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1 Introduction

The goal of this paper is the explicit construction of smooth six-dimensional non-Kéhler
solution to the Strominger system with a non-constant dilaton.

A model for string theory proposed in [1] involves a ten dimensional space R'3 x M
which is the product of a Lorentzian spacetime with a six-dimensional Calabi-Yau manifold
M. The latter was equipped with an SU(3) Yang-Mills connection, Donaldson-Uhlenbeck-
Yau instanton, of the Calabi-Yau metric. In a key paper Strominger [2] systematically
considered a generalization of this construction allowing a background with a non-zero tor-
sion, H-flux, which is motivated by physical significance. This led to a system of differential
equations known as the Strominger system, which specifies the geometric inner space M to
be a complex (non-Kéhler) conformally balanced 6-manifold with holomorphically trivial
canonical bundle equipped, in addition, with an instanton bundle F compatible with the
Green-Schwarz anomaly cancellation condition. The latter also involves the first Pontrjagin
form of a linear connection whose determination is a part of the problem. An important
problem considered in the past thirty years is to provide “backgrounds” and solutions of
the Strominger system. Several connections have been used in order to satisfy the anomaly



condition, such as, the Levi-Civita connection [2, 3], the Chern connection [2, 4, 5, 10], the
(4)-connection [6, 7], and the (—)-connection [8, 9] etc. ..

A smooth compact solution was first found by Li & Yau [4] and Fu & Yau [5, 10].
In [5, 10], developing the ideas of [11], the authors considered compact non-Kéahler 6-
manifolds which are T2-bundles over a Calabi-Yau 4-manifold using the first Pontrjagin
form of the Chern connection. Thus, [5, 10] showed existence of a balanced metric while
satisfying the Hermitian-Yang-Mills equations and the anomaly equation. In this case, the
difficulty to satisfy anomaly cancellation condition turns into a non-linear PDE of Monge-
Ampere type for the dilaton function. We note that when M is a Kéhler manifold the
flux H vanishes, the dilaton is constant and Strominger’s system is solved by the Calabi-
Yau metric [12] and the Donaldson-Uhlenbeck-Yau instanton [13, 14]. In particular, the
non-Kéahler case can be considered as a generalization of Calabi’s conjecture for the case
of non-Kéahler Calabi-Yau threefolds. Since the choice of the first Pontrjagin form of the
(—)-connection is preferable by physical reasons [9], in [15, 16] the authors considered the
smooth compact non-Kihler model of a T?-bundle over a Calabi-Yau four manifold but
with the first Pontrjagin form of the (—)-connection in the anomaly cancellation. It was
shown in [15, 16] that the PDE system for the dilaton function gives rise to a single PDE
which is of the Laplace type for which a solution exists provided the natural compatibility
condition holds.

Non-compact solutions can have different physical interpretation in string theory [17-
20]. They may be a local models of a compact solutions or correspond to the supergravity
descriptions of the solitonic objects of the theory [21]. A class of non-compact smooth
solutions to the Strominger system on a T? bundle over the non-compact Eguchi-Hanson
space is considered in [21] where the non-linear equation for the dilaton imposed by the
anomaly cancellation with the first Pontrjagin form of the Chern connection is solved.

In this paper we construct smooth solutions with non vanishing flux and non-constant
dilaton to the Strominger system using the first Pontrjagin form of the (—)-connection on
6-dimensional complete non-compact manifold equipped with conformally balanced Her-
mitian structures coupled with carefully chosen instanton bundle. The source of the con-
struction is the already constructed smooth compact solutions to the Strominger system
with constant dilaton on nilmanifods presented in [22] and the ideas of [3] and [11]. In
particular, [3] posed the question of solving the anomaly condition for compact supersym-
metric geometries that are two-torus bundles over either conformally T4 or K3 manifold.
Our explicit complete smooth examples are attempts in the former case.

Our first result, section 4.2, is a family of examples of complete non-Kéhler T? bundles
over conformally compact asymptotically hyperbolic metric on T with conformal boundary
at infinity a flat torus T3. Using the first Pontrjagin form of the (—)-connection together
with the first Pontrjagin form of a carefully chosen instanton we arrived via the anomaly
cancellation to a single highly non-linear PDE for the dilaton function. Assuming that
the dilaton depends only on one of the independent variables we reduce the equation to
Weierstrass’ equation and find a solution to the Strominger system with a negative o’.
This allows us to determine the dilaton as a real slice of an elliptic function of order
two, f = %ln(a273) where P is the Weierstrass’ elliptic function with pole of order two



at the origin, z = [ 7 Ve 1 The positive parameter a depends on the group

P—a)(P+a

H; and the magnitude of . T?I(1e Sc))lution seems to share some analytical features with
the 5-brane solutions involving negative string tensions studied earlier [23-29]. This and
the natural appearance of elliptic functions suggest there could be a relation with the
F-theory/heterotic duality principles.

The above noted relation to 5-branes is also present in our second family of examples.
In section 5.2 we present smooth non-compact but complete solutions to the Strominger
system using the first Pontrjagin form of the (—)-connection with positive o’ on certain
T? bundles over R* with non-vanishing torsion, non-trivial instanton and non-constant
dilaton. We construct an instanton whose first Pontrjagin form together with the first
Pontrjagin form of the (—)-connection imposes via the anomaly cancellation a system
of two equations of Laplace type on the dilaton. The non-constant dilaton function of
our smooth non-compact complete solutions is determined by a harmonic function, the
fundamental solution of the Laplacian on R?.

All our solutions satisfy the heterotic equations of motions up to the first order of o’.

Conventions: the connection 1-forms wj; of a metric connection V, Vg = 0 with respect
to a local orthonormal basis {E1,. .., Eg} are given by wj;(Ey) = g(VE, Ej, E;), since we
write Vx Ej = w3 (X) Es.

The curvature 2-forms €% of V are given in terms of the connection 1-forms w} by
Qz = dwé + w,i A w}“, jS = dwji + Wi A\ Wik, Rfluk = QZ(EZ, Ej), Rijkl = Rfjkgls.

The first Pontrjagin class is represented by the 4-form 872p; (V) = D 1<i< i<d Q; A Qz

2 DMotivation from heterotic string theory

The bosonic fields of the ten-dimensional supergravity which arises as low energy effective
theory of the heterotic string are the spacetime metric g, the NS three-form field strength
(flux) H, the dilaton ¢ and the gauge connection A with curvature 2-form FA. The bosonic
geometry is of the form RM~% x M? where the bosonic fields are non-trivial only on M?,
d < 8. We consider the two connections V¥ = V9 + %H , where VY is the Levi-Civita
connection of the Riemannian metric g. Both connections preserve the metric, Vg = 0
and have totally skew-symmetric torsion +H, respectively. We denote by RY, R* the
corresponding curvature.

We consider the heterotic supergravity theory with an o’ expansion where 1/27¢/ is
the heterotic string tension. The bosonic part of the ten-dimensional supergravity action
in the string frame is (]9, 30], R = R™)

_ b
2k2
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40z /—ge~2* [Scalg +A(VIG)? — %]H!Q - (Tr\FA\2) - TryRP)]. (2.1)

The string frame field equations (the equations of motion induced from the action (2.1)) of
the heterotic string up to the first order of o/ in sigma model perturbation theory are [30, 31]



(we use the notations in [32])

Oé/
n
VI H,) = 0; Vi (e (FY)) = 0. (2.2)
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The field equation of the dilaton ¢ is implied from the first two equations above.
The Green-Schwarz anomaly cancellation mechanism requires that the three-form
Bianchi identity receives an o’ correction of the form

aH = S8 (py (1) - po(B) = & (Te(RAR) - Ti(PAA Y, (23)

where p1 (M%) and p; (E) are the first Pontrjagin forms of M¢ with respect to a connection
V with curvature R and the vector bundle E with connection A, respectively.

A class of heterotic-string backgrounds for which the Bianchi identity of the three-form
H receives a correction of type (2.3) are those with (2,0) world-volume supersymmetry.
Such models were considered in [33]. The target-space geometry of (2,0)-supersymmetric
sigma models has been extensively investigated in [2, 33, 34]. Recently, there is revived
interest in these models [3, 6, 32, 35-37] as string backgrounds and in connection with
heterotic-string compactifications with fluxes [4, 5, 10, 38-50].

Equations (2.3), (2.1) and (2.2) involve a subtlety due to the choice of the connection
V on M? since anomalies can be canceled independently of the choice [8]. Different con-
nections correspond to different regularization schemes in the two-dimensional worldsheet
non-linear sigma model. Hence the background fields given for the particular choice of V
must be related to those for a different choice by a field redefinition [51]. Connections on
M? proposed to investigate the anomaly cancellation (2.3) are V9 [2, 3], VT [6, 7, 22],
V™ [8, 9, 23-25, 32, 38, 52-54], Chern connection V¢ when d = 6 [2, 4, 5, 10, 42].

A heterotic geometry preserves supersymmetry if and only if, in 10 dimensions, there
exists at least one Majorana-Weyl spinor € such that the following Killing-spinor equations
hold [2, 9]

1
oy =Vne= (VZL + 4Hmon”p> e=VTe=0

1 1
¢ = Fjp,I™"e = F* . e =0,

where A\, U, £ are the gravitino, the dilatino and the gaugino, fields, respectively, I'; generate
the Clifford algebra {I';,I';} = 2¢;; and - means Clifford action of forms on spinors.

The system of Killing spinor equations (2.4) together with the anomaly cancellation
condition (2.3) is known as the Strominger system [2, 4]. The last equation in (2.4) is
the instanton condition which means that the curvature F4 is contained in a Lie algebra
of a Lie group which is a stabilizer of a non-trivial spinor. In dimension 6 this group
is SU(3) and the last equation in (2.4) is the Donaldson-Uhlenbeck-Yau instanton. The



SU(3)-instanton means that the trace of F4 with respect to the Kihler 2 form as well as the
(2,0)4+(0,2)-part of F4 vanish simultaneously. The real expression of the SU(3)-instanton
condition on a six dimensional Hermitian manifold (M, g, J) is given by

6
(FN;(JEw, JE) = (FY(Ex E), Y (F)j(By, JE) = 0. (2.5)
k=1

The first compact torsional solutions for the heterotic/type I string were obtained via
duality from M-theory compactifications on K3 x K3 proposed in [55]. The metric was first
written down on the orientifold limit in [55] and such backgrounds have since been studied
(see [39, 40] and references therein). The metric and the H-flux are derived by applying a
chain of supergravity dualities and the resulting geometry in the heterotic theory is a T?
bundle over a K3.

Compact smooth examples in dimension six solving (2.4) and (2.3) with non-zero flux
H and non-constant dilaton were constructed by Li and Yau [4] for U(4) and U(5) principal
bundles taking R = R°-the curvature of the Chern connection in (2.3). Non-Kéhler compact
solutions of (2.4) and (2.3) on some torus bundles over Calabi-Yau 4-manifold (K3 surfaces
or complex torus) are presented by Yau et al. [5, 10, 42] using the Chern connection
in (2.3). Compact solutions, up to two loops, in dimension six with non-zero flux H and
non-constant dilaton involving the (—)-connection are investigated in [15, 16]. Compact
examples solving (2.4) and (2.3) with nonzero field strength, non-trivial instanton, constant
dilaton and taking R = R, were constructed in [6, 7, 22].

In the presence of a curvature term Tr(R A R) the solution of the Strominger sys-
tem (2.4), (2.3) obey the second and the third equations of motion (the second and the
third equations in (2.2)) but do not always satisfy the Einstein equations of motion (see [22]
where a sufficient quadratic condition on R is found). It was proved in [56] that (2.4)
and (2.3) imply (2.2) if and only if R is an instanton in dimensions 5,6,7,8, (see [54] for
higher dimensions). In particular, in dimension 6, R is required to be an SU(3)-instanton.

The physically relevant connection on the tangent bundle to be considered
in (2.3), (2.1), (2.2) is the (—)-connection [8, 9]. One reason is that the curvature R~
of the (—)-connection is an instanton up to the first order of o’ which is a consequence of
the first equation in (2.4), (2.3) and the well known identity

1
Ry — Rigi; = 50Hijn. (2.6)

Indeed, (2.3) together with (2.6) imply R;}kl — Ryy;; = O(a) and the first equation in (2.4)
yields that the holonomy group of VT is contained in SU(n), i.e. the curvature 2-form
R;; C su(n) and therefore R~ satisfies the instanton condition (2.5) up to the first order
of o/. Hence, a solution to the Strominger system with first Pontrjagin form of the (—)-
connection always satisfies the heterotic equations of motion (2.2) up to the first order of
o/ (see e.g. [54] and references therein).

We remark that in the case of compact Hermitian manifold with holomorphically trivial
canonical bundle, the vanishing theorem from [57, 58] shows that R~ is an instanton if and
only if the manifold is Kéhler. Indeed, (2.6) yields that if R~ is an instanton then the



trace of dH with respect to the Kihler form vanishes since the holonomy group of V7 is
contained in su(3). Hence, the function h defined in [57, 58] as the trace of dH vanishes
which implies, due to [57, Corollary 4.2], that there are no holomorphic top-forms unless
the manifold is Kéahler.

Concerning the Chern connection, it is shown in [54] that the curvature of the Chern
connection is an instanton up to zeros order of ' if and only if the H-flux vanishes and
the manifold is Kéhler. The proof in [54] relies on a point-wise identity established in [57]
and therefore the result is purely local.

2.1 The geometric model

Necessary and sufficient conditions to have a solution to the system of gravitino and dilatino
equations (the first two equations in (2.4)) in dimension 2n were derived by Strominger in [2]
involving the notion of SU(n)-structure and then studied by many authors [3-6, 10, 32, 36—
40, 42, 52).

The gravitino equation, the first equation in (2.4) shows that there exists a parallel
spinor with respect to the (+)-connection. This reduces the structure group SO(2n) to
a subgroup of SU(n) since the holonomy group of V' reduces to a subgroup of SU(n),
i.e., the manifold is an almost Hermitian manifold admitting a linear connection having
totally skew-symmetric torsion which preserves both the almost Hermitian structure and
a non-vanishing (n,0)-form (complex volume form).

The dilatino equation, the second identity in (2.4), yields that the almost complex
structure is integrable and the trace of the torsion 3-form with respect to the Kéahler form
is an exact 1-form. Strominger shows in [2] the existence of a unique Hermitian connection
with skew-symmetric torsion on any Hermitian manifolds writing explicitly the torsion 3-
form from the exterior derivative of the Kéhler form (V' in our notations). He also shows
that the VT-parallel complex volume form supplies a holomorphic complex volume form
whose norm determines the dilaton.

Next we detail the model in dimension six which is the focus of the paper. Let (M, J, g)
be a Hermitian 6-manifold with Riemannian metric g and a complex structure J. The
Kéhler form F' and the Lee form 6 are defined by Fj; = isJ; 0; = (0F)J? = %dFistFSt,
respectively, where * is the Hodge operator and 9§ is the co-differential, § = — % d*. The
flux H, i.e., the torsion of the connection V1 preserving the Hermitian structure (J, g) is
given by [2]

H=T=dF, where d°Fy,=—JJ"JldFmn. (2.7)

Clearly, (2.7) determines the connection V* uniquely since V*tg = 0.

An SU(3)-structure is determined by an additional non-degenerate (3,0)-form ¥ =
Ut 4+ /=1U~, or equivalently by a non-trivial spinor, satisfying the compatibility condi-
tions FAUET =0, UT AU~ = %F A F A F. The subgroup of SO(6) fixing the forms F' and
U simultaneously is SU(3). The Lie algebra of SU(3) is denoted su(3).

The necessary and sufficient condition for the existence of solutions to the first two
equations in (2.4) derived by Strominger [2] imply that the 6-manifold should be a complex
conformally balanced manifold (the Lee form 6 = 2d¢) with non-vanishing holomorphic



volume form W satisfying an additional condition. In terms of the five torsion classes on
dimension six, described in [59], the Strominger condition is interpreted in [6] as follows
(see [52] for a slightly different expression):

2F JdF + Ut d¥™ =0, (2.8)

where _ denotes the interior multiplication. Another very useful interpretation of this
condition was proposed in [4]. If the dilaton is constant (the Lee form 6 = 0) then the
Strominger condition reads

dFANF =d¥t =d¥~ =0. (2.9)

Compact examples of the latter on nilmanifolds were presented in [60, 61] and examples
via evolution equations were given in [62].

A very promising geometric model in dimension six was proposed by Goldstein and
Prokushkin in [11] as a certain T2-bundle over a Calabi-Yau surface, which we explain next.
Let I';, 1 <4 < 2, be two closed 2-forms on a Calabi-Yau surface M* with anti-self-dual
(1,1)-part, which represent integral cohomology classes. Denote by w; and by ws + v/—1ws
the (closed) Kihler form and the holomorphic volume form on M*, respectively. Then,
there is a (non-Kihler) 6-dimensional manifold M°, which is the total space of a T2-bundle
over M*, and it has an SU(3)-structure

g =goy + 17 +n3, F=w +mAn,

2.10
Ut =wy A — w3 A1, U™ =wy Ao+ w3 An, ( )

where 7;, 1 <14 < 2,is a 1-form on M6 such that dn; =T, 1 <4 < 2. From the construction
it is easy to check that the SU(3) structure (2.10) satisfies (2.9) and therefore it solves the
first two Killing spinor equations in (2.4) with constant dilaton.

For any smooth function f on M*, the SU(3)-structure on M® given by

F=eXw +m Ang, ‘I’+:62f[w2/\771—w3/\772 ; \I’f:ew[wﬂ\ng—%m/\m]

satisfies (2.8) and therefore it solves the first two Killing spinor equations in (2.4) with
non-constant dilaton ¢ = 2f. The metric has the form

T Gey + 13 413

gy = ¢
This ansatz guaranties solution to the first two equations in (2.4). To achieve a smooth
solution to the Strominger system we still have to determine an auxiliary vector bundle with
an instanton and a linear connection on MY in order to satisfy the anomaly cancellation
condition (2.3). Taking the first Pontrjagin form of the Chern connection [4, 5, 10, 42]
leads to an equation of Monge-Ampeére type for the dilaton function, while it is reduced
to a PDE of Laplace type for the dilaton when using the first Pontrjagin form of the
(—)-connection [15, 16].

The T2-bundle over a K3 surface construction with connection 1-forms of anti-self-
dual curvature was used in [4, 5, 10, 42] to produce the first compact smooth solutions in
dimension 6 solving the heterotic supersymmetry equations (2.4) with non-zero flux and
non-constant dilaton together with the anomaly cancellation (2.3) with the first Pontrjagin
form of the Chern connection.



3 The anomaly cancellation and the non-constant dilaton

We apply the construction from section 2.1 to special non-Kéhler 2-step nilmanifolds which
are T?-bundles over T with connection 1-forms of anti-self-dual curvature on the four torus
and using the first Pontrjagin form of the (—)-connection in investigating the anomaly
cancellation (2.3) with non-constant dilaton.

3.1 Two-step nilmanifolds with Abelian complex structure

In this subsection we show, due to considerations in [60], that the 2-step nilmanifolds which
are T? bundles over T* with connection 1-forms of anti-self-dual curvature are precisely the
balanced Hermitian structures with Abelian complex structure, i.e. [JX, JY] = [X,Y].

The invariant balanced Hermitian structures on compact 6-dimensional nilmanifolds
which are a T2-bundle over a 4-torus, according to [60, Theorem 2.11], are parametrized
by one of the following three sets of equations

de' =de? =de® =de* =0, de® =t(e!® —e*), deb =t (! +e?), (3.1)
where t € R*;

de! = de? = de? = de* =0,

t t
de® = ;(p +b?)el3 — ;(p —b?)e*, (3.2)
t t
deﬁ _ —2t(€12 o 634) + g(p o b2)€14 + g(p_l_ b2)€23,

where p € {0,1}, b € R and s,t € R*;
4

de' = de? = de3 = de* =0,

ded

sY [2b%u |ul (e'? — €3*) — b*tur[ulY (e'® + €**) + 2psuy (e'? — e2)
+2suz ((p — bH)e + (p + b)e®) ], (3.3)

deS = sY [2(25? — b2ug)|ul (e'? — €31) + b2 tug|u|Y ('3 + )

\ —2psug (e — ) + 2suy ((p — b*)e' + (p + b*)e??)] |

where p € {0,1}, b € R, t € R* and v € C* such that s> > |u/> > 0, and

24/52—|u|?
where Y = 7H.

[ult
In all the cases the balanced structure (J, F') is given in the standard form, i.e.

Jel = —e?, Je3 = —et, Jeb = —€°, F=el2 434 656, (3.4)

The nilpotent Lie algebras (nilmanifolds) underlying the families (3.1)(3.3) are by,
2 < k < 6 (see [60] for a description). However, in order to apply the construction from
section 2.1 a further analysis is needed. The curvature of the bundle is determined by the
2-forms de® and de® in the structure equations (3.1), (3.2) and (3.3). Taking into account
that s,¢,u,Y # 0 we have that de®, de® € (e!? — 34 e!3 4 24 e!4 — ¢23) if and only if the



balanced Hermitian structure is given by (3.2) or (3.3) with p = 0. The latter condition
means that J is an Abelian complex structure. Finally, when p = 0 we can take b € {0,1}
since the corresponding balanced Hermitian structures are isomorphic. The case b = 0,
resp. b = 1, corresponds to structures on the Lie algebra hs, resp. hs. As a result of the
preceding arguments we obtain the following fact.

Let (J,F) be an invariant balanced Hermitian structure on a 6-dimensional 2-step
nilmanifold M. Then, M is the total space of a T2-bundle over T* of anti-self-dual curvature
if and only if the complex structure J is Abelian. Moreover, in such case the Lie algebra
underlying M is isomorphic to h3 or bs.

Notice that b3 is the Lie algebra underlying the nilmanifold given by the product of
the 5-dimensional generalized Heisenberg nilmanifold by S', whereas bs is the Lie algebra
underlying the Iwasawa manifold. It is important to note that the holonomy of the (+)-
connection of any balanced structure (J, F') with J Abelian is a subgroup of SU(2), hence
inside SU(3), [60].

3.2 Non-constant dilaton in 6-D

Here we consider the Lie algebra b5, which we describe below. We shall construct a back-
ground with non-constant dilaton with non-trivial instanton and flux. By a contraction,
this will also give analogous solutions on the Lie algebra hs as we shall explain later in
section 6.

The structure equations of the Lie algebra b5 are

t
de! = de? = de® = de* =0, de® = ~ ('3 + %),
s

t
d€6 _ —2t(612 _ 634) _ (614 o 623),
S

where s,t € R*. We note that the structure equations (3.5) are obtained from the fam-
ily (3.2) taking there p = 0 and b = 1. The corresponding Lie group Hj can be considered
as a R2-bundle over R?. Moreover, the balanced structure (J,F) on bs is given in the
standard form given by (3.4).

Let f be a smooth function on R*. Following [11] we consider the metric g on bs for
which the basis of 1-forms

is orthonormal.
The Kéahler form of the new Hermitian structure (g, J) is given by

o 212 | 234 256 2f (12 | 34 56
F=¢2 4% 4&% =e2f(e!2 4 e34) + €50,
where df = Z?:1 fie', i.e., in local coordinates f; = % Furthermore,

_ t t
dEF = 2e7 f3&'2 4 2e7  fr &' 4 2te 2/ &' % 4 e/ f @' 4 S 236 4 Ze2 el
S S

+2€—ff2 5234 _ E€—2féz35 4 f€—2féz46 _ 942/ 5345
S S



According to (2.7), the torsion 3-form T is represented by

_ _ t
T =d°F =2 fe'2 —2eF 3624 — 2te72F&'26 4 2e7 T fy 134 4 272/ 130
S

_Eefzféws e e 4 E672f6236 i Ee*2f6245 1 ope2/g346 (3.7)
S S S
At this point we define the constant
K2=1/2(2+1/s%). (3.8)
Letting f;; = %, 1,7 =1,2,3,4, a short calculation gives
AT = —e= 4 [Ale + 4t? <2 + ;)] g2t = _ [Ale + 8t2/€2] et234, (3.9)

where Ae?/ = (e2)11 + (€2 )ag + (€*/)33 + (€2/)44 is the standard Laplacian on R*.

Taking the trace in (2.6) and using (3.9) together with the fact that the holonomy of V*
is contained in SU(3) allows us to conclude that R~ satisfies the instanton condition (2.5),
i.e, the (—)-connection is an instanton if and only if the torsion 3-form is closed, dT = 0.
The latter is equivalent to the fact that the dilaton function f satisfies the identity

Ae 81257 = 0. (3.10)

3.3 The first Pontrjagin form of the (—)-connection

The (—)-connection of the Hermitian structure (g, J) is defined by the formula V=~ = V9 —
%T, where V9 is the Levi-Civita connection of the metric g and the torsion is determined
in (3.7).

Using the metric g, let {é1,...,&} be the dual to {&', ..., €%} orthonormal basis. From

Koszul’s formula, we have that the Levi-Civita connection 1-forms (w9 )% are given by

(@)i(er) = — (e e, e6)) — alew, en. ) + 906y, ex i) (3.11)

1/, ‘
=3 (dél(éj, er) — dé*(e;, &;) + dé (e, éi)>

taking into account g(é;, [¢;j,ex]) = —dé'(ej, e;). With the help of (3.11) we compute the
expressions for the connection 1-forms (w‘)% of the connection V—,

(W)= @i — (D), where  (T)i(e) = (@&, e). (3.12)

Now, (3.12), (3.11) and (3.7) show that the non-zero connection 1-forms (w‘)% are given

,10,



in terms of the basis {&',...,e%} by

Wb =el [fae' = e+ fue® = fye],
(W_)% =e/ [f3 e — fuet—fied+ fo 54] ,
—_— ) j ) ) - L
W)= [fae' + fs&® — fo&® — fre'],  (w)s=—¢ 2f§63,
_ _ '_ 1_ . B i ) ) )
(w_)é =e 2f2t 62+2Se4:| , (w )% —e f [f461+f3€2*f263—f1 64],
_ _ - - - B ) i - t_
@ )i = e [~fse + L1+ fi — fpet], (@)E=—e Vo
_ _ r 1 B . B i ) ) )
(w—)%:e 2ot 612363]’ (w )i: f[f261*f162+f463ff364j|7
\3 ot .3 - ) )
(W )5 =e 2fg61, (W) =e 2ot [ e - e,
_ . ) '
i —2fl o IV L

A long straightforward calculation using (3.13) gives in terms of the basis {e',

the following formulas for the curvature 2-forms of V~

fi1 + fo2 +2f2 + 27 + 4t?e ) e
+ (fia — foz +2fafs — 2f1fa)e 2 (&3

(@7)5=
2ff + 213 + fa3 + fua + 2t%/s%e”
(@)=

—(
(
—(
—(
—(
—(
+ (frz = 2f1fo — faa + 2fsfa)e 2 (2"
+ (

Q- )411 =(f13 — foa — 2f1f3 + 2fofs — 2t*/se” 2f

—(fi2 = 2f1fo + faa — 2f3fa)e 2 (&3

— (f11 +2f3 —i—2f32 + faa —|—t2/326* )e

fis + foa — 2f1f3 — 2fofa + 2% /se”
2/ )25,

fia+ faz — 2fafs — 2fifa)e 2 (e — e
fi1+ 23 + faz + 27 +t2/s%e e

—2f512

+e2h)
2f)e_2f(€14 o é23)

734)
72f€13

o E23)

+ (2fF + fo2 + 25 + faa +12/sPe 72 4?72 e EH,

2f(712 o 534)

+e*h)
—2f514

— (22 4 foo + faz + 22 + %)% 4 41262 )e 262,

(€27)
Q7)) =

Q=1 QU

2¢7%t/s[(f3 - 2f15)(e? — &™)

— (f2 = 2f1)(€" + &) — (f1 + 2f3s) ("

()2 =(f13 — foa — 2f1f3 + 2fafs + 262 /s

ze*3ft/s [fa(" = &™) + fi(e!® + €*) —

f2 (614 _ 523)] ,

) f(€12 o 534)

- (fll + 2f2 + 2f3 —+ f44 —+ t2/526_2f + 4t2 )B_Qfél4

— (fiz — 2f1fo + faa — 2fsfa)e 2T (&3

— (2fF + foo + fsz + 217 +2/s%e M )e

— 11 —

+ e
~2f523

-]

(3.13)
,é%}



Q)2 =(fia + fos — 2fofs — 2f1 f)e 2 (@2 — &%)
+ (fi1 + 212 4 faz 4+ 2f7 + 12 /s%e 2 4 4te7 2 ) 2/E13
— (fi2 — 2f1fo — faa + 2fafs)e 2 (e — )
— (27 + for 425 + faa+ /57 )e 2 @,

(Q7)2 =2e73t)s [~ f3(e'? — &) + fo(e®® + &) + fi(@ — )],
(Q7)2 =2¢=*1/5[(fa — 2/25) (82 — &™)
+ (f1 — 2f35) (@2 + &%) — (f2 + 2fus) (@ — )],
(Q );I — (fi1 + foo + 2f2 4+ 2fF + 22 /s%e 2 e 2612
+ (fia — fos +2fofs — 2f1fa)e 2 (" + &%)
— (f13 + for — 2f1f3 — 2fafs — 263 /se 2 )e 2 (' — &%)
— (2fF +2f3 + faz + faa + 4t2e ) 72,
(Q7)2 =2e731/5 [fo(e'2 — ) + fa(e"® + &) + fa(e™ — )],
()3 =273t /5[ — (f1 + 2f35) (@2 — &™)
+ (fa+2fos) (@7 + ) = (f3 — 2f1s)(" — )],
Q- )% —9e~ 3ft/s [ (e 12 _534) + f4(€13 +524) _ fg(éM _523)] ’
(@) =27 t/s[ ~ (2 +2fas) (" ~ &)

= (fs+2f5) (@ +2) = (fu = 2fos) (" — %)),
(Q7)2 =2e7H12/s? [(2"2 — ™) + 25( — &%)

After another lengthy calculation using the formulas for the curvature 2-form of V~ we see

1234

that the first Pontrjagin form of V™ is a scalar multiple of e given by

o (V) = | Y (det(fi) + (1) + (fif)) +§:F Sinet o
1<i<j<4

(3.14)

Note that even though the curvature 2-forms of V™ are quadratic in the gradient of

the dilaton, remarkably, the Pontrjagin form of V™ is also quadratic in these terms.

4 A conformally compact solution with negative o’

Here we formulate and give the proof of our first main result. Recall that Hj is the
connected simply connected Lie group with Lie algebra b5 defined by (3.5).
4.1 The instanton

We begin by defining the instanton. Let Ay, A = (A1, A2, A3) € R? be the linear connection
on Hs whose non-zero 1-forms are given as follows

W)y = —(@™)f = —(@)] = (@)3 = —n e,
()5 = —(@™)f = (@] = —(@h); = -0,
()] = —(@™)f = —(@™)f = (@) = —xe "

— 12 —



A direct calculation shows that the non-zero curvature forms (QA*)% of the connection

A) are:
()3 = (@) = —(@™)] = (@)

= -\ déb = 2t e 2 (612 — &

~—

t
+ —Ae (e — %),
S

()5 = —(@M)] = (@] = — (@)

[NIFN]

t
= A ded = 2thge M (812 — &) + SNV (eM — &%),
S

(@2)] = —(@™)f = —(@*)F = (@)

[NS][oN]]

t
= —A3ded = 2thze Y (812 — &)  “age H (eM — &%),
S

It is straightforward to see that Ay satisfies (2.5) and therefore it is an SU(3)-instanton.
After another lengthy calculation we see 8m2p; (Ay) = —4t%(4 + 1/52)|\2e=4 &!234 which
in view of (3.8) and (3.6) implies that Ay is an SU(3)-instanton which preserves the metric.
Furthermore, the first Pontrjagin form of A, is

8m2p1(Ay) = —8t%(1 + K2)| A2 ! 234, A2 = X2+ X3+ )2 (4.1)

4.2 A solution with negative o’

We turn to our first main result. Suppose that the function f depends on one variable, say
f=f(z"). Using (f" —2f7) e 2 = —% (e_Qf)N we have from (3.14)

’ /
8rlp (V™) =4 <2f’3 — 3t2K2 (6_2f> ) e!234, (4.2)

Furthermore, from (3.9)
B "
dT = — <<€2f) + 8t2/£2> el231, (4.3)

In view of (4.1), (4.2) and (4.3) the anomaly cancellation condition (2.3), i.e., dT =
O‘1,87r2 <p1(V*) -1 (AA)>, takes the form of a single ODE for the function f

/ / !
((le ) — 3a/£2K2 (e_Qf ) + 20/ f’3> 8262 4 202 (1 + N2 =0, (4.4)
For a negative o/ we choose k2 or |A|? so that 8t°kx% + 2a/t?(1 + k?)|A\|? = 0, i.e., we let
o = —a?, 4k? = o®(1 + YN,

which simplifies (4.4) to the ordinary differential equation

/ /
(62f> + 3a2t%k? (efzf) —2a%f"% = A = const. (4.5)

,13,



At this point we let u = a~2e2/. With this substitution the left-hand side of (4.5) becomes

2,/ 2,2
<€2f>/ —3dt? (e_Qf)/ + 20/f’3 _ o 4ud — 12t—nu —u?).
4u3 a?
For A = 0 consider the following ordinary differential equation for the positive
function u = u(z),
12K2
u'? :4u3—12?u:4u (u—a)(u+a), a = klt|V3/a. (4.6)

Equation (4.6) can also be considered in the complex plane by replacing the real derivative
with the complex derivative which turns it into the Weierstrass’ equation
dP\?
— | =4P(P—a)(P
() —PP-ar+a
for the doubly periodic Weierstrass P function with a pole at the origin where it has

the expansion
2

1 a® 5 6
P(Z):;‘f‘gz +b2 +,

(no z* term and only even powers). In addition, as well known [63] and [64], letting 74
be the basic half-periods such that tau, is real and 7_ is purely imaginary we have that
P is real valued on the lines ez = m7y or Imz = im7—, m € Z. Furthermore, in the
fundamental region centered at the origin, where P has a pole of order two, we have that
P(z) decreases from +00o to a to 0 to —a to —oo as z varies along the sides of the half-period
rectangle from 0 to 74 to 74 + 7— to 7— to 0.

Thus, u(z!) = P(z!) defines a non-negative 27 -periodic function with singularities at
the points 2n7y, n € Z, which solves the real equation (4.6). From the Laurent expansion
of the Weierstrass’ function it follows

2

u(a:l):(;)Q <1+a5(x1)4+-~->.

By construction, f = %111(0(210 is a periodic function with singularities on the real line
which is a solution to equation (4.4) sufficient for the anomaly cancellation condition.
Therefore the SU(3) structure defined by F and the non-degenerate (3,0) form ¥ = (e! +
ie?) A (&% + ie*) A (€ 4 ie®) descends to the 6-dimensional nilmanifold M% = T'\ H5 with
singularity, determined by the singularity of u, where Hj is the 2-step nilpotent Lie group
with Lie algebra b5, defined by (3.5), and I is a lattice with the same period as f, i.e., 274
in all variables. In fact, as seen from the asymptotic behavior of u, M is the total space
of a T? bundle over the asymptotically hyperbolic manifold M* with metric

g = u(a) ((d2")? + (da?)? + (d2®)® + (da*)?) .

which is a conformally compact 4-torus with conformal boundary at infinity a flat 3-torus.
Thus, we conclude that there is a complete solution with non-constant dilaton, non-trivial
instanton and flux and with a negative o’ parameter.

— 14 —



To summarize, we proved the following. The conformally compact manifold M% =
(I'\Hs,g,J,V~, Ay, f) is a Hermitian manifold which solves the Strominger system with
non-constant dilaton f, non-trivial flux H = 7, non-flat instanton A, using the first
Pontrjagin form of V~ and negative o/. The dilaton f depends on one variable and is
determined as a real slice of the Weierstrass’ elliptic function.

Furthermore, the conformally compact manifold M% = (I'\Hs, g, J, V~, Ay, f) satisfies
the heterotic equations of motion (2.2) up to first order of o’ since the (—)-connection is
an instanton up to the first order of o'.

A few remarks are in order. First, since the function u has a Zs-symmetry deter-

I = 7, we also obtain a solution on the

mined by the symmetry with respect to the line x
quotient M6 /Z,.

Second, the function v(x1) = P(74 + ix1), which is the restriction of P to the line
PRez = 74 leads to a solution “equivalent” to the one described above, taking into account

. . . . 2 .
the invariance under translation in z1. Indeed, clearly (v')? = — (dd—f) hence v satisfies

(V)2 = —4v(v—a)(v+a), a = k[t|V3/a.

The above equation is (4.6) with the substitution u = % which shows that we obtain the

same six dimensional SU(3) structure. We note that v is an even non-negative periodic
function with period 2i7_ (without a loss of generality i7— > 0) such that v(—it_) =
v(iT—) =0, v(0) = a and v increases on the interval (—i7_,0).

5 Complete solution with positive o’
Here we prove our second main result.

5.1 The instanton

Let us consider a connection A, ¢ depending on parameters a,d € R, d # 0, whose non-zero

connection 1-forms (wAﬂvd)% in the basis {e',...,e%} are as follows

(W) = [fre' — fe®+ frd® - fae'],

(whe)l = e/ [fre' — f1&® — f1 8 + o],

(whe)i =ef [fre + fs&® - fo&® - frE], (whet)f = =S e /e,
(wAad)l = ae™2 [2 8% + 1/de"],

(@l =e ! [fre' + & = fo&® = fre"],

(et = e f [~ fzel 4 fue® + 18— fal], (whet)? = % em2fgt,
(wAa»d)% —ae 2 [2 e+ 3163] ,

(Whet)i = eI [foe! — & + fu?® — fyE'],
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_ 5 1
(whaa)d = & o=2f 2 (wAad)d = _ge=2f [1 a9 63]
> d ’ 6 d ’

(5.1)
Observe that the connection 1-forms of A, 4 are given by (3.13) replacing ¢ with a and
s with d. Taking also into account (3.10) it follows that A, 4 is an instanton with respect
to the SU(3) structure defined with the help of the basis (3.6) if and only if the dilaton
function satisfies
2 a2
In particular, A, 4 is an instanton with respect to the SU(3) structure determined by the
basis (3.6) if

1 1
Ne?f = —87%4?, = <2 + ) . (5.2)

el = h(z) — a®r?|z|?, (5.3)
where h is a harmonic function on R*.
5.2 A solution with positive o’

The expression (3.14) yield that the difference between the first Pontrjagin forms of V~
and A, 4 is given by the formula

&ﬁ@wi—pm%m): m[fﬂ+ﬂf%2—fu+2§w%fw@UP—Aﬁémﬂ

d?s?
— o (t2m2 _ a27'2) o—4f (Ae*2f> 51234
= —24 (t2/-$2 - a27'2) (A6_2f> el (5.4)

On the other hand recalling (3.9) and taking into account (5.4), we have that the anomaly
cancellation condition
/

dT — %8772 (pl(Vf) — D1 (Aa’d)> = — {Aezf + 8t%k? — 30/ (t*K? — aQTZ)Aefzf] e =0
simplifies to the single equation for the dilaton Ae?f +8t2k% — 30/ (t2k2 — a®>7%) Ae™2f = 0.
Thus, a non-trivial dilaton is given by (5.3) which satisfies the equation

(t*k* — a®1?) (8 — 30/Ae*2f> = 0. (5.5)
We analyze the solution in the next two cases.
Case 1. Here t2k? — a?7% = 0, hence by (5.4) the anomaly condition is trivially satisfied
for any o, provided the torsion is closed. In this case the solution is given by the solutions

of (5.2). Furthermore, taking into account (3.10), both V™ and A, 4 are instantons. For
example, a particular case of (5.3) is the solution

el = a’m%(1 — |z|?)
defined in the unit ball.
Notice that in this case we also obtain a solution of the type II theory, see [6] for the

case of the Iwasawa manifold and [3, Section VII| for the general case of two flat directions
fibered over a four dimensional base Mj.
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Case 2. Here t?s% — a®72 # 0, hence the anomaly condition is non-trivial.
We need to solve the system of the two equations (5.2) and (5.5). To get a solution we
take a = 0 in (5.2) and arrive to the next two equations for the dilaton f:

Ae?f =0, Ne 2 =8/(3d)).
Hence the solution with a singularity is given by

2f 30/

_ 4
i b e RY, (5.6)

As a result of the above arguments we obtain a non-compact solution with non-constant
dilaton, non-trivial instanton and flux with positive o’. This solution is similar to the
multi-instanton solution considered in [18]. Taking into account that Hj is a R%-bundle
over R, and using logarithmic radial coordinates near the singularity as in [18] it follows
that the 4 — D metric induced on R* is actually complete. In fact, taking the singularity at
the origin, in the coordinate ¢ = v/3a//2 In (]:U|2/30/) = —/3¢/ f, we have that the dilaton
and the 4 — D metric can be expressed as follows

4
JH = Z le(e")2 = dq® + 3d/ds3, f=—qV3d,
i=1

where ds3 is the metric on the unit three-dimensional sphere in the four dimensional Eu-
clidean space. The completeness of the horizontal metric implies that the metric

g=0gu+(°)*+ (%)

is also complete. In summary, we proved the following. The non-compact simply connected
manifold (Hs, g, J, V™, Ag q) is a complete Hermitian manifold which solves the Strominger
system with non-constant dilaton f determined by (5.6), non-zero flux H = T and non-flat
instanton Ag 4 using the first Pontrjagin form of V™~ and positive /.

The complete manifold (Hs,g,J, V™, Agq) described above also solves the heterotic
equations of motion (2.2) up to the first order of «’.

6 Contraction and the Lie algebra h;

Taking into account that the Lie algebra b3 is a contraction of the Lie algebra b5 we can
obtain solutions for the Lie algebra hs from the solution on hs. Indeed, letting é — 0
in (3.5) we obtain

de! =de? =de® =de* =0, de® =0, deb = —-2t(e!? -3

which are the structure equations of bhs.
Correspondingly, using equations (3.6) we obtain the structure equations

del — _e—f (fs &2 fel 4 f, é14) ’ de? = ot (fi 12 _ pe® g, 624) 7
de® = e 1 (fl g3 + fo g2 — fa 634) , de* = e/ (fl gt + fo g4 + f3 634) ,

de® =0, deb = —2te2/ (&2 — &%4).
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As before, we consider the V™ connection described in (3.13). We define the connection A4,
by letting the parameter d — oo in (5.1), or equivalently § — 0. All remaining calculation
in section 3.2 are valid by taking the above described limits. As a result, section 4.2 and
section 5.2 give solutions with non-constant dilaton on bhs.

Remark 6.1 It can be checked from the expression for the curvature 2-forms of V™~ wus-
ing (2.6) and (3.9) that the connection V1 is an SU(3)-instanton if and only if f is a
constant function and % — 0, i.e. the connection VT is an SU(3)-instanton if and only if
f is constant and the group is Hs.

7 Conclusions

We construct explicit conformally compact complete smooth supersymmetric solutions to
the heterotic equations of motion (2.2) up to first order of o with non vanishing flux,
non-trivial instanton, non-constant dilaton and negative string tension «’. It is a known
that for warped compactification there must be some branes with negative tension [29].
It was argued in [24, 25] (see also [26-28] for earlier discussions) that a negative tension
brane in heterotic string theory could be understood as a T-dual of the Atiyah-Hitchin [65]
manifold. We solve the Strominger system with negative string tension o’ using the first
Pontrjagin form of the (—)-connection. The non-constant dilaton depends on one variable
and is determined by a real slices of Weierstrass’ elliptic function. This suggests there
could be a relation with the algebraic geometry and F-theory/heterotic duality principle.
The source of the construction is the already constructed smooth compact solutions to the
Strominger system with constant dilaton on nilmanifods presented in [22] and the ideas
of [3] and [11]. In particular, [3] posed the question of solving the anomaly condition for
compact supersymmetric geometries that are two-torus bundles over either conformally T*
or K3 manifold. Our result is explicit complete smooth example of the former case with
negative o/.

We also present smooth non-compact complete solutions to the heterotic equations of
motion (2.2) up to first order of o’. To this end, we investigate the Strominger system using
the first Pontrjagin form of the (—)-connection with positive string tension on certain T?
bundles over R* with non-vanishing flux, non-trivial instanton and non-constant dilaton.
We construct an instanton whose first Pontrjagin form together with the first Pontrjagin
form of the (—)-connection imposes via the anomaly cancellation a system of two equations
of Laplace type on the dilaton. The non-constant dilaton function of our smooth non-
compact complete solutions is determined by a harmonic function, the fundamental solution
of the Laplacian on R*. In the special case of a trivial T? bundle, i.e., on the product of
T? x R* we recover the “symmetric background solution” from [18].
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