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ABSTRACT: We construct explicit consistent Kaluza—Klein reductions of type IIB super-
gravity on HK4 x S, where HK is an arbitrary four-dimensional hyper-Kéhler manifold,
and on SFs5, an arbitrary five-dimensional Sasaki-Einstein manifold. In the former case
we obtain the bosonic action of D = 5 N = 4 (ungauged) supergravity coupled to two
vector multiplets. For the SFE5 case we extend a known reduction, which leads to minimal
D =5 N = 2 gauged supergravity, to also include a multiplet of massive fields, containing
the breathing mode of the SFE5. We show that the resulting D = 5 action is also consis-
tent with N = 4 gauged supergravity coupled to two vector multiplets. This theory has a
supersymmetric AdSs vacuum, which uplifts to the class of supersymmetric AdS5 x SFE5
solutions, that spontaneously breaks N = 4 to N = 2, and also a non-supersymmetric
AdS5 vacuum which uplifts to a class of solutions first found by Romans.
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1 Introduction

Consistent Kaluza-Klein (KK) reductions provide powerful tools to construct exact solu-
tions of D = 10 and D = 11 supergravity. For example, it has been shown, at the level
of the bosonic fields, that there is a consistent KK reduction of type IIB supergravity on
an arbitrary five-dimensional Sasaki-Einstein space, SFE5, to minimal N = 2 gauged su-
pergravity in D = 5 [1]. By definition, this means that any solution of the D = 5 gauged
supergravity can be uplifted on an arbitrary SFEj5 space to obtain an infinite class of exact
solutions of type IIB supergravity, one for each choice of SFEs5. In particular, the supersym-
metric AdSs vacuum solution uplifts to the class of supersymmetric AdSs x SEs5 solutions
which are dual to N = 1 SCFTs in d = 4. There is a similar consistent KK reduction



of D = 11 supergravity on an arbitrary seven dimensional Sasaki-Einstein space, SFEr, to
minimal N = 2 gauged supergravity in D = 4 [2]. In this case the supersymmetric AdSy
vacuum solution of this theory uplifts to the class of supersymmetric AdSy x S FE7 solutions
dual to N =2 SCFTs in d = 3.

These two examples form part of a more general story. For any supersymmetric solution
of D =10 or D = 11 supergravity consisting of a warped product of an AdS;,1 space with
an internal manifold M and fluxes preserving the symmetries of AdS;y1, it is expected [2]
that there is always a consistent KK reduction on M to a D = d + 1 gauged supergravity
theory where one only keeps the fields of the supermultiplet containing the metric. In
the d dimensional SCFT dual to the supergravity solution, these fields are dual to the
superconformal current multiplet. In the above SE examples, the bosonic field content of
the D = 5,4 minimal supergravities consist of a metric and a single gauge-field which are
indeed dual to the energy-momentum tensor and the abelian R-symmetry current of the
superconformal current multiplet in the dual SCFTs. Other examples include the N = 8
SO(8) gauged supergravity arising from the KK reduction of D = 11 supergravity on S*
and the N = 8 SO(6) gauged supergravity arising from type IIB supergravity on S°, where
the consistency has been partially demonstrated in [3] and [4-7] , respectively, and also
examples discussed in [8, 9].

It is worth noting that almost all work on consistent KK reductions, of this kind,
works at the level of the bosonic fields, with the expectation that the fermions will come
along for the ride. A notable exception is [10, 11] where a near complete reduction of
D = 11 supergravity on S* to maximal D = 7 SO(5) gauged supergravity was carried out.
Also, in some cases [1, 2, 8] the fermions have been taken into consideration to the extent
that one can show that the supersymmetry variations for bosonic configurations of the
higher dimensional theory reduce to the expected supersymmetry variations for bosonic
configurations in the lower dimensional theory. This allows one to obtain the useful result
that any bosonic solution of the lower dimensional gauged supergravity that preserves
supersymmetry will uplift to a bosonic solution of D = 10 or D = 11 supergravity that
also preserves supersymmetry.

It has recently been shown that the consistent KK reduction of D = 11 supergravity on
an arbitrary SFEr space to minimal D =4 N = 2 gauged supergravity that we mentioned
above can be generalised [12]. At the level of bosonic fields it can be shown that in addition
to the massless graviton supermultiplet one can also include the massive supermultiplet
that contains the breathing mode. The resulting consistent KK reduction gives a D = 4
N = 2 gauged supergravity coupled to a vector multiplet and a tensor multiplet. This
matter content and the supersymmetry can be understood in the following way. First
recall that one can consistently KK reduce type ITA supergravity on an arbitrary Calabi-
Yau three-fold to obtain a universal D = 4 N = 2 (ungauged) supergravity coupled to
universal tensor multiplet and a universal hypermultiplet. The details of this reduction
utilise the fact that the Calabi-Yau three-fold has an SU(3) structure, specified by the
Kéhler form and the (3,0) form, both of which are closed. Returning to the reduction of
D = 11 supergravity on the SFE; we next recall that it also has a globally defined SU(3)
structure which implies that, locally, the SE7 space can be viewed as a U(1) fibration over



a six-dimensional Kéhler-Einstein space K Eg. Thus, after first reducing on the U(1), the
reduction has the structure of a type IIA reduction on an SU(3) manifold [13], the K Eg
space. Thus one expects the same field content and the same off-shell supersymmetry as in
the universal sector of the reduction of type IIA on the C'Y3 space, but the twisting of the
U(1) fibration, the fact that the (3,0) form on the K Eg is not closed and the presence of
the background four-form flux lead to a gauging of the D =4 N = 2 supergravity theory.
See [14] for a related reduction of D = 11 supergravity in a non-supersymmetric context.

In this paper we will show that there is an analogous generalisation of the KK reduction
of type IIB supergravity on SE5. We will show that the consistent KK reduction to
minimal D = 5 N = 2 gauged supergravity of [1] can also be extended to include the
massive supermultiplet containing the breathing mode. We will show that the reduction is
consistent with D = 5 N = 4 gauged supergravity coupled to two vector multiplets with
a gauging as described in [15, 16]. To understand this matter content, and the origin of
the increased supersymmetry, we now view, locally, the SFE5 space as a U(1) fibration over
a four-dimensional Kéahler-Einstein space, K F4. The previous discussion suggests that we
should expect a gauged supergravity with the same field content and supersymmetry as
that arising in the universal sector of the reduction of type IIB supergravity on H K, x S*,
where H K is an arbitrary four-dimensional hyper-Kéhler space (not necessarily compact).
In fact this reduction has not yet been analysed,! so in this paper we will show that there is
a consistent KK reduction of type IIB on HK, x S* to a universal sector that is consistent
with N = 4 (ungauged) supergravity coupled to two vector multiplets. For the reduction
on SEs the twisting of the U(1) fibration, the fact that the (2,0) form on the K'Ej is not
closed and the presence of the background five-form flux lead to a gauging of the D =5
N = 4 supergravity theory. We show that the gauging is given by a Hs x U(1) C SO(5,2)
subgroup of the duality symmetry group SO(1, 1) x SO(5,2) of the ungauged theory, where
Hj is the three-dimensional Heisenberg group.

The D = 5 N = 4 gauged supergravity that we obtain from the reduction on an
SFEs5 space admits a supersymmetric AdSs vacuum which uplifts to the supersymmetric
AdS5 x SFEs5 solutions of type IIB. An interesting feature is that this AdS5 vacuum spon-
taneously partially? breaks the N = 4 supersymmetry down to N = 2. There is also
another AdSs; vacuum that doesn’t preserve any supersymmetry which uplifts to the type
IIB solutions found by Romans [19] generalising those found in D = 11 by Pope and
Warner [20, 21]. Without supersymmetry, the stability of these type IIB solutions should
be investigated; for the special case that the SFEj5 space is the round S® it is expected that
they are not stable [22].

The plan of the rest of the paper is as follows. The reduction of type IIB supergravity
on HK4 x S' is analysed in section 2 and the reduction on SEj5 is analysed in section 3.
We have included some details of our calculations, which are rather long, in an appendix.
Section 4 concludes with some brief final comments concerning how our results might be
generalised for the special case of S°. We also briefly comment on the consistent KK

'For related work, see [17].
2Note that a general analysis of such partial supersymmetry breaking has recently been carried out for
general N =2 D = 4 gauged supergravities in [18].



reduction of D = 11 supergravity on tri-Sasaki manifolds and argue that it will lead to an
N = 4 gauged supergravity in D = 4 with an AdS; vacuum that spontaneously breaks
N =4to N =3.

Note Added. When we were writing this work up we became aware of [23] with which
there is considerable overlap. On the same day that this paper was posted to the arX-
ive, [24, 25] appeared with which there is also overlap.

2 Type IIB reduced on HK, x S?!

Our starting point is the class of RM x H K, x S* solutions of type IIB supergravity. Recall
that the bosonic fields of type IIB supergravity [26, 27] consist of the metric, the dilaton @
and the NS three-form field strength H(z), and the RR form field-strengths F{;) = dC{g),
Fi3), and Fi5). The equations of motion and Bianchi identities are given in appendix A.
The RV x HEK, x S! solution is given by

ds?y = ds*(RY) 4+ ds®>(HKy) +n @1 (2.1)

with F5) = F(3) = H(3) = 0 and has constant dilaton and constant axion (F(;y = 0). The
hyper-Kéhler space H K4 has a Kéhler two-form J and a (2,0) form 2 that satisfy algebraic
conditions that are given in appendix B. They are both closed as is the one-form 7 on the
S factor:

dJ = dQ =dn =0 (2.2)

This solution generically preserves N = 4 supersymmetry. Note that if H K, is compact
then it is either K3 or 7% and in the latter case all N = 8 supersymmetry is preserved.

2.1 The consistent Kaluza-Klein reduction on HK, x S!

Our KK ansatz for the metric of type IIB supergravity is given by

2

ds3y = 6_3(4U+V)dS%E) +2Vds*(HKy) + €2V (n+ A) @ (n + Ay) (2.3)

where ds%E) is an arbitrary metric on an external five-dimensional space-time (it will turn
out to be in the Einstein frame and hence the subscript F), U and V are scalar fields and
A; is a one-form defined on the external five-dimensional space. Following [12], the ansatz
for the form field strengths is constructed using the two-forms J, €2 and n, and is given by

Fiy=e 3 s Ky NT+ Ky AT AT

+[-2e7V s K1 + Ko AJ] A (n+ Ar)

+ [efg(UW) * Lo AQ+ Lo AQA (n+ Ap) + cc.
Fgy=Gs+GaA(n+ A1) +Gi AT+ (N AQ+cc)
Hay=Hs+Hy A(n+ A1)+ H AJ+ (M AQ+c.c)

Coy=a
=9 (2.4)



Here, * is the Hodge dual corresponding to the five-dimensional metric ds%E) in (2.3), with

volume form voléE); a, ¢, are real scalars, G3, Hs, Go, Ho, G1, Hi, Ko, K; real forms,

and Lo, M, N1, complex forms, all of them defined on the external five-dimensional
spacetime; and c.c. denotes complex conjugate. Note that we have ensured that the five-
form F(5) is self-dual with respect to the metric (2.3). Also note that we can add the terms
(GoJ + No2) A (n+ A1) to Fz) and (HoJ + MoQ) A (n+ A1) to H(z), where Go,Hy are real
scalars and Ny, M are complex scalars. However, an analysis of the type IIB supergravity
equations imply that they can be set to zero. Similarly we have also set to zero a possible
factor eZ, where Z is a scalar, that would multiply VO]éE) and JAJA(n+Aq) terms in Fz).

We now substitute into the equations of motion and Bianchi identities of type 1IB
supergravity that are given in appendix A. The calculations are rather involved, so we will
simply summarise the main results here, referring to appendix B for some details. We find
that the physical degrees of freedom are 7 real scalars U,V ¢, a,b, c, h; 2 complex scalars
&, x; 4 real one-form potentials Ay, By, Cy, F1; 1 complex one-form potential Dy and 2 real

two-form potentials By, Cy with

Hs=dBy — By N\ Iy

Hy=dB;
Hy =db
My =de¢ (2.5)

where Fy = dAq,
G3=dCy — Cy N Fy —adBy + aB1 A Fy
Go=dCy — adBq
G1=dc— adb
Ny =dyx — ad§ (2.6)
and
Ko=dFE) — cdB; + bdCy
Ly =dD; — xdBy + £dCy
Ky =dh+ }(bde — cdb) + £*dx + Edx* — xdE* — x*d¢ (2.7)
We also find that the equations of motion for all of the fields can be obtained by varying

a D =5 action with Lagrangian given by
£ =8 L (2.8)
where the kinetic term is given by
£ = RE) voll) — BaU A xdU — $dU A +dV — 24V A +dV — Le**da A da
—1dp A xdp — 4e™ VMY A kM — 4eTUTON A xNT — 28V Ky A xK
—e W= H, A xHy — e VTG A %Gy — éeg(UJrV)Fg A xFy
—e s UKy A Ky — de™3WHVI Ly A sy — LesCU=V)=0 Hy A < H,
—%eg(QU_V)'mGQ A xGy — %e§(4U+V)_¢H3 A xHs — %e§(4U+V)+¢G3 A xGs  (2.9)



and the topological term is given by
Etop:Al A |:—K2/\K2 —4L2/\L§+2K1 A (Cl ANdBy — By /\dCl)

—2Ky A (By Ade — Cy Adb) — [AL5 A (By Adx — Cy AdE) + c.c.]]
—2dCy N Xo + 2dBy N\ Yo (2.10)

where

Xo=(h+ jbe+ & X + &) dBy — (50 + 2|¢%) dCy — bdEy — 26*dDy — 2£dDj
Yo=(h—3be—&x — &x*) dCy + (3¢* +2|x|?) dBy — cdEy — 2x*dDy — 2xdD}  (2.11)

To summarise, by explicit construction, we have shown that any solution of the equations
of motion arising from this D = 5 action can be uplifted on an arbitrary HK, x S space
via (2.3) and (2.4) to obtain exact solutions of type IIB supergravity. In other words we
have identified the consistent KK reduction of type IIB supergravity on HK, x S! to a
universal D = 5 theory. In the next subsection we will argue that this D = 5 theory is

consistent with the bosonic sector of N = 4 supergravity coupled to two vector multiplets.

2.2 N =4 ungauged supergravity

We first recall some aspects of N = 4 ungauged supergravity coupled to n vector mul-
tiplets [28] (see also [15, 16]). The global symmetry group of the theory is given by
SO(1,1) x SO(5,n). The bosonic content includes a metric and 6 + n vector fields, BY, B}
with M =1,...5+ n transforming in the (—1,1) and (+1/2,5 + n) representation, where
the first entry indicates the SO(1,1) charge. In addition there are 1+ 5n scalar fields which
parametrise the coset SO(1,1) x SO(5,n)/SO(5) x SO(n). The scalar corresponding to the
SO(1,1) factor is described by a real scalar field ¥ which is a singlet under SO(5,n) and
carries SO(1,1) charge —1/2. The remaining 5n scalars are described by a coset repre-
sentative V of SO(5,n)/SO(5) x SO(n) with zero SO(1,1) charge. The bosonic action of
D =5 N = 4 supergravity can be written

L£N=* = Rvoll® — 22 My v HY A MY — SYHY A wHY
—3572dS A #dS + tr(dM A xdM)
V2B AN HY A HY (2.12)

where M = VTV, HY = dBY, HY = dB and 5y is the invariant tensor of SO(5,n).

We now show that our consistent truncation on HK, x S! is consistent with N = 4
supersymmetry. This is, perhaps, to be anticipated. The (integrable) SU(2) structure,
defined by the forms J, €2, n, can be constructed from the type IIB Killing spinors. Moreover,
all KK modes can be decomposed into representations of this SU(2) structure and will
naturally fall into N = 4 off-shell multiplets. The KK ansatz that we have shown to be a
consistent truncation, is in fact the most general bosonic ansatz that can be constructed
from modes on HK4 x S! that are singlets under SU(2) and are also constant. As a
consequence we must have kept the bosonic fields of a complete N = 4 multiplet. Indeed, in



addition to the metric, our D = 5 reduced theory has eleven real scalar degrees of freedom,
six real vectors and two real two-forms. Since we can dualise the two-forms to vectors we
have the bosonic matter content of N = 4 supergravity coupled to n = 2 vector multiplets.

In order to make the supersymmetry structure of our theory manifest, we now dualise
the two-forms By and Cs into two vectors C] and B] by defining H; = dBy and G4 = dCs,
and adding the term

L' = C] NdHS + By A dGY (2.13)
to the Lagrangian £) in (2.8). Integrating out Hj and G%, we find that Hz and G3 are
now given by

Hy — e s QU)o Gl
Gz = —e s (WUHV)=¢ H) (2.14)
where we have defined
H)=dB} —2X,
b =dC] +2Ys + ad B} — 2aX> (2.15)

and X,, Y5 are given in (2.11). Substituting Hs, G, as given in (2.14), back into £) + £’
we obtain a dual Lagrangian £ which contains eight vector fields. With a little further
effort we can show that the topological Lagrangian simplifies considerably and in particular
all dependence on the scalar fields drops out. Before writing this action we first introduce

new scalar fields given by
2
— 5 (U+V
The dual Lagrangian can then be written as
ﬁdual = R(E)VOIéE) + £scalars + ﬁvectors + ﬁ?élgl (217)
where the scalar kinetic terms are given by

Lscalars = =35 2dX A #d¥ — %dcpl A xdpy — 5dcp2 A *dpo
— %e‘/Q(“"l_m)da A xda — 26\/2(“’1‘“"2)[(1 A x K
—e\/leGl A xGq1 — 46\/2“’1N1 A« N7
—eV2 Hy N xHy — 4V My A M (2.18)

the kinetic terms for the vectors are given by
Lyectors = —§E_4F2 A xFy — %2 [Kz N xKo + 4Lo N\ L5 + ée‘/Q‘pQHé A xH}
—i—%e\/m"lG’2 A xGlYy + %e*\/Q“’ng A xHoy + ;e’\/Q“"?GQ A *G2:| (2.19)
and the topological term is

£dwal — _ A\ A |dEy A dEy + 4dDy A dD} — dBy A dCY — dCy A dB{} (2.20)

top



We can now identify with the degrees of freedom of N = 4 supergravity. For the scalars
we see that 3 corresponds to the R ~ SO(1, 1) factor in the scalar manifold. The remaining
dilatons, 1, @9, and the axions a, b, ¢, h, &, x, therefore parametrise the homogeneous
space SO(5,2)/(SO(5) x SO(2)). To make this manifest we find it convenient to resort to
the solvable Lie algebra approach [29, 30]. According to this method, a parametrisation
of the supergravity scalar manifold G/H can be obtained via the exponentiation of a
suitable solvable subalgebra of the Lie algebra of GG, including as many Cartan generators
as dilatons, and as many positive root generators as axions that are contained in G/H. For
SO(5,2)/(SO(5) x SO(2)), the relevant ten-dimensional subalgebra of so(7) is accordingly
spanned by two Cartan generators H', H?, and eight positive root generators T?, i =
1,...,8, which, in the fundamental of s0(7), can be taken to be3 [17]

H! = V/2(Bay — Er7), T'=Eg; — Fo1, T*=Ea3+ E37, T' = Foy + Euy,
H? = V2(E11 — Ees), T?=FEi;—FEy, T°=Eu+Es, T°=Fo+Es;, (2.21)
T? = 13+ Fss, T = Ei5 + Es,

where E;; denotes the 7 x 7 matrix with 1 in the ¢-th row and j-th column and 0 elsewhere.
We find the coset representative of SO(5,2)/(SO(5) x SO(2)) to be given by

V— e;(% H1+¢2H2)e—aT1e—(2h—bc—2§*x—2§x*)T2 eb\/2T3e—cx/2T462\/2Re(§)T562\/21m(§)T6
X6—2\/2Re(X)T7e—2\/21m(X)T8 ‘ (2.22)
Note that in this basis we have VT’I’}V =n with n = E33+ Ey+ Ess — Ei1g— Fg1 — Ear — Era.
The Maurer-Cartan form dVV ™! takes values in the solvable Lie algebra,
dayy-1-1 11 2 _ P (e1—e2) g T V2 (e1+p2) 2 V22 3
VWl =ldpiH + JdpoH? —e 2 daT' —2¢ KiT? +V2e2 2 H T
%
V2 W PG T 4 2v/2e Y P Re(M) T + 2v/2¢ % 2 Tmn(M; ) TO
—2v/2¢ WP Re(N) T — 2v/2¢ % 1 Im(N,) TS (2.23)
with coefficients associated to the positive root generators in (2.21) corresponding to the
axion one-form field strengths defined in (2.5)—(2.7). Note that the transgression terms in

these one-forms arise as a consequence of the non-trivial commutation relations among the

positive root generators. Finally, we can construct the quadratic form
M=VV, (2.24)
to bring the scalar kinetic terms (2.18) to the form
Licalars = —352dS A #dS + Str(dM ™ A *dM) . (2.25)

exactly as in (2.12).

3These generators close into the (solvable) Lie algebra with commutators specified in (3.12) of [17]. With
N = 3 there, we identify the positive root generators as T' = Ex® T2 =V T3 =U?, T* = U}, T° = U3,
T =U3, T" = U3, T® = U3. Our explicit realisation (2.21) of these generators follows from (3.31) of [17].



For the vectors we identify

BY=— J, A
B ={ J,Bl. },Cl. . Br, 2Re(Dy), 2Im(Dy), },C1. },Bi |, (2.26)
In particular, for our Chern-Simons term we then have
Lot =2y By AHYT AHY (2.27)

and we have verified that the kinetic terms for the vectors given in (2.19) can be written
as
Lyectors = _E2MMNH§4 A *Hév - 2747'(8 A *Hg (228)

as in (2.12). This completes our demonstration that we indeed have the bosonic action of
N = 4 supergravity coupled to two vector multiplets.

3 Type IIB reduced on SEj5

We now turn our attention to reductions on SFEj5 spaces. We begin by recalling the class
of AdSs x SFEs5 solutions of type IIB supergravity given by

ds3y = ds*(AdSs) + ds*(SEs)
F(5) = 4VO](SE5) + 4V01(AdS5) (3.1)

with F(3)y = H(3) = 0 and constant dilaton and constant axion (F{;) = 0). Generically these
solutions preserve N = 2 supersymmetry (i.e. dual to N =1 SCFTs in d = 4).

Now any S FEs5 space has a globally defined one-form 7, that is dual to the Reeb Killing
vector, and so locally we can always write the metric on the SFE5 space as

ds*(SEs) = ds*(KEy) +n®1n (3.2)

where ds?(K Ey) is a local Kihler-Einstein metric with positive curvature, normalised so
that the Ricci tensor is six times the metric. On SFEj5 there is also a globally defined
two form J and a (2,0) form  that locally define the Kahler and complex structures
on ds?(K Ey) respectively. Note that they satisfy the same algebraic conditions as those
associated with the HK, x S' solution (2.1) and are given in appendix B. By contrast,
however, they are no longer closed and instead satisfy

dn=2J
dQY=3in N Q (3.3)

The fact that HK, x S' and SE5 have globally defined SU(2) structures specified by
the forms J, 2,7 implies that the universal KK reduction on these spaces are very similar,
as we shall see. For the SFE5 case the conditions (3.3) as well as the background five-form
flux appearing in (3.1) will lead to a gauging of the N = 4 supergravity coupled to two
vector multiplets that we saw for the HK4 x S' case in the last section.



3.1 The consistent Kaluza-Klein reduction on SFj5

Our KK ansatz for the metric of type IIB supergravity is given by
ds?, = e*§<4U+V>dS§E) +eYds?(KEy) + eV (n+ A ® (n+ Ay) (3.4)

where again ds%E) is an arbitrary metric on an external five-dimensional space-time, U and
V' are scalar fields and A; is a one-form defined on the external five-dimensional space.
The ansatz for the form field strengths is given by

Figy = 4e sV 200lE) L o5 W)y Ko AT+ Ky AT A

+[2e7T AT =278 5 Ky + Ko AJ] A (1 + Ar)

+ [e—é(UW) kLo AQ+ Lo AQA (+ Ay) —|—c.c.}
Fay=G3+GaAN(n+ A1)+ GL AT+ [N1 AQ+ NoQ A (n+ A1) +c.c]
Hgy=H3+ Hy A (n+ A1)+ Hi AT+ [My AQ+ MoQ A (n + Ar) + c.c]
Coy=a

d=¢ (3.5)

Here, VOléE) and * are the volume form and Hodge dual corresponding to the five-

dimensional metric ds%E) in (3.4), Z, a, ¢, are real scalars, My, Ny complex scalars, G3,
Hs, Gy, Hy, G1, Hy, Ko, K7 real forms, and Lo, My, Ny, complex forms, all of them
defined on the external five-dimensional spacetime. We have also ensured the self duality
of the five-form F{5) with respect to the metric (3.4). Note that we can also add the terms
GoJ A (n+ A1) to Fiy and HoJ A (n+ A1) to Hs), where Go and Hy are real scalars, but
the type IIB equations imply that Gy = Hy = 0. This is as in the HK, x S! case, but, by
contrast, note that we now must include the scalar fields My, Ny and Z.

We now substitute into the equations of motion and Bianchi identities of type IIB
supergravity that we have given in appendix A. The calculations are rather involved, so we
will simply summarise the main results here, referring to appendix B for some details. We
find that the physical degrees of freedom are 7 real scalars U, V, ¢, a, b, c, h and 2 complex
scalars &, x; 4 one-form potentials A1, By, Cq, Eq; 2 two-form potentials Bo, Co plus the
complex two-form L. This is exactly the same field content that arose in the reduction
on HK, x S'. In particular, the extra scalars My, Ny and Z that we introduced in (3.5)
are not independent degrees of freedom as we shall see in detail below. Furthermore, the
field Lo should also be regarded as a potential, satisfying a first-order, self-duality-type
equation of motion (see the second equation in (B.5)).

In more detail we find that

Hy=dBs + ;(db— 2B1) N Fy

Hy=dB,
Hy=db— 2B,

My = 3i¢

My = D¢ (3.6)
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and

G3=dC5 — adBs + }(dc — 2Cy — adb + 2aB;) A Fy
G2 == d01 - adB1
G1=dc—2C1] — adb+ 2aB;

No=3i(x — af)
Ny =Dy — aD¢ (3.7)

where Fo = dAy, D¢ = dé —3iA1€ and Dy = dy — 3iA1x. This gauging can be traced back
to the fact that these scalar fields enter the KK ansatz (3.5) with €2 and that d2 = 3in A Q.
In addition, after fixing an integration constant, we find that the scalar field Z is fixed by
the scalars y, &:

e? =1+3i(Ex — &) (3.8)

and that

Ky =dE; + 3(db—2By) A (de — 2C))
Ki=dh —2E; —2A1 + " Dx + D" — xDE" — x"DE (3.9)

We also find that the equations of motion for all of the fields can be obtained by varying
a D =5 action with Lagrangian given by

L= Ekin + »cpot + »ctop (310)
where the kinetic and scalar potential terms are given by

L8 = RE) voll) — BaU A xdU — $dU A +dV — 14V A +dV — Le*?da A xda
—1dp A xdp — 4e™ VMY A kM — 4eTUTON A xNT — 28V Ky A K
—e W=, AxHy — e VTG A %Gy — éeg(UJrV)Fg A xFy
—e sV [y A sy — de” 35UV Ly ALy — Les@U=V)=0 1y A xHy
—%eg<2U_v)+¢G2 N xGlg — §e§(4U+V)_¢H3 A xHs — 5e§(4U+V)+¢G3 A *G3 (3.11)

and

£E) _ [9go=5(TU+V) _ 4 5(=5U+V) _ go—5(4U+V) [+ (MNo — MONJ)]Q

pot =

e UV 2 — g SOV N2 vl (812)
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while the topological terms are given by the intimidating expression

Liop=—A1 N Ko A Ko — (dh — 2E1 — 2A1) A [dBa A (de — 207) + (db — 2B1) A dCs)
+A1 A (dh — 2E1) A [(db —2B1) AdCy — dBy A (de — 2C))]
+2A1 AdE; A (db — 2By) A (de — 2C})
+A1 A (db—2B1) A (de —2C1) A Fy
+ LAy A (MGNy — MoNT — NoMj + NiMy) A (Hy A Gy + Gy A Ha)
+% Ay A (NoNY = Ny N1) A Hy A Hy + % Ay A (MoMy — MgMy) A Gy A Gy
+ [g (=113 A DLy+ NoLi A Hs—MoLi A Gs— L A Ny A Hy+Lj A My A Ga) —l—c.c.}
—4Cy AdBy — ¥ Cy N Ga A (MoM7 — Mg M)
—2Cy N Hy A (Mg Ny — MoN{ — NoM7 + NiMy)
—% By A (G2 — aHs) A (Mg Ny — MoNY — NoM{ + NiM;)
—% By A [Ha A (NoNT — NgNy) — aGa A (MoM; — Mg M;)]
+3A1 A (MoGa — NoHa) A (M§Go — Ni Ha)
+[32(My AGo — N1y A Hy) A (M§Ga — NjHs) + c.c.] . (3.13)

3.2 N =4 gauged supergravity

Our KK reduction of type IIB supergravity was based on the most general ansatz using
the SU(2) structure (J,Q,n) on the SE5 space. For reasons similar to that discussed in
section 2.2 for the universal KK reduction on HK, x S we expect to obtain a supersym-
metric theory. Indeed we have already noted that the field content of our KK reduction on
SFEj5 is identical to that of the universal KK reduction on HK,4 x S' and hence to that of
N = 4 supergravity coupled to two vector multiplets. A key difference with the HK, x S!
case is that the SU(2) structure forms are no longer closed, see (3.3). This difference can be
viewed as the addition of “geometric fluxes”. Another difference is the extra five-form flux
that we have in (3.5) compared with (2.4). On rather general grounds [13] it is expected
that these flux contributions lead to a gauging of the N = 4 supergravity theory.

A general description of N = 4 gauged supergravity coupled to vector multiplets is
presented in [16], which uses the embedding tensor formalism of [31] (for a review see [32]).
The gauging is described by promoting a subgroup Gg C G of the global non-abelian
duality symmetry group of the ungauged theory, G (in our case SO(1,1) x SO(5,2)), to
a local symmetry. This requires that the ordinary derivatives get replaced by covariant
derivatives via

d—d— gB{MXM =d-— gB{M@MO‘ta (3.14)

where g is the gauge coupling constant, B{V‘ = (BY, BM) are the vector gauge fields, t,, are
the generators of G and the explicit embedding of Gy in G is given by an embedding tensor
O . In addition to the vector gauge fields it is necessary to also include two-form gauge
fields Bévl as off-shell degrees of freedom. As usual, the gauging leads to a scalar potential
that is determined by the embedding tensor.

- 12 —



We now return to our D = 5 theory (3.10)-(3.13) obtained from KK reduction on SEj.
By again introducing

z::e—?,(UW), o1 = (P —4U), @y=—2(p+4U). (3.15)
we find that the Lagrangian can be written as

L5 = RPNl 1 L atars + Luectors)a-torms + Lot + Liop (3.16)
where the scalar kinetic terms are given by

Lscalars = =35 2dE A #dY — Ldp1 A xdpr — Ldipa A xdps
— %e‘/%"l_m)da A *xda — 26\/2(“’1‘“"2)[(1 A * K4
—eV221Gy A %Gy — 4eV2PI Ny A %N}
— V202 AR Hy — deVEO2 My A %M (3.17)

the kinetic terms for the vectors and two-forms are given by
Loctons /2-forms = — Y54 Fy A xFy — 52 [Kg N*Ey + 4Ly A+ L + LeV292 HY A «H)
+LeV2OG NGl 4 Lem VIO HY Ak Hy + Le VR Gy AxGy|  (3.18)

where H), G, are obtained from the two-form potentials By, Co by a dualisation, and the
potential (3.12) can be rewritten as

£§)§t) _ |:24Ee\/2(£p1+£p2) _ 42*26\/2(4,014’%02) (319)

44 [26\/2(9014-502)(1 + 3i(EFx — £X*))2 + 96\/2901|X _ a§|2 + 96\/2<P2|£|2HVO1éE) )

We observe that the general structure of all these terms is consistent with the general
form of the corresponding terms in the N = 4 gauged supergravity action given in [16].
Furthermore, noting that the covariant derivative acting on ¥ in (3.17) is simply the or-
dinary covariant derivative, and comparing with (3.14) we immediately conclude that the
gauging does not lie within the SO(1,1) factor but just within the SO(5,2) factor (and
hence is in the class considered by [15]).

By analysing the way in which the vector fields are entering the scalar derivatives
in (3.6), (3.7) and (3.9) and comparing with (3.14) it is straightforward to deduce the
precise gauged subgroup of SO(5,2). Setting g = 1 in (3.14), we find that

BYXo + B Xy = V2B (3R + 45?) — 4B} S% + 487 S3 — 48 S*
= —A(3BR+4S%) —4E; S +2V2B; S* —2v2C, S*,  (3.20)

where S° = [T)]T, i =1,...,8, and R = Ey5 — Es4 are generators of SO(5,2) supplementing
those in (2.21). The only non-vanishing commutators among the generators of the gauge
algebra is [53, 54] = —5? and hence we see that our D = 5 theory corresponds to a gauging
of an Hz x U(1) subgroup of SO(5,2), where Hj is the three-dimensional Heisenberg group.

It would be satisfying to see that the rest of our Lagrangian is in accord with [15][16],
especially our Chern-Simons terms (3.13), but we leave that to future work.

,13,



3.3 AdSs vacua

By analysing the scalar potential (3.12) appearing in our D =5 N = 4 gauge supergravity
theory we find that there are both supersymmetric and non-supersymmetric AdSs vacua.
We first discuss the former and then the latter.

3.3.1 The supersymmetric AdS; vacuum

Setting U =V = & = x = 0 and allowing for arbitrary constant axion a and dilaton ¢ we
obtain an AdSs vacuum solution with unit radius (and all other fields trivial). This solution
uplifts to the class of supersymmetric AdS5 x S Es5 solutions of type IIB given in (3.1). As a
ten-dimensional solution this preserves eight supercharges and hence as a five dimensional
solution it spontaneously partially breaks the N = 4 supersymmetry to N = 2.

We can determine the masses of the different fields in this vacuum. For the scalars ¢,

a, U, V, & x, we employ

U=lu+ iv
V=-2u+3v. (3.21)
and
£=£€+ix
X=i+X. (3.22)
to obtain the masses:
mgzo,mgzo,m3:12,m§:32,m§:—3,m§2:21, (3.23)

Observe that v is a breathing mode which controls the overall volume of the SEj5 space
in (3.4), while u is a volume preserving squashing mode.
Turning now to the contributions from the vectors Ay, Fy, B1, C; and the scalars h,

b, ¢, we find that the transformation

A=Ay +2F,
FEi= —/11 + El (324)

leads to the following terms in the Lagrangian

Lo = —3dA; NxdA; — 3dEy A *dEy — 2(dh — 6E1) A x(dh — 6E)
—;dBl A *dB1 — ;dCl A *dCq — (db — 231) AN *(db — 2B1)
—(dc —2C1) A x(de —2C4) . (3.25)
We now see that 211, El, B; and (7 are massive vectors with masses given by

m% =0, mf =24, mp =mg =8, (3.26)

and that the scalars h, b and c¢ are just the associated Stiickelberg fields.
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Next consider the two-forms By and Cs, whose relevant contributions are given by
L3 = —3dBy A *dBy — 3dCy A %dCo — 4C N dBs (3.27)
they combine to describe a massive two-form with mass
mg, = 16 (3.28)
(see e.g. [33]). Finally, from the contribution
Ly=—%L5NdLy+ % Ly ANdLj — 4Ly A =L} (3.29)

we see that Lo is a complex two-form satisfying a self-duality equation [34] so that it has
the same degrees of freedom as a massive real two-form?* with

mi, =9. (3.30)

To conclude, we quote here the scaling dimensions of the operators dual to the super-
gravity fields. Using the expressions

A=2+1/(4-2p)2+4m?, (3.31)

for four-dimensional operators dual to supergravity p-forms (subject to second-order equa-
tions of motion), and
A =2+ |m| (3.32)

for the operator dual to a first-order two-form, we find
A¢:4,Aa:4,Au:()‘,AU:S,Aé:i’),Ai:?, (3.33)
for the operators dual to the scalars,
Az =3, Ap =T, Ap, =Ac, =5, (3.34)
for the operators dual to the vectors, and
Ac, =6, Ap, =5 (3.35)

for the operators dual to the two-forms.

These modes should form the bosonic fields of unitary irreducible representations of
SU(2,2|1). The KK modes we have kept are present for any S Ej5 space and so, in particular,
we can consider the special case T! for which the supermultiplet structure was analysed
in detail in [35, 36]. We deduce that the metric and the vector A; form a massless graviton
multiplet, the fields Ey, u, v and ¥ fill out a long vector multiplet, the fields &, a, ¢ form a
hypermultiplet and finally, By, C'1, C5 and Ly form a semi-long massive gravitino multiplet.

4To see this simply write Lo as a real and an imaginary two form an observe that either one can be
considered a Lagrange multiplier and eliminated.
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It is also interesting to consider the special case of S°. The N = 8 KK spectrum was
computed in [37] and the modes were arranged in supermultiplets of SU(2,2/4), in [38].
The various fields of our D = 5 theory can be identified with those presented in figures 1,
2 and 3 of [37]. Specifically, the metric, the scalars ¢, a, ¢ and the vector A; belong to
the supermultiplet with p = 2 (following the notation of [38]), namely, the N = 8 SO(6)
gauged supergravity multiplet. Similarly the vectors By, C1, the two-forms Cs, Lo belong
to the supermultiplet with p = 3 and the scalars v, u, X, the vector Fy belong to the
supermultiplet with p = 4 (the breathing mode supermultiplet).

3.3.2 The Romans AdS5; vacuum
The theory admits another AdS5 vacuum solution where

etV =1V = 2 £= \/1126¢/26i9, x — af = ie %€ (3.36)
with arbitrary axion a and dilaton ¢ and 6 is an arbitrary constant phase. The AdSs
radius is 2v/2/3. This solution can be uplifted to a class of solutions that were first found
by Romans in [19], generalising analogous solutions constructed in D = 11 supergravity
in [20, 21]. For the special case when the SE5 = S° it is expected that this solution
is unstable [22].

3.4 Further truncations

There are various additional truncations of the fields appearing in the ansatz (3.4), (3.5)
that are consistent with the type IIB equations of motion. Let us discuss several of them
and in particular make contact with some other works in the literature. In particular we
will recover the truncations of [39] which helped to motivate the work of [12] and of this
paper. Note that some cases that we discuss below can be combined. It is notationally
convenient to label some of the forms as G;, H;, with i = 1,2,3 and M,, N, with a =0, 1.

3.4.1 Self-dual five-form, dilaton and axion

It is consistent to truncate IIB supergravity itself to just the ten-dimensional metric, self-
dual five-form Fis), dilaton ® and axion C(y), by setting Hsy = Fzy = 0. It is also
consistent to further truncate to just the ten-dimensional metric and self-dual five-form by
further setting ® = Cy) = 0. Accordingly, it is consistent to truncate all of the modes
coming from H 3y, F(3) by setting H; = G; = M, = N, = 0. It is also then consistent to
further set ¢ = a = 0.

3.4.2 NS sector

It is also consistent with the type IIB equations of motion to set all of the Ramond-Ramond
fields to zero, F5) = F3) = F1) = 0. We can therefore set €2 = K| = Ko = Ly = G; =
N, = a = 0. Since this would be a universal reduction of type I supergravity on SEj5
incorporating the breathing mode, it seems quite plausible that the resulting theory should
be the bosonic part of an N = 2 gauged supergravity theory. Indeed the truncated theory
contains a metric, two vectors Ay, By, a two-form By and four real scalars U, V, ¢, b, and a
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complex scalar £ which could comprise the bosonic part of a gravity multiplet, one vector
multiplet, one tensor mutliplet and a single hypermultiplet. Note that this truncated D =5

theory will no longer have an AdS5 vacuum solution.

3.4.3 No R-charged fields

It is consistent to set all of the fields carrying non-zero R-charge to zero: Lo = M, = N, =
0. Recall that these are the fields appearing with € in (3.5).

3.4.4 Minimal N = 2 gauged supergravity in D =5

We can recover the KK reduction to minimal D =5 N = 2 gauged supergravity of [1] (see
also [40]) by setting U =V =e? = Ky = Ly = G; = H; = M, = N, = 0 and Ky = —F>.
In fact our equations of motion reduce to (2.15), (2.16) of [1] with Fyere = (1/3) Fihere,

3.4.5 The truncations of [39]

Two consistent truncations of type IIB supergravity on SFEs5 spaces were studied in [39],
in the context of non-relativistic holography, and both can be simply obtained from our
results.

Firstly, if we set e = Ly = K} = Ky = H3 = G; = M, = N, = A; = a = 0 we obtain
the the truncation discussed in appendix D.1 of [39]. (We can identify Hy = F§P'® and
Hl — _2At1here‘

Secondly, we can also set €2 = Ly = G; = Hy = M, = N, = a = ¢ = 0 to obtain
the truncation discussed appendix D.2 of [39]. (We can identify Fy = F = dA, K; = 2A,
Ky = —F = —F — dA to find agreement after taking into account a different convention
for the D = 5 orientation.)

3.4.6 Gravity and scalars

It is also consistent to set A = Ky = K} = Ly = H; = G; = ¢ = M, = N, = 0 leaving
only the metric and the scalars U, V', ¢, a. It is consistent to then further set ¢ = a =0
and then U = V. The latter truncation was discussed in [41, 42] in the context of IIB
reductions on S° (who also considered the addition of some other fields).

3.4.7 No p =3 sector

At the end of section 3.3.1, for the special case when SE5 = S°, we argued that the modes
we have kept arise from the p = 2,3 and p = 4 sectors in the notation of [38]. Interestingly,
for any SEj5, it is possible to set all of the fields corresponding to the p = 3 sector to zero,
namely H; = G; = Lo = 0, leaving only the p = 2 and p = 4 sectors. Along with the
metric, this truncated theory contains five real scalars U, V, ¢, a, h, two complex scalars &,
and two one-forms Ay, F. It would be interesting to know if this theory is the bosonic part
of an N = 2 gauged supergravity coupled to a vector multiplet and two hypermultiplets.
Having truncated out the p = 3 sector for general SFEj5, it is consistent to further
set a = ¢ = 0 while setting one of the scalars to be proportional to the other: y = £.
(From (3.22) we see that this is tantamount to truncating the p = 4 charged scalar x with
mass m% = 21). Along with the metric, this truncated theory contains three real scalars
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U,V,h, one complex scalar £ and two one-forms Ay, Fq. This theory has a chance to be
the bosonic part an N = 2 gauged supergravity coupled to a vector multiplet and a single
hypermultiplet. Alternatively, having truncated out the p = 3 sector, it is consistent to
further truncate out the p = 4 sector, leaving only the p = 2 modes, and again one obtains
a theory that is consistent with being the bosonic part of an N = 2 gauged supergravity
now coupled to a single hypermultiplet.

3.4.8 The truncation of [43]

For a general SFEj5, having truncated out the p = 3 sector (H; = G; = Ly = 0), the dilaton
and axion (a = ¢ = 0), and one of the complex scalars (xy = i), it is consistent to further
set

etV =™V =14l (3.37)

while also truncating the massive vector E; defined in (3.24) by setting Ky = —F» and
h = 0. The resulting theory contains the metric, a massless vector A, and a charged scalar
¢ with mass mg = —3 in the supersymmetric AdSs vacuum. In fact we precisely recover
the truncation first discussed in [43] in the context of holographic superconductivity (we
should set APere = ?,’Athere, Lthere — 1 and € = éew tanh 7). Note that for the special case
when SE5 = S° the fields kept in this truncation all arise in the p = 2 sector and hence
can be obtained as a truncation of N =8 D =5 SO(6) gauged supergravity.

This Type IIB truncation has a direct analogue in D = 11 supergravity reduced on
SE7 which was presented in [44] building on [12, 45].

4 Final comments

We conclude with some comments on type IIB reductions for the special case when SE5 =
5% and then on D = 11 reductions on seven-dimensional tri-Sasaki manifolds.

The spectrum of type IIB supergravity on S° was computed in [37] and the modes
were arranged in supermultiplets of SU(2,2|4) in [38]. We have already noted at the end
of section 3.3.1 that the modes that we have kept in our consistent KK reduction belong
to the supermultiplets with p = 2,3 and 4 (following the notation of [38]). We have also
seen in section 3.4.7 that is possible to truncate out the modes arising in the p = 3 sector
consistently and possibly consistent with N = 2 supersymmetry.

In [12] it was conjectured that there might be a consistent truncation of type IIB on S°
to the full massless graviton multiplet of the p = 2 sector combined with the full breathing
mode multiplet of the p = 4 sector and consistent with N = 8 supersymmetry. The bosonic
fields of the p = 2 multiplet consist of the metric, scalars in the 1¢, 10¢, 20, vectors in
the 15 and a two-form in the 6¢ of the SO(6) R-symmetry group, and correspond to the
fields of maximal SO(6) gauged supergravity. On the other hand the p = 4 multiplet has
bosonic field content consisting of a massive graviton in the 20, scalars in the 105, 126,
20¢, 84, 10¢, 1, vectors in the 175, 64¢, 15 and two-forms in the 50¢c, 45¢, 6¢. Note
that the massive complex two-forms satisfy self-duality equations and hence have six real
degrees of freedom [34] and also that the singlet scalar corresponds to the breathing mode.
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In light of the results presented in this paper, where for the special case of SE5 = S°
we included modes in the p = 3 sector, we might expect that there is a truncation of type
IIB on S® to an N = 8 theory that keeps the p = 2,4 and also the p = 3 multiplet, whose
bosonic content consists of a massive graviton in 6, scalars in the 50, 45¢, 6¢, vectors in
the 64, 15¢ and two-forms in the 20¢, 10¢, 1¢. Going further one might conjecture that
one could truncate the p = 3 sector of this conjectured theory to obtain the conjectured
theory of [12] with the p = 2 and p = 4 sectors. The existence of both massive and
massless gravitons combined with the N = 8 supersymmetry in these conjectured theories
necessarily means that they would have to be very exotic.?

Consistent KK reductions of D = 11 supergravity on SFE; spaces, corresponding to
AdSy x SEr solutions preserving N = 2 supersymmetry, were presented in [12] and it was
shown that the D = 4 reduced theory also preserves N = 2 supersymmetry. Similar re-
ductions on manifolds with weak G5 holonomy, M7, corresponding to AdSy x M7 solutions
preserving N = 1 supersymmetry, were also found and it was shown that the D = 4 reduced
theory preserves N = 1 supersymmetry. It was conjectured in [12] that the analogous re-
duction on seven dimensional tri-Sasaki manifolds, 17, corresponding to AdSy x T% solutions
preserving N = 3 supersymmetry, would give rise to a D = 4 reduced theory preserving
N = 3 supersymmetry. However, in light of the results presented in this paper, we expect
that this KK reduction will give rise to a gauged supergravity theory with N = 4 super-
symmetry,® with an AdS, vacuum solution that will spontaneously partially break the su-
persymmetry from N = 4 to N = 3. To see this, recall [48] that the tri-Sasaki space Tr has
a globally defined SU(2) structure, specified by three two-forms, J%, and three one-forms,
n®, satisfying dn® = 2(J* — e®n? A1) (locally T7 is an S? bundle over a four-dimensional
quaternionic Kahler space). The supersymmetry and field content of the consistent KK
reduction of D = 11 supergravity on 77 will therefore be the same as the universal KK
reduction of D = 11 on HK, x T3. Hence the consistent KK reduction on 7% should lead to
a D =4 N =4 gauged supergravity coupled to three vector multiplets. In particular, the
scalars should parametrise the coset SL(2)/SO(2) x SO(6,3)/(SO(6) x SO(3)). As in the
examples studied in [12], there should also be a skew-whiffed version of this N = 4 gauged
supergravity theory where the basic AdS; vacuum will break all of the supersymmetry.

Acknowledgments

We would like to thank Nick Halmagyi, Jim Liu, Jan Louis, Dario Martelli, Carlos Ninez,
Eoin O Colgdin, loannis Papadimitriou, Krzystof Pilch, Paul Smyth, and Nick Warner for
helpful discussions. We would also like to thank Seok Kim and Daniel Waldram for helpful
early collaboration. JPG is supported by an EPSRC Senior Fellowship and a Royal Society
Wolfson Award. OV is supported by an Alexander von Humboldt postdoctoral fellowship
and, partially, through the Spanish Government research grant FIS2008-01980.

SWhile this paper was in press [46] was posted to the arXive which contains strong arguments against
these exotic possibilities.

SThe possibility that the reduced theory will have N = 4 supersymmetry was first suggested in [47],

using different arguments than we give. In [47] a different coset for the scalar manifold was suggested than
the one we argue for below.

,19,



A Type IIB supergravity conventions

The bosonic sector of IIB supergravity contains the RR forms F{yy, F(3), F(5), the NS form
H 3y, the dilaton ® and the metric. The forms satisfy the Bianchi identities

dF(5) +F(3) /\H(3) =0 (Al)
dF(g) + F(l) A H(g) =0 (AQ)
dF1y=0 (A.3)
which can be solved by introducing potentials as F(5) = dC4) — C(9) A H(g), F(3) = dC(9) —
CoydB(2), Fuy = dCo), Hz) = dB(y).
The equations of motion read:
d(e¢ * F(g)) — F(5) VAN H(g) =0 (AG)
d(qu) * F(l)) + 6<I>H(3) A\ *F(g) =0 (A?)
d(e_cb * H(g)) — e<I>F(1) A\ *F(g) — F(g) A F(5) =0 (A.8)
d*xdd — 62CI)F(1) A\ *F(l) + %e,qu(s) A *H(3) — 56¢F(3) A *F(3) =0 (AQ)
Ryn= éeﬁ’vMC(o)VNC(O) + %VM‘@VN‘@ + 916 FMP1p2p3P4FNP1P2P3P4
+41167¢ (HMPIPQHNPng - 1129MNHP1P2P3HP1P2P3)
+i1e® (Fu™ 2 Fxpp, — 59unFP % Fpop,p,) . (A.10)

B Details on the KK reduction

Here we shall provide some details of the KK reduction on SFE5. The calculations for the
HEK, x S' case are very similar and we omit the details.

We first record some useful algebraic conditions satisfied by the globally defined forms
(J,€,n) that specify the SU(2) structure on the SE5 space. We have Q A Q* = 2J A J,
vol(SE5) = %J ANIAnD xJ = JAn Q@ = QAn  We also have JyJi% = 55,
Qe F = 0, QuQF = 267 — 2iJ7 and Jp Wk = —iQ7. In addition, JyJp, JUET =
JikTmm) JIE T = 265

The KK ansatz for the metric can be written as
ds%o = ds% + eQUdSQ(KE4) + €2V(77 + A1) ® (n+ Ay) (B.1)

where here dsg is the line element of the external five-dimensional metric. At the end we
will convert our results to the Einstein-frame metric ds%E) that we used in the main text.
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The ansatz for the form field-strengths can be written as
Fisy=4e WV voly + eV s Ko AT+ Ky AT AT
+ [2eZJ/\ J =27V Sy K+ Ko A J] A(n+ Ar)
—|—(efv*L2A§2+L2/\QA(77+A1)+C.C.)
F(3)=G3+G2/\(?7+A1)+G1 A J+ [Nl /\Q—I—NQQ/\(n—i-Al)—i-C.C.]
Hgy=Hs+ HayA(n+ A1)+ Hi A J + [My AQ+ MoQ A (n+ Ar) + c.c
Cloy=a
=9 (B.2)
Here, vol; and * are the volume form and Hodge dual corresponding to the five-dimensional
metric ds% in (B.1). We use a mostly plus metric convention both in D = 10 and in D =5
and the D = 10 volume form is given by €19 = e*V*Vvols A vol(SEs).
We now substitute the KK ansatz (B.1), (B.2) into the type IIB Bianchi equations
and equations of motion given in (A.1)—(A.10). We first observe that the ansatz for the

five-form has been constructed to be self dual and thus (A.5) is satisfied.
Equation (A.4) gives:

dHs + Ho N F5 =0

dHy =0

dHy + 2Hy =0

DM, + MFy =0
DMy — 3iM; =0 (B.3)

where DM; = dMy — 3iA1 A My and DMy = dMy — 3iA1 M.
Equation (A.2) gives
dGs + Go A Fy +da N H3=0
dGo 4 da N Hy=0
dG1 4+ 2Gy +da N Hy =0
DN, + NoFs +da A M; =0
DNy — 3iNy + Myda=0 (B.4)
where DNy = dN7 — 3iA1 A N1 and DNy = dNy — 3iA1 Ny.
Equation (A.1) gives:
dKy — Hy NGy + Hy NGy =0
DLy —3ie”" % Ly — H3Ny + MoG3 + Ho A Ny — My A Go =0
dK| + 2Ky 4 22 Fy — Hy NGy — 2M; A N —2M;7 ANy =0
de? — MIN§ — M; Ny + MoN; + M; Ny =0
dle™V « Ky) —4e UV « K| + Ko AFy — H3 NGy — Hi AG3=0
D(e™V % Ly) + Lo ANFy — H3 ANy — My AGs=0
de™ UV s« K1)+ LH3 NGy — JHa NG5 =0 (B.5)
where DLy = dLy — 3iA1 A Lo.
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Equation (A.6) gives:

d(eVTVH? 4« G3) — 4e? Hy + 2Hy N Ky — 2Hy A Ko — 4My A Ly — 4M; A Ly
+de™V My * Ly + 4e™V Mg % Ly = 0

d(64U7V+¢ * Gg) — 4V « Gy — ATV Ho Gs N Fy+2H3 N Ky + 2€7VH1 A x Ko
+4e V' My A xLy +4e”V M AxLy =0

AV« Gy) — Hy AN Ky + e~V Hy A 5Ky + 2 UV H A 5K =0

D(€V+¢ * Nl) — H3 N Ly + €7VH2 A xLg + 2674U+VM1 A x K7
+e " (46_4U+ZM0 + 32'Noe¢> vols = 0 (B.6)

Equation (A.8) gives:

d(e?VTV =9 « Hy) + 4¢G5 — 2Go N Ky + 2G1 A Ko + 4Ny A Ly + AN A Ly
—4e"V Ny x L; — 4e_VN6‘ % Ly — eV TVH0q0 A xG3 =0

d(e‘lU*V*q5 « Hy) — 4eV "« Hy — VTV =0« Hy A Fy — 2G5 A Ky — 2e7V Gy A K>y
—4e YNy A %Ly — 4e”V N ALy — U=V H0da A Gy = 0

d(e”" ™% Hy) + G3 AN Ky — eV Gy A %Ky — 27UV G A Ky — eV %da A %Gy = 0
D(" "% % My) + Gy A Ly — ¢V Gy ALy — 27UV Ny A %K
—eV <4e*4U+ZN0 — 32’Moe*¢> vols — V1 %da A xNy = 0 (B.7)

Equation (A.7) gives:

d(e VTV F29 4« da) + VHVHOH A xGs + e2UVIOHY A %Gy + 26V T2 H | A %Gy
+4eV My A xNy + 4V O My A Ny + de” VS (MoNG + MG No) vols =0 (B.8)

Equation (A.9) gives:

d(64U+V « do) — AUTV+26 00 A sda + %64U+V—¢H3 A «Hsy — %64U+V+¢G3 A *Gg
—i—%e‘lU*V*‘ng A xHoy — §e4U*V+¢G2 A %Gy + eV "PHy AxHy — VTG A Gy
+4e" My A« MY — 4eVTON A xNY + 4e”V <€_¢|j\/f0|2 - 6¢|NO|2> vols =0 (B.9)

Finally, we need to impose the Einstein equation (A.10). To calculate the Ricci tensor

we use the orthonormal frame

et =e” a=0,...,4
g=eVe, i=1,...,4
e=e"e®=e"(n+ A). (B.10)
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We find the spin connection is given by
0B =P — §€2VFaﬁé5
0 = —eV9Ue!
o™ =—e"9Vved — %evFo‘ﬁeﬁ
S — i _ 2V —2U Jij g5
P ="V Jiel (B.11)
and the Riemann tensor, 048 = do4P + o4- A @B, by:
60 =0 — 1V PRy, + U o, | e — [1eV VAV Fof) 4 eV (Fly vy ) | e

0% = — [(VaAVOU + VaUVU)S, + ye 2V T2V i ey ] eN
+ [e2UTVVHV = U - 3V FOV,USE éP
0% =1 V(" F?,) + " VOV E),] e — [VA\VV + VA\VVV + [V FUF,,] e

—e 2TV N(V = U) Jye”

QU —@i _ %6_2U+2vFaﬁJijéaﬁ _ e—2U+Vva(V _ U)JijéaS (B.12)
B [6—4U+2V(Jithk 4 Ji[hij]) + VWUVVU%J%J gk _ ¢=3UHV g, Jii gh'

0P = [—ePVTVVL(V = U)JYj + JeV Fo, VUS| & + [e VT2V — v UVV] §%e’®
Finally the Ricci tensor, R4 g = ©4C ¢, is given by

Rog=Rop — 4(V5VaU + 0,U03U) — (VaVaV + 0,VI5V) — eV Fo Fg?

Rai=0

Ros = — 5672V74va (63V+4UF704)

Rij =0y [6e2V — 2624 VU — 40,UU — 0,UV]

Ri5s=0

Ry = 4?0 VNV — 4, UV — VOV + L2V F g (B.13)

The Einstein equations (A.10) now reduce to the following four equations in D = 5:
Rap=4(VaVoU + 0,U05U) + (VaVaV + 0, VO5V) + Le*?0q4a05a + 1000056
_e—dU—2v <4674U+2Z n e*¢|M0|2 n e¢’|N0|2> N

42078V <KaK5 . ;naﬁKAKA) 42V <KOlAKﬁA . }maBKMKW)

+ 1V, FyY + ¢4 <—L,\(QLE)’\ - inaﬁLjuLA“>

+he? <Ha>\uHﬁ)\M — o Tap Hu HM ”) + e e (l‘fozAHBA — g Ho HM )
40 <HaHﬁ _ inagHAH)‘) 4 4e~2U—¢ (M(QME) _ inaﬁM;MA>

+y¢ (GwGﬁA“ — y7apGrm G ”) + e Ve <GozAGﬁA — §1apGru G )

e U+ <GaG5 _ }lnagGAG)‘) 4 4e—iU+e (N(aNﬁ*) _ }lnaﬁN;NA> (B.14)
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d(e4U+3V x Fy) + Ko N Ko+ 4Ly N Ly — Re~AUHVHZ o o _ AUV A xHy
—e4U+V+¢G2 AN *Gg — 46‘/7(1)(]\46k * Ml + MO * Mf)
—4eVTO(NE % Ny 4+ Ny Nf) =0 (B.15)

(VY s dU) + e UV G A xE — LUV O H A xHy — LUV HOGy A G
é AUV =0 A sy — 1 AU V+¢G2/\>kG2+ 16\/ ¢H1/\*H1+ 1ev+¢G1/\*G1
eV oMy A M+ eV+¢>N1 A N}
+ (—6€2U+V + 263 4 47U VH2Z L o=V 02 + efv+¢|No|2> vols =0 (B.16)

(U wdV) — LAUHV ¢H3 AxHy — LelUHVH0Gy A xGy — 1elU+Y By &« By
e UV KL A Ky + e VK2 A *K2 + 27V Ly AxLh + 364U_V_¢H2 A xHy (B.17)
+2AVVIOGy N %Gy — LV TP H AxHy — LeV TG A %Gy — eV My A M
—eVTON| A xNT + <—4e3v + 47 AUVHRZ L 30V =2 0 12 4 3¢V N |2 ) vols =0

All the dependence on the internal SE5 has dropped out from the type IIB equations
of motion. This proves the consistency of the KK ansatz (B.1), (B.2). The Lagrangian
that gives rise to the above equations of motion is given by

L= Ly + »cpot + »ctop (B18)
with
Lyin = VTV R vols + e*V™V (12dU A +dU + 8dU A +dV') — Le*V™V+2%4q A xda
— 1V dp A xdg — 4e¥ O My A M7 — 4eVTONT A *N* —2e7 VK A %K
V ¢H1 A xHyp — 6V+¢G1 A *xGp — 1 4U+3VF A xFy

eV Ky NxKy —4e "V Ly N xL} — 4U V=0H, A xHo
1 el V+¢G2 A xGo — 1 AUFV- ¢H3 N xHsz — 1 4U+V+¢G3 A %G (B19)

and
Lot = [2462U+V — 46 — 8¢~V (14 L(ME Ny — MoNg))®
4=V 70| My|* - 467V+¢|N0|2] vols
= [2462U+V —4e® —8e UV (14 3i(¢* x — X))
—36eV > — 36V T — a£|2}vol5 (B.20)

and Lyop is given in (3.13). The Einstein frame Lagrangian can be obtained by the change

(B) _ 03 AU+Y)

of metric g, 9w, to obtain

L =B By (B.21)

pot

where Ll(q ) and E( 3 are given in (3.11) and (3.12), respectively, and Ly, is unchanged.

n
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