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ABSTRACT: We study the Borcherds superalgebra obtained by adding an odd (fermionic)
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in maximal supergravity, where the FE,, symmetry algebra can be extended either to a
Borcherds superalgebra or to the Kac-Moody algebra F;, and both extensions can be
used to derive the spectrum of p-form potentials in the theory. We show that also in the
general case, the Borcherds and Kac-Moody extensions lead to the same ‘p-form spectrum’
of representations of the simple finite-dimensional Lie algebra.

KEYWORDS: Supergravity Models, M-Theory

ARrRX1v EPRINT: 1203.5107

! Also affiliated to: Department of Fundamental Physics, Chalmers University of Technology, SE-412 96
Goteborg, Sweden.

© SISSA 2012 doi:10.1007/JHEP06(2012)003


mailto:jakob.palmkvist@ulb.ac.be
http://arxiv.org/abs/1203.5107
http://dx.doi.org/10.1007/JHEP06(2012)003

Contents

1 Introduction 1
2 The Borcherds algebra U 2
3 The Kac-Moody algebra V' 5
4 The extended Kac-Moody algebra W 6

1 Introduction

Maximal supergravity in D dimensions contains p-form potentials that transform in rep-
resentations of a global symmetry group. Including also the non-dynamical (D — 1)- and
D-forms that are possible to add to the theory, all these representations can be derived
from the infinite-dimensional Kac-Moody algebra Ej; [1-6]. Considering F1; as the ‘very
extension’ of (the split real form of) the exceptional Lie algebra Ejg, the corresponding
derivation also works for half-maximal supergravity theories, where the role of Eg is played
by Bz, Bg or Dg [7]. The spectrum of p-form representations for maximal supergravity
in D dimensions can alternatively be derived from a Borcherds algebra which depends on
D [8-12]. The fact that these Borcherds algebras lead to the same p-form spectrum as E1;
was explained in [10], and an alternative explanation was given in [13]. Since Borcherds al-
gebras arise from Bianchi identities in half-maximal supergravity [14] as well as in maximal
theories [11, 12] it raises the question whether also these Borcherds algebras lead to the
same p-form spectra as the corresponding very extended Kac-Moody algebras. The present
paper gives an affirmative answer to that question, by generalizing the result in [13].

The Borcherds algebra associated to maximal supergravity in 3 < D < 7 dimensions,
with a Lie algebra g corresponding to the global symmetry group, can be constructed from
g by adding an extra simple root in a certain way (or equivalently, an extra node to the
Dynkin diagram of g). It is in fact not a Lie algebra but a Lie superalgebra, where the
eigenvectors corresponding to the extra simple root are odd elements, and furthermore the
eigenvalues are zero. If we instead add N > 1 ordinary simple roots (such that each node
that we add to the Dynkin diagram is connected to the previous one with a single line),
then we obtain a Kac-Moody algebra, which for N = D is the very extended Kac-Moody
algebra Fq1. Up to level p = N, the level decomposition of this Kac-Moody algebra under
g @ sly, restricted to antisymmetric sly tensors, gives the same ‘p-form spectrum’ of g
representations as the level decomposition of the Borcherds algebra under g. We will show
that the corresponding result holds for any such Borcherds and Kac-Moody extensions of a
simple finite-dimensional Lie algebra g. More precisely, for any such g, any way of adding
the first extra node (the only extra node for the Borcherds algebra), and any total number



N of extra nodes for the Kac-Moody algebra, the two algebras lead to the same p-form
spectrum (up to level p = N). The fact that N can be larger than the spacetime dimension
D is important for applications to the superspace approach that has been employed recently
in [11, 12, 14], since p-form superfields with p > D need not be zero.

In this paper we denote the Borcherds and Kac-Moody extensions by U and W, and
we let V' be an intermediate Kac-Moody algebra. The algebras U, V' and W are described
in section 2, 3 and 4, respectively, and in the end we show that W gives the same p-form
spectrum as U. The reader who finds the paper difficult to follow is invited to read [13]
first, where U, V and W corresponds U, 41, En+1 and Eq;.

2 The Borcherds algebra U

As indicated in the introduction, our definition of Borcherds algebras include also the
generalization [15] of the original Borcherds algebras [16] to superalgebras. However, we
will here only define a very special case of such superalgebras, and refer to [17] for the full
definition. As noted in [10], footnote 8, there is an error in the definition in [17], but this
has no importance for the special cases we consider here.

A Borcherds algebra is given by a (generalized) Cartan matrix ays, which is a non-
degenerate symmetric real matrix, where the rows and columns are labelled by some index
set. This set can in general be infinite, but here we restrict it to be finite and write
I,J,...=0,1,...,r for some r. For each value I of the indices we associate two Chevalley
generators ey and f; which are both either odd (fermionic) or even (bosonic) elements of
the Borcherds algebra. We assume eg and fy to be odd, and use the indices i,j,... =
1,2,...,r for the even generators. Furthermore, we assume that agp = 0 and a;; > 0. With
these restrictions, the conditions that define ay; to be the Cartan matrix of a Borcherds
algebra are

I#J= a5 <0, 2%62. (2.1)
2
Note that this matrix is symmetric, unlike general Cartan matrices of Kac-Moody algebras
with the standard definition (see for example [18, 19]). However, we can ‘de-symmetrize’
ary and define an in general non-symmetric matrix A;y by

Ay = 2‘;—" Ap; = ag, Ago = ag = 0. (2.2)
2

Any multiple of ar; gives the same Borcherds algebra as ayy. Together with the second
condition in (2.1), this implies that we can assume all the diagonal entries a;; to be even
integers. It then follows from the same condition that all the entries in a;; are integers,
in particular ag;. We conclude that Aj; is an integer-valued matrix, with Agg = 0 and
A;; = 2. The off-diagonal entries are non-positive integers, in general with A;y # A, but
if A;yj =0, then Aj; = 0 as well. Thus A;; satisfies the definition of a Cartan matrix of
a Kac-Moody algebra, and, as a last restriction, we require this Kac-Moody algebra to be
finite, that is, a simple finite-dimensional Lie algebra g.



The Borcherds algebra U associated to ayy (or Ayy) is now defined as the Lie superal-
gebra generated by the Chevalley generators ey, fr and hy = [er, fr] modulo the relations

[h1,ej] = Arsey, [h1, f1] = —Arsfs, ler, fs] = érsh,
[eo, eo] = [fo, fol = (ad €)'~ (es) = (ad fi)' =7 (fs) =0, (2.3)

where i # J, and [z, y] denotes the supercommutator of two elements z and y. This is
a symmetric anticommutator [z,y] = {z,y} = {y,x} if both 2 and y are odd elements,
and an ordinary antisymmetric commutator [z, y] = [z,y] = —[y, 2] if at least one of the
elements is even.

The Borcherds algebra U has a bilinear form, which we write as (z|y) for two elements
x and y, and define by

(hrlhg) = Arg, Aerlfs) =015, (erles) = {f1lfs) = (hiles) = (hs|f7) = 0. (2.4)

The definition can then be extended to the full algebra U in such a way that the bilinear
form is invariant,

([z, yllz) = (=[ly, 2]), (2.5)

and supersymmetric, which means that (z|y) = —(y|z) if both elements are odd, and
(xz|ly) = (y|z) if at least one of them is even.

The odd generators ep and fy give rise to a Z-grading of U which is consistent with
the Zs-grading that U naturally is equipped with as a superalgebra. This means that it
can be written as a direct sum of subspaces U, for all integers p, such that

[Up, Ul € Up+g, (2.6)

where U, consists of odd elements if p is odd, and of even elements if p is even. (These
subspaces should not be confused with U,,41 in [13], which is simply U here.) Among the
Chevalley generators eg belongs to U_1, whereas fy belongs to Uy, and all the others belong
to U().

It follows from the grading (2.6) that each subspace U, constitute a representation
r, of g (called s, in [13]). One can easily see that there is an isomorphism between the
subspaces U; and U_1, such that elements mapped to each other have eigenvalues with
opposite signs under the adjoint action of h;, and therefore the representations ry and r_;
are conjugate to each other. Accordingly, we introduce indices

MN,...=1,2,...,dim r1, (2.7)

and write the basis elements of U_; and U; as Exq and F' N , respectively, chosen such that
<EM|FN> = 6V. For p > 2 the subspace U_, is then spanned by the elements

E/\/h"-/\/lp = [[EMU [[EM27 ) [[EMp—l’EMp]] o ]H] (2.8)
and U, by the elements

FNeNo = [FN [P [P FN] L (29)



As explained in [13], each representation r, is determined by the lower (or upper) indices
in the tensor

le...Nppl“'PP = (ENI...NPIFPT”PP), (2.10)
and all such tensors can be computed recursively, starting from the constants
I P = ([{Bai, FN}, Bp]|FO), (2.11)

which are the structure constants of U_; considered as a (generalized Jordan) triple system
with the triple product [{En, F N }, Ep]. To find the recursion formula, we first use the
Jacobi identity to compute
[FY, Exy-a,] = HFY, Ea } Ertyon,]
— By, [FY, Bptyeon, 1]
= [{FY, Enm, }, Eryeon, ]
— [Brmty, {FY, Ento }s Ertgenn, ]
+ [Bmys [Bato, [FN, Bntgan, 111
= {FN, Exy by Ertyon, ]
~[Brmy, HFY, Ept )y Ertyon, 1]
+ [Estys [Bats, [{FY, By} Eatseoa, 1]

+ (_ )p+1[[EM1? [[EMQ? SRR) HEMpfl’ {FN7 EMpH] o ]H]

— i+1
—Z Z )N M T EMy o Mi s My My PMG 1M,
i=1 j=1+1
12 fa, N, TE 2.12
+ (DI, Myt EryeMy_oPs (2.12)
and then, using the invariance of the bilinear form, we obtain
fMl---Mle"'N” = <EM1...MP\FN1"'NP)

= (_ )p+1<[[FN17 EM1“~Mp1”FN2MNp>

- p
Z > DN T I Mo MMy PM 1 ept,
=1 j=i+1

_fMp My e My, QPNQ'"NP- (2.13)

The subspace Uy is spanned by g and hg. Since Uj is a finite-dimensional representation
of g it must be fully reducible, and since its dimension is (dim g + 1) it must (as a Lie
algebra) be the direct sum of g and a one-dimensional abelian subalgebra, spanned by an
element c. It then follows from the invariance of the bilinear form that the commutation
relations between the elements in Uy and U4y are

{Eapg, FV} = (ta) AVt + 50V, [t ¢ =0,
[, Bl = () (™Y B, e, Eam] = (cle) Ent,
[t FN] = —(t*) VM, e, FN] = —(cle) FV, (2.14)



where t* are the basis elements of g, and (to) Y

are the components of ¢, in the repre-
sentation ri. The adjoint index a has been lowered with the restriction of the invariant
bilinear form to g (the Killing form), so that (t*|tg) = g, and the normalization of ¢ has
been fixed by the first equation in (2.14) as we will see in the next section. Thus we end

up with the expression
VP2 = (B, FNY Epl|F2) = (ta) pa™ (1%)p° + (cle) 5ae" 6p° (2.15)

for the structure constants fMN'pQ, which can then be inserted in (2.13).

3 The Kac-Moody algebra V

Let By be the matrix obtained from Aj; by replacing the entry Aoy = 0 by Bgg = 2. Thus
we have

By = 2, Bri = Ar, Bir = Air. (3.1)

We then define the Kac-Moody algebra V' associated to the Cartan matrix By as the
Lie algebra generated by ej, fr and hy = [es, fr] modulo the relations (2.3), but now
with Ay replaced by By, and all Chevalley generators being even elements, so that the
supercommutators are ordinary antisymmetric commutators. The relations corresponding
to (2.4) define a bilinear form on V' which is invariant and, unlike the one on U, fully
symmetric. We write it as (z|y) for two elements z and y to distinguish it from the
invariant bilinear form on U. Note that we have (hg|hg) = 2, whereas (hg|ho) = 0.

In the same way as for U, the generators ey and fj give rise to a Z-grading of V', where
each subspace V,, constitutes a representation s, of g. The difference between Ay and By
does not affect the commutation relations between g and ey or f7, and therefore we have
S+1 = r+1. Furthermore, the Lie algebra Vj is, in the same way as Uj, the direct sum
of g and a one-dimensional abelian subalgebra spanned by an element d. Using the same
notation for the basis elements of Viq as for Uiy, the commutation relations between the
elements in Vi and Vi1 are then

[Exm, FN] = (ta)amt + 504V d, [1,d] = 0,
[t Epm] = (t*) ™ Ew, [d, Ex] = (d|d)Eu,
it FN) = —(t*)\ N FM, [d, FN] = —(d|d)FV. (3.2)

Let us compare d in Vj with the corresponding element ¢ in Uy. From the invariance
of the bilinear form it follows that ¢ and d are determined up to normalization by the
conditions (c|g) = 0 and (d|g) = 0, respectively. This implies in turn that both ¢ and d are
linear combinations

¢ = coho +c1hy + -+ +chy,
d = dohg + dihy + - -+ d,h, (3.3)



(identifying the Chevalley generators of U and V with each other). The first equations
in (2.14) and (3.2) fix the coefficients ¢y and dy to ¢p = dy = 1. Furthermore, the condi-
tions (c|g) = 0 and (d|g) = 0 do not involve Agy or Byg, which are the only entries that
differ between Aj; or Brj, so they are in fact equivalent, and we conclude that ¢ = d.
Now we have

[c,e0] = colho, eo] + c1lh1, el + - - - + cr[hr, €
= (C[)AQO +c1Apg+ -+ CrArO)e()
= (c1Aio+ -+ ¢ Aro)eo (3.4)

in U, and

[d, eq] = dolho, eo) + di[h1,e0]l + -+ - + d;[hr, 0]
= (dpBoo + d1B1o + - - - + dr Byo)eo
= (2 + 1A+ -+ CTATO)QQ (35)

in V. On the other hand, from (2.14) and (3.2) we have [c,e9] = (c|c)eg in U, and
[d, e0] = (d|d)eg in V, so we conclude that (d|d) = (c|c) + 2. It follows that the structure
constants of V_; considered as a triple system are

gV p2 = ([Bam, FN), Ep)[F9) = (ta) N ()92 + ({cle) +2)6pa 6p°
= fMNpQ + 25MN57>Q. (3.6)

4 The extended Kac-Moody algebra W

Let C be the matrix obtained from B by adding N — 1 more rows and columns, labelled
by m,n,...=—-N+1,—-N+2,...,—1, so that

Crj = Biy, Cor = Crm =0, (4.1)

and Cpy,, is the well known Cartan matrix of Ay_; = sly. Let W be the Kac-Moody
algebra given by the Cartan matrix C'. This corresponds to adding N — 1 more nodes to
the Dynkin diagram of V', each connected to the previous one by a single line.

In the same way as for U and V, the generators ey and fj give rise to a Z-grading of
W, where each subspace W), constitutes a representation t, of g, but also a representation
of sly. Considering V' as a subalgebra of W we can write the basis elements of W; and

W_1 as Exyq and FMP respectively, where a,b,...=0,1,...,N —1, and
Epmo = Em, EM(—m) = H o Heﬂ% €m+1]7 em+2]7 B 7671]7 EM]7
FMO= Mo PO = (O™ ([f fn], frnsa] oo, fal FM 0 (42)

For p > 2, the subspace W, is then spanned by the elements

EM1"~MP ai--ap = [EM1 al» [EMQ agy [E./le_1 ap717EMp ap:| te :|:|7 (43)



and W_, by the elements
FMl..AMp ay-ap _ [FMl a1’ [FMQ a , [FMP71 apfl’ FV/\/IJp ap] . ” ) (44)

Following the steps in [20] it is straightforward to show that the structure constants of the
triple system W_; are related to those of V_; as

hat™M 2ot = ([[Ema, FNY), Ep)|[F29)
= gV p2 6,250 — 50N 692 6,280 + SN 6p2 5.6, (4.5)

and if we antisymmetrize in a and ¢ we obtain
haV 29l a? = (g P2 = 200N 5p9) 81,04 = FadN P2 0ug®. (4.6)

Thus we get back the structure constants (2.15) for the triple system U_1, times 5[ab5,:]d.
As we will see next, this relation between the two triple systems can be viewed as the
reason why U and W lead to the same p-form spectrum, or to be precise, why t, = r,, for
1 < p < N, which is the main result of this paper.

As for U, each representation t, is determined by the lower indices in the tensor

NioN, biby _ (

hM1~~~Mp [a1--ap) EMl"’Mp a1---ap|FN1“.Np b1~~-bp). (4'7)

In the same way as we obtained (2.13) for U, we now obtain

Ni-Np b1-bp _ = (

N1---Np bi-b
hMl“‘Mp [a1-+ap) ’F e ol p)

EMl My [ar-+ap]

p—
Z Z hMiNleP[aiblajCX

i=1 j=i+1
x hMl"'P"'MpNQ‘NNpal~--a,-_1ai+1'-~aj—1Ic\aj+1--~ap]b2mbp
_ hMp M, 1P[apblap—lChMl"'MpfipNQ.”Npal--~ap72]cb2”.bp
(4.8)
for W, where we have simplified the notation by writing
My P My =My My My - Mj 1 PMjiq - M, (4.9)

The difference compared to (2.13) is that f is replaced by h, that each r; index is accom-
panied by an sl index and, most important, that the prefactor (—1)"? is replaced by 1.
We will now show, by induction over p, that

hM1'~~MpN1mNp[a1-~~ap}blmbp = (_1)U(p)5[a1~~ap}blmbp fM1'~~MpN1MNp7 (4'10)

for all integers p > 1, where o(p) = p(p — 1)/2. For p = 1 we have

otV o” = (Bama FN?) = 6,200 = 8" (B | FY) = 64" fad (4.11)



Assume now that (4.10) holds for p = ¢ — 1, where ¢ is some integer ¢ > 2. Then

NN byewb
P My g

= (Enty My far g [P0

-1 ¢
— N P b
o Z hMi IM] [a; 1ajc><
i=1 j=i+1
Now N, by-b
X hMl""P"'Mq ? qal---ai,1a¢+1---aj,1|c|aj+1---aq} 2
N P b c No---N, ba-++b
b My (ag tagar BMy Mo P g a)e -
-1 q
N P b
- Z fML IMJ 5[a1a3 X
i=1 j=it1
o(g—1 NN, ba-+b
X(_l) (g )fMl"'P"'Mq ’ q(sal"‘aiflaﬂ»l“'ajfl‘C‘ajJrl"'aq][2 d

—1 b bo--b
— (D79 N ity POy o™ N8 gl

q
)y MNP Na-N, biba--b
= Z (—1)0((1 )fMi 1/\4]. fM1~~-P~~-Mq 2 qd[aia1~~~ai,1ai+1maq} 19270

q
= Z (_1)U(q71)+l+1fMiN1/\/ljpf/\/tl‘..p...MqNQ'"Nq5[a1“_aq]b1”'bq

+ (=)@ N P oty o™ N
- (_1)U(q_1)+q_15[a1""lq]blmbqfM1"~MqN1MNq

= (=17 D, 00 frgyepn, NN, (4.12)

where we first have inserted the assumption of the induction, and then used (2.13). By the
principle of induction, it follows that (4.10) holds for all integers p > 1. Since the lower
r; indices on the left hand side of (4.10) determine rj,, and those on the right hand side
determine t,, we conclude that r, = t, as long as the delta factor does not vanish, that is,
for 1 <p<N.
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