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1 Introduction

Double field theory was developed to make manifest the O(D, D) T-duality symmetry in
the low energy effective field theory limit of string theory. In addition to the usual space-
time coordinates, ‘winding’ coordinates are introduced. The metric and the Kalb-Ramond
two-form are combined into a ‘generalized metric’. This generalized metric transforms lin-
early under global O(D, D) transformations. Gauge transformations of the fields can also
be written in an O(D, D) covariant form and they can be interpreted as the ‘generalized
coordinate transformations’ in the doubled spacetime as discussed in [1]. The action of
double field theory, written in terms of the generalized metric, is then manifestly invari-
ant under these transformations. Double field theory is a restricted theory. The so-called
strong constraint restricts the theory to live on a D-dimensional subspace of the doubled
spacetime. Different solutions of the strong constraint are then related by T-duality. Dou-
ble field theory was developed in [2-7] and earlier ideas can be found in [8-11]. Further
developments of double field theory are discussed in [12-43]. For recent reviews on this
subject see [44] and [45].



The important issue of large gauge transformations in double field theory was dis-
cussed in [1] where a formula for finite gauge transformations of fields has been proposed.
These transformations are induced by generalized coordinate transformations. Under the
transformation from cordinates X to coordinates X'M fields are claimed to transform by
the matrix F given by

N 1 <8XP oXp 90X}, 0xXVN )

Far =5\ gxar 0Xy | 0Xp OX'P

(1.1)
A generalized vector Vj; transforms as
Vii(X) = Fy N Vi(X), (12)
or, in index-free notation,
V(X' = FV(X), (1.3)

and fields with more than one O(D, D) index transform tensorially where each index is
transformed by F MN . If the finite transformation of the coordinates is generated by a
parameter £M(X), i.e.,

x™ = et 0r x M (1.4)

then F can be expressed in terms of this new parameter, i.e. F = F(§).

By considering an infinitesimal coordinate transformation X M= xM M (1], the
transformation rule (1.2) leads to the infinitesimal transformation of a generalized vector,
which is given by the generalized Lie derivative /35 as follows:

Vir(X) = Vir(X) + 50k Var(X) + (0m€" — 0% ¢nr) Vi (X)
— Var(X) + (QV(X))M. (1.5)

Generalized Lie derivatives define a Lie algebra [7] but the closure of the Lie algebra requires
the strong constraint
a"0p (---) =0, (1.6)

3 )

where ¢ - -7 indicate arbitrary fields, parameters or their products (so that 79p A = 0

and 9P A 0p B =0 for any fields or parameters A and B). We can also realize large gauge
transformations by exponentiating the generalized Lie derivative. Then, as discussed in [1],
these transformations will form a group. For a vector, they are given by

VI(X') = e €70 fe V(X) = G(€) V(X), (1.7)
where we make a useful definition
G(&) = e ¢ L. (1.8)

From (1.7) and (1.3) we would expect that



but this is not true and this fact does not lead to any inconsistency. The important question
is whether there exists a generalized coordinate transformation for which the corresponding
field transformation given by (1.1) equals G (£). This is equivalent to asking whether it
is possible to find a parameter ¢'(£) such that F(§) = G (¢ (€)). This is precisely the
question we address in this paper and the answer is positive. Consistency requirements
lead to the condition that £ and £ can only differ by a quasi-trivial parameter

grE) =¢"+ Z pi(€)0 i (€), (1.10)

where we have defined a quasi-trivial parameter to have the form Y, p;(£)0n;(€), where
the free index is carried by a derivative. We will also refer to the parameters of the form
OM f as ‘trivial’ parameters. Note that every trivial parameter is also quasi-trivial. It is
also easy to see, using the strong constraint, that Eg is zero for a trivial parameter and it
is not zero in general for a quasi-trivial parameter.

These insights were used in [1] to determine such £'(§) to cubic order in . We also
note a small difference in notation and approach as compared to [1] where parameters £
and O (§) are related by G (§) = F (O (§)) . Since O (§) is just a sum of £ and higher order
terms in &, this relation can be inverted to obtain £ (©). With this in mind, the conjecture
by Hohm and Zwiebach (HZ conjecture) can be stated as

HZ conjecture. For every parameter & (X) there exists a parameter £ (€) such that
EM (&) = M 4 M (&) where ™ (€) is quasi-trivial and

G (£'(©) =F(). (1.11)

The main aim of this paper is to prove this conjecture by giving a procedure which
can be used to obtain £'(€) to all orders in £&. We will do this by finding a parameter £’'(&)
such that G(£'(\€)) and F(A) satisfy the same first order differential equation in A and the
same initial condition at A = 0 . By the uniqueness of the solution we can then deduce that

F(AE) = G(£' (X)), (1.12)

and by setting A = 1, we get (1.11).

The HZ conjecture was examined explicitly in [46]; see also [47] and [48] for other rele-
vant discussion. In [46], Berman, Perry and Cederwall considered this issue in the context
of equivalence classes of transformations. These equivalence classes were defined modulo
the so-called ‘non-translating’ transformations, which are the transformations generated by
the quasi-trivial parameters. These transformations differ from the identity by nilpotent
matrices. Important progress was made by showing that F (£) and G (£) belong to the
same equivalence class but the issue of the existence of £’ (§) such that (1.11) holds was not
addressed completely. Our results in section (2.2) play a key role in extending the results
of [46] to prove HZ conjecture. Our construction here is more straightforward and one can
in fact show, without finding the explicit form of &’ (£), that there exists a parameter £’ (&)
such that (1.11) holds.



This paper is organized as follows. In section 2.1, we review the basics of gauge
transformations in double field theory. We also review how the consistency requirements
for the transformations of the scalar field constrain the form of &’ (£). In section 2.2, we show
that G (¢ (€)) can be written as the product G (£) G (x (§)), where x (§) is a quasi-trivial
parameter. Further we show how y (§) can be used to find &’ (§). Differential equations for
F (X&) and G (¢ (AE)) are derived in sections 3.1 and 3.2 respectively. By comparing the
two differential equations, we obtain an iterative relation (4.6). In section 4.1, we give a
procedure to use this relation systematically to obtain &’ (€) to all orders in £, proving the
HZ conjecture. We use our procedure to compute &' (£) up to quintic order in section 4.2.
Up to quartic order, the results are found to be in agreement with [1]. For the quintic
order, the result is checked by explicit computation using Mathematica. In section 5, we
give an explicit formula for x (§) to all orders in £. We also discuss the connection between
our results and those in [46] in section 5. In section 6, we discuss the implications of our
results on the composition of coordinate transformations in double field theory. Finally,
we comment on finite gauge transformations in exceptional field theory.

2 Preliminaries

2.1 Review

In this section we review the basics of gauge transformations in DFT and introduce nota-
tion and conventions required to derive the relevant differential equations. Most of these
relations were first derived in [1] and we present them here without proof.

Consider a finite coordinate transformation which is generated by a parameter £ i.e.,

XM = xM Mgy = (e—fp 8P) XM, (2.1)
or in a more transparent, index free notation,
X' =X- ¢ =% x . (2.2)

Using the definition of F as in (1.1), we can express it in terms of the generating parameter

M as follows.
1
F(&) = 5(6_5e£+‘16_£e§_“t + e fef0 e et tey, (2.3)
Here a]\/][v = €N and € appearing on the r.h.s. is to be understood as the differential

operator ¢ - f = ¢P0p f. This expression for F may look like a differential operator but
it is a matrix function as demonstrated in section 4.1 of [1]. The proof essentially follows
from the fact that e~¢ eft¢ is not a differential operator and it can be written in the
following form, which makes its matrix nature manifest.

%
ettt = (1 ce” ¢ +a) , (2.4)
where we have introduced the notation

BEA = (P0pp) A. (2.5)



Note that we can also write G(&) in a similar manner as
~ —
G(&) = e Seke = e~Sebta—a’ = (1 et +“_“t> . (2.6)

We make the useful definition

(="
n!

A€ = 0nN (©) = =Y —om ((€7p)" €Y), (2.7)
n=1

where ¢V (€) is read from equation (2.1). Further we make the definition

oxXN

Bj\ffv(f) = XM (2.8)
which implies that
_ b egta_ (1. Eta
BO = 1= = e+_(1e +). (2.9)

The equalities in the last line follow from equation (2.2) and the definition of A as in
equation (2.7). Details can be found in section 4.1 of [1]. Using these definitions, F (&) can
be written in terms of the matrix B(£). We suppress the explicit £ dependence here and
write

F= % (B (B + (B B). (2.10)

Now we turn our attention to the finite transformations realized as the exponentiation
of the generalized Lie derivative. As mentioned previously, the infinitesimal transformation
of a vector field V(X)) is given by the action of the generalized Lie derivative, i.e.,

VI(X) = V(X)+ LV (X), (2.11)
with
LV (X) = 50 Vir(X) + (0mER — 0% enr) Vie (X). (2.12)
or in the index free notation,
LV(X)=€6-V(X)+ (a — a) V(X) with ay = aneV. (2.13)

Generalized Lie derivatives define a Lie algebra under commutation. We have

[2&7 252] = Z\[517 &loo (2.14)
where [, -]~ is the C-Bracket defined as follows.
1
€n.6l0 =& on & - op & — 5 (&7 M — & 0" Gap). (215)

The Jacobi identity also holds for the commutation relation (2.14) because the Jacobiator
of three parameters &1, &2, &3 is a trivial parameter and the generalized Lie derivative of



a trivial parameter vanishes [6, 7]. This allows us to realize finite transformations, which
form a group, by exponentiation of the generalized Lie derivative

V/(X) = efe V(X). (2.16)
By using the fact (eff) (X') = f(X) [1], we can write
V/(X) = V(X)) = £ FV(X). (2.17)

If we naively compare (2.16) and (2.17), we get the equality in (1.9). However, it can be
seen easily that the equality holds only for a very special class of parameters: the quasi-
trivial parameters. For an arbitrary parameter, it holds only up to the second order in
the parameter. However, this does not lead to any inconsistency as argued in [1]. Due to
the strong constraint, double field theory allows some extra freedom. This freedom can
be exploited to change the parameter so that the transformation works out for the vector
field. Transformation properties of the scalar field put some restrictions on the nature of
the modified parameter. By definition, under any coordinate transformation X — X', a
scalar field ¢(X) transforms as

¢ (X') = o (X), (2.18)
which implies
¢ (X) = e ¢(X). (2.19)

We now see how the finite transformation of the scalar field is realized by exponentiating
the generalized Lie derivative. Then we compare it with the transformation rule (2.19).
The action of the generalized Lie derivative on a scalar field ¢(X) is given by

Leo(X) = P 0pe(X). (2.20)
Therefore,
¢ (X) = e“4p(X) = £(X), (2.21)

which is consistent with (2.19). We want the modified parameter £'(£) to preserve this
consistency, i.e.,

O (X) = 6 (X) (2.22)
This condition can be satisfied if the following holds
&T0p ($(X)) = 70p ((X)) . (2.23)

It is possible to satisfy the above requirement if £’ (£) and ¢ differ by a quasi-trivial param-
eter, as defined earlier, and we aim to develop a procedure which determines such &’ (&) to
any desired order in &.



2.2 Decomposition of G (¢’ (£))

In this section we will prove important results which will help us in deriving a differential
equation for G (£ (A)) in section 3.2. We will demonstrate how G (¢/(§)) can be written
as a product of G (¢) and G (x(£)), where x (£) is a quasi-trivial parameter. We will also
derive an expression for £/(£) in terms of £ and x (£).

For a quasi-trivial parameter § we can use the strong constraint to obtain

G(8) = e debs = s, (2.24)

Note that due to the strong constraint we have 25 = 6P0p +b—bt = b—bt, where
b ]\]4\7 = 0)0". Both indices of b are carried by derivatives, therefore, b, b* and b — bt are
all nilpotent matrices and we can simplify equation (2.24) to get

G =€e"" =14 b— b (2.25)

The relations (2.24) and (2.25) for a quasi-trivial parameter will be used extensively in the
rest of this paper. Let us consider a collection of quasi-trivial parameters 01,4, -- , and
define (b;) ]\]4\[ = 8M52N . Using the strong constraint, it is easy to see that the following
identities hold.

z:z:::7 Z,J' .
bib; = bibl = blb; = bl =0, V 4,5 2.26

Now we consider the product G (61) G (d2) - --. By using equation (2.25) this product can
be written as follows.

G(61)G(82) -+ = (1+by—bY) (1+by—bh) -, (2.27)
= 1+b1—b§+b2—bg+---, (2.28)
— bbb (bbb ) (2.29)

Since all ¢;’s are quasi-trivial, the relation (2.24) implies that
G(01)G(62) -+ =G 01+ 02+--). (2.30)
The equation (2.30) will be useful in establishing our main result for this section.

Theorem 2.1. We have £ = £+ § with § quasi-trivial if and only if

G (&) =999 (x), (2.31)

with x also quasi-trivial. Moreover,
5= x+ 560+ 15 (616 Xlole + [ o Elele) + (232)
up to the addition of trivial parameters. Here [ ., .]. is the C-Bracket and .-’ contains

nested C-brackets between & and x given by the BCH formula.



Proof. The proof consists of two parts. In the first part, we assume that £ and ¢ differ by
a quasi-trivial parameter and show that this leads to the decomposition (2.31). Using the
definition (1.8), we can write

g (5/) — e*fl 626/ — 67576 62§+5 — 676 ez"\f + 267 (233)

where the last equality follows due to the strong constraint. We make use of the ‘Zassen-
haus’ formula [49], which can be written as follows.

XHY X Y HGC@-(XVYv[w])’ (2.34)
i>2

where C; (X,Y,[-,-]) is the i'" order Lie polynomial in X and Y. The precise form of
C; (X,Y,[,]) is not essential for our arguments here. However, the fact that it only involves
commutators between X and Y is crucial. C; (X,Y,[,:]) can be determined as explained
in [49]. For example, C> (X,Y,[,"]) = —% [X,Y] and a higher order C; (X,Y,[-,]) involves
¢ nested commutators between X and Y. So we have

G (€) = o€ ofe ofs [ CH(Eelsl ). (235)

i>2

From the Lie algebra of the generalized Lie derivatives, we know that

LeLs| = Liey,. (2.36)
Therefore,
Ci (Z&E& [ ']) = Eci(g,g,[.,.}c), (2.37)
so we can write G (¢') as follows.
G (¢) =€ ebe elo Hezci(é’&[w]c). (2.38)

i>2

It was shown in section 5.1 of [1] that the C-bracket involving a quasi-trivial parameter is
also quasi-trivial. This means that J as well as all of the C; (&, 4, [+, -].) are quasi-trivial and
we can use the equation (2.24) to write

G(E) =68 G [[9(Ci&6,[.1.)- (2.39)

i>2

Now, the result in equation (2.30) implies that

g(&) = 9(© g(a+ S Cie -u), (2.40)

i>2
=6 9(0)- (2.41)

In the last step we have defined Y = ¢ +Zi22 C; (&,0,[,],.), which is clearly quasi-trivial.
This completes the first part of the proof.



Now we turn to the second part of the proof. We assume that the composition in (2.31)
holds and show that this leads to an expression for &', which differs from £ by a quasi-trivial
parameter, i.e., we show that ¢ is quasi-trivial. From the definition (1.8), the product
G(£)G(x) can be written as

G(E)G(x) = e SeFeexebx = ¢Eebeehy, (2.42)

where the second equality follows from the strong constraint. Now we use the well known
Baker-Campbell-Hausdorff formula to write

eLeelx — 625’, (2.43)

where
Bo=Let Bty Bl + o ([ [Ee D] + [E [Bn2]) . 2
where ‘- -’ contains further nested commutators between Eg and Ex- From the defining

relation of the Lie algebra of the generalized Lie derivatives (2.14), we deduce that

€ =+ x+ 1 [t o (6 16X, + D Do eld,) + (2.45)

up to addition of trivial parameters. Here, ‘- - -’ contains further nested C-brackets between
& and x. We also note that in the above expression, & and ¢ differ by a quasi-trivial
parameter because y and C-brackets involving x are all quasi-trivial. Using this result, we
can write

GOG(x) = e febe. (2.46)
Due to the strong constraint, £&’F0p = ¢F0p, and we have
GOG(x) = e ¥efe =g (¢), (2.47)

with & = ¢ + 4. 0 can be read off from (2.45) and matches with the expression in equa-
tion (2.32) up to addition of trivial parameters. This completes the proof of theorem (2.2).
O

We note that in the context of the conjecture (1.11), both § and x should be understood
as functions of &, however results of this section hold in general. We conclude this section
by simplifying G (¢’) further. Since x is a quasi-trivial parameter, we can use relation (2.25)
to write

G(x)=1+A — A" with AN =y, (2.48)

so that
G(€) =6 + G(©)(a-A". (2.49)
We mentioned in the introduction that the conjecture (1.11) will be proven by finding
the parameter &' (£). Equation (2.49) implies that our problem of finding &'(§) has now

reduced to finding A(&) or x(§). If we can find a quasi-trivial x (£), then the theorem
proven in this section would guarantee that the HZ conjecture (1.11) holds.



3 Obtaining differential equations

3.1 Differential equation for F(A¢)

In this section we will derive a differential equation for 7. To do this, we introduce a A
dependence in the coordinate transformations by letting & — A¢ so that we have

/M

XM = xM _M(\e) = e M0 x M (3.1)

where the last equality defines (M as a function of A\. Consequently, the matrices A and B
defined earlier also become functions of A and we write

A (V) = oucN (X)), (3.2)

and

o= B g (2 E). s

Here and in the rest of the paper, the matrix a is to be understood as a]\]} = O, e,
without the A dependence because it has already been taken into account. The matrix F
also becomes A-dependent and we can express it as follows:

FO&) = 5 (BO) (BO) ™ + (BOY)

B(A)) . (3.4)

Now we are in a position to derive a first order differential equation for F(A§) in .
For brevity, explicit A dependence is suppressed in this section. From the definition of B,
it is easy to see that B(A) and (B*)™ " ()) satisfy the differential equations

%zB(—?—}—a) and

d(B)™

= () (FE ). (3.5)

Straightforward applications of the chain rule then yields

% (BB ") =BB) " (-€)+Ba(B) " +B(B) " (a-d)-B (B) e, (3)
5 ()71 8) = (3) B () +(B) B (a=a)+(B) " B ~(B) ' 37

Now we make use of the following identities which are a consequence of the strong
constraint:

1

a'B=d, (BY 'B=B+(B) ' -1, (B) 'a=a (3.8)

Using these, we can simplify the above differential equations and combine them to get a
differential equation for F(\):

%]—“ = d%% (B (BY '+ (BY ! B) , (3.9)
:;r(_?Jra_at) —i—%(Ba (Bt)_l—Ba—i—Bat—at). (3.10)

~10 -



We can also write

(B! = ((1_1A>t> R —=1- 4, (3.11)

Ba (B")™" = Ba(l — A") = Ba — BaA', (3.12)
Ba' — o' = B(a' — B7'a') = B(a' — (1 — A)a') = BAd'. (3.13)

such that

Plugging these relations into (3.10), we finally arrive at a differential equation for F(\).

CF=F(-Eta—a)ty B (~ad'+Ad). (3.14)

This equation will play an important role in our analysis in rest of the paper. We will later
obtain a differential equation for G which has a very similar form. We also re-write this
differential equation in a more visually appealing form by using the strong constraint. By
the strong constraint, B''A= A and (Bt)*1 a = a . This allows us to write

-1

F (Ad' — aA) = <B (BY) " (Ad' — aA") + (B') " B(Aa' — aAt)) , (3.15)

(B(Aat —aA") + (B+ (B) ' —1)(Ad’ — aAt)) , (3.16)

NN

= - (B(Ad' — aA") + Ad" — Ad' + B(Ad' — aA") — Ad' +aA"), (3.17)

[\)

= B (Ad" —ad"). (3.18)

Using this result in (3.14) we get

d . — P A
d)\}__]:( & +a a—|—2Aa 2aA>. (3.19)

There appears to be no systematic way of solving the differential equation (3.19) to
obtain a closed form expression for F (A¢).

3.2 Differential equation for G (&’ (A£))

In this section, we derive a first order differential equation for G(¢'()\)) by a procedure
which is similar to the one used in section (3.1). We introduce a parameter dependence by
¢ — X¢. Doing this makes &'(§), x(§), A(§) and hence G (&' (§)) A-dependent. We use the
theorem (2.1) and write the relations (2.31) and (2.48) with a A-dependence.

G(A) =G (€(N)) =0(A) G(x (\) ), (3.20)
G (x (A9)) = 1+ A — AT(XE), (3.21)

where we also made a slight change of notation by defining G (M) . Now we are in a position
to obtain a differential equation for G(\). We will suppress the explicit A dependence from
here on. Using the strong constraint, it is easy to show that the following identities hold.

alA =d'A' = Aa = Ala =0, GA =BA, GA!= BAL (3.22)

- 11 -



Since these identities are a consequence of the strong constraint and the index structure

of the matrices A and Af, they also hold for their derivatives, % and %\t . Now we

differentiate G (\) with respect to A to get

dG  dg . d .
—=—(1+A-A — (A= A"). 3.23
By letting £ — A in equation (2.6) we see that,
d — :
ﬁg—g(—era—a). (3.24)
Using this and the strong constraint identities recorded above, we obtain
G 1« ; : d ;
Z=g(-THa—a)(1+a-2)+ B (A-A"). (3.25)

We Wint to put equation (3.25) in a form similar to (3.14). To do that we need to compute
G(— € +a—a'). After a straightforward but somewhat tedious computation one finds that

G (~ra—a') =g (~Era—a') (14+2-A)-B(E+a) (A-A")-B (A-A")d". (326)

Using the last result in equation (3.25), we get the desired differential equation

£=§<_?+a—at)+3(<g+a+d‘i> (A—At)+(A—At)at>. (3.27)

Note that this equation has very similar form as the differential equation for F (\) (3.14).
Now, our goal is to find A such that the two equations are exactly the same. This is the
subject of the next section.

4 Solving for the parameter &’ (&)

4.1 Comparison and an iterative method

It is easy to see that F(AE) and G (¢ (A€)) satisfy the same initial condition at A = 0, i.e.,
F(0) = G (£(0)) = 1. For F(X) to be equal to G (&' (X)), they must satisfy the same
differential equation. We compare the two differential equations, (3.14) and (3.27) to get

<§—|—a—i—dd)\> (A=A +(A-AYd = %(Aat—aAt). (4.1)

Without loss of generality we take A(\) to be of the following form:
AN =D A"A,, (4.2)
n=1

where A, is a A\-independent term which is n*® order in €. Also it is obvious that we can’t
have a zeroth order term in A. Following the same notation we write

o0

AN =D A4, (4.3)

n=1

- 12 —



where A,, can be read off from (3.1) and (3.2). It takes the following form.
(An)n¥ =0 () - (4.4)
Here C(ﬁ ) is the n'" order term in £&. We can read off C(Nn ) from equation (2.7) and

_1\n+1
¢y =SV (67 oy ). (45)

Now, from (4.1) we get

(n+1) (A1 — AL ) + (E+a) (A — AL) + (A, — AY) af = = (4pa’ — adl) . (4.6)

| =

The last expression is an iterative equation for A, — AL. There is a systematic procedure
which can be used to obtain &’ to all orders. Before describing our procedure, we want to
show that in general, A,, — Al obtained from equation (4.6) will be of the form

(An—AL) Y = 0nrfoN g — Oargd™ f, (4.7)

where f and g are &-dependent quantities and they are of the form, f ~ &F. &P and
g ~ k=2 . ¢p where the powers are chosen so that the whole term is n*® order in €.

To show this, first note that from equation (4.6), it follows trivially that A; — Al =
Ay — AL = 0, which can certainly be written in the form (4.7). Now we use inductive
argument and suppose that A,, — Al is of the form (4.7), i.e.,

Dn— Al ~ o (€5 €P)oN (€772 gp) —ang (67872 €)M (¢5- €7, (48)
then a short calculation yields

(E+a)(An—AL) + (A, —AY) d (4.9)
~ O (€1 €P) 0N (02 gp) — o (7R €R) 0V (1) (o)
+0u (€5 €7) N (e gp) — o (€7F1 ) N (8- €F), (@)
~ o (€8 €7) O (€ gp) — (€€ O (€87 (4.12)

which is of the form (4.7). We can also read off the r.h.s. of equation (4.6) and see that:
Ana' —adj, ~ Oy (€771 €7) ONep — OnETON (€77 - p) (4.13)

This is also of the form (4.7). Since all the terms in (4.6) are of the form (4.7), we deduce
that A1 —Af | will also be of the form (4.7) and this completes our inductive argument.
In the following, we outline our procedure to obtain & ().

e Using the fact that Ag — Af = 0, the equation (4.6) can be solved iteratively to find
all A,, — Al which will be of the form (4.7) .
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e Only A, —A! can be found uniquely from equation ( 4.6) and there are many different
choices for A,, which differ from one another by symmetric matrices. We can choose

(An) = 0ur (F0Ng). (4.14)

e Using (4.2) one can obtain A(A¢) to all orders in £ and by setting A = 1, we get A(€).
e Since all A,’s are total derivatives, A(£) will also be a total derivative therefore

AN = oY, (4.15)

can be solved to obtain an expression for y(£). Note that x (§) is determined only
up to the addition of trivial terms.

e By using (2.32), one can find §() to all orders in €. Since &' (£) = £+ 6 (£), we can
finally obtain &' (£) to all orders in £ and this was our aim.

We also note that this procedure does not give a unique & and it is determined only up to
the addition of trivial parameters. This non uniqueness arises precisely because of the fact
that the generalized Lie derivative with respect to a trivial parameter is zero.

4.2 Order by order checks

In this section, we demonstrate how the procedure outlined above can be used systemat-
ically to obtain & (§) to quintic order in . Recall that &' () = & + § (&), and we only
need to find out ¢ (§). We will show that our results here are in agreement with the com-
putation of §(§) done previously in [1] to quartic order. The quintic order result is also
verified explicitly.

Before proceeding further, we would introduce some useful notations here.

e We will represent matrices of the form ‘fy; ¢V’ in an index free manner as follows.

(B), = fug™ = fg, (4.16)

i.e., in an expression, the terms carrying free matrix indices are represented with an
overhead arrow.

e If the free vector index of a parameter is carried by a partial derivative, i.e., VM =
A M B, we will denote it as follows.

V=A0dB. (4.17)
e We will often use the following short hand notation.
A-Al=(A-(-)h. (4.18)
e We will use x, to denote the O(£") term appearing in x(§), i.e.,

X =x1+x2+xs+-. (4.19)

It is then trivial to see that (An)]\]f = O,
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e We will compute 6(£) upto the quintic order. In the analysis to follow, we will also
find that x; = x2 = 0. Using this and the equation (2.32) we can write £'(§) up to
quintic order as follows.

(0 =+ (vt g6l ) + (o + g el + 1y 66l ) +O() . (120)

4.2.1 First and second order

First and second order checks are trivial. By expanding G(£) and F (&) to second order it can
bee seen that they are equal. We will obtain the same conclusion by using our procedure.

Using the fact that A does not have a zeroth order term, i.e., Ay vanishes, it is trivial
to see that Ay — Al = 0 from (4.6). Without loss of generality we can choose A =0 =
x1 = 0, which implies that

M) =0+0(?) . (4.21)
For the second order case, we see that for n = 1, equation (4.6) becomes
2 (Ay — AY) = % (Aia’ —adl) . (4.22)
From (4.4) we see that A; = a, which implies that Ay — AL = 0 . Without loss of generality,
we have Ag = 0 = y2 = 0, which implies
ME =0+0() . (4.23)
This shows that F(§) and G(§) are equal up to quadratic order in £, in agreement with [1].

4.2.2 Cubic order

First and quadratic order computations were trivial in the sense that we found 6 (§) =
0+ O(£3). Things get more interesting at the cubic order as we will get non-trivial results
for 6 (£) and hence for &' (&).

e For n =2, from (4.6), we get

3(Ag— Af) = = (Aza" — adh). (4.24)

1
2
Az can be read off from equation (4.4). After a short computation we obtain the
following:

(Asa —adb)y = —= (0u (6 €7) Vep — Oue"0N (¢ ¢p)) (4.25)
(Oar ((6-€7)0Nep) — 0N ((€-€7) Omtp)),  (4.26)

where in the last step, we added a symmetric part to the both terms so that they can

N~ N

written as total derivatives. Now we use the notation introduced at the beginning of
this subsection to write

Asal — adb = —% (3 (¢ €"dep) - (--+)). (4.27)
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Using this in equation (4.24) we get:

Ag— 84 = = (3 ((e-)ep) — (-)'). (4.28)
e Now we can choose
Ay= (- N)Ep) = xo = (€€ (129)

e From equation (4.20), we can write down ¢ (£) to cubic order in & as follows.

5(6) = (€ - €N0Mep + Oe?). (430)

So we deduce that

Fe)=9 (5 - %(5 : §P>5§p> +0(g"). (4.31)
This relationship can be inverted easily to get

F (& 356 €10 ) =60+ (e (1.32)
This is in complete agreement with results of section(4) of [1].

4.2.3 Quartic order

Now we turn to compute 0(£) to quartic order in . In [1], it was shown by explicit
computation that there is no quartic order term in §(§). We will see that our procedure
reproduces this result through very non trivial cancellation between quartic order terms.

e For n = 3 the equation (4.6) becomes
1
4(As =AY + (E+a) (Ag— AL + (Az — AL d = 3 (Aga' —adf).  (4.33)
Let us compute different parts of the above equation now. All the computations are
fairly straightforward and the final results are presented here.
¢ oat _Lizr o . ps ot
Aga =t = < (5((€-€")der) = (), (4.34)
(E+a) A3 =0 (&%) Te+0 (6- %) (& -€x) - (- &) 0 Dt (4.35)
(E+a)Af = T(E-Ex) D (¢-€5)+0exD (€ €F) — e D 0p (¢ - €F) , (4.36)
(A3 — Al a' = 9 (¢-€5) e 0pt — Texd"0p (€ €5, (4.37)

We can determine Aq — A} by using these results in equation (4.33).
1

Ay = A= o (T((€ ) Fexc) = (). (4.38)
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e Again, without loss of generality, we can choose

1z - 1 -
Ay=0((€€5) dex) = xa= 57 (€ €") Fep . (4.39)
Note that we have a non trivial quartic order term.

o Now 1
0(8) = x3 4+ xa + 5 & xslo + 0(&°), (4.40)

the C-bracket, [{, x3]- can be computed easily by using the value of x3 given in
equation (4.29) and the definition of the C-bracket (2.15). After a straightforward
computation and some index relabeling it is easy to show that

% €, x3]lc = —i (&2-¢) Jep = —xa - (4.41)

Hence we see that the quartic order contributions from y4 and % (€, x3],. cancel each
other and we get

§M(¢) = (&-€P)oMep + O(€P). (4.42)

1
12
which agrees with the quartic order result of [1].

4.2.4 Quintic order

Now we turn to the quintic order computation for ¢ (£). In contrast with the previous
orders, this computation has not been done before. Here we will determine &'(€) to fifth
order in ¢ and then check our result by explicitly expanding F(£) and G (¢/(€)) to the
relevant order.

e For n = 4, the equation (4.6) becomes:
1
5(As — AL) + (€4 a) (Ay— AY) + (Ay— AY) o' = 5 (Aga’ — aAl). (4.43)

This equation can be solved for A5 — AL by similar kind of computation as was done
for the quartic order. Key results are summarized below:

€ +a) = (3 (D) dep + (&€ ep -5 (") e 00 &)

(4.44)

(e A= (T (€ NI ) 1T TE &)

1 .

+o-— (FeFT e 0 (€ ¢p)). (4.45)
(84— Ay a' = o (F(&69) 0P g Ter -T2 0" (€ &) ep),  (446)
Agat —a AL = —2714 (5(53 VG ep— el a (e 5P)) , (4.47)
As — Af = % (30(6 €M) dep+2d(¢2- ") €)= (+))  (448)
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e Now we follow the familiar procedure and make a choice of As which is consistent
with the result found for Ay — AL. We choose!

-1

D5 =250 (3 (€6 Tep+ (-6 T(E-&r) = (66T (-¢p) ). (450)

e From As we can read off

-1

0 (3 (€ aer+ (€6 - (66T &) ). (45D

X5 =
e We use the fact that % (€, x3], = —Xx4 in equation (4.20) to get

() =x3+ x5+ 5 [5 x4l + O(&°). (4.52)

After a straightforward computation one finds

€l = gy (€-€7) Bt 1 (€€ F(e €0)— (6-€7) T(€-0)) . (45)

Notice that all three terms appearing in [{, x4],. are also present in x5. These terms
add up nicely to give

(6 = 5 (6 €) Mep+ g ((€67) Mep+ (€-€7) 0 - €r)

—(¢-€M) oM (¢ Sp)) +0(£5). (4.54)

It can be verified explicitly that this value of §(§) indeed satisfies F(§) = G(£'(£)) up to
quintic order. It was done using symbolic manipulations in Mathematica. Let 5% denote

the n'" order term in ¢’M. Then the fifth order contribution in G(¢') due to 5?45) is simply
given by 8M§g\5[) — 8N§(5)M =AM, ie.,

G(E+ @) +E6) = G(E+E3) + A+ 0(E°). (4.55)

To show that F (&) = G (€ +&(3) + &(5)) + O(£°) , we first expanded F (£) and G (€ + &(3))
to the quintic order. Then we computed the difference F (§) — G (f + 5(3)) up to quintic
order and noticed that this difference equals A.

5 Determining £’ to all orders

From our results in the last section, we have a systematic way of finding & (£) to any
desired order in £. This really involves two key steps, first we find x (§) using the iterative

LA straightforward choice would have been to take

As= o0 (3 (€06 Fert2 (€67) Tl &) (4.49)

This choice is perfectly fine but leads to an expression for 6(£) which is rather cumbersome.
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equation (4.6) and then we use the BCH formula (2.32) to obtain &’ (£). In this section,
we complete the first step of this computation to all orders in ¢, i.e. we solve for x (§)
to all orders. From equation (4.6), only A, — Al can be obtained uniquely. Here we
obtain a formula for A, — Af for any integer n. Then A (£) and x (£) can be obtained
using their definitions. As argued earlier, x (£) is determined only up to the addition of
trivial parameters. This ambiguity in x (£) is not important because of the fact that the
generalized Lie derivative with respect to a trivial parameter is zero.

From our previous analysis, we expect A, to be an n'" order matrix function of &
whose free indices are carried by the partial derivatives. Then it is easy to see the most
general form for A, — Al is the following:

k=n—2

An— A=Y gy ( 5(€k,§P> 5(5114@72,&3) _ (..,)t>‘ (5.1)

k=0

where we have used the notation A— A" = (4 — (-- -)t), and ay, i, is some n and k dependent
coefficient, which we want to find so that the ansatz (5.1) satisfies equation (4.6). We record
equation (4.6) here:

(n+1) (Any1 — AL + (4 a) (An— AL + (An — AL) ' = = (Apa’ —aAl) . (5.2)

N

Now let us compute different components of the above equation for the ansatz (5.1). By
straightforward computations one obtains the following.

k=n—2

(€+a) (An=aL) = 3 ane( (¢ €7) (e 2gp) — ()
o (e T ) - (o)
—an 3 (€8 €7) %0 (672 ¢p)
o 9 (€772 €7) 00 (¢8-¢p) (5.3)

and
h)at = o 8 (8- €7) G600 (672 ¢p)

—anr I (&2 67) G690 (o) (5)

Now we add the last two results along with the term (n+1) (Ap41 — AL ;) to obtain
the Lh.s. of equation (5.2). After a straightforward relabeling of the summation index k
we obtain

k=n—1

Lhs. = Y (n+1) anarp + g + o po1) (5 <§k , fp) ] (S,HH _ §P> e _)t)

k=1
+((n+ 1) ans10+ ano + ann) (TE) T 6p) = () - (5:5)
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The r.h.s. of equation (5.2) can be written by using the definition of A,

1 (71)n 3 (¢cP\ 3 (¢n— t
rhs. = 2 (T(E) I &) = () (5.6)
Let us write o, ;; as product of two factors
1 (=)™
Qn.k = 2( TL') X Bn,k (57)

where (3, j, is some other n and k dependent function. For Lh.s. to be equal to the r.h.s.
we get following conditions on £, .

_/Bn—l-l,(] + Bn,(] + ﬁn,n—l = 1) (58)
_/Bn—i—l,k + /Bn,k + /Bn,k—l =0- (59)
Let us focus on the second condition first and write it as B,41.x = Bnk + Bn k—1, this is just

the ‘Pascal’s rule’ in combinatorics if we choose 3, = (";1). Now for the first condition

_<g‘)+<"81>+<2:1):_1+1+1:1, (5.10)

so it is also satisfied. In summary, we deduce that

A, — Al = k=zn:2an7k ( 5(§k , €P> 5(§n—k_2 , gp) — (- ,)t) (5.11)
k=0
with Q= ;(—T;L')" (n ; 1)-

satisfy equation (5.2) for any n. One can check that this formula agrees with the results

obtained in the last section, up to quintic order. From this formula, we can make a choice

of A, and hence A = Y A,, can be determined. From A, one can then find y (§). Using
n

the procedure we described in the last section, one particular choice of x (§) is

G- 3 an (¢F-¢") oM (e 2 gp). (5.12)

=0

S

el

Once we have x (), we can use (2.32) to obtain &’ (§) to any order in &.

In [46] Berman et al. considered the HZ conjecture in the context of equivalence classes
of finite transformations. KEquivalence classes were defined modulo the ‘non-translating’
transformations. These are the transformations which differ from the identity by a nilpotent
matrix. Let F () be a representative of this equivalence class then it can be formally
defined as follows:

[FE={F @@ + Q), where Q*=0}. (5.13)

Then it was shown that ‘G=1(¢) F (&)’ belongs to the same equivalence class as the identity.
An expression for ‘G7(¢) F(£) was computed explicitly which can be written in the

following form
o k=n—1

GO FO =TI II (1 + mux Map), (5.14)

n=2 k=0
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where £y, 1, is an n and £ dependent coefficient and M, 1 is a nil-potent matrix given by:

(—1)" (n — 2k — 1)

Hn’k:;(n+1)(k+1)!(n—k)! and Mye=3(e€") (e ep). (515)

We want to compare the result (5.14) with our analysis here. Since we have shown
that F(§) =G (£ (€)) =G (&) G(x (&), we expect the r.h.s. of (5.14) to agree with our
expression for G (x (£)). In the following we will show that this is indeed the case.

We use the definition of G (y (£)) =1 + A — A! and our result in equation (5.11). We
also recall that A,, — A, = 0 for n < 2. Using these facts we can write

co n—2

GO(©) = 1+ DD anp ((F-€") F(¢2p) — (). (516)

n=3 k=0

The two terms in the sum can be combined by replacing the dummy index k by n — k — 2.

i
no

(Cnp = i) (3(65-67) T2 ¢p)), (517)

NE

G(x(§) =1+

n

Il
w
7T
v O

=1+

Nk

(an,k - an,n—k—2) Mn—Lka (518)
=0

Il
w
e

n

where we have used the definition of M, ; from equation (5.15). We now replace the
dummy index n by n + 1 to get

co n—1

g(X Z Z anJrl,k - an+1,n7k71)Mn,k- (519)
n=2 k=0

Since the M, ;, are nil-potent matrices, we can write

oo n—1

H H (1 + (an-i-l,k - an+17n—k—l)Mn,k>7 (5'20)

n=2 k=0

From equation (5.11) we use the expression for o, ; to compute

%((:) - (n—Z—1)>’

% 5.21)
n+1
:;( D) 1 < L1 > (5.22)
1
2

—~

Ant1k — Optln—k—1 =

m+1) k! (n—k—-1! \n—k k+1
(—1)"  n-2k—1
(n+1)(k+1)!(n—k)!

= K k. (5.24)

(5.23)

Using this in equation (5.20), we see that

oo n—1
= 1111 (1 + K Mn,k)~ (5.25)
n=2

k=0
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which is precisely the r.h.s. of equation (5.14) and we deduce that our result for G (x (£))
is in agreement with [46] . However the relationship between y and ¢ was not discussed
in [46]. We made explicit the connection between x(§) and &'(§) due to our results in the
section (2.2), which play a crucial rule in proving Hohm and Zwiebach’s conjecture.

6 Conclusions and outlook

We conclude this paper by summarizing our results and discussing the important issue of
composition of finite transformations in double field theory. We will also comment on the
finite transformations in exceptional field theory.

We have shown that the formula for finite gauge transformations in double field theory
is equivalent to the transformations obtained by exponentiating the generalized Lie deriva-
tive. In particular we proved that for every parameter £ we can find a parameter &M (¢)
such that

F&)=6((©), (6.1)

and we showed that G (£ (£)) can be decomposed as G (§)G (x (£)), with x (§) being a
quasi-trivial parameter. We have also given an iterative procedure which can be used to
determine &M (€) to any order in &. We used this procedure to obtain results up to quintic
order and verified them explicitly. In the last section we also gave an explicit formula for
X (€) to all orders in §&. We also showed that &’ (£) obtained using this procedure is not
unique. This non-uniqueness can be understood in terms of the inherent non uniqueness
of the generalized Lie derivative because the generalized Lie derivative with respect to a
trivial parameter is zero.

We note that the composition rules for G (§) are well understood. After proving (1.11),
we are now in a better position to understand the composition of F (§). Composition of
G (&) was studied in section 5.2 of [1] and it was shown that

G(£)G (&) =G (¢7(&,6)), (62)

with 1
¢ (&,84) = §2+51+§[§2,§1]c+'“ ; (6.3)
where ‘- - -’ contains further nested C-brackets between & and &; given by the BCH formula.

The issue of composition was also discussed in [1], where generalized coordinate transfor-
mations generated by a parameter O () were considered such that F (© (€)) = G (£). In
our language, this means that ¢ (© (£)) = £. So under the coordinate transformations,

X' =0 x,  X'"=¢%E) X/, (6.4)

the composition of F is given by:

F(O(&))F (O (&) =G(&)G (&),
G (€9 (&,4)),
F

(©(¢° (&,4))),
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which implies that the composition of coordinates is given by
X/ =0 @8) x, (6.8)

We want to understand this composition more directly, i.e., in terms of generalized coor-
dinate transformations given by

X' =e X, X' =e X (6.9)
The corresponding F matrices are given by:

F€) =G +0(6)=6(&)G (x (&) (6.10)
F (&) =G(&L+0(£)=6(&) G (x (&) (6.11)

where 6 (§;) and x (&;) are determined using equations (2.32) and (5.12). It is now easy to
see that

F&)F (&) =0G6+6(&))G&E +6(&)) (6.12)
=G (9 (&+6(&). & +6(&))) (6.13)
=F (O (&+6(&).&+0(£))). (6.14)

This composition rule then implies that the composition of the generalized coordinate
transformations is given by

X" — O (E2+0(62).61+0(61))) x. (6.15)

We conclude the discussion about the composition by noting that the composition
rule (6.15) is very unconventional and it has important consequences regarding associa-
tivity as discussed in section 6 of [1].

In the context of exceptional field theory (see refs. [50-65]), the issue of finite transfor-
mations still needs to be understood. In particular there is no analogue for the matrix F
which gives finite transformations of the fields. We conclude this paper with some remarks
about this issue. We will follow the notation of [65] closely. In exceptional field theory, the
generalized Lie derivative takes the following form

Le=E+a—a, (6.16)

where (aY) MN

The notion of C-bracket is replaced by a generalized Lie bracket called ‘E-bracket’ defined

=Y, PQNaQP , @ MN = €N and Y, PQN is the E,(,) invariant tensor.

as follows:
1
6l = P ored! - fopel! — Y™ (Ponel —fonel’) . (617)

Similar to the case of double field theory, generalized Lie derivatives form a Lie algebra
given by
[ﬁﬁuﬁfz] = £[§17§2]E‘ (6.18)
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The closure of this Lie algebra puts some constraints on YPQM N These constraints include
an analogue of the strong constraint in double field theory (see section 6.4 of [65] for a
complete list of constraints)

Yy 12N 0o () =0, (6.19)

where ‘- -’ is any product of fields and parameters. Now we modify the definition of the
quasi-trivial parameter and for the exceptional case, we define a parameter of the following
form to be quasi-trivial.

Z Y oM agnt . (6.20)

It is easy to see using equation (6.19), that V" 0p gives zero when acting on product of
fields and parameters. The analogue of the matrix G () is defined as:

Gp (€) = e~SesFa, (6.21)

The relevant similarities between double field theory and exceptional field theory end here.

Now note that we do not have analogue of equation (2.25). This follows due to the fact

Y is not nilpotent in general. This, in

that for a quasi-trivial parameter £, the matrix a —a
turn, follows from the fact that the E-bracket(as opposed to the C-bracket) of two quasi-
trivial parameters is not zero in general. Also we do not have the analogue Fg of the
matrix JF which implements the finite transformations of the fields and can be written in

terms of the generalized coordinate transformations (i.e., in terms of a <7 and aX ')

While finding the matrix Fgr remains a challenging open questlon we argue that re-
gardless of the final form of Fg, we should be able to express it in the form Fg (§) =
Ge (€47 (€)), where y(€) is quasi-trivial parameter and X’ = e~¢X. This conclusion fol-
lows by considering the transformation of a scalar field and using similar kind of arguments
as in section 2.1. Our analysis in section 2.2 can also be generalized? to the case of excep-
tional field theory and we can deduce that Gg (£ + v (£)) = G (§) G (' (§)) where v and
" satisfy a similar relation as in equation (2.32) (with ¢, xy and C-brackets replaced by ~,
I' and E-brackets respectively). So we deduce that Fg (§) = Gg (§) G (' (£)). Now the
problem of finding Fg can be stated as: is there an expression for I' (¢) such that the r.h.s.
of the last equation can be written in terms of 2 o X, and 2% o where X' = ¢ $X? We stress
that this reformulation of the problem does not make it any easier as it is not immediately
obvious how one should approach this new problem. However it does provide a different
way to think about the problem of finding Fpg.
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