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ABSTRACT: Motivated by holography we explore higher derivative corrections to four-
dimensional Anti-de Sitter (AdS) gravity. We point out that in such a theory the varia-
tional problem is generically not well-posed given only a boundary condition for the metric.
However, when one evaluates the higher derivative terms perturbatively on a leading order
Einstein solution, the equations of motion are always second order and therefore the varia-
tional problem indeed requires only a boundary condition for the metric. The equations of
motion required to compute the spectrum around the corrected background are still gener-
ically higher order, with the additional boundary conditions being associated with new
operators in the dual conformal field theory. We discuss which higher derivative curvature
invariants are expected to arise in the four-dimensional action from a top-down perspec-
tive and compute the corrections to planar AdS black holes and to the spectrum around
AdS in various cases. Requiring that the dual theory is unitary strongly constrains the
higher derivative terms in the action, as the operators associated with the extra boundary
conditions generically have complex conformal dimensions and non-positive norms.
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1 Introduction

In this paper we will explore higher derivative corrections to gravity theories in (3 + 1)-
dimensions with negative cosmological constant. Our main motivation for looking at higher
derivative corrections to four dimensional AdS black holes is in the context of holography
and, in particular, applied holography, AdS/CMT, where many of the systems of interest
are modelled by four dimensional bulk spacetimes. The addition of higher derivative terms
allows us to probe the dual physics as one moves away from infinite NV and infinite 't Hooft
coupling.

Finite N effects can change the physics qualitatively. For example, let us consider
holographic superconductors, a subject which has been extensively studied in recent years,
initiated by [1, 2] and [3]. Working with classical gravity there is an apparent violation of
the Coleman-Mermin-Wagner theorem. This well-known theorem states that, for system in
two spatial dimensions, we cannot have continuous symmetry breaking in systems at finite
temperature and hence the formation of a symmetric breaking condensate is forbidden.
However, holographic superfluids have been found in (3 4+ 1) bulk dimensions, in which a



symmetry breaking operator in the dual (2 + 1) dimensional CFT acquires an expectation
value. As explored in [4], this is an infinite N effect and at finite N quantum effects in
the bulk indeed ensure that the symmetry breaking operator does not have a well defined
expectation value, in accordance with the expected field theory behaviour [5].

One does not see a qualitative finite N effect such as the restoration of the Coleman-
Mermin Wagner theorem by evaluating higher derivative corrections on the leading order
gravity solution but rather by exploring quantum effects in the bulk. Evaluating higher
derivative corrections rather shifts the saddle point and allows one to compute corrections
to thermodynamic quantities, transport coefficients and so on. In the context of five bulk
dimensions, a considerable effort has been put into investigating higher derivative correc-
tions and exploring the effects on the ratio of the shear viscosity 1 to the entropy density
s, see for example [6-9].

In particular, [9] used Gauss-Bonnet curvature corrections and initiated a bottom up
exploration of the constraints on the higher derivative corrections imposed by unitarity of
the dual CFT. Working with the Gauss Bonnet term is particularly convenient because the
corrections to AdS planar black holes are known analytically for any value of the Gauss
Bonnet coupling constant, see [10] and also [11-15]. Note that an effect of the Gauss-
Bonnet term relevant to the superfluids mentioned above was discussed in [16], where it
was found that addition of the higher curvature terms makes condensation to a superfluid
phase more difficult.

The Gauss-Bonnet terms, and corresponding corrected AdS black holes, are a useful
way to go beyond classical gravity in bulk dimensions higher than four. However, such
terms are trivial in four bulk dimensions, in the sense that an Einstein metric is uncorrected
and therefore one needs to include higher order curvature invariants to obtain non trivial
corrections.! An alternative possibility is to couple Einstein gravity to a dilaton in four
dimensions because Gauss-Bonnet type corrections to diatonic black holes are then non
trivial, see for example [18], but this does not address the question of how AdS black holes
with no dilaton are corrected.

Apart from AdS/CMT motivations mentioned above, for which dilatonic AdS black
holes may indeed already capture many relevant features, see for example [19], there are a
number of other important motivations in exploring higher derivative corrections to Ein-
stein gravity with a negative cosmological constant. The first is in understanding the
AdS/CFT correspondence when the dual theory is on an S3. In recent years there has
been considerable progress in understanding dual (supersymmetric) 3d CFTs, following
the works of BLG [20-22] and ABJM [23, 24], and localisation techniques have been used
to compute free energies of the dual theories placed on an S®. Taking the limit of large
N and large 't Hooft coupling, the free energies have been matched to the onshell renor-
malised action of AdS; with an S® boundary in Einstein gravity [25, 26]. Localisation
techniques also allow us to access the subleading terms in the free energy which should be
compared to the effects of higher derivative terms evaluated on the bulk AdS;. Compar-
ing these subleading terms with the gravity results we develop here can be used to test

' A review of higher order gravity theories and their black hole solutions may be found in [17].



the correspondence and indeed restrict which higher derivative terms can arise in the four
dimensional bulk action.

The second motivation in exploring higher derivative terms in four dimensions is in the
context of understanding the holographic dictionary. One of the main points of this paper
is that the addition of higher derivative terms generically involves additional data being
required for the variational problem to be well-defined. In the context of holography, the
additional data corresponds to a new operator in the dual CFT, in addition to the stress
energy tensor which is dual to the bulk metric. For generic higher derivative terms added
to the action the dual operator has complex dimension and/or negative norm, reflecting
the fact that the corrected added violates unitarity. This analysis provides a very direct
probe of the unitarity properties arising from the higher derivative terms.

Historically the main context in which higher curvature corrections to four-dimensional
gravity has been studied is as a toy model for a quantum theory of gravity. In this con-
text the key problem is that adding higher curvature corrections adds higher-order time
derivatives to the theory and consequently ghosts. Recently there has been considerable
interest in so-called critical gravity theories, in which ghostlike modes appear to be absent,
in both three [27] and four [28, 29] bulk dimensions. The four dimensional story that we
develop here is the exact analogue of the discussions in [30, 31] for topologically massive
gravity in three dimensions [32, 33]: the higher derivative terms in TMG were shown to be
associated with a new operator in the dual two dimensional CFT. In TMG, regardless of
the value of the coupling of the higher derivative term a violation of unitarity was found
in the dual field theory, either by a complex operator dimension or by an operator whose
two point function was non-positive. Note that this violation of unitary persisted even at
the so-called critical point, where the new operator together with the stress energy tensor
were non-diagonalizable. In this paper we will show that analogous problems are found in
the four-dimensional higher derivative theories.

Given that higher derivative terms generically give rise to new boundary conditions
and hence dual CFT operators, whose properties are not consistent with unitary, one may
ask how this observation can be consistent with the fact that top down models arising
from string theory are necessarily unitary. To understand this point, one should first note
that in the context of string theory and holography the higher curvature terms are always
viewed as an infinite series of small corrections to the leading order effective action. The
action with higher derivative terms is not quantized, which makes the issue of ghostlike
modes moot. In other words, the effective action takes the form

1

I =—
2K2

d*z V—=9(R—2A + aplyR" +--+) (1.1)

where A is the cosmological constant; R™ denotes schematically an n-th order invariant;?
oy, is a dimensionless numerical constant and [, denotes the effective Planck length. The
effective Newton constant in the Einstein theory is x? = 87G.

2Derivatives of the curvature can also arise but will not be considered here.



One is by assumption working in a regime where [, is small and therefore the corrections
should be treated perturbatively. Suppose g(g) is a solution of the Einstein theory, namely

1
Guw(9(0)) = Ruv(9(0)) — iR(g(o))g(o)W + Ago)uw (1.2)
Then the corresponding solution of the corrected theory can be expressed as a perturbative
series
g=9wo + l;“g(n) +e (1.3)
with ST
G (9my) = —anw(g(o)) (1.4)
and so on.

One should emphasize at this point the conceptual difference between evaluating the
higher derivative terms on the lowest order solution and treating the higher derivative term
non perturbatively. In the former case, the equations for all the metric corrections g, are
second order inhomogeneous differential equations, rather than higher order differential
equations. Since the equations are second order, the only boundary data that needs to
be supplied for the variational problem to be well-defined is the metric. When one is
considering the higher derivative terms evaluated on the lowest order solution, an analogue
of the Gibbons-Hawking-York [34, 35] term in the action can always be defined such that
the variational problem is well-defined for a Dirichlet condition on the metric.

By contrast, as we will explore in sections 2 and 4, whenever the higher derivative terms
are treated non-perturbatively or when we consider the spectrum around a given corrected
background, the resulting equations of motion are generically higher order.® This means
that additional boundary data needs to be supplied. In the context of holography one
can understand the additional data as corresponding to additional dual operators in the
field theory, beyond the stress energy tensor. The variational problem in such contexts
will be well-defined only if one supplies additional information together with the Dirichlet
condition on the metric; the actual information which is needed depends on which higher
derivative terms are added.

Thus, given a background which solves the supergravity equations at leading order, the
variational problem will be well-defined when one computes the corrections to this solution
without specifying additional data. However, when one looks at the spectrum around this
background, the higher order nature of the field equations manifests itself and additional
data, corresponding to a new dual operator, is required.

A top down model arising from string theory must be consistent with unitarity. This
is guaranteed if the curvature invariant is such that the resulting equations are actually
second order. (Note that since one is treating the corrections perturbatively it is guaranteed
that the shift to n/s is small and is consistent with unitarity, in contrast to the discussions
of [8, 9] in which the coupling constant of the higher derivative term is allowed to be of
order one.)

3The Lovelock theories [36] are a well-known counterexample in which the equations of motion remain
second order.



As we discuss at the end of section 4 another case in which the higher derivative
invariant is automatically consistent with unitarity is when the linearised field equation
around AdS remains second order. This is a weaker condition than requiring that the
equation of motion is always second order, but suffices to ensure that there is no non-
unitary dual operator induced by adding the higher derivative term. Examples of such
curvature invariants are those built out of the Weyl tensor of order three and higher.

Finally it is interesting to note that reducing a curvature invariant of a given order from
ten or eleven dimensions to four dimensions on a curved manifold gives rise to curvature
invariants in the effective four dimensional action which is both of the same order and
of a lower order, see for example (3.7). In the context of AdS solutions the reduction
required is indeed always on curved manifolds such as spheres. This implies in particular
that a curvature invariant such as one quartic in the Riemann tensor never arises without
an accompanying term quadratic in the Riemann tensor and a shift of the cosmological
constant. Here we show that the term quadratic in the Riemann tensor gives rise to a new
boundary condition for the linearised theory around AdS, and hence a dual operator in the
CFT, which turns out to be non-unitary. When one combines all terms arising from the
corrections at a given order in the upstairs theory, the resulting four dimensional theory
must be unitarity and this may be achieved either by the linearised theory around AdS
being second order or by the higher order terms conspiring to give a unitary dual operator.

The plan of this paper is as follows. In section 2 we discuss in more detail the variational
problem in higher derivative theories and show that it is well-posed with only boundary
data for the metric when one treats higher derivative terms perturbatively about a leading
order Einstein solution. In section 3 we first discuss what curvature invariants are expected
to arise in the effective four-dimensional action from a top down perspective and then we
explore the effects of various curvature invariants on four dimensional planar AdS black
holes. Our goal is to find an analogue of the Gauss-Bonnet corrected black hole in five and
higher dimensions, i.e. a representative corrected AdSy planar black hole, and we find that
the solution in the Weyl corrected theory is the closest analogue. In section 4 we look in
detail at the spectrum in theories with curvature squared corrections, demonstrating that
there are indeed new dual operators associated with the higher derivative terms and these
are non-unitary. Noting that the spectrum in the Weyl cubed theory is unchanged again
this seems to be the simplest case of a representative correction. In section 5 we conclude.

2 The variational problem in higher derivative theories

In general one cannot define an analogue of the Gibbons-Hawking-York term [34, 35] such
that the variational problem is well-defined with only a Dirichlet condition on the metric -
one must impose additional conditions. This observation explains a long standing problem
in the literature: for generic higher derivative corrections the analogue of the Gibbons-
Hawking-York (GHY) term has never been found.

There is considerable literature discussing the variational problem in higher derivative
theories. In the context of corrections arising in string theory, boundary terms were dis-
cussed in [37] where the analogue of the GHY term was found for Gauss-Bonnet. This



is a very special case, however, as the field equations are second order. For corrections
involving powers of the Ricci scalar, the variational problem was discussed in [38]. The
generic issues in setting up a variational problem for higher derivative gravity given only
a boundary condition on the metric were highlighted in [39]: the boundary terms which
arise in varying the bulk action cannot in general be integrated to give an analogue of the
GHY term.

Here we argue that the problem in finding a GHY term results from the fact that
in general such a term cannot exist: one must specify additional data together with the
metric. In special cases an analogue of the GHY term was found, for example, for Lovelock
theories. However, Lovelock theories are themselves special in that the equations of motion
are actually second order and this fact explains why a GHY term could be found.

A useful approach to dealing with higher derivative theories is the auxiliary field
method and the variational problem in such a context was discussed in [40]. In this ap-
proach the higher order equations are reduced to coupled second order equations for the
metric and the auxiliary fields, and one specifies boundary data for both the metric and for
the auxiliary field. In the context of perturbatively evaluating higher derivative corrections
on leading order Einstein solutions, the boundary condition for the auxiliary field does not
involve new data, but rather can be built out of the boundary data for the metric. When
one looks at the spectrum, however, one sees that there is indeed generically new data
required for the auxiliary field. These points will be illustrated further when we use the
auxiliary field method to discuss the spectrum in section 4.

Before moving on to consider specific models for higher derivative corrections in four
dimensions, let us discuss the issue with the variational problem. We consider a general
action in (d + 1) dimensions

1:/ d e/ gL, (2.1)
M

where the Lagrangian £ depends only on the metric and the Riemann tensor. The variation
of the action with respect to the metric gives

1
0l = / dH e/ —g (29‘“’5 + E‘”’) 0w (2.2)
M
n / A /=g <£“VPURMW,)‘590A + QVPVHEWP"(SQW)
M
oM
Here OM is the boundary of the manifold M and we define

oL oL

Qv po

o -
£ Sghv 5 Ruveo

(2.3)

while the ellipses denote boundary terms which vanish with a Dirichlet boundary condition
on the metric, dg = 0.

In the case of Einstein gravity
1
L=—(R—-2A 2.4
(R —2A) (24)



and thus the boundary term in the variation is

| a6 00— 09,09 (2.5)
oM

As is well-known, one can set up a well-defined variational problem by noticing that

1
0 <—/ dm\/jq/K> = _2,%2/ d¥*(9"°V y0gve + -+ ) (2.6)
oM oM

where the ellipses again denote terms which depend only the on restriction of the metric
variation to the boundary (and which hence vanish given the boundary condition). Thus
the addition of this term, the Gibbons-Hawking-York term, to the action gives a well-
defined variational problem in which the metric on the boundary is held fixed.

For generic Lagrangians involving higher powers of the curvature, the boundary terms
involving metric derivatives cannot be canceled by those in the variation of a boundary
term. To illustrate this it is useful to look at a specific example,

1
L= T,#(R = 20\ — aRyype RMP7). (2.7)
When a = 0 this reduces to the Einstein theory. When « is small the higher derivative
term can be treated perturbatively. It is thus useful to express the equations of motion in
the form

R,uz/ = T,uu = Ag,uu + atuu; (28)
1 4
tuw = peTi oT v Y o e v
I (d—l)R Ropornguw + (d_l)vpv R™g,
—2R,poA R, — AVPV R e

with T being the effective (trace adjusted) stress energy tensor. In later sections we will be
interested in four dimensional models, in which the Riemann squared term can be rewritten
in terms of the Ricci tensor and the Ricci scalar, but in this section we will work in general
dimension. The reason for consider terms involving the Riemann tensor is that such terms
will always arise from top down models, and (unlike Ricci scalar and Ricci terms) they
cannot be removed by field redefinitions. We can use the Bianchi identities to simplify the
stress tensor as

1 T 2N
twr = (g R Roorntr = 2RuporF? (2.9)

2
+WDR9MV — 4|:|R,uy + 4vvaRyp,

where [1 = V*V,,.
A perturbative treatment of the field equations means that one looks for a solution
such that

Juv = 90)uw T G(1)pw T (2.10)



where g(q is Einstein with cosmological constant A and g(;) satisfies

1 T
- 1)Rp "(9(0)) Rporn(9(0)) 9(0) v (2.11)

_2R/Jpo)\ (g(O) ) Rz/pa)\ (g((]) ) )

where Lp is the linearized Ricci operator and terms on the right hand side are evaluated on

('CR - A)g(l),uzz =

the metric g(g) using the connection of that metric. Note that the terms involve derivatives
of the Ricci tensor do not contribute since the covariant derivative of the Einstein metric
9g(0) 1s zero. As emphasised earlier, this equation is a second order inhomogeneous equation
for g(1) and therefore it does not require any new boundary condition. Note that we regard
here the boundary conditions for the metric as being given as a power series in «; i.e. the
homogenous part of the solution g(;) is determined by this data.

Let us now turn to the question of the variational problem for such a theory. The new
(relative to Einstein gravity) boundary term that arises in varying the action is then

2c
K2 Jom
where we again suppress terms which vanish for the boundary condition §g = 0. This term

ASF Ryupo V7097 + - (2.12)

can be manipulated using the Gauss-Codazzi relations as follows. The metric on M can
be decomposed as

ds® = (N? + N,N*)dr? 4 2N, da"dr + ~,,dz" da” (2.13)

in terms of hypersurfaces ¥, of constant r with the unit normal to each hypersurface being
given by n#. As the notation suggests, we are most interested in the case where the finite
boundary is at spatial infinity, so r is indeed a radial coordinate.* Defining the radial
flow vector 7# such that r#9,r = 1, the components of r# tangent and normal to the
hypersurfaces define the shift N* and the lapse Nn* respectively. The extrinsic curvature
K, of the hypersurface is given by

Ky = 5 Ln (2.14)
where £ is the Lie derivative. The Riemann tensor of the (d+ 1) dimensional manifold can
now be expressed entirely in terms of the intrinsic curvature and extrinsic curvature of X,
via the Gauss-Codazzi relations

’Y;Djfyu ’Yg’VgRaﬁﬁ/é = R;wpa + KMO'KV‘D - KMpKyo'; (2.15)
¥on’ Rpe = DKl — Dy K}
1’ Rpve = —nPV K — K, KP,

where D), is the covariant derivative of the metric v and R denotes the curvature of this
metric. A useful manipulation of these equations gives the following identities

K? - K"K, = R+ 2G,,n"n"; (2.16)
LK + KK,y — 2K5K = Ry — 4578 Ry

4Such a foliation would also be appropriate near timelike infinity, in which case r would be a time
coordinate and g, < 0 in Lorentzian signature.



with G, the (bulk) Einstein tensor. One can simplify these expressions by fixing the gauge
freedom such that N =1 and N* = 0. In this gauge

ds® = dr® + ~;jdz'da?; (2.17)
1
Kij = 50mvij.

Moreover the Gauss-Codazzi relations which we will need can be written in terms of the
trace adjusted stress energy tensor as

R”'rj = —87~K2‘j + Kz-kKkj; (2.18)
K? - KK = R+ Ty — 7 Ty;
Oy Kij — 2K!K); + KKij = Ry — Tj;.

Returning to (2.12) the terms in the variation which do not vanish given a Dirichlet con-
dition on the metric, v = 0, in this gauge take the form

2cy 200

= AN/ =y Ryir;07" = 2 A%/ (=0, Kij + KFKy;)0.07" (2.19)
2c . _ i
=2 ou, de/ (K Kij — Kf Kij — Rij + T;5)0,67",

where in the last equality the bulk equation of motion in Gauss-Codazzi form has been
used. Next we note that

L 1. -
S(KKYEK;;) = §K11Kij,ykl&n5’mz + KKY0,6v; + - - (2.20)
3
2

. 1. .
5(RK> = §R’Y]3r5%j + e

§(K®) = SK*470,6vi5 + -+
K KIFKL) = 3K’W‘Ki8 ) :
(Kij k)—§ jOr0Yij + e
1 ...
§(RVK;j) = ER”a,né%j 4o

where ellipses denote terms which do not depend on the normal derivative of the metric
derivation. Then

2c R _ g
= dlav= (KKJ — KFKy — Rij + Tj) 8,671 (2.21)
oM
=— d®z/—v6 | KK Ki]’ —-K°+ RK — K KkJK — 2R”K
K OM 3 3
L2 A= (YI(TF — Tpp) + TV ) 0p07yi5 + - - -
f£2 oM Y k rr T ’Yzj

The terms in the second line are written in terms of quantities intrinsic to the boundary
and define an analogue of the GHY term but the remaining terms left over in the last line
cannot, in general, be expressed in terms of such quantities.



Suppose however that one works perturbatively in «, evaluating the corrections as a
perturbative series on the leading order metric, so that

Guw = 90 +agly) + - (2.22)

Working to order « in the action one needs to evaluate the terms involving 7" only to zeroth
order in a, i.e.
(YI(TE = Tor) + TY) — dAy" (2.23)

so that
/ AP/~ (T — Tpr) + T9)0, 675 — / d%a\/=72dASK + - -- (2.24)
oM oM

That is, applying the field equations perturbatively, the problematic term can indeed be
reexpressed in terms of quantities which are intrinsic to the boundary.

Putting the terms together, we see that working up to order a the boundary term
needed to set up a well-defined Dirichlet variational problem at a finite radial boundary is

1
Igny = _/@2/ ddae/—AK
oM
2a
K2 oM
2
3

.. 1 ~
A= (KK”KU- - K7+ RK (2.25)
KPR K — 2R K + 2dAK> ,

where implicitly in the first line one needs the metric to order a whilst in the second line
one needs the metric only to zeroth order in «.

It would be interesting to extend this proof to show that the variational problem is well-
defined to arbitrary order. To do this one would need to argue that the problematic term

20 L _ o
2 oo A%/~ (YI(TF = Typ) + T9) 0,67 (2.26)
can always be expressed as the variation of a term intrinsic to the boundary, when the bulk
equations of motion are used iteratively. Such an all orders proof could be developed using

similar inductive techniques to [41, 42].

3 Gravity models

In this section we will consider higher derivative corrections to Einstein gravity with a
negative cosmological constant in four bulk dimensions. Before we describe the features of
various models, let us comment on top down derivations of the effective action. One might
think that it would be straightforward to work out the leading order corrections to the
action from the reduction of ten or eleven dimensional actions, i.e. one could exploit our
knowledge of the M theory action or the type II string actions. Here we point out that there
are many subtleties in implementing such as strategy and our knowledge of these actions is
not currently adequate to derive the corrections to AdS gravity actions in lower dimensions.

,10,



To illustrate this point let us consider the best understood top down possibility to
obtain AdSy, the reduction of M theory on a seven dimensional Sasaki-Einstein SE7 to
four dimensions. At the level of supergravity, it is always consistent to retain just the four-
dimensional graviton in the lower dimensional theory, i.e. the eleven dimensional equations
are solved by eleven-dimensional fields such that

ds3, = dsi(Ey) + ds2(SEr); (3.1)
Fy = ng,,

where Fj is any Einstein manifold with negative cosmological constant, n(Ej) is the volume
form of this manifold and the metric reduction is diagonal over the SFE7. The effective four
dimensional action is written only in terms of the metric on E4, g,,. Note however that
not only the eleven-dimensional metric g,,, but also the four form F} in eleven dimensions
are non trivial, and the Riemann tensor of the SFE~ is also non trivial since the manifold
has positive curvature.

Let us consider what this implies for the higher derivative corrections to the effective
four-dimensional action. Since the four form is non-trivial at leading order, to compute the
higher derivative corrections to the leading order solution, one would need to know higher
derivative corrections to the eleven-dimensional action involving not just curvatures but
also the four form. Building on [43, 44], leading corrections involving the latter in eleven
dimensions were worked out in [45, 46]; they have the structure

1
I = /dnx\/—ga <t8t8R4 + 4'611}24) (3.2)

1 1
+/d11xw/gb <t8t8R4 - Z611}24 - 6eutgAR‘* + [R3F?) + [R2(DF)2]> :

where a and b are coefficients. It is known by comparison with IIA string calculations that

1 lg 72

b= Eﬁg, (3.3)
with 2x2, = (27?)8l2. Here €17 is the eleven-dimensional epsilon, tg consists of 4 Kronecker
deltas and tgtgR* denotes a specific product of such such tg tensors and four Riemann
tensors; the explicit expressions will not be needed here. A is the three form of which
F is the four form field strength. The tensor structure of the terms denoted [R3F?] and
[R%2(DF)?] is also not important here; all we need is this schematic form, in which D
denotes the covariant derivative.

One might think that the knowledge of such terms would suffice to compute the leading
corrections to the eleven-dimensional solution of interest, (3.1), and that the these correc-
tions could be rewritten in terms of a corrected equation for the four-dimensional metric
g, and hence in terms of a corrected four dimensional action. Apart from the complex-
ity of the actual calculation, there would be a number of subtleties in actually carrying
this out.

First of all, one cannot assume a priori that the higher order terms do not induce
additional four-dimensional fields, as well as the metric, although it seems reasonable that

— 11 —



in some cases they do not. For example, consider a four-dimensional massless scalar field
¢ which corresponds to a modulus of the dual conformal field theory. In principle, even
though this field is constant at leading order, it could be sourced by a higher derivative
correction, i.e. one could have an equation such as

O¢ ~ R" (3.4)

where R" denotes schematically a scalar curvature invariant of order n. The latter must
be zero when evaluated on AdS itself, as one does not expect the conformal invariance to
be broken, but this argument could not exclude invariants of the Weyl tensor occurring.

Even if could argue that a four-dimensional action involving only g, exists, there is a
second obstacle in actually computing such an action To illustrate this point, consider just
one of the tensor structures occurring in the R* invariant

1 mmn,
- 35
p

Evaluated on the lowest order metric this picks up contributions

é ((RWR””’“’)Q + (Ryuwpo R**7) (Rapea R*) + <RabcdR“bcd)2) : (3.6)
where Rgpeq is the Riemann curvature of the Sasaki Einstein. For any given Sasaki Einstein
this would then result in a term of the form

I~ Vs /d4x\/jg((R RHP7)2 4 by (R pe RMP7) + by) (3.7)

lg uvpo nvpo )

in the four-dimensional action with Vgp, the volume of the Sasaki-Einstein and (b, b2)
computable (dimensionful) parameters. That is, a quartic invariant in eleven dimensions
can lead to quadratic and constant terms in four dimensions, with the latter shifting the
cosmological constant.

Since the Sasaki-Einstein has a curvature radius of the same order as the four dimen-
sional manifold, none of these terms is subleading. Let L be the scale of the curvature
radius for both; then each of the three terms in the action is of order L3/ lg, using the fact
that Riemann squared is of order 1/L*. Note that the Einstein term in the action would
be of order L?/ lg. Terms arising from the reduction of higher order invariants in eleven
dimensions would be subleading in a power series in L/l,,.

Recall that in the case of AdSy x S” the radius L scales according to LS ~ N lg where
N is the rank of the dual gauge group. Therefore the Einstein term gives the well-known
scaling of N 3/2 [47, 48] whilst the terms given above scale as N 1/2 and thus are suppressed
by a factor of 1/N relative to the leading order terms. We will use this scaling later
when discussing the spectrum. Similarly for the case of ABJM [23, 24] where the eleven-
dimensional geometry is AdSyx S”/Z}, the curvature radius scales according to L8 ~ (kN )lg
where N is the rank of the dual gauge group. Recalling that the volume of the compact
space scales as 1/k this gives a scaling of kY/2N3/2 for the leading Einstein term. One
can rewrite this as k2\3/2 where the 't Hooft coupling is A = N /k, and this scaling was
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reproduced from the ABJM theory in [25, 26]. In the ABJM case the term give above
would contribute at order \'/2, i.e. it differs by a factor of 1/(k%A) from the leading term.
(Note that validity of the eleven-dimensional description requires N > k°.)

In conclusion, identifying the leading order corrections in four dimensions is very sub-
tle. The leading order correction in four dimensions indeed derives from the leading order
correction in eleven dimensions, but terms involving higher curvature invariants in four
dimensions can actually contribute at the same order! Similarly terms in the higher di-
mensional action involving R3F? and so on can give rise to corrections in four dimensions
involving R3.

Note that the term picked out above (3.5) shifts the cosmological constant and is non
zero even when evaluated on AdS itself. This would mean, in particular, that it would be
expected to adjust the value of the free energy for the dual theory (at zero temperature)
evaluated on an S3. If one can argue that there is no such renormalisation, then the four-
dimensional contributions from such a term must cancel those arising from the reduction
of other eleven-dimensional terms. A series of corrections expressed in terms of the Weyl
tensor, which vanishes on a maximally symmetric space, would not induce such a change
in the free energy.

From the string theory perspective one might think that one should in any case start
from a higher dimensional with curvature corrections involving only the Weyl tensor, since
corrections involving Ricci and Ricci scalar can always be absorbed into field redefinitions.
Here we will look nonetheless look at terms such as (3.5) as well as Weyl terms. Firstly
it is is interesting to look at the effects of different curvature invariant structures but
secondly the usual field redefinition argument refers to the bulk field equations but does
not take into account boundary conditions and onshell thermodynamic quantities. We will
see below that it is possible to have terms which do not contribute to the field equations
perturbed around a given leading order solutions but which nonetheless change the action
and change the spectrum. In particular, curvature squared corrections in four dimensions
do not change the metric, so in the past they would have been viewed as trivial, but here
we show that they still introduce additional (non-unitary) operators into the dual CFT
spectrum.

In what follows, we will pursue a bottom up perspective, in which we consider case by
case the effects of various higher derivative terms in four dimensions. In other words, we
discuss the effects of adding particular scalar curvature invariants to the four dimensional
action. We will then return to the issue of which scalar invariants are expected to arise in
top down models.

3.1 Curvature squared corrections

Motivated by requirements of renormalizability of gravity, curvature-squared modifications
to Einstein’s theory were first discussed in [49, 50] and they have been extensively ex-
plored in the literature. The most general action involves curvature squared terms can be

written as
1

[=55 d'z /=g(R—2A + aR" Ry, + BR? + YR R p5) (3.8)
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However, it is well known that the Gauss-Bonnet invariant,
Ey= R"" R0 — AR"™ R, + R* (3.9)

does not contribute to the equations of motion in four dimensions but yields only a surface
term. Hence for analysing the field equations we can eliminate the Riemann squared term
in the action above, making the most general action we need to consider, modulo the Fy
term, simply

I= M d*z /=g(R — 2\ + aR"™ R, + BR?), (3.10)

(where implicitly the coefficients («, 3) have been shifted relative to the above.) The
equations of motion following from this action are

G + By =0 (3.11)
where
Guw = Ry — %ng + Agu (3.12)
and
1 1
E. =2a (Ruprﬁ — 4RWRpogW> + 28R <RW — 4Rg/w> (3.13)

1
ta <DRW+ 5ORgw — 2V, V(. R, ) +28(g9,,0OR — V,V,R)

By analyzing the above equations of motion it immediately follows that all solutions of
the a = 8 = 0 theory are also solutions of the full theory as E,, is zero for any Einstein
spacetime. In particular, AdS-Schwarzschild black holes

A dr?
ds? = —dt? [e— = + u 2) 4 ! + r2dQ3 (k) (3.14)
3 ( ‘A|T2 +6>

are solutions of the higher curvature theory. Here k£ = 0 and € = 0 corresponds to the case
in which the horizon is flat, with £ = 1 and ¢ = 1 corresponding to the case in which the
horizon is a two-sphere. Note however that the thermodynamic properties are modified in
the deformed theory and depend explicitly on the deformation parameters.

It is straightforward to derive the thermodynamic properties in the deformed theory,
exploiting the fact that the metric remains Einstein. (For earlier discussions of thermody-
namics in bulk dimensions higher than four see [51].) The free energy of the black holes
can be obtained by considering the onshell value of the action. In order for the variational
problem to be well-defined, the action must be supplemented by boundary terms. For the
Einstein part of the action the appropriate boundary term is the Gibbons-Hawking-York
term discussed earlier

1
Igny = —— /d3xK\/—7. (3.15)
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where K denotes the second fundamental form and v is the boundary metric. This term
is not however sufficient to ensure a well-defined variational problem: in varying the bulk
action the following boundary terms arise, analogously to those given in (2.12)

1

? oM
where we again suppress terms which vanish for the boundary condition §g = 0. Using the

dS" (20 Rys + 2BRgyeV ug"" + -+ (3.16)

equation of motion R, = Ag,, we note that the variational problem will be well posed if
we add the following boundary terms

1
[=-— /d%MK(QaA + 86A). (3.17)

In this case the fact that the solution remains Einstein implies that this term is sufficient
to evaluate the onshell action, to all perturbative orders in a and f. (It does not however
suffice for discussing fluctuations around the Einstein solution, as we will discuss in section
four.)

Evaluating the complete onshell action gives

1
I = 55201+ 20A +86A) /d4x\/7—g (3.18)

—/{12(1+2aA+85A)/d3x\/—7K.

Relative to the case of @ = 8 = 0, there is just an overall prefactor, which means that we
can immediately read off from [47, 48, 52, 53] the required holographic counterterms as

1 4
where 12 = |3/A|. The asymptotic expansion of the metric g is [47, 48, 53]
dp* 1 i
ds* =17 (p2 + ?gij(a:,p)dx dac]> ; (3.20)
9i3(, ) = 90yi5 () + P°g(2)i5 () + PP g(zyis + -+
R(g(o))

925 = —Rij(9(0)) + 1 9O

with g(3) being traceless and divergenceless but otherwise undetermined by the asymptotic
analysis. The renormalized stress energy tensor obtained by varying the action with respect
to g(o) is then shifted by an overall prefactor relative to [53]

3

We can now immediately evaluate thermodynamic quantities for the black hole solu-
tions (3.14); the free energies and masses are clearly shifted relative to those in Einstein
gravity by a proportionality factor:

Va
—BrF =1E, 4= 5;%21’ (14 2aA +85A)m (3.22)

M = /d%ﬁ(%tﬁ = %(1 + 2aA + 88A)m (3.23)
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with Sp the inverse temperature (not to be confused with the coupling constant () and
the temperature being

T_1<2\A m

— 3.24
47 3 Tt r%) ’ ( )

and 7, is the horizon position. I” denotes the Euclidean action, which in this static case
is straightforwardly computed by analytic continuation of the time. Note that under such
a continuation il — —I”. One can also work out the black hole entropy using Wald’s
method [54]. Define

oMV — _2£/U/P0vp lg+ - (3.25)
where QM is antisymmetric and the terms denoted by ellipses vanish for stationary hori-
zons. Here 5L

LHPT = . 3.26
OR o ( )
For a stationary horizon the black hole entropy is then given by
1 17
S=—[ 9"d¥,., (3.27)
T Ju
with T being the horizon temperature, H denoting the horizon and [* being the horizon
normal.
For Einstein gravity
1
=—v—g(R-2A 3.28
Vg (R—20) (3.28)

where k2 = 87G and G is the Newton constant. Hence

51;5;,00 - ﬁ (g"°g"" — 9" g"") (3.29)
And so
onv — _\g? (VHY — V7MY (3.30)
and 1 A,
g — e /H V=g (V'I" d%,,) = e (3.31)

with Aj the horizon area, using [, VVI#* = kpl* where kp = 2nT is the surface gravity of
the horizon.

For the curvature squared corrections, using

SR?

— HP OV _ 1O VP, 39
T R(g"° g% — g"7g""); (3.32)

5(RT77RT77) _ up ov Uo vp
§ RHvpo - (R g - R g )7
the Wald entropy becomes
A

S = (14 20A + 8BA) 2. (3.33)

4G
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Putting these results together one finds that the thermodynamic relations
F=M-TS5; dM =1T4dS, (3.34)

are indeed satisfied.

To summarise, the metric is uncorrected but the thermodynamic properties of the
black holes are adjusted: the entropy, the temperature, the mass and the free energy are
all changed, albeit by just an overall factor. It is also interesting to note that the action
evaluated on AdSy with S? boundary is also changed. In the latter case the relevant bulk
metric is

ds? dp?® + sinh? p dQ3) (3.35)

“i
where 0 < p < co. Using the renormalised action given above, one can compute the onshell

Euclidean action to be )
1 127

onshell = W(l +2Aa + 8Ap). (3.36)

This is therefore corrected by the curvature squared terms except when o = —43, which
corresponds to the case in which the correction is Riemann squared minus E4. Given a
holographic dual in which one can compute the free energy on S by localisation techniques,
the answer will give a criterion restricting the terms which can arise in the effective four-
dimensional action. In particular, the case of ABJM theory, for which the exact expression
for the planar free energy was obtained in [25, 26], will be explored in detail elsewhere.

At this point it would seem as if the addition of such terms to the action is rather
trivial because the thermodynamic quantities are shifted by an overall factor, which could
be reabsorbed into the cosmological constant. However, we will discuss in section 4, these
terms are highly non-trivial when one looks at the spectrum of the theory. To find the
spectrum of the dual CFT linearize the above field equations about the background solution
AdSy. As we discuss in section 4, the bulk theory is found to describe a massless spin-2
graviton, a massive scalar and a massive spin-2 field. By tuning the coefficients so that
o = —30 one may eliminate the massive scalar mode. One can also tune the remaining
coefficient 3 to the so-called critical value [28]

1
8= oA (3.37)
where the massive spin two mode becomes logarithmic [55]. Noting that the AdS-
Schwarzschild mass when o« = —3 behaves as
m
M = ?(1 + 28A) (3.38)

we see that in the critical theory the black hole solution has zero mass. One can show
furthermore that the Wald entropy vanishes at the critical point.

However we should emphasize that the critical value (3.37) can clearly never be
achieved when the Planck length is small compared to the curvature radius of AdS. If
one is viewing the higher curvature corrections as arising from a top down string model
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then SA is necessarily much smaller than one. The critical theory does not therefore provide
a good model for corrections to macroscopic AdS, black holes.
Let us now make a connection to conformal gravity. With the first parameter choice

of a = —30 we may rewrite the higher curvature term in terms of the Weyl tensor:
1 2 v _ 1 nvpo
- ga(R —3R"R,,) = 504(0 Cuvpo — E4) (3.39)

Hence the Lagrangian is equivalent to

I= # d*z /=g (R —2A + %a(cwmcw - E4)> : (3.40)
By taking the limit of @ — oo one recovers Weyl gravity, see related discussions in [56],
but again this would not be reached as a small correction from an Einstein solution.

The variation of the Weyl squared term with respect to the metric is linear in the
Weyl tensor. This means that this correction vanishes identically when evaluated on AdSy
since it has vanishing Weyl tensor. Therefore we can deduce from (3.36) that the onshell
Euclidean action evaluated on AdS, with S2 boundary for

1 1
¥ = ~53 d*z\/g <R —2A — 2041574) (3.41)
K
is )
127 2aA
E —
Ionshell - |A|l-€2 (1 - 3 ) . (342)

In other words, the topological invariant does of course contribute to the action even
though it does not affect the field equations. The renormalised F4 term captures the Euler
invariant of the manifold with S® conformal boundary. Tuning to the critical value (3.37)
this action is zero.

3.2 f(R) gravity

In our exploration of corrected black hole solutions we will now move on to consider an
f(R) theory. The f(R) theory is obtained when we add a generic polynomial in the Ricci
scalar R to the usual Einstein action,

I 21? / Ao/~ (R — 2A + f(R)) (3.43)
where
f(R) =) anR", (3.44)
n>2

with arbitrary coefficients «,,. There us considerable interest in f(R) theories in the context
of phenomenology and cosmology, see the reviews of [57-59], even though such corrections
are not well motivated from top down considerations, since they can be removed by field
redefinitions.
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Indeed it is well known that such a correction will not change the leading order black
hole solution non-trivially, although it will change its thermodynamic properties. This
follows from the equations of motion

guu + F,uu =0 (345)

with G, defined in (3.12) and

Fu =Y amnR"! (RW - 21nRgW> (3.46)
n>2
+ Z on (gu,,DR"_1 — VMV,,R'”_I) .

n>2

Consider an Einstein solution g,,, which satisfies
1
VIR P 347

Evaluated on such a solution both the second line together with the n = 2 term in the first
line of F},, vanish and

Fuy =Y om(n—2)(4N)" " Agu = —6Agu. (3.48)
n>2

The field equations (3.45) are then satisfied provided that

A=X+) (2= n)(dN)" '\ (3.49)
n>2
i.e. the higher derivative term acts to shift the effective cosmological constant. Treating
the f(R) term as a small perturbation around the leading order solution by setting all
coefficients «a,, < 1, we may express

A~ Al — az(4h)? — 204 (40) + - --), (3.50)

where in the non-linear terms we use the leading order behavior A ~ A. Therefore any
Einstein solution remains an Einstein solution in the corrected theory, but with a shifted
cosmological constant.

One should again note that the corrected theory does admit non-Einstein solutions,
but any solution which reduces to an Einstein solution in the leading order theory remains
Einstein in the corrected theory. In other words, when one treats the higher order terms
perturbatively one discards solutions which do not reduce to Einstein solutions on setting
ay to zero. The higher derivative terms with recur, however, when one discusses the
spectrum as one will obtain new propagating modes.

As a warm up exercise for the non-trivial corrections discussed in the following sections
it is useful to derive the corrections to static solutions as follows, using a similar method
to that of [60] and also [61]. Let the metric be parameterized as

2

d
ds* = —a(r)b*(r)dt* + &

a(r) + r2(dz? + dy?), (3.51)

,19,



where we now focus on the case of flat horizons. Substituting this metric ansatz, the action
reduces to 1
1= THQBTVMI (3.52)

with fr the periodicity in time; V,, the regulated volume of the (x — y) plane and

N A AP
_ / 2 n
2 o0
— [3Abr3 + 2ab'r? + a'br? + 2abr]
Th
where we have used the fact that the Ricci scalar is given by
A(r)
- 3.54
b(r)r? (3:54)
with A(r) given by
A(r) = 3d'b'r? + 2ab"r? 4 o/"br?* + 4d'br + 4ab'r + 2ab. (3.55)

The second line in (3.53) arises from partial integrations. Varying the bulk term in the
action we find the following equations of motion for a and b:

0=2rb — Zl”_l(—l)”an% (@3;1) (3.56)

n

where
0 A nA"1 d [ nA™!
— = 20"r% + 4b'r + 2b) — — [ 5 (3r°0 + 4b
5a <(br2)”1> o2yt GO b 2b) = o <(br2)”1(3r 40)
d> [ nA™1 9
+—dr2 ((er)”—l(br )) (3.57)
The other equation of motion is
0 A"
_ 2 / n—1 n
where
0 A" (1—-n)A™  npA~t p
2 = 4 2 3.59
b ((bTQ)n—l) an—apn T (bTQ)n—l(a 7+ 4+ 2a) (3-59)
d [ nA"! 9 d? [ nA™1 9
—— | 4 — | ———(2 .
ar <(br2)n1(3’" v C”")> e ((er)”l( o ))

Solving these equations of motion to linear order in the coupling constants «; we expand as:
a(r) = a@)(r) + Y anag(r); (3.60)
n

b(’l”) = b(()) (7“) + Z Oénb(n) (7“)
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To leading order, namely all «,, = 0, the equations are solved by

1 m
bo(r) =1 a@(r)=—gAr" == (3.61)
To linear order in the perturbations, the general solution to the equations of motion is
by (r) = 0; (3.62)
n n— mp
a(n)(r) = (—)"(n—2)(4A) TAr? — -

The latter renormalizes the cosmological constant and in addition allows for a shift in the
integration constant which parameterizes the black hole mass: the corrected metric is

dr? 1 m apm
2 _ 2 2 n'lin 2
ds” = (—iar2 —m S auma) —dt <—3/\7“ T Z . ) +ridr-dx. (3.63)

3.2.1 Black hole thermodynamics in f(R) theory

For the f(R) term the analysis is of the variational problem is subtle: varying the bulk
term gives rise to a boundary variation

61 = % / Brf (R)S(Kv/—7), (3.64)

where f'(R) = Orf(R). The appropriate boundary term for a four-dimensional f(R) theory
was argued by Hawking and Luttrell [38] to be

Tnp = / Brf (R)K V= (3.65)

However, in general this is not satisfactory since R is not intrinsic to the boundary, i.e. it
is the scalar curvature of the bulk metric, rather than the boundary metric. In the case at
hand however one can use the fact that the onshell Ricci scalar is constant to write this
term in terms of quantities manifestly intrinsic to the boundary. Putting all terms together
the complete action is

1

I=55 d*z/—g (R —2A + f(R)) (3.66)

1
—/#/d%ﬁf( (1+ f'(R)).
To evaluate the free energy one needs to holographically renormalize this action. To linear
order in the couplings for the higher derivative terms, however, one can immediately carry
out this procedure using the known results for asymptotically locally AdS Einstein mani-

folds. Recall that the deformed solution is Einstein, with a different cosmological constant,
the metric can always be expressed as

ds? = 12ds® (3.67)

with
P="3  Ru=-3Gu (3.68)
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and A < 0. The asymptotic expansion of the metric g is known

dp? 1 o
ds* = p% + 5, p)datda’; (3.69)

_ = R(g0))
92 = —Rij(g(0)) + #Q(O)U,

with g(3) being traceless and divergencless but otherwise undetermined by the asymptotic
analysis. Given this form for the asymptotic expansion one can now compute the regulated
action and hence the counterterms. In doing so one can use the fact that to linear order

in the new couplings
J(R) = f(R)|r=1a- (3.70)

Setting A = —3 so that the metric to leading order is normalized to unit curvature radius,
the required counterterms are then

m:—;;G+Zﬁ%em"ﬁ/fmaﬁﬁw»; (3.71)

(o e fo
+2172 (HZ (32"_1> an(—12)"1> /dgx\/:y (1+Z(n—2)an(—12)”1> R(%),

and the renormalized stress energy tensor obtained by varying the action with respect to
g(O) is

mw3;G+wamwﬁmw (372

One can then compute the mass of the black hole in (3.63) as

M = /d2 (Tpo) = “f <1+22an —12)" ><m+zanmn>, (3.73)

and evaluating the onshell action gives

—BpF =T1F == ”“y (1 + Z 200, (—12)" > <m + Z anmn> (3.74)

with F' the free energy and the black hole temperature being 1/57.

In the f(R) theory using the fact that
OR" 1

— Rn—l wp Vo O VP 3.75

Ry 2" (9" 9" — g"? g""), (3.75)

the Wald entropy (3.27) is given by

<1 + Zan (4A)" ) 2m Ay (3.76)
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Evaluating this one obtains

2/3
27V, e
§ == (1 +) " 20m(-12) 1) (m +>° Oznmn> : (3.77)

Finally the temperature of the black hole is given by

1/3
3
T= yy (m + zn: oenmn> . (3.78)

Putting these results together one sees that the relation F' = M — T'S is satisfied together

with the first law dM = T'dS. Moreover, it is clear that by choosing the integration
constants m,, such that
my, = —2(—12)""1m (3.79)

the black hole in the f(R) theory has unchanged thermodynamic properties to leading
order in the coupling constants ay,.

3.3 Einstein + C3

We now move on to consider the addition to the action of curvature invariants of degree
three or higher. At this point it is useful to look at classifications of scalar curvature
invariants in our dimensions. One such set of invariants are the Carminati-McLenaghan
invariants, [62]. At degree three the possible invariants include both those built of lower
degree invariants, for example RC*"*?C\,,,, and invariants built by contracting three
tensors with each other. At degree three the latter gives the new invariants

1S, S" cm e C, £ CH_CPT O (3.80)
S* SpeCrpvo S* Spo * Cppo

where S, is the traceless Ricci tensor, C), 0 is the Weyl tensor and *C),,, denotes the
dual of the Weyl tensor. Note that these comprise an over complete set of invariants for a
planar static spacetime. Curvature invariants built from the Ricci scalar or Ricci tensor will
behave qualitatively similarly to those at quadratic order, leaving the metric unchanged
but shifting the action. Therefore in this section we will focus on the effect of the cube of
the Weyl tensor on planar black hole solutions, which is qualitatively different.

The action we consider is therefore

I= 21? dz V=g (R —92A + acwpaopﬁcn;”) (3.81)

where C),, s is the Weyl tensor.

Since the general field equations are somewhat complicated in this case, the easiest
way to obtain the corrections to the planar black holes is as follows. Evaluated on a static
ansatz (3.51) the action reduces to and effective one dimensional action

RS A B
I:/rH dr [27‘1)/(@4—37“ ) _a]_87’4b2:|

2 o
- [3Abr3 + 2ab'r? + d'br? + 2abr] (3.82)

Th
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where
B = 2ab — 2rba’ — 2rab’ + 3r?a't/ 4 r?ba” + 2r2ab” (3.83)

Varying this action we get the equations of motion for a and b and these are solved per-
turbatively in « as in sections 3.2 and 3.4. There is in this case a non-trivial correction to
the planar black hole solution:

ay(r) = = - T (3.84)
and
b(l)(T) = b1 —6—. (3.85)

Here a; and by are arbitrary integration constants. The former acts as a redefinition of the
mass parameter m at order o and the latter changes the norm of the time Killing vector at
infinity at order ae. We will discuss the interpretation of these integration constants further
below but setting them to zero we obtain

a(r) = aq)(r) + aa(r)

(3.86)

Note that the AdS solution itself is uncorrected, as one would expect: the contribution to
the field equations from the variation of the Weyl cubed term is given below in (3.92) and
evaluated on a solution with vanishing Weyl tensor it is zero.

3.3.1 Thermodynamics of corrected black hole solutions

Let us now work out the thermodynamics of the corrected black hole solution. The horizon
is given by ry such that a(ry) = 0. Since a(r) = a(o)(r) + aa)(r), we find 7y also to
order a. Let

TH = TH(©) T QTH(1) (3.87)
where
3m
T%I(O) — _T; (3.88)

23
rH(l) = TH(O) _373A .
The temperature of this black hole solution is given by:

T = W (3.89)

A 2 2
= 77‘]{(0) 1-— OéA E .
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We can also work out the black hole entropy (3.27) giving

2
_ "H(©) 20
S =5 (1+ ) (3.90)

Note that although both the temperature and the entropy are corrected at order a the com-
bination 7T'S is actually uncorrected at this order. Moreover, imposing the thermodynamic
relation

dM = TdS, (3.91)

and using the fact that the C? term evaluated on pure AdS is zero, we can infer that the
mass must also be unchanged at order . (In varying the entropy note that both o and A
are held fixed.) Using the relation F' = M — T'S we can also then infer that the onshell
action must also be unchanged at order a.

One can also argue that the free energy and mass are unchanged at order a by con-
sidering their direct evaluation. Let us consider first the onshell action. The first step is
to ensure that the variational problem, including the additional C* term, is well-posed at
finite radius. To investigate this we vary the bulk action (3.81) with respect to the metric.
From the term at order o one obtains the following contribution to the bulk field equation

1
g#l/ _ 7g,ltI/CpUT77 CTU)\H C}\KPO' _ 6Cpo-lwr]0yn)\n C)u{po‘ + 307’77)\5 C/\H,uo‘ RVUTU

2
+ 40T, P Ry — 207CL M7 Ry — CP7TClporn R
+ 6V, V. (CTC, H7) 4 2V, VH(CTC, P g,) + (3.92)

— DQCHPRC, Y gy + CPTT1Cpryg"™) — 2V oV (CTMEC, L7 gpg™)
+ 2V, VH(CYRC, P7 g,n) 4+ VHENVY (CPT™C 5 r0),

where G, = R, — %ng, + Ag,. The variation results in the following boundary terms
at order « involving derivatives of the metric

1
= /a/\/t A3z —v « [ ?)TLPC’)"”TC’W’“’VZ,(SgW + n’\Cp””TC’m””gWVp(SgA,,

+ nrCPTCL M 90V W6 gne — ncCPTTTCL Y 916V S gy
_ npcpanrcmuugwg&vy(ggg)\ — O 0K ] , (3.93)

with n the normal to the boundary. (There are additional boundary terms involving the
metric which automatically vanish for a Dirichlet boundary condition.) As one would have
anticipated, boundary terms involving the normal derivative of the metric arise in this
variation and it would therefore seem as if one needs additional Gibbons-Hawking like
terms in order for the variational problem to be well-posed. Moreover, working iteratively
in « and then using the bulk field equations to simplify the boundary terms looks a very
non-trivial calculation in this case. However, it turns out that one only needs to use
the fact that the leading order metric is Einstein and is asymptotically locally AdS: in
Fefferman-Graham coordinates (3.20), the leading power in the Weyl tensor necessarily
behaves as 1

Cp,l/po' ~ ? (394)

— 25 —



One can use this behaviour to show that the boundary terms needed for the variational
problem to be well-posed all go to zero as a positive power of p. For example, the term

1
= / B3\ /—7CHMP7 Cype K (3.95)
K= Jam

evaluated at p = € < 1 behaves as €, and therefore does not contribute in the limit € — 0.
Therefore, although one could indeed use the explicit expansion of the onshell Weyl tensor
to express the boundary terms in terms of quantities intrinsic to the boundary, the resulting
boundary action cannot give a finite contribution to the onshell action.

The onshell action is thus given by

1 v
Tonshell = ? /d4x\/ _g(A + aCMVpUCpUnACnAM ) (3.96)
1 l
—HQ/CZ3$\/—’)/ <K—|— 2/l + 2R(7)> ,

where we have used the onshell relation R = 4A + C®. The terms in the second line denote
the Gibbons-Hawking term along with the counterterms. The latter suffice to remove the
divergences at leading order, but do not in general suffice to remove additional divergences
at order a. However, it again turns out that the Weyl correction falls off sufficiently fast at
the boundary that there are no additional terms needed at order .. To show this one needs
to use the fact that, in Fefferman-Graham coordinates, C? is of order p® or smaller and
the correction to the metric at order « is of order p® or smaller. Looking at the terms in
the onshell action, this means that the contributions at order o are of order € or smaller,
and thus vanish in the limit ¢ — 0. For example, the term

/d4x\/ng3 ~ /ﬁdpp14 b~ el (3.97)
Thus only the above terms are needed in computing the renormalised action. Note that this
implies that, as expected, the onshell action for AdS is uncorrected at order «, regardless
of the choice of conformal class of the boundary metric. In particular, if one computes the
free energy for the dual theory on an S3, it is not changed at order a.

It is still non-trivial that the actual value of the free energy for the planar black hole
is uncorrected, as the metric is corrected, the horizon position is shifted and the C? term
in the action all give finite contributions at the horizon. Explicitly evaluating the onshell
action using (3.86) together with

12m?
C3 = . (3.98)
one obtains
Viy [T¢ 12m3
_ E _ Vmy 2
F = _BTIonshell = K‘vz/rh drr b(T) <A+O{ 7’9 ) (399)

o (Mar(mb(w) + ?Mbmﬁ) ,

Te
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where 7. > 1 is the cutoff radius. Integrating the bulk term and looking at the horizon
contribution one obtains

Vey (2, 3 dam?A  dam? Vay
ﬁ <3AT + ’]"3 — ’,"6 . :?2771 (3100)

i.e. the terms of order « cancel! Looking at the contribution from the cutoff boundary, as
already argued the terms of order « fall off too quickly to contribute and one is left with
a contribution

Vaey M
_ i 3.101
o (3.101)
with the total free energy being
Viy
F = _721%27717 (3102)

i.e. unchanged at order .. One can similarly argue why the mass M = V,,m/ k? is un-
changed at this order: varying the renormalised onshell action with respect to the source
for the stress energy tensor, all terms at order « are subleading in the radial expansion and
do not contribute.

To summarise: the C? term leads to a correction of the metric of the planar black
hole. The temperature and entropy are both changed at order o but the mass and the free
energy are unchanged.

At this point we return to the physical interpretation of the integration constants in
the corrected solution. The first integration constant a; corresponds to a shift in the mass
parameter,

m— m — aaj. (3.103)

This shift will affect the entropy, temperature, mass and free energy. The second integration
constant corresponds to a redefinition of the time coordinate and hence of the temperature.
One can see this by looking at the form of the metric

ds® = —(1+ 2aby + - a(r)dt® + - -- (3.104)
= —a(r)dt* + -

i.e. by redefining the time coordinate one can absorb the integration constant ;. This in
turn corresponds to a shift of the temperature by

T — T(1 + aby), (3.105)

with the free energy and mass shifted by the same factor.

By an appropriate choice of the integration constant a; = —mA?/9 one can make the
entropy be uncorrected at order a. However, this value of a; is such that the temperature,
mass and free energy are corrected:

2 2 2
T—>T<1—a$); M—>M<1—a§>; F—>F<1—O‘§>. (3.106)

(These corrections are clearly consistent with the thermodynamic relation.) By fixing the
integration constant b; appropriately and redefining the time coordinate, one can undo
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these corrections at order «, leaving all thermodynamic quantities unchanged to order o?.
However, such a redefinition is somewhat unnatural from the perspective of the holographic
duality, as it implies that the time coordinate for the field theory is redefined at order a.
Thus the thermodynamics at order o depends on which quantities one has chosen to
hold fixed. In the context of supersymmetric black holes one fixes the mass (and charge),
with the temperature necessarily being zero and the entropy being corrected by the higher
derivative terms. In the context of finite temperature black holes, it would seem natural to
fix the mass also, as we did above, with the temperature and the entropy being corrected.

3.4 Einstein + R*

In order to obtain an eleven-dimensional correction which cannot be rendered trivial by
field redefinitions we need to add a curvature invariant involving the Riemann tensor, with
the first non-trivial term arising at fourth order. As discussed earlier, the reduction of this
term will result in terms quartic in the Riemann tensor in the effective four dimensional
action. In this section we will work with one representative curvature invariant at this order,
the same tensor structure considered earlier, but the generalization of the analysis to other
tensor structures would be straightforward. The reason for considering this particular term
is because, we discussed earlier, such a term would accompany any Riemann squared term
occurring in the effective lower dimensional action.
The action we consider is therefore

|
=55 [ dav=g (R =20 + a(Rypr R7™)?) (3.107)

The resulting field equation is

1
G = S (RpgraR7T)?g" — ARpgrs RO RVORY (3.108)

+ 8V, Vo (Ryrys RO RIOPY).

Note also that there is a new boundary term involving derivatives of the metric variation
obtained when varying the term at order «

4
= - &z /= a RPUTARPUT’\RO‘&Y‘; Ny V300905 (3.109)
We will discuss this term in the context of the variational problem below.

Now let us turn to the effect of such a correction on the planar black hole metric.

Evaluated on the static ansatz (3.51) the action reduces to

. o0 ) 9 D?
I—/O dr [27‘() (a—r )—i—am (3.110)
where to simplify formulae in this section we have imposed A = —3 and

D = 8a%0*1? + 8ad'V'br? + 4a*v*r? + 4a*b® + 9a"*0*r* + 12ad' bV r*
+6a’a"b'brt + 426" + 4ad”b'br* + o0 (3.111)
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Varying this action we obtain equations of motion for a and b consisting of the piece coming
from the Einstein action and a piece proportional to a coming from the correction. Once
again we solve these perturbatively in « as in section 3.2. The planar black hole solution
is indeed corrected:

a(r) = a((r) + aag)(r) (3.112)
_a.m a1 oo\ 672m*  1200m*  536m*
-y +a<<r %T) ré r? 10
and
b(r) = b(oy(r) + abey(r) (3.113)

336m2  224m3
=1l+alb + 6 + .

r9

Again there are two arbitrary integration constants, corresponding to redefining the mass
parameter and the time coordinate at order «. These constants will be set to zero and
their effect will be discussed further below. Note however that the AdS metric itself is
corrected by the quartic Riemann term, since the latter does not evaluate to zero, unlike
the previous Weyl example.

3.4.1 Thermodynamics of corrected black hole solutions

Let us first calculate the corrected horizon position and temperature of this black hole
solution. The horizon is located at

TH = m;/3 <1 + 04124> , (3.114)
and the temperature of this black hole solution is given by:
T = %ml/S(S — 2080) (3.115)
We also work out the Wald entropy using (3.27) giving
S = % - ii; /H (RMP? Ryyype ) RV fyd> 2, (3.116)

where we use ingoing coordinates for the horizon, namely
ds* = —a(r)b(r)?dv? + 2b(r)drdv + r*(dz? + dy?), (3.117)

and the integral is over the spatial part of the horizon. The integrand in the second term
however vanishes when evaluated on the leading order solution since

R = —d" =2 - — (3.118)

which vanishes at the horizon. (The Riemann squared term is non-zero at the horizon.)
Hence, in this case, the black hole entropy is given only in terms of the corrected area of

_ Yoy, o 208
S = qam® (1+a=- ). (3.119)

the horizon
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Combining the entropy and the temperature we notice that the combination

Viy 2
TS = 22 + O(a”) (3.120)
is again unchanged at order . As in the previous section we can now argue that for the
relation

dM = TdS (3.121)

to hold the correction to dM at order o must also vanish.

This argument on its own however does not exclude there being a term in the mass (and
free energy) at order o which is independent of the parameter m: recall that, unlike the
Weyl example, the AdS metric itself is corrected and the R?* term in the action evaluated
on AdS is non-zero. In other words, the holographically renormalized higher derivative
action evaluated on AdS could be non-vanishing. Computation of the renormalised mass
and action is somewhat involved as it requires analysing the corrections to asymptotically
locally AdS solutions, isolating the divergences, computing the counterterms and so on.
Fortunately there is a short cut: when the dual field theory is supersymmetric, the mass
of the m = 0 solution is necessarily zero, as is the free energy, and therefore there cannot
be any contributions to the mass and free energy at order o which are independent of m.
(Note that the free energy of the dual theory on a curved space would in general indeed
be expected to be corrected at order «.)

Thus, in summary, as for the C? case, the temperature and the entropy are corrected
whilst the mass and free energy are not. By choosing the integration constants a; and by
one can adjust which thermodynamic quantities are corrected at order «, but the most
natural physical choice from holographic considerations is indeed that where the mass is
fixed and the entropy is corrected.

3.5 Corrections arising in string theory

In this section we have explored the effect of various curvature invariants added to the
four dimensional action. We have shown that the thermodynamic properties of black hole
solutions are in general corrected even when the metric is not corrected. From a top
down perspective it would be complicated to determine which curvature invariants arise
in the four dimensional action, with a given higher dimensional invariant contributing to
invariants of different derivative order in four dimensions.

From the dual holographic perspective, one can try to restrict the invariants which
arise in four dimensions using the free energy on an S®. This would not restrict at all Weyl
invariants which do not contribute to the free energy. One would also anticipate that other
specific combinations of invariants involving Riemann, Ricci and Ricci scalar can be made
in which the correction to the free energy also vanishes.

In the following section we will turn to another criterion for higher derivative cor-
rections: the spectrum of fluctuations and the corresponding dual operators. In general,
imposing that such corrections lead to CF'T operators which are unitary and have positive
norm, rules out many curvature invariants.
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4 Spectrum of curvature squared theories

4.1 Linearized equations of motion

In this section we discuss the spectra of the higher derivative theories. For the sake of
brevity, we will mostly focus on the case of curvature squared corrections, but the analysis
for other higher-derivative theories would be similar and will be discussed at the end.

We consider again the action (3.10), whose equations of motion are given in (3.11)
to (3.13). Since our interest here is in the context of holography, we consider the spectrum
of excitations around AdSy, and when we need an explicit form for the metric we will work
in the Poincaré patch in which

ds® = d—p; + iz
p

p (—dt* + dx* + dy?). (4.1)

We denote by 2’ the coordinates on the three dimensional slices of constant p. We vary the
metric as gy — G + 09ur = Guv + by, where g, is the AdSy background metric. It was
shown in [28] that the linear variations of the various tensors appearing in the equations
of motion are

1.
Gk, = RL, 5RLgW — Ny
1 1

L A
Rl = VAV (b = 50hu = 5V, Voh (4.2)

RY = V'V"h,, — Oh — Ah

where V, is the covariant derivative associated with g. Note that h = g*”h,,. We write

explicitly
R = (" —M")Ru (4.3)
N7 v 0 L
- (gﬂ — R )(wa) + R,uu)
= R + R",

where R(g) is the Ricci scalar in the background.
To linear order in the variation, the equations of motion then become [28]

5(G + Ep) = [1+2A (0 + 48)] G5 + a [(D - QA) gt — gy,

3 3
+(a+28) [~V Vo + G0 + Agu] RE. (4.4)
The most common gauge used in holography is radial axial gauge, h,, = 0 for p =

(p,t,x,y). However, [28] used a covariant gauge
V¥hu = Vyh, (4.5)

since in this gauge the equations of motion immediately simplify.
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Substituting (4.5) into the linearized tensors (4.2) gives

A

1 1 1. .
Gk, = 5 VuVuh = SOhyu + 5 MG (4.6)

RF = —Ah

Dy +

which can then be substituted into (4.4), the variation of the equations of motion. Tracing
over the result yields

0=05(Guw + Ew) = Alh — 2(a + 38)0A]. (4.7)

Imposing the above constraint equation for the trace, we find that the variation of the field
equations is,

1 2A
= 5(G + ) = —%D%w -3 (1 + TO‘ + 8Aﬁ> Ohy,

A 4 A
+— 3 (1 + — + SAﬁ) (4.8)

+3(a+ 20) <(Jlr3m + A) V.V,h

A [ba+ 60
12(a+36+ (+65)>9“”

In [28] this equation was analysed only in the case of (o + 33) = 0, with a view to critical
gravity, but we will not impose this constraint here. From (4.8) we wish to extract the
equation of motion for f,,, the traceless part of h,,,, where

h

hw = h(,uu) + Zf]w. (4.9)
This yields, provided that 5 # 0,
2A 1 8BA
3 (a+28)
1+4A 36)) Vi,V h.
e +35)( +4A(a +38)) V(. V.

This equation represents an inhomogeneous equation for the traceless part of the metric
fluctuation. However one can rewrite the equation as a homogeneous equation by defining
a new traceless tensor ¢, as

ww,}) = h(wj> + )\va,,)h, (4.11)

and choosing A such that the final term in (4.10) is zero. This value turns out to be

6(a+30)

A= — 4.12
3+ 8A(a+38)’ (4.12)
making the resulting equation of motion for v» homogeneous
2A 2A 9
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where

1 8A
M2 _op_ L 840 (4.14)
Q@ Q
Moreover it is easy to verify that ¢, is transverse.

In the case where a = 0, the analogue of (4.10) is

2A
(14 88A) <D — 3> hiuwy + (L +128A)V(,V,y =0, (4.15)
which can be rewritten as a homogeneous equation
2A
(D - 3) iy = 0; (4.16)

65

Vo) = hgw) = 73R Y Vil

Note that this equation is only second order.

The interpretation of these equations is as follows. In the Einstein theory the only
propagating mode is the traceless part of the metric, which couples to the dual stress
energy tensor. In the theory with generic values of (a, ) the trace of the metric is a
propagating mode dual to a scalar operator Oy, of dimension

3 /9 1
Ao, = o4y /od —— 4.1
=53\ i1% s (4.17)

whilst the equation of motion for the traceless part of the metric fluctuation is fourth order.
One can write a basis for solutions of this fourth order equation as

ERAQY 2 .
w(/“’) - 11}(;11/} + 1/}<;uz>’ (418)

2A 2) (@ _
(D‘g_M>%u>—0’

with the propagating massless mode w&z/) coupling to the dual stress tensor and the new

mode 1/1(2) being associated with a spin two operator X of dimension
()

3 1

In this section we will show explicitly how these modes are associated with the dual spin
two operator and we will discuss how the variational problem is defined.

Note that the special case in which the action on AdS is uncorrected, with the bulk
term in the action reducing to Riemann squared, is obtained by choosing o = 4, 8 = —7,
in which case

Ao, =

h

+4/=+ =—; (4.20)
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We will discuss later when these operators are unitary, but let us already note here that
for v — 0, which is indeed the case when the higher derivative corrections are small, either
one or the other operator necessarily has a complex dimension and thus violates unitarity.

For special values of (o, 3) one has to look more carefully to obtain the spectrum. At
« = 0 the higher derivative term consists just of the Ricci scalar squared, and the only
new propagating mode in the bulk is the trace of the metric fluctuation, dual to a scalar
operator. At a4+ 35 = 0, when the bulk term reduces to Weyl squared, the metric trace is
zero so there is no dual scalar operator but there is still a propagating spin two mode dual
to a spin two operator. Whenever

(14 2Aa +8AB) =0, (4.21)

the second spin two mode becomes massless, with the dual operator becoming the loga-
rithmic partner of the stress energy tensor in the dual (L)CFT [55]. Note that this mode
can become massless even when the trace is a propagating mode, with a + 358 = 0 being
an additional constraint used to remove the scalar operator.

4.2 Derivation of equations of motion in general gauge

In this subsection we derive an elegant form for the linearized equations of motion without
imposing a gauge. Taking the trace of the equations of motion (3.11) to (3.13) one obtains

(2a+ 68)0R — 12— R =0, (4.22)

where we use the explicit value of the cosmological constant together with the Bianchi
identity

1
VIR, = §V,,R. (4.23)
Now letting » = (R + 12) one obtains a diagonal equation of motion for r
(2a+65)0r —r = 0. (4.24)

Note that this equation did not rely on the linearized approximation and is exact. Defining

1
R+ 39 = S + ngw (4.25)

where s, is traceless, i.e. g"”s,,, = 0, the traceless part of the linearized equation of motion
gives
(@O + (1 —da —2483))s = (@ +28)V(, V1, (4.26)

with the parentheses denoting the symmetric traceless combination. This equation can be
diagonalized by defining

wLV = Suv — "YV<,U,VV>T (427)
with 5 35
a+
= 4.28
77 31— 8a — 248) (4.28)
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to give
(ad+ (1 — 4a —24P)) = 0. (4.29)

The equations (4.24) and (4.29) represent second order equations for the linearized curva-
ture tensor and hold in any gauge. In the covariant gauge V#h,, = V,h used previously

1 1
r = 3h; Spy = _5([' + 2)h<#l/> + §V<le,>h. (4.30)

A complete basis for the solutions to (4.24) and (4.29) can be obtained by setting the
metric fluctuation hy, to be

hyuw = hly, + hiY,, (4.31)
with
r(h) =0 s (k) =0, (4.32)

and (r(h%), fw(hX)) are non-zero, satisfying (4.24) and (4.29).

In understanding the holography dictionary it is useful to look at the asymptotic
solutions for (4.24) and (4.29). Since r is simply a scalar field, of a specific mass, the
general asymptotic solution to (4.24) is as usual

H(p,w) = o000 (rolw) + pPra(@) -+ ) 4 p2O (raas(@) ++), (433)

where Ap, = % + 4 /% + m. Here ro(x) acts as the source for the dual operator, with
roa—3(x) being the normalisable mode, and all other terms in the expansion being fixed by
the field equation.

Equation (4.29) is an equation for a massive spin two field of a given mass. Such fields
are considered less frequently in holography (they were first analysed in [63]) but one can
analyse the general asymptotic solutions to the field equations as follows. The independent
solutions are

w(pm(pa E) = pd_A(f(x) + o ) + IOA(f(:E) +e )
Vi) (p: 8) = p7 27 (Bi() +--+) + p2 T (Bi(w) + ) (4.34)
Yiigy (s k) = p" A7 (Xg() +---) + pB P (Kij(a) + ),
where
A= g % P2 1 A0 (4.35)

with d = 3 in this case and M? given in (4.14). The fields without tildes denote the non-
normalizable modes and those with tildes are the normalizable modes. Only the transverse
traceless part of X;; and X;; are independent data, however, since the field equations imply

X=X =0; (4.36)
B; = _ﬁanji;

B; = —ﬁanijQ

=gt xB:  f=- 0B
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Thus the defining data for the spin two field indeed corresponds to a transverse traceless
spin two operator in the dual field theory.

The new defining boundary data is 7y () in (4.33) and Xj; in (4.34), namely the near
boundary behaviour of the scalar curvature and the (trace adjusted) Ricci tensor. One can
obtain a geometric interpretation of these boundary conditions as follows. As commented
earlier, the most natural gauge for holography is the radial axial gauge in which the metric
perturbations satisfy h,, = 0 and
dp? 1

ra + ?(m’j + Hyj)dx'dx?. (4.37)

ds®> =

In this gauge the linearized Ricci scalar r[h] defined above is given by
r[H] = p*R[H] — p*tr(H") + 3ptr(H'), (4.38)

with a prime denoting a radial derivative and Rij being the linearized curvature of H;j,
namely

Rij = % (0" 0 Hiy + 0" 0hHyy, — 0,0;00(H) — 0" 0 Hiy )

R = 0'0;H;; — Otr(H). (4.39)

From the equation for the linearized Ricci scalar we note that the leading asymptotic
behavior of the metric perturbation corresponding to the propagating scalar mode satisfies

1 3—A
trH = G-+ A)p Orrey e (4.40)

We can also express this condition in a more geometric way, in terms of the extrinsic
curvature of the hypersurface with induced metric v, as

VLo Ky — —Ar (0”207 (4.41)

Therefore the new data 7 (x) supplied corresponds to specifying the boundary condition
for the trace of the normal derivative of the extrinsic curvature.

4.3 Two point functions

To extract the two point functions of the scalar and spin two operators, the field equations
alone do not suffice: one needs to compute the onshell renormalized action. This is a
non-trivial issue, as even when the bulk field has a mass such that the dual operator would
be unitary, the corresponding two point function of that operator is not guaranteed to be
positive. In other words, the sickness of the higher derivative theory can manifest itself in
negative norms.

A useful trick for obtaining the two point functions is the following, borrowed from the
three dimensional discussions in [64]. Let us first rewrite the bulk terms in the action as

_L 4 — _ o 2 pv
1= [dv=g L 2A+<B+4>R +as™S,,] (4.42)
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where S, is the traceless part of the Ricci tensor. We next introduce a scalar auxiliary

field ¢ and a traceless spin two auxiliary field ¢#*” and write the action as

I = 212 &'z V=g [R oA+ (5 + %) (2R¢ — ¢>2)} (4.43)

d*z /=g [0 (28" Gy — P Syu)] -

Eliminating the auxiliary fields using their equations of motion gives the previous action.
For this action, the boundary term needed for a well-defined variational problem is

Iomy = —;/d% N ( K [1 + (25 + %) ¢] + aKWqS“”) . (4.44)

Note that the problems in setting up a variational problem have been solved here, by the
introduction of the auxiliary fields. A similar approach to dealing with the variational
problem in higher derivative theories was discussed in [40]. The action with auxiliary fields
admits Einstein manifolds as solutions, in which

The action of course also admits other solutions, but in this section we are interested in the
spectrum around an Einstein solution. For such solutions, the boundary counterterms given
previously in (3.17) renormalise the onshell action. Note that, as previously anticipated,
when one looks at the leading order Einstein solutions, the boundary conditions for the
auxiliary fields do not involve non-trivial data (i.e. unlike the metric boundary condition,
the boundary data for the auxiliary fields is not specified by arbitrary scalars or tensors) and
indeed this remains true when evaluating corrections on such solutions. When we compute
the spectrum below, however, we find that there is indeed non-trivial data required for the
auxiliary fields, which is expressed in terms of arbitrary scalars and tensors.

Let us now consider perturbations around such an Einstein solution g, of the equations

of motion, i.e. we let

uv = g,uzx + hw/; gb =4A + 6¢7 d),uzl = 5¢uu- (4'46)

The boundary data for d¢ and d¢,, specify the defining data for dual scalar and tensor
operators, respectively.

Let us begin with the o« = 0 case. To quadratic order in the fluctuations one obtains
the following for the bulk terms in the action

o [ e V=7 1 (L) (47
+52/d4:v V=0 66 (R[h] — Ah — 69).

where pp = (1 +85A), h = §" hy, and the linearisation of the Einstein equation is

1 R 1 .
7R[h]g/w + iAhgum (4.48)

G h] = Ry lh] = Ay —
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and the linearised Ricci tensor is given by
1
Ryu[h] = 5 (VPV by + VPN Ry — Vi Vb — Ohy,) (4.49)
with R[h] = §" R, [h] being
R[h] = V¥V"h,, — Oh. (4.50)

The action can be diagonalised with the field redefinition

h,u,l/ = B,uz/ + C((SQS)gw/ (451)

and letting
¢ =28/, (4.52)

The bulk action at the quadratic level then becomes
K =T -
0 =—55 / d*z /—gh* (Gl h]) (4.53)
d*z\/—§oo [ 6=06¢ + 54

where we have used

R(0¢g,) = —300¢. (4.54)
The equations of motion resulting from this action describe the graviton together with the
scalar field, and agree with those found in the previous sections.

Having obtained the action, it is now straightforward to extract the two point func-
tions of the dual operators. To do this we need to keep careful track of the boundary
terms, include those which arise in the field redefinitions. In working out these terms it
is convenient to fix a gauge for the metric perturbation l_zu,,, the holographic radial axial
gauge in which

hpu = 0. (4.55)
Thus the perturbed metric may be written as
dp*> 1
ds® = '0 + = (mij + Hij) dz’ 'da? (4.56)
p* P

where H;; = pQEZ-j. Evaluating all boundary terms involving H;;, including those from the

counterterms needed to renormalise the action for the background solution, one obtains
Ionshell - _ﬁ ds ,0 (HZ]a Hz] + 2HO H) (457)

where H = n% H;;. These terms can be processed using the Fefferman-Graham expansion,
namely
Hij = H(O)ij + ng(?))ij —+ - (458)

with H s);; being traceless and transverse. Thus

3
Tonshen = =7 /d356H(0)H(3)ij- (4.59)
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This action is clearly finite, without the need for additional counterterms, as expected as
the counterterms should take of all divergences of Einstein solutions of the field equations.
Moreover, recalling that

_ 2 5lonshell
we recover the formula 5
1
(Tij) = @H(B,)ija (4.61)

which is the linearisation of the renormalised stress tensor given earlier. Relative to Einstein
gravity, this formula is shifted by a factor of p which in turn implies that the two point
function for the stress energy tensor will be shifted by factor of u relative to the Einstein
case [53]. In this theory the ratio 7/s is unchanged by the higher order correction. This
was already apparent on general grounds, since the correction evaluated on an Einstein
solution can be removed by field redefinitions. Here the derivation is somewhat non-trivial
as both quantities are shifted by the factor of u: the Wald entropy was computed earlier,
and 7 is obtained from the two point function of the stress energy tensor, which according
to the formula above will only be shifted by u relative to the Einstein case.

What remains is to collect together all of the terms involving the scalar field. These give

1332
pik?

/ d510,,(56)5¢. (4.62)

Ionshell = -

This is the action in Lorentzian signature. The corresponding action in Euclidean signa-
ture is

2
I8 e = 135 /dE“@M((qu)(S(ﬁ; (4.63)

Recalling that the asymptotic expansion of such a scalar field dual to an operator of di-
mension A is

5¢ = p" 2 (0d-n) +---) +p2(0da+--+) (4.64)

we see that this part of the onshell action still has divergences as p — 0. This was indeed
to be expected, as the counterterms computed earlier were for Einstein solutions of the
field equations only.

The holographic renormalization required for such a scalar field is already known: if
the onshell (non-renormalized) Euclidean action for a free scalar field is

1
Iglshell = ) /dE“@aMSO (4.65)

then the renormalised two point function of the operator of dimension A dual to the field

@ is [65]
(0,(2)0,(0)) = Tfjfrzz)_r%)n (;A> = AR (;A) , (4.66)
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where we denote by R the renormalised quantity. Comparing with our case we obtain the
following for the norm of the two point function of the operator dual to d¢:

2
(0621040 =~y eaR (5 ) (4.67)

The norm is never positive and recall that the operator also has complex dimension for
negative 5. It would be interesting to carry out a similar analysis for the spin two operator,
setting « #£ 0, to find for which values of « the norm of the dual operator is non-positive.

4.4 Spectra for other curvature corrections

A similar analysis can be carried out for the spectrum around AdS induced by other cur-
vature corrections. For any given curvature invariant one might anticipate that generically
the operator associated with the higher derivative term is either non-unitary or has non-
positive norm. There are certain exceptions to this generic case, however.

If a curvature invariant which is built out of the Weyl tensor is added to the action,
then the equations of motion linearised around AdS are necessarily unchanged since the
Weyl tensor vanishes identically on the background. More precisely, any curvature at least
cubic in the Weyl tensor implies that all contributions to the linearised field equations are
at least linear in the Weyl tensor of the background, which vanishes for AdS. Therefore
the Weyl terms do not change the spectrum of operators in the dual CF'T, although they
can modify the correlation functions of these operators. This fits with the observation that
the Weyl terms on asymptotically locally AdS spacetimes fall off sufficiently fast at infinity
that the variational problem is unchanged from the FEinstein case. Put differently, one
needs no additional new boundary conditions and therefore there are no new associated
propagating modes and corresponding dual operators.

If one adds several different curvature invariants to the action, the diagonalization of
the linearised field equations becomes more complicated, as we saw in the case of curvature
squared corrections. For each new boundary condition there is an associated new dual
operator. The dimensions and norms of the dual operators are obtained non-trivially from
diagonalising the field equations and manipulating the onshell action.

From a top-down perspective, the leading higher derivative terms in the four-
dimensional action must be consistent with unitarity. This implies that they must give
rise to a linearised spectrum around AdS which is consistent with dual operators of real
conformal dimension and positive norm. We have shown that individual terms such as
R? are not consistent with unitarity, but we also noted that in reducing a higher dimen-
sional curvature invariant any such curvature squared term always appears with fourth
order curvature terms and a shift of the cosmological constant. Moreover, one needs to in-
clude all higher dimensional curvature invariants to respect unitarity at the required order,
supersymmetry and so on.

Finally let us consider how the dimensions of the dual operators relate to the param-
eters of the dual CFT. The dimensions of the operators for the case of Riemann squared
were given in (4.20). From the discussion around (3.7) we note that when such a term arises
from a reduction of eleven dimensions the coupling constant v would be the ratio of the
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term descending from R* to the leading order Einstein term. In other words, for the case of
an S” reduction v would be of order 1/N and in ABJM it would be of order 1/(kN) = 1/N'.
The dimensions of the operators scale as 1/,/7, i.e. N'/2 and (N')Y/2 = kAY/? respectively.
Riemann squared on its own is not unitary, so one of the operators always has complex
dimensions, but the combination with other terms arising from top down would give opera-
tors whose dimensions scale similarly. If no such operators exist in the dual CFT, then the
net effect of the reduction of the leading top down terms must be trivial at the linearized
level.

5 Conclusions

In this paper we showed that the variational problem is not in general well-posed in higher
derivative gravity theories without specifying additional data to the boundary metric.
When the higher derivative terms are treated perturbatively around the leading order Ein-
stein solution, the higher derivative equations always become inhomogeneous second order
equations, for which the variational problem is well-posed with only a boundary condition
for the metric. However, in analyzing the spectrum around the corrected background, the
linearized equations of motion are generically higher order and do indeed require additional
boundary conditions. In the context of holography these additional boundary conditions
correspond to data for operators in the dual conformal field theory. For the curvature
invariants we analyzed the operators are non-unitary since their conformal dimensions are
generically complex and their norms are non-positive definite. From a top down perspec-
tive, the reduction of any given higher dimensional curvature invariant results in a lower di-
mensional action involving several curvature invariants of different derivative order. When
the lower dimensional curvature invariants are combined, the resulting spectrum must be
unitary and thus either the dual operators must have real dimensions and positive norms
or (perhaps more likely) the resulting lower dimensional linearized field equations remain
second order with no new operators arising.

Even when the new operators induced by the higher derivative terms are non-unitary,
one might try to look for a unitary subsector of the theory, by switching off these operators.
This is indeed the perspective of [27, 56], whose boundary conditions effectively set to zero
the sources for the irrelevant operators associated with the higher derivative terms. As
explained in detail in [30, 31], however, switching off such sources does not switch off
expectation values for such operators. Moreover, even if one restricts to a subsector of
the theory in which the irrelevant operators are neither sourced nor acquire expectation
values, the theory itself is non-unitary. In particular, the extra fields do contribute in
computation of stress energy tensor correlation functions and there is no guarantee that
the latter would be unitary, nor is it immediately apparent that the additional operators
can always be decoupled from the stress energy tensor.

Many interesting questions deserve further study. By comparison with dual field the-
ory results, one could, at least in the highly supersymmetric examples of ABJM and ABJ
models, restrict what curvature invariants can arise in the effective four-dimensional ac-
tion. It would also be interesting to work out the spectrum for the reduction of a top
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down curvature invariant, i.e. putting together curvature invariants of different order in
four dimensions. In this work we have found that the simplest representative correction
would involve the Weyl tensor at orders higher than two: such corrections are in some
ways analogous to the Gauss-Bonnet examples in higher dimensions, in that the black
holes are corrected but there are no new operators induced in the spectrum. One of the
initial motivations for looking at higher derivative terms in Ad.Sy was to explore subleading
effects in applied holography and the Weyl solution would be a natural candidate for such
investigations.

One approach to holographic cosmology exploits the domain wall cosmology corre-
spondence [66] to obtain a field theoretic description of cosmologies in one higher bulk
dimension [67, 68]. Since the primary focus is naturally on four dimensional cosmologies,
the results obtained here would be relevant in discussing higher derivative effects in holo-
graphic cosmology. In particular it would be interesting to understand whether corrections
which give rise to non-unitary effects on the AdS side are automatically excluded from be-
ing physical on the cosmological side, and whether the irrelevant operators associated with
the higher derivative terms could actually be useful on the cosmology side in, for example,
exiting from the inflationary era.
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