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ABSTRACT: We report on a calculation of the cross-section for Higgs boson production in
gluon fusion in association with a hadronic jet at next-to-next-to-leading order (NNLO) in
perturbative QCD. The computational technique is discussed in detail. We show explic-
itly how to employ known soft and collinear limits of scattering amplitudes to construct
subtraction terms for NNLO computations. Cancellation of singularities is demonstrated
numerically for the collinearly-subtracted gg — H + j cross-section through NNLO and the
finite 045 p; cross-section is computed through O(ad) as a function of the center-of-mass
collision energy. We present numerical results for the gluon-fusion contribution to Higgs
production in association with a jet at the LHC. The NNLO QCD corrections significantly
reduce the residual scale dependence of the cross-section. The computational method that
we describe in this paper is applicable to the calculation of NNLO QCD corrections to any
other 2 — 2 process at a hadron collider without modification.
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1 Introduction

The ATLAS and CMS experiments at the Large Hadron Collider (LHC) have discovered a
new particle with a mass of approximately 125 GeV [1, 2] whose properties are consistent
with that of the Standard Model Higgs boson. Continuing studies at the LHC are focusing
on the detailed understanding of the quantum numbers of this particle [3] and its couplings
to gauge bosons and fermions (see e.g. [4] and references therein). The successful completion
of this task is crucial for determining if the new particle is indeed the long-awaited Higgs
boson or instead some other state.

A reliable understanding of coupling constants cannot occur without accurate theo-
retical predictions for the main Higgs boson production and decay processes. Arriving at
such predictions requires the computation of higher-order QCD corrections, since they are
known to affect Higgs production rates and decay branching fractions in a significant way.
In fact, for gluon-initiated processes gg — H + X, where X is a state with zero, one or two
hard jets, the next-to-leading order (NLO) QCD radiative corrections are known to be so



large [5-12] that next-to-next-to-leading order (NNLO) QCD computations are important
for reliable phenomenology.

Unfortunately, current computational technology only allows NNLO QCD computa-
tions for the case of Higgs boson production in association with zero jets [13-18]. Extending
this result to one or more jets will lead to a refined analysis of the pp — H — WTW ™
process, since in that case final states with different jet multiplicities are treated as different
processes in order to optimize search strategies. The information about the relative signif-
icance of the Higgs boson production in association with zero, one or two jets is currently
extracted from available fixed-order computations supplemented with resummations of the
most important terms in the perturbative expansion [19-23]. Explicit NNLO computa-
tions for multi-jet processes will be indispensable for understanding the reliability of these
predictions.

The other motivation for this work is of a more theoretical nature. One can argue
that the framework of perturbative QCD that has been developed since the late 1970’s has
proven to be one of the most important areas of particle physics phenomenology. Indeed, it
is impossible to imagine contemporary high-energy physics without hadron collider physics
whose proper description is intimately related with parton shower event generators, sophis-
ticated fits of parton distribution functions, fixed-order perturbative calculations and the
like. Much of our understanding of perturbative QCD is based on how soft and collinear
singularities cancel in suitable “infra-red safe” quantities, since this defines short-distance
observables that can be calculated in perturbation theory. Currently, there exists an inter-
esting gap in this understanding. On one hand, general theorems [24, 25| ensure that this
cancellation occurs in suitably defined quantities to all orders in perturbation theory. On
the other hand, we only know how to use those ideas for generic computations of infra-
red-safe observables at leading and next-to-leading order in perturbative QCD [26, 27].
It is still not entirely clear how to construct a general calculational scheme for two- and
higher-loop computations.

It is important to point out that, in spite of the fact that a generic computational
scheme is not available, a fairly large number of NNLO computations for various pro-
cesses have already been performed [16-18, 28-41], but until very recently such compu-
tations always utilized a particular aspect of a specific process. Such aspects included a
small number of final-state particles, or their color neutrality, or absence of color-charged
particles in the initial state, or even the fact that all matter particles in a particular
process were massive. A generic algorithm that is valid irrespective of the details of
the process under consideration was not worked out. This situation is somewhat pe-
culiar, because following the successful development of generic methods for NLO com-
putations [26, 27], it was generally felt that the development of similar methods for
NNLO computations would be relatively straightforward. For this reason, about ten
years ago many authors calculated infra-red and collinear limits of generic QCD ampli-
tudes [42-49] that are potentially relevant for NNLO computations, and a large num-
ber of two-loop 2 — 2 scattering amplitudes became available [50-62]. Unfortunately,
since it proved harder than expected to develop a working scheme for NNLO computa-



tions, these infra-red and collinear limits were never used to obtain a complete physical
result.!

Recently, important steps towards developing a general computational scheme valid
through NNLO QCD that, at least in principle, is applicable to processes of arbitrary
multiplicity, were made by Czakon [66, 67], who suggested to combine the ideas of sector
decomposition [68-70] and Frixione-Kunszt-Signer (FKS) [27] phase-space partitioning.
These results were used to obtain NNLO QCD corrections to the cross-sections for ¢ —
tt [71, 72] and qg — tt [73] processes. A similar computational scheme was also developed in
ref. [74] where it was applied to the calculation of NNLO QED corrections to Z — ete™.
We note that parallel developments in the antennae subtraction technique [75-79] have
recently led to the calculation of the NNLO QCD corrections to the leading-color all-gluon
contribution to di-jet production at the LHC [80].

While the above results mark important progress in developing a suitable framework
for NNLO computations, a large number of technical aspects still needs to be understood
and worked out. It is best to do this by considering a realistic example with all the ensuing
complications. This is the purpose of the current paper. We consider the hadro-production
of the Higgs boson in association with one hadronic jet at NNLO in QCD. To make
calculations as simple as possible, we work in pure gluodynamics, i.e. QCD without light
fermions. We note that an understanding of how to compute the NNLO QCD corrections
to H + j production is instructive because this process possesses all non-trivial aspects of
a generic NNLO QCD problem. Indeed,

e there are colored particles in the initial state;
e there are colored particles in the final state;

e already at leading order, the total cross-section for this process does not exist unless
a jet algorithm is specified;

e this process exhibits the most general structure of infra-red and collinear singularities,
since these singularities occur due to radiation of gluons in the initial and final states;

e singular collinear splittings g — gg involve non-trivial spin correlations;
e the number of Feynman diagrams that we need to compute is large.?

The only “non-generic” feature of the process that we consider is the high symmetry of
the final state which simplifies the bookkeeping and speeds up the computation. We feel,
however, that having this simplification is useful in the first step in the development of the
new technology and that it does not affect the generality of the method that we describe
in this paper.

!We note that these universal limits are at the base of the NNLO subtractions scheme [63, 64], whose
formulation was recently completed in the case of massless QCD and colorless initial state [65].

2For example, the process gg — Hggyg is described at leading order by 230 diagrams while the gg — Hgg
process at one-loop is described by 603 diagrams.



The remainder of the paper is organized as follows. In the next section we describe the
setup of the calculation. In section 3 we discuss the parametrizations of the phase-space
for leading, next-to-leading and next-to-next-to-leading order computations. In section 4
we explain how singular limits of amplitudes are used. In section 5 we describe how O(e)
parts of the relevant amplitudes can be computed using helicity methods. In section 6 we
describe the numerical implementation of our method. In section 7 we discuss some tests
and show the results of the computation. We conclude in section 8. Some useful formulae
are given in the appendix.

2 The setup

We are interested in the computation of NNLO QCD corrections to the process g + g —
H + g, where the Higgs boson can decay into arbitrary particles. To compute this and
related processes, we use the QCD Lagrangian, supplemented with a dimension-five non-
renormalizable operator that describes the interaction of the Higgs boson with gluons in

the limit of very large top quark mass®
1
L= _ZGE;QG@W — Mg HG(Z)G@#v. (2.1)

Here, G,(ff,) is the field-strength tensor of the gluon field and H is the Higgs boson field.

Matrix elements computed with the Lagrangian of eq. (2.1) need to be renormalized;
to do so, two renormalization constants are required. The first one relates bare and renor-
malized QCD coupling constants
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Here, o is the strong coupling constant in the MS scheme evaluated at the renormalization
scale p, Se = (4m)"“e™ ¢, v = 0.5772 is the Euler constant and
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are one- and two-loop contributions to the QCD S-function computed with the Lagrangian

(2.3)

of eq. (2.1). N, = 3 is the number of colors. We note that eq. (2.3) is only valid in a theory
without light fermions, as defined by the Lagrangian eq. (2.1).

The second renormalization constant ensures that matrix elements of the HGG
dimension-five operator are finite. It reads
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In the above formula, C(ay) is the Wilson coefficient of the HGG operator in the MS
scheme [89-92]
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Finite top-mass effects have been studied for inclusive Higgs production. Corrections beyond LO are
found to be small, both for inclusive observables [81-86] and differential distributions [87, 88].



where my is the mass of the top quark. We emphasize again that the displayed result is
only valid in the approximation when no light fermions are present in the theory.

Renormalization of the strong coupling constant and of the effective Higgs-gluon cou-
pling removes ultraviolet divergences from the matrix elements. The remaining divergences
are of infra-red origin. To remove them, we must both define and compute infra-red safe ob-
servables, and absorb remaining collinear singularities by renormalizing parton distribution
functions. We now discuss these two issues.

Generic infra-red safe observables are defined using jet algorithms. For the calculation
described in this paper we employ the k| -algorithm. This algorithm belongs to the class
of sequential jet algorithms. It requires specification of the minimal transverse momentum
of the reconstructed jets p; ; and the minimal “angular” distance between two partons,
AR;; = \/(yi — yj)? + (gi — ¢;)?, where y = 1/2In(E+p.)/(E—p.) is the rapidity and ¢ is
the azimuthal angle of a parton. Once AR and p ; are specified, the jet algorithm maps a

set of parton momenta onto a set of jet momenta in such a way that jet momenta are stable
against soft and collinear parton splittings. The Kinoshita-Lee-Naunberg theorem [24, 25]
then ensures that observables constructed from jet four-momenta are determined by short-
distance physics and can therefore be computed in QCD perturbation theory. However,
because massless colored partons are present in the initial state of the partonic process
g9 — H + X, the infra-red and collinear cancellation is not complete, even in the presence
of a jet algorithm. Collinear singularities associated with gluon radiation by incoming
partons must be removed by additional renormalization of parton distribution functions.
We describe how to perform this renormalization in what follows. For definiteness, we
focus our discussion on the production cross-section of a Higgs boson and a jet in pure
gluodynamics.

We denote the UV-renormalized partonic cross-section for the production of the Higgs
boson and a jet in a gluon fusion by &(x1, z2), and the collinear-renormalized partonic cross-
section by o(z1,x2). Once we know o(x1,x2), we can compute the hadronic cross-sections
by integrating the product of o and gluon distribution functions over x; and x9

olptp—H+j)= /dl‘ldm 9(z1)g(x2) o(21,22). (2.6)
The relation between ¢ and & is given by the following formula®
c=T"'sel ! (2.7)

where the convolution sign stands for

1

[f ®g]( /dzdy5 r —yz)f(y)g(2). (2.8)
The collinear counter-terms are defined as
g g\ 2
I=6(1—z)— (ﬂ) T+ (%) Ty, (2.9)

4We show this relation for pure gluodynamics; if more species of partons are present, eq. (2.7) becomes
a matrix equation.
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The relevant splitting functions and their convolutions are given in the appendix. We write

L (P9 @ PO + 50PY) - - Lpw, (2.10)

the UV-renormalized partonic cross-section through NNLO as

2
7=60 4 <W> M 4 <F(1+6)as> AN (2.11)
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and the collinear-renormalized partonic cross-section as

7= +<27r>0 +<27T) o (2.12)
We note that the collinear-renormalized cross-section is finite. We then use eq. (2.7) to
obtain
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Although finite, the o™ still depend on unphysical renormalization and factorization
scales because of the truncation of the perturbative expansion. In the following, we will
consider for simplicity the case of equal renormalization and factorization scales , p, =
py = p. The residual ;o dependence is easily determined by solving the renormalization
group equation order-by-order in as. The equation reads

0= 2d0pypsmtj o d
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The p-derivative of the right hand side can be computed using the known evolution equa-
tions for the strong coupling constant and the gluon density
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where a;(f) = oW (as(p), p) and Lis = Inp?/pu3.



It follows from eqs. (2.13), (2.16) that, in order to obtain ¢(?) at a generic scale, apart
from lower-order results we need to know the NNLO renormalized cross-section 3 and
convolutions of NLO and LO cross-sections with various splitting functions. Up to terms
induced by the renormalization, there are three contributions to 72 that are required:

e the two-loop virtual corrections to gg — Hg;
e the one-loop virtual corrections to gg — H + gg;
e the double-real contribution gg — H + ggg.

We note that helicity amplitudes for all of these processes are available in the literature.
The two-loop amplitudes for gg — Hg were recently computed in ref. [93]. The one-loop
corrections to gg — Hgg [94] and the tree amplitudes for gg — Hggg [95, 96] are known.
Moreover, in the two latter cases, these amplitudes are available in the form of a Fortran
code in the program MCFM [97]. In principle, they can be just taken from MCFM and
used with no modification in another numerical program.

Since the above discussion implies that all ingredients for the NNLO computation of
gg — H + jet are available and, in fact, have been available for some time, it is important
to understand what has prevented the community from performing this and similar cal-
culations. In fact, the main difficulties with NNLO calculations appear when we attempt
to combine the different contributions, since integration over phase-space introduces addi-
tional singularities if the required number of jets is lower than the parton multiplicity. To
perform the phase-space integration, we must first isolate singularities in tree- and loop
amplitudes. It required a long time to establish a convenient way to do this.

The computational method that we will explain shortly is based on the idea that
relevant singularities can be isolated using appropriate parametrizations of phase-space
and expansions in plus-distributions [27, 70]. To illustrate this point, we consider the

integral

1
:/dx:c_l_“F(az), (2.17)
0

where the function F'(z) has a well-defined limit limo F(x) = F(0). We would like to
z—

construct the Laurent expansion of I in e. This can be accomplished by writing

1;11+a6 = —*5 Z [ (x)L (2.18)

so that

X X
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The above equation provides the required Laurent expansion of the integral I(e). We note
that each term in such an expansion can be calculated independently from other terms.



To use this approach for computing NNLO QCD corrections, we need to map the
relevant phase-space to a unit hypercube in such a way that extraction of singularities is
straightforward. It is intuitively clear that correct variables to use are the re-scaled energies
of unresolved partons and the relative angles between two unresolved (collinear) partons.
However, the problem is that different partons become unresolved in different parts of the
phase-space. It is not immediately clear how to switch between different sets of coordinates
and cover the full phase-space.

We note that for NLO QCD computations, this problem was solved in ref. [27], where
it was explained that the full phase-space can be partitioned into sectors in such a way
that in each sector only one parton (i) can produce a soft singularity and only one pair of
partons (ij) can produce a collinear singularity. In each sector, the proper variables are the
energy of the parton ¢ and the relative angle between partons ¢ and j. Once the partitioning
of the phase-space is established and proper variables are chosen for each sector, we can use
an expansion in plus-distributions to construct relevant subtraction terms for each sector.
With the subtraction terms in place, the Laurent expansion of cross-sections in € can be
constructed, and each term in such an expansion can be integrated over the phase-space
independently. Therefore, partitioning of the phase-space into suitable sectors and proper
parametrization of the phase-space in each of these sectors are the two crucial elements
needed to extend this method to NNLO. In the next section we discuss these issues in
detail.

3 Phase-space parametrizations and sector decomposition

3.1 Phase-space for leading order processes

We now discuss how to parametrize the leading-order phase-space for the process g1 +go —
H +g3. This will be needed both for the leading-order cross section and for the NLO virtual
and NNLO double virtual corrections, so it must be computed in d = 4 — 2¢ dimensions.
We note that the integration over the leading order phase-space is not singular, because
of the requirement that a jet is observed. We work in the center-of-mass frame of the two
incoming gluons, so that their momenta are parametrized as

pL = f(l,o,o, 1), p2= \f(l,0,0,—l). (3.1)
The center-of-mass collision energy is denoted by /s and the mass of the Higgs boson is
denoted by mp. The production cross-section, averaged over spins and colors of the two
colliding gluons, is written as

1 .
doggsrt+g = ﬁdLlpS12—>H3’Mgg—>gH’2 x Fj, (3.2)

where F} is the “measurement function” that restricts the integration to the region of
phase-space where there is an identified jet. The amplitude M4,z describes production
of an on-shell Higgs boson in hadronic collisions and dLips;,_, 3 is the Lorentz-invariant
phase-space.



The parametrization of the phase-space dLips;,_,35 in eq. (3.2) is easily obtained by
integrating over the momentum of the on-shell Higgs boson and then over the center-of-
mass energy of the gluon g3. We find

dLipsyy_,3p =

ngdiQ)PI,Q;I dcosfs < B mij
s

8(2m)d—2 ) » PiH = Emaxsinbs, (3.3)

where Emax = (s —m?%)/(2y/s). With this parametrization, the momentum of the gluon
g3 reads

pP3 = Emax (17 ﬁ3) 5 (34)

where n3 = (sin 63 cos 3, sin #3 sin @3, cos f3), and the Higgs boson momentum is obtained
from momentum conservation: py = p1 + p2 — p3. Note that in eq. (3.3), py g is the
transverse momentum of the Higgs boson relative to the collision axis.

Before proceeding further, we note that the azimuthal angle 3 of the emitted gluon
is a dummy variable, since neither matrix element squared nor the measurement function
F; depend on it for our choice of p; and po. Hence, we can rotate it away by taking the g3
momentum to be

p3 = Emax (1,sin 63,0, cosb3) , (3.5)

and integrate over ng,’d*Z) in eq. (3.3). Once this is done, we can set this solid angle to its

four-dimensional expression to simplify calculations at higher orders. This is legitimate to
do as long as we can identify this angle, associated with global rotations of final states in the
plane transverse to the collision axis, when parametrizing higher-multiplicity phase-spaces.
Nevertheless, to maintain sufficiently general leading order kinematics, we re-introduce the
azimuthal angle @3 and keep it to generate momenta of the gluon and the Higgs boson.

This amounts to writing ngd_2)

— deps in eq. (3.3) and then using eq. (3.4) for the gluon
g3 momentum. In addition, since the transverse momentum of the Higgs boson is an
observable quantity, the differential cross-section do/dp g should be finite for each value
of p g to all orders in perturbation theory. Hence, we can divide the cross-section by plsz
without changing the final result. This amounts to removing this factor from the pha,s7e—
space parametrization at both leading and higher orders in perturbation theory. Putting
all these remarks together, we conclude that we can choose the leading order phase-space

to be “four-dimensional,”

. d cos O3ds m? m?\ dzsdry
dLlpSlZ*)QSH — W 1-— TH = 1-— TH S s (36)

where we introduced cos 03 = 1—2x3 and 3 = 274 to parametrize the momentum of gluon
g3 as given by eq. (3.4). We must remember to normalize NLO and NNLO phase-spaces
to pff{ for consistency.

Although we will not discuss this in any detail in this paper, we note that it is straight-
forward to include decays of the Higgs boson. Indeed, because the Higgs boson momentum
is an observable quantity, all singularities should cancel out in the differential cross-section
do/dpy. Once this differential cross-section is known and because the Higgs boson is a
scalar particle, so that no spin correlations are present, we can easily turn do/dpy into



quantities such as do/dp,, dp,, by letting the Higgs boson decay in its rest frame and then
boosting the four-momenta of the two photons into the center-of-mass frame.

3.2 Phase-space for next-to-leading order processes

In this section, we consider the parametrization of the phase-space for the process g1 +g2 —
H + g3 + g4. This process represents a real-emission contribution to the production cross-
section of the Higgs and one jet at next-to-leading order. It is also important for the NNLO
computation where integration of one-loop corrections to gg — Hgg amplitudes over the
ggH phase-space is required.

As we already explained in the Introduction, a good parametrization of the phase-space

dLipSng2—>Hg3g4
of the process g1go — Hgsgs. Of particular importance are collinear singularities. We can

should facilitate the extraction of singularities from the matrix elements

compare two cases: i) g4 is emitted collinear to gi; ) g4 is emitted collinear to gs. In the
first case, it is easiest to extract the singularity if the z-axis is chosen to coincide with the
direction of the gluon ¢g; and in the second case with the direction of the gluon gs. This
immediately tells us that a suitable parametrization of the phase-space should depend on
the kinematics of the process. As we mentioned in the Introduction, this is the main idea
behind the FKS subtraction method [27].

Following ref. [27], we note that the first step towards a convenient phase-space pa-
rametrization is the phase-space partitioning. The goal of such a partitioning is to create
sectors where one and only one gluon or one and only one pair of gluons can become
unresolved. Once we know which gluon or which pair of gluons can produce singularities,
we choose the energy of the potentially soft gluon and the relative angle between the two
potentially collinear gluons as the primary variables for the phase-space parametrization in
the given sector. To illustrate this procedure, we begin by removing the symmetry between
the two gluons in the final state by separating them into “resolved” and “unresolved” ones.
To this end, we introduce the following function of transverse momenta of gluons g3 and g4,

A — Lv | £, 3.7
PL pi3+pia i# 3.7
and write
L. . :
orALipsizs3am = oydLipsiy 3am (A](;i) + Af’j) — dLips;p gAY (3.8)

In the last step we used the fact that the phase space, the kinematic constraints on final-
state particles and all matrix elements are symmetric with respect to permutations of gluons
gs and g4. Given the structure of the damping factor A,(;i), it is clear that singularities of
the matrix element related to gluon g3 are unimportant, and we only need to consider cases
when gluon g4 becomes either soft or collinear to one of the three hard directions defined
by the momenta g1, go and g3. Note that g3 and g4 cannot both be soft, or collinear to the
collision axis at the same time, because we require a jet in the final state. To separate the

collinear-singular regions, we introduce another partition of unity

1= A0 L Al L Al (3.9)

,10,



In eq. (3.9), we use

4 k4
Agh) - plip2d ¢ 54234 + p2A 3t gk # i, 4, (3.10)
where p¥ =1 — i, - n; and 7; is the three-vector that parametrizes momentum direction
of the particle i. Again, the Agﬁ) are labeled in such a way that the subscript indicates
a pair of particles that can become collinear without forcing the angular damping factor
to vanish. Inserting this partition of unity eq. (3.9) into the phase-space of eq. (3.8), we
obtain
L. o (44) . (4d) . (4) A (40)
5dL1p312—>34H — ZdLlp812ﬁ34H7 dLipsyy 5. = dLipsio_ysag A, /Ay (3.11)
i=1
The above decomposition defines pre-sectors that we will refer to as Sc). A phase-space
parametrization for each of these pre-sectors is chosen in such a way that the soft and
collinear singularities that are relevant for that pre-sector can be extracted in the easiest
possible way.
We now describe these parametrizations explicitly. In general, we will parametrize the
phase-spaces by splitting them into “regular” and “singular” parts

(4 4) 11 - ;
dLlpS§2l>34H = A;()i)A((; )dLlpSQ(12)—>3H x [dga)™). (3.12)

The regular NLO phase-space is the same for all pre-sectors. It includes all particles except
the (potentially soft) gluon g4. We write it as

—€
. dzsdas 2F EZ sin? 64
dLlpSQ(12)—>3H = 3 2 N %z 2 ) (3.13)
(87T) (Qo — Q - 73) PlH
where we have introduced the notation @ = p1 + p2 — ps4 and p3 = Eg,(1,73). Also,
Q* —m% _ . L
By =—-—Z4% 7i3 = (sin 03 cos 3, sin O3 sin @3, cos f3) |
T2(Qo— @ - i3) (3.14)
cosf3 =1 — 2xy4, sin 03 = ++/1 — cos? 03, p3 = 27x5.

Following the discussion of the leading order phase-space parametrization, we have dropped
the e-dependent part of the integral over azimuthal angle of the gluon g3, and have nor-
malized the remaining e-dependent part of the phase-space to the transverse momentum
of the Higgs boson.

Parametrization of the singular phase-space depends on the pre-sector. To explain this,

4D To parametrize the singular phase-space for this

we begin by considering pre-sector Sc
pre-sector, we note that, thanks to the damping factors, the singularities occur when g4 is
collinear to g1 or when g4 is soft. Hence, it is convenient to choose the parametrization
where the energy of the gluon g4 and the relative angle between the three-momenta of g4
and g; are basic variables. The azimuthal angle of the gluon g4 is conveniently defined

relative to the plane formed by the g1 and g3 three-momenta. We therefore write

pa = Eg, (1,sin 64 cos @4, sin 04 sin 4, cos by) , (3.15)
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where ¢4 = @4 + 3. The singular phase-space reads

Ed 3dEg4d cos 04dp4(sin? O, sin? 954)_6dQ(d_3)

(41) _
[d94] 2(27r)d—1

(3.16)

The (d — 3)-dimensional solid angle does not enter any of the scalar products and therefore
can be integrated away. We write

Eg4 = Lmax®1, COS 94 =1- 21‘2; (317)

where Ey.x is introduced after eq. (3.3). The singular phase-space for Sc*) becomes

2—269(d_2) d 102 o —e
[dgs) ") = EL2 W 212 C (1 — 1) f“(sm (Pa=28) "4 dws. (3.18)
T ™ _
Of depa(sin®(pa)) €
We use . 1 1
/d904(sin2 w4) = 2l=2¢p (2 —65 = e> , (3.19)
0

and write ¢4 = 273 to find

72 mt I'(14¢€) 9 9
[dg4](41) <1 — ?E — 2<3€ + % ) W 2 2 (2Emax)2 2

(3.20)
x 21 2wy (1 — m2) " (sin?(pg — ¢3)) del

Combining everything, we find the expression for the phase-space of the pre-sector Sc4b)

to be
(41)

dzidzedrsdryd
dLipsjy s,y = Norm x PS,, x PS™¢ o ;ii;lfj i [2725] (3.21)
TR
where PS = 16E2, E?sin? 05(1 — 25)(sin? (¢4 — 4,03))/p3_7h and
I'(1+e) 2, m
Norm = W (1 ?6 - 2(36 -+ %6 (3 22)
PS, = Binas B A AW |
w 0 pL”

(/s — Eg(1 — 7ig - 7ig))

These equations allow us to generate four-momenta of all final-state particles. Indeed,
a set of random numbers z1,...,x5 gives us momenta of the gluon g4 and the direction
of the unit vector 773 that parametrizes the momentum direction of a “hard” gluon g3
in the center-of-mass frame of colliding gluons. Using this information, we can find the
energy of the gluon g3 and determine the momentum of the Higgs boson from momentum
conservation.

The phase-space of the second pre-sector Sc(12) dLips%Q_))34  is parametrized in a sim-
ilar way, except that we now need a simple parametrization of the relative angle between
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gluons g9 and g4. Therefore, we write cosy = —1 + 2xo. This is the only change that
occurs at the level of momentum generation and everything else, including the phase-space
parametrization, can be borrowed from eq. (3.21).

The phase-space parametrization for the third pre-sector Sc(43)

requires some changes.
The main difference with respect to the previous cases is that now the collinear direction
corresponds to the “hard” final state gluon g3, which means that we need to choose the
relative angle between g3 and g4 as the primary variable for phase-space parametrization.
In the reference frame where the momentum of gluon g3 is along the z-axis, the direction

of the gluon g4 is chosen to be
T4.3)|. = (sin 04 cos ¢y, sin 64 sin 4, cos bq) . (3.23)

The phase-space parametrization employs angles 64 and ¢4. The momentum of the gluon
g4 in the center-of-mass reference frame is obtained by rotating eq. (3.23) in the x — z plane
by 63 and in the x — y plane by 3. We parametrize the energy of the gluon g4 and its
relative angle with respect to gs using eq. (3.17). We conclude that the parametrization
of Sc*3) phase-space coincides with eq. (3.21) except that in PS™¢, we should substitute
(sin®(p4 — 3)) ™ — (sin’(a)) "

The above formulae can be used to construct phase-space parametrizations for next-
to-leading computations or for the calculation of the one-loop corrections to gg — H + gg
process. In the latter case, one should be careful since it is customary for one-loop virtual
corrections to be normalized with the factor

D(1+e)(1—¢)?
(4m)2=<T'(1 — 2¢)

or = (3.24)

If we choose the normalization in such a way that one power of I'(14¢) /(4m)%? is factored
out per loop, the expression for Norm in eq. (3.22) changes. To use eq. (3.21) for the
computation of real-virtual corrections, we should make the following replacement there

FQ 1 2 4
Norm — Normgy = crNorm = W (1 — %62 — 4363 + 721-464) ) (3.25)

3.3 Phase-space for next-to-next-to-leading order processes

In this section we consider the partonic process g1 + g2 — H + g3 + g4 + g5 and discuss
how to generate the phase-space in a way that facilitates the extraction of singularities.
We begin with a discussion of the phase-space partitioning. Similar to the one-loop case,
we first partition the phase-space in a way that allows us to identify the “hard” gluon by
writing

Al — DLk . i#j#k, i,j,kel3,4,5]. 3.26
PLo pis+pia+pis #i7 | | (3:26)

Because AGY + ABG5 1 A(5) — 1 we can use this partition of unity and the symmetry
of the phase-space, the measurement functions and the matrix elements with respect to
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permutations of gluons g3, g4 and g5, to write

1 . 1 . 1 ..
S7ALips 9 s 345 = gdL1P312—>H345 <A;()?l4) + Ag(a?f) + Aéf))> = gdL1P512—>H345A§i5)

3!
= dLiP512aH345A;(>i5)9(Eg4 — Ey;).
(3.27)

In the last step we introduced the energy ordering of the two gluons; this allows us to
remove the final symmetry factor.

We must next partition the phase-space to extract collinear singularities. To do so, we
closely follow the discussion of the next-to-leading order case in the previous section. We
split the phase-space into nine different sectors that we denote by the possible collinear
directions of the gluons 4 and 5. We have three triple-collinear sectors 4||5||i, with ¢ = 1,2, 3
and six double-collinear sectors 4[[i ® 5||j, where ¢ # j € [1,2,3]. To write the weight for
each of the nine sectors, we introduce the auxiliary quantities

3 3
dicls) = Y pijs diepsie = Y Pijs dasij = pas + pai + ps;. (3.28)
=1 =Lk

Denoting the weight of a sector where gluon 4 is allowed to become collinear to gluon i
and gluon 5 to gluon j by wa;.5;, we write (k #n # 4 # 5 #1i # j)

Wass i = PakPanPskPsn | (1 n ERYRS n 1
R dyds dg,  dan dsi;  dsp
=t )+ — =)=+
(d4i d4k> <d5k d5n> d4sni dg;  dan dsi,  dsp ) daski

NENESTERL PN VR
dar,  dan ) \dsi  dsi ) dasin dar dan ) \dsi  dsn ) dasir |

(3.29)

and (k#n#4#5#4,l#m#4+#5#7)

o PakPanpsipsm (1 1 N1 1 pas
Waidyli = dyds <d4k * d4n> <d5z * dsm ) dasij (3:30)

Using eq. (3.27), we decompose the phase-space as

1 . .
37dLiPS12 s pi345 = Z dLlpSSLH?AB’ (3.31)

acs

where S = [(41;51),(42;52),(43;53), (41;52), (42;51), (41;53), (43;51), (42; 53), (43; 52)]
and

dLips\%) = dLi AW 9B, — E 3.32

1PS19°, 17345 1PS125H345 Bp | (Eg, 95) Wa- (3.32)

We now discuss the parametrization of the phase-spaces for individual pre-sectors.

Because of the AS‘E) factor, we consider gluon g3 as part of the regular phase-space and

gluons g4, g5 as part of the singular phase-space. Regular phase-spaces are the same for all
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pre-sectors and are parametrized in the same way as at NLO in eq. (3.13), except that the
vector () in that equation becomes Q = p1 + p2 — ps — Ps.

We begin with the triple-collinear sectors. We have three such sectors Sc(4i55i), 1 €
[1,2,3]. In these sectors, singularities can appear if gluons g4 5 are soft, and if they are
collinear to the direction 71;, or to each other. The phase-space parametrization should
enable us to extract all of these singularities. We will start the discussion with the triple-
collinear initial sector Sc(*1°1).

The first step is to find independent degrees of freedom, which is non-trivial because
we have to perform computations in dimensional regularization. To illustrate this point,

we use d-dimensional rotational invariance to choose the momenta of five gluons as follows

pro= ¥ (1,0,0.41:0),
p3 = Eg, (1,sin 63 cos ¢3, sin O3 sin @3, cos f3;0) (3.33)
P4 = Eg4 (17 sin 047 07 COS 047 0) )
ps = Egs (1,sin 65 cos g5, sin 05 sin 5 cos o, cos O; sin 05 sin 5 sin a) .
Note that these momenta are shown as five-dimensional vectors; the fifth component cor-
responds to one of the axes in the (d — 4)-dimensional space. The angle « parametrizes
leakage into the (d —4)-dimensional vector space. Note also that we have chosen to give the
(d — 4)-dimensional component to the softer of the two gluons. The reason for this choice
will be explained shortly. With this parametrization, the angular part of the phase-space
becomes
ngg_l)ng‘Z_l)dﬂg‘i_l) ~ d[cos 03] (sin? A3) ~¢d @3 (sin? @3)_edQ§‘§_3)
x d[cos 0] (sin” 94)_5d9gff_2) d[cos 05 (sin? f5) € (3.34)
x dps(sin? 5) ~¢d[cos ] (sin? a)_1_6d9é§_4).
We can generalize the momentum parametrization in eq. (3.33) by rotating all momenta

in the zy-plane by the angle p4. Obviously, the momenta of the incoming gluons pj > do
not change, while the other momenta become

pa = E4 (1,80 04 cos @y, sin 64 cos 4, cos 04;0) ,
ps = FE5 (1,80 65 cosy (@4 + ¢35), sin 05 sing (o4 + ©5), cos O5; sin b5 sin ps sina) ,  (3.35)

p3 = E3 (1, sin 5 cos 3 sin 63 sin 3, cos 03;0) .
In eq. (3.35), we have introduced the notation

c0sq (P4 + p5) = €OS @4 COS P5 — sin 4 sin g5 cos a, (3.36)
sing (4 + p5) = sin @4 cos 5 + oS p4 sin ps cos a, ‘

and w3 = @3 + 4. Note that the phase-space is written in terms of @3, the relative
azimuthal angle of g4 and g3, and that

cos?(a) + sin?(a) # 1. (3.37)
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Before we express the phase-space parametrization in terms of suitable variables, we
make a few general comments. We note that our choice of the phase-space parametrization
and assignment of extra-dimensional components is restricted by two requirements:

e extra-dimensional components and angles should not complicate the extraction of
singular limits;

e extra-dimensional momenta components should not appear in the non-singular matrix
elements and kinematic constraints.

It turns out that the parametrization of the momenta in eq. (3.35) satisfies the first require-

(45:51) " This happens because the parametrization is

ment for the triple-collinear sector Sc
chosen in such a way that the scalar products p; - p4, p1 - ps, P4 - p5 that can potentially lead
to singularities in this sector do not depend on the extra-dimensional angle a.

We now discuss how to satisfy the second requirement. We note that full parametriza-
tion of eq. (3.35) is not needed for the highest multiplicity gg — Hggg hard matrix element.
Indeed, a configuration where all the three final-state gluons are resolved is non-singular,
hence we can use a d = 4 phase-space parametrization to describe it. We will see explicitly
below that this amounts to setting o = 0 in eq. (3.35). Therefore, we only have to explain
how to satisfy the second requirement in configurations where one or both of g4, g5 are
unresolved. To this end, we note that in all soft limits this requirement is automatically
satisfied. Indeed, since E,, — 0 implies E, — 0, in any of the soft limits the gluon
momentum with the e-dimensional component is not present in the hard matrix element
and in kinematic constraints. The a-dependence will therefore reside solely in the unre-
solved phase-space and in eikonal factors and splitting functions. It is important that this
dependence on « is non-singular, so that the numerical integration can be performed in a
straightforward way.

The collinear limits are more complicated. If ps is collinear to either p; or p4, then
5 = 0 or #5 = 0, which implies that the e-dimensional components of momenta and the
dependence on « disappear from the matrix elements. On the other hand, this does not
mean that collinear limits are independent of . Indeed, such a dependence is present
in the spin-correlation part of the splitting functions. We must account for that in the
computation. This can be done in a straightforward way since this dependence is non-
singular. Finally, consider the kinematic situation where p, is collinear to p; and ps is
resolved . In this case, the matrix element squared becomes

1 *, UV
IMP? = m@C’AQE)Pg’?(m,K4)M“(p14,p2,p3,p5)/\/l (P14, P2, D3, D5), (3.38)

where pi4 = p1 — ps4 and k4 is the spin-correlation vector that tells us how the collinear
direction is approached (see section 4 or [26] for details). Eq. (3.38) implies that the matrix
element depends on the four-vector ps; and, according to eq. (3.35), ps; has e-dimensional
components. This dependence is unfortunate, since it becomes unclear how to use four-
dimensional methods, such as spinor-helicity techniques, to simplify calculations of scat-
tering amplitudes in that situation. However, when p1||py we are left with only three
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different directions ni, nz, ns. We can use d—dimensional rotational invariance to remove
any e-dimensional components from the matrix elements in eq. (3.38). To do so, we first
remove the y-component of p3 by rotating all momenta in the zy-plane by the angle —s3.
This rotation does not change pi14 ~ (1,0,0,1) and py ~ (1,0,0,—1). We then perform
another rotation in the ye-plane, to remove the e-dependent component of the vector ps.
Because none of the momenta in the matrix element has both - and e-dimensional compo-
nents, such a rotation does not change pi4, p2 and ps, while it makes ps four-dimensional.
We note that, although we rotated away the e-dimensional components of the resolved
four-vectors that are used in the hard matrix elements, these vectors still depend on the
e-dimensional angle . In addition, because of spin correlations, we also must rotate the
vector k) = (0, cos ¢4, sin 4, 0, 0) that enters Pyg in eq. (3.38). This rotated vector receives
e-dimensional components and becomes a-dependent. The purpose of the rotation therefore
is to move the e-dimensional components from the resolved momenta in the matrix element
to the splitting function, where it is easy to account for them explicitly. Finally, we stress
that the very possibility to rotate away the e-dimensional components of particle momenta
is connected to the rotational invariance of spin-summed scattering amplitudes squared in
d-dimensional space-time. This seems to suggest that the easiest framework in which to
implement this techniques is conventional dimensional regularization, where the momenta
of all external particles and their polarization vectors are treated as d-dimensional. We
will discuss this point in more detail shortly.

We now discuss the explicit parametrizations of the relevant phase-spaces. For the
sector Sc(41?51), the singular phase-space reads

d—3 d—4
dl=aqld="
24+2E(27T)2d—2

[dg4][dgs]0(Eg, — Egy) = dips [sin®(p4 — 3)] " dcosa [sin’ a] e

X [gléz]l—Qe [n4(1 —n2)] " [n5(1 —m5)] " M1 — )\)]71/276 |7741—)17752!€1_26 (3.39)

X (2Emax)* " 0(€1 — £2)0 (Emax — &2) d&rd&adndnsd.

The variables introduced in the above formula parametrize the energies and angles of the
(potentially) unresolved gluons in the following way

. 1-&
FE = Enaxéi 2, x =min |1, , 3.40
ugs = Hmaxt S L— (1 —m3/s)&ms (3.40)
and
4 — s 9 s — 15|
=12 =4N1 - N)———
M5 D sin” s = 4M1 =N (3.41)

D = ng + 15 — 2mams + 22X — 1)y/nans (1 — na) (1 — ns).

The two variables 1,5 are scalar products of the reference direction vector 7; and the
vectors that parametrize directions of the two gluons

27’]475 =1- ﬁ4’5 . ﬁl. (342)
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The parametrization of triple-collinear phase-spaces in eq. (3.39) is still too complicated to
extract all singularities; further decomposition is required. This is achieved by a sequence
of variable changes that we describe below, following refs. [66, 67]. Specifically, we split
the triple-collinear initial-initial sector into five sectors

5
dLips*'P1 = " dLips*!517), (3.43)

To project onto individual contributions, we need to perform the following changes of

variables
ScUBLD s 6 =31, & = 21 Tmaxd2, M4 = T3, 5 = ng32964’
qe(4151,2) . &1 =11, & = X1TmaxTa, N4 = I3, 5 = T3 (1 - %) )
ScPLY & =2y, & = 1 TmaxTora, M= x32x4, N5 = T3, (3.44)
SC(41;51,4) L&l =21, & = T1TmaxT2, = x:1,$245627 N5 = I3,
ScUWIBLO) £ = a1 € = By Tmax2, Ny = T3 <1 — %) » M5 = T3.

We also write A = sin?(725/2). This change of variables introduces a factor of 7 in the
normalization of the phase-space that is included in the expressions below. The integration
region for x5 is always between zero and one.

We also note that the (d —4)-dimensional angle « introduces singularities in the phase-
space parametrization. To take care of them, we calculate the integral over this angle,

1 1
dcos « P(_€)2
and write
d [cos a] (1 — 2¢) dzg
- - - - I _
[sin® a]lte ¢ . 2I(1 — 6)2( 6)x1+6(1 — qg) 1t
T(1-2¢), dag(l )i ’ (3.46)
— I, x € L9 L9

I'(1—e¢)? (=€) zgte ’

where cosa = 1 — 229 and in the last step we used the symmetry of the matrix element
with respect to xg <> 1 — zg, to simplify the integrand. We can expand eq. (3.46) in
plus-distributions. Such an expansion does not introduce additional poles in e. We find

€ 1
e = =0d(xg) — € [w] +... (3.47)
Ty 91+

Note that the first term in the expansion corresponds to o = 0, which reduces the

parametrization of momenta of all final-state particles to their four-dimensional limits.
The “extra-dimensional” momenta components and the “extra-dimensional” angles ap-
pear with an additional suppression in €, but because of infra-red singularities, they start
contributing to differential cross-sections already at O(e2).
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(41;51,i)

For each of the five sectors Sc we write the phase-space in the form

. (8 () (@) 3 (%)
dLips{5; ~ Norm x PS,, ;PS; x 1 b de xH [ b b b b ] (3.48)
9 j=1 :L"
(0

g=1..
of the sectors. First, we note that the normalization factor is common to all sectors; it

(@)

Below we present the functions PS,, ;, PS; and the exponents a;Z, , and b] 14 for each

reads

T(1+¢)]? ™ 5 5 31ty
We also note that we can write
AE3FE* - 1024E2 sin? 3 F -
PS,.; = 3Zmax PG, . PS; = 3 Sin 5 max(1 = 79) & o (p13) PS;,
m <Q0 ~-Q- n3> i

(3.50)

where @43 = @4 — 3. The expressions for the exponents and the phase-space factors for
each of the five sectors read (we suppress the sector label everywhere in the equations
below)

Sector Sc(4151:1) s {ar =402 =2,a3 =2,a4 =1}, {b1=4,b0=2,b3=2,by =1};

P78w _ (1 - :]:24)x3nax
2N1(1’3, 9 7)‘)
5o xmax (1 - x3w4) ( ( - %)2 (1 - :U3)
PS = S .
2 1( 3y 9 )

Sector Sc(41:51:2) s a1 =402 =2,a3 =2,a4 =2}, {b1 =4,by =2,b3 =2,by =2};
PS — max ,
v 4N1(l'3,1 — y%4,/\)
s (L) (1 %) (1= (1= 5)) A1 - )

4NE (23,1 — 5 A)

Sector ScBP13) . {a) =4,a9 = 2,a3 = 2,a4 =3}, {by =4,by = 2,b3 = 2,by = 3};

Py, = Tha(1=%)
2N1($3,74,)\)
g Thadl—2s) (1= 25) (1= 5)° A1 -0
2N (1‘3,I4 /\)

Sector St {a; =4,a9 =3,a3 =2,a4 =1}, {b1 =4,by = 3,b3 = 2,by = 1};
PS. — T (1 — 54

Y 2Ny (w3, 22,0

53— 22 (1 — 222y (1 - 2220) % (] _ ) (1 — \)

2N2(5L‘3, = )\) .
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Sector Sc(*191:5) {a1 =4,a2 =2,a3 =2,a4 =2}, {by =4,bo =2,b3 =2,by =2},

Pis _ 3jrznax
Y AN (3,1 — BN

PS = Thax(l = 23)(1 = F)(1 —23(1 = §)AL - N)

4N12(x3,1—%,)\) '
(3.51)

The function N7 reads

Ni(z3,24,N) = 1+ 24(1 — 223) — 2(1 — 20)/z4(1 — 23) (1 — z324). (3.52)
The above phase-space parametrization is such that the limits x; — 0, i = 1...4 of

the matrix element squared can be easily computed; we will discuss this in more detail
in the next section. In the remainder of this section, we will focus on the phase-space
parametrization of the other pre-sectors.

We note that the phase-space parametrization for the triple-collinear pre-sector Sc*%52
is constructed in exact analogy to Sc*'®!. The only difference is that the collinear direction
is now 7io = (0,0, —1) instead of 71; = (0,0, 1). This means that, in terms of the n-variables,
angles of gluons g4 5 relative to the collision axis are given by cosfy5 = —1 + 21y 5.

The construction of the phase-space parametrization for the triple-collinear pre-sector
Sc(43:53) ig slightly more involved, since the collinear direction now is the direction of the
gluon g3. It is therefore convenient to write momenta of g4 and g5 in the reference frame
where g3 is along the z-axis. We write

) = E,,(1,0,0,1;0)
)

)

P

pff Eqg, (1,sin 64 cos ¢4, sin 64 sin @4, cos 043 0) , (3.53)
(=

D5

Eg, (1,sin 65 cosqa (¢a5), sin 85 sing (p45 ), cos O5; sin 05 sin g5 sin a) ,

where @45 = @4 + @5. In this sector, the scalar products whose vanishing leads to sin-
gularities are ps - p4, ps - p5 and py - ps. It is easy to see from eq. (3.53) that these scalar
products are independent of a. The phase-space for Sc*3®3 depends on two relative angles
¢4 and s, so that Lipsysss ~ (sin2 4 sin? <p5)7€. To get the momenta in the center-of-
mass frame, we rotate these vectors first in the zz plane by 63, and then in the zy plane by
3. The parametrization of the singular phase-space is similar to what we have discussed

(41;51) except that the collinear direction now is 7is.

in connection with Sc

We finally turn to the discussion of the double-collinear sectors. First, consider the sec-
tors where collinear singularities arise from emission along two incoming particles, (Sc(4l;52)
and Sc(42551)). In such sectors, scalar products whose vanishing may create singularities
are p45-p1 and py 5 - p2. Vanishing of the scalar product p4 - p5s cannot lead to singularities

in this sector, see eq. (3.30). With this in mind, we parametrize momenta of the three
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final-state gluons in the center-of-mass frame as
p3 = Ey, (1,sin 63 cos 3, sin 03 sin g3, cos 03; 0) ,
pa = Eg, (1,sin 64 cos(p3 + @4),sin by sin(ps + @4), cosb4;0) , (3.54)
ps = Eg; (1,810 65 cose (3 + @5), sin Oy sing (3 + @5 ), cos O5; sin 05 sin g5 sin av) .

The phase-space is parametrized in terms of the relative angles ¢4 and ¢5. We find

E 2d—4
[dga][dgs]0(Eg, — Eg;) = Wagg—%gg—%(& — £)0(Emax — &2)

x d&pdéag] €5 % d cos 04d cos 05 (sin? 64) ~“(sin? 05)

3.55
d<P4(Sln (Pa))”¢ d%(SinZ@&s) (35

- d [cos o

I [sin? ) tte’

fdm sin? ¢4)~ fd% sin? 5) €

where Eg, 5o = Enaxé12. We now change variables & = x1,{ = 21Z2Tmax, c0Sls5 =
1—2x34, Qa5 = 27256 and cosa = 1 —2xg9. We use symmetry with respect to xg — 1 —x9
to simplify the expression for the phase-space. We obtain

dLipsy 55 ~ Norm x PS,,PS™ x 1 o H day % H . MJG x |abialalpaly] . (3.56)
9 —

The normalization factors read®

(1 +e) 2 2, 3 3rt
Mo = 573 <1—2€ SHOEE )
AE3EY w2
PS,, = 3 2 PS,, (3.57)
7 (Qo— G i)
28?2 O3
PS — 3 sin? 3L max max sin2 B4 gin2 @5(1 — 3;3)(1 — $4)(1 - 5179)7
pt pL,H

and the exponents read
{a1 =4,a9 =2,a3 =1,a4 =1}, {by =4,b0=2,b3=1,by =1}. (3.58)

The other type of double-collinear sectors that need to be considered is the initial-final

C(41;53) )

one. We focus for definiteness on S The momenta read

p3 = Eg, (1,sin 63 cos 3, sin 03 sin @3, cos 03; 0) ,

pa = Eg, (1,sin 64 cos(ps + @4),sin by sin(ps + @4). cosby), (3.59)

(Z) = Egy, (1,sin 05 cos @5, sin 05 sin @5 cos «, cos bs; sin 05 sin @5 sin av) .

Note that ps and p4 are given in the center-of-mass frame, while ps is written in the reference
frame where p3 is along the z-axis. To obtain ps5 in the center-of-mass frame, we rotate it
by 63 in the zz-plane and by ¢3 in the zy-plane. The phase-space is identical to eq. (3.57).
The discussion of all other double collinear sectors proceeds along the same lines.

®We note that in ref. [67] the double collinear sectors are further split by an additional partitioning of
energy and angle variables. We find that such a partitioning is unnecessary.
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4 Singular limits

In this section, we describe the extraction of singular limits. We begin with the next-to-
leading order computation. We note that we will not discuss the most general case from
the point of view of color correlations; instead we will make use of the fact that we are
studying Higgs boson production in association with a jet and so the number of colored
particles never exceeds five. This feature leads to simplification of the color correlations in
soft limits. We will make use of these simplifications in what follows.

4.1 Limits at next-to-leading order

Consider, for definiteness, the NLO sector Sc(*¥).  The phase-space for this sector,
dLipsgz3 1j7> 18 given by an expression similar to eq. (3.21), where x3 parametrizes the rela-
tive angle between g4 and g3. We have to integrate the matrix element squared | Mgy, Hgg|2
over the phase-space. The integration has the form

1

d$1 dmg
/wlﬂéﬁ XF(.CL'l,SUQ,...), F(ml,xg,...): [x%:l,‘g] |Mggﬁ\Hgg|2, (4.1)

where the ellipses denote the measurement function, regular parts of the phase-space, var-
ious damping factors and possible additional arguments of the function F. All of these
things are not important for discussing the structure of singularities which is shown ex-
plicitly in eq. (4.1). The singularities correspond to x; = 0 or zo = 0, and the function
F(x1,29,...) is finite in those limits. The integral in eq. (4.1) is calculated using an expan-
sion in plus-distributions, as we explained in section 2. It follows that in order to perform
the integration in eq. (4.1), we need to understand values of the function F'(z1,z2,...) in
cases when one (or both) of the two first arguments vanishes.

Consider first the z; = 0 limit. According to the phase-space parametrization described
in section 3.2, x1 = 0 implies that g4 is soft: Ey, = 0. In the soft limit, the matrix element
is written as a product of a reduced matrix element and the eikonal factor

0 0 0
‘M9192—>Hg3g4|2 ~ CAgg (I£234 +I§3?4 + 1-53?4) |M91g2—>H93 ‘2> (4'2)
where
10, = Siy(py) = — DB 13
ik = S (Pr) (pi - pr) (D5 - D) (4.3)

is the eikonal factor. To calculate the soft x; — 0 limit, we note that the eikonal factor
is quadratic in py = Ey,(1,74) ~ 21 and so it is easy to compute the required limit. We
obtain

Cag? <p12p34 P13 | P23 2
F(0,29,...) = —AYs (P12034 P13 PN pg 2 4.4
0,22, 2E2 . \p1apaa  pia poa Mag- tga| (4.4)

X

where we traded zg for psq/2 which is valid in sector Sc13),

We note that potential
singularities that correspond to gluon g4 being collinear to gluons g; or gs are apparent in
eq. (4.4); these singularities are removed by the angular damping factor eq. (3.10) for this

sector.
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(43)

The second singular limit we have to consider is z9 = 0. In sector Sc zo = 0 means

that gluon g4 is collinear to gluon g3. The corresponding limit reads

2Cag2
2 o *,U
Mag-tgol ~ p3 - sz 99)( )MggﬁHgMgg%Hg’ (4.5)
where z = Ey, /(Eg, + Eg4,) and
1
P,Sﬁg)(z, Kd,€) = —Guv (1 4 z) +2(1 —€)z(1 — 2)ka pkay (4.6)

is the gluon splitting function. The vector x4, is the normalized remnant of the momentum
p4 that parametrizes the projection of py on the plane transverse to the collinear direc-
tion which in this case is fixed to be the momentum of gluon g3. Because of the chosen
parametrization of p at next-to-leading order, £} has only four-dimensional components.
We will now show how to simplify eq. (4.5). The idea is to trade the sum over the
Lorentz indices p and v for a sum over helicity indices. This is achieved by inserting the
completeness relation
ot it —|—p’3‘/ﬁ“
ZG)\EA St p— , (4.7)
where gg“j denotes the metric tensor of the d-dimensional vector space and 7 is an auxiliary
vector such that ps - n # 0. Next, we write

p3-n
= —P gg Z 7/"1,M/J'/M*7V’

Mo ! W=
*,U *, p n 4+ ps n ! *,U
PYI (z, )Ml MY = <§ ey 33) MM s

where the last step follows from the transversality of the physical amplitude M#p3 , = 0
and from k4 - p3 = 0. Repeating the same procedure with the index v, we find

P9 (2, ) MM =3 PP (2, ) MaMG, (4.9)
AN

where the sum over physical helicities in d-dimensional space-time is performed.

We now explain how to compute P)(\i‘? ), First, we note that the polarization vectors of
a gluon with four-dimensional momenta embedded in a d-dimensional space-time can be
chosen in the following way. We take the polarization vectors to be either four-dimensional
vectors that describe states of plus and minus helicity, or (d — 4) dimensional vectors of
the type e = (0,0,0,0;0,...,1,0,...,0), where projection on a single extra-dimensional
direction is non-vanishing. The helicity-dependent splitting function P)(\i‘? )(z, €) reads

z 1—2
1—=z2

P9 (2,€) = Gax ( ) +2(1 — €)z(1 — 2)(ex - ka) (€3 - Ka). (4.10)
For regular + polarizations, both terms in eq. (4.10) are in general non-vanishing. For
extra-dimensional polarizations, €) - k4 = 0, because k4 in this case is a four-dimensional

(99)

vector, and P/\)\, ~ )y for these polarizations.
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We can now compute P9 (z,¢) and calculate the 29 = 0 limit of the function
F5(x1,x2). The final result reads

_C
Fy(x1,0,. .. Agsxl ZPA%}) (z,€)

(4.11)
E3Emax AN

gg%gsH Mgg%gsH )

where g3 means that the matrix element should be computed with the momentum of the
final state gluon given by the sum of the momenta of the gluons g3 and g4. We note
that eq. (4.11) requires the computation of scattering amplitudes for the gg — Hg process
when \ parametrizes an extra-dimensional polarization vector. We explain how to do this
in section 5.

Finally, we discuss how the vector k4 is computed. This vector parametrizes how the
collinear limit is approached in the plane transverse to the collinear direction. For this
reason, it depends on the considered sector. To make this explicit, we consider the sector
Sc3) and write py = xps + yps + k| K4, where p3 = (Es3,—p3), ka-p3 =0 and k4 - p3 = 0.
A simple computation gives B4 = (cos 03 cos 3 cos p4 — sin s sin g, cos O3 sin 3 cos @4 +
COs (3 Sin ¢y, — sin f3 cos ¢4 ). The analogous vectors for the other sectors are much simpler.
For example, for sectors Sc*!) and Sc*?), we find 74 = (cos @4, sin pg,0). We note that
these vectors are uniquely determined for each of the phase-space points; this allows us to
construct the correct splitting function and perform the local subtraction of singularities.
The quality of the subtraction terms so constructed will be studied in section 7.

These are the only two limits that are required for a NLO computation. An expression
for F'(0,0,...) can be easily obtained from the soft limit eq. (4.4), which is non-singular for
n34 — 0. Note that the collinear limit has a well-known 1/(1 — z) singularity as gluon g4
becomes soft; therefore, to compute F(0,0,...) from the collinear limit, one has to cancel
x1 in the numerator in eq. (4.11) with 1/(1 — z) ~ 1/z; in the splitting function.

4.2 Limits of double-real emission processes

In this section, we briefly discuss the singular limits of the double-real emission processes.
As already pointed out, the phase-space partitioning splits the phase-space into double-
singular and triple-singular sectors. Collinear singularities of the double-collinear sectors
are given by products of gluon splitting functions, because the two unresolved gluons must
be collinear to different directions. On the contrary, in the triple-collinear sectors, the
1 — 3 gluon splitting functions [47] are required to describe collinear limits. For both
double-singular and triple-singular sectors, soft singularities originate from both double-
soft and single-soft limits.

We begin by discussing the double-soft limit of the g1g2 — Hgsgsgs scattering am-
plitude. It occurs when the momenta of g4 and gs become vanishingly small. In general,
double-soft limits involve color-correlated matrix elements, but in our case this does not
occur. The reason is that, once gluons g4 and g5 decouple, the matrix element depends
on three colored particles, g1, g2, g3. If, following ref. [26], we denote the color charge of a
particle ¢ by the operator TZ_’;, color conservation implies

— — —

Ty + Ty, + Ty, = 0. (4.12)
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In addition, the squares of the color charge operators are equal to the Casimir operators
of the SU(3) gauge group. For gluons, this means fgzl = ('4. Using these two equations,
we find

—

Ty, - Tgy =Tg Ty =Ty, - Tygy = —Ca/2, (4-13)

so that all color correlations are absent. As a result, we can use a simple formula for the
double soft limit (S, = [12,13,23])

|M9192—>H939495‘2 ~ ,%193 Z Sij(pa) Z Skn(P5)
ijESp knesSy (4.14)

+ 3 Sii(parps) = Y Sii(pa15) | [ Magygrstgs |-
s i=1

We note that S;;(pg) is given in eq. (4.3) and S;;j(p4, ps) can be found in ref. [47]. Using the
parametrization of the NNLO phase-space and the explicit dependence of the momenta on
the singular variable x; that controls the double-soft limit, it is straightforward to show
that all the singularities can be resolved in triple-collinear sectors. In turn, this implies that
in such sectors we can compute any limit of the form F'(0, z9, 23, 24,...) from the double
soft-limit, with no need to further distinguish the x;—2 4 = 0 case from the x;,—3 . 4 # 0 one.

Another new element at NNLO is the triple-collinear limit. Similar to double-collinear
limits, the triple-collinear limits are described by the corresponding splitting functions. For
example, in the case of the final-state triple-collinear splitting when the momenta of all
final-state gluons become parallel, we find

442

2 o 2Is plgsgags) AqH *,V

‘M9192—>H939495| ~ 52 P,uzz MglggﬁHg345Mgng%Hgg45’ (4‘15)
345

where s345 = (p3 +ps+ p5)2, and gs45 denotes a gluon with momentum ps45 = ps + ps+ ps.

P;(L?/SQME))

The splitting function was computed in ref. [47]; it reads

~ ~ wo/~ ~ v
1— 6) 2222 kQ kl kQ kl
P,LLV —_ 02 ( o lu/t2 16 172 e 2 s =
(919293) A 48%2 g 12,3 + 1065123 23(1 — 23) 29 2 29 21

SIQng“’l [2(1 —z3) + 423 1—223(1— 23):|

3
— (1 — 4
4( e)g + 1-— z3 21(1 — 2’1)

512 Z3
s123(1 — €) <~ ~ 01— 22 ~~ 1 — 229
4+ 2 | KPR ———— R ———
512513 2 (1= zg) 37 )
n 5123 v 4Z223 =+ 2Z1(1 — Zl) -1 B 1-— 2,21(1 — Zl)
)

2(1 — € (1 — 22)(1 — Zg) 2223

o 250(1 —
+ (RgRs + RyR) (ZQ(;”)-—3>

+ 5 permutations.
Z3(1 — 2’3)

(4.16)

In eq. (4.16), sij = (pi + pj)% sijk = (i +pj + pi)?, and

Zisjk — stik T Z; — st..
YN

tijk = 2
Js Zi—l-Zj Zi-l-Zj
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The relevant vectors in this formula are computed in the following way. For final-state
triple-collinear splitting, the momentum of the resolved gluon g3 defines the collinear
direction. The energy fractions z; are obtained from energy ratios z; = Eg,/E, where
E, = Ey, + Ey, + Eg4;. Similar to the NLO case, for each phase-space point, we compute
directions in the plane transverse to the collinear direction ps along which collinear limits
for g4, g5 are taken. We denote such directions as k4 5, respectively. The vectors that enter
the triple-collinear splitting function read®

E;VEE = 24(1 — za)kY — 2a258E,
E;lk’;S = 25(1 — 25)KE — 2524, (4.17)

—lrp _— H H
E; k:g3 = —2324Kl) — 2325K5.

It is easy to check that E k:g = 0, thanks to the energy-conservation condition Z zi = 1.
=3
Finally, we note that for the initial triple-collinear limits that correspond to gluons g4

and g5 being collinear to incoming gluons g; or go, the above formulas are valid up to a
replacement Fy, — —Fy, or Eg, — —E,,.

We also require the triple-collinear splitting function in the strongly ordered configura-
tion, s;; < 851 < 1. In principle, we can obtain it by directly taking the limit of eq. (4.16).
However, it is also easy to compute it directly. Indeed, in this case the full triple-collinear
P;Sﬁlgzgg’) splitting function factorizes into a (spin-correlated) product of ordinary splitting
functions. We find that in the strongly-ordered sg5 < s34 < 1 limit, the full matrix

element can be written as

4
97 939495 M o
5 o, —
5355345 I g192 9345

M : (4.18)

2
‘Mg1gz—>Hg3g495 ’ g192—Hgsas

The strong-ordered splitting function reads

" B " 24 1— Z4 zZ5 1-— zZ5
Psvoq(g:s,%gs) 160‘4{ Kl — 24 * 24 ) (1 — 25 * Z5 "

= (1 —€)225(1 — 25)(Ky - /<;5)2] + ki L (1 — €)224(1 — 24) X

+ 1—2y

1— 1-—
X ( = + = +Z5(1—25)> + KERE(1 — €)225(1 — 25) 24},
1— 25 z5 24
(4.19)

where z5 = Ey, /(Eg, + Eyy), 24 is defined as before z4 = Ey, /Es and k45 are the spin-
correlation vectors k; = z;p3 + k1 ki + ¥iP3.

4.3 Real-virtual corrections

In this section we consider the computation of one-loop corrections to the real-emission
process g192 — Hgszgs. We will refer to this contribution as “real-virtual”. To calculate
this contribution, we must integrate the interference of the one-loop and the tree-level

SWe give these vectors for physical labels of the three final state gluons.
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matrix elements for g1go — H + g3gs over the NLO phase-space. The NLO phase-space
was discussed in section 3.2, where we showed how to partition it in such a way that soft
and collinear singularities can be extracted. Following section 3.2, we denote the resolved
final-state gluon as g3 and the potentially unresolved final state gluon as g4. For each
sector, we denote the product of the phase-space parameters and the interference of tree-
and one-loop matrix elements as

- _ o) (0),+
Fry (@1, 29, ...) = 2229 2Re (MglgﬁHgmMglgﬁHgm) , (4.20)

where x1 parametrizes the energy of g4 and xo = (1 — cos)/2 parametrizes the cosine of
the angle between the direction of the gluon g4 and the collinear direction. This direction
is sector-dependent, and is given explicitly later. The ellipses in eq. (4.20) stand for other
parameters that are needed to fully describe the final-state kinematics.

We must integrate the function Fry over the phase-space of the softer gluon; schemat-
ically, the integral takes the form

1
dzidze  ~

/1+21€12+€FRV(95173?2,-~-)- (4.21)
Ty Tg

We note that the extraction of singular limits would have been no different from the NLO
case discussed in section 4.1, if not for the fact that the function Fgy is not well-defined
for 1 = 0 and x9 = 0. This happens because FRv(.iL'l, T9,...) contains branch cuts in the
limits 1 — 0 and a9 — 0. To make use of the expansion in plus-distributions, we must
isolate these branch cuts before extracting the singularities. We can accomplish this by
writing FRv(azl, x9) as the sum of three terms

FRV($1,£L’2, .. ) = Fl(LL‘l,{L‘Q, .. ) + (l‘%l‘g)_e F2(£E1,1'2, .. ) + $I26F3(l‘1,l‘2, . ), (422)

where the functions Fj(z1,x2, .. .) are free from branch-cut singularities so that their values
at £1 = 0 or 2z = 0 can be computed. To justify the decomposition of eq. (4.22), we consider
the limit when the energy of the gluon g4 becomes small. In this limit, the matrix element
squared for g1go — H + g3g4 factorizes as [48]

(Margs—sgsgal® = g21°2C 4 (Trioa + Tisa + Loz a) Mgy gostgs | (4.23)

where the soft factors Z;; 4 read

70

”74 €
Tija= 72 +2020%CaerI)

it (4.24)

The function Z.") is given in eq. (4.3). The one-loop function Ii(il reads

17,4

1
Z-(',ZL —

7,

1T - ar%(1+4¢) [Si‘(pél)]e e (4.25)

eT(1—2)0(1+2¢) | 2 2

where the eikonal factor S;; can be found in eq. (4.3).
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We next expand eq. (4.23) through first order in the strong coupling constant to obtain

2Re (M(l)(gl,...,g4)/\/l(0)’*(gl,...,g4)) —

g4~)0
0 0 0
I£2?4 + Z£3?4 + 153?4
2

Re (M(l) MO (i ,93)) (4.26)

g192—Hgs” " g192—Hgs

492C 4 (

g192—Hgs

+crg2Ca [Ig?4 + 1%34 + 1521’34} |M(O) ’2> .

Using the explicit expression for the function S;;, and the parametrization of ps in terms
of x1 and zo for a given collinear direction, it is easy to verify that when the collinear
direction is the direction of the hard gluon gy, h € (1,2,3), terms in eq. (4.26) that are

proportional to Ii(](-) 21 contribute to Fp, terms proportional to Iz'(;)zl or I}(LRL contribute to Fb

and terms that are proportional to If},ﬁ with ¢ # h, j # h, contribute to F3.

As the next step, we check that the parametrization in eq. (4.22) is consistent with the
behavior of the real-virtual matrix elements in the collinear limit. Consider for definiteness
the Sc*?) sector, where the singularity occurs when gluon g4 becomes collinear to gluon
g3. In the collinear limit, color-ordered matrix elements factorize as follows [49]

(1) _ . tree (1) 3 1s, 1loop 0)
M9192—>H9394 - gsSphtﬁsﬁgsﬂ ® Mglgg—>Hg3 +9s Splltg3_>g3g4 @ Mg1g2—>H§37 (4.27)

where the convolution sign refers to a sum over the helicities of the intermediate gluon gs.
The tree splitting function for g, — g.gp reads [49]

. V2
Sphttree(gp — GaGb, 2) = —S—b (—€q - evkp - €p + ki - €q€p - € — kq - €p€q - €p) (4.28)
a

where by definition z = E,/(E,+ E}) is the momentum fraction carried by gq, €4, are the
polarization vector of three particles that participate in the splitting and all momenta are
taken to be outgoing, so that p + k, + k; = 0. The one-loop splitting function is given by

Splitl_b(’p(gp = Gagb, 2) = Firee(2) Splittree(gp — GaJbs 2)
1

+ \/»ngbFnew(Z> (ka - kb) - €1 <3ab€a ey — 2k - €qkq 6b) .
(4.29)
In conventional dimensional regularization, the functions Fiee and Fiew read
1/ w2 \°
Fuw = 3 (L) oAG) + (- 2150 -2) - 214,
—Sab
5 b e (4.30)
Foow = € N
POV T (1= 2€)(3 — 2¢) (—sab> »
where
2 1 1—2)¢
fl = 761" (—F(l — E)F(]. + E)Z_I_E(]. — Z)e - -+ Q 2F1(€a €, 1 + €, Z)) )
€ z
(4.31)
fo= e
2 — 62 T
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In calculating the splitting functions, one has to be careful with imaginary parts. Note that
Sqp in eq. (4.30) can be both positive and negative so that (—s,p)” ¢ may or may not have
an imaginary part. Also, because of analytic continuation in the space-like region z can be
smaller or larger than one, in which case fi; may have an imaginary part. However, these
cases are mutually exclusive since su;, is positive for the final state splitting where z < 1,
and negative for the initial state splitting where z > 1. As a result, we do not need to
care about the interference of two imaginary parts, or about their consistent definition. We
require the expansion of the hypergeometric function in eq. (4.31) through O(€®). It reads

1
oF1(e,6,1+€,2) =1+ Lig(2)e? + €3 |3+ 3 InzIn?(1 — 2) + In(1 — 2)Lis(1 — 2)

(4.32)

— Liz(1 — 2) — Liz(2)| + O(e%).

We will need products of splitting amplitudes summed over polarization states of un-
resolved particles. These polarization states must be taken in d-dimensions but, because of
the real-virtual kinematics, the four-momenta of all gluons are four-dimensional. We write
these products as

2

S SPIt™(g — gag)SPE™* (" — gagh) = — PUDH (2, iy, ), (4.33)
Sab

)\ay)‘b

with the LO splitting function defined in eq. (4.6) and

. 1 2
Z Split"™** (g — gagp)Split! l‘)Op(gz — Gag) = S—P;%int(z, Ka, €),
Xa: A ab (4.34)
Ph (%, Kay €) = Fireo(2) P (2, kg, €) = 2Fnew (2)(1 — 22(1 — 2)e) kiKY,

With these definitions, we are in position to present the limiting behavior of the inter-
ference of one-loop and tree amplitudes in the collinear limit. We find

2Re (M( A VIS ) ~ %Re (M(O),* MmD ) o plgg).uv

g—Hgg” " "g9—Hgg n,99—Hg” " "v,g9—Hg

| 44 o (4.35)
40395 (0) v
Sab Re (Mu gg—>H9MV7gg—>Hg) Re (ng 1nt)

Note that in the last term we have taken the interference splitting function outside of the
real part and have replaced this splitting function by its real part. We are allowed to do
that because P gg.int 1S & symmetric tensor, so that we can write

1 k v
M(O) PMV. — (M(O)v M(O) + (M o V)) PM

v,99—Hg™ gg,int " 9 wgg—Hg? " "v.g9—Hg g9,int

—Re (MO MO ) P

w,99—Hg” " *v,g9—Hg ) ~ gg,int"

MO

H
99 (4.36)

This observation is useful since we need Pﬁq int

the above equation implies that the analytic continuation of P s m. () can be done in an

for z both smaller and larger than one, and

arbitrary way since the imaginary part drops out.
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It follows from eq. (4.35) that in the collinear limit the amplitude has a single branch
cut 23 . Indeed, Pjg (z) is a rational polynomial of z and therefore contributes to F} while
Pg“gl:int is proportional to s;bﬁ ~ x, “. We therefore match the xo — 0 limit to 7 and F» and
require that Fj(z1,0) vanishes. Finally, we note that the splitting functions in eq. (4.35)
exhibit spin correlations; we can handle them in exactly the same way as described in
the section dedicated to next-to-leading order computations, where we explained that for
each phase-space point we compute the vector x* such that ki = ,/—ki/ﬁ“. We do this
at the level of phase-space point generation, where we resolve all singularities related to
the collinear kzi — 0 limit analytically. Once the vectors s, are known, we can rewrite
eq. (4.35) through sums over (d-dimensional) helicities in complete analogy with what was

done at next-to-leading order.

5 Higher-order € terms in amplitudes

The computational algorithm that we discuss in this paper is based on conventional di-
mensional regularization, in which the polarization states of all particles are continued to
d-dimensions. Therefore, it becomes an important issue in our construction to understand
how scattering-amplitude contributions at higher orders in ¢ can be calculated. The goal
of this section is to discuss this issue.

We begin by pointing out that the highest-multiplicity amplitudes at any order of
perturbation theory are needed to O(€?), since they only contribute to the finite parts of
the relevant correction. Therefore, at NNLO for Higgs plus jet production, we can use
four-dimensional expressions for tree amplitudes gg — Hggg and we can truncate one-loop
amplitudes gg — Hgg at O(e). However, for lower-multiplicity amplitudes, such as tree-
level g9 — Hg and gg — Hgg, we need to know higher-order € terms. In principle, it can be
expected that higher-order e terms for the one-loop gg — H g amplitudes are needed but, as
it was pointed out in ref. [98], this is not the case. Indeed, the O(e) contributions to these
amplitudes cancel out between the two-loop virtual correction, the square of the one-loop
amplitude and the singular limit of the real-virtual correction. We use this cancellation as
a consistency check on our numerical implementation. We calculate the one-loop gg — Hyg
amplitude through O(¢?) and check that the higher-order € terms do not contribute to the
final result due to the above-mentioned cancellations.

We note that computations of matrix elements squared for d # 4 are straightforward
if they are performed by adding and squaring Feynman diagrams. All one needs to do in
this case is to use the correct contractions of metric tensors obtained after summing over
polarization states of external particles. Unfortunately, if a calculation is done in this way,
the results rapidly become unwieldy, especially when a large number of gluons is involved.
Instead, we decided to compute higher-order € terms directly at the amplitude level. This is
possible because for lower-multiplicity final states we can choose to parametrize momenta
of all particles as four-dimensional. The “extra-dimensional” polarization vectors then
have a simple property that they are orthogonal to all momenta, €, - p; = 0. Therefore,
the only way such polarizations can contribute to the amplitude and give non-vanishing
contributions is through scalar products €; s - €j ¢ = —05 . This implies that the necessary
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condition for the amplitude to be non-vanishing is that an even number of particles has
“extra-dimensional” polarizations.

To illustrate how this works in detail, we consider the tree-level gg — Hg amplitudes.
We write the full amplitude as

A(1h, 202 30y = 20\ g, (Fe2)c,c, (1M 22, 313, (5.1)

where /\g; , is the Higgs effective coupling defined in eq. (2.4) and (F'?)c,c, = —iy/2fe1¢2% ig
the color generator in the adjoint representation. Apart from normal helicities, we can have
amplitudes where exactly one pair of gluons has identical extra-dimensional polarizations.
We find one such independent color-ordered amplitude which reads

[13][32] o, (12)

AW 28T = T T g a1y

(5.2)

Because extra-dimensional polarizations in the above amplitude should be the same and
because there are d — 4 = —2¢ extra-dimensional directions, the polarization sum for the
gg — Hg matrix element squared can be written as

Z’A 11 ghe ghsy|? -y ‘A 1 ghe ghs)|?
h;=*

€ (Z ‘A(1h,28,35)

h=+

2 h
n ‘A(15,2 ,3%)

+ ‘A(ls, 28,3%‘2)

2
—(1-9 Y (A(1h1,2h2,3h3) — dem?.

hi==+

(5.3)

The final result here can be easily verified since it implies that, except for the —4m%
term, the O(e) contribution to the squared matrix element for gg — Hg and the O(e°)
contribution coincide up to a sign.

We note that, in addition to the matrix element squared, our construction requires
more complicated objects that appear in collinear limits

|MSPiH(n)‘2 = Z A(lnv 2h2a 3h3) A*(1n7 2h27 3h3)7 (54)

ha,hs

where the amplitudes on the right-hand side are computed under the assumption that the
polarization vector of the gluon g; is n*. To calculate | Mgpin(n)|?, we write n as a linear
combination of suitable polarization vectors of gluon ¢g;. In doing so, it is important to
remember that the vector n can have extra-dimensional components. We write

V\/ISpin(”)’2 = Z p(n, hlahll)’MSPin(hlahﬁ)Pa
hi,h

|Msp1n(h1,h/ Z .A 1h1 2h2 3h5) A*(lhl 2h2 3h3)

ha,hs
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where p(n,h,h') = (n-€,) (n-¢€;,). The helicity labels hi, h| can assume the following
values: (hi,h}) = (ij), (i,5), (s, ), (s,s) where ,j = +. Tt is straightforward to compute
| Mspin(h1, hy)|? for all pairs of helicity labels. The key point here is that, for non-vanishing
amplitudes, there must be either zero or two s-helicity labels. We are then left with the
following non-zero entries

|Mspin(i7j)|2 = |MSpiH|¢21:4 (’Lv.]) — 2 [A(lia 287 3S)A*(1ja 287 38)] )

Mapin(s, ) = 3 [AQ5, 21,847 (14,2°,3) + A(1%, 20, 30)4% (1%, 20, 3)] . (00)

i
Finally, we note that following a similar approach, it is straightforward to obtain the double-
correlated matrix element |Mspin(h1, by, ho, k)|, which is needed to describe singular
limits in the double-collinear sectors.
We also need to discuss the e-dependent parts of 0 — Hgggg amplitudes. In this case,

we use the following color decomposition

A1 2h2 ghs gha) — 21)\Hgggs D (Fee@ . Pl A(1M, 21 30 4he), (5.7)
ogE€S>

The situation now is slightly more involved than before because there are more options for
extra-dimensional polarizations. Indeed, with four gluons the amplitude does not vanish
if all of them have identical extra-dimensional polarizations but also when there are two
pairs of gluons with different extra-dimensional polarizations. We will denote color-ordered
amplitudes for these cases as A(1%,2%,3°,4%) and A(1°,2°, 35/,45/). These amplitudes can
be written in a relatively compact form. For example,

4
A(1°,2°,3°,4%) = Y “RF(1,2,3,4),

=0
mj, S12 | S23 mp . mp 1 (512834 S1352
F(1,2,3,4) = b (g 212 58 (T T ) 2 B ’

$123 $23 812 2512 2593 2 \ 514523 512534
2 (514 +S512  s13 L Su +834 S )
5125124 5125123 5345134 5345934

A(1°,25,3% 45y =

514523 513524
- - -1,
512834 512834

, , 1 1 1 1
A(18,25,35,48):2—m,%< + + + )
5124 5134 5234 5123

(5.8)

where R is a permutation operator defined as RF'(a,b, c,d) = F(b,c,d,a). The amplitudes
remain compact even if only one pair of gluons has extra-dimensional polarization. For
example, we obtain

(Lpn|4](3lpal4] | (1pn|2](3|pn|2] mj,(13)
5123(12)(23) s134(14)(34) (12)(14)(23)(34)°

A(1%,27,3% 47) = — (5.9)

where py, is the outgoing momentum of the Higgs boson. Similar results for all other helicity
configurations can be derived.

— 32 —



We are now in position to discuss how to use these amplitudes to assemble the matrix
element squared for 0 — Hgggg, summed over polarization vectors of all gluons. Similar
to the 0 — Hggg case that we already discussed, amplitudes with two gluons with extra-
dimensional polarizations, e.g. A(1%,27,3%,4%), enter with a (d—4) = —2¢ weight. The same
is true for the amplitude A(1%,2% 3% /4%), as s just counts the number of extra-dimensional
polarizations. For amplitudes like A(1%,2% 3%, 43/), we have again d — 4 polarizations for
the index s and d—5 for s’ since, by construction, s # s’. Combining everything, we obtain

’M(Ha 91792793794)‘2 — ‘M(Ha 91792a93794)|§:4 — 2¢ |:|A(]-s, 287 385 48)‘2

£ 30 (14017, 2030 42 A7, 20, 3%, 42 4 |AQE, 20, 31,492
hi;h; (5.10)
HLA(I, 27,37, 475 )2 4 A1, 27,879, 4) 2 4 A1, 21,87, 47) ) } +

+2¢(2e + 1) [|A(13, 2%, 3% 4%)[2 4 |A(1%, 2, 3%, 4%) 2 + |A(1%, 25’,38',4S)|2} .

In full analogy with the amplitudes for 0 — Hggg, we can calculate |[M(hy, b} )spin|?
which is required to describe spin correlations in collinear limits. A simple analysis reveals
that this spin-correlated matrix element squared is non-vanishing provided that (hy, k) =
(i,7) or (hi,h}) = (s,s) so that no mixed terms as (i, s) or (s,s’) appear. The result can
be written as

M (i, §)spinl> = MG, §)spinlies — 26 Y (A(li, 2°,3%,4M) A*(17,2°,3%,4")
h=+
FA(LT, 25,30 4%) A% (17,25, 3%, 4%) + A(17, 2", 3%, 4%) A% (19, 2", 38,45)) ,
M(s, 8)spin|” = A(1°,2°,3°,4°) A%(1°,2°,3°,4%) + >~ (A(1°,2°,3/,4%)A%(1°,2", 3/, 4°
P
i?j
FA(L5, 27,35, 47) A% (17,2, 3%, 47) + A(1°, 25,37, 47) A*(1°,2°, 3", 47))
_ (1 + 26) (A(18723735’745/)A*(1s725733’745/) —|-_A(1S,28/735,45/).,4*(18,25/735,45/)
+A(15,28’,35/,4S)A*(15,25’,35/,4S)> .
(5.11)

6 Numerical implementation

In this section we discuss the implementation of the algorithm described above in a numer-
ical program. We choose to do so in FORTRAN 90 since it offers the option of performing
computations in double- and quadruple precision in a straightforward way. Such flexibility
is important because in our framework singular limits are approached numerically, and we
have to find a balance between the speed of the code and the numerical stability which
requires switching to quadruple precision computations when close to singularities.

For numerical implementation of the required amplitudes we used, as much as pos-
sible, pieces of the FORTRAN 77 code MCFM [97]. After translating to FORTRAN 90
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we checked our numerical implementation of the tree-level amplitudes for 0 — Hggg,
0 — Hgggg and 0 — Hggggg processes against MadGraph [99]. As we explained earlier,
since we work in conventional dimensional regularization, we need to know O(e) parts of
tree-level amplitudes, which are presented in the previous section. These O(e) parts were
checked against a Feynman diagram-based computation of amplitudes squared where ex-
plicit sums over gluon polarizations were performed. The relevant diagrams for 0 — H +ng,
n = 3,4 were obtained with QGRAF [100] and manipulated with FORM [101]. Finally, we
note that since we require the one-loop corrections to gg — Hg through O(e?), we recom-
puted the one-loop gg — Hg amplitudes and compared them against the results presented
in [102]. For the 0 — Hgggg one-loop amplitudes, we borrowed significant parts of the
FORTRAN code from MCFM. The one-loop integrals that are required for this calculation
are computed using QCDloops [103]. The box one-loop master integral gg — H g is needed
to higher orders in the expansion in €, and can be obtained starting from an all-orders
result in ref. [40].

A central part of the described computational algorithm is the calculation of integrals
of the following form

1
/dml coodwy, Ay Dy (z1) ... D, (zn) F (21, - . . T,y ), (6.1)
0

where n counts the number of singular phase-space variables ( n = 4 for double-real and
n = 2 for real-virtual), ¥ collectively denotes all non-singular variables, the functions D(x)
are defined as

Do(x) = (x),  Dye) = [lnixli, (6.2

and Zj i; < 3. The function F'(z1, ...y, ) is obtained by multiplying the matrix element
squared for a particular physics process by appropriate powers of 1, ... x,, as explained in
section 3. To compute multi-dimensional integrals of the type shown in eq. (6.1), we use the
adaptive Monte-Carlo algorithm VEGAS [104] as implemented in the CUBA library [105].
We note that when plus distributions are expanded out in eq. (6.1), we obtain integrands
that are iterations of the following basic form

—1

.%'l- [F(xl, oo Lj—15 L4y Ljt-1 - - ) - F(:Ul, NN xi_l,O,ZL‘H_l, e )} . (63)

To understand subtleties of the numerical implementation of eq. (6.1), it is important to
realize that the two terms in the numerator of eq. (6.3) are computed differently in the
numerical code. Indeed, the function F(z1,...2;—1,%;, xiy1 ... ) is calculated from the ma-
trix element squared that describes the highest-multiplicity process for a given channel
(for example, it is 0 — Hggggg for the double-real emission processes). On the other
hand, F(z1,...%i—1,0,zi41...) is computed by first analytically calculating the appropri-
ate singular limit from the full matrix element and then implementing that limit as an
independent function or subroutine in the numerical code. This implies two things. First,

lim F(...z,...) =F(...,0,...), (6.4)

x;—0
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is an important and non-trivial check of the calculation and of its implementation in the
numerical program. Second, because the full matrix elements become numerically unstable
for very small values of z, it is not possible to calculate integrands as in eq. (6.1) all the
way to z1_. ., = 0. In our numerical implementation, we follow the approach of ref. [67]
and require that the product of all generated singular variables is larger than a small
parameter J,

T1T2 ... Ty > Op. (6.5)

Independence of the final result from the value of §,. is an essential check of the correctness
of the numerical implementation; we will discuss the necessary condition for that in the
next section.

To obtain results for partonic cross-sections that will be presented in the next section,
we use 6. = 10719 We introduce a switch in the program that forces a quadruple precision
calculation of the integrand in eq. (6.1) to occur provided that zixs ...z, < Js, where J; is
conservatively chosen to be §; = 10~7. We find that, compared to a pure double-precision
computation, our implementation of the switch slows a calculation by about a factor of
two. This, however, is not a problem since the program is quite fast because it employs
helicity amplitudes to construct the relevant matrix elements. To illustrate how fast the
program is, we note that to get contributions to integrated partonic cross-sections for one
center-of-mass collision energy, we need about half an hour to obtain all the poles in € and
about four hours to obtain all the relevant finite parts provided that a calculation is done
on a cluster of twenty eight-core 2.83 GHz nodes.

Finally, we note that our current implementation of the numerical integration proce-
dure allows us to calculate partonic cross-sections but not kinematic distributions. This,
however, seems a relatively minor problem since at every step of the calculation we know
the kinematics of the final state and we can access the weight. It appears therefore that
the current implementation can be easily extended to make a true parton-level generator
capable of computing different observables in a single run. In fact, the possibility to do
this within the current framework was recently demonstrated for the simpler processes
t — beTv and b — wer in refs. [106, 107]. We plan to return to the discussion of this issue
in the context of Higgs boson production in the near future.

7 Checks and final results

In this section, we describe checks on the calculation and present the results for the partonic
cross-section. The first check that we describe follows from the fact that, in the numerical
program, eq. (6.4) is non-trivial to satisfy, because of the different ways in which the
function F(x1,z2,...) and its boundary values are computed. On the other hand, eq. (6.4)
is a necessary requirement for the existence of integrals shown in eq. (6.1), so that its
validity in our numerical program should be carefully investigated. To check eq. (6.4), we
compute

F(xl,...txil,...,ta:i2,...)

L i (t)=1-— ,
o ®) F(zi,...,0 241 ...0,24,41)

(7.1)

— 35 —



Double soft limit, 4||1, 5|2 Triple collinear limit, 4|3, 5||3, sector 1

500 - T T 800 T T T
450 t=10'}§ — t=107 5 m—
t=107"° mmmmm 700 t=10"" o
400 0 g o
2 350 450 | o 600 0 i
g % g 500 :22
S = 1 3 m
B 250 250 i B 400 300 i
o} 200 > 200
g 20 oo 1 € swo0r - :
= 150 50 e 3 Ax10® 5x10° o 5x10 1x10°
= 0 . . o Z 200 4
100 0 5x10™%  1x10™ 1.5x10"% 2x1072
50 4 100 o
0 el 1 1 0
0 2x10"2  4x10™2  6x10"2  8x10"2  1x10™ -1x10°8 -5x10°® 0 5x10°® 1x10°
L(xq) L(Xs)

Figure 1. Scaling behavior for soft (left) and collinear (right) double-real emission limits, as
obtained with our Fortran code in quadrupole precision. See the text for explanation.

as a function of ¢ — 0, for random choices of ¥ = [x1,22,...]. If the calculations are
done properly, we should find L;;. . (t) — 0 as t — 0, independent of Z. Also, because the
variables = define the kinematics of the process, each function L;, ;, (t) probes a particular
singular limit of the full amplitude.

For the double real emission sectors, we consider fifteen different limits, for example
Ly, Lyyy Lgs -y Lgy g - -+, Ly 5,24, and check numerically how these functions approach
zero. In particular, we know that all the soft limits should scale as t, while collinear limits
should scale as v/t. To illustrate this point we plot distributions for the functions L, (t)
and L., (t) in figure 1, for two sample sectors. The function L, (t) describes the soft limit
and the function L,, describes the collinear limit. To obtain these plots, ten thousand &
points were randomly generated and the two functions L,, () and L, (t) were computed
for two values of ¢ that differ either by one (soft) or two (collinear) orders of magnitude.
It is evident from figure 1 that the widths of the resulting distributions scales with the
parameter ¢ as expected. We also note that, in case of the collinear limit, the quality
of the distribution is very sensitive to the correct implementation of spin correlations.
In fact, by removing the spin-correlation part from collinear splitting functions, we find
L., (t) ~ O(107%) independent of ¢ for ¢ < 1075,

We note that we cannot follow the same strategy to check the O(e) terms for lower-
multiplicity amplitudes, since we do not have a computation of the 0 — Hggggg amplitude
beyond O(e”). We can nevertheless check the consistency of our calculation and implemen-
tation by comparing different limits against each other. In total, we consider 60 different
combinations for all double-real sectors and check that each of them behaves in a way that
is similar to what is shown in figure 1, for e =0, 1, 2.

To check the implementation of the real-virtual corrections, we need to modify the
above strategy, since Fry(Z) is given by a linear combination of three functions with
potentially logarithmically-singular coefficients, as shown in eq. (4.22). To probe soft and
collinear limits in the real-virtual case, we define two functions

Te [Frv(e, x1,txg, .. )]
7; [GQ(E,t,CEl,xQ, .. )] ’

Te [Fry(tzy, zo,....)]

T [Gi(t,x1,22,...)] (7.2)

Li(e,t)=1— Lo(e,t) =1 —
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Figure 2.  Scaling behavior for soft (left) and collinear (right) real-virtual emission limits, as
obtained with our Fortran code in quadrupole precision. See the text for explanation.

where

Gl(t,irl,ibz, .. ) = Fl((),l‘g, .. ) + FQ(O, T, . . ) [th‘%J}Q] - + Fg(o,l‘g, .. ) [t%[)%] - s

g (7.3)
Gg(t,xl,m'g, .. ) = Fl(l'l,o, .. ) + Fg(xl, 0,.. ) [tm%xg]

The operator 7; in eq. (7.2) implies that the relevant term in the Laurent expansion in e
of the corresponding function should be taken

o

T [f(e,2)] = Te [ Z fifi(x)] = fr(z). (7.4)

i=—00

For illustrative purposes, we show distributions of Lz, (0,t) and Lg,(0,¢) for one of the
sectors in figure 2. Similar to the double real emission case, we observe the O(t) scaling in
the soft limit and the O(v/t) scaling of the collinear limit.

A further check of the correctness of the calculation is provided by the cancellation
of poles. Singularities of double-real, real-virtual and double-virtual contributions start at
O(e~%). Starting from order O(e~2), collinear subtractions, renormalization and contribu-
tions related to extra-dimensional components of the unresolved momenta are required for
the cancellation of poles. We note that within our framework, we compute coefficients of
the Laurent expansion in € and check the cancellation of poles numerically. To see how
well this cancellation works, we compute the ratios

URR(G) + URV(E) + UVV(E) + Tconv (6) + Urenorm(e) +04—4 (6)

0c =
lorr(€)| + [orv (€)] + [ovv (€)] + |oconv (€)] + [Trenorm (€)| + |oa—a(e)]

(7.5)

at various orders in €. In eq. (7.5), we account for double-real, double-virtual, real-virtual
contributions as well as convolutions, renormalization and the contribution due to extra-
dimensional components of the unresolved gluon momenta. We show d(¢€) in figure 3 for
€ = —2 and € = —1. Interestingly, it appears from figure 3 that we loose almost one
order of magnitude in the quality of cancellation when we move from O(e=2) to O(e™1).
Nevertheless, at O(e~!) the cancellation is at the level of few per mille or better, which
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Figure 3. Residuals of poles in € for the total cross-section as the function of partonic center-of-
mass energy. The left panel shows O(e2), and the right panel shows O(e~!). See the text for
explanation.

is acceptable. Finally, we note that omission of extra-dimensional components in the
momentum parametrization leads to residual non-cancellation of singularities at the level
of 65 ~ 5 x 1073 and §; ~ 2 x 1072, which is very large compared to values of § that we
observe in figure 3.

As a final check of the calculation, we discuss the dependence of the result on the
renormalization and factorization scales. In this paper, we equate them and denote both
by . We can compute the p-dependence of the cross-section either by introducing pu€
per coupling constant in the various elements of the calculation in the standard way, or
by solving the renormalization group equation that follows from the fact that convolution
The

results of this computation can be found in section 2. We have checked that when the

of the partonic cross-section with parton distribution functions is p-independent.

p-dependence is computed with our numerical code, the result agrees with the analytic
computation based on renormalization group invariance.

We now present our results. We compute the hadronic cross-section for the production
of the Higgs boson in association with a jet at the 8 TeV LHC through NNLO in perturba-
tive QCD. We reconstruct jets using the k| -algorithm with AR = 0.5 and p, ; = 30 GeV.
The Higgs mass is taken to be my = 125 GeV and the top-quark mass m; = 172 GeV. We
use the latest NNPDF parton distributions [108, 109] and numerical values of the strong
coupling constant ag at various orders in QCD perturbation theory as provided by the
NNPDF fit. We note that in this case as(mz) = [0.130,0.118,0.118] at leading, next-to-
leading and next-to-next-to-leading order, respectively. We compute as(u) using the full
ny = 5 QCD evolution. We choose the central renormalization and factorization scales
to be ur = purp = mpy. In figure 4 we show the partonic cross section for gg — H + j
multiplied by the gluon luminosity through NNLO in perturbative QCD

dovaa _ ,do(s, o, g, pr) s
= X L , , 7.6
B 45 s s HF (7.6)
where 8 measures the distance from the partonic threshold,
EZ
B=1/1— Tt Ey, = \/m3 +p‘ij +p1j ~ 158.55 GeV. (7.7)
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Figure 4. Results for the product of partonic cross-sections gg — H + jet and parton luminosity in
consecutive orders in perturbative QCD at ugr = up = myp = 125 GeV. See the text for explanation.

The partonic luminosity £ is given by the integral of the product of two gluon distribution
functions

Llepr) = [ L o prtg (Zonr). (7.8)

It follows from figure 4 that NNLO QCD corrections are significant in the region
Vs < 500 GeV. In particular, close to partonic threshold /s ~ Ey,, radiative corrections
are enhanced by threshold logarithms In 8 that originate from the incomplete cancellation
of virtual and real corrections. There seems to be no significant enhancement of these cor-
rections at higher energies, where the NNLO QCD prediction for the partonic cross-section
becomes almost indistinguishable from the NLO QCD one. Note that we extend the calcu-
lation of the NNLO partonic cross-section to /s ~ 500 GeV only. From leading and next-
to-leading order computations, we know that by omitting the region /s > 500 GeV, we un-
derestimate the total cross-section by about 3%. To account for this in the NNLO hadronic
cross-section calculation, we perform an extrapolation to higher energies constructed in
such a way that when the same procedure is applied to LO and NLO cross-sections, it
gives results that agree well with the calculation without extrapolation. The correction for
the extrapolation is included in the NNLO QCD cross-sections results shown below.

We now show the integrated hadronic cross-sections for the production of the Higgs
boson in association with a jet at 8 TeV LHC in the all-gluon channel. We choose to vary
the renormalization and factorization scale in the range pugp = pp = mg/2, myg, 2my.
After convolution with the parton luminositites, we obtain”

oro(pp — Hj) = 27137140 fb,
onto(pp — Hj) = 43771150 fb, (7.9)
onNLo(pp — Hj) = 61771323 fb.

"We checked our LO and NLO results against MCFM (gluons only), and found agreement.
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Figure 5. Scale dependence of the hadronic cross section in consecutive orders in perturbative
QCD. See the text for details.

We note that NNLO corrections are sizable, as expected from the large NLO K —factor,
but the perturbative expansion shows marginal convergence. We also evaluated PDFs error
using the full set of NNPDF replicas, and found it to be of order 5% at LO, and of order
1-2% at both NLO and NNLO, similarly to the inclusive Higgs case [108]. The cross-section
increases by about sixty percent when we move from LO to NLO and by thirty percent
when we move from NLO to NNLO. It is also clear that by accounting for the NNLO QCD
corrections we reduce the dependence on the renormalization and factorization scales in
a significant way. The scale variation of the result decreases from almost 50% at LO, to
20% at NLO, to less than 5% at NNLO. We also note that a perturbatively-stable result
is obtained for the scale choice p &~ mg /2. In this case the ratio of the NNLO over the LO
cross-section is just 1.5, to be compared with 2.3 for p = my and 3.06 for p = 2mpy, and
the ratio of NNLO to NLO is 1.2. It is interesting to point out that a similar trend was
observed in the calculation of higher-order QCD corrections to the Higgs boson production
cross-section in gluon fusion. It has been pointed out that because of the rapid fall of the
gluon PDFs, the production cross section is dominated by the threshold region, thus making
p = my /2 an excellent choice for the renormalization and factorization scales [14, 89]. The
reduced scale dependence is also apparent from figure 5, where we plot total cross-section
as a function of the renormalization and factorization scale 1 in the region p| ; < p < 2my,.

Finally, we comment on the phenomenological relevance of the “gluons-only” results
for cross-sections and K-factors that we reported in this paper. We note that at leading and
next-to-leading order, quark-gluon collisions increase the H + j production cross-section by
about 30 percent, for the input parameters that we use in this paper. At the same time, the
NLO K-factors for the full H 4 j cross-section are smaller by about 10 — 15 percent than
the “gluons-only” K-factors, presumably because quark color charges are smaller than the
gluon ones. Therefore, we conclude that the gluon-only results can be used for reliable
phenomenological estimates of perturbative K-factors but adding quark channels will be
essential for achieving precise results for the H + j cross-section. We plan to return to this
issue in the future.
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8 Conclusions

In this paper we reported a calculation of the NNLO QCD corrections to the partonic
process gg — H + jet. This is one of the first calculations where NNLO QCD corrections
are computed to a 2 — 2 process whose cross-section depends on the implementation of
the jet algorithm already at leading order. We believe that gg — Hg is a sufficiently
typical process to expose all non-trivial features of a generic NNLO computation for a
2 — 2 process at a hadron collider. Indeed, we have used this process to show that the
computational technique that we describe in this paper can successfully deal with:

e a large number of contributing Feynman diagrams;

e colored particles in the initial and in the final state;

e collinear subtractions and parton distribution functions;
e all soft and collinear limits;

e known helicity matrix elements;

e spin correlations;

e a realistic jet algorithm.

The only “non-generic” feature that we benefited from is a much simpler bookkeeping that
is required for gg — Hg compared to the general case computation.

We believe that the techniques reported in this paper that built upon earlier work
described in refs. [66, 67, 74], allow computation of the NNLO QCD corrections to an
arbitrary 2 — 2 process at hadron colliders provided that the corresponding two-loop
matrix elements are available. Since this is the case for most of the processes that are
desirable to know at NNLO (cf. the “NNLO wishlist” in ref. [110]), our results open up a
way to perform the required calculations.

On the other hand, it is not entirely clear to us how to extend the computational
technology reported in this paper to make it practically applicable to 2 — n, n > 2
processes. In this case, the problem is related to the O(e) parts of the amplitudes and
the choice of extra-dimensional components to parametrize four-momenta of unresolved
gluons. The point is that in the 2 — 2 process these details can still be dealt with by
brute force, as we did in this paper, but for large n this will be increasingly difficult to do.
Therefore, it is an interesting theoretical question to re-formulate this technique in such a
way that much of the irrelevant O(e) dependencies is avoided. We hope to return to this
point in the future.
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A Appendix

We report here the formulae for the splitting functions and their convolution needed for
the renormalization of parton distribution functions at NNLO, as described in section 2.
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