed case, we can use the topological string formalism to compute
the partition functions, tools that are not directly available in the undeformed theory.
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A Parametrization of the T junction

We gather in this appendix all necessary formulas for the p(a)rametrizations of the Kéahler
moduli. First, the “interior” Coulomb moduli flg-l) = e=Pa’ are independent, while the
“border” ones are given by

AO I, AP =[N, AN =T] L (A1)
k=1 k=1
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Figure 6. Parametrization for Tv. We denote the Kahler moduli parameters corresponding to the
horizontal lines as Qgi, to the vertical lines as Ql(_]i), and to tilted lines as in)l We denote the
(
i

breathing modes as A 7). The index 7 labels the strips in which the diagram can be decomposed.

The parameters labeling the positions of the flavors branes obey the relations

N ~ N ~ N _ N N N
[TMe=]]Ne=]]Lr=1<=>_mp=> nx=>» =0 (A.2)
k=1 k=1 k=1 k=1 k=1 k=1
Therefore, 121((]0) = 12153) = ASN) = 1 and we can invert relation (A.1) as
- A9 3 AW 3 AWN—1)
My=2i o N= 0 fi— (A.3)
~(0) ~(i—1)"’ T(N—i1+1
R S

All placements are illustrated in figure 6.
The Kéhler parameters associated to the edges of the Ty junction are related to the
flg] ) as follows

A1) 10 A0) JU-1 AU 10)
QY) — 571]—1 l(j,) — w Q). — g (A.4)
n;i —G—1) (1) 9 N o) mi N 1) .
APUAPY Agjl‘lz(il : AP AT
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For each inner hexagon of (6), the following two constraints are satisfied

Ql 1 Qm i1 T Q(j+1 QlJJrl ) Q; ’)Lletl) Q?&i?lﬁ-l@gﬁz—&-l (A5)

Furthermore, we find the following identities relating them to the masses:

M; N; (N—i) ~(N—i) L
QY == QU =1 Qe =1 (A6)
Miq LT Ny ’ . Liy1

Using the above, we find the following expressions for the products appearing in the T
partition function:

(Al(gr)>2 AET)A('T‘)

J J
HQZ(,TI{? mk+l _H ~ <(r) = ~gr) )

k= iAI(Q1Ak+1 Az@lAjH
; ; 7(r=1)\? T(r=1) 7(r—1)
oot -1 0
; m; r—1 r—1 T(r—1) 7(r—1)’
k=i Al(c 1 )Al(c+1 : Az(el )A§'+1 : (A7)
r—1 T(r—1) 7(r—1 T(r—1) 7(r
o g, AL A A,
m;j ~(r r—1) 7(r—1) 7(r—1 T(r—=1) 7(r) "’
1 AP AT T AT A
ai, 11 afe ADACTY ALGVAPTY AP AT
L1 Lk _"r —1) (r—1) 3(r—1) r) q(r—1
k=i+1 Az(flAz(Jrl ) Ag )A§+1 ) A§7)1A§+1 :

Furthermore, the following two follow directly from (A.6) and are used in the derivation of
the “perturbative” part of the topological string partition function (4.9)

ﬁ o AP A zﬁ b ACVAD
Quiy = 261 707 Qi = oo (A.8)
7=1 A(() )AE ) k=1 A( ) ASV rl—l

B Conventions and notations for SU(INV)

The purpose of this appendix is to summarize our SU(N) conventions. The weights of the
fundamental representation of SU(V) are h; with Zf\i 1 hi = 0. We remind that the scalar
product is defined via (hs, hj) = 8;; — % The simple roots are

€ = hk—hk+1, kzl,...,N—l, (Bl)
and the positive roots e > 0 are contained in the set
AT = {hz — hj}i]ijzl = {ei f\i_ll U {ei + ei—l—l}@']i_lQ U---u {61 + -+ eN_l}. (B.Q)

The Weyl vector p for SU(N) is given by

1 1 & YN+
_526:5 Z Z h =w1+ - t+WN-1, (Bg)
e>0 1<j=1 i=1
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and it obeys (p, e;) = 1 for all i. The N — 1 fundamental weights w; of SU(N) are given by

%
wi=Y hy, i=1,.. ,N-1 (B.4)
k=1

and the corresponding finite dimensional representations are the i-fold antisymmetric tensor
product of the fundamental representation. They obey the scalar products (e;,w;) = d;;,
i.e. they are a dual basis. Furthermore, we find the following scalar products useful

N+1 i(N — 1) 1— L j<i
hi) = — — =" hi,wi) = N B.5
(pv ]) 2 Js (Ioawz) 2 ’ ( jvw) {_]if j>l ) ( )
as well as () ( 6.9) N2 )
min(¢, 5) (N — max(, j N(N- -1
(wi,wj) = N , (p,p) = — 1 (B.6)

After some work, one can prove using the scalar products (B.5) and (B.6) that

3 (0,6) (@2, ) = (on, ), (B.7)
e>0

for any two weights «;.

The Weyl group of SU(N) is isomorphic to Sy and is generated by the N — 1 Weyl
reflections associated to the simple roots. If a is a weight, we define the Weyl reflections
with respect to the simple root e;

(ei7 Oé)
(ei,ei)

W o= — 2 e =a— (e,a)e;. (B.8)

Furthermore, we define the affine Weyl reflections with respect to e; as follows
wioa:=Q+4+w;-(a—Q)=w;-a+Qe =a—(a—Q,e)e;, (B.9)

where Q := Qp = (b+ b~ 1)p.

C Special functions

For the reader’s convenience, we gather here the definitions and properties of all special
functions used in the main text.

C.1 The Y function

The purpose of this part of the appendix is to summarize the known identities for the
functions used in the undeformed Liouville and Toda CFT. We begin with the function
Y (z) which is defined for 0 < R(z) < Q@ = b+ b~! as the integral

log Y(x) := /000 dt <Q - {L'>2€t — st K% - x) %} . (C.1)

R
t 2 sinh % sinh o7
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It is clear from the definition that

Y(z)=T(Q-z), T (g) = 1. (C.2)

One can show from the alternative definition below that the following shift identities are
obeyed

Y(z+0b) =v(ab)b "2 T(z),  T(x+b") =~(xb o> ~Ir(a). (C.3)

[(z)

where y(z) := —a)" An useful implication is

_ 207 b L(1+b2)T (b )
I'(1—bx)l'(—b'lz)

T(x+ Q) T(x), (C.4)
which is used in the derivation of the reflection amplitude (3.7). It follows from (C.3) that
T is an entire function with zeroes at

z=—-nb—ngb™t, or z=(n+1b+ (ng+1)b ", (C.5)

where n; € Nj.

The function T can be connected to the Barnes Double Gamma function I'y(z|w, w2).
First, we define I's(x|w1,w2) via the analytic continuation (the sum is only well-defined if
R(t) > 2) of

[ee]

0 _
log Ta(s|wr,we) = P Z (5 + niwy + nowo) " . (C.6)
ni,n2=0 =0

From this definition, one can prove (see A.54 of [71]) the difference property

La(s + wilwr,w2) V2T La(s + walwi,wz) V2T .7
T = =1 , T R : '
2(s|w1,w2) w2w2 2F<§2) 2(s|w1,w2) wlwl 2F<§1)

In order to express the T function using the Barnes double Gamma function, we have to
first define the normalized function

2
Q
oo dt e (5_"13) 9_g
log Ty (z) = — - 2 : C.9
og I's(x) /0 t | (1—et)q— et 2 ¢ ¢ (C.9)
Then, using (C.8) we can express the Y (z) as
1
T(z) = ) (C.10)
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This, together with the difference properties of 'y proves the shift identities (C.3). Also of
interest is the function G(z) introduced in [34] with the properties

1/27b$ bb_lel/g

G(r+0b) = I'(bx)G(x), Gz+b )= "——-T0b '2)G(2). C.11
(z +b) W (b)G(x) ( ) Ton (0™ 2)G(x) (C.11)
The zeroes of this function are z = —mb—nb~! for m, n € Ny. If we normalize it by setting
G(%) =1, then we have G(z) = %(x) Furthermore, [34] also introduce the function 3 as
bbflx—bx
32)=G(Q+2)G(Q —x) = TxF(ba:)F(bflx)T(m). (C.12)

T+ wing +
wang) ! that is unfortunately not quite correct. To get the product formula for I's(z)
working, one has to use (A.62) of [71]. Specifically, we set for $(s) > 2

One very often encounters a product formula for the function I'y = [],,, ,,,(

!/

1
= 1
X(5|UJ1,(4}2) Z (UJ1TL1 +w2n2)s7 (C 3)

ni,n2>0

where the prime removes the value (n1,n2) = (0,0) from the sum. The function x(s|wi, w2)
can be analytically continued for all s € C except for s = 1 and s = 2 where there are
poles. We have the residues

1/1 1
Res(x(s|wi,w2),s =1) = 3 (M + u}2> ; Res(x(s|wi,w2), s = 2)

and the finite parts

1 1/1 1 1
Res(w,s:l) = —M—i—f (—) logwg—i-l—kl——log%r
w

s—1 w1 2 w1 w2 1 2(4]2 20.)1
i /OO Yligty +1) —¢(—igty +1)
b 0 ey — 1
X (8]wr, wo) ((2) <2
R (Kk) ) o
es .5 s 2 + 22 + i (v ogw?)
0 G2,y +1) — Cu(2,—iy + 1
_r 25 )2 2 —i, )dy, (C.15)
w2 Jo es™ —1

where 9 is the digamma function, v is the Euler - Mascheroni constant and (g (s, ¢) is the
Hurwitz-¢ function with (R(s) > 1 and R(g) > 0)
=1
$,q) == —_—. C.16
n=0
Finally, using the shorthands o := Res(w, s = 1) and B := Res(%lém), s =
2) 4+ Res(x(s|wi,w2), s = 2) we obtain

2

,Bw2 ’ T _ x
e Tt e@in1twany  2(wingtwyny)?
Ta(rfwn, wp) = ———— 11 r— (C.17)
ni,n2>0 w1n1+twang
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C.2 The g-deformed YT function

In this subsection, we wish to summarize some results involving the ¢g-deformed T functions.
First we begin by defining the shifted factorials?® (we require for convergence that |g;| < 1
for all )

o0
11=0,...,i»=0
We can extend the definition of the shifted factorial for all values of ¢; by imposing the
relations 1
-1
TiqlyeeesQ; 5oy = C.19
( ! T)OO (in;Ch?- . -7Q7")oo ( )
Furthermore, they obey the following shifting properties
($7 q1,-- - QT)OO
q;T541, .- -4 = C.20
4 reo (T3q15 -5 @1, Qi1 -+ Gr)oo (C.20)
We then define the function M(u;t, q) as
[T—i (T —ut™tg/)~t for |t| < 1,|q] <1
L TS ut ) for [ < Ll > 1
M(u;t,q) := (uq; t,q) L = L= , C.21
(witia) = (a6 0o =4 P (- ut_ZqJ) for [(> 1, <17 (O
[l (1 —utq"=7)~1 for [ > 1,[q| > 1
converging for all u. This function can be written as a plethystic exponential
o um qm
M(u;t,q) = — C.22

which converges for all t and all q provided that |u| < q~'+0al=D¢-1) " Here and
elsewhere 0(z) = 1 if z > 0 and is zero otherwise. The following identity is obvious from
the definition

M(u;q7t) = M(Ut/q;t,CI). (023)
From the analytic properties of the shifted factorials (C.19), we read the identities
1 1
Mut g =—' Mutqg )= C.24
) M(ut; t, q) (6a7) M(ug=t;t,q) (624

while from (C.20) we take the following shifting identities
M(ut;t, q) = (ug; @)oo M(u; ), M(ug;t,q) = (ug; oo M(us t, q). (C.25)

We define the g-deformed YT function as

O 1— qx+n161+n262)(1 _ q6+fx+n161+n262)

e Sl
Tq($|€17€2) :(1 - Q) €1eg H (1 - q€+/2+n161+n262)2

ni,n2=0
2 (C.26)

:(1_(1)—%(90—%)2 Mg~ "5t q)
M(y/5:t9)

20A good source for the properties of the shifted factorials is [72].
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where we have used the definition (4.16) for the norm squared. If follows from the definition
that Y,(c+/2le1,e2) = 1, that Y (zler,e2) = Ty(ey — x|er, e2) and that Ty(x|er, e2) =
T,(x|e2, €1). Furthermore, from the shifting identities for M, we can easily prove that

1—¢ 1-2¢; 'z
Ty(aler, e2) = (1 - qQ) g (g ) Tgller, e2), (C.27)
together with a similar equation for the shift with eo. Here, we have used the definition of
the g-deformed I' and ~ functions

. T 1—z.
Pya) = (1= ) gl ey

valid for |¢| < 1. They obey I'y(z+1) = %Fq(a:), implying v,(z+1) = %’yq(m).
Because of the normalization of Y,(z|e1, e2) and since the factors of the right hand side
of (C.27) have a well defined limit for ¢ — 1, we find by comparing functional identities
that?!

Dy(ler @)

Ty (zle1, e2) T2 (e — xler, €2)

—1
T, (z]er, &) 5 T(zler, €2) := (C.29)
In particular, the function Y(x) defined in subsection C.1 is equal to Y(z|b,b~1). We
shall often just write Y (x) instead of Y, (z|€1, €2) and indicate in the text whether the ¢;
parameters are arbitrary or whether b = € = €5 L
For the rest of the section, we set b = ¢; = ¢, '. One very useful implication of (C.27)

for the derivation of the reflection amplitude (3.39)

—1

(1— g1 —a) ] Tl +bo)l (b 'a)

Ty(r+Q) = 11— )@ L1 (1= )T (—b~ )

T,(z),  (C.30)

which reduces to (C.4) in the limit ¢ — 1. We finish this part of the appendix with two
small remarks. First, the zeroes of T, are given by
21 2,
T = —MN1€] — No€x + ——mM, xr = (n1 + 1)61 + (TLQ + 1)62 +—m, (C.31)
log q log q
where n; € Ny and m and m’ are integer. We thus see by comparing with (C.5) that
for each zero of T we have a whole tower, Kaluza-Klein like, of zeroes of T,. The new
zeroes are g-dependent, but the ones that are also zeroes of T, i.e. those with m = 0

are g-independent. The tower of zeros is obtained by beginning with the ¢-independent
2 __ _ 2me
logg =  f
derivative of Y4(z) at = 0. Since the zero of Ty(x) at z = 0 is due to the factor (1 — ¢*)

m = 0 zero and shifting by multiples of . Second, we will need to evaluate the

in the numerator of (C.26), we find that the only piece of the derivative that survives is

1! (0) = &Tq(b). (C.32)

'The g — 1 limit has also been checked numerically for the case b = e; = €; '
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C.3 The finite product functions

In this subsection €; and ey are general. In the definition of the topological string ampli-
tudes, we often need to use the following two functions given by finite products

Uv) v
p= I (e ae)
i=175=1
N (@3 t,9) -—ipl 1— Qti1q
i Xi—j i—1 —
= J] a-@iigh=it) T (- Qe uri-tg-mt),
(4.5)EX (i.4)€n

We shall use in the following |\| := Za}‘) A; and || \]|? = Zf(:/\l) AZ, where £()) is the number
of rows of the partition \. We observe that in some cases the function N, behaves like
a delta function, for instance N A@(%) = NMpr(1) = dyp. Furthermore, we find a relation

allowing us to express the product of two Zu through

Il t)2 2, N _
Nt = (/1) 55 (Zcaze@n) T e

Using the identities
min{€(A),€(u)}

S = (INP+R), S = Y (C.35)

(@.5)€A (6:5) €A =1

we find the exchange identities
t
NAM(Q; q, t) = N,Lﬁ)xt (Qaa t, q)a

A+
A+l b a7 [ 1PN e P t
t 2 q

Nu/\(Qa; t,q).

l\')\)—t

(C.36)

(@t = (<01

From [1, 40] we take the following summation formula

2/;( \ﬂ >'“'N w(y/s Ql}}f@;(\[ QQ) (\}230/\(4\%22122)%). (C.37)

In the 4D limit, it is often useful to use the rescaled A functions that we refer to as
“Nekrasov” functions (Q = e~#™)

\>\|+Iu|

Nan(@st, ) <Q\[) Hu TaThT quw —lull NB (m;q’q)’ (C.38)

where, using the parametrization (2.1), the new functions are given by

B
Nfu(m;el,eg) H 2smh2 [m+er(Ni —j+1) +eai — pb)]

X H 2sinh — [m—i—el(j—,ui)—keg()\; —i+1)].
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The new function obeys the simpler exchange identities
NS, (m; —€2, —€1) = Ngt)\t(m — €1 — €2 €1, €2),
Nfu(—m; €1,€2) = (—1)"\‘+|”|N5/\(m — €1 — €2;€1,€2), (C.39)
Nfu(m;@,el) = thut(m; €1,€2),

as well as the summation formula

Y e BT Emalud Ny (m1 _ 7) Ny ( e 7+)

2 =

N2y (0)

M <e’ﬁ(m1+m3)> M <€*B(m2+m3—e+)>
N o /. (C.40)
M(e_ﬁ(m3—7))/\/l<e ,B(m1+m2+m3_7))

I

We finish this section by remarking that in the limit § — 0, the functions Nf ,, behave as

NG, 8 NG, (C.41)
where we have defined

Ny, (m; e, e2) = H [m +ea(Ni—J+1) +ei— /‘3)]
(i,5)EN
X H [m—i—el(j—,ui)—i—eg(/\; —i—i—l)] .
(.5)€n

(C.42)

Thus for instance ratios of Nfu that are balanced in the sense that the same partitions
appear in the numerator and in the denominator have proper limits for § — 0.

D Computation of the T partition function

In this part of the appendix, we wish to put together the computations that bring us from
equations (4.6) and (4.7) to (4.8), (4.9) and (4.10). We define the function

Rou(@ita) == [] (1 - Qt"’%’quj’%”“) = M(Q\/} t,q)lf\&tu(@\/} t.q), (D.1)

ij=1
and, after using some Cauchy identities, we rewrite (4.6) as equation (4.67) of [1]:

L+l HvtI\Q ~ I H2

23 Qum Quta) =]t = Zu(a Hq T Zr,(t,q)

J=1

L Rufrj (Qm;j Hk;z Qm;le;k)eryj+1 (Ql;i Hi:iJrl Qm;le;k)
) ‘<13_'Il R, ( ! QuQ k\/g)
i< vivp o \ L= Quemiky/ 3
X H Rt TJH(HQZ kakJrl\/g)_l- (D.2)

1<j=1
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The complete Ty diagram is made out of NV such strips, as depicted in figure 4 and written
down in equation (4.7). We remind that 1/](-0) = () for all j, see the right part of figure 4. We
can redefine the strip partition function without affecting the topological string partition

function (4.7), by moving half of the Z from one strip to the another. Specifically, we move
£)12 [El

vy ~
the Z,. ¢(q, )t = of the left lines to the right ones, so that they become Z«(q,t)t =
for the strip on the left. This redefinition doesn’t change Zp, since the partitions to the

extreme left of the Ty diagram are all empty. Putting it all together, we get a new strip
partition function,

L

lelt::ip,(Qm>Ql;t q Ht

Hftl\Z

Z.,(t.9)Z, HORY)

ﬁ (ng [z Qm;le;k)RTth+l <Ql;i | Qm;le;k)

i<j= 1/1/]+1(Hk ZQZkakf)

Ll_I Ryt Tj+1<ﬁQl;ka;k+1\/§>_l. (D.3)
=1 k=i

We can get rid of the Z functions using (C.34). Putting things together in the products
and replacing the R functions by using (D.1), we get

J
lej‘){ip/(Qma let q H M ¢ HQl;ka;k—i—l
q
k=1

i<j=1

L ( I Ql;ka;k) f[ (_\/T) | 75|
z<] 1 M (\[Qm,y T Qm;le;k)M (ﬁ@z;i i:iﬂ Qm;le;k) =1 q
. ﬁ N%T](\EQm;j | Qm;le;k)Nriuj+1(\/§Ql;i Hi:iﬂ Qm;k@l;k).

j—1
i<j=1 NI/Z‘I/]'+1 ( Ql ka k) TiTj (; H?c:z Ql;ka;k+1>

(D.4)

We can straightforwardly obtain (4.9) by taking only the M dependent terms of the strip
partition functions, plugging them in (4.7) and replacing the K&hler parameters @Q,,, and
Q; by the A’s using the formulas (A.8) of appendix A. Thus, we get the “perturbative
part” of the topological string T partition (4.9), i.e. the part that is independent of the
partitions entering the sum.

Using the functions N? defined in (C.39), the relations (C.38) and performing a shift
of the factors from one strip to the one standing on its left, which implies the following
change:

lvil+1vjsal Il 417541l
1 1

911 <;> 7 H < ) ’ (D.5)

i<j=1
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we can write the “instanton” part of the redefined strip as

51— \“J+1l \m—w

le,t:-‘ip7 il’lSt ”(Qm? Ql7 t? q) H ‘Tk' H Qm Z l,] ’

k=1 i<j=1

i1 . . .
% NEZT]( ] —; Ak + Zi:l qm;k — &)NEZV]+1( i@:i qi;k + Zi:i.ﬁ_l qm;k — %—)

—— : - 09)
NVZI/]+1( k:i(Ql;k + Qm;k)) TiT; (Z QI;k + Zk:i—i-l qm;k — €+)
i (@)
where we have used Q,(;)J = ¢ Pmij Ql(zj) ~Bai; and Q 'Bqnﬂ Before we move on,
let us remark that
Il _ il
N T P b L[ L Pl il ’
IT @m: =TT 1 @ms [ @us 11 HQm]HQlk
i<j=1 i=1 \j=1 k=i i=1 \j=
(D.7)
Armed with (D.6), we can compute (4.10). We have
t X (r) ] strip, inst /7 ~(r) (r)
2 =TI(-eQY)" Zrmm@y.Q:ta). (D.8)

r=1

First, we consider the part of the sum of Z}{}St that doesn’t involve the N° functions. It
()]
consists solely of the Hr 1 ( Qn ) term (The minus sign will be canceled by the
[TE_, (=)™l part of (D.6)) of (D.8) and of the product of (D.7) over all the strips, where
v is to be replaced by v and by v, Explicitly, this part of the summand has the
form (the length L of the strip is given by N — r, where r numbers the strips from left to
right)
("] w(m )

N N-—r v (r)lN T i 2 N—r+1 [i-1 2
[T ()" 11 H@JH@T I1 H@JHQ
r=1 =1 i=1 \j=1 =1 j=1
() (™)
N N—r . W) [ " N—r . 'g ' - Ner_1 i) *%
=TITT (@) | TTen) IT et HQ [T i
r=1 i=1 j=1 k=i k=1
\u}”\
N N—r [ (r) 3
_ (r) 2 H 1Q k: i WLk
- 11;[1 41 (QM) H JQ r+1) HN r—1 (r+1)
f e .
N Nr (4945 )2 TNl g =
— Ner D.9
-1 =g o 1111 [ YA ®9)

where in the second line we have used the fact that (%) consists entirely of empty partitions,
in the fourth we have used the very useful formulas (A.8) and in the last equation have
used (A.1).
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Taking now the last line of (D.9) and adding the remaining N parts, we get the full
instanton part of the T partition function that we wrote in (4.10).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] L. Bao, V. Mitev, E. Pomoni, M. Taki and F. Yagi, Non-Lagrangian Theories from Brane
Junctions, JHEP 01 (2014) 175 [arXiv:1310.3841] [INSPIRE].

[2] L.F. Alday, D. Gaiotto and Y. Tachikawa, Liouville Correlation Functions from
Four-dimensional Gauge Theories, Lett. Math. Phys. 91 (2010) 167 [arXiv:0906.3219]
[INSPIRE].

[3] N. Wyllard, A(N-1) conformal Toda field theory correlation functions from conformal N = 2
SU(N) quiver gauge theories, JHEP 11 (2009) 002 [arXiv:0907.2189] INSPIRE].

[4] D. Gaiotto, Asymptotically free N = 2 theories and irreqular conformal blocks,
J. Phys. Conf. Ser. 462 (2013) 012014 [arXiv:0908.0307] [INSPIRE].

[5] H. Hayashi, H.-C. Kim and T. Nishinaka, Topological strings and 5d Tx partition functions,
JHEP 06 (2014) 014 [arXiv:1310.3854] [INSPIRE].

[6] H. Dorn and H.J. Otto, Two and three point functions in Liouville theory,
Nucl. Phys. B 429 (1994) 375 [hep-th/9403141] [INSPIRE].

[7] A.B. Zamolodchikov and A.B. Zamolodchikov, Structure constants and conformal bootstrap
in Liouwville field theory, Nucl. Phys. B 477 (1996) 577 [hep-th/9506136] INSPIRE].

[8] V.A. Fateev and A.V. Litvinov, On AGT conjecture, JHEP 02 (2010) 014
[arXiv:0912.0504] INSPIRE].

[9] A. Mironov and A. Morozov, Proving AGT relations in the large-c limit,
Phys. Lett. B 682 (2009) 118 [arXiv:0909.3531] InSPIRE].

[10] L. Hadasz, Z. Jaskolski and P. Suchanek, Proving the AGT relation for Ny =0,1,2
antifundamentals, JHEP 06 (2010) 046 [arXiv:1004.1841] [INSPIRE].

[11] V.A. Alba, V.A. Fateev, A.V. Litvinov and G.M. Tarnopolskiy, On combinatorial expansion
of the conformal blocks arising from AGT conjecture, Lett. Math. Phys. 98 (2011) 33
[arXiv:1012.1312] [INSPIRE].

[12] A. Mironov, A. Morozov and S. Shakirov, Towards a proof of AGT conjecture by methods of
matriz models, Int. J. Mod. Phys. A 27 (2012) 1230001 [arXiv:1011.5629] [INSPIRE].

[13] A. Mironov, A. Morozov and S. Shakirov, A direct proof of AGT conjecture at =1,
JHEP 02 (2011) 067 [arXiv:1012.3137] [INSPIRE].

[14] V.A. Fateev and A.V. Litvinov, Integrable structure, W-symmetry and AGT relation,
JHEP 01 (2012) 051 [arXiv:1109.4042] [INSPIRE].

[15] H. Kanno, K. Maruyoshi, S. Shiba and M. Taki, W3 irreqular states and isolated N = 2
superconformal field theories, JHEP 03 (2013) 147 [arXiv:1301.0721] INSPIRE].

[16] S. Mironov, A. Morozov and Y. Zenkevich, Generalized Jack polynomials and the AGT
relations for the SU(3) group, JETP Lett. 99 (2014) 109 [arXiv:1312.5732] [INSPIRE].

— 44 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1007/JHEP01(2014)175
http://arxiv.org/abs/1310.3841
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.3841
http://dx.doi.org/10.1007/s11005-010-0369-5
http://arxiv.org/abs/0906.3219
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.3219
http://dx.doi.org/10.1088/1126-6708/2009/11/002
http://arxiv.org/abs/0907.2189
http://inspirehep.net/search?p=find+EPRINT+arXiv:0907.2189
http://dx.doi.org/10.1088/1742-6596/462/1/012014
http://arxiv.org/abs/0908.0307
http://inspirehep.net/search?p=find+EPRINT+arXiv:0908.0307
http://dx.doi.org/10.1007/JHEP06(2014)014
http://arxiv.org/abs/1310.3854
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.3854
http://dx.doi.org/10.1016/0550-3213(94)00352-1
http://arxiv.org/abs/hep-th/9403141
http://inspirehep.net/search?p=find+EPRINT+hep-th/9403141
http://dx.doi.org/10.1016/0550-3213(96)00351-3
http://arxiv.org/abs/hep-th/9506136
http://inspirehep.net/search?p=find+EPRINT+hep-th/9506136
http://dx.doi.org/10.1007/JHEP02(2010)014
http://arxiv.org/abs/0912.0504
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.0504
http://dx.doi.org/10.1016/j.physletb.2009.10.074
http://arxiv.org/abs/0909.3531
http://inspirehep.net/search?p=find+EPRINT+arXiv:0909.3531
http://dx.doi.org/10.1007/JHEP06(2010)046
http://arxiv.org/abs/1004.1841
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.1841
http://dx.doi.org/10.1007/s11005-011-0503-z
http://arxiv.org/abs/1012.1312
http://inspirehep.net/search?p=find+EPRINT+arXiv:1012.1312
http://dx.doi.org/10.1142/S0217751X12300013
http://arxiv.org/abs/1011.5629
http://inspirehep.net/search?p=find+EPRINT+arXiv:1011.5629
http://dx.doi.org/10.1007/JHEP02(2011)067
http://arxiv.org/abs/1012.3137
http://inspirehep.net/search?p=find+EPRINT+arXiv:1012.3137
http://dx.doi.org/10.1007/JHEP01(2012)051
http://arxiv.org/abs/1109.4042
http://inspirehep.net/search?p=find+EPRINT+arXiv:1109.4042
http://dx.doi.org/10.1007/JHEP03(2013)147
http://arxiv.org/abs/1301.0721
http://inspirehep.net/search?p=find+EPRINT+arXiv:1301.0721
http://dx.doi.org/10.1134/S0021364014020076
http://arxiv.org/abs/1312.5732
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5732

[17] R. Schiappa and N. Wyllard, An A(r) threesome: Matriz models, 2d CFTs and 4d N = 2
gauge theories, J. Math. Phys. 51 (2010) 082304 [arXiv:0911.5337] [INSPIRE].

[18] H. Awata and Y. Yamada, Five-dimensional AGT Conjecture and the Deformed Virasoro
Algebra, JHEP 01 (2010) 125 [arXiv:0910.4431] [INSPIRE].

[19] H. Awata and Y. Yamada, Five-dimensional AGT Relation and the Deformed beta-ensemble,
Prog. Theor. Phys. 124 (2010) 227 [arXiv:1004.5122] INSPIRE].

[20] A. Mironov, A. Morozov, S. Shakirov and A. Smirnov, Proving AGT conjecture as HS
duality: extension to five dimensions, Nucl. Phys. B 855 (2012) 128 [arXiv:1105.0948]
[INSPIRE].

[21] H. Itoyama, T. Oota and R. Yoshioka, 2d — 4d Connection between q-Virasoro/W Block at
Root of Unity Limit and Instanton Partition Function on ALE Space,
Nucl. Phys. B 877 (2013) 506 [arXiv:1308.2068| [INSPIRE].

[22] L. Bao, E. Pomoni, M. Taki and F. Yagi, M5-Branes, Toric Diagrams and Gauge Theory
Duality, JHEP 04 (2012) 105 [arXiv:1112.5228] [INSPIRE].

[23] F. Nieri, S. Pasquetti and F. Passerini, 3d and 5d Gauge Theory Partition Functions as
q-deformed CFT Correlators, Lett. Math. Phys. 105 (2015) 109 [arXiv:1303.2626]
[INSPIRE].

[24] F. Nieri, S. Pasquetti, F. Passerini and A. Torrielli, 5D partition functions, g-Virasoro
systems and integrable spin-chains, JHEP 12 (2014) 040 [arXiv:1312.1294] INSPIRE].

[25] M. Aganagic, N. Haouzi, C. Kozcaz and S. Shakirov, Gauge/Liouville Triality,
arXiv:1309.1687 [INSPIRE].

[26] M. Aganagic, N. Haouzi and S. Shakirov, A,,-Triality, arXiv:1403.3657 [INSPIRE].
[27] M. Taki, On AGT-W Conjecture and q-Deformed W-Algebra, arXiv:1403.7016 [INSPIRE].
[28] R. Dijkgraaf and C. Vafa, Toda Theories, Matriz Models, Topological Strings and N = 2

Gauge Systems, arXiv:0909.2453 [INSPIRE].

[29] M.C.N. Cheng, R. Dijkgraaf and C. Vafa, Non-Perturbative Topological Strings And
Conformal Blocks, JHEP 09 (2011) 022 [arXiv:1010.4573] INSPIRE].

[30] M.-C. Tan, An M-Theoretic Derivation of a 5d and 6d AGT Correspondence and Relativistic
and Elliptized Integrable Systems, JHEP 12 (2013) 031 [arXiv:1309.4775] [INSPIRE].

[31] A. Igbal and C. Vafa, BPS Degeneracies and Superconformal Index in Diverse Dimensions,
Phys. Rev. D 90 (2014) 105031 [arXiv:1210.3605] INSPIRE].

[32] V.A. Fateev and A.V. Litvinov, On differential equation on four-point correlation function in
the Conformal Toda Field Theory, JETP Lett. 81 (2005) 594 [hep-th/0505120] [INSPIRE].

[33] V.A. Fateev and A.V. Litvinov, Correlation functions in conformal Toda field theory. I.,
JHEP 11 (2007) 002 [arXiv:0709.3806] [INSPIRE].

[34] V.A. Fateev and A.V. Litvinov, Correlation functions in conformal Toda field theory II,
JHEP 01 (2009) 033 [arXiv:0810.3020] [INSPIRE].

[35] V.S. Dotsenko and V.A. Fateev, Four Point Correlation Functions and the Operator Algebra
in the Two-Dimensional Conformal Invariant Theories with the Central Charge ¢ < 1,
Nucl. Phys. B 251 (1985) 691 [inSPIRE].

— 45 —


http://dx.doi.org/10.1063/1.3449328
http://arxiv.org/abs/0911.5337
http://inspirehep.net/search?p=find+EPRINT+arXiv:0911.5337
http://dx.doi.org/10.1007/JHEP01(2010)125
http://arxiv.org/abs/0910.4431
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.4431
http://dx.doi.org/10.1143/PTP.124.227
http://arxiv.org/abs/1004.5122
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.5122
http://dx.doi.org/10.1016/j.nuclphysb.2011.09.021
http://arxiv.org/abs/1105.0948
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.0948
http://dx.doi.org/10.1016/j.nuclphysb.2013.10.012
http://arxiv.org/abs/1308.2068
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.2068
http://dx.doi.org/10.1007/JHEP04(2012)105
http://arxiv.org/abs/1112.5228
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.5228
http://dx.doi.org/10.1007/s11005-014-0727-9
http://arxiv.org/abs/1303.2626
http://inspirehep.net/search?p=find+EPRINT+arXiv:1303.2626
http://dx.doi.org/10.1007/JHEP12(2014)040
http://arxiv.org/abs/1312.1294
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.1294
http://arxiv.org/abs/1309.1687
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.1687
http://arxiv.org/abs/1403.3657
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.3657
http://arxiv.org/abs/1403.7016
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.7016
http://arxiv.org/abs/0909.2453
http://inspirehep.net/search?p=find+EPRINT+arXiv:0909.2453
http://dx.doi.org/10.1007/JHEP09(2011)022
http://arxiv.org/abs/1010.4573
http://inspirehep.net/search?p=find+EPRINT+arXiv:1010.4573
http://dx.doi.org/10.1007/JHEP12(2013)031
http://arxiv.org/abs/1309.4775
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.4775
http://dx.doi.org/10.1103/PhysRevD.90.105031
http://arxiv.org/abs/1210.3605
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.3605
http://dx.doi.org/10.1134/1.2029952
http://arxiv.org/abs/hep-th/0505120
http://inspirehep.net/search?p=find+EPRINT+hep-th/0505120
http://dx.doi.org/10.1088/1126-6708/2007/11/002
http://arxiv.org/abs/0709.3806
http://inspirehep.net/search?p=find+EPRINT+arXiv:0709.3806
http://dx.doi.org/10.1088/1126-6708/2009/01/033
http://arxiv.org/abs/0810.3020
http://inspirehep.net/search?p=find+EPRINT+arXiv:0810.3020
http://dx.doi.org/10.1016/S0550-3213(85)80004-3
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B251,691

[36] H. Hayashi, Y. Tachikawa and K. Yonekura, Mass-deformed Tn as a linear quiver,
JHEP 02 (2015) 089 [arXiv:1410.6868] [INSPIRE].

[37] F. Benini, S. Benvenuti and Y. Tachikawa, Webs of five-branes and N = 2 superconformal
field theories, JHEP 09 (2009) 052 [arXiv:0906.0359] [INSPIRE].

[38] H. Awata and H. Kanno, Instanton counting, Macdonald functions and the moduli space of
D-branes, JHEP 05 (2005) 039 [hep-th/0502061] [INSPIRE].

[39] A. Igbal, C. Kozcaz and C. Vafa, The Refined topological vertex, JHEP 10 (2009) 069
[hep-th/0701156] [INSPIRE].

[40] C. Kozcaz, S. Pasquetti and N. Wyllard, A & B model approaches to surface operators and
Toda theories, JHEP 08 (2010) 042 [arXiv:1004.2025] [INSPIRE].

[41] H.-C. Kim, S.-S. Kim and K. Lee, 5-dim Superconformal Index with Enhanced En Global
Symmetry, JHEP 10 (2012) 142 [arXiv:1206.6781] [INSPIRE].

[42] H. Hayashi and G. Zoccarato, Ezact partition functions of Higgsed 5d Ty theories,
JHEP 01 (2015) 093 [arXiv:1409.0571] [INSPIRE].

[43] M. Isachenkov, V. Mitev and E. Pomoni, Toda 3-Point Functions From Topological Strings
I, arXiv:1412.3395 [INSPIRE].

[44] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite Conformal Symmetry in
Two-Dimensional Quantum Field Theory, Nucl. Phys. B 241 (1984) 333 [INSPIRE].

[45] V. Mitev, E. Pomoni, M. Taki, and F. Yagi, work in progress.

[46] J. Teschner, On the Liouwville three point function, Phys. Lett. B 363 (1995) 65
[hep-th/9507109] [INSPIRE].

[47] J. Teschner, Liouville theory revisited, Class. Quant. Grav. 18 (2001) R153
[hep-th/0104158] [INSPIRE].

[48] H. Awata, H. Kubo, S. Odake and J. Shiraishi, Quantum deformation of the W(N) algebra,
q-alg/9612001 [INSPIRE].

[49] O. Aharony and A. Hanany, Branes, superpotentials and superconformal fized points,
Nucl. Phys. B 504 (1997) 239 [hep-th/9704170] [INSPIRE].

[50] O. Aharony, A. Hanany and B. Kol, Webs of (p,q) five-branes, five-dimensional field theories
and grid diagrams, JHEP 01 (1998) 002 [hep-th/9710116] [INSPIRE].

[51] A. Brandhuber, N. Itzhaki, J. Sonnenschein, S. Theisen and S. Yankielowicz, On the
M-theory approach to (compactified) 5 — D field theories, Phys. Lett. B 415 (1997) 127
[hep-th/9709010] [iNSPIRE].

[52] S.H. Katz, A. Klemm and C. Vafa, Geometric engineering of quantum field theories,
Nucl. Phys. B 497 (1997) 173 [hep-th/9609239] [INSPIRE].

[53] S. Katz, P. Mayr and C. Vafa, Mirror symmetry and exact solution of 4 — D N = 2 gauge
theories: 1., Adv. Theor. Math. Phys. 1 (1998) 53 [hep-th/9706110] INSPIRE].

[54] A.Z. Assi, Topological Amplitudes and the String Effective Action, arXiv:1402.2428
[INSPIRE].

[55] A.-K. Kashani-Poor, Computing Ziop, arXiv:1408.1240 [INSPIRE].

[56] N.C. Leung and C. Vafa, Branes and toric geometry, Adv. Theor. Math. Phys. 2 (1998) 91
[hep-th/9711013] [INSPIRE].

— 46 —


http://dx.doi.org/10.1007/JHEP02(2015)089
http://arxiv.org/abs/1410.6868
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.6868
http://dx.doi.org/10.1088/1126-6708/2009/09/052
http://arxiv.org/abs/0906.0359
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.0359
http://dx.doi.org/10.1088/1126-6708/2005/05/039
http://arxiv.org/abs/hep-th/0502061
http://inspirehep.net/search?p=find+EPRINT+hep-th/0502061
http://dx.doi.org/10.1088/1126-6708/2009/10/069
http://arxiv.org/abs/hep-th/0701156
http://inspirehep.net/search?p=find+EPRINT+hep-th/0701156
http://dx.doi.org/10.1007/JHEP08(2010)042
http://arxiv.org/abs/1004.2025
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.2025
http://dx.doi.org/10.1007/JHEP10(2012)142
http://arxiv.org/abs/1206.6781
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6781
http://dx.doi.org/10.1007/JHEP01(2015)093
http://arxiv.org/abs/1409.0571
http://inspirehep.net/search?p=find+EPRINT+arXiv:1409.0571
http://arxiv.org/abs/1412.3395
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.3395
http://dx.doi.org/10.1016/0550-3213(84)90052-X
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B241,333
http://dx.doi.org/10.1016/0370-2693(95)01200-A
http://arxiv.org/abs/hep-th/9507109
http://inspirehep.net/search?p=find+EPRINT+hep-th/9507109
http://dx.doi.org/10.1088/0264-9381/18/23/201
http://arxiv.org/abs/hep-th/0104158
http://inspirehep.net/search?p=find+EPRINT+hep-th/0104158
http://arxiv.org/abs/q-alg/9612001
http://inspirehep.net/search?p=find+EPRINT+q-alg/9612001
http://dx.doi.org/10.1016/S0550-3213(97)00472-0
http://arxiv.org/abs/hep-th/9704170
http://inspirehep.net/search?p=find+EPRINT+hep-th/9704170
http://dx.doi.org/10.1088/1126-6708/1998/01/002
http://arxiv.org/abs/hep-th/9710116
http://inspirehep.net/search?p=find+EPRINT+hep-th/9710116
http://dx.doi.org/10.1016/S0370-2693(97)01249-5
http://arxiv.org/abs/hep-th/9709010
http://inspirehep.net/search?p=find+EPRINT+hep-th/9709010
http://dx.doi.org/10.1016/S0550-3213(97)00282-4
http://arxiv.org/abs/hep-th/9609239
http://inspirehep.net/search?p=find+EPRINT+hep-th/9609239
http://arxiv.org/abs/hep-th/9706110
http://inspirehep.net/search?p=find+EPRINT+hep-th/9706110
http://arxiv.org/abs/1402.2428
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.2428
http://arxiv.org/abs/1408.1240
http://inspirehep.net/search?p=find+EPRINT+arXiv:1408.1240
http://arxiv.org/abs/hep-th/9711013
http://inspirehep.net/search?p=find+EPRINT+hep-th/9711013

[57] H. Awata and H. Kanno, Changing the preferred direction of the refined topological vertex,
J. Geom. Phys. 64 (2013) 91 [arXiv:0903.5383| INSPIRE].

[58] A. Igbal and C. Kozcaz, Refined Topological Strings and Toric Calabi-Yau Threefolds,
arXiv:1210.3016 [INSPIRE.

[59] R. Gopakumar and C. Vafa, M theory and topological strings. 1., hep-th/9809187 [INSPIRE].
[6

[61] A. Gadde, E. Pomoni, L. Rastelli and S.S. Razamat, S-duality and 2d Topological QFT,
JHEP 03 (2010) 032 [arXiv:0910.2225] [INSPIRE].

[62] A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, The Superconformal Index of the Eg
SCFT, JHEP 08 (2010) 107 [arXiv:1003.4244] [iNSPIRE].

[63] A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, The 4d Superconformal Index from
g-deformed 2d Yang-Mills, Phys. Rev. Lett. 106 (2011) 241602 [arXiv:1104.3850] [INSPIRE].

[64] A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, Gauge Theories and Macdonald
Polynomials, Commun. Math. Phys. 319 (2013) 147 [arXiv:1110.3740] [INSPIRE].

o

| R. Gopakumar and C. Vafa, M theory and topological strings. 2., hep~th/9812127 [INSPIRE].

[65] Y. Tachikawa, 4d partition function on S* x S* and 2d Yang-Mills with nonzero area,
PTEP 2013 (2013) 013B01 [arXiv:1207.3497] [iNSPIRE].

[66] Y. Fukuda, T. Kawano and N. Matsumiya, 5D SYM and 2D ¢-Deformed YM,
Nucl. Phys. B 869 (2013) 493 [arXiv:1210.2855] [INSPIRE].

[67] N. Seiberg, Five-dimensional SUSY field theories, nontrivial fized points and string
dynamics, Phys. Lett. B 388 (1996) 753 [hep-th/9608111] [INSPIRE].

[68] D.R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric
field theories, Nucl. Phys. B 483 (1997) 229 [hep-th/9609070] [INSPIRE].

[69] K.A. Intriligator, D.R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56
[hep-th/9702198] [INSPIRE].

[70] J.-t. Ding and K. Iohara, Generalization and deformation of Drinfeld quantum affine
algebras, Lett. Math. Phys. 41 (1997) 181 [INSPIRE].

[71] Y. Nakayama, Liouwville field theory: A Decade after the revolution,
Int. J. Mod. Phys. A 19 (2004) 2771 [hep-th/0402009] [INSPIRE].

[72] M. Nishizawa, An elliptic analogue of the multiple gamma function, J. Phys. A 34 (2001)
7411.

— 47 —


http://dx.doi.org/10.1016/j.geomphys.2012.10.014
http://arxiv.org/abs/0903.5383
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.5383
http://arxiv.org/abs/1210.3016
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.3016
http://arxiv.org/abs/hep-th/9809187
http://inspirehep.net/search?p=find+EPRINT+hep-th/9809187
http://arxiv.org/abs/hep-th/9812127
http://inspirehep.net/search?p=find+EPRINT+hep-th/9812127
http://dx.doi.org/10.1007/JHEP03(2010)032
http://arxiv.org/abs/0910.2225
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.2225
http://dx.doi.org/10.1007/JHEP08(2010)107
http://arxiv.org/abs/1003.4244
http://inspirehep.net/search?p=find+EPRINT+arXiv:1003.4244
http://dx.doi.org/10.1103/PhysRevLett.106.241602
http://arxiv.org/abs/1104.3850
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.3850
http://dx.doi.org/10.1007/s00220-012-1607-8
http://arxiv.org/abs/1110.3740
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.3740
http://dx.doi.org/10.1093/ptep/pts048
http://arxiv.org/abs/1207.3497
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.3497
http://dx.doi.org/10.1016/j.nuclphysb.2012.12.017
http://arxiv.org/abs/1210.2855
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.2855
http://dx.doi.org/10.1016/S0370-2693(96)01215-4
http://arxiv.org/abs/hep-th/9608111
http://inspirehep.net/search?p=find+EPRINT+hep-th/9608111
http://dx.doi.org/10.1016/S0550-3213(96)00592-5
http://arxiv.org/abs/hep-th/9609070
http://inspirehep.net/search?p=find+EPRINT+hep-th/9609070
http://dx.doi.org/10.1016/S0550-3213(97)00279-4
http://arxiv.org/abs/hep-th/9702198
http://inspirehep.net/search?p=find+EPRINT+hep-th/9702198
http://dx.doi.org/10.1023/A:1007341410987
http://inspirehep.net/search?p=find+J+Lett.Math.Phys.,41,181
http://dx.doi.org/10.1142/S0217751X04019500
http://arxiv.org/abs/hep-th/0402009
http://inspirehep.net/search?p=find+EPRINT+hep-th/0402009

	Introduction
	The AGT dictionary
	Toda 3-point functions
	Review
	Enhanced symmetry of the Weyl invariant part
	Pole structure of the Weyl invariant part
	The q-deformed Toda field theory

	The TN partition function from topological strings
	The 5-brane webs
	The topological vertex computation
	The 4D limit

	Liouville from topological strings
	W3 from topological strings
	Conclusions and outlook
	Parametrization of the TN junction
	Conventions and notations for SU(N)
	Special functions
	The Y function
	The q-deformed Y function
	The finite product functions

	Computation of the TN partition function

