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1 Introduction

One of the most intriguing subjects in string theory is the AdS/CFT correspondence [1-3]
and it has well been studied from various aspects with an enormous number of works.
Although it is often supposed to hold as a matter of course in the recent studies, it is still
important to elaborate the original form, the duality between type IIB string theory on
AdS;xS® and the N'=4 super Yang-Mills (SYM) theory, to gain deeper insight for the basic
origin of AdS/CFT. In this direction, the integrability behind this duality would play an
important role (For a comprehensive review, see [4]).

We will concentrate on the string-theory side, type IIB string theory on AdSsxS® here.
The Green-Schwarz type string action can be constructed based on a supercoset [5],

PSU(2,2]4)/ [SO(1,4) x SO(5)] .

This coset enjoys the Z4-grading property and it leads to the classical integrability [6].!
The classification of possible supercosets, which lead to the classically integrable, consistent
string theories, is performed in [10].2

!There is another formulation of the AdSsxS® superstring action [7]. For the classical integrability in
this formalism, see [8, 9].
2Some new examples of AdS; and AdSs have been found in [11].



The next task is to consider integrable deformations. Although there are some kinds
of integrable deformations, we will focus upon g-deformations of the AdSsxS® superstring.
Deformations of this type are the standard g-deformations of Drinfeld-Jimbo type [12-14]
(For a nice review, see [15]). The work along this direction was initiated by elaborating the
classical integrability of squashed S sigma models [16-30]. Then the result was generalized
to higher-dimensional cases [31] with the help of the Yang-Baxter sigma model (YBsM)
description [19, 20] (For recent progress on YBsM, see [32, 33]).

Then, by applying the YBsM description to the AdSsxS® superstring and the g-
deformed classical action was presented in an abstract form with the group-theoretical
language [34]. In the YBsM description, a linear R-operator is a key ingredient. It is
constructed from a skew-symmetric, classical r-matrix satisfying the modified classical
Yang-Baxter equation (mCYBE). The coordinate system has been introduced in [35] and
the metric in the string frame and NS-NS two-form have been determined. However, the
complete gravitational solution has not been fixed yet in type IIB supergravity.

There is another kind of g-deformations, which are called Jordanian deformations [36—
38] or sometimes non-standard g-deformations (For the case of Lie superalgebras, see [39—
42]). In the previous work [43], we have considered Jordanian deformations of the AdS;xS®
superstring action by using linear R-operators satisfying the classical Yang-Baxter equation
(CYBE), rather than mCYBE. The action presented in [43] is also written abstractly in
terms of a group element, and explicit examples have not been provided yet.

In this paper, we consider a Jordanian deformation of the AdSsxS® with a simple R-
operator. The metric and NS-NS two-form are explicitly derived with a coordinate system.
Only the AdS part is deformed and the resulting geometry contains the 3D Schroédinger
spacetime as a subspace. In this sense, this study can be regarded as a generalization of
the previous works [44-46]. Then we present the full solution in type IIB supergravity
by determining the other field components. In particular, the dilaton is constant and a
R-R three-form field strength is turned on. The symmetry of the solution is given by
[SL(2,R) x U(1)?] x [SU(3) x U(1)] and contains an anisotropic scale symmetry.

This paper is organized as follows. In section 2 we give a short review of Jordanian
deformations of the AdSsxS® superstring action. Then, by taking a simple R-operator
satisfying CYBE, the metric and NS-NS two-form are explicitly derived with a coordinate
system. The resulting geometry is given by the product of a deformed AdS space and
round S°. Also for a slightly generalized R-operator, the string action is derived. The
resulting metric represents a time-dependent background. In section 3 we present the
gravitational solution in type IIB supergravity by finding out the other field components.
In particular, the dilaton is constant. Section 4 is devoted to conclusion and discussion.
In appendix A, our notation and convention is summarized. In appendix B, we list some
classical r-matrices and the associated string actions.

2 Jordanian deformations of AdS;xS®

In this section, we first introduce Jordanian deformations of the AdSsxS® superstring.
Then by taking a simple example of skew-symmetric, classical r-matrix, the string action



is obtained with a coordinate system. Then the metric and NS-NS two-form are derived
explicitly. The resulting metric contains the 3D Schrodinger spacetime as a subspace. A
more general example is also presented.

2.1 Setup

First of all, we will give a short summary of the work [43]. One may consider Jordanian

deformations of the AdSsxS® superstring action with linear R operators satisfying CYBE.

The construction follows basically [34] with the help of the YBsM description [19, 20].
The deformed Green-Schwarz string action is given by [43]

1 fe'e) 27 1
S:—/ dT/ do P*°Str | Aud o Ag) |, 2.1

where the left-invariant one-form A, is given by

Ao =g 0.9, geSU224). (2.2)

The projection operators Pf;ﬁ are defined as linear-combinations of the metric % and the
anti-symmetric tensor € on the string world-sheet like

1
Py =3 (’yaﬂ + eaﬁ) (2.3)
and satisfy the following properties,
PP =P PYsPY =0, (2.4)

In the action (2.1) the projection P is utilized.
Recall that the Lie superalgebra su(2,2[4) has a Z4 automorphism, Q with Q* = 1.
This automorphism leads to the decomposition of su(2,2|4) as follows:

su(2,24) = su(2,2/4)© @ su(2,2/4) @ su(2,2(4)? @ su(2,2/4)®) . (2.5)
Here the operation of Q is defined for an element of su(2,2]4)(™ as
QXM =irx™  for XM e su(2,2]4)™ (2.6)
and su(2,2|4)(™ satisfies the following relation,
su(2,24)™, 5u(2,2|4)(m)] C su(2,2]4) "™ (mod 4).

In particular, su(2,2[4)(? is nothing but so(1,4) x so(5) .
One can introduce projections P, from su(2,2[4) onto su(2,2(4)™ (n = 0,1,2,3).
Then the operator d is defined as

d= P+ 2P, — P;3. (2.7)

The remaining task is to introduce the operation [Rjo] ;- In the first place, we intro-

duce a linear R-operator, Rjor,
Rjor : g[(4‘4> - g[(4’4)7 (28)

which satisfies the following three properties,



1)  the classical Yang-Baxter equation (CYBE):

[RJor(M)a RJor(N)] - RJor ([RJor(M)a N] + [M, RJor(N)]) = 07

2)  the nilpotency : (Rjor)"(M) =0 (n>3),
3)  the skew-symmetric property (the unitarity condition):

Str(M Ryor(N)) = —Str(Ryor(M)N).

The property 3) is not necessary for the definition of Jordanian deformations, but for the
classical integrability of the string theory.

Note that Rjo, does not preserve the real-form condition of su(2,2|4) in general, even
if the domain is restricted to su(2,2|4). The real-form condition is not necessary for
the classical integrability (i.e., the construction of Lax pair) as shown in [43]. One may
expect that the string actions become complex if the real-form condition is not preserved.
However, it is not always the case. In fact, some examples of Rj,. , which break the real-
form condition, give rise to real string actions, as we will see later. That is, the real-form
condition should be regarded as a sufficient condition for the reality. Still, we have no
general criterion to specify the linear operators that lead to the real string actions. It is
an important issue to argue the criterion in the future.

Then the operator [Rjo] g 18 defined as a sequence of the adjoint operation Ady by g,
the R-operation and the inverse of the adjoint :

[Riorl, (M) = Ad; " o Rjor 0 Adg(M) = g7 ' Ryor(gMg™")g. (2.9)
This operation is intrinsic to the coset case [19, 20, 31].

The tensorial notation of the R-operator. It is helpful to see the tensorial notation
of Rjor . In the present case, 7o, is skew-symmetric due to the property 3). Hence 7o, can
be represented by using a skew-symmetrized tensor product of two elements of gl(4[4),

TJor:Z(ai@)bi_bi@ai) EZai/\bi. (2.10)
The linear R operator action is associated with the tensorial notation as follows:
Ryor(M) = Tra [ryor(1@ M) = _ (a;Tr(b;M) — bTr(a; M)) . (2.11)

In the tensorial notation, the property 1) is recast into the familiar expression of CYBE,

[7Jor,12, "Jor,13] + [TJor,12, TJor,23] + [Tor,13: TJor,23] = 0. (2.12)

Here the subscripts of rjo specify vector spaces on which rj,, acts.

Thus a skew-symmetric solution of CYBE is associated with a linear R-operator and is
related to an integrable deformation of AdS;xS°. So far, the string action (2.1) is written
in an abstract form with a group-theoretical language. In the next subsection, we will take
an example of skew-symmetric classical r-matrix and express explicitly the action with a
coordinate system.



2.2 A simple example of the string action

Let us consider an explicit example of Jordanian deformations by taking a skew-symmetric
classical r-matrix,>

1
TJor = EEM A (Baz — Eua), (2.13)

where E;; is a 4 X 4 matrix defined as
(Eij)ki = 0ik0ji -

The normalization of rj,, is absorbed by rescaling of 77, as one can see from the action (2.1).
Here it is fixed for later convenience.
The r-matrix (2.13) induces the action of the associated R-operator as
1 1
V2 V2

This mapping rule is obtained from the relation (2.11). Note that the r-matrix (2.13) does

Rjor(E2) = —Ryor(Eas) = —=Fou, Rjor(Ey2) = (Ey2 — Eya) . (2.14)

not preserve the real-form condition of su(2,2[4) . However, it leads to a real string action,
as we will see later.

Let us evaluate the string action (2.1). For simplicity, we focus on the bosonic part
by restricting a group element g to the bosonic subsector. In addition, only the AdSs part
is deformed in the present example and hence the coset construction for the S° part is the
usual. Therefore, we concentrate on the coset construction for the AdSs part. Then it is
convenient to consider the following coset representative,

g = epor’triEt it tpsr® vs0/2 ¢ QU(2,2)/SO(1,4). (2.15)

Here p,, (1 =0,1,2,3) are defined as

1 1
po=g (70 — 2n05) pL=g (71 — 2n15)
1 1
p2=3 (72 — 2n9s) , ps=3 (73 — 2ng3s) - (2.16)

For the definition of the so(2,4) generators v, , 75, nu and n,s, see appendix A.
Later, we often use the following quantities

1
+ 0 3 —
rT=— ("t s z = ep, 2.17

instead of z¥, 2 and p.
With this setup, the classical action (2.1) can be rewritten as

S = Spas +Ss,

1 o) 2T 1
Spgs = —= [ d do (8 — *Tr | A, P A5) | . (2.18
AdS 2/_007/0 o (v*7 =€) r( 201—2n[RJor]g°P2( 6)) (2.18)

3The term “Jordanian” comes from the fact that 7o, is represented by an upper triangular matrix.




Here A, is restricted to su(2,2). Then Sg represents the usual S? part of the string action
and we will not touch on this in the present section.
From now on, let us compute the explicit form of A, and

! Ay (2.19)

Ja a
1-2p [RJor]g o PQ(

After that, the bosonic part of the classical action can be determined explicitly with the
coordinate system introduced with the parametrization (2.15).
First of all, P»(A,) can be evaluated as

Pa(Aa) =70 a9 + 71 ah + Y2 a2 + 3 ad + 5 al (2.20)

where each of the coefficients is given by

Oyt O 1 Oqx™
a’(l:z = o 9 a’i = o ) 7(0’2 + agz) = o )
2z 2z V2 2z
L(a3 —ad) = Dot o = %2
NN 2z « 2z

The next task is to evaluate Py(J,). The relation (2.19) can be inverted as
Ay = (1 — 2 [Ryor], 0 PQ) (Ja). (2.21)
By acting P, on both sides, the following expression is obtained,

Po(Aa) = Pro (1= 20[Ryl, 0 P2) (Ja)
= Py(Ja) — 20P2 0 [Ryorl, (Pa(Ja)) (2.22)

This is just a linear equation for P»(J,) and hence it is straightforward to evaluate Pa(Jy) .
Note that P»(J,) can be expanded as

Pa(Ja) = Y040 + 1 Jo + 252 + V3 8 + 5 45 (2.23)

Here j4 and j2 are unknown functions to be determined. With this expansion, the right-
hand side of (2.22) can be rewritten as

220 + V207 G+ da) | 22°a + V202 (o + o)

Po(da) = m 222 222
22253 — V2n(z'jh + 2?52 + 2j3) 22250 + V(' 5k + 2?52 + 2j3)
+73 + 70
222 222
2 35 D) -3 -0
22t V2n(ja +da) (2.24)

2z

By comparing (2.24) with (2.20), the expressions of j& and ;2 are determined as

1 220art —nalonat o 220,27 — nzP0an™T
Ja = 9,3 ) Ja = 9,3 )




— 22000~ + (2 0qrt + 220,22 + 2042) — ( + M) Opx™

I 5 o
\/i(.]oa Ja) - 22’3 )
1 . ) Opx™ . 2002 — N0yt
—=(jo +7o) = ;= TR T
V2 22 2z
Thus the classical action has been obtained as
Sags = —/ dT/ do v* [ —20 x+85x + Oy xlagx + O 9:28556 + Oy 2852)
2 1\2 2\2
P @R L
(1 S g g
/ dT/ do 60‘5 77 16ax+85x1 + x28ax+85x2 + z@aeraﬁz) , (2.25)

where the last term in the coupling to NS-NS two-form is a surface term and it can be
dropped off. This action is real. From this action and the S® part, one can read off
the metric in the string frame and NS-NS two-form. In order to determine the string
background completely, it is still necessary to fix the other field components by solving
the field equations of motion in type IIB supergravity. This will be the issue in the next
section.

So far, the r-matrix (2.13) has been considered. Note that the following four r-matirces

1 1
71(12 = EEIS A (B1 — Ess), Tgi)r = EE% A (Eo2 — E33),

1
Tgi)r = —=FEuu N (E1 — Ey),

V2

1
rﬁi)r v [E14 A (Ery — Bag) — 2(E1g A Eay + E13 A Eay)]

lead to the same string action (2.25), up to double Wick rotations and coordinate trans-
formations (For the detail, see appendix B). Note that 7“52 and 7“52 are obtained by per-
forming adjoint operations with A(Fs3) and A(E14), respectively, to the classical r-matrix
of Drinfeld-Jimbo type satisfying mCYBE, as argued in [43]. Thus the present example
may be regarded as Jordanian twists [36-38], though this fact is not manifest from the

expression of the r-matrix (2.13).

2.3 Other examples

Before closing this section, let us present a generalized example® of skew-symmetric 7-
matrix satisfying CYBE,

1
TJor = 7 [E24 A (E2g — Eua) — 2F23 A E34] : (2.26)

This r-matrix is also regarded as a Jordanian twist [36-38]. Note that the r-matrix (2.26)

does not preserve the real-form condition of su(2,2[4). However, this is also an example
which gives rise to a real string action, as we will see below.

4The imaginary unit 4 is multiplied so that the resulting NS-NS two-form should be real.



We will not show the derivation in detail. With the r-matrix (2.26), only the AdSs
part is deformed again and the algorithm of the derivation is the same.
The resulting action for the deformed AdSs part is given by

2
z
Spas = —= | dr [ d
AdS = / 7'/ U’Y Z4+477(a:+)
x [—2&@ D2 + D0x Oz’ + 05220577 + 002032
2
+%(4$+aﬂ+ (¢'9p" + 2?0pa” — 20%9pa™) + 4(27")?002052

4
+ (22 —(z')? - ($2)2) Dozt Opa™t) + 4%(m+)28ax+8533+}

00 27 3 n
d do € ——m ————
*/_of o 0 APty
X [:c28aa:+8ga:1 — 21 0p2 T Op2® + 2a:+8ayc185:1:2] , (2.27)

where surface terms have already been ignored. This action is real again. Note that the
NS-NS two-form contains an imaginary part if the surface term cannot be dropped off,
for example, by considering the open string case. In the present case, the metric depends
on the light-cone time z™ explicitly. This metric may have an interesting feature as a
dynamical brane background.

A two-parameter deformation. It is also interesting to see a two-parameter deforma-
tion of AdSs. It can be considered by taking the following r-matrix,

S1 52
o= L Bou A (Bag — Bas) + “2Eys A (Eyy — Ess), 2.8
Ty \/i 24 ( 22 44) \/5 13 ( 11 33) ( )

where s; and so are constant parameters. The resulting string action is given by

22

S = —— d d
AdS = / T/ oy 24 4 2025189 [22 + (21)2 + (22)?]

X (—28ax+85x_ + aaxlf)gxl + 8ax285x2 + 0q 2082

_772[(1+ (1) + (a?)?

22 22 ) (51002 + $2002") (510527 + s20p27)

132 212
—25152{ (1 + W) (8a3:135m1 + 8a;v28/33:2 + 30,285,2)
1 2 1 2
- 1, 7 2 L 1, X 2
—((%Z + —8aa: + ?Bax ) (8/5»2’ + 7(3530 + 7851‘ )}D
n
/ dT/ A0 e [ T B T ()0

[SE (51002" — 528a$_)85x1 + x2(813Qx+ - 326ax—)65x2

+2(51052T — 590,27 )032] . 2.29
B

The action is complicated but it is still real.



3 A solution in type IIB supergravity

In this section we will present a solution in type IIB supergravity containing the metric
and NS-NS two-form obtained from (2.25).°

3.1 The action of type IIB supergravity

Let us first introduce the equations of motion of type IIB supergravity [47]. Here we will
follow the notation of [48]. The action of the bosonic part is given by

1 1
Sip = —— /dl% V=GR—- — <d<I> A #d® + 22dC A xdC
2k2 4k2
- -~ 1~ ~
+e P Hs A xHs + e®F3 A «F3 + 55 A x5+ Cy A Hy A Fg) . (3.1)

Here G s is the 10D metric in the Einstein frame and R is its Ricci scalar. The constant
parameter & is related to the 10D Newton constant G like 2k% = 167G1. The symbol
* denotes the 10D Hodge dual operator. ® is the fluctuation of the dilaton field and C' is
the axion field. Then By, Cy and C4 are the NS-NS two-form, the R-R two-form and the
R-R four-form. Their field strengths are defined as

H3; =dBs, F3;=d0C,, Fy=dC,y (3.2)
The modified field strengths fg and ﬁ5 are defined as
Fy=F;—CHs,  Fy=F;—CyAHs. (3.3)
Note that Fs has to satisfy the self-dual condition,
Fs = %F} . (3.4)

By taking variations of the action (3.1), the equations of motion are obtained as

Ryun = %6M®0N<I> + eijaMcaNc - %ﬁMPQ rsF\ @
+i (e“DHMpQHNPQ + e‘bﬁMpQﬁNPQ)

L Guun (" HrgrH %+ FrgrFPOR) . (35
dx Fs = —F3 A Hy, (3.6)
V2 = 2*0M oy, C — el_; vunpHYNE 4 ‘iﬁMNPﬁMNP, (3.7)
VM (e2%9,,C) = —fHMNPﬁMNP, (3.8)
dx (e ®Hs —e®CF3) = —F5 A F3, (3.9)
dx (e®F3) = F5 A Hs. (3.10)

®Note that the solutions with (2.27) and (2.29) will not be discussed hereafter, because the metric is
intricate and we have not succeeded to determine the other field components.



The Bianchi identities are given by
dHs = 0, dFs =0, dFs =0, (3.11)
dﬁg = —dC N Hg, dﬁ5 = —F3 N\ Hj. (3.12)

With this setup, we will consider a gravitational solution in the next subsection.

3.2 A Jordanian deformed solution

It is a turn to present a solution corresponding to a Jordanian deformation. From the
construction of the string action, the metric is given by
—2dxtdr™ + (dz')? + (dz?)? + dz?

22

o (1 N WW) (dz™)? + dsgs] ,

ds® = L* { (3.13)

24 22
ds3s = dsgps + (dx + w)?.

Here the metric of round S° is expressed as a U(1) fibration over CP? | where  is the local
coordinate on the Hopf fibre and w is the one-form potential for the Kéhler form on CP? .
The metric of CP? and w are given by®

dsgpe = dp? +sin® (S + 3 + cos? pX3) | w=sin? p X3, (3.14)
where ¥, (a = 1,2,3) are defined as

X

1 1
i(coswde—l—sinwsinedgﬁ) , Yo = E(sinwdQ—COSwSmGdgf)) ,

Y3 = %(d¢+cos€d¢) .

Note that the metric contains the 3D Schrédinger spacetime” as a subspace with z! = 22 =

0, while the deformed AdSs part itself is not the 5D Schrédinger spacetime.®

Note that the metric which appear in the string action is represented in the string
frame. However, the metric for the deformed AdSs part is invariant under the following
scaling

T N2t 2T s, 2ot oz — Az, (3.15)

and one may expect that the dilaton should be constant (i.e., ® = 0). Thus the metric can
be regarded as the one in the Einstein frame. For simplicity, we set C' = 0.

By considering the S components of the equation of motion for the metric (3.5) and
taking account of the self-duality condition (3.4), the five-form field-strength is fixed as

1
Fs =4L* —:{:—L,)da:+ Adx™ Adx' Adx? Adz+vol(SP)| . (3.16)

Thus Fj5 is not modified under the deformation.

SWe follow appendix A.2 of [49].

"Therefore, the result of [50] on the fast-moving limit [51] is directly applicable for this background.
Note that the NS-NS two-form also vanishes at 2! = 2> = 0.

80ne may consider whether the deformed AdSs can be represented by a coset by following [52].

~10 -



Then the NS-NS two-form By has also been derived as

L2
By = 7:7 (z'da® Adat + 2%dat A da?) | (3.17)

and the associated field strength is given by

4L*
Hs = —7577 (:cldac+ Adz' Adz + 2?dx™ A da? A dz) . (3.18)
z
From the equation of motion for Hs, (3.9), one can notice that F3 has to be turned on.
The remaining task is to find out F3 so as to satisfy all of the equations of motion.

The resulting F3 is give by

412
s = 7577 [$2dac+ ANdzt Adz — 2tdet Ada? A dz — %d:ﬂ+ Adzt A dz?
z
212
— 2377 [dafr Ndz A (dx +w) — gd:ﬁ A dw} , (3.19)

where the associated R-R two-form Cs is given by

Ly
T4

L2
(x2d$+ Adx' — xtdat A dx2) - Tndaﬁ' A (dx +w) . (3.20)
z z

Cy =

In summary, the gravitational solution in the Einstein frame is given by

~2datdr + (da')? + (dn?)? 4 dz?
2 _ 12
ds® =L [ —
2 1\2 2\2
+
_% <1 + w> (dx-i-)? + dS(%Pg + (dx+w)2] 7 (3‘21)

1
Fy = 4L* {—5d:c+ Adx™ Adxt Ada® Adz+ VOI(SE’)] ,
z

4L2
Hy = —7577 (z'da® Adat Adz + 2?dat Ada? Adz)
4L*
Fy = 7577 [deach ANdzt Adz — xtdat A da? A dz — %dnl:+ Adzt A da?
z

2
7257377 {d:c‘*' ANdz A (dx +w) — §d$+ A dw} .
where ® = C = 0. The R-R scalar field C' may take a non-vanishing constant C' # 0. In
this case, the R-R two-form C5 has to be shifted as Cy — Cy + CBs.

Here we should argue the consistency of the solution obtained here as a string back-
ground. It is instrumental to see that a similar solution has already been presented in
appendix C of [53]. The deformed AdSs part of the solution in [53] is the same as that
of our solution, while fluxes are different. An important point is that the deformed part
is realized through a null Melvin twist [54], and our solution may also be obtained by
performing null Melvin twists and S-duality for the original AdSsxS® (For the detail in-
cluding other examples, see [55]). Thus the consistency would automatically be ensured
by construction.

- 11 -



It is also worth noting that other consistent string backgrounds are obtained with
our method with classical r-matrices. For example, y-deformations of AdSsxS® [56, 57]
are reproduced in [58] and the gravity duals for non-commutative gauge theories [59-61]
are obtained in [62]. Probably, various kinds of consistent string backgrounds would be
realized from classical r-matrices satisfying CYBE. The relation between gravity solutions
and classical r-matrices should be called “the gravity/CYBE correspondence”, as proposed
in [58].

Finally, it should be noted that the Green-Schwarz string action on this solution (at
the quadratic order of fermions) is easily obtained by substituting the solution (3.21) into
(3.27) of [63]. Recently, the quartic-order action has been derived in [64]. It would also
be useful for further studies. As a matter of course, the total action is real, including the
fermionic sector. It would be interesting to argue the world-sheet S-matrix by using the
obtained action.

The symmetry of the solution. Let us check the symmetry of the solution (3.21).
We first concentrate on the symmetry of the deformed AdS part. It is obvious to see
that the solution is invariant under two translations:

H: " =zt +a", M: x~ =z +a , (3.22)

+

where a™ are constant parameters. The invariance under the rotation in the 1-2 plane is

also manifest. Recall that the solution is invariant under the anisotropic scaling,
D:at = Xat, o7 a2, 2= X', z— Xz (\: aconstant). (3.23)
A less obvious one is the special conformal transformation,?
C:2t = (1—azNz™, 27 =2 — %(xlxl + 2%),
2t — (1 —az™)at, z—(1—axt)z, (3.24)

where a is an infinitesimal parameter. Note that the solution (3.21) is not invariant under
spatial translations and Galilean boosts due to the deformation. The symmetries H, D
and C generate SL(2,R). Then M and the rotation in the 1-2 plane generates two U(1)’s.
For the sphere part, the SO(6) symmetry is broken to SU(3) x U(1) due to the pres-
ence of the R-R three-form field strength, where SU(3) is the isometry of CP? and U(1)
corresponds to a shift symmetry of x .
In total, the resulting symmetry is given by

[SL(2,R) x U(1)*] x [SU(3) x U(1)] . (3.25)

It seems likely that the solution (3.21) is not supersymmetric because the F3 flux is the
same type of the one considered in [66], where the Hs flux is considered but the mechanism
to break supersymmetries would be identical. It might be interesting to consider a brane-
wave deformation, instead of the F3 flux, as in [67]. Some of the original supersymmetries
may be preserved, while the integrability would become unclear.

For the derivation of this transformation law, for example, see [65].
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In comparison to the Jordanian deformed solution (3.21), it seems quite difficult to find
out the full gravitational solution corresponding to the standard deformation in type IIB
supergravity. The metric in the string frame is obtained in [35], but it involves a curvature
singularity and the dilaton would be very complicated.

3.3 The tidal force

It is also important to check whether the solution (3.21) involves a singularity or not. The
solution is just regarded as a pp-wave like deformation of the AdSsxS® background. Hence
no obvious curvature singularity is not found by computing curvature invariants. However,
there may be another kind of singularity called pp-singularity [68]. In order to discuss this
singularity, it is necessary to check the tidal force.

First of all, one needs to take a time-like world-line and its tangent vector is

m = 3t i m_|_$'— i m_|_l'»1 i m+i2 i m_{_z 2 "
N Ox+ o0x— Ozt Ox? 0z ’

where the index m runs only for the deformed AdSs part and “dot” denotes the derivative
with respect to the affine parameter A. Assume that the affine parameter is chosen so that
the tangent vector becomes a unit vector:

Gnt™t" = —1. (3.26)

The dynamics of a particle moving on the solution (3.21) is described by the action
2

S = ;/d)\ ;12 [—2j3+a'3_ + (&N 4 ()2 + 22 — 2—2 <1 + W) (:z;+)2} .

The equations of motion for % provide two constants of motion, P_ and E ,

7T 1 o (21)? + (22)? p
P po L R EPER
Solving P_ and E with respect to & leads to the following expressions,
132 22
it =—22pP_, iT = —22E+n? (1 + W) P_. (3.28)
z
The equations of motion for 2! and z? are given by
d /il el L d [i? e, L
i el R ; 7 — (=) == i ) 3.29
d\ <z2) 26 (&) d\ <z2> 26 (&) (3:29)

Noting that the normalization condition (3.26) is explicitly written as
L[ . , a1 (@) + (=) .
> {—293% + (&N 4 (@) + 22 - = <1 L — (1) = -1, (3.30)

one can solve (3.26) for Z and obtain the following expression,

3= \/—z2 +2EP 24 — 12 (22 4 (21)2 4 (22)2) P2 — (21)2 — (22)2. (3.31)

Here we have used the expressions of &% given in (3.28).
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To evaluate the tidal force, it is not necessary to solve equations of motion explicitly.
The tidal force is represented by the components of Riemann tensor in an orthonormal
frame which is parallelly transported along the world-line. Thus one just needs to identify
a basis €™ for the orthonormal frame

—em =T t"eP. (3.32)

w_ _E (9N ("
"= P_z \0x— & Oxl ’

Then the tidal force is defined as
Rty (er)(#)(ez) = R'pgr Gran t" €7t €5, (3.33)

and the components of the tidal force are listed below :

(@) + @)\ o
— = )= Boomwe =0,

Y

2
Rymywma =1+2n (1 +

2
Ry =1+21 (1 + 2

1 1
2% 52 22X o .
Ry = 41 ?P_ COS A, Ry iyq =4n ;P_ sin A\,

2 2
2" 52 2T o .
Ry ) = 41 ?P— cos A, Ry@))@q) = 4n ?Pf sin A\,

(x1)? + (22)?
Ry = 1+ 4n” <1 LI S E— P%cos’ A,
@)+ @)

3 )stin)\cos)\,
z

2
Ryw)(t)() = 41 <1 +3

a)? + (22)? '
Ry =1+ 4n? (1 + 3()()> P?sin? ).

22

From the tidal force, one can see that the solution (3.21) is regular at the horizon, z = oo,
while it hits on a singular at the boundary, z = 0, except at ' =22 =0.
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It is worth noting the similarity to the 5D Schrodinger spacetime with the dynamical
critical exponent z.. When z. = 2, there is no divergence of the tidal force at the horizon
and the boundary [69]. But, when z. = 3, the tidal force diverges at the boundary [69].
The solution (3.21) exhibits an isotropic scaling with z. = 2, while its asymptotic behavior
around the boundary is close to the one with z. = 3. The divergence of the tidal force at
the boundary in the solution (3.21) is similar to the one of the Schrédinger spacetime with
Ze = 3.

4 Conclusion and discussion

We have considered a Jordanian deformation of the AdSs;xS® superstring action with a
simple R operator satisfying CYBE. The metric and NS-NS two-form have explicitly been
derived with a coordinate system. Only the AdSs; part is deformed and the resulting
geometry contains the 3D Schrodinger spacetime as a subspace. Then we have presented a
solution in type IIB supergravity by determining the other field components. In particular,
the dilaton is constant and a R-R three-form field strength is turned on. The symmetry of
the solution is given by [SL(2,RR) x U(1)?] x [SU(3) x U(1)] and contains an anisotropic
scale symmetry. Though the curvature invariants are not singular, the tidal force diverges
at the boundary, except a certain point.

There are many open problems now. The first is to consider a relation to deformed
S-matrices on the string world-sheet. The standard g-deformations of the S-matrices are
studied in [70-77], but Jordanian deformed S-matrices have not been argued yet. It would
be interesting to study them and compare the results with the string world-sheet S-matrices
as in [35]. It is significant to investigate the deformation of N'=4 SYM corresponding to
the gravitational solution presented here. It is argued to be a light-like non-commutative
gauge theory [53]. It would be nice to consider an interpretation of the classical r-matrix
in the context of the dual gauge theory.

Although we have considered integrable deformations of the AdSs part, it is possible to
consider those of S®, similarly. In fact, real y-deformations of AdS;xS® [56, 57] have been
reproduced in [58]. Various kinds of consistent string backgrounds would be reproduced
from classical r-matrices satisfying CYBE.

The solution presented here is just an example (For other examples of deformed AdSs,
which have been found in the later progress, see [62]). We expect that many interesting
gravitational solutions would be found through Jordanian deformations. The recipe to
look for them is given in [43] and this paper. We hope that many integrable solutions are
discovered.
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A Our notation and convention

Our notation and convention is summarized here by basically following [78] .
An element of Lie superalgebra su(2,2|4) is represented by an 8 x 8 supermatrix:

_M:!? i]. (A.1)

Here m and n are 4 x 4 matrices with Grassmann even elements, while £ and ( are 4 x 4
matrices with Grassmann odd elements. These matrices satisfy an appropriate reality
condition. As a result, it turns out that m and n belong to su(2,2) = s0(2,4) and su(4) =
s0(6) , respectively.

For our purpose, it is helpful to prepare an explicit basis of su(4) and su(2,2). Let us
first introduce the following + matrices:

0 0 0 —1 0 0 0 4 0 01 0
o o1 0 o o0 i o lo o o0 1
=10 10 0] P o= oo|l” 100 0]
-1 0 0 0 - 0 0 0 01 0 O
[0 0 —i 0 10 0 0
0 0 0 = 01 0 O
_ - _ = A2
V4 i 0 0 ol 5 V1727374 00 -1 0 (A2)
|0 =2 0 0 0O 0 0 -1
Then n;; (4,5 =1,2,3,4,5) are given by
1
Nij = 1 Vi, Y5 - (A.3)
It is easy to see that 7;’s generate the Clifford algebra of so(5):
{'71'7 ’}/j} = 25@‘ . (A4)
Thus n;;’s generate the Lie algebra so(5). Note that
]
Ngj, Nie = 5%;
are regarded as the generators of s0(6).
On the other hand, v1, 2, 73, 70 = i74 and 5
0 0 0 —1 0 0 0 ¢ 0 010
0 01 0 10 0 i 0 |10 0 0 1
=10 10 0] P Jo—=ioo|” B7]100 0|’
-1 0 0 O — 0 0 0 01 0 O
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0 0 1 0 1 0 0 O
0 0 0 —1 01 0 O
= = ) = A.5
W= g0 o |0 BEMEENO=| 0 (A.5)
0 1 0 0 0 0 0 —1
generate the Clifford algebra of so(1,4):
{’Y;u'YV} = 277uu (,LL,V = 0a1a2a3)a (AG)
{Y 751 =0, (v5)° = 1.
Then the generators
1 1
Ny = Z [7#7’71/] ; nus = Z [’Yua’}/&')] (A7)

satisfy the defining relations of s0(1,4). In addition,
e s, T 5
are regarded as the spinor representation of s0(2,4).

B A list of r-matrices and deformed string actions

This appendix gives a list of Isome possible r-matrices and the associated string actions.
The AdS part of the Jordanian deformed action can be rewritten as

1 2/ af 8 !
_ 1 aB _ BTy (A, P A
Sads Z/da (v ) r( @ 201—2n[RJor]gOP2 B)
1
_ —z/daz(vo‘ﬁ — ) Tr (AaP2(J5))
1
-1 /dg2(Tr(AtP2(Jt)) + Tr(Ap Py(Ja)))

N % / do? (Tr(A; Po(J,)) — Tr(Ay Po(Jy)))
_ /daZ(Lg—I—LB), (B.1)
where the sigma model part Lg and the coupling to NS-NS two-form Lp are given by
Lg = - [Te(AiPa(Jy)) — Tr(AePa(J2))]

Lp

DN — DN =

[Tr(AtPQ(Jx)) - Tr(A:rPZ(Jt))] : (B'2)
The undeformed AdSs part is represented by

af
= Yy _
L, 0_ 9z (—28ax+85x + (%xlagxl + (9ax235:c2 + 3a2852) ) (B.3)

This part is common for all of the deformation, and Lp always vanishes in the  — 0 limit.
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It would be interesting to classify possible r-matrices and the associated string actions,
though the classification here is forcussed upon some simple examples and not complete.
Remarkably, all of the string actions contained in the list are real, up to surface terms
appearing in Lp, after performing appropriate Wick rotations.

The deformed string actions are classified into the three classes:

1. Class A = {(0)> (1)7 (2)7 (3)7 (4)}7
2. Class B = {(5), (6)},
3. Class C = {(7), (8)}

Each of the classes has the identical action, up to double Wick rotations and coordinate

transformations. The class A corresponds to the case of (2.13) discussed in the body. The

class B is the one discussed in subsection 2.3. The class C seems unphysical because two

time directions appear after performing double Wick rotations to make the actions real.
The three classes are listed below.

Class A.

0 1
®  ra=s

The deformed Lagrangian:

Eou N (Egz — Eya)

1)2 2\2 | .2

02) +2($6) = Dozt Opx™,
z

Lp= eo‘ﬁg&lf (z'0pa’ + 2?0pa” + 2032) . (B.4)

Lo =LE " +n’y

This is the case with (2.13) considered in the body. The last term in Lp is a surface
term. It can be ignored without boundaries. The Lagrangian (B.4) is invariant under
SL(2,R) x U(1)?, which contains the anisotropic scaling invariance under

A R e LR VLI P (B.5)
where X is a constant. For the detail, see subsection 3.2.

1
(1) rﬁf}r = EEIS A (B — Es3)

The deformed Lagrangian:

226

Lp= —60‘6%8&1‘_ (z'0pz" + 220p2” + 2032) . (B.6)
z

Lo =LE +n'y

Oa™ Ogx™

This can be obtained from the case (0) by exchanging ¥ — 2T and flipping n — —1.
Thus this case is equivalent to the case (0).
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1
(2) Tgil = EEQ;} A\ (E22 — E33)

The deformed Lagrangian:

_ —2ztz 4 22 ! —iz? rt —ix?
Le=LL " +n*y? 0 | ——= ),
eThe T T Ty )P U

1_ 02
Lp= _eaﬂ%aa <HE> (10~ + 2~ O™ — 20p2). (B.7)

V2

Note that ztdsz™ + 27 dgat = xoﬁgazo — x385x3. After performing the double
2

Wick rotation z? — i2? and 2° — i2° and redefining the light-cone coordinates like
T = (22 £ 2')/+/2, this case is identical to the case (0), up to the total derivative.

4 1
(3) rﬁo)r = EEM A (E1 — Eua)

The deformed Lagrangian:

_ —2xtrT 4 22 bt +ix? xt +ix?
Lg =LE° +nPy? 9 O | —=—
G G + 77 ’Y 226 @ \/i 6 \/5 )

1, 5.2
Lp = ew%&x (qj\—;gx) (a:+8a:n_ + x0T — z@az) . (B.8)

After flipping 22 — —2% and  — —n, this case is equivalent to the case (2). Thus

the Lagrangian (B.8) is also equivalent to the case (0), up to the total derivative.

1
@4 = = [EM A (E1y — Eag) — 2(Exa A Eyy + Eyz A E34>]

The deformed Lagrangian:

_ —2xtx™ 4 22 b + iz? x! +ix?
Lg = LE 4+ 8 9 95 (| —=—
G G =+ ny 226 [’ \/§ (o] \/5 5

1 -2
W) (2702~ + 2~ Ozt + 2087) . (B.9)

V2

— —x2, this case is equivalent to the case (2), up to the total

Lp = —eaﬁ%ﬁa <
z

After flipping 22

derivative. Thus the Lagrangian (B.9) is also equivalent to the case (0).

Note that the actions in the class A are identical, up to the total derivative. If boundaries
are taken into account, the class A should be divided into subclasses. But we are interested
in closed strings here and will not argue such subclasses.

Class B.
1
(5) rﬁ?r =7 [E24 N (Egp — Eyy) — 2E53 A E34}
The deformed Lagrangian:
24 n=0 ?72 af + + .1 1 2 2 + -
Lg = W[LG ~ 557 <4£L' O [1‘ Opx™ + x°0gx” — 207 Ogx ]
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+4(27)20,2052 + [z2 — (z1)? - (12)2] OQ:U+35:E+)

4
n
725(564_)2’70{[38&554_85‘%4_} ,
_ n aB |, .2 + 1 1 + 2 + 1 2
LB = mﬁ |:$ aal' aﬁlv — X (9a$ aﬁ«:v +2LE aax 86'1" j|
+ ik Dat Dz (B.10)
z

The last term in L is imaginary but just a surface term. Thus the Lagrangian (B.10)
is real without boundaries. Note that the Lagrangian (B.10) is invariant under the
anisotropic scaling (B.5), the rotation in the 1-2 plane and the shift of = , i.e., U(1)3.

)
©) 1l = 5| B A (B~ Be) — 2B1a 1 B

The deformed Lagrangian:

24

2

LG = W [Lg:() — 277726'70[6 (437_8011'_ [wlagxl + 3:2651'2 — 2$+a/jx_:|

(27057 + [2 = (21)? = (62)?] o™ D" )

774 2
—2?(30*) ’yaﬁﬁaxfﬁgx*} ,
= Wg(x—)faﬂ [1:28ax’85x1 — 20,2 Og2” + 23:*8(13:18,3352}

- i%eaﬁaax_ﬁgz . (B.11)
Through exchanging = — =T and flipping n — —n, this is equivalent to the case (5).

The class B corresponds to the case discussed in subsection 2.3.
Class C.

a1
(7) rin = EEM A (Es3 — Eya)

The deformed Lagrangian:

1\2 2\2 +,.—
_ )+ (x°)° — 227 x
Lc LZ: 0_172704,8( ) (22):6

(2700 (2! + i) — (2" +i2?) O]
x [aT0p(a" +ia?) — (z! + iz?)dpa™]
Lp = eo‘ﬁ:j [(xl + izt (Oaz~Opz™ + i@axlﬁgazg)

+ (2! +i2?) 0T (iz?0ga’ — iz’ Opa?)

— ot (21 0a2™ — 27 0z ™) Op(! + 21:2)} . (B.12)

By performing a Wick rotation 22 — —iz?, the Lagrangian (B.12) becomes real but
contain two time directions. Thus it seems to be unphysical. Note that, in comparison
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to the other cases, the Lagrangian (B.12) is invariant under the isotropic scaling
A ¥ A Y VLI Y

where X is a constant. After the Wick rotation, the Lagrangian (B.12) is invariant
also under the transformation,

et Nt T s N, o NG, o N T, 2oz,

where ¥ = (22 £ 2!)/v/2 and X is a constant. This can be understood as the
diagonal part of the two Lorentz boosts. In addition, it has the invariance under a
“rotation” in the (z,z") and (z~, %) planes,

T = cosfat —sinf it T = sinfat +cosiT .
Thus the resulting symmetry is U(1)3.

1
(8) i) = EEH A (B — Ea2)

The deformed Lagrangian:

1\2 2\2 +,.—
_ x )+ (x 2rTx
[G LnG 0 n2,ya6( ) (2;6

(2700 (2" +i2?®) — (2" +i2?) 0z |
x [270p(a" +ix?) — (z! + iz?)dpa],
Lp = eaﬁ:j [(ac1 +i2%)z” (OaaT0pz™ +i0ax'052?)

+ (2! +i2®) 0z (iz°0pa’ — iz’ Opa?)

— 27 (27002 — 21 0a27) Op(a’ + sz)} : (B.13)

By exchanging ™ — 2T , this case is equivalent to the case (7).

The class C seems to be unphysical because of two time directions. It would be interesting
to figure out a general criterion for the physical metric so as to exclude the class C.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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