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ABSTRACT: We address the construction of non-supersymmetric vacua in heterotic com-
pactifications with intrinsic torsion and background fluxes. In particular, we implement
the approach of domain-wall supersymmetry breaking (DWSB) previously developed in the
context of type II flux compactifications. This approach is based on considering back-
grounds where probe NSh-branes wrapping internal three-cycles and showing up as four-
dimensional domain-walls do not develop a BPS bound, while all the other BPS bounds
characterizing the AN/ = 1 supersymmetric compactifications are preserved at tree-level.
Via a scalar potential analysis we provide the conditions for these backgrounds to solve the
ten-dimensional equations of motion including order o corrections. We also consider back-
grounds where some of the NS5-domain-walls develop a BPS bound, show their relation
to no-scale SUSY-breaking vacua and construct explicit examples via elliptic fibrations.
Finally, we consider backgrounds with a non-trivial gaugino condensate and discuss their
relation to supersymmetric and non-supersymmetric vacua in the present context.
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1 Introduction

Supersymmetry breaking in string compactifications is one of the most important issues
when making contact between strings and particle physics. As a possible solution of the
hierarchy problem, we look for non-supersymmetric string vacua in which the soft su-
persymmetry breaking terms in the observable sector are at the TeV scale, whereas the
supersymmetry breaking scale in the hidden sector of the theory can be much higher. This
means that in non-supersymmetry string vacua supersymmetry has to be broken in a con-
trollable way: no tachyonic instabilities (except the one associated to the Higgs) should
arise from supersymmetry breaking. In addition, the cosmological constant should be kept
zero or at least very small. It goes without saying that to date fully realistic string vacua
satisfying all these requirements have not been yet found, and that this lack of success is
partially due to the poor understanding of supersymmetry breaking in string theory.

Nevertheless, several promising string scenarios with broken supersymmetry have been
investigated in the past. A somehow crude separation of models is given by considering
either perturbative or non-perturbative supersymmetry breaking. In fact, it was shown
already some time ago by Scherk and Schwarz [1] that supersymmetry can be broken at tree
level by choosing different boundary conditions for fermions and bosons. Non-perturbative,
spontaneous supersymmetry breaking was first discussed in the context of Fgx Eg heterotic
strings compactified on Calabi-Yau manifolds. The most popular mechanism is to consider
supersymmetry breaking by gaugino condensation on a hidden gauge group Gpiq [2, 3].
Then, in the next step, the hidden sector SUSY-breaking is mediated to the observable
sector by gravitational effects. Supersymmetry breaking by gaugino condensation is usually
formulated in terms of the four-dimensional effective action where, by integrating out the
condensing gauginos, a non-vanishing superpotential of the form

W ~ ¢ e b (1.1)

emerges, with s the dilaton, ¢y a model-dependent quantity and bg proportional to the 3-
function coefficient of Gy;q. Supersymmetry is then spontaneously broken by the F-terms
of some moduli fields, such as the overall Kédhler modulus ¢ of the Calabi-Yau. If in addition
co depends on t via a modular function, as required in a large class of models by T-duality,
the t-field gets stabilized in the non-supersymmetric vacuum of the effective theory [4-6].
The soft term structure in this class of models has been discussed in various papers [7, 8].

While non-perturbative supersymmetry breaking is the most explored scenario in the
realm of heterotic compactifications, the situation is somehow reversed for type II strings.
There new ways for constructing non-supersymmetric vacua have been unveiled, mainly
due to progress made on constructing compactifications with background fluxes (see [9-11]
for reviews). A general result is that the backreaction of background fluxes is such that the
internal space is not anymore a Calabi-Yau manifold. However, the conditions for unbroken
N = 1 supersymmetry in four dimensions still require that the internal geometries allow for
globally defined spinors, and so they can be characterized in terms of SU(3) structures [12].
In particular, for the so-called SU(3)-structure manifolds the internal geometry is encoded
in the SU(3)-invariant forms J and € also present in Calabi-Yau spaces.



More precisely, the globally defined two-form J and three-form 2 not only encode
the internal geometry of the compactification, but also codify in a particularly useful way
important information of the latter. For instance, in Calabi-Yau compactifications the
conditions for V' = 1 supersymmetry in four dimensions can be expressed as the differential
conditions dJ = d2 = 0. In addition, J and 2 measure the energy of the potential BPS
objects of the compactifications, and in particular of those that upon dimensional reduction
show up as 4d strings, 4d domain-walls or 4d gauge theories (i.e., fill up the 4d space-time).
As shown in [13], this picture survives when considering flux compactifications. Indeed, as
mentioned above in this more general case the internal space will not be Calabi-Yau, and
so J and  will in general not be closed. Nevertheless, supersymmetry is still equivalent
to specific differential equations for .J and 2 [14],! and such differential equations precisely
allow them to measure the tension of the BPS objects of the compactification or, in a more
mathematical language, to be calibrations for probe D-branes in this background. In fact,
the existence of the full set BPS bounds for 4d extended objects (i.e., the existence of
calibrations) is equivalent to the conditions for 4d N' = 1 supersymmetry [13]. If at least
one of the above calibrations/BPS bounds is missing, 4d supersymmetry must be broken.

This latter observation was used in [15] to propose a general strategy for constructing
N = 0 vacua in the context of type II flux compactifications. In this approach one assumes
that the ten-dimensional background allows for a globally defined spinor which, from the
four-dimensional viewpoint will be the generator of an approximate supersymmetry. One
can then construct J and €2 from such spinor, and check whether these two objects allow to
define BPS bounds for 4d strings, 4d domain-walls and 4d gauge theories. Dropping these
BPS bounds will translate in 4d physics as a definite pattern of spontaneous supersymme-
try breaking, more precisely as the violation of a D-term and two different kinds of F-term
conditions, respectively. As shown in [15], one can construct type II flux vacua with super-
symmetry broken at tree level by simply dropping one of the three kinds of BPS bounds,
namely the BPS bound for 4d domain-walls or, equivalently, one of the two F-term condi-
tions in the effective action description. This way of breaking supersymmetry was dubbed
domain wall supersymmetry breaking (DWSB) in [15]. It was there discussed that type II
DWSB provide a controllable mechanism for supersymmetry breaking on generalized flux
compactifications with vanishing tree level cosmological constant A. More precisely, the
vanishing of A has its origin in an underlying no-scale structure [16, 17| of the effective
potential that is preserved by DWSB, just as in the /' = 0 flux vacua constructed in [18].

Compared to the somewhat rigid heterotic Scherk-Schwarz constructions, these type I1
DWSB constructions display a much richer landscape of tree-level SUSY-breaking vacua.
Extracting the physics of these vacua beyond the supergravity approximation is however
difficult, since they contain RR background fluxes and usual worldsheet techniques do not
work. A similar statement applies to gaugino condensate vacua, so heterotic tree-level
SUSY-breaking seem the best option to understand stringy corrections to N = 0 vacua.
However, no systematic study of N' = 0 heterotic flux vacua has so far been performed.

YFor SU(3) xSU(3)-structure manifolds (.J, ) should be replaced by the pure spinors/polyforms (1, ¥5).



The purpose of this paper is to fill this gap and to provide a simple strategy to construct
a wide class of heterotic flux vacua with supersymmetry broken at tree-level. In particular,
we apply the DWSB strategy to heterotic strings on SU(3)-structure manifolds with non-
zero H-flux.2 The three classes of calibrated objects (4d strings, 4d domain-walls and 4d
gauge theories) are now NS5-branes wrapping internal cycles. Supersymmetry will be again
spontaneously broken by abandoning the domain wall calibration condition. Nevertheless,
the effective potential will still be BPS-like, leading to a no-scale structure as in the type
II case. The corresponding effective superpotential contains the flux H and has the form

W~ /Q A (H —idJ) (1.2)

being in agreement with the microscopic heterotic flux picture that we develop.

As we will see, along our discussion several subtleties will arise due to higher order o/-
corrections and the heterotic Bianchi identity. These subtleties can be addressed due to the
better control that we have over stringy corrections in heterotic compactifications: a clear
advantage when analyzing the physics of DWSB vacua. Indeed, since this construction is
based on the notion of BPS bounds of a 4d A/ = 0 theory, it is not clear whether o/ or loop
corrections will modify or even destroy such BPS bounds. A related question is how and
at what order these corrections will violate the no-scale structure of the tree-level scalar
potential, a fact of crucial importance for scenarios based on tree-level SUSY-breaking,
like those proposed in [23, 24]. This important asset of heterotic compactifications may
then be used to learn important information of dual non-supersymmetric vacua at different
corners of the landscape. In particular, at the level of A/ = 1 compactifications heterotic
strings are a useful tool to understand the physics behind F-theory compactifications (see,
e.g., [25] for recent developments and references therein). It is then natural to wonder to
what extent these tools could be applied for DWSB vacua.

The paper is organized as follows. In section 2 we recall some aspects of the low-energy
effective action governing heterotic string theory, setting the notation and conventions used
later on. In section 3 we compute the effective potential for bosonic heterotic compactifi-
cations, and rewrite it in BPS-like form. In section 4 we make use of the potential to apply
the DWSB ansatz outlined above, expressing our results in terms of the torsion classes
of the compactification manifold. Section 5 discusses in detail the calibration structure
underlying this class of heterotic vacua, making use of such calibrations in order to ad-
dress the issue of bundle stability in them. The concept of calibration is further used in
section 6, in order to define a subclass of DWSB vacua, dubbed ;DWSB vacua, that are
then related to A/ = 0 no-scale vacua via a four-dimensional effective description. Explicit
constructions of %DWSB vacua are given in section 7 via elliptically fibered spaces, in par-
ticular via the standard example of T? fibered over K3. In section 8 we extend the class of
backgrounds under study by adding non-vanishing fermion condensates, showing that the
calibration/BPS bound structure used for purely bosonic backgrounds is still present there.

?Heterotic H-flux compactifications with torsion were already considered some time ago in [19-21].
3See [22] for previous work on the subject of heterotic BPS-like potentials.



Finally, we conclude our discussion in section 9 with an outlook on possible applications of
this work. Conventions and technical details have been relegated to the appendices.

2 Ten-dimensional action and supersymmetry transformations

In the string frame and up to order O(c’), the bosonic sector of ten-dimensional NV = 1
heterotic supergravity is governed by the action [26]

B 1
- 2K2

a/

5 4

1
/dwﬂ:\/—detgew Rxyo +4(dg)* — 2H2 + (TrRE —Tr F?) (2.1)

with 2x2 = (27)7a and the square of a p-form p defined as p? = p-p := ;! ,oMl...1\417,0]\/[1“']‘/17).4
Here ¢ is the dilaton and Ryx,, is the Ricci scalar of the full ten-dimensional space. The
two-form F' is the SO(32) or Eg x Eg field strength, and the Lie algebra bilinear form Tr
is related to the trace in the adjoint representation traq; by Tr = 310tradj. In addition,
Rf N = %Rf N dexP A de, are curvature two-forms constructed using the connections

1

2HMNP (2.2)

M
wy np=wMypE
with w™ np the ordinary torsionless spin connection. Their traces are defined as
M N 1 MNP
Tl“R?t = _R:I: N ° Rj:M = 2RiMNPQR:|: Q (2.3)

Finally, H stands for the Neveu-Schwarz (NS) three-form flux, whose Bianchi identity (BI)
is given by

/

dH = 0‘4 (Tt Ry ARy — Tt F A F) (2.4)

where Tr R4 A Ry = —Ri/[N A R_i]\_fM.

In order to derive the equations of motion from the action (2.1) a little care is needed,
due to the implicit dependence of H on other elementary fields through the BI (2.4) and
because of the presence of the o’-order curvature correction. The latter complication
is simplified, however, by a lemma stating that the variation of the o'-order curvature
correction with respect to w_]\f ~ is proportional to the leading order equations of motion [26].
Then, for instance, the ‘modified’ Einstein equation can be written in the form?®

/

1
Ryn +2VyVno — 2LMH N H A+ Z [TY(LMR+ uNRy) — Tr(ep F - LNF)] =0 (2.5

where the dilaton equation of motion has been used to simplify the final expression.
In order to construct supersymmetric bosonic backgrounds one needs to make sure
that the supersymmetry variations of the gravitino v ,;, dilatino A and gaugino x vanish.

“In ten dimensions we use M, N, ... as curved indices and M, N, ... as flat indices.
5Given a p-form p, we use the notation taprp = 1o, p = (pfll)uPMN1<.<Np,1d-’EN1 A A daNe-1,



At leading order in o these are given by

dethyr = V€ = (VM — 411HM>6’ (2.6a)
S\ = <é9¢ - ; H)e, (2.6b)
deX = ; Fe, (2.6¢)

where H); = 1)y H and our spinorial conventions are specified in appendix A. Note that
such supersymmetry transformations are not corrected at order o/ [26].

3 Four-dimensional compactifications and effective potential

Let us now restrict our attention to compactifications to four dimensions. We then as-
sume that the ten-dimensional spacetime has the form X;9 = X4 x M, where M is a
six-dimensional compact manifold and d5§(4 a maximally symmetric space metric with
cosmological constant A. We describe such geometry by the external coordinates ax*
(u=0,...,3), internal coordinates y™ (m = 1,...,6)% and the metric

dS?Xm = 62Ads§(4 +ds3, (3.1)

Moreover, in order to keep our construction as general as possible, we allow for non-trivial
warping A, dilaton ¢ and fluxes H and F' such that the 4d maximal symmetry is not
broken. As a result, the ten-dimensional BI (2.4) keeps the same form, but with R, being
just the curvature of the internal torsion-full connection w:_nnp = whyp + %H mp- In the
following, R will denote such internal torsion-full curvature.

The overall normalization of the non-vanishing warping is fixed in terms of the four-
dimensional Planck mass Mp, by the relation

1

2/ volys 24720 = M2 (3.2)
K= Jm

with voly; = d%y\/det g and g the internal six-dimensional metric. The relation (3.2) is
obtained by requiring that ds§(4 describes the four-dimensional Einstein frame metric, i.e.
by requiring that the dimensional reduction of (2.1) gives the canonical four-dimensional
Einstein term (M2/2) [ \/—gx, Rx,-

Note that so far we are restricting to purely bosonic heterotic configurations. One
may however add non-trivial fermionic condensates to the above bosonic background, a
possibility that we will consider in section 8.

3.1 Cosmological constant and warping

Regarding the 4d cosmological constant and the warp factor of heterotic vacua, one can
obtain some rather restricting conditions from the equation of motion (2.5). In particular,

5As in ten-dimensions, we underline internal flat indices.



by choosing M, N along the four-dimensional space X4, one gets the equation
2
Vm(ef2¢>vme4A) _ 462A72¢>A + o 62A2¢{ X 672A[A _ 3(dA)2]2
+2(Vi Ve (VV ) + (1 H - 1, H) VmeAV"eA} (3.3)

which severely restricts the choices of A and A. Indeed, solving this equation perturbatively,
we find that at the lowest order in o we have

V(e 20V ,et) ~ 4247200 (3.4)

where by ~ we mean equivalence at zeroth-order in o/. By integrating this equation over
the internal space, we get the lowest o/-order condition

A/ A 20l ~0 = A~0 (3.5)
M

Note that multiplying (3.4) by e®=4 for any p # 4, integrating over M and using (3.5)
one gets

/ volys ePA729 (dA)? ~ 0 (3.6)
M

which implies that, at lowest order in o/, the string-frame warp factor must be constant.

Hence, at leading order in ', the modified external Einstein equations (2.5) imply
that A vanishes and e is constant. Plugging this back into eq. (3.3) and expanding it in
powers of o/, one can check that the first corrections to the above result arise at order o3,
and can thus be ignored at the O(a/)-approximation we are working with.

We then conclude that, at order O(c’), the external Einstein equation (3.3) requires
the four-dimensional space to be flat and the warping to be constant. Note that this result
is valid for any purely bosonic compactification, whether it is supersymmetric or not.

From (3.2) we see that the Einstein frame condition for the four-dimensional metric

requires that
287 12
2A 9s Es M P

= 3.7
47 Vol (M) (37)
where £, = 27\, Vol(M) = J volys and g is defined by
12 _ fM e 2% volys (3.8)
g3 fM vol s

3.2 Effective potential

As the above constraints can be obtained by just considering the external ten-dimensional
Einstein equations, one should be able to further restrict the compactification (3.1) by
analyzing the complete set of ten-dimensional equations of motion. In order to discuss
the latter, we will follow the approach of [15] and consider an effective four-dimensional
potential which is a functional of all the fields, and whose extremization provides all the
equations of motion.



Such a potential can be obtained by restricting the action (2.1) to the compactification
ansatz described at the beginning of this section, imposing a flat four-dimensional metric
dsg(4 = ds[%m3 and setting S = — fX4 d*z V. This procedure can be seen as a consistent
truncation to fields preserving the four-dimensional Poincaré invariance and thus as a sort
of ‘dimensional reduction’ along X4. The resulting four-dimensional potential is given by

1

V p—
22

1 /
/ volyy e*4=2¢ [ R+ 2H2 — 4(d¢)? 4+ 8V2A 4 20(dA)?* + 0‘4 (Tr F? = Tr R%)
M

—20/ eV ) (Vi Vie?) — @ (b H - 1, H) VPAVA — 60/ (dA - dA)?|  (3.9)

where R is the scalar curvature constructed using the internal six-dimensional metric, and
the second line of (3.9) arises from the fact that now R, denotes just the internal curvature.
The ten-dimensional equations of motion for compactifications to flat space can then be
obtained by extremizing (3.9).

Note that the potential (3.9) must vanish on-shell. Indeed, (3.9) must be extremized
under a general variation of the warping A. In particular, it must be extremized by a con-
stant shift on A, which demands that V' = 0 on-shell. This is indeed what is expected from
pure four-dimensional arguments, since in Minkowski vacua the four-dimensional potential
must vanish.

3.3 SU(3)-structure and BPS-like potential

So far in our analysis we have not made use of the supersymmetric structure of the het-
erotic effective theory and, in particular, of the equations (2.6). On the other hand, one
would expect such conditions to play a role in any compactification where supersymmetry
is spontaneously broken. In particular, their failure to be satisfied should somehow encode
the different SUSY-breaking patterns.

In this respect, the scalar potential V' written in the form (3.9) does not appear partic-
ularly useful for studying possible patterns of supersymmetry breaking. In order to improve
the situation, we have to make manifest the underlying supersymmetric structure. As we
are going to show, this is possible once we assume the existence of an SU(3)-structure in
the internal space, which means that M is an almost complex space, with an hermitian
metric and a globally defined never vanishing (3,0)-form € and Ké&hler (or fundamental)
(1,1)-form J. As reviewed in appendix A, these forms can be directly related to a globally
defined chiral spinor n in M. In supersymmetric compactifications 7 can be seen as the
internal component of the ten-dimensional Killing spinor €, decomposed as in (A.4). Let
us however stress that, at this stage, we do not require € or 7 to satisfy any particular re-
quirement except being globally well-defined. In other words, the €2 and J that we consider
define a generic SU(3)-structure.

Now, a key point is that €2 and J not only fully specify the internal spinor n but also
the six-dimensional metric g. Thus, in principle, one can express the scalar curvature R
appearing in the potential (3.9) as a function of Q and J. This problem has been addressed
in [27], and in [15, 28] for the more general SU(3)xSU(3)-structure case relevant in type
IT configurations. Here we use the general formula obtained in [15] (see eq. (C.1) therein),



from which one can derive the following identity”
1 2 1 2 1 2 1 2 1o m
R=—_(dJ) = _[d(JAD]* = _[dQ|* + _|JAdQ" + _u” — Vuy, (3.10)
2 8 2 2 2
where for p a complex p-form, |p|?> = p- p, and®
1 1 _
U = Uy dy™ = 4(J ANJ)ad(JNT) + 2Re(Q_:dQ) (3.11)
Thus, by using (3.10), together with the BI (2.4), one can then rewrite (3.9) as

V=V +W (3.12)

with
1

Vo —
0™ gx2

/VOIM 64A72¢ [674A+2¢d(e4A72¢J) o *H] 2

1 1
+ L2 /VOlM e4A—2¢{4 [6—2A+2¢d(62A—2¢J A J)]2 + 4(d14)2}
1
) / volys e 24+2 [|d(63’4_2¢§2)|2 —|JA d(ei”A—?m)P]
K
- 1
4K2

Ty
1
/ volars e4A2¢{2dA + 4e*2A+2¢(J A J)ad(e2472 T A )

1 ) 2
+ 2673A+2¢’Re [de(e?’AwQ)]} (3.13a)

O/

Vi =
17 8k2

/64A_2¢[Tr(F/\>kF) + Tr(F AF) A J]

a/
8k2

O/

C2K2

/ 42 [ Tr(Ry AxRy) + Tr(Ry ARy) A J]
/ volyy e*4=2¢ {2 e (VMY e) (V. Vine?)
M
— (tmH - 1o H) V™AV A — 6(dA - dA)Q} (3.13D)

Note that the potential (3.12) depends only explicitly in the dilaton and fluxes, but both
explicitly and implicitly on the metric, the latter through the SU(3)-structure tensors .J
and Q. In order to extremize the potential, one needs to know what is the dependence of
J and © on the metric at the infinitesimal level, which is given by

1 1
§J = —2697”" IrmdyF Ay, 00 = —2597”" Ie(mdY" A 1y Q (3.14)

mn

where g™ is a general variation of the inverse of the metric.

In principle one could also express the curvature R4 in terms of the SU(3)-structure
forms J and Q and the flux H, but this turns out not to be necessary for our purposes.
"To obtain (3.10) from (C.1) of [15], one should set f =1, A = ¢ = H = 0, ¢1 = ie’’ and o = Q therein.

8In (3.11), terms of the form p.7, where p is a p-form and 7 is a g-form such that p < g, are defined as:
pPIT = ;] pmlmmmel4.4mpmp+14.4quymp+1 ARRRWA dqu



One can use the decompositions in (p, ¢)-forms induced by the almost complex structure
associated to € to rewrite the first two lines on the r.h.s. of (3.13b) as a sum of squares

Tr(F A*F) + Te(F A F) A J = voly [2Tr |[FEO12 4 Tr(JLF)?) (3.15a)
Tr(Ry A%Ry) + Te(Ry A Ry) A J = voly [2Tr [RPY P 4+ Te (LR, )?) (3.15b)

Note that by this scalar potential approach we have followed a philosophy quite similar
to the one in [22], where a similar potential was constructed. Let us however point out a few
differences between our potential and the one obtained there. First, we are not assuming
constant warping. While this aspect will not be crucial for most of the discussions on
compactifications with constant warping, allowing for a non-trivial warping makes explicit
the consistency of our truncation ansatz. Second, our potential (3.12)—(3.13) is expressed
in terms of the SU(3)-invariant (3,0)-form (2, and not of the associated almost complex
structure as in [22]. Finally, and most importantly, our potential is in a full BPS-form,
namely it is a sum of squares, while the potential of [22] is not, since it contains an O(a’°)-
term linear in the curvature. As we will see, having a fully-BPS structure will be crucial
in studying possible mechanisms of supersymmetry breaking.

4 Supersymmetry breaking vacua: general discussion

Let us now address the possible patterns of supersymmetry breaking in purely bosonic
heterotic vacua. In order to do that, we will first revisit the supersymmetric case and later
try to break supersymmetry. We will identify a particularly natural possibility, which we
will further restrict in section 6 to a rather simple subfamily of constructions. As we will see
in section 7 this restricted class of vacua include as a subcase the supersymmetry-breaking
backgrounds considered in [29], which were mainly motivated by duality arguments.

4.1 Supersymmetric vacua from the BPS potential

As explained in section 3, any vacuum must extremize the potential (3.12)—(3.13). Since
this potential is a sum of squares, the simplest possibility is that each of these squares
vanish separately. Let us first consider the O(a/?) potential V4 (3.13a). Imposing that all
squares vanish demands that the warping should be constant, dA = 0, in agreement with
the discussion of subsection 3.1, and that the following equations should be satisfied:

d(e™2%Q) =0 (4.1a)
d(e™*JAJ)=0 (4.1b)
?d(e20)) = xH (4.1c)

These indeed match the conditions obtained in [20] by standard spinorial arguments (see
also appendix B). In particular, (4.1a) requires M to be a complex manifold with a
nowhere-vanishing globally defined holomorphic (3,0)-form (so ¢;(M) = 0). The second
condition (4.1b) requires the internal space to be conformally balanced [30]. Finally, the
third condition (4.1c) imposes that, in presence of a non-vanishing three-form flux H

,10,



the space is not (even conformally) Kéhler. By introducing the complexified three form
G := H —ie**d(e 2?J), one can see (4.1c) as an imaginary-self-duality (ISD) condition

«G=1iG (4.2)

which means that G2! is primitive, G3Y =0 and g12 = n A J for some (0,1)-form 7.
Note that the above supersymmetry equations can be rewritten in a slightly different
form, by introducing the three-form

G:=H—-idJ=G—-2idp NJ (4.3)

Indeed, one can first use (4.1b) to rewrite (4.1c) as: G*° = 0 = G%2. Then, by noticing

that the integrability of the almost complex structure associated to € implies that (d.J)>? =
0, (4.1) can be rewritten as

d(e Q) =0 (4.4a)

d(e®JAJ)=0 (4.4b)

G2 =0=a" (4.4c)

As we will see in section 6.2, expressing the supersymmetry conditions as in (4.4c) is
more natural from the viewpoint of the effective four-dimensional theory. On the other
hand, (4.1c) has a direct interpretation in terms of calibrations, to be discussed in section 5.

Let us now consider the O(a’) potential (3.13b). Again, we require squared terms to
separately vanish. The terms in the last line automatically vanish since we have already
imposed that A is constant. On the other hand, from the first line in (3.13b) and via (3.15a)
one gets the conditions

F%2 =0, JJF=0 (4.5)

This means that the gauge bundle should be holomorphic and with a primitive field-strength
or, in other words, the gauge bundle must be Hermitian-Yang-Mills (HYM). Finally, from
the second line of (3.13b) or (3.15b) one gets

R%2 =0, JJR, =0 4.6
+ ) +

Conditions which, up to higher order o’ corrections, are automatically implied by the
supersymmetry conditions [31].

4.2 Torsion induced SUSY-breaking vacua

Let us now turn to non-supersymmetric configurations. The strategy can be divided in
two steps. First we can look for a supersymmetry breaking ansatz such that it violates the
supersymmetry conditions of subsection 4.1 but still leads to a vanishing potential V. As
a second step, we need to consider whether V' can be extremized within this ansatz, and
which further constraints such extremization may impose.

Focusing on the O(a’’) piece of the potential, one sees that Vj is the sum of positive
and negative definite terms, and that violation of the supersymmetry conditions implies
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that some of the positive definite terms do not vanish. Hence a Vj = 0 can only be attained
if there is an exact cancellation between the positive and negative definite terms of (3.13a).

Now, from the general remarks of subsection 3.1, we know that the warping should
be constant up to order o/?, and so we can already set dA = 0. While we are still left
with a large number of terms in V', a drastic simplification is obtained by imposing that
the conditions (4.1c) and (4.1b) are not violated in the non-supersymmetric vacuum. As
discussed in section 5, this guarantees the geometrical structure behind the stability of the
gauge bundle and space-time filling NS5-branes, and so it appears particularly natural in
the context of compactification with stable gauge sectors. To summarize, we impose

d(e™*JAJ)=0 (4.7a)
?d(e 20 )) =«H (& *G=1iG) (4.7b)

but we allow for
d(e72?Q) # 0 (4.8)

This choice makes all the terms of Vf containing derivatives of J vanish and encodes the
origin of the supersymmetry breaking in the violation of (4.1a). If we further simplify the
potential by imposing that

Q.d(e™2?Q) =0 (4.9)

then the last line on the r.h.s. of (3.13a) also vanishes. We are thus left with the following
non-vanishing contributions to the potential

1

Vi =
07 442

/ volyr 44729 [|e 3426 4(PA-2Q) P |7 A dP?] (4.10)

which, taking into account that dA = 0, vanishes if and only if ?
1€22d(e=2Q)|% = |J A dQJ? (4.11)
Hence, this supersymmetry-breaking pattern originates from the r.h.s. of (4.11):
SUSY-breaking < (J A J)ud(e 2%Q) #0 (4.12)

An important implication of this condition is that this supersymmetry breaking mechanism
is possible only if the complex structure defined by the SU(3)-structure is not integrable.

This way of breaking supersymmetry can be seen as the heterotic counterpart of
the type II supersymmetry breaking pattern discussed in [15], which generalizes the flux-
induced SUSY-breaking pattern of type IIB warped Calabi-Yau/F-theory backgrounds [18].
In [15], this mechanism was named ‘domain-wall supersymmetry breaking’ (DWSB for
short) because of its interpretation in terms of calibrations. As discussed in section 5, this

“Notice that, in fact, we could have vanishing potential even by violating the condition (4.7a), due to
a non-trivial cancellation of the terms containing d(e**~2?J A J) in (3.13a). However, in this case the
extremization of these terms in (3.13) is not straightforward and needs to be checked separately. This kind
of SUSY-breaking can be thought as driven by D-terms and removes part of the integrable geometrical
structure which could be crucial to study the stability of the bundle, cf. sections 5 and 6.2 below.
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interpretation is possible in the heterotic case as well, and so the present vacua will be
dubbed in the same manner.

In order to make contact with the flux literature, it is useful to translate the above
conditions to the language of torsion classes (see appendix A).!0 First, (4.7a) and (4.9) are
equivalent to fixing Wy and Wi in terms of the dilaton

Wy = do¢ W5 = 2d¢ (4.13)
Second, (4.9) and (4.11) are equivalent to impose that
E2d(e Q) = Wi JJ AT +WoAJ  with  [Wa|? = 24| (4.14)
where we recall that W is a primitive (1, 1)-form. Finally, (4.7b) can be rewritten as
H3 = —i Wi Q (4.15a)
H*' = —i(dgp) O AT —iwy? (4.15b)

Note that in this language the supersymmetry breaking can be associated to a non-
vanishing W7, that is, a non-vanishing (d.J)>°. Because of eq. (4.7b) this is directly related
to a non-vanishing H*?, as eq. (4.15a) shows. We can thus characterize this supersym-
metry breaking mechanism in terms of the three-form G defined in (4.3) as follows. By
using (4.7a), we can write (4.7b) as

G0 =aG? =0 (4.16)
as in the supersymmetric case. Then, by comparing with (4.4c), we can identify the origin
of supersymmetry breaking with the non-vanishing of G*3 = —g Wi Q:

SUSY-breaking < G%3 #£0 (4.17)

Formally, this condition is identical to the SUSY-breaking condition in type IIB warped
Calabi-Yau/F-theory backgrounds [18], where G is constructed as G' = Fgrr + ie”?H with
Frr the Ramond-Ramond three-form flux.

This supersymmetry breaking mechanism can also be described in the more standard
language of Killing spinor equations. By using the results of appendix B, one can see that
the gravitino and dilatino Killing spinor equations are violated as follows

St =0 (4.18)
0Py = — lemn C®~4"n" + c.c. (4.18b)
IAN=3W1(®@n" +c.c. (4.18¢)

where we have introduced the two-form

S =Wy +4W4J (4.19)

10See e.g. [32] for a discussion of these supersymmetry conditions in the language of SU(3)-torsion classes.
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In order to conclude our O(a’?) discussion, it remains to impose the extremization of
Vo, which unlike in the supersymmetric case is not automatic. However, it is sufficient
to impose the extremization of V{ given in (4.10), since all other terms are automatically
extremized, being quadratic in vanishing terms. In particular, it is easy to see that the
only non-trivial contribution comes from the extremization of Vjj under variations of the
metric. By using eq. (3.14), the resulting residual equations of motion are given by

Im [, 2 - 1) dS] = 8Gmn|W1|? — 2Re [W1(1mWo - 1 J)] — Re [t Wa - 1, Wa]

= |W1|2{99mn —Re [Lm<$ + J> Ln<% + J>H (4.20)

Note that only the (3,0) and primitive (2,1) components of dS can contribute to the Lh.s.
of (4.20). Since the r.h.s. is a (1,1)-tensor, it can only be matched in the Lh.s. by a (3,0)
component of dS, and this implies that the primitive (2,1) components of dS must vanish

ds)FY =0 (4.21)

In fact, the (3,0) component of dS also vanishes, as can be seen by using (4.19) and (4.14).!!
We conclude that the r.h.s. of (4.20) must vanish identically. By introducing the matrix

1/ Wy mn 1 o Wa
um, = J) = gm J 1.22

we arrive at the following matrix equation
Re(U-U) =1 (4.23)

where (U™, = (U,"")* = g9 (U*,)*. To sum up, the equations of motion (4.20) boil
down to the conditions (4.21) and (4.23). Furthermore, the primitivity of W5 implies that

Te(IU) = —2 (4.24)

where I, = ¢"* Ji,,, is the almost complex structure associated to . While at this point
these conditions look rather mysterious, we will provide a simple geometrical interpretation
for them in section 6.

At order o/, we also need to impose the extremization of the term V; in (3.13b). Since
dA = 0, terms containing the warping do not provide further constraints. On the other
hand, the terms containing the gauge bundle field-strength I’ are extremized if

F%2 =0, JJF=0 (4.25)

as in the supersymmetric case. Recall that the almost-complex structure of M is not
integrable. Following [33], we can say that (4.25) requires the bundle to be pseudo-HYM
and in particular that the condition F%2 = 0 requires the bundle to be pseudo-holomorphic.
Clearly, one cannot use the standard theory of bundles on Kéhler spaces. However, as we

H1ndeed, such component is proportional to dS A Q = —S A dQ, which vanishes upon imposing (4.14).
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will discuss in more detail in section 5, the conditions (4.7b) and (4.7a) still allow to define
a sort of stability of the gauge bundle, analogous to the one for bundles on Kéhler spaces.

Finally, from the second line of (3.13b) one gets
RY’=0, J.R,=0 (4.26)

Unlike in the supersymmetric case, these equations are no longer automatically satisfied.
However, imposing that the supersymmetry breaking is mild enough compared to the
compactification scale, the violation of (4.26) is expected to be mild as well, and possibly
negligible at O(a’). We will come back to this point in subsection 4.4.

4.3 Gravitino and gaugino mass

While egs. (4.12) and (4.17) translate into geometry the fact that supersymmetry is broken,
in principle one would like to provide a more physical measure of the amount of SUSY-
breaking by computing the 4d gravitino and gaugini masses. Note that in general a simple
consistent truncation ansatz does not necessarily exists for these backgrounds and, as a
result, there is no precise definition of the four-dimensional gravitino. Nevertheless, one can
introduce a sort of four-dimensional gravitino ¢3D defined by the fermionic decomposition

1
Yt G Tu"m = A) = PP @0t + . (4.27)

Note that defined in this way wﬁD may depend on the internal coordinates and thus cannot
be considered as a properly defined four-dimensional gravitino. Nevertheless, the combina-

tion of the ten-dimensional gravitino and dilatino appearing on the L.h.s. of (4.27) is such
4D
:U' )
of [26],'2 has a canonical form and does not mix with other fermions.

that the four-dimensional kinetic term for 5", resulting from the ten-dimensional action
One can now introduce a function mgz/, which plays the role of the gravitino mass but
generically also depends on the internal coordinates. Indeed, let us define mg5 as follows

1 .
0 = M3/ uC (4.28)

i.e., by plugging the usual 4d SUSY-breaking formula which relates the variation of the
gravitino to the gravitino mass.'3
Applied to the SUSY-breaking backgrounds described in subsection 4.2, by (4.18) we

see that the above definitions provide the expression
_ A
m3/2 =3e W1 (429)
So mg/, can be related to the scale set by the (4d normalized) torsion class W;. Note again

that this scale depends on the internal coordinates of the internal manifold.

20ur conventions and the ones used in [26] are related by: ¢™™® = exp(24"°™°/3), H™™ = HP™®/3,/2,
Q/)}é}ere — §1V?1fe7 )\there _ 7Ahere/2\/2 and Xthere _ 7Xhere.

31n order to identify the four-dimensional spinor ¢ in (A.4) with the generator of the four-dimensional
supersymmetry, it is convenient to choose the normalization n'n = e for the internal spinor 7.
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In order to make contact with four-dimensional effective theory, one would however like
to have a more standard expression for the gravitino mass m3/;. This can be obtained by
imposing Q,Z)ﬁD to be constant in the internal space and averaging mg/; with an appropriate

dilaton-factor

Jar volar e 2my o B iet [, e QANG

= 4.30
J3y volar e=2¢ 4 [y, volas e=2¢ (4.30)

mgjo = <m3/2> =

where in the last step we have used (4.14) and the condition G*? = 0 for the three-form
G defined in (4.3). One can then fix the four-dimensional Einstein frame by setting e/ as
in (3.7) and gets

igeli Mp [y, e 22 QNG

8/ Vol(M)3/2 (431)

mg/2 =

Let us now turn to the gaugino mass. The four-dimensional gaugino P is related to
the ten-dimensional gaugino by the KK decomposition

x=e P on+ cc (4.32)

The relevant terms in the ten dimensional action [26] are given by

o / A/ —ge?? < TrxVy — i Tr xH X) (4.33)

 4R2

Plugging (4.32) into (4.33) and integrating over the internal space by keeping x*" constant
on it, one obtains the following value of the gaugino mass

z'eAfM e 2ONH B z'eAfM e2ONG

= 4.34
2 [, volas e=2¢ 4y, volys e=2¢ (4.34)

my/o =

where, in the last step, we have again used the condition G*° = 0. We thus see that the
gaugino mass equals the gravitino mass (4.30)

my2 = Mm3/o (4.35)
As we will see in section 6.2, this result has a very simple four-dimensional interpretation.

4.4 Conditions on the curvature

Let us now discuss the conditions on the curvature (4.26) that arise at order o’ from the
minimization of the potential piece (3.13b). First of all, it is easy to see that

R pmnpqg = R—pgmn — (dH)mnpq (4-36)

so, by using the BI (2.4)
Rimnpg = R—pgmn + O(d) (4.37)

Hence, up to O(a’?) terms in the scalar potential, (4.26) can be rewritten as
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These conditions can be rephrased by saying that the internal spinor 7 specifying the
SU(3)-structure is covariantly constant with respect to the torsion-full covariant derivative
V... From (2.6a) and (4.18b), we know that this is not satisfied in the torsional SUSY-
breaking backgrounds of subsection 4.2. However, as already mentioned, we are actually
assuming a mild SUSY-breaking. So let us assume that V;,n ~ O(a’?), with 0 < 3 < 1.
Roughly speaking, this would mean that both equations in (4.26) are violated at O(a/ p ).
In particular, by using (3.15b), the curvature squared term in (3.13b) would be of O(a/??),
and so negligible in our approximation for 5 > 1/2. Under this condition, the full potential
would be extremized at the order of approximation that we are assuming.
We can make this argument more concrete. From (2.6a) and (4.18b) we have that

i .
4Smn'y"n (4.39)

Vol = —
Thus, taking into account (4.19) and the condition |W5|? = 24|W1|?, we qualitatively have
that V.n ~ Wiy,n*. Let us now introduce a dimensionless scale Lgp, measured in string
units, which characterizes the geometrical origin of the SUSY-breaking. The torsion class
W17 has the dimension of mass and defines a dimensionless SUSY-breaking length scale Lgp
through

Wi ~ (fsLgp)™* (4.40)

Then, taking g, ~ KSL%K, with Lk being the KK length measured in string units we
have V,,n ~ Lxk Ls_é, and so in order to have a SUSY-breaking of O(a/?) one must have
V,n~ L;(ff and then

Lgp ~ L2+ (4.41)

Furthermore, by introducing the four-dimensional KK-scale Mxx = e /(lsLkk) and
recalling (4.29), we can restate (4.40) in a more physical way

mz/o ~ Mgk LKk Ly (4.42)

Then we have a mild SUSY-breaking, which can be seen as spontaneous from the four-
dimensional point of view, if m3/; < Mgk and this condition corresponds to

Lk

<1 4.43
L (4.43)

If for example 3 = 1/2 in (4.41) we can identify Lsp with L%, and the condition (4.43)
is guaranteed if Lxk > 1, which is required in the regime of validity of the supergravity
approximation.

Let us now consider in more detail curvature terms which enter (4.38). By using (4.39)

and the formula

i v 1 mn
[vp avq ]77 = 4Rfmnpq'7 n (444)
one obtains
T R g = 2 P8, S5, (4.45a)
mn N s - 1 s *
Qpern R pg = 44 P kv[qu]r + 2Qk Sr[p Sq]s (4.45b)
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where P™, = (1/2)(6™,, — iI™,) projects onto the flat holomorphic indices of the almost
complex structure 1™, = ¢™*Ji,. Then, we have the following curvature squared terms
contributing to (3.13b)

’JmnRTn’2 ~ ‘W1’4 (4.46a)
| RE? ~ [OWL 2+ [WEOW | + (W [*
~ LiggWhl® + Ly WA > + (W |* (4.46b)

By using (4.40), the O(a’) corrections to the equations of motions associated to the cur-

vature terms in (3.13b) — cf. equation (2.5) — are of order

(EoM) ooy ~ L i (|Qumn B + [T RT™ )

1 L N>  [(Lrx\® [ Lrx\*
) Gy + (s e
L. |\ Ls Lsp Lsp

The overall factor L%i is associated to the leading O(a/) behavior, while the terms in
squared brackets provides a further supression factor because of (4.43). In order to have
a correction (4.47) which goes like Ly and is thus O(a’?) and negligible at our O(c/)
approximation, we must have Lgp = L%(K, and thus # = 1/2. On the other hand, we could
further relax this condition, depending on the details of the background. If for example
in (4.46b) we have |[0W7| < |W7|?, then it is enough to take Lgp = Lis(/é, ie. f=1/4.

5 NS5-branes, calibrations and bundle stability

As already discussed in the literature (see e.g. [34, 35]) the supersymmetry conditions (4.1)
admit a clear interpretation in terms of the so-called p-form calibrations [36-38], which are
nothing but p-forms that measure the energy of BPS extended objects of the theory. Such
family of BPS objects are most conveniently classified in terms of their four-dimensional
appearance, as illustrated in figure 1, since a different calibration exists for each 4d BPS
object. In particular, the two-form e 2?J is a calibration for an NS5-brane that wraps
an internal two-cycle of M and fills the four-dimensional space-time X4. The four-form
e~2? JAJ, on the other hand, is a calibration for NS5-branes wrapping an internal four-cycle
and filling two directions in Xy (i.e., showing up as 4d strings upon dimensional reduction).
Finally, for any constant phase e, e=2?Im () calibrates NS5-branes wrapped on three
internal and three external directions, thus appearing as a domain-wall in four dimensions.
More schematically, we have the following dictionary between calibrations and BPS objects

of the compactification!*

Calibration 10d BPS object 4d BPS object

e 20 NS5 on Xy x Iy gauge theory
e 20Q) NS5 on X3 x I3 domain wall
e 20T N J NS5 on X9 x Iy string

1By the discussion below, gauge bundles could also be added to this dictionary on the same footing as
space-time filling NS5-branes.
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gauge theories strings domain walls

Figure 1. BPS objects of the theory, classified in terms of their 4d appearance.

where II, is a p-dimensional submanifold of M, and Xj is a d-dimensional slice of Xj.
More precisely, the statement is that all these p-forms can be defined as calibrations only
if the corresponding differential conditions (4.1) are satisfied.

Now, recall that our SUSY-breaking pattern is characterized by (4.7) and (4.8). Hence
we see that, even if supersymmetry is broken, e 2?J and e 2?J A J can still be identified
as calibrations, while e=2?Im (e?Q) cannot be considered as such. For this reason, we
may dub this pattern as ‘domain-wall supersymmetry breaking’ (DWSB) as done in [15]
for the analogous pattern in the context of type II flux compactifications, which used the
interpretation in terms of calibration provided by [13, 39, 40]. In order to understand better
the implications of this observation, let us recall the main properties of a calibration.

In general, a calibration structure provides a natural BPS bound for certain branes
in our 10d theory. Let us, for instance, consider NS5-branes filling X4 and wrapping an
internal two-cycle IIy C M. These branes couple magnetically to the three-form flux H
and thus modify the (internal) BI as

/

dH = i (TrRy ARy — Tr F A F) + 2k27ns5 04 (I1,) (5.1)

where Tng5 = (2m) 7 (a’) 3. Tt is clear that H and Il cannot be considered as independent
and for this reason it is convenient to go to the dual description, where the NS5-brane
couples electrically to the seven-form flux H = volp; A (e72? x H).!» We can then write
H = voly A H, where H = 2% « H is a three-form of M. The dualization procedure
in absence of NS5-branes is reviewed in appendix C and leads to a dual formulation of
the supergravity potential V' introduced in section 4. The only modification due to the
addition of a NS5-brane is the addition of the NS5-potential to V'

VNss = TNSS/ (e_2¢\/det gh-[2 d’c — B) (5.2)
112

where B is the potential two-form of H, H = dB, and d%o = do! Ado? is the usual volume
density induced by the world-volume coordinates (o', c?) on Ils.

151n order to simplify the notation, in the remainder of this section we will set e” = 1.
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As stated above, to such brane corresponds the calibration e=2?.J. Indeed, this two-

form provides the following algebraic inequality
e *?\/det glm, d°0 > e J|n, (5.3)

for any (appropriately oriented) IIs. When the above inequality is saturated at every point
of Il,, then one says that the cycle Ils is calibrated

II, calibrated < e 2?\/det g|r, d%0 = e 2|, (5.4)
Now, the differential condition (4.1c)/(4.7b) can be rewritten as
(4.1¢)/(4.7b) & d(e**J)=H (5.5)

and allows to prove the following important statement: an NS5-brane wrapping a calibrated
two-cycle Ily globally minimizes its potential energy (5.2) under continuous deformations.
More precisely, considering any other two-cycle 1T, connected to Il by a three chain T,
T = IIf, — Iy, one gets Vngs(I15) > Viss(Ilz). Indeed

Vass(Ily) > 7ss /

(e72%J — B) = 7xgs / (e72%J — B) = Vnss(Ilo) (5.6)
11, pX

where we have used (5.3) in the first step, the differential condition (5.5) in the second one,
and the definition of calibrated cycle (5.4) in the last step. The same arguments equally
apply for the calibration e 2?.J A J.

Thus, we see that in DWSB compactifications we have a natural notion of BPSness
and stability for space-filling and string-like NS5-branes. These structures are typically
associated to supersymmetric settings and we can then see them as a distinguished property
of the SUSY-breaking pattern considered here, in analogy with the type II setting of [15].

In fact, the calibration structures provided by e=??J and e 2?J A J have also impli-
cations on the notion of gauge-bundle stability in this non-supersymmetric context. Since
the gauge bundle is associated to an induced NS5-brane charge density proportional to
—Tr(F A F) (which is at the origin of the BI identity (5.1)), it is again convenient to work
in the dual formulation reviewed in appendix C. In this formulation, one can isolate the
following contribution of the gauge bundle to the total potential

1

Vbundle = Q2

/M (e Te(F A «F) + B ATr(F A F)) (5.7)
Now, the bundle-analog of the inequality (5.3) for NS5-branes is

Te(FA*F)>—Te(FAF)ANJ (5.8)
and the analog of the calibration condition (5.4) is the pseudo-HYM [33] condition!6

F%2 =0 (F-flatness)

5.9
JNJANTrF =0 (D-flatness) (5.9)

Te(FAxF)=—Te(FAF)ANJ & {

16The prefix ‘pseudo’ comes from the non-integrability of the almost-complex structure of M.
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Now, as for NS5-branes, one can easily show that the pseudo-HYM gauge bundles are
absolute minima of Vjyndqie under continuous deformations, and again the differential con-
dition (5.5) is crucial for such result. Indeed, suppose that F is a pseudo-HYM field strength
and F’ is any other field-strength which is cohomologous to F', so that there is a three-form
a such that Tr(F' A F') = Tr(F A F) + da. Then, we have Viundie(F”) > Vhundle(F), since

1 _
Voudie(F') > —_ / Te(F' AF') A (e7*J — B)
8K M
1 _
= - / Te(FAF)A(e72°J — B) = Voundie(F) (5.10)
8/‘(}2 M

where now we have used (5.8) in the first step, the differential condition (5.5) in the second
one, and the pseudo-HYM condition (5.9) in the last one.

As written in (5.9), the pseudo-HYM condition can be split into two parts, which
can be seen as F-flatness and D-flatness conditions, along the lines of [41]. The first,
F%2 = 0, demands the bundle to be pseudo-holomorphic [33] and can be seen as an F-
flatness condition, while the second one can be seen as a D-flatness condition.

Now, suppose that we can solve the F-flatness condition F*? = 0. Then, clearly the
D-flatness in (5.9) admits a solution only if

/ e INIATEF =0 (5.11)
M

This necessary condition is quasi-topological since it depends only on the first Chern class
of the bundle, but changes under the deformations of e=2?.J A J. A natural question is
then if one can extend this necessary condition in order to get a quasi-topological necessary
and sufficient condition. In other words, one can ask whether a notion of quasi-topological
stability exist for pseudo-holomorphic bundles in our backgrounds, which are only almost-
complex spaces but nevertheless admit the calibration structures described above.

In the complex (supersymmetric) case, the existence of a solution of the D-flatness
equation for a holomorphic gauge bundle is equivalent to the so-called p-stability by the
theorems of Donaldson-Uhlenbeck-Yau [42, 43], which are valid for K&hler spaces, and their
generalizations to non-Kéhler hermitian spaces [44]. In particular, in the non-Ké&hler case
of interest for supersymmetric heterotic flux compactifications, the p-stability of a bundle
FE is defined in terms of the p-slope of £

1
E) = “2INIATF 5.12
HE) rankF /Me g (5:.12)

Then a bundle E is p-stable if u(E’) < u(E), for all coherent subsheaves E’ of E. In the
heterotic case one has furthermore to impose p(E) = 0 and this leads to considering the
semi-stability condition pu(E’) < 0.

A key ingredient for obtaining all the above results is the closure of the four-form
e 2?J A J, i.e., the fact that the internal non-Kihler space is balanced. Intriguingly, such
property is preserved also in the non-supersymmetric almost-complex backgrounds we are
discussing about and this suggests a possible extension of the above notion of stability
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to our non-supersymmetric setting. This extension would then ultimately originate from
the existence of the calibration structures characterizing our backgrounds — see [45] for a
recent study of the properties of calibrated geometries. However, a proper analysis of this
possibility is beyond the scope of the present paper.

6 ; domain-wall supersymmetry breaking

Via the above dictionary relating supersymmetry conditions and calibrations, it is possible
to identify a subclass of the SUSY-breaking configurations discussed in section 4 with
particularly interesting properties. Such subclass, dubbed %DWSB vacua in the following,
present a rather constrained internal geometry and SUSY breaking pattern with respect
to the general DWSB case. More precisely, via an effective four-dimensional interpretation
we will identify these compactifications as particular realizations of 4d no-scale vacua with
broken supersymmetry. The latter result is not so surprising after one realizes that, when
translating the definition of ;DWSB vacua to the type II context, one finds that the N' =0
vacua described in [18] fall into this subclass.!” We would therefore expect that, upon the
usual chain of dualities, any of the N/ = 0 vacua of [18] are mapped within the class of

heterotic backgrounds described in this section.

6.1 ;DWSB vacua

Let us first define our subclass of backgrounds by those that in addition to eqs. (4.7) satisfy
the condition

Im [eied(ewa)} =0 (6.1)

for some phase ¢, This condition is clearly weaker than (4.1a), and thus trivially satisfied
0

on any supersymmetric background. In fact, in the case where the phase e = e ig
constant, one can think of eq. (6.1) as half-imposing the supersymmetry equation (4.1a),
in the sense that Q does not satisfy (4.1a) but Im (e Q) does. Note that this notion of
half-imposing a supersymmetry condition can be given a well-defined physical meaning by
interpreting (4.1a) and (6.1) as domain-wall calibrations conditions (see section 5), from
which we are led to dub the present subclass of backgrounds as %DWSB backgrounds.
Finally, note that in terms of differential conditions satisfied by our background, imposing
egs. (4.1c), (4.1b) and (6.1) seems as close as we may get to a supersymmetric background,
since by additionally imposing (6.1) with the choice of 6’ # 6§ mod 7 the whole set of SUSY
conditions (4.1) follow.

Decomposing (6.1) in terms of J and 2 it is easy to convince oneself that it is equivalent
to require the condition (4.9), as well as Im (e?*T;) = 0 and Im (W,/W;) = 0. The latter
condition alone is equivalent to impose that the matrix U defined in (4.22) is real. This in

turn implies that UT = —U and so the constraint (4.23) reads

U’=-1 « (UP=1 (6.2)

"The same applies to the so-called one-parameter DWSB vacua constructed in [15].
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where we have also used that [U, I] = 0. It is then natural to introduce the matrices
1 L1
PN:2(]l+IU) PN:2(]1—IU) (6.3)
satisfying the following properties
Pl=Py Pi=Py [Py,]]=0 (6.4)

and similarly for Pﬁ. These properties imply that Py and Pﬁ are projector operators that
split the tangent bundle into two orthogonal sub-bundles

T=Tyx®Tx (6.5)

which preserve the almost complex structure in the sense that ITy C T and I Tﬁ C Tﬁ,
and so we can write I = I, + IT]#, with Ir, and IT]# almost-complex structures on Ty

and Tx respectively. On the other hand, (4.24) implies that
Tr Py =2 (6.6)
and so Ty is a two-dimensional vector space. Finally, by using (4.22) one can see that
Wy = 2W, J(Py — 2Py) (6.7)
which together with (4.9) gives
e??d(e29Q) = 3W, (JPx) A (JPx) (6.8)

By Frobenius’ theorem, this implies that the subbundle T can be integrated into two
dimensional submanifolds. We are thus led to consider a fibered space of the form

N—M2ZB (6.9)

with a two-dimensional fiber N and a four-dimensional base B. Note that I7, defines
a preferred (integrable) complex structure Iy on N at each point of B. This fibration
structure induces a dual decomposition of the cotangent bundle T = Ty @ Tyt with Tg =
(Tx)* and Tt = (Ty)*, and so we can then decompose the SU(3)-structure accordingly

J=Jg+] Q=0QN0O (6.10)
where j = JPy = —é@ AO, Jg = JP]%, etc. Using this notation, we can rewrite (6.8) as
e*?d(e72%Q) = 3W1Jg A Jp (6.11)

An important implication of (6.11) is that the fibration (6.9) is equipped with a trans-
verse complex structure, i.e. an integrable complex structure along the base. To see this,
let us introduce some (non-canonical) local coordinates 2%, 3", where 2% are along the fiber
N and y™ are along the base B, in the sense that the fibers are described by y”* = const.
We can then write Qg = %(Qg)mndym Ady™ and, by using the coordinate co-frame dx® and
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dy™ for T;, we can (non-canonically) split © = O+ 0y (with Oy # 0) and d = dg+dy,
with obvious notation. Now, (6.11) implies that

dpQs NON + Q ANdOn + Qs ANdyOpg =0 dNQsAON + Qs ANdyONn =0 (6.12)

The first condition in (6.12) is telling us that (dgQp — ag A QB)|za=conste = 0, for some
one-form ag = (ap),dy™, and this in turn means that Qg defines an integrable complex
structure on the four-dimensional slice x* = const. The second equation implies that
0,28 x Qp and thus that such complex structure is in fact constant along the fiber
coordinates x®. Note that, even if the choice of coordinates z® y"" is not canonical, as
one may go to a different coordinate system

" — 3%x,y) Yy — 7" (y) (6.13)

the above conclusions are clearly covariant under such a change of coordinates. Thus, we
see that Q)i defines an integrable complex structure on the base or, in other words, that one

can introduce complex coordinates (z!,22) on the base such that Qg = 3(Qp);;dz A d2/

and aa(QB)ij 0.8 (QB)U

On the other hand, since N is two-dimensional the almost complex structure Iy of
the fiber is always integrable. We thus see that our background is characterized by two
integrable complex structures on the base and the fiber, which however do not combine
into an integrable complex structure on the whole space. For this to be possible, we need
a non-trivial fibration. Explicit examples of such will be discussed in section 7.

To summarize, for %DWSB backgrounds the compactification manifold M can be de-
scribed by a fibration of a two-dimensional fiber NV over a four-dimensional base B, both N

and B being complex manifolds. Moreover, the torsion classes of M are given by (4.13) and
Wy = 2W1 (J—3j)  with W, = fe @ (6.14)

with f a real function and j a real (1,1)-form such that j-J = j-j = 1 (in fact, j = JPy
and J — j = Jp). The remaining torsion class W3 is constrained via the presence of the
flux H and eq. (4.7b).
Note that in order to obtain vacua one also needs to impose the condition (4.21) on
S, which here reads
S =6WiJp (6.15)

The two-form S appears in the internal gravitino variation (4.18b) and so the violation of
the gravitino and dilatino Killing spinor equations takes the form

St =0 (6.16a)
3

Stb = — 21 Wi (J8)mn ¢ @ Y™0* + c.c. (6.16b)

o\ = Z) Wy @n* + c.c. (6.16¢)

As we have discussed in section 4.3, W7 is directly related to the gravitino mass. Jg is in
turn related to the source of SUSY-breaking, and more precisely to the chiral fields that
develop non-vanishing F-terms, as the 4d analysis of the next subsection shows.

— 24 —



6.2 Four-dimensional interpretation

In the following we would like to show that ;DWSB vacua can be interpreted as the ten-
dimensional realization of a no-scale supersymmetry breaking in four dimensions [16, 17].
In order to see this, we need an effective four-dimensional supergravity describing these
kinds of flux compactifications. Unfortunately, such a theory is not available. However, the
problem of identifying the four-dimensional theory governing quite general heterotic flux
compactifications has been investigated in several papers (see e.g. [46, 47| and references
therein) which, under suitable simplifying assumptions, arrived at precise expressions for
the effective four-dimensional theory. One of these assumption is that all the scalar quan-
tities in the internal spaces are assumed to be constant. Then, in the following we will
implicitly approximate W; and the dilaton to be constant, which by (4.13) implies that
W4 = Ws = 0. Note also that W; constant implies that § = 6y is constant, and so without
loss of generality we can set it to zero. This implies that our ‘smeared’ compactification
manifold M satisfies ImW; = ImWy = Wy = W5 = 0, or in other words that in such
smeared limit ;DWSB heterotic vacua reduce to compactifications in half-flat manifolds,
like those studied in [46, 48-51].
In terms of the SU(3)-structure described by J and (2, the Kéhler potential reads!®

_ 1 i _
IC:—log(s%—s)—log(3!6g /MJ/\J/\J> _10g<_8€g /MQ/\Q> (6.17)

where ¢5 = 27/ o/ and the real part of s is given by

1 _ Vol(M)
Res = e 2 = 6.18
. 27l /VO M€ 2748 g2 (6.18)
On the other hand, the superpotential [22, 52| has the standard Gukov-Vafa-Witten [53]
form!® 5 5
1M 1M
W = P/Q/\ H—idJ) = P/Q/\G 6.19

We can then use these expressions to compute the gravitino mass from the standard four-
dimensional supergravity formula

1
m3/2 = Mlg BK/2W (620)

In order to do this it is enough to compute W and K by using 2 and J restricted by
the conditions provided in section 4.2,2° approximating dilaton and W, to constants. The

result is indeed in agreement with (4.31).

BHere, for simplicity, we do not consider the gauge bundle contribution to the Kihler potential.

The overall factor in (6.19) has been fixed by reproducing (6.17) and (6.19) following the approach
of [54], which combines the domain-wall arguments, analogous to the ones originally used in [53], and the
use of superconformal supergravity in four dimensions.

2ONotice that, in fact, the (3,0)-form Q appearing in (6.17) and (6.19) has no fixed normalization and
only matches the  used in the rest of the paper (normalized as Q A Q = i8volas) up to a overall constant.
Such a change of normalization corresponds to a Kéhler transformation in the four-dimensional theory and
thus does not affect physical quantities like [m3/5], as it is clear from (6.20), (6.17) and (6.19).
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In order to show the no-scale structure [16, 17], of %DWSB vacua let us introduce an

expansion of J = Jp + j as follows
Jg =12(Retwy, j=11Reu);? (6.21)

where w, is some basis of two-forms on the base B and j(© represents a fixed reference
two-form orthogonal to the base. Then, t* and u may be considered as pseudo-Kéahler
moduli of the base and the fiber respectively, complexified into chiral four-dimensional
fields by the coeflicients appearing in the expansion of the internal two-form B in the
same basis. Analogously, the chiral field s appearing in (6.17) must be considered as the
chiral field obtained by complexifying Res by the axion dual to the external B,,. By
assuming off-shell the condition dQ2 A Jg = 0 which follows from (6.11), it is easy to be
convinced that the superpotential (6.19) depends only on the fiber pseudo-Kéhler modus
u and pseudo-complex structure moduli z* encoded in Q:

ow 0 ow
0s T otae

0 (6.22)

On the other hand, we have that

K = —log(Res) — log[ha, (Ret®) (Ret?)] — log(Rew) — log < — 836 /M QA Q> (6.23)

S

where 1
hap = / wg A wp A GO (6.24)
2/m
Introducing common indices «, (3,. .. for (s,t%), it is easy to see that
K*P9,KosK = 3 (6.25)

where K is the inverse of the matrix 9,03K. The conditions (6.22) and (6.25) are typical
of no-scale models and indeed are sufficient to give a semi-positive definite potential

ViD-sugra = e’CICIjD[WDjW + (D—term)2 >0 (6.26)

where DYW = W + (01K)W, K17 is the inverse of 0107k, and I, J,... are indices
collectively denoting the chiral fields (u, 2%).
In order to extremize the potential, one needs to impose

D,W=0, DW=0, (D-term)=0 (6.27)

Explicitly, we have the expressions

1 _

D, W B / QNG (6.28a)
utu Sy
D)W / xi NG (6.28b)
M
where f SOAD
i$2 A

=00 —Q M 6.29
X [ QA0 (6.29)
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should be the basis of (2,1) forms relevant for the four-dimensional description. Then,
assuming that the truncated theory makes sense, imposing (6.27) is equivalent to the
conditions (4.16), which were obtained from our previous ten-dimensional analysis. We
can then interpret (4.16) as the above 4d F-flatness conditions. In addition the F-terms
that do not enter the scalar potential DWW and D, )V, are non-vanishing whenever G%3 £ 0
(or equivalently W # 0), again in agreement with the ten-dimensional analysis. The only
remaining ten-dimensional condition is (4.7a), which becomes J A dJ = 0 in the constant
dilaton approximatio, and which can be interpreted as the 4d D-flatness condition.

Finally, let us also briefly consider the gauge bundle sector. By a simple dimensional
reduction of the ten dimensional action (2.1), it is easy to see that the kinetic term for the
four-dimensional gauge field is given by

1
~ 4 Res Tr F'"F,, (6.30)

Then, the holomorphic gauge coupling is given by f(s) = s and from the standard formula
for the gaugino mass we get

1 - 1
m‘lﬂ/DQ = S D WOs log(Re f) = 12 Py = ms /o (6.31)
p p
This is indeed in agreement with (4.35), which was obtained directly by dimensionally
reducing the fermionic ten-dimensional action.

7 Examples via homogeneous fibrations

In order to illustrate the general features of ;DWSB vacua, let us discuss a concrete setting
in which explicit examples can be constructed. Recall that the ;DWSB ansatz implies that
the compactification manifold M is based on a fibration of the form

N—M25IB (7.1)

with a two-dimensional fiber N and a four-dimensional base B. It is thus natural to simplify
this geometry by assuming that all geometric quantities are only base-dependent. In other
words, we assume that ¢, W; and the forms Qp and Jp in (6.10) can be seen as functions
and forms on the base B,2! which in turn implies that d¢, dW;,dQz and d.Jg can also be
seen as forms on the base B.

This simplifying assumption has several consequences. For instance, by (6.11) one
can see that the pull-back of dO to any fiber N vanishes, d©|y = 0. This means that the
pulled-back hermitian metric g|ny on N is flat, and so we are led to take a two-torus as a fiber

N ~1T? (7.2)

and so M elliptically fibered. Starting with [55], such elliptically fibered manifolds have
played a key role in the literature of torsional heterotic backgrounds and in particular in

21Stated more precisely, we assume that ¢, Wi, Qs, Js and F can be obtained as the pull-back of
corresponding functions and forms by the fibration map 7 : M — B.
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those constructions motivated by duality arguments — see e.g. [29, 56-58]. Here we see the
elliptic fibration arises from imposing a rather simple pattern of torsional supersymmetry
breaking. In the following we will analyze which further constraints such pattern imposes
on M.

7.1 Constraints on the elliptic fibration

Since our fiber is a two-torus, the one-form ©, introduced in (6.10), takes the form

Ly

O —
VImT

e“ 0 0=n'—711? (7.3)

where f5 = 27v/a/ and ® (a = 1,2) are one-forms which can be locally written as
o = da®+ A%(y) (7.4)

with 2% ~ 2% + 1 dimensionless coordinates along the T?-fiber and A%(y) one-forms along
B that only depend on the base coordinates y, o = 1,...,4. Clearly 7 is the complex
structure of the T2 fiber, Ly is the dimensionless T2 length scale in string units and
(e“) < 1 encodes the non-trivial dependence on the base coordinates, so that the volume
of the fiber is given by Vol(T?) = e (2 L2,.

The one-forms A%(y) can be seen locally as U(1) gauge fields on B, while globally they
can be further twisted by SL(2,Z) transformations, the large diffeomorphism group of T2, if
the T2-fibration degenerates at some points. The same applies to the associated U(1) field
strengths w?® = dA%, which must obey an SL(2,Z)-twisted quantization condition and so
define SL(2, Z)-twisted cohomology classes in 5. Note however, that w® are cohomologically
trivial in the ambient manifold M, since dn® = w®.

Let us now see how the background quantities J and €2, decomposed as in (6.10), are
constrained by our ;DWSB ansatz. Taking into account the egs. (6.11) and (4.7), one

arrives to the conditions®?
cC—20
d(\/ImT QB> =0 (7.5a)
d(e?=2%J5) = 0 (7.5b)
JgAx =0 (7.5¢)
or =0 (7.5d)

where we have introduced the complex two-form

x=w' —71w? =do+dr An? (7.6)
22To make our conventions compatible with those usually adopted in the literature, we take the choices
5 6

Js=—e' N —e’ Net j=eNne° Qs = (e' +ie®) A (e® 4 ie*) O =e¢ —ie

where e!,... €% is an oriented orthonormal coframe on M. Indeed, note that with these choices Js and
Q) p are self-dual under Hodge duality on the base: xgJp = Jr, *5{dn = Qi:
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From (7.5a) and (7.5b) we see that B not only admits an integrable complex structure, but
also a Kéhler structure, with holomorphic (2,0)-form and Kéhler form given by

X o2D—C . -
= Q Jg =e"J 7.7
B= s S8 B B (7.7)
and where
eP =get? (7.8)

with gs defined in (3.8). It is then natural to write the internal metric as

B X €2C _
ds?; = e 2Pdsg + 2 12, I 00 (7.9)
where déQB is the Kéahler metric. Note however that
~ A 1 N N
J N\ Jp = 9 *“Imr Qp A Qp (7.10)

so that the metric défg is Calabi-Yau only if e?“Im7 is constant. In addition, by impos-
ing (4.7b) one obtains the following expression for the three-form H

€2C

H=3#pde P —212,|(d*) Ant An? + Re (%5x A 0) (7.11)

Im~
where d¢ := i(0—0). This three-form flux should satisfy the BI (5.1) and satisfy appropriate
quantization conditions, see below.

Note that the above constraints would also apply to any supersymmetric background
based on an homogeneous elliptic fibration. Indeed, the fact that our background breaks
supersymmetry is purely encoded in the condition

d(e™2Q) = 672l L2 Qs A x # 0 (7.12)

and so in order to break supersymmetry in this way one must require that x have non-
vanishing (0,2) and (2,0) components.?® Of course, by relaxing the ;DWSB ansatz further
ways of breaking supersymmetry arise. For instance, we see from (7.5¢) that x must be
primitive and, from section 6.2, that a non-primitive y corresponds to a non-vanishing
D-term.

Recall now that for this class of A/ = 0 vacua one needs to impose the residual condi-
tion (4.21) coming from the equation of motions. For our elliptic fibration, this is equivalent
to require that d(e~2PW7) = 0, which is solved by

Wi = csp P (7.13)

where cgp is a constant which parameterizes the amount of SUSY-breaking.

ZHaving x%2 # 0 but x*° = 0 is not sufficient, since we can change the orientation of 72, basically
swapping x and ¥, and thus getting an A' = 1 supersymmetry. Having x*? = x*° = 0 means that both
orientations on T2 lead to preserved supersymmetry and thus we have an A/ = 2 compactification.
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Gravitino mass. The parameter cgg should directly enter physical quantities that mea-
sure the amount of SUSY-breaking of a compactification like, e.g., the gravitino mass.
Indeed, following our discussion of section 4.3, let us first consider the gravitino mass
density mz/5. By comparing (7.13) and (4.29) it reads

mzy =3 e csp 2P (7.14)

4 is constant, we see that the SUSY-breaking is milder in the points of B with strong

Since e
conformal factor e=2” > 1. A rough estimate of the gravitino mass is obtained by the

approximation e ~ 1 and e”, 7 constant. Then, by using (7.13), (7.12) and (6.11) we find

QESLTQ % fBQBAX

CSB X X (7.15)
3ImT fB QB A QB
and taking into account (7.14), (4.30) and (3.7), one finally gets
gs Mp *P X7
msg o 7.16
3/2 2 L4B VrlImT ( )
where
L = 174 Vol(B) (7.17)
and we have introduced the quantity
[5Q5 A x
o2 =  JBENX (718)
< fB Qp A QB)

that measures the alignment of x with Q5. While generalizing to the above expression for
non-trivial profiles of e?, ¢, e” and 7 is straightforward, (7.16) already captures most of
the qualitative behavior of mg/, and is sufficient for the purposes of our discussion.

From (7.16) we see that one can suppress the SUSY-breaking scale by combining the
following (possibly non-independent) conditions: gs < 1, [|[x*?| < 1, L4B > 1, eP <« 1 and
Im7 > 1. Recall that we are implicitly assuming that y>? # 0, which already selects an
N = 1 supersymmetry in four-dimensions, eventually broken by the non-vanishing 2.
The expression (7.16) then refers to the gravitino which is selected by the flux y*°.

Bianchi identity and tadpole conditions. We would like now to impose the Bianchi
Identity (5.1). From (7.11) we obtain

2C
I *BX A X
mr
20 B 20 B de QC/\I /\é
Reld( € smx)nd+ C tmen @) At + 4 AN g
Imr Imr Imr

dH = digde 2P 4 2 LQTQ{(dCd YAt A2 — €

From this expression it is clear that satisfying the BI (5.1) is rather complicated if we have
sources along the T2-fiber like, e.g., gauge bundles with Tr(F A F) dual to a two-cycle in
B, or NS5-branes wrapping a two-cycle in B and smeared along the T2-fiber. For instance,

,30,



an NS5-brane wrapped on a holomorphic curve II, C B and smeared along 72 contributes
to the r.hus. of (5.1) as 63(I12) A nt A n?, and this can be compensated by (7.19) only if
d°d e?® ~ 6%(I15). This is solved by taking €“ ~ log|fi,|, with fi, the section of the
divisor bundle Ly, on B. Since fi, vanishes on IIy, the T? volume degenerates on II,.
On the other hand, the problem simplifies somewhat drastically if we assume the
absence of such bundles and NS5-branes and consistently assume that the 72 fibration has

constant volume, so that e is constant along B. In particular we set
=1 & el = ge™? (7.20)

without loss of generality. In order to solve the BI (5.1), we then need to take the gauge
bundle F' on M to be the pull-back of a gauge bundle Fz on B, and Nns; NS5-branes
wrapping the T2-fiber and sitting at points p; of the base. In this case, (4.25) reduces to
the self-duality condition

x5 Fg = —Fg (7.21)

which is equivalent to F' being (1,1) and primitive.
By (7.16), we can suppress the SUSY-breaking scale by considering an anisotropic
fibration, with base much larger then the fiber

Lp > Lp (7.22)

with Lg given by (7.17). Moreover, by the discussion of section 4.4, such anisotropic
fibration should simplify the conditions on the curvature (4.26) as discussed below. Finally,
it also simplifies the BI [58]. Indeed, expanding the curvature tensor Ry in powers?? of
(Lp/Ly2)? we obtain the behaviour

L2
Tr RJr A R+ =Tr RB+ A RBJr + O ( L,I;Q) (723)
B

where Rp is the torsionfull curvature of the base B computed using the four-dimensional
metric e 2Pds% and Hg = 4pde ?P. Taking L%Q ~ (O(10), as in the explicit examples
of section 7.2, Tr R, A Ry has only legs along the base up to O(LgQ) — ie. O(d) —
corrections and from (7.19) and the BI (5.1) we get

d <$3R6X> ~0, d (’A‘BRG(”‘)> =0 (7.24)

Imr Imr

In addition, we have that
Tr Ry ARpy = Tr RgA R +2did V2D +dég [2(@26*21))@21)+d(62A©2e*2D)] (7.25)

% Note that Ry is invariant under an overall rescaling of the six-dimensional metric and is constructed
from the torsionfull connection I'Y,,, = I' pnm + ;Hmnp, which depends quadratically on Lg and Lqp2.
Hence, it only depends on even powers of Lg/Lqp2.
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where all ‘hatted’ quantities are computed using the metric d§%. Then, by setting dé%3 =
(2 L% ds%) (with ds?, dimensionless and O(1)) we get

1 ~ ~
~ —2D
d¥@de = 1672 L% [TY(RB A Rg) — Tr(Fg A FB L2 Z 55 Di)
Lol Ay e ayso( (7.26)
1672 L3 L21 FOXAX L4 '
where
A = 240 dVZ D + ) [2(?3)6—2D)d 2D 4 d(e QDV(O)e_ZD)} (7.27)

Clearly, this equation admits a solution (up to higher order corrections in 1/Lp) only
if its integrated counterpart

$BX N X
Nnss + Qnss(E) + Lo / BX X = Quss(B) (7.28)

Imr

is also satisfied. Here

Qnss(E) = — / Tr(Fs A Fg), Qnss(B) = — 161%2 / Tr(Rp A Rp) (7.29)

1
1672
give the total NS5-brane charge sourced by the gauge bundle and the curvature of the base.

Absence of anti-NS5-branes implies that Nygs is always positive, and from (7.21) the
same applies to Qnss(E). The Lh.s. of (7.28) is then always positive, and this implies
an upper bound for the number of NS5-branes and non-trivial gauge bundle that can be
introduced for a fixed manifold B.

Once the condition (7.28) is satisfied, one can integrate (7.26) perturbatively. More
precisely, along the lines of the N’ = 2 case discussed in [29], one can write (7.26) in terms
of the shifted conformal factor

/ 1 A
—2D —2D v2
e =€ - (0) D (730)
82 L3

In this way (7.26) takes the form of a standard Poisson equation

. 1 L 1
digde2D — 1672 12 [Tr(Rs A Rg) — Tr(Fp A Fg)] + 1 > o)
i
+ > Sox AX+O L (7.31)
LiImr L4 '

where on the r.h.s. of (7.31) we have omitted terms like

1 N ~ _on/ ’ ’ _op/
1672 L%d*(o) [2(V(§)e 2D )deQD +d( 2D V(O) 2D )} (7.32)

If (7.28) is fulfilled, (7.31) can be always integrated. Hence, the possible corrections pro-
vided by (7.32) are of order O(L2,/L%) and can be consistently neglected.?

—2D .
diverges and

25 Here we are implicitly ignoring the fact that, in the vicinity of NS5-branes, d¥)de
the tree-level supergravity approximation breaks down. However, the SUSY-breaking effects are at the Lg
scale and very close to the NS5-brane supersymmetry is restored. Thus, we expect that NS5-brane sources

can be consistently incorporated.
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The K3 case and H-flux quantization. Let us now consider the case of constant 7 in
more detail. Recall that then (7.10) implies that the base should be a Calabi-Yau two-fold:
B = K3. Furthermore, since 7 does not degenerate, the one-forms A%(y) can be seen as
proper U(1) gauge fields along K3 and then the corresponding field-strengths w® = dA®
are quantized as

/ S eZ (7.33)

1, CK3
and so the forms w® define non-trivial elements of the integral cohomology group H?(K3,Z).
In fact, from (7.24) we have that d(¥k3x) = 0, and so y must be harmonic. Finally, in
order to evaluate (7.28) one has to use Qnss(K3) = —3p1(K3) = 24.%6
We are thus led to the setting of non-degenerate 72 fibrations over K3

™ — M — K3 (7.34)

which is often considered in the construction of heterotic torsional backgrounds [29, 55-58].
Note in particular that for this case the SUSY-breaking conditions discussed below (7.12)
reduce to those identified in [29] by direct inspection of the Killing spinor equations and
of the O(a’) equations of motion.

The K3 example allows to discuss the quantization of the H-flux in a rather simple
way. Indeed, in general this is a complicated problem partly because of the non-closure of
H due to the contributions on the r.h.s. (5.1). However, in the simplified setting (7.34),
the H-field (7.11) reduces to

212

H = sggde 2P T Re (3x3x A 0) (7.35)
T

m
The flux H can then be written as H = 7*(Hks) + 7*(hy) A n®, where Hgs and h, are
forms on K3 and 7* is the pull-back operation induced by the projector = : M — K3. In
particular we have that

62 L2 52 L2
_ s T2 ~ _ S T2 A~
h1 = Im Re (*KSX) h2 Im T Re (T*K?,X) (7.36)

are also harmonic forms. Because of (7.23), this suggests that the proper quantization con-
dition to impose is that both two-forms ¢ 2 h, must be harmonic representatives of integral
cohomology classes in H?(K3;7).2" More precisely, we get the following condition on y

2

ImT

2

Imr

/ Re (brax) € Z / Re (7 $xsx) € Z (7.37)
H2 H2

for any two-cycle Ily CK3.

26 Note that in our conventions p1(B) = 8712 fTr(RB A Rg), which apparently differs by an overall sign
from the standard definition of Pontjagin classes, since we use a positive-definite Tr = — Trstandard-

*"Indeed, h, could be seen as U(1) field-strengths in the eight-dimensional theory obtained by compact-
ifying the ten-dimensional theory on T2, and are thus appropriately quantized.
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Curvature corrections. Let us finally consider the R -dependent terms in the scalar
potential (3.13b) for this simplified K3 case, in order to illustrate our general discussion
of section 4.4. First of all, by using (7.15) and taking into account that Qks scales as
L%(?, / VImT, we see that csp scales as Lo / L%(?, (assuming an approximately square T2-
fiber). In the examples of section 7.2 we will see how Lp2 ~ O(1-10). Furthermore,
being the T? fiber flat, the leading contribution to the curvature has its origin in K3. The
dimensionless length scale Lk introduced in section 4.4 can then be identified with e PLks
and, by comparing (7.13) and (4.40), we see that Lsg ~ L% and hence 3 = 1/2 in (4.41).

Moreover, an explicit calculation shows that the curvature terms in (4.45) lead indeed
to a behavior as in (4.46)

| Jn B2 ~ 3P egp|?t (7.38a)
1Qemn BT ~ 5P| csp|? [AD|%s + €8P |esp)?
~ P LS + P LS (7.38b)

Then, by (4.47) we see that the O(a’) correction to the equations of motion goes like

(EoM) oy ~ €*Plesp|” Ls(|dDlks + €*” |esp|?)

e e (7.39)

where, in the last step, we have used the above estimate for cgg and the fact that from (7.26)
we can assume that [dD|[%; ~ LI_CQ,’. This already confirms the estimate made in section 4.4
that the contribution of the first-order potential goes like Ly 5 and is thus O(a/2). Actually,
one could have D approximately constant, e.g. |dD|? < L%g, in most of the internal space, in
which the correction would be even of O(a’?). Note that this approximation would certainly
break down in the neighborhood of possible NS5-branes wrapping the fiber. However, it
is also true that our SUSY-breaking effects are set by the lowest KK scale of the K3
base, and should then be harmless for the consistency of the localized NS5-branes against

higher-order corrections — cf. footnote 25.

7.2 Simple examples

In order to obtain simple explicit A/ = 0 examples of the setting provided by the T2 fibration
over the K3 space reviewed above, let us set Nngs = 0 and take a trivial gauge bundle on
K3. Then, all we have to do is to pick up a primitive harmonic form y which has both
(2,0) and (0,2) non-vanishing components and such that the condition (7.28) is satisfied.

The well known properties of K3 — see e.g. [59] for a review — greatly help in this
search. H?(K3;R) has dimension by = 22 and, picking up a basis {e;}#2 |, the inner product
matrix

I[J:/ er\Ney (7.40)
K3

has signature (3,19). In particular, one can choose an integral basis {a}#2, of H?(K3;Z)

such that
IIJ:<(1) é)@(? ;)@(2 (1)>@(—E8)@(—E8) (7.41)

,34,



where FEg is the Cartan matrix of the Eg algebra. Re QKg, Im QKg and ng provide a basis
of the self-dual harmonic forms in H?(K3;R), which is a space-like plane with respect to
the metric (7.40).

Instead of attempting a detailed general discussion of the constraints derived above,
we will just provide a couple of simple examples, which should nevertheless give an idea of
the qualitative features of more general solutions.

First, let us take a simple choice for Qxs:

A (277)20/L%<3

K3 = I (a1 +iag) (7.42)

with a; = e; + ey and ay = e3 + ey, in terms of the integral basis {61}%11 with inner
product matrix (7.41). Let us then define y in terms of four integers n® and m®, a = 1, 2,

as follows

x = (n' —rmYa; + (n* — Tm?)ay (7.43)

Taking into account the self-duality of oj » and the fact that ng ol Aol = ng a’Na? =2,
the condition (7.28) [with Nng = Qnss(F) = 0] reduces to

24Tm7 = L%, <2[n1 —Tmt? +2|n? - Tm2\2) (7.44)

which, for fixed quantized numbers n® and m®, relates 7 and L?FQ. Furthermore, in order

to have N' = 0 supersymmetry, one needs to impose that

2 2

n? —1m ,
ol # +i (7.45)

Example 1. A particularly simple example is obtained by setting n' = 1 and n?> = m! =
m? = 0. In this case, we have only a non-trivial fibration of the S!' described by the
coordinate x! introduced in (7.4), while the second S' described by x? is trivially fibered.
The condition (7.44) then gives

L3, =12ImT (7.46)
while the H-field quantization conditions (7.37) reduce to
L3s =k Im7, L2;ReT =kyIm7 (7.47)
with k1 2 € Z, from which we see that
kiReT = ko (7.48)

For example, let us take Rer = 0. Then, 7 = iRs/R; and L%FQ = R1Ry/a’ and the
condition (7.47) imposes that k1 = 12 and ko = 0, while (7.46) provides the following
constraints

o 1
~ ~ 4
g > g = 0083 (7.49)

,35,



Then g% is relatively small, moderately justifying the supergravity approximation. On
the other hand, Ry is obviously non-constrained. Notice that the profile of e” is deter-
mined by (7.26). Since we are assuming that Nygs = 0, for Ligs > 1 we can reasonably

approximate e” ~ 1. Then, the formula (7.16) for the gravitino mass gives

gsMP \/ R1
Ma /9 ~ 7.50
92 2 L%{:s Tl ( )

Example 2. To obtain a non-trivial fibration also of the second circle, let us take for
example n' = m? = 1, m! =n? = 0 and |7| = 1 (with |[Re7| < 1/2), so that R; = Rs.
Then (7.44) gives

L3, =6ImT (7.51)

while (7.37) still takes the form (7.47).

Clearly, the general solution of this form is given by k; = 6 and k1 = 0,+1,4+2, +3. By
setting ko = 0, we get R? = R3 = o//6. However, in this case ReT = 0 and then x%? = 0,
which implies that the solution is actually N = 1. In the other cases ky = 41, +2, 43, one
gets N = 0 solutions. Let us take for example ko = 1. In this case

1 35
Ret = 6’ Imr = \/6 (7.52)

and then we have

o o

1
R? R V35

which is even less relatively small than (7.49) and, then, even more moderately justifies

~ 0,17 (7.53)

the supergravity approximation. The gravitino mass (7.16) is now

gsMP 1

mg/o =~ X (754)
P oyrLt, 6

where the suppressing factor with respect to (7.50) with Ry = Rs comes from | x%?|| ~ 1/6.

8 Adding a gaugino condensate

Up to now we have focused on 4d N = 0 Minkowski vacua where the SUSY-breaking
mechanism is due to the torsional geometry of the background. However, in the context
of no-scale heterotic string compactifications, the source of supersymmetry breaking has
traditionally been identified with the presence of a gaugino condensate generated by non-
perturbative effects [2, 3]. It is therefore natural to incorporate a gaugino condensate to
the above class of constructions, in order to see which new patterns of supersymmetry
breaking it may lead to. In fact, since a gaugino condensate will modify the 4d no-scale
scalar potential, one may wonder whether its presence may restore supersymmetry and
trigger the decay of the N' = 0 vacua discussed above to supersymmetric AdS, vacua.
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8.1 Gaugino condensate and no-scale SUSY-breaking

A simple way to measure the effect of a gaugino condensate in a heterotic compactification
is to incorporate the gaugino field up to quartic order into the supergravity action. In
particular, one finds that the ten-dimensional string frame bosonic action is modified to

B 1
T 2k2

S

1 /
/ dPzy/—ge [R + 4(dg)? — 2T2 + 0‘4 Tr(R2 — F? — 2x1Dx) (8.1)

where x is the 10d gaugino field and we have defined the three-forms

1 %
T = H — 22 YXMNP = 4 TrxTynpx (82)

Let us now consider compactifications to four-dimensions, in which ¥ (and so T') has
only internal legs: ¥ = ?}! Ermnpdy™ A dy™ A dyP. As already pointed out in [2, 3, 61] the
presence of a non-trivial ¥ modifies the scalar potential of the compactification. Indeed,
following the computations of section 3, we see that the potential (3.13) is modified to

/

V' =V(H —-T)+ 4‘22 / volpr e*472051D ;¢ (8.3)
where V' is given by (3.13) with H substituted by 7', and
1
D;=D+ ) 4e—4A+2¢[*d(e4A—2¢J)]mnprmnp (8.4)

In order to get a 4d Minkowski vacuum in this context, we again need to impose that V'
is vanishing and extremized. By separately imposing that V(H — T) is extremized, one
is naturally lead to consider configurations of the kind discussed in subsection (4.2), up to
the replacement H — T'. Namely, one should impose

e*d(e720J) = +T (8.5)

instead of (4.7b), and leave dA = 0, (4.7a), (4.14) and (4.25) unchanged. Furthermore the

gaugino term
/VOIM eM2051 (8.6)

must also be extremized. This leads to a set of conditions to be satisfied by x and X.
Note that even in the case in which W; = 0 supersymmetry is still broken by the gaug-
ino condensate, as one can check by looking directly at the supersymmetry transformations

5E¢M - (VM - leM>6 — 116PM26, (8.7&)
O\ = <$¢— ;T>e — 226, (8.7b)
1
2

dex =, Fe, (8.7¢)
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In particular, for compactifications to flat space and non-vanishing gaugino condensate,
the external gravitino variation is always non-vanishing: dv, = —116FH26 # (0. One may
then restore supersymmetry by considering compactifications to AdSy, as analyzed in [62].
Such kind of compactifications will be considered in the next subsection.

As discussed in section 5, in the absence of gaugino condensate the background con-
dition (4.1c) can be interpreted in terms of calibrations for gauge bundles and space-time
filling NS5-branes. Remarkably, the modification of (4.1c) into (8.5) is exactly the neces-
sary one in order to preserve such calibration interpretation. This can be seen by going
to the dual formulation, briefly reviewed in appendix C, where one uses the seven-form H
instead of H as fundamental field. Recall from section 5 that H is the flux which couples
electrically to NS5-branes and hence the one that appears in the generalized calibration.
Now, as discussed in appendix C, in the presence of a gaugino condensate H and H are
related by H=e2%,T= x10(H — %E) We can then split H as

H = volx, A H = volx, A (e*4729 % T) (8.8)

where voly, is computed using the unwarped metric. Note that (8.5) then insures that H is
a closed (as it should be in absence of fundamental strings in the background) and even an
exact three-form, and so we can write H = dB, where B is an internal potential two-form.

It is in fact illustrating to express the full potential (8.3) in such dual formulation.
Indeed, starting from the dual action given in (C.6), one arrives to the potential

/

V' = V(H — —e 4%« 1) + 4(22 /VolM R x

/

1 ~
/(64A2¢J_B)/\[dH—Z(TrR+AR++TrF/\F) (8.9)
M

22

where the potential V' has again the form (3.13). We then see that the DWSB ansatz,
supplemented by the Bianchi identity (2.4) and the extremization of (8.6) is sufficient
to get a vacuum, since the last CS-like term in (8.9) can be seen as being quadratic in
vanishing terms because of (2.4) and (8.5). Note that in this formulation H and y are
regarded as independent fields and that this gives a simple interpretation of the no-scale
structure observed in [3]. Indeed, by starting from a Calabi-Yau compactification, one can
allow a non-trivial gaugino condensate ¥ # 0 by taking x such that Dcyx = 0 and still
imposing H = 0. Of course, by going back to the ordinary formulation, the latter translates
into H = ;Z # 0, as originally found in [3].

Let us stress that so far x has not been restricted at all. Of course, x should allow
for a 4d + 6d splitting x = x4p ® x6D + c.c., with x4p playing the role of the condensing
gaugino in four-dimensions. Hence x¢p (and thus ) cannot be completely arbitrary but
should obey certain consistency conditions, like for instance those derived from the poten-
tial piece (8.6) and the other set of equations that must be imposed on the background.
In particular note that by imposing (8.5), we have

1

¢J|(8.5) =Dr=D- 4T (8.10)
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where [P is the Dirac operator for the gaugino, cf. (C.6)

o 9%
Seaugino = 42 /dlox\/—ge 203 Prx (8.11)

This means that if we impose the DWSB conditions of section 4 together with the gaugino
equations of motion on our background, then the full potential (8.3) vanishes, consistently
with the requirement of having a four-dimensional Minkowski vacuum.

As a subset of the above class of vacua one may consider the case in which we have a tor-
sional but complex manifold M. This implies that W; = 0 and so supersymmetry is not bro-
ken at the classical level as in section 4, but just by the presence of the gaugino condensate.
This generalization to torsional backgrounds of the Calabi-Yau models considered in [3] has
been proposed in [61] as a way to achieve a richer pattern of moduli stabilization and super-
symmetry. As argued there, the fact that M is complex together with the Bianchi identity
implies the choice x¢p = 1, where 1 comes from the 6d component of the Killing spinor € of
the compactification, split as in (A.4). Then ¥ = ¥39 + 393 and (4.7b) can be splitted as

e?9(e % J) =i H*! H3O = ;2&0 (8.12)

so the (2,1) component of H is naturally associated with the compactification scale, while
the (3,0) component is associated to the, presumably lower, gaugino condensate scale.
Moreover we have that

XD yx ~Q-dJ|w,—0 +cc.=0 (8.13)

so that second piece in (8.3) also vanishes.

The two different scales associated to the components H*! and H3P of the H-flux
suggest that, in principle, below the scale of H*! one could truncate the potential (8.3)
by imposing the first equation in (8.12). In general this would imply freezing the vevs of
several compactification moduli in such a way that the first equation in (8.12) is satisfied.
We would then be left with a truncated potential of the form

1 B 1.)\?
Vio—scale = L2 /M volyetd—20 (H?”O + HO3 — 22) (8.14)

which has exactly the same form of the no-scale potential considered in [3]. It is not clear,
however, that such no-scale structure will survive at the scale set by H>!, since at this

scale we may change the vevs of the complex structure moduli, which in turn change the
definition of H3?,

8.2 (Gaugino condensate, supersymmetric AdS, vacua and calibrations

As recalled above, ¥ enters the supersymmetry transformations (8.7) in such a way that
it always breaks supersymmetry in compactifications to Minkowski. Indeed, by taking
a metric ansatz of the form (3.1) and following the computations in [62] one finds that
supersymmetry requires a non-vanishing cosmological constant and allows for a possible
non-trivial warping, in sharp contrast with the perturbative results of subsection 3.1. More
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precisely, one defines the AdS, Killing spinor ¢ as V,,( = ; WoY,¢*, where wy is a constant

related to the AdSy radius by
1

|wol* = (8.15)
Rias
Then, the external gravitino supersymmetry requires that
1
Q- = 8¢y dA = -« (JAY) (8.16)

which indeed reduce to the results of subsection 3.1 for > = 0.

Moreover, a non-vanishing ¥ will modify the supersymmetry conditions (4.1). Fol-
lowing again the computations in [62] it is easy to see that the remaining supersymmetry
conditions can be rewritten as

o—4A+20 (e4A’2¢’J> = «T + 3¢ 4Im (@) (8.17a)
o —3A+26 <63A—2¢Q) — —wpe ATAT (8.17b)

which again reduce to (4.1) for wyg = dA = 0. In fact, (8.17b) implies that

d <e2A*2¢J A J) — 0 (8.18)
generalizing eq. (4.1b) for non-constant warping. Finally, it is easy to see that egs. (8.17)
imply that
3
«T = — 2e_AIm (o) + d(3A — ) A J + W3 (8.19)

Let us now check the consistency of the potential (8.3) with the above set of super-
symmetry conditions. By plugging (8.17) into the first term on the r.h.s. of (8.3) one
gets28

3
V(H = T)lsusy = |, /volM 24720 L9 Tm (o)) + Jwol2 [(J A )2 = (J AT A J)?]
3|’U)0|2 A—
=" /VolM A2 (8.20)
On the other hand, by also imposing the gaugino equations of motion derived from (8.11),
one obtains that the second term in (8.3) gives

/ o 3o og _
42 /VolM et 2¢X]DJX’SUSY T T 16k2 /VOIM e 2¢XR€(?U0W)X =

3

=42 /VolM e*A729Re (o) - &
K

2

_ _6|U);)| /VOIM e2Af2¢> (8.21)

K

where in the last step we have used the first of (8.16). Note that the gaugino equations
of motion are automatically satisfied if we decompose the ten-dimensional gaugino as y =

Z8Here we assume that the deviation from the flat supersymmetric case is at least of order o/. Hence we
have no contributions to the potential energy coming from the curvature and O[(V A)?] terms in (3.13b).
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X4D ® N + c.c., where 7 defines the Killing spinors written as (A.4). Combining (8.20)
and (8.21) and using (3.2), we get

2 2
V/’SUSY _ _3‘7:;)‘ /62A—2¢V01M _ _zyP (8.22)
AdS
Hence, we reproduce the expected value of the potential energy of an AdS4 compactification
with cosmological constant Axgs = —3/R3 qs- Note that the contribution from the gaugino
term (8.21) is crucial to get the correct result. On the other hand, note that in order to
evaluate such contribution we have imposed the equations of motion of the gaugino. It
seems technically difficult to do it otherwise and so, unlike for purely bosonic backgrounds,
we do not have a direct off-shell expression for the scalar potential.

Despite this, one can still analyze the supersymmetry conditions of backgrounds with
fermion condensates, as well as interpret them in terms of calibrations. In particular, by
direct comparison with egs. (4.1) and the discussion in sections 5, one would still expect
the following dictionary between calibrations and BPS objects of the compactification

Calibration 10d BPS object 4d BPS object

etA=20 g NS5 on Xy x Iy gauge theory
e34-200) NS5 on X3 x I3 domain wall
e2A=20 T A J NS5 on X9 x Iy string

with again II, a p-dimensional submanifold of M and X, a d-dimensional slice of X,. By
extending the results of [40] to NS5-branes, one can check that (8.17) and (8.18) indeed
correspond to the existence of generalized calibrations for NS5-branes in an AdS, back-
ground. More precisely, one can recover the conditions (8.17) and (8.18) from the general
expressions (A.28) of [15] by simply taking

U, = i(e —1) Ty = —iQ) F =¢e T (8.23)

® _, €72¢ in order to take into account that we are dealing with NS5-

and then replacing e~
branes. Note that this choice of polyforms ¥ and ¥, is what we would have taken for type
I or type IIB vacua with O9/05-planes, except for the shift e*/ — e*/ — 1. Performing such
shift has the effect of rendering some of the AdS; BPSness equations trivial, in particular
those that would be associated to fundamental strings, which indeed do not appear in the
table above. The energetics of fundamental strings, which naively only depends on the
warp factor, is then only affected by the second relation in eq. (8.16), whose interpretation

in terms of calibrations is not clear at this point.?”

2Note that the above shift e’ — e*/ — 1 is somehow consistent with the tree-level definition of p-slope
and the D-flatness condition that we are imposing for heterotic gauge bundles. Indeed, following section 5,
one can see that such condition reads

2imUy Aet = —JAJAF =0 (8.24)

Having U1 = ie"/ would add a term F A F A F to the above equation, in contrast to the tree-level DUY
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8.3 ;DWSB AdS, vacua with gaugino condensate

Having understood in terms of calibrations the conditions for heterotic 4d AV = 1 AdSy
vacua with a gaugino condensate, it is now clear how to implement our previous strategy
to construct N'= 0 AdS, backgrounds of the same sort. Indeed, recall from section 4 that
the N' = 0 vacua considered there were such that the supersymmetry conditions (4.7) were
still satisfied, allowing to define a stable gauge bundle as in section 5. On the other hand,
the domain-wall BPSness condition was relaxed to (4.8), and half-imposed for ;DWSB
backgrounds via (6.1).

In the case of AdS, compactifications, the surviving 1/2 domain-wall BPSness is deter-
mined by (8.17a) itself, since the equation of motion d(e*4=2? x T)) = 0 for T implies that

d[e34~2Im (weQ)] = 0 (8.25)

Such result is to be expected, since an AdS4 background can be though as a 4d domain wall
supergravity solution, that in the present context comes from a stack of backreacted NS5-
branes wrapping an internal three-cycle II3 calibrated by e34~2¢Tm (w2) — see e.g. [40].
Now, if such AdS, background satisfies the equations of motion, a probe NS5-branes on
top of the backreacted ones should feel no force from the background. This is guaranteed
if such NS5-brane is a BPS object, which in turn means that e34=2¢Tm (w€2) should be a
proper calibration and hence the condition (8.25) should be satisfied.

We are then naturally led to consider N = 0 AdS, backgrounds where the only source
of supersymmetry breaking originates from a background condition of the form

e 34120 [3420Re (wp2)] = Re(wo W1)J A J + Re(woWa) A J (8.26)

so that supersymmetry is broken if Re (wo W1) # —e~4|wq|? or Wy # 0. This implies that
these backgrounds are characterized by the torsion classes of the internal manifold M via

while Wj is specified by the relation
3 _
#T =~ Im (W1 + 2eH00)Q) + d(3A — @) A J + W (8.28)

A further source of supersymmetry breaking comes from the external gravitino super-
symmetry conditions. More precisely, setting

Q-2 = 8 oy (8.29)

we have that the external gravitino supersymmetry is broken if oy # wy. Hence, we have
two natural SUSY-breaking scalar parameters for this kind of compactifications

I, = Wi+ ewao Iy = ;eiA(O'o — UJQ) (8.30)
equations (5.9). On the other hand, the DUY equations are expected to be corrected at one-loop. Adapting
the proposal of [63] to our case, one is led to a one-loop corrected ImW;'*" = ¢** — 1 .J A J. Assuming
such a modification, it would be natural to assume that also the condition (8.18) should be corrected into
d(e*472¢Tm W] 7°°?) = 0. This would imply that dA = 0 as in the flat case. Because of (8.16), this would
lead to a further constraint on X.
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Note that this family of backgrounds contains all of the supergravity compactifications
with non-vanishing ¥ considered up to date in the literature. In particular, it generalizes
the compactifications analyzed in [3, 61, 64], that considered vacua with Wi = wy = 0 and
so with only the SUSY-breaking parameter Zo turned on. Such N' = 0 constructions are in
some sense orthogonal to the ones considered in section 4, since there we had oy = wg = 0
and so only Z; # 0. It is therefore natural to wonder to what extent 4d vacua for arbitrary
values of both SUSY-breaking parameters turned on can be constructed.

As before, some amount of information can be obtained by analyzing the scalar po-
tential (8.3). One can easily see that the first term on the r.h.s. of (8.3) reads

1

V(H — T)|;DWSB T Y2

/eZA—2¢v01M(36|w0|2 + [Wo|? — 24| %) (8.31)
while, by imposing the gaugino equations of motion derived from (8.11) and following the
same steps as in (8.21), the second term on the r.h.s. of (8.3) gives

O/

9% — 6 _ _
k2 /volM et 2¢xlﬂJx|;DWSB =2 /volM ¢*472? Re (g o) (8.32)

Summing up these two terms one gets

1 _ _
V,|;DWSB = 42 /62A 200l s [36|w0|2 — 24|W1|? + [Wa|? — 24Re (wo00)] (8.33)

which on-shell should equal —3|w|?M%. This is indeed the case for the supersymmetric
case, already considered in section 8.2, since there we have that Wy = 77 = 75 = 0 above,
which in turn imply that wy = o9 = —eAW].

If on the other hand we consider the torsional geometries considered in section 4 and
associated to Minkowski DWSB vacua, we need to impose the constraint |[Wa|? = 24|W; |2
on the above vacuum energy. One then concludes that, by consistency, an AdS4 vacuum
of this kind needs to satisfy the relation oy = 2w, and so supersymmetry is necessarily
broken because the first equation in (8.16) is not satisfied. This fact shows that, naively,
adding a gaugino condensate on top of the N/ = 0 torsional geometries of section 4 is not
enough to restore the supersymmetry of the compactification. Indeed, from section 8.2
we see that in order to construct supersymmetric AdS, vacua the torsion class Wy must
vanish. By eq. (4.14), this is not possible for the Minkowski DWSB vacua of section 4
since there by assumption Wy # 0. In particular, if we consider the fibered manifolds of
section 6 we see that M should undergo some kind of topology change in order to flow to
a manifold M’ with W5 = 0. It is not clear how the presence of ¥ could trigger such topol-
ogy change, so one would expect that adding a gaugino condensate on top of the no-scale
vacua of section 6 would most likely take them to a ;DWSB AdS, background of the kind
considered here, not being clear if this would be a vacuum of the theory. Of course, adding

30Tn fact, one could also consider the case where o9 = 2w + biwo, b € R. However, oo should enter
the holomorphic gravitino mass that can be calculated following section 4.3. Since the gravitino mass is
proportional to the superpotential and the latter is expected to be aligned with the phase of wq (as the
supersymmetric case shows), we are naturally led to expect that oo has the same phase as wo.
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further non-perturbative effects produced by, e.g., worldsheet instantons may provide the
necessary ingredients to promote our heterotic no-scale vacua to an N'=1 AdS, vacuum,
along the lines of [65].

9 Discussion

In this paper we have addressed the construction of non-supersymmetric heterotic flux
vacua from a rather general approach. Such approach is mainly based on the idea of
domain-wall supersymmetry breaking (DWSB), previously developed in [15] in the context
of type II flux compactifications. Just as in there, in order to implement the DWSB ansatz
we need a microscopic understanding of the scalar potential governing flux compactifica-
tions to four dimensions, as well as to rewrite such potential in BPS form in order to analyze
which SUSY-breaking backgrounds satisfy the ten-dimensional equations of motion.

We have performed such analysis in the context of heterotic flux compactifications. We
have first derived directly from the 10d heterotic action a scalar potential that, if extrem-
ized, guarantees that the 10d equations of motion of the heterotic background are satisfied
at tree-level and up to first order in o’ corrections. We have then expressed such potential
in BPS form, in order to see which flux backgrounds that break supersymmetry at tree-
level still satisfy the 10d equations of motion. This has led to identify a class of heterotic
SUSY-breaking vacua (dubbed DWSB vacua) satisfying certain geometric conditions, but
otherwise flexible enough to generate a large landscape of N' = 0 heterotic vacua. This is
in sharp contrast with previous approaches to build N/ = 0 heterotic vacua, like Scherk-
Schwarz compactifications that rely on the existence of isometries in the compactification
manifold, and so correspond to rather constrained geometries.

In order to arrive to the above BPS expression we have made the assumption that
our compactification manifold M admits an SU(3)-structure, which basically implies that
the 10d ' = 0 background should correspond to some pattern of 4d spontaneous SUSY-
breaking. Such SU(3)-structure not only selects a 10d spinor which, from the 4d viewpoint,
corresponds to the generator of an (approximate) supersymmetry. It also allows to relate
the BPS bounds of such backgrounds with the concept of calibrated p-submanifolds and
calibration p-forms. More precisely, for heterotic flux compactifications we have that BPS
bounds for probe NS5-branes are in one-to-one correspondence with the existence of calibra-
tions. The absence of at least one calibration implies that one class of BPS bounds will not
be developed and, moreover, that supersymmetry will be broken at tree-level. When apply-
ing these results to the scalar potential analysis, one finds that the class of supersymmetry-
breaking vacua above correspond to compactifications without the calibration/BPS bound
for NS5-branes showing up as 4d domain-walls. Hence their name DWSB vacua.

Within the class of DWSB heterotic flux vacua, we have considered a subclass of vacua
where some domain-wall BPS bounds do exist. This set of vacua (dubbed ;DWSB vacua)
is the heterotic analogue of the N/ = 0 no-scale type IIB/F-theory constructions of [18]. By
means of the ;DWSB ansatz and the scalar potential we have analyzed the kind of geome-
tries that these vacua should correspond to, obtaining a rather constrained set of fibered
manifolds M quite close to torsional geometries recently analyzed in the literature [29, 58].
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While the torsional ansatz used there was largely motivated by dualities, here we have
followed a deductive approach that does not rely on the existence of any dual solution. We
should then expect that %DWSB fibered manifolds allow for a more general and systematic
treatment, providing a more complete picture on the landscape of torsional heterotic vacua.

We have also shown that, in the limit of constant dilaton, %DWSB compactification
manifolds M reduce to half-flat geometries M, like the ones considered in [48-51] in order to
describe the effective 4d physics of heterotic flux compactifications. However, the working
assumption of [48-51] is that the half-flat manifold M is a small deviation of a certain
Calabi-Yau manifold Mcy, and so M and Mcy share the same set of light fields. As our
explicit construction does not rely on such assumption, one can use it to check to what
extent such Calabi-Yau-inspired truncation is justified.

Note that above the derivation of a four-dimensional effective theory is based on the
rather crude approximation that the dilaton is constant on the compactification manifold.
It would be however interesting to derive in a more rigorous way which kind of 4d effective
theory can be obtained from this kind of compactifications, and to which extent the effects
of a varying dilaton can change the four-dimensional physics. In particular, it would be
interesting to compute the spectrum of soft masses of this kind of compactifications, as
well as how they are affected by a varying dilaton. We have already provided a glimpse of
such effect by computing the 4d gravitino and gaugino masses in general and in the limit of
constant dilaton, but it should be easy to extend such analysis to the computation of soft
masses for 4d chiral multiplets, at least for the explicit examples constructed in section 7.2,
in ref. [29] and similar vacua based on twisted tori. As pointed out, the effective theory
description of such SUSY-breaking vacua should be simplified in the case of anisotropic
fibrations, where the SUSY-breaking scale will be suppressed with respect to the Kaluza-
Klein scale and solving the Bianchi identity and the BPS conditions for the curvature
tensore becomes more tractable. While anisotropic compactifications have been proposed
as in interesting playground to build heterotic GUT models [66], it is a priori not clear
that breaking supersymmetry at tree-level could generate a TeV scale for the soft masses
of such models, even for the case of a strongly varying dilaton. In this sense, let us point
out that our analysis can also be applied to the construction of type I flux vacua, where
such potential problem can be solved by going to the limit of very weak string coupling.
Indeed, such suppression is already manifest in the computation of Type I soft masses for
simple elliptic fibrations in the limit of constant dilaton [67, 68].

In fact, since our contact with effective four-dimensional theories has only been made
for the subclass of %DWSB compactifications, an natural question is how this effective
theory generalizes to the full set of DWSB vacua. In particular, one may wonder if the no-
scale structure of %DWSB vacua is also present there. If not, there is a chance that (almost)
all the moduli of DWSB compactifications are lifted at tree-level. Note that in order to
answer this question one does not necessarily need to have a very good understanding of
the four-dimensional effective theory. Indeed, since DWSB vacua are defined in terms of
first order differential equations for the SU(3)-invariant forms J and 2, one may implement
the approach of [69-71], which is based on the existence of integrable structures such as the
ones associated to J and €2, to compute the amount of moduli in these compactifications.
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As is well-known, whatever the effective field theory is, the dilaton should not be stabi-
lized at tree-level, and one should consider backgrounds with gaugino condensates in order
to lift such modulus. Remarkably, heterotic backgrounds with fermion condensates seem
to share many of the interesting properties of purely bosonic vacua analyzed in this paper.
Indeed, we have shown that the supersymmetry conditions for gaugino condensate heterotic
vacua can also be understood in terms of calibrations. Hence, one could in principle also
extend the DWSB ansatz to this richer class of backgrounds. In practice, however, in order
to compute the 4d vacuum energy one has to impose the gaugino equations of motion,
and so an off-shell expression of the scalar potential is not available. While this prevents
a systematic analysis of N’ = 0 vacua with gaugino condensate, the classification of these
backgrounds in terms of calibrations should hopefully constitute a useful framework for
future investigations on these kinds of issues.

Indeed, an obvious application of our results would be to adapt the type IIB scenarios
in [23, 24] to the heterotic context. Recall that the basic ingredients of such constructions
involve an A/ = 0 no-scale vacuum and a mechanism breaking such no-scale structure, such
as o/-corrections and/or non-perturbative effects. All these ingredients have a worldsheet
and/or a ten-dimensional supergravity description in the present heterotic context, which
may allow for a more rigorous understanding of the de Sitter landscape in string theory.

At any rate, we hope that the developments in this paper help developing a broader
picture of the set of N' = 0 vacua in string theory vacua, allowing to derive interesting
results on the above and related issues.
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A Fermionic conventions and SU(3)-structure

In ten dimensions, we use M, N, ... as curved indices and we underline flat indices M, N, . . ..
We use a real representation of the ten-dimensional gamma matrices '™, in which the
Majorana spinors are real. The ten-dimensional chiral operator is

F(IO) = FO"'Q . (Al)

The heterotic ten-dimensional supersymmetry generator € is Majorana-Weyl, meaning that
it is real and it satisfies the chirality condition I'(jg)e = e.

For any p-form p, then we use the notation
1 M. M,
p = p' PM, ..M, I P, (AQ)

where TM1--Mp = pIM1 ... Mp],
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In a compactification of the form Xi9 = X4 x M, we split the ten-dimensional gamma
matrices I'M in terms of four- and six-dimensional gamma matrices 4 (associated with
the unwarped X4 metric) and 7™ in the following way

" =e 44 ®1 I'™ = 54 @™ (A.3)

20123

where 7y(4) = ¥ is the standard four-dimensional chiral operator. The six-dimensional

123456

chiral operator is in turn Ye) = —1Y and so we have that F(w) =74 ® Y(6)-

The ten-dimensional supersymmetry generator € can be accordingly decomposed as

with v4)¢ = ¢ and yn = n. If X4 is Minkowski, then ¢ is a constant chiral spinor. If X4
is AdSy, then ( is the Killing spinor defined by V,{ = %u’)o’yug“*, where wg has arbitrary
phase and is related to the AdS, radius R by |wo| = 1/R.

The internal spinor n can be used to construct a real two-form J and a complex three-
form € as follows

1 1
Frn = T Qe = 7 Yl (4.5)

where [|7]|> = nfn. Furthermore

7
= o 1T = 0" (A.6)

is an almost complex structure with respect to which the metric is hermitian, with associ-
ated projector onto (1,0) vectors

pm, = ;(5% i), (A7)

Then J is the associated Kéhler (or fundamental) (1,1)-form and € is a globally defined
(3,0)-form.

The compatibility conditions between ) and J imply that their exterior derivatives
take the following general form [12]

3
dJ = -—-QIIII([lflgz) + Wi NJ+Ws
dQ = WiJ AT+ Wa AJ + W5 AQ (A.8)

where W is a complex scalar, Wy is (1,1) and primitive, W3 is real (2,1) + (1,2) and
primitive, Wy is a real one-form, W5 is a real one-form. Why,..., W5 are called torsion

classes. Roughly speaking, the torsion classes measure the failure of an SU(3)-structure to
define a Calabi-Yau metric, which has W7 = --- = W5 = 0.
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B Supersymmetry breaking and relation between spinorial and tensorial
formalism

In this appendix we discuss the relation between the most general violation of the standard
Killing spinors equations obtained by setting 0 = d¢; = A = dx and the violation of
the equivalent supersymmetry conditions in SU(3)-structure form. We use the spinorial
decomposition described in appendix A and split the ten-dimensional gravitino ;s into
external components 1, and internal components v,,,. We will discuss both the cases with
and without a non-vanishing gaugino bilinear.

B.1 Classical supersymmetry breaking and spinors

We first discuss external gravitino and gaugino, which are straightforward, and later discuss
the internal gravitino and dilatino.
The external components of (2.6a) takes the form

1
eA’yMC @ (PAn + e Awon*) + c.c. (B.1)

51/%:2

Since @#An and n* are orthogonal, it is clear that the violation of the condition §¢, = 0 is
in one-to-one correspondence with the constancy of the warping and the vanishing of the
cosmological constant.

On the other hand, the gaugino transformation (2.6¢) takes the form

ox = ;C ® Fn + c.c. (B.2)

We can write 1
Fn=—i(J - F)n+ (- F)y™n" (B.3)

The two terms on the r.h.s. are orthogonal and their vanishing corresponds to the two
conditions that F is primitive and F'%? = 0 respectively.

Let us now turn to the internal gravitino and dilatino. The corresponding varia-
tions (2.6a) and (2.6b) split as follows

— (vm - iHm)” +ee (B.4a)
SA=(® <a¢ - ;H)n tec. (B.4b)
We introduce the decompositions
(Vm - iH m>77 =i P + "N’ (B.5a)
<¢¢ - ;H>n = umY"n +rn’* (B.5b)

where p,, is real and ¢, and u,, are restricted by the projector conditions P¥,qn: =
Pk, u;, = 0. Then, we can translate the most general violation of 810, = 6\ = 0 in terms
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of the non-vanishing of the parameters p,,, ¢mn, Um and r. These are in turn related to
the exterior derivatives of the SU(3)-structure tensors J and 2 as follows

e?d(e 2 J N J) = —4Reu A JAJ —8Re(s* AQ) (B.6a)
(e Q) = 2(ip —u) AQ —rJ AN J +8is A J (B.6b)
€2¢d(€_2¢J) —«H =2Im(r*Q) —4Reu A J — 2Im (™ A 1,02) (B.6¢)

Here s = %an dy™ Ady™, t" = ¢ dy™, u = uy,dy™ and p = p,,dy™. Clearly, by setting
Pm = Gmn = Uy = 17 = 0 one gets the conditions (4.1).

Let us now discuss how the general SUSY-breaking ansatz (4.7)-(4.9) restricts the
form of the SUSY-breaking parameters p,,, ¢mn, tm and . First of all, (4.7a) and the non-
primitive component of (4.7b) imply that v = 0 and $(20) = 0. Then, by imposing (4.9)
one gets p = 0. Furthermore, from (4.7b) one obtains r = ¢""¢,,, and ¢®9 = 0. Thus,
we see that the SUSY-breaking condition (4.8) takes the form

€2¢d(€_2¢9) =-—1rJANJ+8isNJ (B.7)

where s is (1,1) and can be decomposed in primitive and non-primitive part as follows:
s = —%rJ+ sp. Comparing with the first condition in (4.14), we see that

r = 3W1 s Sp = — W2 (B.8)

B.2 Supersymmetry breaking in presence of a gaugino condensate

Here we discuss how the supersymmetry breaking equations alter if one allows for a gaugino
condensate. The supersymmetry variations of the gravitino and dilatino (2.6a) and (2.6b)
get changed into

oYm = (VM - 411HM + 116 ZFM> €, (B.9a)
5\ = (éw - ;x) ‘ (B.9b)

while the variation of the gaugino (2.6¢) remains unchanged. For the external component
of (B.9a) one obtains then

1 1
Sy, = eA’?MC ® <@An + e Awon* — 8277) + c.c. (B.10)

2

This shows that after a gaugino condensate is added the condition ¢7), = 0 no longer
forces the cosmological constant to be zero or the warp factor to be constant. Allowing for
additional violation of 41, = 0 yields

Yn = 8FAn — 16v,y™n + 8¢~ Awon® — 16hn* = 8PAn — 16v,7"n + 8¢ Aogn*  (B.11)

where 09 = wg — 2eh and v, is restricted by P¥,v; = 0. Below, we will impose that
vy, = 0, so that 1, oc ¢ ® * + c.c., which is a natural assumption if we want to interpret
the SUSY-breaking in A/ = 1 four-dimensional terms.
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The internal component of the gravitino variations and the dilatino variation read

1 1

0m =(® (Vm - 4Hm + 162Fm>77 +c.c (B.12a)
1 1
A=(® <3¢—2H—82>n+0.6 (B.12b)
which can be decomposed as
1 1 i o
<vm - 4Hm + 16 Zrm>n = 1PmN + qmnY 1N (Bl?)a)
1 1 ~ om < %

<<‘3¢— QH— 82>77=um7 n-+1rn (B.13b)

where P, is real and G, and 4, are restricted by the projector conditions P¥,G,.: =
P%, @, = 0. Hence, the violation of 61, = 6\ = 0 can be expressed by the parameters p,y,,
Jmns Um and 7. The exterior derivatives of the SU(3)-structure tensors J and €2 read then

24420 (eQA_2¢J A J) — 4Re (v — ) AJAJ —8Re (5 AQ) (B.14a)
e~34+20 (e3A*2¢Q> = (2ip — 2u+50) A Q
— (F+ e twg — 2h) J A J +8i5T (B.14b)
e~ IA20q (20T ) AT = T ([27 + 3¢y - 6h7] Q) +

+ Re (140 — 4a') A J — 2Im (£ A 1,Q2) (B.14c)
Here we used § = ;ijmndym Ady™, " = Gu"dy™, @ = fy,dy™ and p = p,,dy™. After

setting P, = Gmn = Um = Uy, = 7 = h = 0 one obtains (8.17) and (8.18).
The parameters pm, Gmn, m, Um, T and h get severely restricted by our SUSY-breaking
ansatz. First, we impose v = 0, for the reason discussed above. Then, by imposing (8.17a)

and (8.18) one obtains @ = 0, 3% = 0, 7 — 3h = ¢™" ¢, and ¢>° = 0. Furthermore,
from (4.9) one gets p = 0. Hence, the remaining SUSY-breaking condition is

e 34129 (&A*wg) =—(F+e o) INT+8iEANT=—FIANT+8i5AJT  (B.15)
which is of the same form as (B.7). Thus, § = — .#.J+sp and the comparison to (8.26) gives

7= 3W1 s Sp = —;WQ (B.16)

C Dual formulation of heterotic supergravity

The dual formulation of the heterotic theory is expressed in terms of the seven-form flux
H = ¢ 29 x H. In this formulation the six-form potential B, dB = H, plays the role of the
fundamental field and couples electrically to the 5-brane charge of the background and the
BI (2.4) arises as the equation of motion of B. For this reason, this frame is the natural
one to describe the coupling of NS5-branes.
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The complete dual formulation up to order o’ can be found in [60] and the dualization
procedure relating the two formulations is discussed in detail in [72]. Here we just focus
on the bosonic sector. Start from the new action

/

1 ~
5'25_2;-@2/)( BA[dH+i(TrFAF—TrR+AR+) , (C.1)
10

where S as in (2.1), but where H and B should be considered as elementary independent
fields. By varying with respect to B one gets the Bianchi identity (2.4) and then, integrating
out B just produces the original action (2.1).

On the other hand, by extremizing S’ with respect to H, one gets
H=e¢%xH (C.2)

By plugging (C.2) into (C.1) and keeping only O(c’) terms, we arrive at the dual action

L1 1 4y - '
S=,, /dlox\/—g e 2 [R + 4(dg)? — ) e H? + Z (Tr R% — Tr F?)
K
/
_“ / BA(TtFAF—TrRy AR,). (C.3)
8/62 X10

The supersymmetry transformations in the dual formulation are as in (2.6), up to terms
which vanish on-shell at order «’.

Let us also consider the duality transformation in presence of a non-vanishing gaugino.
It is useful to introduce a three-form ¥ defined by

/

[0
YMNP = 4 TrxT'ynpx (04)

In the ordinary formulation which uses the 3-form H as fundamental, the relevant terms in
the action are now as in (8.1). By performing the duality transformation described above

we now get

X 1
H=e2%T | with T=H-,% (C.5)

and the dual action with non-vanishing gaugino terms now reads

/
o & @ 10 —2¢ 1

S _S_4n2/d xy/—ge ¢X<$—4T>X (C.6)
Now the supersymmetry transformations are modified at O(a’) by the presence of ¥ # 0
and take the form (8.7).
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