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ABSTRACT: We first derive a class of six-dimensional (1,0) gauged supergravities aris-
ing from threefold compactifications of F-theory with background fluxes. The derivation
proceeds via the M-theory dual reduction on an SU(3)-structure manifold with four-form
G4-flux. We then show that vacuum solutions of these six-dimensional theories describes
four-dimensional flat space times a compact two-dimensional internal space with addi-
tional localized sources. This induces a spontaneous compactification to four space-time
dimensions and breaks the supersymmetry from N' = 2 to A/ = 1, which allows the reduced
theory to have a four-dimensional chiral spectrum. We perform the reduction explicitly and
derive the N' = 1 characteristic data of the four-dimensional effective theory. The match
with fourfold reductions of F-theory is discussed and many of the characteristic features
are compared. We comment, in particular, on warping effects and one-loop Chern-Simons
terms generically present in four-dimensional F-theory reductions.
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1 Introduction

Recently much effort has focused on the study of F-theory compactifications. This includes
both the study of F-theory vacua as well as the determination of the supersymmetric
effective actions [1-4]. F-theory is a non-perturbative formulation of Type IIB string theory
with space-time filling seven-branes, in which the complexified Type IIB string coupling is
geometrized in the complex structure of an auxiliary two-torus. Crucial parts of the seven-
brane physics can then be captured geometrically by studying degenerations of this torus.
More recently, it was argued that they also can admit appealing realizations of Grand
Unified Theories [5-12] and thus provide a very geometrical approach to phenomenological
questions. The derivation of the effective actions are crucial both to infer corrections to
the duality and to study phenomenological setups.

While there has been significant progress in the derivation of the leading classical
effective action the inclusion of corrections predicted by string theory is still challenging.
One of the obstacles to deriving these corrections is the fact that there is no low-energy
effective action of F-theory and one has to take a detour via M-theory to infer properties



of F-theory vacua and lower-dimensional effective actions [2, 13, 14]. The limit from M-
theory to F-theory is, however, very non-trivial and still has not been worked out for general
four-dimensional F-theory reductions.

In order to gain some insights into this we can consider instead a reduction of F-
theory to six dimensions [15-18]. Here the increased amount of supersymmetry and the
requirement of anomaly cancellation restricts the discussion and simplifies the analysis. For
this reason the effective action of F-theory reduced on a Calabi-Yau threefold was recently
described in [17, 18]. In what follows we will consider generalisations of this reduction in
which the M-theory dual is reduced on an SU(3) structure manifold with four-form flux.
We will then understand the F-theory duals of these effects and show how they may modify
the vacua of the 6D effective theories. Finlay we will show how these 6D effective theories
may be further reduced to four dimensions and compared with F-theory reductions on
Calabi-Yau fourfolds with similar modifications.

We begin our investigation by deriving the 6D effective gauged supergravity action
obtained by reducing F-theory on an elliptically fibered Calabi-Yau threefold Y3 with back-
ground fluxes. These fluxes will correspond to worldvolume two-form flux located on the
two-cycle S in the base By of Y3 wrapped by a seven-brane. In practice the derivation
proceeds by uplifting M-theory on a Calabi-Yau threefold with a special class of four-form
fluxes G4 for the M-theory three-form potential. The uplifted 6D supergravity actions ad-
mit a gauged shift symmetry of an axion in the universal hypermultiplet generally present
in a Type IIB reduction to six dimensions.

We will also consider F-theory reductions in which extra massive U(1) symmetries
arise. The M-theory duals of these will result from a reduction on an SU(3) structure
manifold for which may be considered to be an appropriately small modification of the
original Calabi-Yau threefold. Here the harmonic forms of the threefold are supplemented
by additional non-harmonic forms for which the deviation from the harmonic constraint is
parametrised by a constant similar to the flux parameters in the case described above. The
effective theory again involves additional gauged shift symmetries of the hypermultiplet
scalars [19].

In certain cases we will see that the derived gauged theories may no longer admit 6D
Minkowski solutions. However, we find that compactifying solutions exist which contain
a 4D Minkowski factor and a compact two space B. Generally the scalars in the 6D
hypermultiplet moduli space have to admit a non-trivial profile over B for these solutions
to exist. Concretely we find solutions preserving four supercharges with a profile for the
axion ® and the volume V of the Calabi-Yau threefold for the F-theory reductions with
7-brane flux. Moreover, these solutions also describe a flux for the 6D gauge fields on the
compact space B. These new fluxes then ensure the self-duality of the total 7-brane flux
on the worldvolume S = B x S. The solutions are sourced by the presence of additional
co-dimension-two localized sources. These sources fill the 4D Minkowski space and are
points on B. In what follows we will interpret them as additional seven-branes wrapping
the entire base Bs.

Having found vacuum solutions with compact component B of the 6D gauged super-
gravity theory we proceed to derive the 4D effective theory encoding the dynamics of the



fluctuations around the 6D backgrounds. The resulting 4D theory is shown to be a gauged
supergravity theory consistent with an F-theory reduction to four dimensions. Remark-
ably the 6D solutions and the resulting four-dimensional effective action captures many
crucial features of a general 4D F-theory reduction. We find that the conditions on the 6D
solutions match with certain tadpole cancellation conditions, the 6D flux background lifts
to a self-dual G4 in a fourfold reduction and a non-trivial warp factor is induced. When
neglecting warping effects the 4D N = 1 characteristic data are shown to match the results
of [2, 14, 20-22]. Similarly we will show that massive U(1) symmetries in the 6D reduction
provide the same effects as massive U(1)s in the equivalent 4D F-theory reduction [21, 23].

Reductions of 6D gauged supergravities to 4-dimensions, on compact spaces similar
to those considered here, have been analysied in the past [24-30] and higher dimensional
origins for these theories have also been proposed [31, 32]. The reductions we consider
here differ from these as the 6D theories we describe have only gauged hypermultiplet shift
symmetries, so the fluxes that can be turned on have a different form. However, many
of the qualitative effects are comparable. One reason for the interest in these sorts of
solutions was based on the idea that local effects at the locations of certain branes in the
6D solutions may provide a natural solution to the cosmological constant problem [26-28].
We will not comment further on this idea here but will briefly mention that in future work
it may be interesting to investigate to what degree these mechanisms may be embedded in
F-theory by means of an intermediate reduction such as that shown here.

This paper is organized as follows. In section 2 we will determine the 6D effective
theories arising in modified F-theory compactifications by examining the dual M-theory
reductions. In section 3 we will examine the vacua of the 6D effective theories and consider
the subsequent reduction to 4D. These will then be matched with the effective theories of
more direct 4D F-theory compactifications in section 4. In appendix A we will list our
conventions. Finally in appendix B we will describe how certain 6D solutions we have
described may be related to the 5D domain wall solutions of [33].

2 6D gauged supergravity from F-theory and M-theory

In this section we derive certain 6D gauged supergravities which may be obtained by
reductions of F-theory. These 6D theories are arrived at by taking the F-theory limit of a
5D M-theory reduction on an SU(3) structure manifold with 4-form fluxes. In section 2.1
we briefly recall the 5D gauged supergravity action arising as a reduction of M-theory on
a Calabi-Yau threefold with G4 flux. We then evaluate the result for the special case of
an elliptically fibered Calabi-Yau threefold. In section 2.2 we derive an alternative gauged
5D supergravity which arises by deforming the Calabi-Yau to a SU(3) structure manifold.
A general class of 6D gauged supergravities is reduced on a circle in section 2.3. The 5D
actions of section 2.1 and section 2.2 are then matched to the 6D reduction of section 2.3
after taking the F-theory limit in section 2.4. This allows to infer the 6D actions arising
from a reduction of F-theory with either 7-brane fluxes or massive U(1)s.



2.1 M-theory on Calabi-Yau threefolds with fluxes

We begin by reviewing the reduction of M-theory on a Calabi-Yau threefold Y3 with é’4—
flux [34, 35]. The at lowest order in derivatives the bosonic part of the 11D supergravity
action is given by [36]

1 2. 1= A A 1 » A A
sl — / “R¥l — —Gy AN*Gy — —C3 NGy NGy, (2.1)
My 4 12

where é4 = dé’g and R is the 11D Ricci scalar for which we use the conventions outlined
in appendix A. Here we will indicate 11D objects by . When reducing this action on a
Calabi-Yau threefold Y3 we make the following ansatz for the 11D metric

ds$? = gpndz™dz" + 2gi(§)dgfdyj , (2.2)

where m = 0,...4 is a world index on the 5D external space which is raised and lowered
with the metric g, and ¢ = 1,...3 is a world index on the complex threefold which is

(6)
[/
(G4) = G with indices along Y3. This flux can be expanded in a basis of four-forms @

raised and lowered with the metric g In addition we will allow for a background flux

A

representing elements of H*(Y3) as
Gl — gl oM (2.3)

The coefficients ¢ are in fact quantized and integral when expanded in an integral basis
of H*(Y3, 7).

The real scalars parameterizing the variations of the Kéhler structure of Y3 are denoted
by v, while the complex scalars parameterizing the changes in the complex structure of
Y3 are named z". Infinitesimally they modify the Calabi-Yau metric by

895 = —i(wa) 00", 8gij o (Xm) " 62% , (2.4)
where A = 1,... A% (Y3) and k = 1,... hY2(Y3). In these expressions we have introduced
a basis wp of (1, 1)-forms representing elements of H 1’1(?3), and a basis x, of (2,1)-forms
representing elements of H2!(Y3). Q3 is the globally defined nowhere-vanishing holomor-
phic 3-form. Using the forms wy one can also expand the Kéahler form J of the Calabi-Yau
manifold as J = v™wy defining the finite v*. This means that the volume V = f% xg1 of

Y3 is given in terms of v by

1 1
V= 3'/ JNINJT = gVAEQUAUEU@, Vase = / WA A wy Awe (2.5)
YUYy : Y3

where Vpye are the triple intersection numbers. In what follows it is useful to separate off
the volume and define the new scalars L* which satisfy

oA

A
L RYYEN

1
Non = 5VAE@LALEL@ =1. (2.6)

When distributed into five-dimensional supermultiplets the scalars L* are part of vector
multiplets while the volume V is part of the universal hypermultiplet.



To complete the reduction one also has to consider fluctuations of the M-theory three-
form C5. Therefore, we make the ansatz

Ga = def Nag — dég A BE + F'A Awy + Gy + G (2.7)

where (£K, &) are 5D scalars, F'’ = dA™ are the field-strengths of 5D U(1) vectors
A and Gy = dCs is the field strength of a 5D three-form C3. Here we have introduced
a symplectic basis of three-forms (ag, %) on Y3 representing elements of H 3()73) such
that K =0,..., hlvg(f/g). For an appropriately chosen basis the only non-vanishing double
intersections of the (ag, %) and (wp, &™) are

/aKAﬁL:5KL, /WAA@E:5AE. (2.8)
Y3 Y3

Let us next turn to the determination of the 5D effective action by inserting the
reduction ansatz into (2.1). Integrating over the Calabi-Yau space and carrying out a
2
Weyl rescaling ¢gmn — V™ 3 gmn to bring the effective action into the 5D Einstein frame, we
find that

G) 1 1 A s 1 A D
S(M)_/Ms |:2R*1—2GAgdL A *dL —§GA2F/ A *xF'

1 1 !
_ EVAz@ AMNFENF'® — —dV AxdV — 1V2g4 A *64

412
- i(ﬁKdgK - édeK + 2A/A9f\) A Gy — gurdz" A xdZ" (2.9)
1 x > - 1
+ @(ImM)KL(dgK — Mycprd€™) A x(dép — MpndeN) — WGAEH’AHQZ %1,

where Mg (2, Z) is a complex matrix depending on the scalars 2", and Gy (L) is a real
matrix depending on the scalars L®. The inverse of Guy; is denoted by GA*, while the
inverse of ImMp s is denoted by (ImM )K M Explicitly Gy, is derived to be

1 1
/ WA N *gwy, = —5(8LA8L2 IHN(M))|/\[<M>:1 , (2.10)

Gas = 29178 [,

with V() being the cubic polynomial in LA defined in (2.6) but evaluated at 1 only after
taking the derivative. The explicit expressions for the metric g.z(z,z) and the complex
matrix Mg (2, Z) can be found in equations (A.4) and (A.6) of appendix A. We will not
need their precise form in the following.

To bring the action (2.9) into a standard supersymmetric form one first has to dualize
the three-form Cs into a 5D scalar ®. We thus introduce a term in the action which imposes
the Bianchi identity for G4 given by

AS) = /M —id@/\%. (2.11)
5

Upon varying the action with respect to G4, now treated as a fundamental field, we find
the equation

2V? x5 Gy + d® + 240 + £5dEy — EpedeB = 0. (2.12)



Substituting this back into the effective action (2.9) gives the effective action with G4
dualized. At this point it is useful to make a redefinition ® — ® + & €K in order to move
into a basis where the scalar & 5 1s purely axionic, which will be important for comparison
with what follows. This gives the 5D effective action

(B) 1 _1 A 2_1 1A D))
S(M)_ //\/{5 [QR*l 2GA2dL A *dL QGAEF A xF

1 A o 1
- — A’ F>AF® - 4 d
12VA2@ A A I V A *xdV

- W(D@ + 26K 48 ) A k(DD + 26K dE ) — gurdz”™ A xdZ"
1 ~ _ .
- E(ImM)KL(déK — Mycpd€™) A x(dé — Monde™) = Vi) + 1|, (2.13)

where we have abbreviated the invariant derivative D® and the scalar potential Vﬂ(i)( as

DO = dd + 249, A ﬁ

These gaugings and the potential they induce then describe the deformation away from

GAE0) 65 (2.14)

the ungauged 5D supergravity caused by the background flux Gg“x.

The M-theory/F-theory duality, which we wish to use in order to lift this 5D action in
the F-theory limit, only applies when the Calabi-Yau manifold Ys is an elliptic fibration.
More precisely, Y3 can be the resolution of a singular elliptic fibration over some base twofold
Bs. When such spaces are considered the divisors of Y3 can be split up into three sets with
different origins. Here we will label wg as the duals of the divisor associated to the section
of the elliptic fibration, w, are the duals of the divisors associated with divisors of the base,
and w; are the duals of the divisors associated with the resolution of the singularities of the
elliptic fibration. The 5D vector multiplets are then similarly split so that the vectors are
decomposed as A" = (A0, A’ A") and the scalars as L* = (R, L%, L*). The intersection
numbers Vaxe also become constrained such that

VOOO = Qaﬁaaaﬁ 3 VOOOc = Qaﬁaﬁ ‘/OCY,B = Qaﬁ )
Va,87:0> VOiA:Oa Vaﬁizoa
Vaij = —Cijapb”, Vijk # 0, (2.15)

where (j; is the Cartan matrix of the group associated with the singularity resolution of
the Calabi-Yau manifold.

To shift to a basis in which we can lift up to a 6D theory F-theory reduction it is
helpful to make the following field redefinitions

1 1 1
MOZQR, Ma:*LOé—i-*KaR, MZ:*LZ,
2 4 2
AV =247 A" = %A’O‘jtiKaA’O, A= %A’i,
1 1
0o = 596_ ZKaelaa 0o = 20, 0; = 20;. (2.16)



In terms of these redefined fields the scalar /\/'( M) then takes the form
o 1
Ny = QagM MO MP — 400,56 Ciy MO MM + Qa0 MOMOM°
1 4 o
+ iﬁagbo‘C’ijMoKﬁM’M] + gvijleMﬂM’f =1. (2.17)

The fields can be arranged into multiplets of the 5D supersymmetry. For example the 5D
metric g,,, together with one of the vectors A%, form the bosonic part of the 5D gravity
multiplet. The remaining h!(Y3) — 1 vectors combine with the constrained scalars L* to
form nf, = h'(Y3) — 1 vector multiplets. Finally, we note that the 4(h"2(Y3) + 1) scalars
given by ¢% = (V,Cb,zk,éff,ﬁK,gK) belong to n3; = hl’Z(Y;»,) + 1 hypermultiplets. The
resulting 5D action is then given by

1 1 1
S((i/l) = / [QR x1 — §GAEdMA A xdM> — ithq“ A *Dg" (2.18)
Ms

1 1
_ QGAEFA/\*FE*ENAE@AA/\FE/\F®*V(5)

flux

* 1|,

where h,, is the hypermultiplet target space metric which can be read off by comparison
with (2.13) and

Gax(M) = —%(GMAﬁlenJ\/'(M))]N(M):h Niase = (O 0ny= 0y Ny IN( =1 -
(2.19)
In this alternative basis the gauge invariant derivatives and the scalar potential are now
given by

dd 42420, if ¥ =D, 1
Dq* = 5 — G000 (2.20)
dq* if g # @, 8V

In general the potential of a 5D N=1 theory is given by [33, 37]
1
VO = 4G — 2MAME) Py 4P Pt + §hwk}{k§MAME , (2.21)

where kY are the killing vectors which define the gaugings as Dq¢" = dg" + k:XAA and Py 47
is a function of the hypermultiplet degrees of freedom, valued in the adjoint of SU(2) and
is related to the SU(2) part of the hypermultiplet curvature K,, by

k‘XKuUAB = VvPAAB . (2.22)
The potential found in M-theory reduction we have carried out here results from a special

case of this in which (2.21) becomes simplified as

1
PraBPspt = —Ekxk%hw- (2.23)

We may then chose a gauge in which this is satisfied as

1
PAAB = @9A0_3AB , (2.24)



where o3 is the Pauli matrix. Substituting this back into (2.21) then results in the poten-
tial (2.20).

Let us note here that only shift symmetries are gauged by turning on the flux G,
In the M-theory reduction on the resolved Y3 there is no charged 5D matter in the effective
theory and all gauge fields are U(1) fields. This can be attributed to the fact that this 5D
theory corresponds to an 6D F-theory compactification on an extra circle when pushing
the theory to the 5D Coulomb branch.

2.2 M-theory on SU(3) structure sixfolds

In addition to turning on the flux as described above we may also consider reductions on a
more general class of real six manifolds Zg that are no longer Calabi-Yau manifolds [38-42].
Concretely we will consider in the following six manifolds Zg that admit SU(3) structure
but which are in general neither Kéahler, nor complex, and do not have vanishing Ricci
curvature. However, as a result of the SU(3) structure they do admit a globally defined,
no-where vanishing two-form J and three-form 2. In contrast to Calabi-Yau spaces with
harmonic .J, €2 one now has

dJ #0, A+ 0, (2.25)

while we still impose
dJNJ=0. (2.26)

To perform the reduction we must then expand in a basis that includes both the
harmonic forms that we considered before and also a different set of non-closed and exact
forms. To avoid extensive notation we will use the same indices as in section 2.1 and will
extend the range of A and K to include the non-harmonic forms. These then satisfy

dag = erp®,  dpE =0,  dwy = %,  dt=0. (2.27)

The deviation from Calabi-Yau condition is then described by the constants €/ ,. These
deviations are introduced such that the expanded basis preserves the form of the inter-
section conditions (2.5) and (2.8) now integrated over Zs. Moreover, we restrict to the
case that

waABE =0, (2.28)

at least in all integrals. This mimics the conditions valid in Calabi-Yau reductions and
accounts for the fact that no one-forms are used in the reduction ansatz.

The dimensional reduction of M-theory on Zg is performed in analogy with section 2.1
but taking into account the properties (2.27) of the forms. For simplicity we will include
the flux Gg“X only at the end of the discussion. The expansion of the M-theory three-form
then takes the form

Ga = de¥ay — DEBE + Fhwp + G + X e\t (2.29)

where
DEK = déK + CII(AA,A . (230)



In order to perform the F-theory lift it will again be necessary to split the index A into
directions associated to the divisors of different origins. In doing this we now extended the
range of the index ¢ appearing the the decomposition in order to include the additional
non-harmonic 2-forms in (2.27). This means that when making the basis change (2.16) we
may then define

ECKOo — 0, CKa — 0, CKi — 28/](1’ . (2.31)

When carrying out this decomposition we will also extend the definition of C;; appearing
in (2.15) so that now only the part associated with the harmonic 2-forms corresponds to
the Cartan matrix of the gauge group, associated with the singularity resolution. Reducing
as before, carrying out the rescalings and dualizing the three-from with field strength G4
into a scalar ® we find that

1 1 1
St = /M [QR # 1= SGax dM™ A dM” = JhuyDg" A *Dg"
5

1 1
— 5Gax FMA«F> — 5 Vase AMAFEAF® —vE) x1],  (2.32)
where G (M) is formally obtained by the same generating function N as in (2.17).
The gaugings that appear here are now given by

dd + Aleppt,  ifqv =0,
Dq" = { dép + Alegn, if g% =&, (2.33)
dq" , if ¢U # @, .

These can be brought into a simplified form by once again making a field redefinition
® — & + K¢, which modifies the hypermultiplet metric to match that shown in (2.13).
When this is done the scalar & i has a standard gauged shift symmetry and is the only
scalar with a gauge covariantized derivative such that Dé K= cl§~ o+ Alega.

The potential Véggm now contains contributions which arise in the M-theory reduction
from both the é4 kinetic term and from the internal space Ricci scalar. These combine to
give a total potential which agrees with that which is required by supersymmetry (2.21)
for the gaugings we have described. The SU(2) adjoint valued functions Py4” can also
be derived by reducing the 11D gravitino variation and reading off the relevant term as
described in [40, 43]. For both the fluxes and the geometric deformations we have described
here this gives

o
8V Jz,

APY = J NGy, AP it PR = ke / QOAdJT, (2.34)

VYV 2

where K, is the Kéhler potential for the complex structure deformations z" and we have
expanded Py 47 in terms of the Pauli matrices as

Paa® = Pio" 4", (2.35)



for z = 1,2,3 . We note that for the SU(3) structure reductions we have considered

this gives
B jesle K, 5K\ 1 B ek K 5K\ 2 B, ! K 3 B
P, = e Z5+Z7)o + e 2> =7 o +-——e€ o , (2.36
AA NG KA( Jo A VG KA( )o©a Y KAET 074", (2.36)

where Z¥ are the scalars that appear in the expansion of  such that we may chose a basis
in which ZX = {1, 2%}.

To close this section let us also add the terms arising from a nontrivial background
flux GE“X. Combining the gaugings (2.20) with the gauging induced by the non-vanishing
ex A one finds

d® +2A%,, ifqi=2a,

Dg" = déx + Alern, if ¢ =Ep, (2.37)

dq*, if g% # @, &)
The total potential may then be derived from (2.34) and (2.21). The modifications (2.37)
encode the deviations from a standard Calabi-Yau reduction of M-theory. In the next sec-

tions we will demonstrate the up-lift of this five-dimensional gauged supergravity theory to
six-dimensions. This will then be interpreted as performing the M-theory to F-theory limit.

2.3 Circle reduction of gauged 6D supergravity

Having derived the 5D gauged supergravities obtained by M-theory compactifications we
will now turn to the F-theory side. The starting point will be a general 6D (1,0) gauged su-
pergravity [44, 45]. We will dimensionally reduce this theory on a circle and then determine
the couplings by comparison with the M-theory reduction.

The 6D theory is specified by a “pseudo action” in the sense that self-duality conditions
for three-form field strengths need to be imposed by hand after variation of the action. In
the following we will indicate 6D quantities by a ~. The 6D tensor multiplets contain
a scalar j* and a two-form B® with field strength G® as bosonic degrees of freedom.
The bosonic fields of the 6D hypermultiplets describe four scalars ¢V each. The bosonic
components of the 6D vector multiplets contain only the vectors Al These are in general
non-Abelian with field strength F! = dA! + % Ly A7 N AK - At lowest order in derivatives
the pseudo-action is given by

Lo 1. o ong 1 e 1o
S — / [QR*l — Zga/gGo‘ A G — §gaﬁdja A kdj? — 5hUquU A *DgY
Me
— 2003) VP Cr  FT NSEF) — Qupb®CryBP AN FIAF) —VOT] | (2.38)
with self-duality condition
Gap*GP = Q,5G°,  where G =dB® +2b°0° do® = CryFT AEFT . (2.39)

The couplings 6%, and Cr; = Tr(T;T;) are constants defining the theory. The g
appear in the metric for the tensor multiplets and are normalized as

9o = 2Jais — Qas 7P s =1, Joo = Qapi® (2.40)

,10,



Here a = 0,...n% is an index in the fundamental of SO(n$, 1) which counts the n$. tensor
multiplets, I = 1,...dim(G) is an index in the adjoint of G which counts the dim(G) vector
multiplets and U =1, . .. ,4n% is an index which counts the n% hypermultiplets.

As in the 5D case the hypermultiplet gaugings define the covariant derivatives
and potential

1 1

q q 4Qaﬁjabﬁ

CiHJAUABAVBA]%IU];}V , (2.41)
where I%IU and Ay4p are in general functions of the hypermultiplet scalars. Here A = 1,2 is
an index in the fundamental of the SU(2) R-symmetry of the 6D theory. The hypermultiplet
gaugings induce a transformation of objects which carry the the 6D R-symmetry index such
that the covariant derivative of the 6D supersymmetry parameter appearing in the gravitino
variation is given by

Dy = Ve + DprgV Appé® . (2.42)

The covariant derivative of the 6D gravitino @ﬁ appearing in the gauged Rarita-Schwinger
term also has this structure.

In order to make contact with the 5D theory we have found in the previous section
and obtain the F-theory lift we reduce this action on a circle. The ansatz for the metric is

8(5) = Gmnda™da" + 17 (dy — A°)?, (2.43)

where A° is the Kaluza-Klein vector, r the circle circumference and y the coordinate along
the circle. The vector and tensor fields are reduced as

Al = AT 4 ¢(dy — AY), B = B + (A® + 2b°Cr ¢t AT A (dy — A%) . (2.44)

Substituting this ansatz into the action, integrating over the circle direction, performing
a Weyl rescaling of the 5D metric g, — r3 gmn and using the self duality constraint
results in a 5D action with, in general, adjoint scalars ¢! and non-Abelian vectors AL. We
will not display the whole non-Abelian action here, since we are mostly interested in the
Coulomb branch of the theory.

As the 5D M-theory reduction results in the Abelian theories defined by (2.18)
and (2.32), this must be compared with the Coulomb branch of the circle reduced ac-
tion. The 5D Coulomb branch is obtained by giving the adjoint scalars ¢! a vacuum
expectation value that breaks the gauge group as G — U(l)ra“k(c). We therefore restrict
the vectors to those which gauge only this Cartan sub-algebra of G' which we label as A’
with ¢ = 1, ..., rank(G), for these Cartan elements one has flij = 0 so that F* = dA’. The
scalars in the vector multiplets are accordingly denoted by ¢*. To determine the action in
the Coulomb branch is in general a hard task, since it requires us to integrate out massive
fields that gained their mass due to the breaking of G. In the following we will display
the truncated action. More precisely, we drop all massive modes that gained their mass by
moving to the Coulomb branch and the Kaluza-Klein reduction and do not include correc-
tions arising after integrating out these massive modes. In principle, one has to compute
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the Wilsonian effective action after integrating out both massive Coulomb branch modes
and Kaluza-Klein modes [18]. The retained fields also include hypermultiplets that admit
scalars with a gauged 6D shift symmetry. These gaugings will be induced by fluxes or the
non-Calabi-Yau geometry in the F-theory setup. In summary, we will restrict the hyper-
multiplet scalars to the set ¢“, where u =1,... ,n?q(coulomb), which are neutral under the
gaugings or have only shift symmetries so that k% = const.! These restrictions are made
in a supersymmetric way so that whole multiplets are truncated from the action.

With this restrictions in mind, we are now able to present the 5D action after circle
reduction. In order bring the action into a more standard form it will be necessary to
define the coordinates of the scalar target space [18]

wls

MO =r3, M® = 13 (5% + 26°r2Cy;¢P ) Mi=r73¢, (2.45)
The action then reads

() _
Sry =

1 1 1
/ [R*l—huqu“/\*Dq”—GAngA/\*sz
e 12 2 2
- fGAg FM A SF® — 7( e + Xido)AM A FE A FO — V) 1| | (2.46)

where the covariant derivatives for the hypermultiplet scalars are given by Dg“ = dq¢“ +
A'k¥. The metric Gy, depends on the scalars M* = (M? M, M?) and is given by

1 n
GAZ = —5(8MA0M2 IDMF))|N(F)=1 5 N(F) = _/V‘(r;-,) —F,/\/’(FI‘)) s (247)
where
N N P N N MM MFEM
Ny = QapMOMOMP — 49,56 CyMPMIM? | NP = 490D bﬁcijcle.
(2.48)

Let us note that when inserting the definitions (2.45) into this form of NV y) one indeed finds
that /\/(F) = 1 as a consequence of jo‘jﬁﬁag = 1. The coefficients of the Chern-Simons-type
terms are separated into constant couplings er\eg@ and field-dependent couplings X}"\ege(M ).
The former are given by

Vidle = Oy Oy=0ye Ny (2.49)

The field dependent Chern-Simons couplings are only symmetric in the last two indices

Xi¥o = Xf\e(dze). They are given by

3
X(S?\dE = Xg?{iE =Y, X@rx%) = ZaMiaMAaMz ./\/'(rg)) s (2.50)

1One way of seeing this constraint is to notice that the truncation of the non-Abelian gauge fields A’,
which gauge the symmetries of a set of scalars ¢V, has to be compatible with the equations of motion. On
the Coulomb branch we split the vectors into as AT = {A*, AI/} where A® are the gauge fields associated
to the Cartan sub- algebra and A" are the rest, and then set A" to zero. This is consistent if the A" field
equation D« F! = kU x«DqY —|— . remains satisfied when the truncation is carried out. Then decomposing
the scalars ¢V as ¢ = {¢*, q¢" } where kil =0, k:{J/, # 0 we see that when A" is set to zero we must also
set qU/ to zero on the right. For this reason scalars that are charged under the truncated vectors must also
be truncated. However the scalars that remain ¢“ may still be charged under the remaining vectors so that
ki # 0 as is seen in our constructions.
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Finally, let us discuss the scalar potential, by reducing the 6D action we find

VrEeB) = lr_% !

iy 1 s o
-1z A B jpupv -3 4 U v
1 € A B A AR g R GO L (251)

(2
To compare this with the 5D result it is useful to rewrite this expression using the inverse
metric G¥*. This requires us to explicitly invert Gxa computed using (2.47) and (2.48).
To do this one uses standard inversion formulas for block matrices to find

1 2 1
1" Qupjot?

win

G =G L GGG GG = CYI L op=5 (i (2.52)

where we have applied

G = (Goo — Goa(Gap) 'Gos — éz‘éijéj)fl , Gi=(Goi — Gia(Gap) *Gog) ,
G = (Gij — Gia(Gap) 'Ga) " (2.53)

and inserted the results for the components of Gy which may be read off from (2.47).
Substituting this into potential (2.51) we find that this can be rewritten as

7

5 ] ( j U 1,0 1 i | .U 1.0
‘/;Ead) = _<(GJ —-2M MJ)AUABAvBAk' kj - ihuvM M]kz k]> . (254)

2.4 Lifting to 6D F-theory

We now wish to match the 5D theory (2.46) arising after circle reduction of 6D supergravity
with the 5D theories (2.18) and (2.32) in the reduction of 11D supergravity. As the actions
are both supersymmetric, this can be done by matching the hypermultiplet gaugings, the
potential and the scalar N

We will first review the matching of Ny given in (2.17) with N(py given in (2.48).
To do this we first note that the F-theory lift applies in the limit in which the volumes of
the elliptic fibre and the resolution blowups vanish but where the threefold volume remains
finite. The effect of taking this limit on the effective action results in a rescaling of the
scalars as

M — eMO, M = e 2 M, M= i M* (2.55)
and then taking the limit as e — 0. When this is done M M) becomes
Noary = QapMOMMP — 4Q050°Ciy MP MM . (2.56)

Next we consider (2.48) this consists of a polynomial and a non-polynomial part. The
polynomial part ./\/'8,) matches (2.56) and the non-polynomial part ./\/'(I}f) can be interpreted
as a one-loop correction as discussed in [18]. Furthermore, /\/’&E’) is proportional to the
contraction b*b? (2,5 that characterizes the 6D one-loop anomalies.

Let us now discuss the hypermultiplet gaugings induced by G4-fluxes. To do this we
compare the gaugings that appear in (2.20) with the gaugings (2.46). We note from (2.46)
that only gaugings associated with the vectors A’ are present. This implies that the Gy-
fluxes corresponding to 6}, 0., in (2.3), or equivalently to the fluxes 6y, 0, defined in (2.16),
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cannot be lifted to F-theory. The 6D Killing vectors are related to the remaining fluxes
and one has

kP =20, By =60, =0, (2.57)

)

with all other components of the Killing vectors vanishing. It is easy to check that these
ki indeed satisfy the Killing vector equations

Ekihuv = kzuawhuv + aukzuhwfu + 6vkizwhwu = k?@@huv = 0, (258)

as k] are constant and the metric (which can be read off from (2.13)) is independent of ®.

We can see that these allowed gaugings can be lifted to F-theory by considering the
reduction of Type IIB Supergravity on an orientifold quotient of K3 with D7-Branes which
represents the week coupling limit of the F-theory reduction. In this reduction the D7
brane action contains a term of the form

CuATH(EAF), (2.59)
D7
where © now indicates a 10D quantity, F is the field strength for the gauge field on the
D7 brane and 6'4 is the IIB Ramond-Ramond 4-form. To avoid breaking the 6D Lorentz
symmetry of the reduced theory the D7 brane must fill the lower dimensions and wrap a
2-cycle S on the internal space. When a flux is turned on such that Fi = ¢ty [S], where
[S] is the 2-form which is the Poincaré dual of S, this gives

@Aﬁ@Aﬁ:/

2@4 A CZ]FZ / C_lijk[S] = / 2@4 A FZQZ , (2.60)
Mg S Mg

D7
when the 6D 4-form C is dualized to the scalar ® this term is responsible for the appearance
of the gauging in the 6D covariant derivative D® = dd + 26;A". From this we understand
that the F-theory dual of the 4-form flux we have described is flux on the world volume of
the 7-branes.

Next we can match the potentials. To do this we simply note that comparing (2.21)
with (2.54) we find that

1
PiaP = §/€Z’LAuAB, Poa” = Paa” =0. (2.61)

Then for the potential induced by the flux gaugings in 5D where (2.24) applies the 6D
potential is given by

(6 1 o

V§$<=:&H1M£F%Bv26’1”@9j. (2.62)

This potential has a runaway direction for the scalars j* and V and as a result the 6D theory

effective theory has no maximally symmetric solutions. We will discuss the non-maximally
symmetric solution which replace this in the next section.

We can also up-lift the gaugings induced in the reduction on the SU(3) structure

manifold. As before we compare the gaugings that are arise in the circle reduction (2.46)
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with (2.33) to find that the only non-vanishing killing vectors of the 5D hypermultiplet

target space are ka = eg; with all other components of the killing vectors vanishing.

We can also consider the F-theory duals of these lifted SU(3) structure deformations.
Here we find that the gaugings of the 6D effective theories are caused in the IIB reduction
by the presence of extra massive U(1) symmetries. To see this we can note that when these
symmetries are included there will be an additional term of the from

Co A Tr(F), (2.63)
D7
where 6’6 is the Ramond-Ramond 6-form and these extra U(1) branes wrap new cycles S;
on the base By. To reduce these extra terms to 6D we expand 6’6 =7 f N ipog, where 7
is a vector that projects ax to a 2-form on the base, and then integrate over S;. This then
gives rise to extra terms in the 6D action of the form

Co A Te(F) :/ zK /\FZ'/ inou :/ ZENFlej . (2.64)
MG MG

D7

i

When the 4-form Z K is dualized to give the scalar €k this term then gives rise to gaugings
present in our 6D effective theory. We note from this that if we make the gauge choice
as described in section 2.2 and expand ag into o and oy then, as iy is a (2,0)-form
and S; is a (1,1)-cycle, we see that ep; = 0 for the F-theory gaugings we describe here.
These are then dual to a restricted set of SU(3) structure deformations which also satisfy
this constraint.
As before we can also compare the scalar potentials find that in this case
K.

V%?()l) = Wchj <VlQ€m‘€)\j§K§)\ + evemeAjz“z)‘> . (2.65)
When interpreted as coming from D7-branes the potential arises by expanding the Dirac-
Born-Infeld action. The first term of the potential depends on the Wilson line scalars,
while the second term depends on the D7-brane deformations. The latter indicates that
certain D7-brane deformations are actually massive since they require it to wrap a non-
supersymmetric cycle.

3 Vacua and reductions to 4D

In this section we will find and comment on certain vacua of the 6D effective theories
that result from the F-theory compactifications we have described. In doing this we will
approach the effective theories that result from 7-brane fluxes and massive U(1) symmetries
separately. In section 3.1 we will describe the vacua of the 6D theory deformed by fluxes.
As this effective theory has a potential with runaway directions a maximally symmetric
solution is not possible and is replaced by vacua which locally describe 4D flat space times
a 2D compact internal space. In section 3.2 we will consider the 4D effective theories that
result from a reduction on the compact 2D part of the solution. In section 3.3 we will
describe the vacua and reductions of the 6D effective theories that result from additional
massive U(1) symmetries.
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3.1 Vacua of 6D F-theory with 7-brane fluxes

As we have mentioned the 6D gauged supergravity that represents our F-theory reduction
with D7-brane flux has no maximally symmetric solution. For this reason it is interesting
to investigate what the vacua are. These vacua must solve the 6D equations of motion
combined with the pseudo action constraint which are given by

. 1, - - 1, A A N
Ryn = + ZgaﬁGaMRSGﬁNRS - ﬂgaﬁGaRSTG’BRSTQMN

+ 40,57V Cr  FI R F Ng — iga,@]abﬂCIJFIRSFJRSQMN
~ A A » AL UA A 1~ ~
+ G0 ONJ” + huv Davg¥ Dng" + §V(6)9MN ;

d(huviDg") = iaUhVWqu ANDGY + hywouky A" AN%DG"V + 0uV ()51,
~ A A A A o ~ ~ 1 ~
d(Q* gg.2dj7) = j5G* N*GP+255d)* A 3#djP + 20°Cr F A iFJ—mbO‘V(()-)%l ,
By

D(AQa55 V5 FT) = — hyyC M EY4DGY — 4% g5 FT A 5GP
— 20,50 Cr i AT A FT N FE 409,500 Oy FT A G2
d(Q*P s, 4GY) = 26°Cr FT N F
gaﬁiéﬁ = Qaﬂéﬁ. (3.1)

This set of equations includes both the fields that correspond to the Coulomb branch,
which we have a good understanding of from the M-theory reduction, as well as the large
set of additional degrees of freedom that arise from branes warping shrinking cycles when
the F-theory limit is taken. This second set of fields is more mysterious, owing to its non-
perturbative origins and consequently we do not know the exact details of the associated
couplings. However, when looking for vacua this is not a problem as we know that these
additional fields can be consistently truncated out of the theory, leaving only the fields
and couplings for which the details are known. For this reason we will only consider vacua
which have non-trivial dependence on the Coulomb branch fields.

In what follows we will be particularly interested in 4D vacua of this 6D theory, we
therefore split the 6D world index M = 0,...5into u = 0,...3 and a = 1,2 and we will
look for a solution for which the 6D metric is a warped product of 4D Minkowski and some
internal space so that

ds® = ezW(yc)anx“d:c” + gap(y)dy dy® . (3.2)
This splitting means that in the vacuum we must have
. P
G*=0, and Fi = 5F;bdya Ady®, (3.3)

in order to preserve the 4D Lorentz symmetry. The Killing spinor equation then sim-
ply reads

SUay = Ve + Dargu A, pe? = 0. (3.4)
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By considering this equation with the free index pointing in the p direction we find
A 1 . 1 A 1 . A N
St = 0,6 + war”ﬂef“ + §wuyaF”F“é‘4 + wabrab@“ + D A 5% = 0. (3.5)

The term with @, cannot cancel anything, so must vanish independently. However, this
means that

0= Wpa = 0WeWn,, . (3.6)

So in order for the vacuum to preserve 4D Lorentz invariance we must have 9,/W = 0. With
an appropriate 4D coordinate redefinition we can then absorb the constant warp factor to
give the 6D metric

d§* = nudrtda” + gu(y©)dydy® (3.7)

which we shall consider from now on. The for the 1%“1, field equation to be satisfied we
then require that in the vacuum

Qupg VP CyF P Fl =V g . (3.8)

Substituting this into the ;@ field equation we find that we may set dj® = 0 as the run-
away direction for j* in the potential has been balanced by the ;% dependence of the
flux term. By performing a constant conformal rescaling of the internal space such that
Jab — SQaf;(j'o‘)bﬁ gay we may then absorb the constant background value of j in all
subsequent equations.

By considering the ¢“ field equation we find that we can consistently set all the scalars
to some constant values apart from V which has a runaway direction in the scalar potential
and ® which acts as a Stueckelberg field for the gauge potential. The scalars 2% describe the
complex structure moduli of the elliptically fibered Calabi-Yau threefold in our M-theory
reduction. Some of these degrees of freedom must therefore also describe the complex
structure modulus 7 of the auxiliary torus in the F-theory reduction. This means that the
kinetic terms for the scalars 2 may be expanded in terms a kinetic term for 7 and kinetic
terms for the remaining complex structure moduli as

g 101 .
—grrd2® A xdZF = — Tt AT+ (3.9)

In what follows we will allow 7 to vary non-trivially over the 2-dimensional internal space
but, to simplify our construction, we will fix the remaining complex structure moduli to
be constant.

To summarize we propose that in our background

V=Y, d=29, F=7, Fi=F", (3.10)

where V and ® are real functions of the internal space, 7 is a complex function of the
internal space and F' is a real 2-form field strength on the internal space. All other fields
of the 6D theory then vanish on the background.
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Using these arguments many of the 6D field equations are solved and the remaining
set are greatly simplified giving

1 S . | S 1
Rap = 5730700 T + 5550aV0V + 5 D@Dy + =€ Y50:0,gap

2Im72 2)2
.. 1 .
Cijd(xoFV) = _ﬁei ko DO,
S
CiiF' vy FI = ﬁc Y90,0, %5 1,
d %o dFf = —=dF A xodF
Im7

- 1 - - 1 - .1 g
d*odV = =dV AxodV — —=D® A xoD® — =C7190;0; x5 1,
% 4y v

1 )
d(w %9 ch) =0, (3.11)

where we have used that that Féb must be proportional to the 2D epsilon tensor as it is a
top form on the internal space.

As the internal space is two-dimensional the 2D Ricci scalar must satisfy Ry, = %Rgab.
So the R.H.S. of the R, field equation must also be proportional to g,,. We solve this
by setting

Dd = 2% dV, sxodF = id7 (3.12)

which also solves the ® and 7 field equations. The two equations for F* are then solved if
i [Ty

ab = §C’ Oj€an - (3.13)

Furthermore we note that acting with the exterior derivative on (3.12) and using (3.13) we
recover the equation of motion for V.

The remaining field equations then describe the geometry of the internal space and
the profile of the scalars V and 7 on that space. These read

. . 1 ..
R = —VV,In(VIm7), VoV, V + ic—hﬂeiej =0, VoV, 7 =0. (3.14)

To identify the surviving supersymmetry preserved by this background we can use
the Killing spinor equation (3.4) with the free index pointing in the a direction. If we
assume that

A = enweal ™ A (3.15)

where 664 is a constant spinor, then we find that the Killing spinor equation reads
1 . . . .
DanepcTVeM + Zwabcrbcef‘ + D, ® A péP + D7 A AP + D7 AP =0, (3.16)

As the internal space is two dimensional we can use the identity wgp. = Wqe€pe to write this
expression in terms of w, and simplify the algebra involved.
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We can then make a choice of gamma matrix decomposition where
=t Q~3, I =19~%, (3.17)

where v# are the 4D gamma matrices, 7% are the 2D gamma matrices and 7> = iy!v2.
Next we can chose a gauge in which

AA, b 34 A, b 34 AgA, — b 3a 318
7B =g =0 B "B, @B = 508, (3.18)

If we then impose the constraint
o34 peP =43t (3.19)

which implies that the background breaks half the supersymmetry of the 6D theory, we
find that (3.16) and (3.12) then imply

1 1 g
Oan + v = geababln(]}lm%) . (3.20)

As the 2D Ricci scalar takes the simple form in terms of w,
R = 2¢"V wy (3.21)

we find that substituting (3.20) into this gives (3.14). So the vacua we have found do
indeed break the supersymmetry of the 6D theory by a half.

Similarly we can look at the killing spinor equation coming from the variation of the
vector multiplet fermions. This gives reads

—1ij

Fi Tabed 4 ktA,ApeP =0. (3.22)

Qupobs 7
Again substituting (3.13) and (3.18) into this we find that this equation is satisfied on the
constraint (3.19) and so again we find that this background breaks half the supersymmetry
of the 6D action.

We can now consider solutions to (3.14). These may have either constant or varying 7
but must have a non-trivial profile for V due to the runaway potential. The solutions with
constant 7 correspond to the F-theory lift of 5D domain wall solutions and are described
in appendix B. However, here we will focus instead on solutions which are dominated by a
strongly varying 7 profile. These will correspond to the presence of extra co-dimension 2
sources, for the non-constant 7, in our construction.

When #° = 0 and V is constant these sorts of solutions are known and are related to
cosmic strings [46]. In this case we may work in a coordinate system where

ds® = ndatdz” + Q(z, 2)dzdz 3.23
n

in which the self duality condition on 7 becomes

0
~¢
Il
(@)

2
K
Il
(@)

(3.24)
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The solution to the resulting field equations is complicated as there is no known solution
with finite energy per unit length for which 7 is both sourced and continuous. Instead the
solutions for 7 have discontinuities at which 7 undergoes an SL(2,Z) transformation. The
solutions are then described by the modular invariant function j(7) as

j(#) = =2 (3.25)
for polynomials P and ) which share no roots. The roots of these functions then determine

the locations and numbers of the co-dimension 2 sources.

The z dependence of the metric is then determined by the remaining field equation
0:0,InQ) = 0;0,In(Im7) , (3.26)

which has the modular invariant nowhere vanishing solution

= Im7|n(7)|* H |(z — 2" T12‘ , (3.27)

for N co-dimension 2 sources located at the z". When N > 12 the internal space becomes
compact and is given by P'. In this case the only allowed solution has N = 24. As we are
interested in compact solutions here this special case will be of particular relevance.

We now consider turning back on the fluxes #°. When this is done we modify the
metric ansatz so that

ds? = ndatde” +V(z,2)Q(z, 2)dzdz (3.28)

This ansatz means that the field equations (3.24) and (3.26) are unmodified when V and
6" are turned on. The remaining field equation for ¥ now becomes

9:0,V +C~19,0,0 =0, (3.29)

solutions to this equation will then describe the geometry of the internal space in the
presence of the fluxes §° which deform the P! into a new compact space B.

3.2 Reduction of the flux deformed effective theory to 4D

Let us now consider an ansatz for fluctuations about this background for which the internal
space is given by B. As our M-theory analysis gives only information about the Coulomb
branch of the 6D effective theory we will only consider fluctuations in the Coulomb branch
fields in our ansatz. This could later be completed to the full set of fields that would be
present in the complete F-theory reduction.

In order to simplify our discussion we will work in the limit where #* are small and so
we may neglect terms in the reduction which are higher order than (6%)2. The advantage of
doing this is that we do not need to explicitly solve the equation (3.29) as only structures
which are linear in V contribute to the effective action.
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We then make an ansatz for the fluctuations where
C’_”JOﬂj
%

G = (dB + 20°Cii F' A A7) + (dk® 4 4b%0; A") A %91,

ds* = e* g, datdz” + e ¢ <1 + (A - \If)> Qdzdz,

Bl = O a1 F

~

V=V(1+C071g,0,A),
d=d(1+C19,0,0) + P (3.30)
where the function A is related to the background value V such that
V=1+C10,0;A, (3.31)
so that at the order to which we are working (3.29) becomes
0:0,A+Q =0, (3.32)
and VU is a constant defined such that

/ UQdz A\ dzZ = / AQdz N dZz. (3.33)
B B
This ansatz satisfies the Bianchi identities for the 6D fields (2.40) when F? = dA'.

In addition to these fluctuations it will be possiblg to turn on some additional 4D
fluctuations in the 6D hypermultiplet scalars (]>, <i>, fK €k, B, Z%). As the fermions of the
6D theory must be expanded in terms of the constrained background spinor (3.19) we
find that only half the hypermultiplet degrees of freedom we can be turned on. For the
universal hypermultiplet (f), P, £, éo) we have already identified that the fluctuations in V
and ® will be turned on, so fluctuations in £° and é:o are forced to vanish. Alternatively
we may divide the remaining hypermultiplets (£7,,, 27, 2%) as k = {#/,k’} and turn on
fluctuations in (£%',&,/) and (2¥, 2F') such that

ot / 1 ;s 2 nd 1 P4 / /
& =¢r (1 + 20—1weiejxy>, Ew =&, (1 + 20—1%9]«1/), =K (3.34)

wherex’ = 1,...,nsand k' =1, ... ,h1’2(§73) —ng. As we will see later supersymmetry then
requires that this splitting is performed such that M,y is an anti-holomorphic function of
z¥". This can be achieved by performing the split such that M, = M, = 0 as is shown
in [47-49].

Substituting this into the action and keeping only terms up to and including quadratic
order in #" we may then reduce the 6D action to 4D. Following this we can impose the self
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duality condition for G* in the standard way and can simplify the action by making the
redefinition p® = e72%j. The resulting 4D effective theory is then given by

1 1 1 1
4 ~ o - o
S = /M4 [QR x1— igaﬁDk: A «DEP — §ga5dp A xdp® — md]} A *dV

(DD + 267 dE,)) A (DD + 267 dE 1)

1612
ImM*Y - / Y / / v
+ H2T(d§ﬁ, — Myugrd€®) Ax(d€y — Myypd€?) — grpdz®’ A xdz
— 205b P Ci P A %I — 20,50k Cy FP A FI — VI w1 (3.35)
where
“liig0; (1 8pab™\? Q
@ _C zg( Pa ) ~_ oPaps Slap
w = 5 : Jap = -, 3.36
f 3200 \V  |p]2 Tt JpP? (3.36)
and the gaugings are given by
DE* = dk® + 4b“0; A", D® = dd + 26;A° . (3.37)

The potential appearing here has 3 separate contributions arising from the internal space
Ricci tensor, the Kinetic term associated with the non-vanishing 2-form fluxes and the
reduction of the 6D potential. These then combine to give the perfect square appearing in
the 4D effective theory.

We note here that the 4D effective theory is not gauge invariant due to the presence of
the term Qagbakﬁ C;;F* A F7 and the gauged shift symmetry for k% This non-invariance
is of the sort required to cancel chiral anomalies in the 4D theory and descends from the
equivalent Green-Schwarz mechanism in the 6D action which was required to cancel the
anomalies present there [50-52]. This anomalous variation in the 4D theory is crucially
related to the flux that has been turned on on B, as without this the shift symmetry of k¢
is not gauged, so the action is classically invariant.

In order to make the supersymmetry of this effective theory more apparent we can
write the reduced action as

1 - . .
S@ :/ {2}2 «1— K, 7;DYT A«DY” — 2Re(f)Cij F* A #F’
My

— 2Im(f)Ci; F* A FI — C7YiD;D; % 1], (3.38)

8Re(f)

where DYT = dY!1+ X! A* and Y can be divided into Y! = {Tp, Ty, 2/, zk/}. The complex
fields given here are related to the real fields appearing in the reduced action by

X 1 Y o ~ ’
Tg =V +i5(®+ Myy&" ), Ta=Qas(p® —ik®), xw=E&y — May€r . (3.39)
The Kahler potential and gauge coupling functions are then given by

K = K(Tp, 2w) + K(Ty) + K(2*), f=T.b. (3.40)
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Complex field | Real components Index range
15 V,®)
T, (p™, k) a=1,...,hb(By)
Ty (€., 6% K =1,...,n4
2 K =1,... h'2(Y3) + ngu(3) — Ms
Al i=1,...,h8(Y3) + ngym — hb1(B2) — 1

Table 1. Fields in the reduction of 6D F-theory on B.

where
1 2 1 KN = 7
K(TB,:EH/) = —In §(TB + TB) - gImM (:L‘,.y — l‘,{/)(l‘)\/ — l’,\/) R

K(T,) = —ln<iQ°‘5(Ta +To)(Ts + Tﬁ)> . KGN = —m(/Y QA Q> . (3.41)

We note here that for this Kéhler potential to reproduce the reduced action (3.35) the
function of the truncated complex structure moduli M,y must now be anti-holomorphic

kl

in 2% as mentioned above.

The gaugings are then given by

7 (2
and the potential may be determined from

0; 0;(Ty + To)b*
D; =~ . . - _y SlTa T (3.43)
TB + TB - ZIH’I]\4’i A (l‘ﬁl — a:,i/)(x)\/ — a:X) QO‘B(TOC + Toz)(TB + TB)

which satisfies the standard D-term relation
i0;D; = K7, X . (3.44)

To summarize we note that this reduction gives an N=1 supersymmetric action with
the field content listed in table 1.

Here ng is the number associated with the hypermultiplet splitting in the reduction
of the 6D theory and ngys) is the number of additional non-harmonic 2-forms introduced
when turning on the SU(3) structure deformations in the reduction of M-theory.

The effective theory has certain gauged shift symmetries that depend on the parameters
6%. Some of these shift symmetries originate from the gauge shift symmetry of the 6D action,
while others arise as a result of the fluxes on B that must be turned on in the reduction of
the 6D theory. In what follows we will show that this action can be interpreted as being a
particular limit of F-theory reduced to 4D on a Calabi-Yau fourfold with 7-brane fluxes.

— 23 —



3.3 Vacua and reductions of 6D F-theory with massive U(1) symmetries

We may also consider the vacua that arise in the 6D F-theory reductions with massive
U(1) symmetries. However, here the analysis is significantly simpler. This is because the
potential in this case is given by (2.65) which is minimised by when

eril’ = 2" =0, (3.45)

This sets the potential to zero in the vacuum so (3.8) can be solved with out the need
for any fluxes on the 2D internal space to be turned on. The solutions to these theories
then simply correspond to the standard cosmic string solutions we have described in sec-
tion 3.1, with no additional deformation related to the scalar V, which is now constant.
The reduction of the action then proceeds as shown in the previous section but now with
0; = 0. As the massive U(1) gaugings pick out certain 6D hypermultiplet scalars 5 « which
have gauged shift symmetries we find that fluctuations in these scalars must be turned on
in the reduction to 4D.
The action for the 4D effective theory is then given by

1 1 1 1
4 ~ a - a
S = /M4 [23 #1 = S Gapdk® A *dkP — SJasdp” N «dp? — v AV

— gupde® A xdZ — (d® + 267 DE,.) A #(d® + 26 DE,,)

1612

ImM“/A/ ~ 4 ~ — ’
+ = (D& - M5:d€®) A x(DEyr — Myrpde)
- QQaﬁbapBCijFi A *Fj — QQaﬁbak"BcijFi A Fj — Véég) * 1 s (3.46)

where the potential and gaugings are now

@ Cilij@n'ie)\'jﬁ'{lfx

UM T T e DE,s = D€ + eiA". (3.47)

As before this action can be derived from the standard supersymmetric form (3.38) where
the Kéhler potential and gauge coupling function are given by (3.40). However, the gaug-
ings and D-Terms are now modified and are instead given by

enli%ImM’i/X (x)\/ — i‘/\/)

X = e, D; = = :
w ! T+ 15 — iImM’f/A’(az,{/ — .CE,{/)(CC)\/ - i‘)\/)

7

(3.48)

which again satisfies (3.44).
Finally we may consider the effect of turning on both 7-brane fluxes and massive U(1)
symmetries simultaneously. The 6D potential is now given by

K.

- 1 (1 ~ ~ N
V(G) = Wc_lw (1}2 ((91 + emfﬁ)(gi + 6>\jf)\) + ef)em'e)\jZA’KZA) . (3.49)

To make the vacua that arise from this more apparent it is useful to separate 6; into

those which describe fluxes for the massive U(1) symmetries which we will call 0}}(1) and
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those which describe fluxes in the Cartan sub-algebra of the 7-brane field strengths 65.
These satisfy

C—lij@fﬁf(l) — C e, =0, (3.50)

so the potential may be divided as

~ 1 g 1 1 v 2k U (L) S SKEX
v —-_ - (¢ hj(A 050 + — (0. + ei™)(0. " + ex;&") + ——exien; 2527 ) .
(3.51)
This is then minimised when
07 4 i€ = €™ =0, (3.52)

and the resulting vacuum is then simply that described in section 3.1 when only the fluxes
0F are turned on. Reducing to 4D as before then gives an effective theory described by the
action (3.38) with a Kéhler potential and gauge coupling function given by (3.40) but now
with the gaugings

X7 = ig" M 4 j6e XTo = —4iby6¢ X5 = e, (3.53)
and where the a D-term potential is given by

6c+ 607" — Lo ImM=N () — Zy) 80 (Thy + T )b°
T + TB — iImM“,X({L'RI — i‘,ﬂl)((ﬁ)\/ —Ty) Qo‘ﬁ(Ta + Ta)(Tg + Tg) ’

D; = (3.54)
This again satisfies (3.44) and so gives a supersymmetric action that can be related to
F-theory reduced to 4D with 7-brane fluxes and massive U(1) symmetries.

4 4D F-theory interpretation

The vacua of the 6D theory that we identify here can be related to vacua of F-theory on
a fourfold 24 which is an elliptic fibration over a base Bs. The threefold base is chosen to
be the direct product

Bs =By x B, (4.1)

where B is the P! considered in section 3.1 before taking into account the back reaction
of the flux, which modifies the solution to B. This threefold base then admits a Kéhler
structure inherited from By and B. Furthermore, we propose that the fourfold Z, with base
Bs can also be formed by fibering a the threefold Z3 over B. As before we will consider
this threefold to be an elliptic fibration over a base Bs. Such a construction is well-known
for Calabi-Yau fourfolds and threefolds, see for example [53], but is expected to extend to
the more general case considered here. In fact, Zs and Z4 naturally arise as resolutions
of singular Calabi-Yau manifolds in order to be in accord with the interpretation of the
massive U(1)’s presented in section 2.4 [23].

The solution will then describe two sets of 7-branes, a class of 7-branes, including the
rank(G) 7-branes generating the original non-abelian gauge group G, will wrap cycles on
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the base By as well as wrapping B and filling the lower 4-dimensions. In addition to this
24 7-branes will wrap the whole of B and fill the lower 4-dimensions. This number can
be determined noting that for a direct product (4.1) one has ¢1(Bs) = ¢1(B2) + ¢1(B). By
integrating the Kodaira condition over B and using that the Euler characteristic of B = P!
is x(B) = 2, we see that this matches the known result that 24 sources for 7 are required
to form a P! in the cosmic string solution described in section 3.1.

By construction the reduction of F-theory on the fourfold Z gives the 6D effective
theory we describe here when B is very large. However, the intermediate reduction that we
have described does not capture all the degrees of freedom of the full fourfold reduction.
In particular certain complex structure moduli 2™ associated with the position of the 7-
branes on B in (3.27) are missed. In fact, it is a hard task to fully reconcile the complex
structure sector of 24, which is beyond the scope of this work. Nevertheless, many of the
key features of the reduction are captured by our approach and we may view this two step
analysis as a useful point of view to compute and understand certain complicated couplings
of the fourfold reduction. With this interpretation in mind we can understand many of the
features of our 6D solutions and also link known results in the reductions of F-theory to
4D and 6D.

A good check that the prescription we have described works in the limit of small fluxes
is given by matching the effective theories. Here we simply note that the 4D effective
theory we have found by reducing the 6D supergravity in section 3.2 matches the 4D
effective theory that is given by the reduction of F-theory on a fourfold, with certain
complex structure moduli and massive 7-brane gauge fields truncated out.

The first check can be performed in the Kéahler moduli sector. By constructing Bs as
in (4.1) the number of degrees of freedom associated to Kéhler moduli matches. To see
this we note that in the 4D theory obtained in section 3.2 the h''!(Bs) scalars given by Ty,
combine with the one extra scalar given by Tz, to match the h''!(By) 4+ 1 Kihler Moduli
of the base of the Bs3. It is therefore useful to label these scalars with a combined index
& =1,...,h%(By) + 1 such that Ty = {T,,Tg}. Furthermore we find that the complex
scalars Ty and z, given in (3.39) are then defined in terms of the real variables in a way
that matches their construction in [48]. Next we note that the volume of B is related to
the Kaluza Klein scalar ¢ appearing in our ansatz for the reduction from 6D (3.30) by

e 2 =YgV | (4.2)

as this takes into account the Weyl rescaling that has been performed to bring the 6D and
4D metrics into the Einstein frame. From this we see that the Kéhler potential (3.40) can
be written as

K(Tg, ) + K(Ty) = —InV — In(VV3) = —2In(VV35) = —2In(Vg,) , (4.3)

which matches the known result from the reduction of F-theory to 4D.

Next we can consider the gaugings that are induced by the 7-brane fluxes. The standard
result from reductions of F-theory to four dimensions [20, 22| or reductions of M-theory to
three dimensions [54], is that the Kéhler moduli receive a gauged shift symmetry described
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by a matrix ©4;, which appears in the covariant derivative of Ty as
DTy = dT; — i404;A" . (4.4)

These O4; are then given in terms of the G4 flux by

Ou = G4 Nwg N\ wj . (4.5)
Yy
Our reduction of the 6D theory involves 7-brane flux which is turned on in two parts.
Firstly there is the flux on the Bs in the reduction to the 6D theory and secondly there is
the flux on B in the reduction to 4D. The total 7-brane flux is then given by

1

Fi— i . — Vi _
C 0w —C 0495765197

b%wq - (4.6)
By knowing that the 7-brane flux must be self dual on the 4-cycle on the fourfold wrapped
by the 7-branes we can understand the additional term that we have been forced to turn
on here as being that which completes the 7-brane flux to a self-dual quantity.

Then using the standard result that the 7-brane fluxes which we consider here are
related to é4 flux in the M-theory dual by égux = Fip w; and substituting this back
into (4.5) we find that the 4D gaugings are given by

. 1
o _—1ljkp. « .
Op; = v C ijk/\iﬁ,gvbﬂb'yb Wao Nwp N\ w;
bac—lj’fej/ o / L,
= - w; N\ Wi A w wp = —0;
493,\{[)5177 }73 i k a 5 B 4 x
Oui = . C'_ljkejwk/\wg/\wa/\wi
4
:C_ljkﬁj . wi N\ W /\wa/BwB:—Giba, (4.7)
3

which matches the XiT “ and XZ-T B that we found in section 3.2. From this we see that the
action for the Kahler moduli that we find by a reduction of the 6D theory matches precisely
that found in a direct reduction of F-theory.

Similarly we can compare the gaugings that are turned on in our reduction of the
6D theory with massive U(1) symmetries with those that are present in the equivalent
4D F-theory reduction. Here we see that the scalars é .- develop a gauged shift symmetry
described by a parameter e;.s where

Cik = / Z'nOé,.@/ y (4.8)
which is precisely consistent with the gaugings that are seen due to massive U(1) symmetries
which are seen in [21].

The back-reaction of the G4 flux in the reduction of M-theory to 3D is known to give
rise to a warped reduction [55]. Using the 2-step reduction that we have described we can
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see that this corresponds to a warped reduction of F-theory. To demonstrate this we may
compare the metrics for the 4D and 6D reductions of F-theory that we have described.
Firstly in a reduction of IIB to 6D we see that the metric decomposition which leads to an
Einstein frame action is given by

d8* = V2 gandiMdi™N + gsdy'dy’ | (4.9)

where the factor of V in front of the 6D metric gives the required Weyl rescaling in order
to cancel the internal space volume factor. When this is further reduced to 4D on the
backgrounds we have described this becomes

8 = V™2, datde? + V32 Qdzdz + gdy'dy . (4.10)

From which we see that the background value for V in the reduction of the 6D action
has resulted in an effective warp factor in the reduction to 4D generated by the 6D Weyl
rescaling. This relationship can be further emphasised by noting that the 6D field equation
for V (3.29) takes precisely the same form as the warp factor equation in the reduction
of M-theory. The observation that in our 6D vacua 7-brane fluxes require a non-trivial
profile for V then becomes translated to the statement that the flux in the 4D reduction is
associated to a non-constant warp factor.

In addition to this we see that, as the potential vanishes in the 6D vacua with only
massive U(1) gaugings, there is no need for a flux or a non-trivial profile for V in these
reductions. This means that no additional component of the 7-brane flux is turned on and
no warping is present as a result of these gaugings.

When the 4D F-theory is reduced on a circle, certain one-loop corrections to the 3D
Chern-Simons terms are required to match the reduction of the M-theory dual [20]. These
terms have the form

@iin /\Fj (4.11)
Ms

where ©;; is dependent upon the charges and 4D chiralities of the massive tower of 3D
fields that have been integrated out. This is given by

O = > aritrj Y_ sign(gav™), (4.12)
T A

where ¢,; denotes the charge in the representation r carried by fields. If ©;; is non-zero
then the 4D effective theory is chiral and has associated anomalies. In the reduction of
M-theory on Y4 the value of these couplings is related to the Gy flux by

@ij = [ é4 ANwi Nwj, (4.13)
Y4

Substituting the flux found in our 2-step reduction into this we find that

@ij = Hk/ w; N wj A wk/ wBp = Vijka, (4.14)
Vs B
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where V; i are the intersection numbers which appear in the M-theory reduction on Y3. This
indicates that the additional fluxes that are turned on in our intermediate reduction make
the 4D effective theory chiral when the additional fields outside of the Coulomb branch
are restored. The associated chiral anomalies are then canceled by the Green-Schwarz
mechanism [50] referred to in section 3.2.

The constants V;;, which appear in this expression are themselves related to one-loop
Chern-Simons terms in the circle reduction of 6D F-theory. These are necessary to match
with the Chern-Simons terms present in the classical 5D M-theory reduction (2.18). On
the F-theory side these may also be expressed in terms of the charges of the fields in the
5D theory as

Vijk = Z qriqrjQdrk Z Sign(QrAvA) ) (4'15)
r A

As in the 3D/4D case, if V;j; is non-vanishing then the 6D theory is chiral and may
have anomalies which must be canceled. We can then understand (4.14) as relating chiral
anomalies in 6D and 4D and one-loop Chern-Simons terms in 5D and 3D.

5 Conclusion

In this paper we have derived the 6D effective theory resulting from a reduction of F-theory
on an elliptically fibered threefold with 7-brane fluxes and massive U(1) symmetries. These
effective theories were arrived at by considering the reduction of M-theory on an elliptically
fibered SU(3) structure manifold with G4 flux and making use of the duality between M-
theory and F-theory. In analysing this duality between the 5D and 6D effective theories
we see that 7-brane fluxes in F-theory are dual to G4 fluxes in M-theory and massive U(1)
symmetries in F-theory are dual to SU(3) structure deformations in M-theory. This agrees
with previous discussions of the duality between 3D and 4D effective theories carried out
in [2, 14, 20-22].

The 6D effective theories include hypermultiplets with gauged shift symmetries for
certain axionic scalars. These gaugings result in mass terms for certain 6D vector multiplets
and induce a potential which may have runaway directions. For 6D effective theories which
result from turning on 7-brane fluxes the runaway direction in the potential means that
6D Minkowski space is no longer a solution to the field equations. Instead this solution
is replaced by a product of 4D Minkowski space and compact internal space on which
the massive gauge field develops a flux. This solution is then similar to that considered
in [24, 26] except that now there is a non-trivial profile for an additional scalar V. These
solutions break half the supersymmetry of the 6D effective theory.

In addition to this the 6D effective theories may describe a non-trivial profile for the
complex scalar 7 which arises as the reduction of the IIB dilaton-axion. If the gauging
parameters in the 6D effective theory are turned off these solutions become those for 6D
cosmic strings. Restoring the gauge parameters we see that these solutions become modified
by the presence of an additional flux for the massive vector and the scalar profile for V.
For small fluxes we were then able to find the effective 4D theory that corresponds to the
reduction on the compact part of the solution.
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As the vacua we have studied break half the supersymmetry of the 6D theory these 4D
effective theories have N = 1 supersymmetry. The nature of this N=2 to N=1 breaking
means that only half of the possible modes on the internal space may be supersymmetricly
excited and proceeds in a similar way to the orientifold breakings described in [48, 49]. As
the 4D effective theory is N = 1 supersymmetric it may now be chiral. This chirality can
be confirmed by observing that the effective theory involves Green-Schwarz counter terms
which cancel the induced chiral anomalies.

The 4D effective theories were then related to direct F-theory compactifications to
4D with 7-brane fluxes and massive U(1) symmetries. Here we found that the additional
fluxes that must be turned on in the 6D reduction could be understood as completing the
7-brane fluxes to a quantity that is self-dual on the 7-brane internal space. Furthermore
the non-trivial profile for the scalar V can also be related to a warping in the reduction of
F-theory to 4D. This analysis shows that many of the complicated effects associated with
the reduction of F-theory to four dimensions can be captured by the 2-step reduction that
we demonstrate here. These effects are significantly simpler in the effective theory than in
their 4D equivalent due to the larger amount of supersymmetry.

Higher order o corrections to the 4D effective theories resulting from F-theory com-
pactifications represent a challenging problem for F-theory phenomenology. In further
work it would therefore be interesting to investigate to what degree these higher order o’
effects in 4D may be deduced by considering this sort of intermediate reduction. These o/
modifications to the 6D effective theory may again be easier to deduce as a result of the
restrictions due to supersymmetry.
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A Conventions and Calabi-Yau identities

In this paper we have used conventions in which the metric in each dimension has a mostly
plus signature and

1
Fpuu = igpa(augya + aygua - 8Ug/u/) > Ruy = R)\p)\u )
RAT/JJ/ = 8;11—‘)\1/7 - 8UF>\VT + F/\,LLGFUVT - F)\I/O'FO—,LLT ) R = R,ul/guy . (Al)
We also use conventions in which the d dimensional epsilon tensor e#!-*d satisfies

€0...d—1 = VY, €t pinpropan€ PP = —nl(d = n)loFt L6

n " O] (A.2)
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for a Lorentzian signature metric. In addition to this we define a p-form w,, to satisfy

1
wp = ﬁwmm“pd:p“l Ao Adatr
1
dwy, = Ha,,wmmupdas”d:c“l AL Adztr
1
_ I v Va—
*wp = od—p) _p)!wm_._”pe RN AN (A.3)

Let us also summarize some useful identities for the complex structure moduli space
of Calabi-Yau threefolds. The metric on this moduli space is given by

Sy Xk A XR

Jpona (A4)

9kk =

where y, are (2,1) forms on Y3 representing elements of H2'(Y3) as already introduced
in (2.4). gxz depends through x., € on the complex structure deformations z*, z%. One
also naturally defines a complex matrix M varying over the complex structure moduli
space by setting

seax = Axtar + Brrpl, x6B% = Cllay — ALKBY, (A.5)
and

A" = (ReM) g (ImM) ML
—(ImM) g, — (ReM) g (ImM) MM (ReM) 1,
= (ImM)~H5E, (A.6)

Bgr,
CKL

The imaginary part of Mgy is shown to be invertible and here we will denoted this by
ImMEL = (ImM) KL,

B 6D solutions and 5D domain walls

In section 3.1 we studied the vacua of the 6D effective theory that results from F-theory
compactified on a Calabi-Yau threefold with 7-brane flux. In that section we were partic-
ularly interested in vacua of this effective theory which were dominated by a non-trivial
profile for the scalar 7. However, we can instead consider vacua for which 7 is constant. In
what follows we will demonstrate that these constant 7 solutions represent the lift of the
5D domain wall solutions that are described in [33].

To proceed we must chose a coordinate system on the 2D internal space in which to
solve (3.14). Here we will pick this coordinate system such that the results are easy to
compare with [33]. To do this we first separate off a circle in the reduction and expand the
metric with respect to this while performing a weyl rescaling of the remaining 5D part of
the metric such that the 5D action one would arrive at is in the Einstein frame

ds? = r*%(a%wdx“d:cl’ + b2dy2) +r2de¢?, (B.1)
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where 7, a and b are functions of 3. The solutions of [33] satisfy b o a* so in order to have
an unwarped external space, as required for out solution, we must have

1 4
axrs, b o rs. (B.2)

Then absorbing the constants of proportionality into the definition of y and z* we find
that the appropriate coordinate system for carrying out the comparison is

ds* = nudatdz” + r*(y)dy? + r*(y)de® . (B.3)

where y is the coordinate normal to the domain wall in the solutions of [33].
Substituting this into (3.14) and requiring that the function V depends only on y we
find that

2
9,0,In(r2) = 8,0,InV @@v+oﬂmﬁ%:m. (B.4)
This is solved by
. A .
Y= —50—1239i0jy2 + By +C, r? =AY, (B.5)

for some integration constants A, B, and C.
We can then compare this solution with the results of [33] in which

o=

~ - . 1
a=kVs, V= (ENAzefAfo®)2, NisofZf© = Hy = kfry + k., (B.6)

where I;, k and k, are constants. As r o« a® we find that V o 2 which matches our results.
However, the solution for ¥ does not generally give the quadratic function of y that we find
in (B.5) as is shown in the examples of [33]. This is not surprising as we have seen that a
general M-theory reduction cannot be lifted to a 6D F-theory reduction. To restrict to the
case where the F-theory lift applies we must first impose that the Calabi-Yau is an elliptic
fibration. This means that N takes the form shown in (2.17). Then taking the F-theory
limit (2.55) and using the constraint that 6, = 6y = 0 for the fluxes that can be lifted, we
find

2005 f P = ko, —16QupbfPC;;f7 = Hi, 4QupfPf0 — 8Qusb’Cij fif) = ko (B.7)

By contracting these equations in different ways we find that

A0 710 = 8Qap fVCij f1 17 = [kia, Ao ff0 — 8kab®Cij f1 7 = QP kokg
490a50° 7 10 = 8Qagb® b Cij f1 7 = bk, —16Q0s0" f7Ci 17 = ' H;,
—16Qusb" fPH, f' = CY H, H; , 200512 f% = ko. (B.8)

Then imposing that the effective theory is classically gauge invariant requires that
Qaﬁbo‘bﬁ = 0. When this is satisfied (B.8) can be rearranged such that substituting back
into (B.6) gives

. 1 1.1 2 (8kokab® — CTY HH QP ke gk
= 2k 0 7Hi 7 7k‘oz « _ [e] 41y %

4 <6 of "+ GHil + g f> 256kq b

0Pk,

= oo (O KO0y =207 U kkibjy + Bkokab® — O kik;) (B.9)
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This solution is once again a quadratic in y and can be matched to our 6D result (B.5).
In this way we see that the solutions to our 6D field equations with constant 7 can be
interpreted as the F-theory lift of the domain wall solutions to the 5D M-theory dual.

Our solutions (B.5) may have singular points at the roots of the quadratic where V
vanishes. The presence of these singularities calls for the introduction of extra sources into
the action. To analyse these it is convenient to shift the coordinates 4 in order to absorb
the constant C in (B.5). The solution then has a singularity at y = 0 which requires an
additional source

1 N
Sbrcme = Q (A;41 + §*C4) ) (Blo)
My— \V

where Q is a constant to be determined in terms of the integration constants of our solution.

In this action * is the Hodge dual with respect to the induced metric on the brane source,

5* is the pullback to the brane and Cy is a 4-form which is the dual of & such that

éDé = 4 % dCy. Our analysis of the gaugings that are introduced by turning on D7-

brane flux (2.60) show that this is descended from the IIB Ramond-Ramond 4-form.
When this source is included the V field equation (3.14) becomes modified to

S 5
VOV + SO0, - 22w _ . (B.11)

V9
To solve this we integrate the equation over a Gaussian surface which goes out to a distance
y = yo away from y = 0 such that only one singularity is enclosed. After using Stokes law
on the total derivative term this gives

/ V50 ddn?9,V + ﬁdydqﬁ(éc_”jeﬂj — 2@‘1%) =0, (B.12)
Y=yo

0<y<yo
where n is the outward pointing unit normal (satisfying n,n* = 1) to the surface y = yo
and gy, is the determinant of the induced metric on this surface. As we know that the
geometry of the solution is given by (B.3) we find that the induced metric and unit normal
satisfy

2

1
_ Yy __
Gyo =T n’ = —

Yo ’ r

: n®=0. (B.13)
Substituting this into (B.12) and performing the integration gives
y 1 -
o,V = _Aic—“ﬂeiejy +2Q, (B.14)

which matches (B.5) if Q = 2B. Repeating this argument for the metric field equation or
the Bianchi identity for D® we find again that the source terms (B.10) are required and
confirm the relationship between @) and B.

Finally we note that if the 6D theory we have described is reduced on the F-theory
circle then the source action (B.10) agrees with the form found in [56] for brane sources of
5D domain walls in the M-theory dual.
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