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in gauged supergravities.
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1 Introduction and overview

Recently, a ‘double field theory’ extension of the low-energy theory of closed bosonic strings
has been found, in which the T-duality group O(D, D) is realized as a global symmetry
by virtue of doubling the coordinates [1-4] (see also [5-11] and [12] for a review). More
precisely, the conventional low-energy effective action for the metric g;;, the Kalb-Ramond
2-form b;; and the dilaton ¢,

1
S = /dac\/g e % [R + 4(8¢)? — 12H2] , (1.1)
where H;j, = 30;;b;1), can be extended to an action written in terms of the ‘generalized
metric’ ‘
yMN _ (93~ birg™bij birg" (12)
—g*by g7 )



and an O(D, D) invariant dilaton d defined by e=2% = \/ge_%. Here, M,N,...=1,...,2D
are fundamental O(D, D) indices, and the fields have been grouped such that H™" trans-
forms covariantly under this group. One can think of H as a (constrained) metric on the
doubled space with coordinates XM = (%;,2%), and all fields are assumed to depend on the
doubled coordinates. The action then takes a manifestly O(D, D) invariant form and reads

1 1
S = /dxdf e 2d (8 HMNGMHKL ONHKL — 2HMN8NHKL OrLHy K
(1.3)
— 200 d ONHMN 4 4HMN 9yrd 6Nd> ,

with derivatives dy; = (97, 9;). This action is also invariant under gauge transformations
parametrized by ¢V = (&, &), which take the form of ‘generalized Lie derivatives’ Le,

5§HMN _ EgHMN = §P8PHMN + (aMgP _ aPé-M) HPN + (8N§P _ 8P§N) HMP,
1.4
6d = Moyd — ;aMgM, (14)

where indices are raised and lowered with the O(D, D) invariant metric

NMN = (? é) . (1.5)

We can think of the dilaton d as a generalized density. The gauge invariance and thus the
consistency of the action (1.3) requires the following O(D, D) covariant constraints

Moy A=nMNoyonA=0, OMAOuB=0, (1.6)

for arbitrary fields and parameters A, B. The first condition is the level-matching condition
for the massless fields in closed string theory. The second condition is a stronger constraint
that requires also all possible products to be annihilated by 9" 9);. This strong constraint
implies that locally there is always an O(D, D) transformation that rotates into a T-duality
frame in which the fields depend only on half of the coordinates, e.g., being independent
of the z;.

If the tilde coordinates Z; are set to zero, the action (1.3) reduces to the low-energy
action (1.1), as required. Moreover, if these coordinates are set to zero in (1.4), the gauge
transformations reduce to the familiar diffeomorphisms generated by ¢ and the Kalb-
Ramond gauge transformations generated by §~Z

In this paper we are concerned with the extension of the above construction to the
heterotic string [13]. In its low-energy limit, this theory is described by an effective two-
derivative action whose bosonic terms extend (1.1) by n non-abelian gauge fields A;,
a=1,...,n,[14],

1 o A 1 ..
S = /dx\/g e 20 [R+4(8¢)2 - 12H”’“H,~jk = P Fial (1.7)

where

Fi® = 0;A;" — 0 A + go[Ai, 4;]° (1.8)



is the non-abelian field strength of the gauge vectors, and the field strength of the b-field
gets modified by a Chern-Simons 3-form,

1
H@'jk = 3(8[ijk} — HZQBA[ZQ <8jAk]’G + 390 [Aj, Ak}]ﬁ>> . (1.9)

Here go denotes the gauge coupling constant and kg is the invariant Cartan-Killing form.

With the gauge field transforming as
SAA® = DA% + go[Ai, A]% (1.10)

the b-field transforms under A% as

opbij = ;(@‘Aja —0;4;%) Aq (1.11)

such that (1.9) is invariant. At the level of the classical supergravity action, the gauge
group is arbitrary, but in heterotic string theory it is either SO(32) or Eg x FEj.

In section 2 we show that for the abelian subsector the double field theory extension of
the heterotic string is straightforward. To this end, the coordinates are further extended
by n extra coordinates y® and, correspondingly, the generalized metric (1.2) is enlarged
to a (2D +n) x (2D + n) matrix that naturally incorporates the additional fields 4;% in
precise analogy to the coset structure appearing in dimensional reductions. This suggests
an enhancement of the global symmetry to O(D,D + n). Indeed, if we formally keep
the action (1.3) and the form of the gauge transformations (1.4), but with respect to the
enlarged HM¥ | we obtain precisely the (abelian subsector of the) required action (1.7) and
the correct gauge transformations in the limit that the new coordinates are set to zero. In
this construction, the number n of new coordinates is not constrained, but the case relevant
for heterotic string theory is n = 16, where the y® can be thought of as the coordinates of
the internal torus corresponding to the Cartan subalgebra of SO(32) or Eg x Fs.

In section 3 we turn to the non-abelian extension. In this case the group O(D, D + n)
is broken. More precisely, the reduction of the low-energy effective action (i.e., of heterotic
supergravity) on a torus TP gives rise to a theory with a global O(D, D + n) symmetry
only in the abelian limit go — 0 [22]. Remarkably, however, we find that the action can be
extended to incorporate the non-abelian gauge couplings in a way that formally preserves
O(D, D +n), where n equals the dimension of the full gauge group. We write the extended
action in terms of a tensor f™ yg, which encodes the structure constants of the gauge
group, and the generalized metric H*". The consistency of this construction requires a
number of O(D, D + n)-covariant constraints on f yx. Apart from standard constraints
like the Jacobi identities, there is one novel differential constraint in addition to (1.6),

which reads
fMNK oy =0. (1.12)

Moreover, the gauge variations parametrized by ¢ get deformed by f™ yx in that, say, a
‘vector’ VM transforms as

5§VM = EgVM — foMKLVL , (1.13)



where Eg denotes the generalized Lie derivative as in (1.4). Thus, the ¢ gauge transfor-
mations represent a curious mix between diffeomorphism-like symmetries (which simulta-
neously treat each index as upper and lower index) and the adjoint rotations with respect
to some Lie group. The invariance of the action under these deformed gauge transforma-
tions then requires new couplings to be added to (1.3), whose Lagrangian reads (without
the e~2¢ prefactor)

1
L= —2fMNK 'HNPHKQap'HQM
(1.14)

1 1 1
~ 19 M ep N LoHunHEEHPR — M e PV e HEE — 6fMNKfMNK -

4

Despite the O(D, D + n) covariant form of the action, any non-vanishing choice for
the My will actually break the symmetry to the subgroup that leaves this tensor invari-
ant, because fM yk is not a dynamical field and therefore does not transform under the
T-duality group. For instance, if we choose fM yx to be non-vanishing only for the com-
ponents f“g, that are the structure constants of a semi-simple Lie group G, the remaining
symmetry will be O(D, D) x G, where G is the rigid subgroup of the gauge group. In this
case, the new couplings (1.14) precisely constitute the non-abelian gauge couplings required
by (1.7), while the gauge variations (1.13) evaluated for HM¥ reduce to the non-abelian
Yang-Mills transformations.

It should be stressed that the abelian and non-abelian cases are conceptually quite
different. The abelian case is closely related to the original construction in [1]. Specifically,
if we choose n = 16, the constraint (1.6) can be interpreted as a stronger form of the
level-matching condition. Moreover, the winding coordinates Z; and the y® have a direct
interpretation in the full string theory. In contrast, the non-abelian case requires the new
constraint (1.12), which has no obvious interpretation in string theory, and formally we
introduce as many new coordinates as the dimension of the gauge group, i.e., n = 496 for
the case relevant to heterotic string theory. However, the number n is a free parameter at
the level of the double field theory constructions discussed here, and therefore we will not
introduce different notations for n in the two cases.

We note that the constraint (1.12) effectively removes the dependence on (some of)
the extra coordinates. More precisely, a subtle interplay between the constraints (1.6)
and (1.12) and the unbroken part of the T-duality group guarantees locally independence
on the ‘unphysical’ coordinates, as we will discuss in section 4. It is amusing to note that
this construction has a superficial similarity to attempts in the early literature on heterotic
string theory that aimed at realizing this theory through some Kaluza-Klein type reduction
from 496 + 10 dimensions [15, 16], but the details, in particular the physical interpretation
of the extra coordinates, appear to be different. (See also the more recent work [17], which
has some relevance for the abelian case discussed in section 2.)

Interestingly, the results on the non-abelian case are analogous to constructions of
gauged supergravities based on the so-called embedding tensor formalism (see [18] for a
review and references therein). In this formalism, the deformation of an ungauged su-
pergravity with a certain duality group G into a gauged supergravity is parametrized by
the embedding tensor that is formally a tensor under G and which is the analogue of the



tensor fMyx above. Even though the G-invariance is ultimately broken for any choice
of (non-vanishing) embedding tensor, all couplings induced by the gauging can be written
in a G-covariant fashion. In particular, the scalar potential takes a form that is precisely
analogous to the terms in the second line of (1.14). In gauged supergravity, however, the
exact form of these couplings can only be determined by supersymmetry. It is remarkable,
therefore, that in the construction to be discussed in this paper, the couplings (1.14) are
uniquely determined by the bosonic symmetries (1.13) (apart from the last term which is
constant and thus separately gauge invariant).

The original construction of double field theory is closely related to a frame-like geo-
metrical formalism developed by Siegel in important independent work [19, 20]. The precise
relation to the formulation in terms of a generalized metric is by now well-understood both
at the level of the symmetry transformations [4] and the action [6]. Siegel’s formalism as
presented in [19] is already adapted to include the abelian subsector of the heterotic theory.
Using the recent results of [6], it is straightforward to verify the equivalence of this formal-
ism with the generalized metric formulation in the abelian limit, which we do in section 5.
Moreover, the formulation of [19] also allows for supersymmetric extensions. We therefore
expect a supersymmetric version of the formulation discussed here to be possible. This we
will leave, however, for future work, and we stress that whenever we refer in this paper to
the heterotic string we mean, more precisely, the bosonic sector of the low-energy action.
Finally, in the conclusions to the proceedings of Strings’93 [21], Siegel also mentions the
extension to the non-abelian case, with a deformation of the gauge variations as in (1.13)
and a corresponding adaptation of the frame formalism, which we will discuss in detail in
section 5.

2 Double field theory with abelian gauge fields

In this section we introduce the double field theory formulation for the abelian subsector
of the low-energy theory of the heterotic string. We first define the enlarged generalized
metric and then show that the action (1.3) and the gauge transformations (1.4) reduce to
the required form when the dependence on the new coordinates is dropped.

2.1 Conventions and generalized metric

The coordinates are grouped according to
XM — (.f'i, zt, yo‘) , (2.1)
which transforms as a fundamental O(D, D + n) vector,
XM=pMyxN ~ heO(D,D+n). (2.2)
Here, O(D, D + n) is the group leaving the metric of signature (D, D + n) invariant,

M = M p pN o pPQ (2.3)



where

o'y ' 010
NMN = m? nij mg|l=1100 (2.4)
770/ 7704] 7704,8 00 k&

Here, we introduced k to denote the matrix corresponding to the Cartan-Killing metric
of the gauge group. In the present abelian case, this is simply given by the unit matrix,
Kag = 0ap, but we kept the notation more general for the later extension to the non-
abelian case.

According to these index conventions, the derivatives and gauge parameters are
8M - (52361780{) 9 £M = (gl’g’l,AOé) 5 (25)

which combines the gauge parameters of diffeomorphism, Kalb-Ramond and abelian gauge
transformations into an O(D, D + n) vector. The strong constraint (1.6) reads explicitly

OOMA = 2000;A + 0,0°A =0, (2.6)
OAIMB = 0'A9;B + 0;AD'B + 0,A0°B =0, (2.7)

for arbitrary fields and gauge parameters A and B. As for the bosonic theory, this constraint
is a stronger version of the level-matching condition and it implies that locally there is
always an O(D, D +n) transformation that rotates into a frame in which the fields depend
only on the z. We discuss this in more detail in section 4.

HMN

Next, we introduce the extended form of the generalized metric and require that

it transforms covariantly under O(D, D + n),

HMN(X")y = WM p hNoHPR(X),  d(X')=d(X). (2.8)
In analogy to the structure encountered in dimensionally reduced theories [22], we make
the ansatz
HI Hij Hig gij _gikckj _gikAkﬁ
Hun= | H? Hiy Hig | =| —¢Fcwi gij +crig™a; + AV Ajy gt Aig + Aig |
Ho! Haj Hap —g7F Ao ki g Al + Aja Kap + Arag™ Al
(2.9)
where gauge group indices «, 3, ... are raised and lowered with k.3, and
1 (63
Cij = bij + QAZ Aja . (210)

The generalized metric defined like this is still symmetric, Hyyny = Hywp. Raising all
indices with nM¥~ | we obtain

My Hi Hgﬁ 9ij + erigte + A7 Ay —g ka crig” AP + A
HMN _ sz sz‘ Hzﬁ — _gzkckj g1] _gzkAkﬁ
Haj HI Hozﬁ ijgklAla + Ajoz _g]kAkoz I{aﬁ + AkagklAlﬁ
(211)



This is the inverse of (2.9), and so the generalized metric satisfies the constraint
HMEH ey = 0M . This implies that, viewed as a matrix, it is an element of O(D, D +n)
in that it satisfies

H ' =nHn. (2.12)
The O(D, D+n) action (2.8) defines the generalized Buscher rules for the abelian subsector
of heterotic string theory.

2.2 Gauge symmetries

We turn now to the gauge transformations of the component fields that follow from the
extended form of the generalized metric (2.11) and the generalized Lie derivatives (1.4)
with respect to the extended parameter (2.5). Specifically, we verify that for d=08,=0
the gauge transformations of the component fields take the required form.

For the gauge variation of H% we find

0eHY = 5¢g" = PO HYT — OPE Hp — OV Hp (2.13)
= POorg" — 018’ g — 0k g = LegV
i.e., the metric g;; transforms as expected with the Lie derivative under diffeomorphisms

parametrized by &' and is inert under the other gauge symmetries. For the component H*?
we infer

SeHP = 5¢(— g% A7) = PO HP — aPE HpP — 0P HIp (2.14)
= oMY — oM — opT M
= &op(—g"AP) — 0u€' (— gMAP) — 0N g*
= Le(—g" ALY — g*opA” .
Together with the form of d¢g"/ determined above, this implies for the gauge vectors
Se AP = LAy + 07 (2.15)

which represents the expected diffeomorphism and abelian gauge transformation. Finally,
for the component Hij we derive

5§Hij = 55( — gikckj) = fka/ﬂ‘(ij — apfi Hpj + (ajfp — 8P£j)Hip (2.16)
= §k8kHij — 3k§i ij + 6]{’“ Hik + 3j§k Hik + ({9]‘55 'Hig — 8k§j 'Hik
= Eg'Hij + (@gk — akéj)H““ + 8]»55 Hiﬁ
= Le( = g%ery) + (956 — 0&5) g™ + 007 (= g™ Arg)
Using again the known form of the gauge transformation d¢g%, this implies for the tensor
defined in (2.10)
0ccij = Lecij + (065 — 0;6) + Aipd;A”. (2.17)
In order to derive the gauge transformation of b;;, we project this onto the symmetric and
antisymmetric part,

1 1 1
550(1']') = 5§<2A2‘5A]ﬂ> = £§<2AwA]ﬂ> + Q(Aigajl\ﬁ + AjﬁaiAﬁ), (2.18)
1

d¢cij) = 0¢biy = Lebij + (@é - @&) + 9 (AwajAﬁ - A]ﬂ@iAﬁ) . (2.19)



The first equation is consistent with the gauge transformation of the gauge field as obtained
above, while the second equation yields the gauge transformation of b;;.
To summarize, the gauge transformations in the limit & = d, = 0 read

09ij = LeGij , (2.20)

0A; " = [,gAia + O;A“, (2.21)
~ ~ 1

0bij = Lebij + (9i€; — 06) + , (AiadjA” = Aja0A") . (2.22)

For metric and gauge vector, these give the expected result, but for b;; a parameter re-
definition is required in order to obtain (1.11). If we redefine the one-form parameter &;
according to

=& — ;A@-O‘Aa, (2.23)

the gauge variation of b;; becomes
~ 5 1
0bij = 0} = 0i&i + , Fij™Aa, (2.24)

with the abelian field strength Fj;*, in accordance with (1.11).
We close this section with a brief discussion of the closure of the gauge transformations.

Using the form (1.4), one may verify that their commutator is given by

[0, 06,] = —Fie1 o], (2.25)

where 1
[51,52]?;/1 = oned! - 9 FoM&p—(1-2). (2.26)

This has been proved in [4] in the original double field theory based on the generalized
metric (1.2), but since this derivation requires only the general form of the gauge transfor-
mations (1.4) and the constraints (1.6), this result immediately generalizes to the present
case. In the original case, this bracket (‘C-bracket’) reduces to the Courant bracket of
generalized geometry for d=0 [2, 23-25]. Let us see how this generalizes after adding
the n additional components for €. Setting now also 9, = 0, we obtain for the various
components of (2.26)

([51,52]C)i = €]0;¢5 — €os¢t = [61,8], (2.27)
which is unmodified and given by the usual Lie bracket,
(6.6 0), = Ledoi—Lebrim () +, 00(E0ED) — ) (radihs® — Aoaihs®), (228)
which receives a new contribution involving A, and finally
([61.€]0)" = €00 - G0, (2.29)

which is the (antisymmetrized) Lie derivative of A. The Courant bracket is defined as

a structure on the direct sum of tangent and cotangent bundle over the space-time base



manifold M, (T @& T*)M, whose sections are formal sums £ + € of vectors and one-forms.
Thus, for the given generalization it is natural to consider a bundle that is further extended
to T @ T* @&V, where we identify the sections of V' with the A®. The sections of the total
bundle are then written as & + € + A, and in this language, the results (2.27), (2.28)
and (2.29) can be summarized by

G+ &+ A S+ 6+ M) = [6,8)]
+ L& — L6 — ;d(iflgz —ig&1) — ;(<A1,d/\2> — (Ag,dAy))  (2.30)
+ £§1A2 — [,&Al R

where (A1, Ag) = ﬁaﬁAf‘Ag denotes the inner product, and 7 is the canonical product
between vectors and one-forms. Here, the term on the right-hand side in the first line
represents the vector part, the terms in the second line represent the one-form part, and
finally the terms in the last line represent the V-valued part. For A = 0 this reduces to the
Courant bracket.

The bracket (2.30) implies in particular that the abelian gauge transformations
parametrized by A% close into the gauge transformations of the 2-form. This can also
be confirmed directly from (2.21) and (2.22),

~ 1
[0+ 0n, ] bij = dgbij , &= 5 (A1a0iAo® — Aga0;A1) . (2.31)

We stress, however, that this result depends on a choice of basis for the gauge parameters.
In fact, after the parameter redefinition (2.23), the 2-form varies into the gauge invariant
field strength according to (2.24) and thus the commutator trivializes.

2.3 The action

Let us now turn to the action (1.3) applied to the extended form (2.11) of the generalized
metric. We show that for 9" = 8, = 0 it reduces to the (abelian) low-energy action (1.7)
of the heterotic string.

The relevant terms in the action, setting 8" = 8, = 0, are given by

1 .. 1 . )
S = / dre 2 ( < HIOHEE 0 HKcr, — QHMZ@HKJ OiHn Kk
(2.32)
—20;,d O;H" + 4H"Y 0;d ajd> :

The last two terms are unchanged as compared to the original case without gauge vectors
since the component H% = ¢% is unmodified. Thus, we only need to examine the first two
terms. The first term reads

1 .. 1 . 1 : 1 . 1 :
8HZ](9¢HKL 8JHKL = 4&7‘[“ O"Hpp + 4(9in1 8’7{’“1 + 28Z-Ho‘l O"Hea + 86@.7_(045 alHag

—_

. 1 .
= 48iglp(9’(glp—|-ckpgchql—i—Alo‘Apa) + 4@-(9%,,,9) ' (gFeq) (2.33)

1 : 1 )
— 282‘ (glpApa) 8l (ququAka—FAla) + 88i (ApagplAlﬁ) 8l (Akagkquﬁ) .



After some work, this can be simplified to
L, ij aa/KL L iia wi L i mi R e
8H OH*" O;iHKL = 49 0i9" 0 gr1 — 5979 0i Ao Oj A1 — 4Hiij : (2.34)

where f{z‘jk = aibjk — 3iA[ja Ak}a-

Next we consider the second term in (2.32), which yields

1 .. . . . . .
— 2HMZ(9@'HK] ajHMK = — H™ (aﬂ‘(k] amek + OH amek + O;H™ 8mea)

N PN =

m' (OHM O H™ + OiHy? O;H™ + 0;H™ 9;H™,)
L Biaaki j k aj
— 27‘[ (&H 3j7‘fﬁk + O;Hy @Hﬁ + O;H anga) . (2.35)

To simplify the evaluation of these terms, it is convenient to work out the following struc-
tures separately,

1 ) ) 1 ..

— 2HM151‘HKJ 8jHMK|(ag)2 = —29”53‘9“ AGik » (2.36)
1 i ;

_QHM @HKJ 8jHMK|(ag)1 =0, (2.37)
1 . . 1 .. . 1~ -

= MO O k| g0 = 9™ OA® Ak — Hygp M. (2.38)

Combining these three structures, we obtain

1 . A 1 . 1 . . 1 - o
- QHMZ@'HK] OHuk = —QQZjajgkl O1gix + zgmg]laz‘Ala 0j Aga — 4Hijk (3% 4 HM)
(2.39)
Finally, using (2.34) and (2.39), the reduced action (2.32) can be written as

1 .. 1 .. . 3
S = / dx e ( 490" 0505 — 97039 g — 2014.0;9" + 49" Did O;d
) ) (2.40)
Ao g
IECEA 4FijaFW> '
Up to boundary terms, the terms in the first line are equivalent to the Einstein-Hilbert
term coupled to the dilaton, compare eq. (3.18) in [3]. Thus, the reduced action coincides

precisely with (1.7).

3 Non-abelian generalization

In this section we generalize the previous results to non-abelian gauge groups. This will be
achieved by introducing a ‘duality-covariant’ form of the structure constants of the gauge
group. While this object is not an invariant tensor under O(D, D +n) and so the T-duality
group is no longer a proper symmetry, remarkably the action and gauge transformations
can still be written in an O(D, D + n) invariant fashion.

,10,



3.1 Duality-covariant structure constants

We encode the structure constant in an object f™ yx that formally can be regarded as a
tensor under O(D, D + n), even though it is ultimately fixed to be constant and thus not
to transform according to its index structure. To be specific, let us fix an n-dimensional
semi-simple Lie group G whose Lie algebra has the structure constants f“g,. Then we can
define

(0% 3 —

This is not an invariant tensor under O(D, D + n), rather it will break this symmetry to
O(D, D) x G. The advantage of this formulation is, however, that the explicit form of the
prototypical example (3.1) is not required for the general analysis: it is sufficient to impose
duality-covariant constraints, which in general may have different solutions.

Let us now turn to the constraints. First, we require that % is an invariant tensor
under the adjoint action with f™ yx,

f(MpK UN)K =0. (3.2)

This is satisfied for (3.1) with n™¥ defined by (2.4), and we recall that the component 7,3
is identified with the invariant Cartan-Killing form of GG. Together with the antisymmetry
of fM Nk in its lower indices, the constraint (3.2) implies that f with all indices raised or
lowered with 7 is totally antisymmetric,

funk = fiungy,  FIVE = fMNET (3.3)

Next, we require that f™ y satisfies the Jacobi identity

M v o =0, (3.4)

which is satisfied for (3.1) by virtue of the Jacobi identity for f*g,.
Apart from these algebraic constraints, we have to impose one new condition in addi-
tion to the strong constraint (1.6): we require the differential constraint

Nk O =0, (3.5)

when acting on fields or parameters. By (3.3) this implies that all derivatives act trivially
that are contracted with any index of f™ yg. For the choice (3.1) this implies d, = 0, as
we will prove below.

To summarize, we impose the O(D, D +n) covariant constraints (3.2), (3.4) and (3.5).
Any My satisfying these conditions will lead to a consistent, that is, gauge invariant de-
formation of the abelian theory discussed above. A particular solution of these constraints
is given by (3.1) with d, = 0 where, as we shall see below, the theory reduces to the non-
abelian low-energy action of the heterotic string. We stress, however, that any solution
obtained from this one by an O(D, D +n) transformation also satisfies the constraints. We
will return to this point in section 4.

— 11 —



We close this section by introducing the modified or deformed gauge transformations.
Each O(D, D + n) index will give rise to an adjoint rotation with the structure constants
My In (1.13) we displayed this transformation for a tensor with an upper index,

SeVM = Ly M N M v K (3.6)
and the transformation for a tensor with a lower index is given by
6V = EgVM + 5 N MV (3.7)

This extends in a straightforward way to tensors with an arbitrary number of upper and
lower indices, such that the generalized metric transforms as

SeHMN = LeHMN 9P p(M e NI (3.8)

By virtue of the constraints (3.2), the O(D, D + n) invariant metric 7 is invariant under
these transformations, 5577M N = 0, which is a generalization of the analogous property
in the abelian case. Moreover, the constraint (3.5) has two immediate consequences for
these deformed gauge transformations. First, the partial derivative of a scalar transforms
covariantly,

8¢(008) = Le(00rS) = Le(0rrS) + X 5 L0k S . (3.9)
Second, any gauge transformation with a parameter that is a gradient acts trivially,
M=oMy = §HMN =0, (3.10)
i.e., as for the abelian case there is a ‘gauge symmetry for gauge symmetries’.

3.2 The non-abelian gauge transformations

Let us now verify that the deformed gauge transformations (3.8) indeed lead to the required
non-abelian gauge transformations if we choose (3.1) and set 9" = dy = 0. The Yang-Mills

gauge field transforms as’

OAA® = QA + 3, AN (3.11)

The b-field transforms according to (1.11) and thus its transformation rule is not modified
as compared to the abelian case.

HMN where we focus on the new terms

We apply (3.8) to particular components of
proportional to fM yx, which we denote by ¢’. The variation of H% does not receive any
modification since by (3.1) the f-dependent term in (3.8) is zero for external indices 1, j.
Thus, the metric g;; is still inert under A transformations, as expected. For components

with external index «, however, we find, e.g.,
SeH™ = —g™ 6 AL = —APfoaHY = S ALY = [, AN (3.12)

which amounts to the required transformation rule (3.11). Next, from H; = —gikckj we
infer that dc;; does not get corrected. In (2.10) the symmetric combination quadratic in A is

In order to simplify the notation, we assume from now on that the gauge coupling constant go has been
absorbed into the structure constants f“g,, such that it does not appear explicitly in the formulas below.
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invariant under the non-abelian part of (3.11), as one may easily confirm, and therefore we
conclude that also db;; does not get modified as compared to the abelian case, in agreement
with (1.11). Thus, (3.8) yields precisely the required gauge transformations.

In the remainder of this subsection, we discuss the closure of the deformed gauge
transformations. It is sufficient (and simplifies the analysis) to compute the closure on a
vector VM whose gauge variation is given in (3.6). The commutator of two such gauge
transformations is then given by

8¢, 06, [ VM = 6¢, (€7 ONVM + (0 &on — OnE )WY — &5 M pn V) = (1 - 2)
= [Leys Le VM (3.13)
—&NON (8 M kpV ) — (0M&on — ONE)EF FN kpVT
—&5 [N (€ 0PV + (0% 61p — 0P )V — € [V peV?) — (1 = 2).
Using the constraints (3.5) and (3.4) it is now relatively straightforward to check that this
can be rewritten as

[651’552] V= Eﬁva - gljngNKVK ) (3.14)
where .
S =& ONG" — &m0V el — (10 2) = fUvk& & (3.15)

Thus, we have verified the closure of the gauge algebra and thereby arrived at a general-
ization of the C-bracket that is deformed by the structure constants f yx,

(X Y] = [XY]E = M e x Ny R (3.16)

The C-bracket does not satisfy the Jacobi identities, but the resulting non-trivial Ja-
cobiator gives rise to a trivial gauge transformation that leaves the fields invariant. The
deformed bracket (3.16) has a similar property, which we investigate now. First, we eval-
uate the Jacobiator,

J(X.Y,2) = [[X. Y], 2], + [[Y. 2] ;, X] , + [[Z2. X] ;. Y] (3.17)

I I

We compute from (3.16)

M_

[[X.Y],. 2],

[X. Y] Z) s + MY poxPYQzK
+ Mg (ZP0p(XNYE) — (XPopy N —vPopx™)ZK)  (3.18)
+ ;fNKL(XKYLaMZN — ZnoM(XEYh)),

where we used the constraint (3.5). Using the Jacobi identity (3.4) we obtain after a brief
computation

1
Ji(X, Y, 2)M = Jo(X,Y, Z2)M — 28M (fnerLXNYEZE). (3.19)

Here, J¢ is the Jacobiator of the C-bracket, which has been proved in [2] to be a gradient.
Thus, we infer from (3.19)

1
Ji(X,Y, Z2)M = oM <XC(X, Y,Z) — 2fNKLXNYKZL> : (3.20)
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where ¢ is given in eq. (8.29) of [2]. We have seen in (3.10) that a gauge parameter that
takes the form of a pure gradient gives rise to a trivial gauge transformation on the fields.
Thus, in precise analogy to [2], the non-vanishing Jacobiator is consistent with the fact
that the infinitesimal gauge transformations d¢ automatically satisfy the Jacobi identity.

We finally note that, in analogy to the discussion at the end of section 2.2, the modified
form of the gauge algebra is consistent with the closure property

[Oa0:00,]bi = (G +0p)big, A% = [, AVA], (3.21)

where & is given by (2.31). In the mathematical terminology of section 2.2, the closure
property (3.15) or (3.21) amounts to a further generalization of the Courant bracket, in-
volving the structure of a non-abelian Lie algebra, in that the term [A;, A2] has to be added
in the last line of (2.30).

3.3 The non-abelian action

Next, we construct a deformation of the double field theory action parametrized by the
Mg in such a way that it is gauge invariant under (3.8) and leads to the required
low-energy action. For this we will start from the action written in Einstein-Hilbert like
form [4],

S = /dm die " R(H,d), (3.22)
where R(H,d) is given by
R = 4HMNOp0nd — OprOnHMY
— 4 HMN 9y d Oy d + 40y HMY dnd (3.23)
M ONHIE oM, —  HMN oM O H
It is defined such that it is a scalar under generalized Lie derivatives,
5R =¢P0pR, (3.24)

which, together with the gauge variation (1.4) of the dilaton, implies gauge invariance of
the action. Here we modify the form of R such that (3.24) be preserved under the deformed
gauge transformations (3.8).

The result for the deformed scalar curvature is given by

1
Rf=R-, My HYNPHEROpHo M

L o N KLq /P Loy N kL 1 uNK (3.25)
- 12f kprfN roHunHEEHP? — 4f NESS ML HP Y — 6f fuNK,
and reduces for the abelian case f = 0 to the previous expression. Remarkably, the

structure in the second line is precisely analogous to the scalar potential appearing for
Kaluza-Klein reduction on group manifolds [26] and, for instance, in N' = 4 gauged super-
gravity in D = 4 [27].2 We next verify that this action evaluated for (3.1) and & = 9, = 0
gives rise to the required non-abelian form of the low-energy action of the heterotic string.

2In fact, the scalar potential in A" = 4 gauged supergravity for so-called electric gaugings is, up to an
overall prefactor, precisely given by the second line of (3.25), see eq. (2.2) in [28].
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The non-abelian field strength with structure constants f*g, is given by
Fy® = 0 A% — 0;A% + f23, AP A7 (3.26)

while the field strength of the b-field is modified by the Chern-Simons 3-form and thus
reads explicitly

1
Hijy = 3(0[1-1%] — KapA;® (ajAk]ﬁ + 4 f%Aj'vAkﬁ)) . (3.27)

We recall that here we do not indicate the gauge coupling constant explicitly, but rather
absorb it into the structures constants. Using (3.26) and (3.27), the f-dependent non-
abelian couplings in the low-energy Lagrangian in (1.7) are found to be

o 1 o
L= ~fopr g ¢ OALACAY — | [ fase g™ ¢ AP A AL A (3.28)
1 e 1 o
o fapy 6 97 4" Oibjp A AT AL = fapy g g7 g1 Aig 04" A AP AL
1 o
— o fasy foc g g P A AP A AL ASAS

where the first line originates from the Yang-Mills terms and the second and third line
from the non-abelian parts of the Chern-Simons 3-form.
To evaluate the new terms in (3.25), we define

1 1 1 1 Nk
Rp=R— ,Ri— ,Ra— Rs— """ funi, (3.29)

where the R; are the respective terms in (3.25) (in the order given there). Setting & =
0o = 0, the first term yields

Ri = My HYHEQOpHQu = [y M [H70H o + M0 o + H507H o
= [y (9" A7) [(—gﬂAﬂ) 0i(cpj 9" Aga + Aja) + (cpj 971 A" + A7) 0i(—g" Ara)
(075 + Ay 1 Aig) Di(4y° g7 Aga)| (3.30)

Similar to the computation for the abelian case, one can simplify the above terms separately

for those involving (Jg) and those not having derivatives of the metric. The result is

R {(39)1 = faﬁ’y (_gikAkﬁ)(_aigpq) [glelqua(cpj +ij_Aj5Ap6) + Avaqoz - Avaqa
=0, (3.31)

where the last equality follows from the definition of ¢;; in (2.10), and

Rilggo = 2amy 9% ' 0 A AV A — fapy g™ ¢ 71 00 AT A] A
+fapy g g7 gPT Ais 9; A0 A AP A (3.32)
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Thus R, yields the first, third, and fourth terms in (3.28) if we choose the coefficients as
in (3.29). The other terms in (3.28) do not contain any derivatives and hence they should
be obtained from Ro and Rg. The computation for Ry and Rg3 is rather direct:

Ro = fMipfN pHaunH FHE? (3.33)
= fapy Foec (6%° + A;% g™ A3.0) (67 + A8 g7 A1) (87 + A7 gPT AS)
= Fupy FOPV 4 3Fapy FP5 g% A A® + 3fusy [Yse g g7t AP A AL Af
+fapy foec 9% g7 gPI A AP A AL ACALS

and

Rs = M i N urHEE (3.34)
= [y [Pas (670 + A7 g% Ak°) = — fapy P = fapy FP5 g™ AT ALY,

where we have repeatedly used the total antisymmetry of f,3,. The coefficient of Rs
in (3.29) has been chosen such that it matches the coefficient of the terms f2A%. More-
over, in order to eliminate the term f?A?, which is not present in Yang-Mills theory, the
coefficient of R is fixed to be —}1. Finally, in order to cancel the constant terms f,g foBy
in Ry and Rg, the last term in (3.29) is required. In total, we have verified that (3.25)
induces precisely the correct non-abelian terms.

3.4 Proof of gauge invariance

We turn now to the proof that the deformed action defined by (3.25) is invariant under the
deformed gauge transformations (3.8). The unmodified R transforms as a scalar under the
unmodified gauge transformations. We have to prove that its variation under the modified
part of the gauge transformation, which is proportional to f, cancels against the variation
of the new terms involving f.

Since all O(D, D + n) indices are properly contracted it is sufficient to focus on the
subset of variations that are non-covariant and which we will denote by A¢. Specifically,
in R the new non-covariant contributions originate from partial derivatives only. For
instance, for the following structure the f-dependent terms in the gauge variation, denoted

by 4., read
S (O MEE) = €8 f9priogH Tt — 268 f K pg 0y HP? — 200,67 fE poHM? (3.35)

where the first term has been added by hand, which is allowed since it is zero by the
constraint (3.5). The first two terms represent the covariant contributions, while the last

term is non-covariant. We thus find
Ag(OHEE) = —2006F B poHDQ . (3.36)

Since we saw that n™~ can be viewed as an invariant tensor under the modified gauge
transformations (3.8), we can derive from this result, by lowering indices with 7, the fol-

lowing form

A¢(OnMrr) = 20mE" 9 px Mg - (3.37)
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Moreover, from (3.9) we infer

Ag(dyd) = 0. (3.38)

Using this and (3.36), it is straightforward to see that all dilaton-dependent terms in (3.23)
are separately invariant under the deformed part of the gauge transformations. For instance

A¢(400HMN oy d) = —890 € fM pg HNQ dyd = 0 (3.39)

easily follows with (3.5). All other d-dependent terms can also be seen to be gauge invariant
by virtue of (3.5). Similarly, the term involving a second derivative of H is gauge invariant,

S¢ (OarONHMN) = =200 (€7 fM pg ONHN? + One” FM pHM9) =0, (3.40)

where (3.35) has been used. Thus, we have to focus only on the terms in the last line
of (3.23), whose variation with a little work can be brought to the form

1
A¢R = — 28N5LfMLKHNPHQK6pHMQ — 8M£LfLNKHNPHKQ6pHQM . (3.41)

These terms have to be cancelled by the variations of the new terms in R ;.

There are various contributions to the gauge transformations of the f-dependent terms
in (3.25). First, the partial derivative of H in the first line transforms non-covariantly
already under the unmodified part of the gauge transformations, but it can be easily
checked, using eq. (4.36) from [4], that this contribution is zero by (3.5). Next, we have to
keep in mind that f™ yp is constant and thus does not transform with a generalized Lie
derivative with respect to €™. The resulting non-covariant terms can be accounted for by

assigning a fictitious non-covariant variation to f (with the opposite sign),
AefMy = —LefMyi = —0Mep fPnw — OnED M pi — Oxc€” M yp, (3.42)

where the constancy of f and (3.5) has been used in the final step. Using this, the variation
of the f-dependent term in the first line of (3.25) can be seen to precisely cancel (3.41),
which in turn fixes the coefficient of this term in Ry uniquely.

Next, using (3.37), the term in the first line of (3.25) gives a variation proportional
to f2,

1 1
=, Ae(FY N HY T HECopHou) = — ) FY v FF rOPE " Ha L HYTHE? o
3.43
1
- 2fMNKfKsz@p&R?w{NP.

Thus, we get two contributions: one cubic in ‘H and one linear in H. The cubic term is
cancelled by the variation of the first term in the second line of (3.25) according to (3.42),
which in turn fixes the coefficient of this term. The term linear in H is cancelled by
the variation (3.42) of the second term in the second line of (3.25), which finally fixes
the coefficient of this term. The last term in (3.25) is constant and thus trivially gauge
invariant. In total, we have proved that the modified scalar curvature Ry transforms as
in (3.24), i.e., as a scalar, under the deformed gauge transformations (3.8), and thus that
the Einstein-Hilbert like action (3.22) is gauge invariant.
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4 The covariant constraints and their solutions

In this section we discuss the O(D, D+n) covariant differential constraints (1.6) and (1.12)
and their solutions. Before that, we explain the relation of (1.6) to the level-matching
condition in string theory.

4.1 Relation to level-matching condition

In the abelian case, for which (1.12) trivializes, the remaining constraint (1.6) has a rather
direct relation to the level-matching condition of closed string theory. In the original double
field theory construction for the bosonic string, the level-matching requires for the massless
sector [1]

LO - EQ - —piwi - 0, (41)

where p; and w’ are the momenta and winding modes on the torus, respectively. Upon
Fourier transformation, this implies that in string field theory all fields and parameters
need to be annihilated by the differential operator d';. Here, we require the stronger form
that also all products of fields and parameters are annihilated. Similarly, the extended
form (2.6) and (2.7) of the constraint is the stronger version of the level-matching condition
in heterotic string theory, which will be discussed next.

We start by recalling the (bosonic part of) the world-sheet action for heterotic string
theory, which is given by [29]

1 ) . ) ) ‘
S = o /deO’ [Gl-j@axzaaxﬂ _|_€abBl-jaaXlabX] +9,X,0° X +e“bAm8aX26bX°‘ ) (4.2)

Here, X* ~ X'42rk!, k' € Z, denotes the periodic coordinates of the torus, and we have not
displayed the non-compact coordinates. The X are 16 internal left-moving coordinates,
i.e., satisfying the constraint (0; — 0,)X* = 0. In this subsection, the indices a, b label the
world-sheet coordinates 7, o, and G, B and A are the backgrounds. We split the world-sheet
scalars into left- and right-moving parts, X* = Xi + X%, whose zero-modes are

. 1. 1.
Xi(r+0) = b+ pi(r +0),

A 1. 1.
Xp(r—0) = b+ ph(r = o), (4.3)

X1 +0)=a5 +pf(r+0).

Following the canonical quantization of [29] (see also the discussion around egs. (11.6.17)
in [30]), the left- and right-moving momenta can in turn be written as

, 1 A
pi + (Gij — Bij)w! — _ A <qa + 2Ajaw]> )

Aio <qa + ;Ajawj> , (4.4)

1

pLi = 9
B 1
PRi = 9

Py = g%+ A"’
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where the momentum and winding quantum numbers p; and w?, respectively, are integers
as a consequence of the periodicity of the X, while the ¢® take values in the root lattice
of Eg x Eg or SO(32).

Let us now turn to the level-matching condition, where for definiteness we work in the
Green-Schwarz formalism. We truncate to the massless subsector of the heterotic string
spectrum with 16 abelian gauge fields, i.e., taking values in the Cartan subalgebra. In other
words, we restrict to the massless spectrum with N = 0 and N = 1 and thereby truncate
out the 480 remaining gauge fields, which appear for N = 0 and N = 0, were N and N are

the number operators. The level-matching condition for this subsector is given by
Lo—Lo+ar—ar=Lo— Lo+ 1= (pR)’ — (pp)* — (7)* =0, (4.5)

where the normal ordering constants are ar, = 1 and ar = 0. Inserting (4.4) into (4.5), we
obtain
2p;w* + ¢“qa = 0. (4.6)

If we interpret the g, like p; and w?, as the Fourier numbers corresponding to a torus, this
condition translates in coordinate space precisely into the differential constraint (2.6). More
precisely, the ¢® are vectors in the root lattice of Eg x Eg or SO(32) rather than 7', but
these are topologically equivalent, and so we conclude that, in precise analogy to the case
of bosonic string theory originally analyzed in [1], the level-matching condition amounts to
the differential constraint (2.6) (and, correspondingly, (2.7) represents the stronger form of
this constraint). We stress that the non-abelian case to be discussed in the next subsection
is conceptually very different because it requires formally the introduction of 496 extra
coordinates together with the novel constraint (1.12), which have no direct interpretation
in the full string theory.

4.2 Solutions of the constraints

Next, we turn to the discussion of the solutions of the strong constraint. As in the bosonic
string, we will show that all solutions of this constraint are locally related via an O(D, D+n)
rotation to solutions for which fields and parameters depend only on the z*. To see this,
consider the Fourier expansion of all fields and parameters, denoted generically by A, which
take the form

Az, 7,y) = AP twEitaay®) (4.7)

where we indicated for simplicity only a single Fourier mode. The quantum numbers
combine into a vector of O(D, D + n),

The strong constraint now implies that
MY P P =0, (4.9)

for all a, b (which label the Fourier modes of all fields and parameters). Thus, all momenta
are null and mutually orthogonal. In other words, they lie in a totally null or isotropic
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subspace of R?P+" The canonical example of such a subspace is given by a space with
w' = g, = 0, corresponding to a situation where all fields and parameters depend only on
the x'. Since the flat metric on R?P*" has signature (D, D + n), the maximal dimension
of any isotropic subspace is D. It is a rather general result, related to Witt’s theorem (see
the discussion and references in [3]), that all isotropic subspaces of the same dimension
are related by isometries of the full space, i.e., here they are related by O(D,D + n)
transformations. In particular, one can always find an O(D, D + n) transformation to a
T-duality frame where w' = ¢, = 0 and therefore one can always rotate into a frame where
fields and parameters depend only on z?, as we wanted to show.

Next, we discuss the general non-abelian theory. In this case, the global O(D, D + n)
symmetry is broken by a choice of non-vanishing structure constants f™ yx and, therefore,
we have no longer all T-duality transformations to our disposal in order to rotate into
a frame in which the fields depend only on z’. This is, however, compensated by the
additional constraint (3.5) which eliminates further coordinates for non-vanishing structure
constants.

To illustrate this point, suppose that we choose fM g as in (3.1), i.e., the only non-
vanishing components f“g, are given by the structure constants of a semi-simple Lie group
G. We can view G as the subgroup of SO(n) that leaves the tensor f®g, invariant,® and
so the global symmetry group is then broken to O(D, D) x G, where we view G as the
global subgroup of the gauge group. The constraint (3.5) can now be multiplied with the
structure constants, which implies

0= fTs0 f50° = —21,50°, (4.10)

where ko5 is the Cartan-Killing form. As kg is invertible for a semi-simple Lie algebra,
we conclude d, = 0, i.e., the constraint implies that all fields are independent of y®. The
unbroken O(D, D) transformations can then be used as above in order to rotate into a
T-duality frame in which the fields are independent of Z. In total, the constraints are still
sufficient in order to guarantee that the dependence on the ‘unphysical’ coordinates £ and
y is either eliminated directly or removable by a surviving T-duality transformation.

Let us now turn to a more general situation where f vy is of the form (3.1), but with
the gauge group G having some U(1) factors. Suppose, the gauge group is of the form

G =TU1) x Go, (4.11)

where Gy is semi-simple and embedded into O(n — p). If we split the indices accordingly,
a = (a,a), with a = 1,...,p and @ = 1,...,n — p, the non-vanishing components of
fM Nk are given by the structure constants fa‘ﬁf;/ of Gyg. The constraint (3.5) implies
in this case only 05 = 0, i.e., that the fields are independent of the n — p coordinates
ye.
than in the previous example. Therefore, as in the above discussion of the abelian case,

The unbroken T-duality group is, however, given by O(D,D + p) and thus larger

these transformations can be used in order to rotate into a T-duality frame in which the

3 Any compact n-dimensional Lie group G can be canonically embedded into SO(n). If we denote the
generators of so(n) by K% = —K” the generators t* of G are embedded as t* = ;f"‘gﬂ,Kﬁ”.
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fields are both independent of Z; but also of the remaining p coordinates y®. Thus, the
constraints and residual T-duality transformations are again sufficient in order to remove
the dependence on z and .

We finally note that by virtue of the O(D, D + n) covariance of the constraints any
M N obtained from (3.1) by a duality transformation also solves the constraints. Pre-
sumably, these have to be regarded as physically equivalent to (3.1) and thereby to the
conventional low-energy action of heterotic string theory. It remains to be investigated,
however, whether there are different solutions to the constraints. This is particularly in-
teresting in the context of (generalized) Kaluza-Klein compactifications, where the fields
are independent of some of the z* and for which the differential constraints may allow for
more general solutions. We leave this to future work.

5 Frame formulation

Here, we reformulate the above results in a frame-like language in order to make con-
tact with the formalism developed by Siegel [19], as has been done in [6] for the double
field theory extension of the bosonic string. We first discuss the abelian case, which is
straightforward, and then turn to the non-abelian case which requires an extension of the
formalism. The non-abelian case was already mentioned by Siegel in [21]. Specifically, this
reference discusses a modification of the coefficients of anholonomy and a corresponding
deformation of the C-bracket, and these results coincide with our results given in egs. (5.11)
and (5.12) below.

5.1 Frame fields and coset formulation

The basic field in the formalism of Siegel is a vielbein or frame field e4™ that is a vector
under gauge transformations parameterized by ¢M and which is subject to local tangent
space transformations indicated by the flat index A. In the present case, the tangent space
group is GL(D) x GL(D + n) and the index splits as A = (a, a). Using the frame field and
nuN, one can define a tangent-space metric of signature (D, D + n),

Gap =eaM e nun, (5.1)

and the frame field is constrained to satisfy
G5 =0. (5.2)

Starting from this frame field and the local tangent space symmetry, one may introduce
connections for this gauge symmetry, impose covariant constraints and construct invari-
ant generalizations of the Ricci tensor and scalar curvature. Rather than repeating this
construction here, we will just mention in the following the new aspects in the case of the
heterotic string theory and refer to [19] and [6] for more details.

The generalized metric can be defined as follows

HMN _ 2g@13 eaMBBN —pMN = —2gu e Me, N 1 nMN (5.3)
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where the equivalence of the two definitions is a consequence of the constraint (5.2). Next,
it is convenient to gauge-fix the tangent space symmetry by setting G4p equal to ny/n (up
to a similarity transformation, c.f. the discussion after eq. (5.22) in [4]), such that (5.1)
and (5.3) imply [4]

HMN = §AB ¢ )M eph (5.4)

This leaves a local O(D) x O(D + n) symmetry unbroken, and in this gauge we can think
of the frame field e4™ as a O(D, D 4 n)-valued coset representative that is subject to local
O(D) x O(D + n) transformations. Thus, this formulation can be viewed as a generalized
coset space construction based on O(D,D + n)/(O(D) x O(D + n)), in analogy to the
structure appearing in dimensional reduction of heterotic supergravity [22]. Fixing the
local symmetry further, one may give explicit parametrizations of the frame field ex™ in
terms of the physical fields that give rise to the form (2.11) of HMY according to (5.4),
see, e.g., eq. (4.12) in [22].

We turn now to the definition of the scalar curvature R that can be used to define
an invariant action as in (3.22). It can be written in terms of ‘generalized coefficients of
anholonomy’ Q45 that are defined via the C-bracket (2.26),

[eA,eB]é/[ = Qup%ecM. (5.5)

Defining*

hapc = (eaes™)ecar, (5.6)

where e4 = e4™ 0y, one obtains explicitly
Qapc = 2hiapic + hepap) = hase + hpoa +hoas = 3hjape) - (5.7)

Here we used that the gauge condition implies that G4p is constant and therefore hapc =
—hacp from the definition (5.6). Finally, defining

Qu = Onrea™ — 2exd, (5.8)

the scalar curvature is given by
- 1~ 1 1 1 1
R = e, 0% + 2902 + 2eaebgab - 4Qab£ - 12(2[,11,42 + 8eagbc esGac - (5.9)

In [6] it has been verified that starting from this expression for R and using the definition of
HMN in terms of the frame fields, this reduces precisely to the form given above in (3.23),
up to an overall factor of 4. This proof immediately generalizes to the abelian case of
the heterotic string, as all expressions, including the definition (5.3) of HM¥ are formally

the same.

4We note that we changed notation as compared to [6, 19], where this quantity has been denoted by f,
in order to distinguish it from the structure constants.
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5.2 Non-abelian extension

Let us now turn to the non-abelian generalization, which has also been mentioned in [21]. A
natural starting point is the deformed bracket (3.16) of gauge transformations. We further
generalize the coefficients of anholonomy by defining

M -~
[easeB]; = Qapec™. (5.10)
By (3.16) and (5.5) this implies
Qap® = Qup® — fCan, fCa = Mykenea es”, (5.11)

where we introduced structure constants with flattened indices. The f-bracket of two
vectors that transform covariantly under the deformed gauge transformations transforms
covariantly in the same sense, i.e.,

0 [X Y]} = Le[X, Y]} — €N Mk [X, Y]] (5.12)

To see this, we recall from [6] that the C-bracket is invariant under the generalized Lie
derivative. Thus, it remains to be shown that the non-covariant part of the variation of
the C-bracket due to the deformed gauge variation cancels against the variation of the new
term in the f-bracket. As in the proof of gauge invariance of the action above, we denote
the non-covariant part of the variation by A¢ and compute

M 1
Ae[X, Y] = ="V prXFony™ + 2§P N prXxEoMyy (5.13)
1
Using the constraint (3.5), it is straightforward to verify that this can be rewritten as
M K =~
Ae[ XY, =N Mk [X, V]S = (LefM i) XNYE (5.14)

The second term here is precisely cancelled by the non-covariant variation of the f-
dependent term in the f-bracket, which finally proves the covariance relation (5.12).

Next, we discuss the extension of the scalar curvature (5.9). Given the covariance of
the f-bracket, it follows from (5.10) that Q is a scalar under &M transformations, while its
frame transformations are as in the abelian case. Therefore, if we replace in (5.9) Q by ﬁ,
the resulting expression will also be a scalar. In the following we will show that

- 1~ 1 1~ 1~ 1
Rp = el + 29a2 + 2eaebg“b — Qi — 129[abc]2 + 8eagbc ebGac (5.15)

4

indeed agrees with the definition (3.25) above.
Inserting here the definition (5.11), we infer

1
(= 2Qap f2 + fave ™) (5.16)

1 abc abc
RfZR—4(—29abafb +fabafb)—12
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Next, we rewrite these new contributions in terms of the generalized metric, using the
definition (5.3), which we rewrite here as

e MetN — ;(nMN — oMV (5.17)
eaMetV = ;(nMN + HMN) . (5.18)
The second term in (5.16) can be written as
;QabaJwLbE = ; (habé + hpza + héab) fobe = ; (Qhabé + haab)faba7 (5.19)
where
have S = ea™ Onen™ eanre™ e frp? = —On (eanre®o) ea’™ e ™ e fic p@
= — L OnHu (™ — V) (M~ 1P (5.20)
= —51; Frp@ HNEHMPONH g .
The fourth term in (5.16) is given by
éQ[abc}fabc = ;h[abc]fabc = ;hcabfabc : (5.21)

where in the last step the total antisymmetry of fisnx has been used. Then, adding the

second and fourth term, we obtain

1 = 1 1 _
2 Qabéfabc + GQ[abc]fabc = habéfabc + 9 (hEabfabc + hcabfabc) (5'22)

-1
= habéfabc + 9 hCabfabC )

where

fabC

hCab = ecNaNeaM ebMe“KebPeCQ prQ = prQ (9QeaM e“KebMebP =0. (5.23)

The third and the fifth term in (5.16) can be evaluated directly. The third term yields

_ jlfabéfabé _ _ieaMebKeéPeaNebLeEQ Far fro (5.24)
_ _312 (nMN . HMN) (nKL - HKL) (nPQ + HPQ) Fur o
_ _312 [fMNP fMNP o HMNfMKP fNKP _ KLy PQ FvEP fMLQ
+ HMNHELHPR e p fNLQ] ;
while the fifth term reads
- 112 Fabef ™ = — 112 ea ey e N e e frrkp g (5.25)
_ _916 (nMN _ HMN) (nKL . HKL) (nPQ . HPQ) AP fNLQ
1

= g6 [fMNP FUNE 3 MN g e INEP 4 3HEEHEC e M 10
— HMNHEEHPC £ pep fNLQ] :

Finally, combining all contributions, they agree precisely with the required form in terms

of HM¥ 'up to the same overall factor of 4 that arises in the abelian case, c.f. [6].

— 24 —



6 Conclusions and outlook

In this paper we have extended the double field theory formulation of [4] to the low-energy
action of the heterotic string, which features extra non-abelian gauge fields. These extra
gauge fields neatly assemble with the massless fields of closed bosonic string theory into
an enlarged generalized metric that transforms covariantly under the enhanced T-duality
group O(D, D+n) and thereby represent a further ‘unification’. For the abelian subsector,
the action takes the same structural form as for the bosonic string, but based on the
enlarged generalized metric. In the non-abelian case, the T-duality group is broken to
a subgroup, but interestingly the action can still be written in a covariant fashion, with
new couplings which are precisely analogous to those encountered in lower-dimensional
gauged supergravities. These new couplings are parametrized by a tensor f yx, and any
such tensor satisfying a number of covariant constraints defines a consistent deformation
of the abelian theory. This means that rather than having a proper global O(D, D + n)
symmetry, there is an action of this group on the ‘space of consistent deformations’ of the
abelian theory. Whether this space consists of a single O(D, D + n) orbit or whether there
are more general solutions to the constraints that are inequivalent to (3.1) (and thereby to
the conventional Yang-Mills-type theory) remains to be seen.

Several aspects of these results deserve further investigations. First, the gauge algebra
gives rise to a generalization of the Courant bracket when the dependence on the extra
coordinates is dropped such that the additional gauge structure enters non-trivially. While
extensions of the Courant bracket have been studied in the literature, especially in the
context of ‘exceptional generalized geometry’ (see, e.g., [31, 32]), we are not aware of inves-
tigations of the structures discussed here, and so it would be interesting to further study
their mathematical aspects. Moreover, general properties of gauged supergravities feature
prominently in the literature on ‘non-geometric compactifications’ (see, e.g., [28]) as the
most general gauged supergravities cannot be obtained by any conventional Kaluza-Klein
type reduction from higher-dimensional theories, therefore requiring a sufficiently ‘non-
geometric’ novel framework. As the construction presented here exhibits several features
reminiscent to gauged supergravity prior to any dimensional reduction, one might expect
that this theory can provide such a framework. We hope to return to these issues in the
near future.
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