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1 Introduction

One of the most challenging problem is to find consistent formulation of massive gravity.

The first attempt for construction of this theory is dated to the year 1939 when Fierz and

Pauli formulated its version of linear massive gravity [1].1 However it is very non-trivial

task to find a consistent non-linear generalization of given theory and it remains as an

intriguing theoretical problem. It is also important to stress that recent discovery of dark

energy and associated cosmological constant problem has prompted investigations in the

long distance modifications of General Relativity , for review, see [3].

Returning to the theories of massive gravity we should mention that these theories

suffer from the problem of the ghost instability, for very nice review, see [4]. Since the

General Relativity is completely constrained system there are four constraint equations

along the four general coordinate transformations that enable to eliminate four of the six

propagating modes of the metric, where the propagating mode corresponds to a pair of

conjugate variables. As a result the number of physical degrees of freedom is equal to two

which corresponds to the massless graviton degrees of freedom. On the other hand in case

of the massive gravity the diffeomorphism invariance is lost and hence the theory contains

six propagating degrees of freedom which only five correspond to the physical polarizations

of the massive graviton while the additional mode is ghost.

It is natural to ask the question whether it is possible to construct theory of massive

gravity where one of the constraint equation and associated secondary constraint elimi-

nates the propagating scalar mode. It is remarkable that linear Fierz-Pauli theory does

not suffer from the presence of such a ghost. On the other hand it was shown by Boulware

and Deser [5] that ghosts generically reappear at the non-linear level. On the other hand

it was shown recently by de Rham and Gobadadze in [6] that it is possible to find such a

1For review, see [2].
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formulation of the massive gravity which is ghost free in the decoupling limit. Then it was

shown in [7] that this action that was written in the perturbative form can be resumed into

fully non-linear actions.2 The general analysis of the constraints of given theory has been

performed in [8]. It was argued there that it is possible to perform such a redefinition of the

shift function so that the resulting theory still contains the Hamiltonian constraint. Then

it was argued that the presence of this constraint allows to eliminate the scalar mode and

hence the resulting theory is the ghost free massive gravity. However this analysis was ques-

tioned in [31] where it was argued that it is possible that this constraint is the second class

constraint so that the phase space of given theory would be odd dimensional. On the other

hand in the recent paper [32] very nice analysis of the Hamiltonian formulation of the most

general gauge fixed non-linear massive gravity actions was performed with an important

conclusion that the Hamiltonian constraints has zero Poisson brackets. Then the require-

ment of the preservation of this constraint during the time evolution of the system implies

an additional constraint. As a result given theory has the right number of constraints for

the construction of non-linear massive gravity without additional scalar mode.3

All these results suggest that the gauge fixed form of the non-linear massive gravity ac-

tions could be ghost free theory. On the other hand the manifest diffeomorphism invariance

is lacking and one would like to confirm the same result in the gauge invariant formulation

of the massive gravity action using the Stückelberg fields. In fact, it was argued in [30] that

for some special cases such a theory possesses an additional primary constraint whose pres-

ence implies such a constraint structure of given theory that could eliminate one additional

scalar mode. However the limitation of this analysis is that it was not performed for the

general metric so that one can still ask the question whether the elimination of the ghost

mode occurs in general case as well. In fact, there is a well known example of the theory

which seems to be consistent around some background while it is pathological for general

background which is the Fierz-Paull theory [1] which is ghost free around the flat back-

ground while it contains ghosts in general background [5]. This paper is the first step in the

Hamiltonian analysis of Stückelberg formulation of the non-linear massive gravity with gen-

eral metric. More precisely, we consider one particular class of the non-linear massive action

that was presented in [8, 9]. This action is sufficiently simple to be able to find the explicit

relation between time derivatives of scalar fields and conjugate momenta while it possesses

all interesting properties of the non-linear massive gravity as was shown in [32, 33].4

We find the Hamiltonian form of given action and determine primary and secondary

constraints of given theory. Then we show that due to the structure of the non-linear

massive gravity action this theory possesses one primary constraint that is a consequence

of the fact that detV AB = det(∂iφ
A∂jφ

Bgij) = 0) as was firstly shown in [29].5 This result

2For related works, see [10–28, 40, 41].
3Alternative arguments for the existence of an additional constraints were given in [33] even if the Hamil-

tonian analysis was not complete and the minimal non-linear massive gravity action was considered only.
4We should stress that the bimetric non-linear massive gravity is also manifestly covariant form of the

non-linear massive gravity action [20, 21, 32]. In fact, it was argued in these papers that these manifestly

diffeomorphism invariant massive gravities are ghost free as well.
5We should stress that in the previous versions of given paper the constraint detV AB = 0 was not taken

into account and hence wrong conclusions were reached.
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has a crucial consequence for the structure of the theory. On the one hand this constraint

could provide a mechanism for the elimination of an additional scalar mode however on the

other hand the condition detV AB = 0 makes the calculation of the algebra of the Hamil-

tonian constraints very difficult. In fact, we were not able to calculate this algebra in the

full generality with exception of the two dimensional case where however two dimensional

gravity is trivial. More precisely, the Hamiltonian treatment of two dimensional non-linear

massive gravity shows that there are no physical degrees of freedom left and this result

coincides with the analysis performed recently in [16, 30].

The structure of this paper is as follows. In the next section 2 we review the main

properties of non-linear massive gravity and rewrite it into more tractable form that is

suitable for the Hamiltonian analysis which will be performed in section 3. In section 4 we

perform the Hamiltonian analysis of two dimensional non-linear massive gravity action. In

conclusion 5 we outline our results and suggest possible extension of this work. Finally in

the appendix A we perform the calculation of the Poisson brackets of the constraints when

we do not impose the condition detV AB = 0. Of course this is not the case of the non-

linear massive gravity action but we include this appendix in order to show the complexity

of given calculation even if we should again stress that this should be considered as a toy

model calculation.

2 Non-linear massive gravity

Our goal is to study non-linear massive gravity action [7] in the version that appears in [8, 9]

S = M2
p

∫

d4x
√

−ĝ(4)R(ĝ)− 1

4
M2

pm
2

∫

d4x
√

−ĝU(ĝ−1f) . (2.1)

Note that by definition ĝµν and fµν transform under general diffeomorphism transforma-

tions x′µ = x′µ(x) as

ĝ′µν(x′) = ĝρσ(x)
∂x′µ

∂xρ
∂x′ν

∂xσ
, f ′

µν(x
′) = fρσ(x)

∂xρ

∂x′µ
∂xσ

∂x′ν
. (2.2)

Now the requirement that the combination ĝ−1f has to be diffeomorphism invariant im-

plies that the potential U has to contain the trace over space-time indices. Further, it

is convenient to parameterize the tensor fµν using four scalar fields φA and some fixed

auxiliary metric f̄µν(φ) so that

fµν = ∂µφ
A∂νφ

B f̄AB(φ) , (2.3)

where the metric fAB is invariant under diffeomorphism transformation x′µ = xµ(x′) which

however transforms as a tensor under reparametrizations of φA. In what follows we consider

f̄AB = ηAB, where ηAB = diag(−1, 1, 1, 1).

The fundamental ingredient of the non-linear massive gravity is the potential term.

The most general forms of this potential were derived in [7, 9]. Let us consider the minimal
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form of the potential introduced in [7]

U(g,H) = −4
(

〈K〉2 − 〈K2〉
)

=

= −4





∑

n≥1

dn〈Hn〉





2

− 8
∑

n≥2

dn〈Hn〉 , (2.4)

where we now have

Hµν = ĝµν − ∂µφ
A∂νφ

BηAB , Hµ
ν = ĝµαHαν ,

Kµ
ν = δµν −

√

δ
µ
ν −H

µ
ν = −

∞
∑

n=1

dn(H
n)µν , dn =

(2n)!

(1− 2n)(n!)24n
. (2.5)

and where (Hn)µν = H
µ
α1
Hα1

α2
. . . H

αn−1

ν . Using this explicit form of the potential we present

an important observation related to the fact that the potential has to be defined using the

trace over curved space-time indices which is a consequence of the requirement of the dif-

feomorphism invariance of the non-linear massive gravity action written in the Stückelberg

field. Then we observe

Hµ
µ = δµµ − ĝµρ∂ρφ

A∂µφA ≡ δAA −AA
A = HA

A , HA
B = δAB − ĝµν∂µφ

A∂νφB ,

Hµ
νH

ν
µ = δµµ − ηµν∂µφ

A∂νφA − ηµν∂νφ
A∂µφA + (ηµν∂νφ

A∂µφB)(η
σν∂σφ

B∂νφA) =

= (δAB −AA
B)(δ

B
A −AB

A) = HA
BHB

A ,

〈Hn〉µµ = Hµ
ν1H

ν1
µ2

. . . Hµn−1

ν = HA
B1

HB1

B2
. . .HBn−1

A . (2.6)

These observation implies that the potential can be written in the form

U = −4





∑

n≥1

dn〈Hn〉





2

− 8
∑

n≥2

dn〈Hn〉 =

= −4(〈K̂〉2 − 〈K̂2〉) = −4(K̂A
A)

2 + 4K̂A
BK̂B

A , (2.7)

where we defined

K̂A
B = δAB −

√

δAB −AA
B . (2.8)

We mean that the trace over Lorentz indices is more convenient for the Hamiltonian treat-

ment since we can easily implement the ADM decomposition of the space time metric.

Explicitly, we use 3+1 notation [34]6 and write the four dimensional metric components as

ĝ00 = −N2 +Nig
ijNj , ĝ0i = Ni , ĝij = gij ,

ĝ00 = − 1

N2
, ĝ0i =

N i

N2
, ĝij = gij − N iN j

N2
. (2.9)

Note also that 4−dimensional scalar curvature has following decomposition

(4)R = KijGijklKkl +
(3)R , (2.10)

6For review, see [35].
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where (3)R is three-dimensional spatial curvature, Kij is extrinsic curvature defined as

Kij =
1

2N
(∂tgij −∇iNj −∇jNi) , (2.11)

where ∇i is covariant derivative built from the metric components gij . Note also that Gijkl

is de Witt metric defined as

Gijkl =
1

2
(gikgjl + gilgjk)− gijgkl , Gijkl =

1

2
(gikgjl + gilgjk)−

1

2
gijgkl . (2.12)

Finally note that in (2.10) we omitted terms proportional to the covariant derivatives which

induce the boundary terms that vanish for suitable chosen boundary conditions. Using this

notation we have

AA
B = −∇nφ

A∇nφB + gij∂iφ
A∂jφB , ∇nφ

A =
1

N
(∂tφ

A −N i∂iφ
A) . (2.13)

We would like to stress that there is an another issue with the construction of the Hamil-

tonian formalism. To see this note that the general potential term contains the matrix
√
A

that can be defined as power series
√

AA
B =

∑

n cn(A
n)AB with appropriate coefficients

cn. Then the variation of this expression is equal to

δ

√

AA
B = c1δA

A
B + c1(δA

A
CA

C
B +AA

CδA
C
B) + . . . (2.14)

that clearly cannot be written as δ

√

AA
B = 1

2δA
A
C

(

(
√
A)−1

)C

B
. However the situation

improves when we consider the potential term that depends on
√

AA
A since then we have7

δ

√

AA
A = c1δA

A
A+2c1δA

A
BA

B
A+3c3δA

A
BA

B
CA

C
A+ · · · = 1

2
δAA

B

(

(
√
A)−1

)B

A
. (2.20)

For that reason we restrict ourselves to the Hamiltonian analysis of the non-linear massive

gravity action with the potential term

U = 4Tr
√
A . (2.21)

7Note that this result is consistent with the definition of the square root of the matrix given in [7, 9]

(
√

A)AB(
√

A)BC = A
A
C (2.15)

since

δ(
√

A)AB + (
√

A)ABδ(
√

A)BC((
√

A)−1)CD = δ(A)AB((
√

A)−1)BD . (2.16)

Taking the trace of given equation we immediately obtain (2.20). Note also that due to the matrix nature

of objects A and B the following relation is not valid
√

AB =
√

A

√

B (2.17)

unless A and B commute. On the other hand since obviously A and A
−1 commute the equation (2.17)

gives
√

A

√

A−1 = I (2.18)

which implies following important relation
(

√

A

)

−1

=
√

A−1 . (2.19)
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In fact, the Hamiltonian analysis of the gauge fixed form of this non-linear massive gravity

was firstly performed in [31] and then in [32, 33]. It was shown in these two papers that this

theory possesses interesting properties that allow to eliminate one additional scalar mode.

Then our goal is to analyze given theory written in the manifest diffeomorphism invariant

form and try to identify possible additional constraints that could eliminate one scalar

mode. Explicitly, we would like to perform the Hamiltonian analysis of the following action

S = M2
p

∫

d3xdtN
√
g
[

KijGijklKkl +
(3)R−m2Tr

√
A
]

. (2.22)

3 Hamiltonian analysis

In this section we perform the Hamiltonian analysis of the action (2.22). For the General

Relativity part of the action the procedure is standard. Explicitly, the momenta conjugate

to N,Ni are the primary constraints of the theory

πN (x) ≈ 0 , πi(x) ≈ 0 (3.1)

while the Hamiltonian takes the form

HGR =

∫

d3x(NHGR
T +N iHGR

i ) ,

HT =
1√
gM2

p

πijGijklπ
kl −M2

p

√
g(3)R ,

Hi = −2gik∇lπ
kl , (3.2)

where πij are momenta conjugate to gij with following non-zero Poisson brackets

{

gij(x), π
kl(y)

}

=
1

2

(

δki δ
l
j + δliδ

k
j

)

δ(x− y) . (3.3)

Finally note that πN , πi have following Poisson brackets with N,Ni

{N(x), πN (y)} = δ(x− y) ,
{

Ni(x), π
j(y)

}

= δ
j
i δ(x− y) . (3.4)

Now we proceed to the Hamiltonian analysis of the scalar field part of the action. Note

that in 3 + 1 formalism the matrix AA
B takes the form

AA
B = −∇nφ

A∇nφB + gij∂iφ
A∂jφB ≡ KA

B + V A
B , (3.5)

where

KA
B = −∇nφ

A∇nφB , KAB = ηACK
C
B = KBA ,

V A
B = gij∂iφ

A∂jφB , V AB = V A
Cη

CB = V BA . (3.6)

Then the conjugate momenta pA are equal to

pA = −
M2

pm
2

2

√
g
δAC

D

δ∂tφA
(A−1/2)DC =

=
M2

pm
2

2

√
g(∇nφC(A

−1/2)CA + ηAC(A
−1/2)CB∇nφ

B) , A−1/2 = (
√
A)−1 . (3.7)

– 6 –
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Note that using the symmetry of AAB = ABA we can write (3.7) in simpler form

pA = M2
pm

2√g(A−1/2)AB∇nφ
B . (3.8)

Using this expression we derive following relation

1

gM4
pm

4
pApB = (A−1/2)AC(∇nφ

C∇nφ
D)(A−1/2)DB =

= (A−1/2)AC(V
CD −ACD)(A−1/2)DB (3.9)

which implies

ΠAB = (A−1/2)ACV
CD(A−1/2)DB , (3.10)

where we introduced the matrix ΠAB defined as

ΠAB =
1

gm4M4
p

pApB + ηAB . (3.11)

Note that when we multiply (3.10) by V from the right we obtain (we use matrix notation)

ΠV = (A−1/2V )(A−1/2V ) (3.12)

which implies

A−1/2V =
√
ΠV . (3.13)

This relation will be important below. The important point of our analysis is that V AB has

the rank 3 as was firstly explicitly stressed in [29]. In fact, if we introduce the 4× 3 matrix

WA
i = ∂iφ

A and its transpose matrix (W T )iA = ∂iφ
A which is 3× 4 matrix we can write

V AB = WA
i g

ij(W T ) B
j . (3.14)

Then since WA
i , g

ij have the rank 3 we obtain that V AB has the rank 3 as well. As a

result detV = 0. In other words V is not invertible matrix. This fact has an fundamental

consequence for the Hamiltonian structure of given theory. On the other hand we can

multiply (3.10) by V from the left so that

VΠ = (VA−1/2)(VA−1/2) (3.15)

that now implies √
VΠ = VA−1/2 . (3.16)

With the help of these results it is easy to determine corresponding Hamiltonian

Hsc = ∂tφ
ApA − Lsc = M2

pm
2√gNV AB(A−1/2)BA +N ipA∂iφ

A =

= NM2
pm

2√g
√

ΠABV BA +N ipA∂iφ
A ≡ NHsc

T +N iHsc
i (3.17)

using (3.13) and using an obvious relation Tr
√
VΠ = Tr

√
ΠV . With the help of these

results we find the final form of the Hamiltonian formulation of the action (2.22)

H =

∫

d3x(NHT +N iHi) , (3.18)

– 7 –
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where

HT = HGR
T +Hsc

T , Hi = HGR
i +Hsc

i , (3.19)

where the explicit forms of these terms is given in (3.2) and in (3.17). Then note that

the requirement of the preservation of the primary constraints πN ≈ 0 , πi ≈ 0 implies an

existence of the secondary constraints

HT (x) ≈ 0 , Hi(x) ≈ 0 . (3.20)

The crucial question is the existence of additional constraints in the theory. The existence

of these constrains would be important for the elimination of an additional scalar mode.

We should expect that this constraint is the primary constraint between momenta and

coordinates of the scalar fields and the question is whether we can find such a relation. For

example, we can try to calculate detΠ. Using

det

(

ηAB +
1

gM4
pm

4
pApB

)

= det ηAC det

(

δCB +
1

gM4
pm

4
pCpB

)

=

= det η expTr ln

(

δAB +
1

gM4
pm

4
pApB

)

= det η exp ln

(

1 +
1

gM4
pm

4
pAp

A

)

=

= −
(

1 +
1

gM4
pm

4
pAp

A

)

(3.21)

and hence from (3.10) we obtain

1 +
1

gM4
pm

4
pAp

A = −detV

detA
. (3.22)

We see that the upper equation implies the primary constraint on condition when detV = 0.

Then (3.22) implies the primary constraint

C :
1

gM4
pm

4
pAp

A + 1 = 0 . (3.23)

The fact that detV AB = 0 is however crucial for the calculation of the algebra of the

constraints. Unfortunately we are not able to perform this calculation in case of the four

dimensional case due to the absence of the inverse matrix V −1. We demonstrate the com-

plexity of such a calculation in the appendix when we abandon the condition detV AB = 0.

However we are able to perform this calculation in case of two dimensional massive gravity

which we perform in the next section.

4 Two dimensional massive gravity

Two dimensional massive gravity is exceptional also from the fact that the gravity is trivial

so that the dynamical content is hidden in the scalar degrees of freedom only. In order

to determine the physical number of degrees of freedom we have to find an appropriate

– 8 –



J
H
E
P
0
6
(
2
0
1
2
)
1
7
0

structure of constraints. To proceed we have to determine the form of the Hamiltonian

constraint (3.17). An explicit calculation gives

HT = M2
pm

2√gTr
√
ΠV =

√

1

ω
(pA∂φA)2 +M4

pm
4∂φA∂φA , (4.1)

where we introduced following notation

g11 = ω , det g = ω , g11 =
1

ω
, ∂1 = ∂ . (4.2)

As a result the extended Hamiltonian takes the form

H =

∫

dx(NHT +N1HS + uωπω + uNπN + u1π
1 + ΓC) ,

HT =

√

1

ω
(pA∂φA)2 +M4

pm
4∂φA∂φA ≡

√
A , HS = pA∂φ

A − 2ω∇πω , (4.3)

where we included the primary constraint πω ≈ 0 into the definition of the spatial diffeo-

morphism constraint. Note the this theory possesses following four primary constraints

πN ≈ 0 , π1 ≈ 0 , πω ≈ 0 , C =
1

ωM4
pm

4
pAp

A + 1 = 0 . (4.4)

First of all the requirement of the preservation of the primary constraints πN , π1 implies

following secondary ones

HT ≈ 0 , HS ≈ 0 . (4.5)

We see that HT ≈ 0,HS ≈ 0 are the secondary constraints. Then we have to check

the consistency of all primary and secondary constraints during the time evolution of the

system. The time evolution of the constraints πN , π1 does not generate new conditions

while the requirement of the preservation of the constraint πω implies

∂tπ
ω = {πω, H} =

N(pA∂φ
A)2

ω2
√
A

− Γ△ =

=
N(HS + 2ω∇πω)2

ω2
√
A

− Γ△ ≈ −Γ△ = 0 , (4.6)

where we used following Poisson bracket

{C(x), πω(y)} =
1

ω2
pAp

A(x)δ(x− y) ≡ △(x)δ(x− y) (4.7)

and we used the fact that we have to determine the evolution on the constraint surface.

On the other hand the time evolution of the constraint C is equal to

∂tC = {C, H} ≈ {C,TT (N)}+
∫

dxuω {C, πω(x)} = {C,TT (N)}+ uω△ = 0 , (4.8)

where we used the fact that
{

TS(N
1), C

}

= −N1∂C (4.9)

– 9 –
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which vanishes on the constraint surface and where {C,TT (N)} is equal to

{TT (N), C} = 2∂

(

N(pA∂φ
A)pB

ω
√
A

)

pB

ω
+ 2∂

(

N
∂φA

√
A

)

pA

ω
. (4.10)

Note that this Poisson bracket vanishes on the constraint surface HS ≈ 0 , πω ≈ 0 as well.

As a result we find that (4.6) and (4.8) determine that Lagrange multipliers uω,Γ are equal

to zero.

Finally we have to determine the algebra of constraints HT ,HS . As usual we calculate

the Poisson brackets of their smeared forms and we find

{TT (M),TT (N)} =
1

4

∫

dxdy
N(x)√
A(x)

{A(x),A(y)} N(y)
√

A(y)
. (4.11)

To proceed we calculate following Poisson bracket

{A(x),A(y)} =

= −4
1

ω(x)
(pA∂φ

A)(x)
[

∂φA(x)pA(y)∂yδ(x− y)−

− pA(x)∂φ
A(y)∂xδ(x− y)

] 1

ω(y)
(pA∂φ

A)(y) +

+4
M4

pm
4

ω(x)
(pA∂φ

A)(x)
[

(∂φA(x)∂φA(y)∂yδ(x− y)−

− (∂φA(y)∂φA(x)∂xδ(x− y)
] 1

ω(y)
(pA∂φ

A)(y) . (4.12)

In the calculation of the Poisson bracket of the smeared Hamiltonian constraints we use

the fact the Poisson bracket {A(x),A(y)} contains derivative of the delta functions that

give non-zero contribution when they act on N and M respectively. As a result we obtain

{TT (M),TT (N)} =

∫

dx(M∂N −N∂M)
1

Aω
×

×[(pA∂φ
A)3 +M4

pm
4(pA∂φ

A)((∂φA∂φA)] =

= TS

(

1

ω
(N∂M−M∂N)

)

+2

∫

dx(N∂M−M∂N)ω∇πω . (4.13)

The algebra of constraints TS takes the standard form

{

TS(M
1),TS(N

1)
}

= TS(M
1∂N1 −N1∂M1) . (4.14)

Finally we determine the Poisson bracket

{

TS(M
1),TT (N)

}

=

∫

dx
{

TS(M
1),HT (x)

}

N =

= −
∫

dx(M1∂HT +HT∂X
1) = TT (M

1∂N) (4.15)

using
{

TS(M
1),HT (x)

}

= −M1∂HT −HT∂M
1 . (4.16)
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Finally we have to analyze the stability of the constraints HT and HS . In fact, the

constraint TS(M
1) is preserved due to the fact that the Poisson brackets between all

constraints vanish on the constraint surface. On the other hand the time evolution of the

constraint is given by the equation

∂tTT (M) = {TT (M), H} ≈
∫

dx(uω {TT (M), πω}+ Γ {TT (M), C}) = 0 (4.17)

using the fact that uω and Γ vanish.

At this stage we have finished the analysis of the time development of the constraints

with following result. We have four first class constraints

πN ≈ 0 , π1 ≈ 0, HT ≈ 0 , H1 ≈ 0 (4.18)

and the second class constraints

πω ≈ 0 , C ≈ 0 . (4.19)

Using the second class constraints we can eliminate πω and ω as functions of pA. Then the

gauge fixing of the four first class constrains completely eliminate the physical degrees of

freedom N, πN , N1, π1 and pA, φ
A.

5 Conclusion

In this section we outline our results and suggest the possible extension of this work. We

performed the Hamiltonian analysis of some particular model of non-linear massive gravity

action written in the Stückelberg picture [30]. We found corresponding Hamiltonian. Then

following [29] where it was explicitly shown an existence of the primary and correspond-

ing secondary constraint in the version of the non-linear massive gravity action presented

in [33] we find corresponding primary constraint of the theory. Unfortunately due to the

fact that this constraint is a consequence of the singularity of the matrix V AB we were not

able to determine algebra of all constraints and identify secondary constraints for the case

of four dimensional non-linear massive gravity action. On the other hand we were able

to complete the Hamiltonian analysis of two dimensional non-linear massive gravity where

we showed that the algebra of the Hamiltonian and spatial diffeomorphism constraints is

in agreement with the basic principles of geometrodynamics [36–38]. We also identified

an additional constraints and we show that there are no physical degrees of freedom with

agreement with the analysis presented in [16, 30].

It is very unhappy that we were not able to finish the Hamiltonian analysis of four

dimensional non-linear massive gravity theory due to the singular nature of the matrix

V AB especially in the light of the very nice proof of the existence of the primary and the

secondary constraints that was performed in [29] in the case of the version of the non-linear

massive gravity action presented in [33]. To finish such an analysis is very desirable and it

is the main goal of our future work. It would be also very nice to perform the Hamiltonian

analysis of the general form of the non-linear massive gravity action with the Stückelberg

fields and we hope to return to this problem in future.
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A Toy model: algebra of constraints in case of detV AB 6= 0

In this appendix we perform the calculation of the algebra of constraints in case when we

do not impose the condition detV AB = 0 even if these calculations are not directly related

to the case of the non-linear massive gravity action studied in the main body of this paper.

The goal of this appendix is to demonstrate the complexity of given analysis. To begin

with note that the fact that detV AB 6= 0 implies the existence inverse matrix V −1. In this

case we find an important relation

V −1
√
VΠ = A−1/2 =

√
ΠV V −1 (A.1)

which will be useful when we calculate the algebra of constraints.

Let us consider the smeared form of the constraints (3.20)

TT (N) =

∫

d3xNHT , TS(N
i) =

∫

d3xN iHi . (A.2)

The goal of this section is to determine Poisson brackets among these constraints. Note that

in case of the General Relativity part of the constraints we have following Poisson brackets

{

HGR
T (x),HGR

T (y)
}

= −
[

Hi
GR(x)

∂

∂xi
δ(x− y)−Hi

GR(y)
∂

∂yi
δ(x− y)

]

,

{

HGR
T (x),HGR

i (y)
}

= HGR
T (y)

∂

∂xi
δ(x− y) ,

{

HGR
i (x),HGR

j (y)
}

=

[

HGR
j (x)

∂

∂xi
δ(x− y)−Hi(y)

∂

∂yj
δ(x− y)

]

. (A.3)

The calculation of the Poisson brackets that contains scalar phase space degrees of free-

dom is more involved. However it is easy to find the Poisson bracket between generators

of spatial diffeomorphisms

{

Hsc
i (x),Hsc

j (y)
}

=

[

Hsc
j (x)

∂

∂xi
δ(x− y)−Hsc

i (y)
∂

∂yj
δ(x− y)

]

(A.4)

that together with the Poisson bracket on the third line in (A.3) implies following form of

Poisson bracket between smeared form of the diffeomorphism constraints

{

TS(N
i),TS(M

j)
}

= TS(N
j∂jM

i −M j∂jN
i) . (A.5)

In case of Hamiltonian constraint the situation is not so easy. Explicitly, from the definition

of the Poisson bracket we find

{Tsc
T (N),Tsc

T (M)} =

∫

d3xd3yN(x) {Hsc
T (x),Hsc

T (y)}M(y) =

= −M4
pm

4

∫

d3xd3yd3zN(x)M(y)

(

√
g(x)

δ(
√
ΠV ) A

A (x)

δpX(z)

δ(
√
ΠV ) C

C (y)

δφX(z)

√
g(x)−

−√
g(y)

δ(
√
ΠV ) C

C (y)

δpX(z)

δ(
√
ΠV ) A

A (x)

δφX(z)

√
g(x)

)

. (A.6)
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To proceed further we use the relations

δ(
√
ΠV ) A

A (x)

δpX(z)
=

1

2

δ(ΠV ) B
A (x)

δpX(x)
((ΠV )−1/2) A

B =

=
1

2gM4
pm

4
(δXA pC + pAδ

X
C )V CB

(

(ΠV )−1/2
) A

B
(x)δ(x− z) ,

δ(
√
VΠ)CC(y)

δφX(z)
=

1

2

δ(VΠ)CD(y)

δφX(z)
((VΠ)−1/2)DC(y) =

=
1

2
[gij∂yiδ(z− y)δCX∂yjφ

E(y) + gij∂yiφ
C(y)∂yjδ

E
Xδ(z− y)]

×ΠED

(

(VΠ)−1/2
)D

C
(y) . (A.7)

Then with the help of (A.7) we can determine the Poisson bracket (A.6). First of all these

Poisson brackets contain the derivative of the delta functions. We perform integration by

parts. Then the non-zero contribution arises from the derivative of the smeared functions

N and M . As a result we obtain

{Tsc
T (N),Tsc

T (M)} =
1

4

∫

d3x(N∂iM −M∂iN)gij ×

×
(

pA(
√

(VΠ)−1V )AB + pA(V
√

(ΠV )−1)AB
)

×

×((Π
√

(VΠ)−1)BC∂jφ
C + (

√

(ΠV )−1Π)BC∂jφ
C) =

=

∫

d3x(N∂iM−M∂iN)gijpA(V
√

(ΠV )−1)AB(
√

(ΠV )−1Π)BC∂jφ
C) =

=

∫

d3x(N∂iM −M∂iN)gijpA(V (ΠV )−1Π)AB∂jφ
B =

= Tsc
S ((N∂jM −M∂jN)gji) , (A.8)

where we used the symmetry of Π and V and the relations

√

(VΠ)−1V = V
√

(ΠV )−1, Π
√

(VΠ)−1 =
√

(ΠV )−1Π (A.9)

that follow from (A.1). If we combine this result with the Poisson brackets between smeared

form of the General Relativity Hamiltonian constraints we find the final result

{TT (N),TT (M)} = TS((N∂jM −M∂jN)gji) . (A.10)

Finally we calculate the Poisson bracket between TS(N
i) and Tsc

T (N). Using

{

TS(N
i), pA(x)

}

= −N i∂ipA(x)− ∂iN
ipA(x) ,

{

TS(N
i), φA(x)

}

= −N i∂iφ
A(x) ,

{

TS(N
i),

√
g(x)

}

= −N i∂i
√
g(x)− ∂iN

i√g(x) ,
{

TS(N
i), gij(x)

}

= −Nk∂kg
ij(x) + ∂kN

igkj(x) + gik∂kN
j(x) ,

{

TS(N
i),ΠAB(x)

}

= −N i∂iΠAB(x) ,
{

TS(N
i), V AB(x)

}

= −Nk∂kV
AB(x) . (A.11)
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With the help of these results it is easy to find

{

TS(N
i),Hsc

T (x)
}

= −∂kN
kHsc

T (x)−Nk∂kHsc
T (x) . (A.12)

Collecting this result with the Poisson bracket between diffeomorphism constraint and

Hamiltonian constraint of General Relativity we obtain

{

TS(N
i),TT (N)

}

= TT (∂kNNk) . (A.13)

To conclude, we found that the theory with detV 6= 0 possesses four constraints HT (x) ≈
0 ,Hi(x) ≈ 0 which are the first class constraints as follows from the Poisson brack-

ets (A.5), (A.10) and (A.13). We also showed that the crucial presumption for these

calculations was the regularity of the matrix V AB which of course is not the case of four

dimensional non-linear massive gravity.
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