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1 Introduction

This paper grew out of trying to understand two basic facts about Feynman integrals. The
first fact is that a large class of Feynman integrals at L loops and in D dimensions can be
written as iterated integrals of length L%J This is less than or equal to half of the number of
integrals in momentum space. It seems that, outside of a few experts, this fact was not widely
appreciated and, in fact, before the work of ref. [1] we lacked even the language to properly
discuss transcendental weight in the Feynman integral literature.! It is hard to see who should
get the credit of this simple but important observation, but Nima Arkani-Hamed has forcefully
made this point to me in a private discussion. This fact is not only surprising, but actually
very useful practically since it reduces in half the number of integrals one needs to perform.

The second basic fact is that the iterated integrals are a sequence of one-dimensional
integrals. This also looks very surprising. How can one rewrite the original integral as a
sequence of one-dimensional integrals? And what should these one-dimensional integration
variables be?

'With the notable exception of multiple zeta values which are purely numerical and have no functional
dependence (see ref. [2]) and harmonic polylogarithms (see ref. [3]).



A first clue to answering these questions arose from an important dichotomy of sin-
gularities, noticed already by Landau in his original paper [4] on singularities of integrals.
As Landau showed, the singularities broadly divide into two categories: square root? and
logarithmic. These singularities have very different nature. Square root singularities are
algebraic and do not contribute to transcendental weight, while logarithmic singularities are
transcendental and do contribute to transcendental weight.

Furthermore, ref. [5] showed in examples that about half of the singularities are of square
root type and half are of logarithmic type. It is then reasonable to guess that it is only
the logarithmic singularities which contribute to the transcendental weight and in turn this
gives a way to explain Arkani-Hamed’s observation.

But the second question remains. What should be the one-dimensional integration
variables? A second clue towards answering this come from Cutkosky’s work [6] where he
described discontinuities across branch cuts in terms of cut integrals. In that reference
Cutkosky introduced a new way to write the Feynman integrals, designed with the explicit
purpose of making both the singularities and the discontinuities manifest. This representation,
as we will review below in section 2 and section 3, is a sequence of one-dimensional integrals
potentially followed by a higher-dimensional integral. As a general rule, when this last integral
is non-trivial, an example being that of a non-singular elliptic integral, the Feynman integral
can not be written as a polylogarithm (we discuss an example in section 6).

In order to make contact with the iterated integral form of the answer, it should then be
possible to explicitly do the integrals producing square root singularities. This would then
constitute an alternative way of performing direct integration to the methods of refs. [7, 8].

We explicitly show how to do this in a few simple examples. The method relies on
nothing more than basic complex analysis and Cauchy theorem. As we will show, in order for
this to work, there should be only one pair of square root branch points at each step involving
square root singularities. This does indeed happen, sometimes via some non-trivial algebraic
identities. The examples presented in this paper are not meant to challenge the state of the
art computations, but rather to showcase how the method works in simple examples. We
hope to tackle more complicated cases in future work.

In section 4.3 we discuss the case of a reducible integral and show that applying the same
ideas to this case poses no difficulty. Therefore, this method, unlike the differential equation
method (see ref. [9]), can avoid a potentially expensive integral reduction (see ref. [10])
step. Clearly, applying the integration algorithm to each Feynman integral separately is not
economical. Instead, as in the unitarity method (see refs. [11, 12]), one can group together all
the diagrams which contribute to a given Landau singularity (at a given order in perturbation
theory), compute the on-shell state sums, take the internal momenta off-shell and compute
the resulting integral. The full answer can be obtained by merging (not adding!) different
contributions which account for all potential singularities.

The integration method we introduce has the following advantages over approaches
in Feynman parameter space. First, it can apply to a large variety of mixed types of ie
conditions (advanced, retarded, Feynman, anti-Feynman) which are sometimes required. This
is so because, unlike in Feynman parameter space, we have several denominators and we

20r perhaps more generally algebraic.



can choose contours for each independently. Second, the momentum space method applies
effortlessly to cut integrals, which are more difficult in Feynman parameter language (see
ref. [13]). A third advantage is that the on-shell varieties arising in momentum space are
typically less singular and do not require as many blow-ups (see refs. [14, 15] for examples of
blow-ups required in Feynman parameter space). A more technical difference is that (the
properly compactified) contours of integration in momentum space are not relative homology
classes so are easier to deal with. But most importantly, a huge advantage of our method is
that we only need to think about one variable at a time and in principle all the singularities
in that variable are visualizable in the complex plane of that variable.

The polylogarithmic integrals are fairly well understood and the next frontier is that
of integrals which are not polylogarithmic. If the on-shell space of the leading singularity
has a non-trivial topology, such as that of a (non-singular) elliptic curve or a Calabi-Yau
variety, then the integrals can not be computed in terms of polylogarithms. Sometimes, as
in the case of the bubble integral in three dimensions, the on-shell space has the topology
of a circle. When complexified, the circle becomes non-compact and adding two points to
achieve a compactification amounts to adding two singularities of pole type.

In refs. [16, 17] a formalism for defining a coaction has been developed by using cuts
instead of differentials. In principle this can be applied to integrals of elliptic or Calabi-Yau
type. However, the entries of the ensuing symbol will not be as simple as in the polylogarithmic
case. It is therefore not clear yet how to use this method for writing the answer in a canonical
form or how effective this method can be in that case. Indeed, unlike for the polylogarithmic
case, even the notion of a prefactor for the integral does not seem to be well-defined (see
ref. [18]). Other approaches have been proposed in refs. [19-21].

We illustrate the method by computing the bubble integral in two dimensions in Euclidean
and Lorentzian signature, the bubble integral in three dimensions, the triangle integral in two
and three dimensions. We also treat the example of the sunrise integral in two dimensions
and some examples in dimensional regularization. Some of these examples can be done more
directly by traditional methods such as Feynman parametrization. However, the purpose
of this paper is not to provide a method which works best in all possible cases, but rather
a method which removes the need for clever guesswork.

Besides not having to guess, other advantages include the ability to do the integrals
directly in Lorentzian signature (as is most natural once we have massless particles) and the
fact that the singularities produced upon integration are physical (not spurious) singularities.

While it is perhaps premature to speculate on the possibility of automating this approach,
we can say that the two main required ingredients are the calculation of boundaries of
integration a,, and b,, and cataloging the branch cuts and their types, as functions of the
remaining integration variables. Solving such problems seems within reach of usual symbolic
algebra software.

2 Cutkosky’s argument

In ref. [6], Cutkosky described a change of variable from the usual loop momentum integration
variables to ¢2, where g, are internal (not necessarily independent) loop momenta. One



can change variables from k;, independent loop momenta to ¢> and other “angular” (in
Cutkosky’s terminology) variables &.

After this change of variables the integral reads

ar @5 —mi " Jam Gf —mZ, Jy J ’

where J is a Jacobian factor. It can potentially contain numerator factors of the original

integral as well.

In favorable cases, the last form % has further residues and its integral can
be computed in simple terms. In more complicated cases, this last form is a holomorphic
form on elliptic curves (or hyper-elliptic curves) or Calabi-Yau manifolds and v in eq. (2.1)
is a real homology cycle. Despite much study, a general theory of integrals of elliptic or
Calabi-Yau type is not available yet.

Then, Cutkosky describes the integration limits as the solutions to a modified form
of Landau equations, }_;; 3j¢; = 0 where g; have norms fixed by the values of the outer
integrals. This relies on some (arbitrary) ordering of the propagators. Obviously, a judicious
choice of ordering can simplify the calculations.

It is worth pointing out that the ¢? integrals in Cutkosky’s representation (2.1) have
a superficial resemblance to G-functions

Lodt boodt tr-1dt
/ ! / : . / L (2.2)
0 t1—a1Jo t2—a o tr—ay

However, the G-function representation is more restricted since the boundaries of integration

depend in a much simpler way on the previous integration variables. In Cutkosky’s repre-
sentation the integration boundaries have a potentially complicated functional dependence
on previous integration variables as(q?,...,q2 ;) and bs(q?,...,q>_;) instead.
Nevertheless, Cutkosky’s representation has one important qualitative similarity to the G-
functions: in both cases we are dealing with one-dimensional integrals on Riemann spheres P'.

In this representation of the integral, the singularities arise as follows (see ref. [6, eq. 9]).
If we denote the result of doing all integrals except the outer one by F| (1)((]%, p) where p are
external kinematics, then the full answer is

b dg?
—L _F (2, p). 2.3
| a ) (23)

If there is a singularity when p — pg, then this means that the integration contour in the
¢? complex plane is pinched between ¢ = m? and a singularity of F1y. More precisely,
we must have that F(l)(m%, p) is singular when p — pg. By a contour deformation we can
pick up a residue at ¢ = m? and this is the only part of the integral which is singular.
Therefore, the singularity is given by +2miF(;y(m7,p). As remarked above, this indeed
becomes singular when p — pp.



3 Cuts and spectral densities

Given a function p(x), we can build a function F'(z) with a branch cut between a and b
whose discontinuity is p(x). This construction is well-known and

b Xz
FG) = 5 [ o) (3.1)

21 T —z

Indeed, we have

4 . 1 b 1 1
F(z—i—ze)—F(z—ze):%/ dx(x—z—ie_a:—z+ie>p($):

z), z € (a,b),
o) (a.) 2
0, otherwise
1 o1
where we have used _—- = pv g + imé(x).

Notice the obvious similarity between eq. (2.3) and eq. (3.1). The function F{;) in
eq. (2.3) is the cut of the function defined by the integral. The function F{y) itself can be
represented by a similar integral and the function F{y) it contains corresponds to another cut,
where more propagators are set on-shell. In turn, this writing looks similar to the writing in
terms of G-functions, with one major difference: the number of integrals in the G-function
representation is equal to L%j, while the number of integrals in the Cutkosky representation
is at least the number of propagators. We will show below that by explicitly integrating square
root singularities and the “angular integrals” one can make the number of integrals match.

Clearly in the representation of eq. (3.1) z = a and z = b are branch points. If p(a) or
p(b) are non-vanishing finite constants then we have logarithmic branch points. It is also
possible to have singularities such as p(z) ~ (z — a)” when z — a, for v > —1 (to ensure
convergence) and similarly for z — b. In this case the value of p at the branch points is
either zero or infinity, depending on the sign of .

If ~ is a half-integer then we have a square root branch point at z = a. Obviously, the
type of branch cut (i.e. square root versus logarithmic) must match at 2z =a and z =0. A
common form for p which we will encounter in the following is p(z) = W or more

generally p(2) = =0

This is closely connected to the Mandelstam representation (see ref. [22]). The Mandel-

P(z), where P(z) is a polylogarithmic function.

stam representation has been the subject of many studies (see also ref. [23] for an application
in a similar context to the present one). Our proposal amounts to building some kind of
spectral densities in perturbation theory. However, unlike in Mandelstam’s approach, we
explicitly integrate the square root cuts and keep only the logarithmic singularities. For
example, the double-spectral function for a box diagram is of square root type (see ref. [24,
eq. B-42, p. 215]) which in our approach would not survive the integration.

4 The bubble integral

Consider the bubble integral

d2Q1
| g (4.1
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Figure 1. Kinematics of the bubble integral.
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Figure 2. The integration region for the bubble integral in the Euclidean region is inside the curve.
It is outside the curve, including for negative values of ¢7 and ¢3 in the Lorentzian region (for p? > 0).

where p = ¢1 + ¢2 and p is the external momentum (see figure 1). This can be rewritten as

/ dq? / (@)max dg? d*q (4.2)

qt —m3 J(@)min @G —m3 ) dgi Adg3

where (¢3)min and (¢3)max are the minimum and maximum values of ¢3, subject to the
constraints that ¢? is fixed and p = ¢; + ¢g2. The integration domain is in figure 2.

4.1 Euclidean signature

In Euclidean signature we have

d2q1 1
_ - , 43
dgi Ndgs  4e(qr, g2) (“3)
where e(v,w) = v"w! — v'w’. We have
(1 32)° + (g1, 02)° = G 5. (4.4)

Then, the integral to compute becomes

/oo dg? /<p||+||q1||>2 da? | (45)
o gt +mit Jpl-lnl) @ m3 4, f2q2 — (g1 - go)?

where [|p|| = /p? and we have used the fact that the minimal value of ¢ in Euclidean
signature is zero and its maximal value is infinity. Once the value of ¢? is fixed, the minimal
value of ¢3 is (||p|| — |lq1]))?, obtained when ¢; and p are aligned and the maximal value is
(lpll + llq1]])? when ¢; and p are anti-aligned.



The inner integral reads

b CliL‘l
/al (z1+ Cl)\/(b1 —x1) (21 — al)’ (4.6)

where 21 = g3, 1 = m3, by = (lp|l + [lal)?* and a1 = (|]pll - llal))*.
In general, the integral

b dx
/a (x + )/ (b—2z)(z—a) (4.7)

with a < band ¢ € (a, b) can be computed as follows. We introduce a curve y? = (b—z)(z —a)
which can be rationally parametrized by t as follows
a+b a—bt+t!

_ 4.8
TE ot (4.8)

a—bt—t!
2i 2

y= (4.9)

Then, the integrand can be written as

dzx 7 t— t+
= = dlo < ) 4.10
Grovt-Da—a  Varatra it 10
The value x = a corresponds to ¢ = 1 while x = b corresponds to ¢ = —1. Then we obtain

/b dx _ i /_1dlog(t_t+): T

a (+e)/o—2)x—a) la+c)lb+c) t—t_ (a+c)b+c)
(4.11)

The logarithm contributes 7, so the transcendental weight is purely numerical and does not

have any dependence on the kinematics.

The same integral can be done by contour integration. Let us briefly describe the
method since it will generalize to more complicated cases. We want to define a function
/(b — x)(z — a) to have a branch cut along the segment [a,b]. We pick b > a and ¢ ¢ [a, b].
With the usual definition of the square root for complex numbers we have that /(b — z)(z — a)
has a branch cut (—o0, a] and another branch cut [b, c0). Since we want to have a branch
cut along the segment [a,b], we split the square root as \/(z — a)(z — b) — T — av/x — b
and we use the definition /z = ﬁeig where z = pe? with 0 € [0,27) for the first square
root and the definition /z = \/ﬁei% where z = pe? with 6 € (-, n] for the second square
root. If we define z — a = p1e? with 6; € [0,27) and z — b = p2e'?? with 6y € (-, 7],
then we have that the of the square root above the cut is i,/p1p2. Since for x € [a,b] we
have b — x = pg and & — a = p; have that if defined such that the branch cut is along [a, 1],
the function v/z — by/z — a (where the two square roots are defined as above) is equal by
continuity from above the cut to i\/(b— z)(z — a).

Then we have

/” da 1 i / dx 1 (41
= —lim , _
a Tt+C (b—x)(m—a) 2 e—0 ,y:p+c\/mm

where 7 is a contour as in figure 3.



N P
‘\/ﬁ/

\J

Figure 3. A contour around a square root branch cut.

We have
dzx 1 dx 1
— 2miResy— e =0. 4.13
[,m%—c (x —a)(z—0b) e r+cyr—avr—b (4.13)

We therefore have

/b dx 1 B T (4.14)
o z+ce\/(z—a)z—0) Va+cvbtc '

Finally, we continue with the evaluation of the outer integral

/oo dxrq
T )
0 (1‘1 +Cl)\/(l‘1 —aq —|—b1’L')(Il — a1 —bli)

(4.15)
with 21 = ¢, c1 = m?, a1 + bii = (||p|| — im2)?. The integral is along the real axis where
the quantity under the square root is positive so, with the usual convention for the square
root branch cut, the integration path does not intersect the cut.

To compute the integral

o0 dx
/o (x+ o)/ (x —a+bi)(x—a—b)

(4.16)

we introduce a curve y? = (x — a)? + b?. This curve can be parametrized rationally by

t—t1 t+t1
— = ) 4.1
r=a+b 5 y=> 5 (4.17)
Then we have
d 1 t—1
W= - = dlog + (4.18)

(x4 c)\/(z —a+bi)(x — a — bi) (a+c)? +b? t—t_’

where

—(a—i—c)i\/(a—i—c)Q—i-bQ.

tL = 4.19
+ 2 (4.19)

To finish the computation of the integral we need to compute the values of ¢ at the boundary
of the integration region. At x = 0 we have y = Va2 + b2, where we need to pick the
positive sign for y. This implies that

2 2v/a? + b2
t—t‘lz—?a, t+t! :%, (4.20)

—a+1 /a2+b2
b

from ¢t — oo or from ¢t — 07, but in the second case we obtain y — —oo.

whence t; = . For © — oo, we also have y — oco. The condition x — oo follows



Finally, the integral we wanted to compute becomes

o] 1 i —
/ w = log (4.21)
t;

— (0] .
@+ o2+ 08 Tt i

Plugging in the values for a, b and ¢ we find that the bubble integral in Euclidean sig-

nature reads

m p2—|—m%+m%+\/3

lo , 4.22
VA gp2+m%+m§—\/3 (4.22)
where
A = (p?)? + mf] +m3 + 2p°m3 + 2p°m3 — 2mIm3. (4.23)
4.2 Lorentzian signature
In two-dimensional Lorentz signature we have
d? d? 1
. T S = a1 _ 7 (4.24)
dgi Ndgs  4(qr-dq1) A (g2 - dg2)  4e(qr, g2)
where we have used dga = —dq; (since p is considered constant) and fact that (v -dgi) A (w -
dq) = —e(v,w)d*q with v-dg = v°dq" — vldg'. Here we have defined
e(v,w) = v"w' —v'w?, (4.25)
and d?’q = dq° A dq'.
It can be checked by a simple calculation that
—e(v,w)? = v*w? — (v-w)?, (4.26)
where v? = (v9)? — (v1)? and v - w = V'w? — v1w?.
Therefore,
2 @ oqg Lo 99 2 2 22
—€(q1,q2)” = det o | = 7(4aig — (0" —ai — @2)7) (4.27)
Q@ 4

Let us first compute the stationary points of g3 subject to the constraints mentioned
above. Using the Lagrange multiplier A1, we find

9 (4 2 2
87q2 (QQ —M((p—q2)° — (h)) =0, (4.28)
which reads
(14 A1)gz = Aip- (4.29)
Using momentum conservation this implies that ¢ = ﬁp, Q@ = p’:—i\lp. We can then

determine \; since (1 + \1)? = Z—; so A\ =—1=%, /Z—z. Using this value of A\; we find
1 1

¢; = (lall = lIp])?, (4.30)

for the stationary points.



At this stage we don’t know yet if these are true minima or maxima. To decide the
nature of the stationary points and find the minima and maxima one can follow the general
procedure described in section 6 which involves computing a bordered Hessian (see eq. (6.14)).
Their nature depends on the signs of p? and ¢2.

In this case we do not need the full power of a general theorem since a direct analysis
of the inequalities suffices. Going back to the equation eq. (4.27), we see that for real
Lorentz kinematics we have

(63 — qf — p*)?* > 4¢3p*. (4.31)

Let us assume p? > 0. Then, if ¢? < 0 the inequality is satisfied for all values of ¢Z. The
same holds if p? < 0 and ¢? > 0. But if p> > 0 and ¢? > 0, then we have

(43 = Ulasll = lIp1)?) (a3 = (lanll + 121)?) > . (4.32)

It follows that the possible values for g3 are either

g3 > (larll = llpl)?, (4.33)

or

g3 < (larll = lIpl)*- (4.34)

If instead p? < 0 and ¢? < 0, then we have

(a3 + + (/a2 = /) ) (a3 + (y—a + \/TPQ)Q) > 0. (4.35)

Then, either

B> (i xy2) (4.36)
or 9
% < —( —qi * \/—792) : (4.37)

Assuming that p? > 0, for ¢} < 0 the range of ¢35 is (—00,00) while for ¢g7 > 0 the
range of g3 is (—00,a2) U (bz,00) with az = (|lq1ll — [Ipl)* and by = (lq1l + [[pI)*. The
end-points of the integration domain (except the ones at infinity) are the same as obtained
by the stationary point study.

The ¢35 integral has two forms

o0 dZCQ
, 4.38
/—oo (xQ — 02)\/($2 — CLQ)(J}Q — bg) ( )
where the roots as and by are not real, and
d.%'Q
, 4.39
/(—oo,az)U(bz,oo) (22 — e2)\/(22 — a2)(z2 — b2) (4.39)

where the roots as and by are real with as < bs.

,10,



These integrals can be seen as integrals along contours in the curve y3 = (z2 —az)(xs —bs),
which is a double cover of the complex 9 plane, branched at two points zo = ao and xo = bo.

This curve can be rewritten as y3 = 23 + agzs + B2 (With ag = —ag — by and [y = azbs)
2
and after completing the square as (rz + % - y2)(z2 + % + yo) = 22 — Bo. If we denote
X2 _
ty = w3 — yo + F we have xo +y2 + F = 4T62 and
1 X
T2 =5 (-OQ + ity + ﬁQ)a (4.40)
2 to
2
1(F =B
== —ta ). 4.41
v2 =g ( 5 2) (4.41)
This provides a rationalization of the curve and is a useful change of variables in the integral.
In terms of the coordinate ¢ty we have —(—422 _ — dza — —%. Then, we have
(z2—az)(z2—b2) y2 2
d 2dt
(w2 — c2)12 (t2 —t3)(t2 — t5)
with +b
az + 02
ty=cy— P2 V(e2 — az)(cz — b). (4.43)
Then we have
2 ty —t3 1 ty —tF
wp=————dlog % = — dlog 2—2 (4.44)
ty —ty ty —ty V(c2 —az)(ca — ba) ty —ty
The square root pregactor is now independent on t5 and can be combined with the outer
differential form qu—qunQ‘ We have ca = m3, as = (||q1]| — |Ipll)? and b2 = (||q1]| + ||Ipl|)%. We
1 1

will also set 1 = ¢? for brevity. Replacing these in the square root we find

dl’l

(21— c1)y/(z1 — ar) (w1 — b1)’

with ¢; = m?, a1 = (||p|| — m2)? and by = (||p|| + m2)?. This can be treated in the same

(4.45)

way as before. Indeed, we can introduce a variable y; defined by 32 = (z1 — a1)(z1 — b1)
and a uniformizing variable ¢;. In the end we get

1 ty —tf ty —tg
dlog 1= / dlog 22 (4.46)
2 —(lpl = ma))m? — (Ipll +mo)?) v =t S Tt
The square root in front can be written as
VA = \/(p2)2 +m$ +m3 — 2p2m? — 2p2m2 — 2m2m3, (4.47)

which is the familiar Kéllén function.

The integration domain is outside the curve in figure 2. More precisely, for ¢? € (—oo, 0]
we have ¢35 € (—o00,00) while for ¢? € [0,00) we have g3 € (—00,a2(¢?)] U [ba(q?), o). For
¢ € (=00, 0] we can do the inner integral and find that, as function in ¢? it has no singularities

— 11 —



in the upper half plane (it has a logarithmic branch cut along the positive real axis and
there is also a pole at ¢ = m? — ie). In particular there is no pole at infinity and the
contour in ¢ along the negative real axis can be rotated clockwise to sit on the positive
real axis. Changing the direction of integration introduces a minus sign and combining with

the previous integration along ¢ € [0,00) produces

00 ba(z1)
_ / dzy / ) _dxy 1 (4.48)
0

21 — €1 Jag(zy) T2 — 2 /(w2 — az)(ze — b2)’

This has the same form as in Euclidean signature, but this form is a result of a cancellation
between different regions.

Here we have two integrals but we expect only a single logarithm. Therefore, it should
be possible to do one of the integrals and get a rational multiple of 27i. Since the integration
contour in 9 variable goes between as and by, then in the ¢y variable it goes between
ty =15 = “22;1’2 and t9 = f;r = I’Q_T‘”. The points o = as and x2 = by have a unique point
in the double cover and therefore each corresponds to a unique value of ¢5. Then, we have

to—t] ) (E, —t5) . L . .
J.. dlog “—2 = log -2—2-2—2 This cross-ratio is very special, since
Y2 ta—t, (3 —t5)(E5 —tF)

(3 —t3)(ty —ty)  (ag —coa — \/(ca — ag)(ca — b2)) (by — c2 + /(2 — a2)(c2 — b))

- - = =1,
(ty —t2)(t; —t3) (a2 —c2+ (2 —az)(ca = b2)) (b2 — 2 — /(2 — a2)(c2 — b2))
(4.49)
where we have used the expressions in eq. (4.43).
Then, the integral becomes
i t —tf
i—/ dlog L —L (4.50
\/K 71 i1 — tl )

where the sign depends on the determination of the logarithm.
The final answer for the integral resembles the one of the Euclidean signature. The
biggest difference is that we need to replace p%E — —p? into

Ap = (pg)* +mi + my + 2pEmi + 2pEm3 — 2mim} (4.51)
to obtain the square root in Lorentzian signature. This replacement is the same as the
one arising from a Wick rotation.

4.3 Bubble integral in three dimensions

As an example where the inner “angular” integral is not zero-dimensional, consider the case
of a bubble integral in three dimensions. As we will see, this integral yields a simpler answer
than the bubble integral in two dimensions. Odd-dimensional integrals are sometimes simpler
due to topological reasons. Indeed, the one-loop integrals in odd dimensions can be written
in terms of lower-dimensional integrals using the Gauss-Bonnet theorem for manifolds with
corners (see ref. [25, section 5] and the references therein).

For simplicity we compute this integral in Euclidean signature. We have

/ Pa (4.52)

(g3 +m3)(q3 +m3)’
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which can be written as

/oo dg? /(||p+q1|>2 dg2 Bq,
0 ¢ +mi Jpl-lan? @ +m3J) dei Adgs

(4.53)

The inner integral is over the space of triangles with side lengths ||p||, ||¢1]| and ||g2]| in a
three-dimensional space, where the vector p is fixed.

We have
Bq Baqr v-dq
TGN dg —4lordn)Nada)Nwdn) — —e(qr, ga,v)’ (459

We can choose any vector for v, as long as €(q1,q2,v) # 0.
The one-form w3 can be computed by choosing a special coordinate frame where p =
(p0,0,0). Then if we pick v = (0,0,1) we find

s = d(q1)2 _d(q1)2 (4.55)

—4((q1)o(g2)1 — (q1)1(g2)0)  4(q1)1p0

where we have used (¢2)1 = —(q1)1, (q1)0 + (g2)0 = po- Using po = ||p|| and

. )2 . )2
(1)1 =1/} — (qlﬁm cos b, (q1)2 = /¢ — (q1p2p) sin 6, (4.56)

—ﬁd@. The integral over 8 can be done and we obtain — 2”T;H . We

can therefore pull out the prefactor directly without going through intermediate integrations

we finally have that w3 =

as for the two-dimensional bubble.
We are left with the integral

o dg? (Ipli+llaa ) g2
/ %/ s (4.57)
0 g+ myJ(pl-lal? @+ m;

Notice that this integral is odd under ||p|| — — ||p||. The prefactor also contains a ||p|| which
is also odd under this transformation so overall the integral is invariant under ||p|| — — ||p||.
The inner integral can be computed straightforwardly, which leaves us with

g2 (lpll + /a)? +m3
/ 2+ m3 log 2)2 2 ) (4.58)
0 arEmE TN (pl] — \fgd)? + m3

We rewrite the integrand so that it has a cut along the integration region

/oo dg? 1()g((llpl —i\/—ifﬁ)“m%). (4.59)
0

2 2
WM\ (|lpll +iy/—a)? +m3
Here the square root has the principal determination /z = /[z]exp(4 arg z) with argz €

(—m, 7). This means that along the real axis \/—¢? = z\/% and R/z > 0 for all complex z.
We define

— g/ — 2\2 m2
p(q%)_10g<<||p|| i ) o)
(Ipll + i1/ —a3)? + m3

,13,



\J

s

Figure 4. Integration contour for the last integral of the bubble integral in three dimensions. The

horizontal cut is of square root type while the vertical cuts are of logarithmic type. There is also a

pole at g7 = —m?.

In principle we could have chosen the function p in several other ways, but this form also
has the property that p(0) = 0 and limga_, p(g3) = 0.
Then the original integral can be written as

1 00 dq% ) )
- ——— Disc , 4.61
9 /0 q% T % p(Ql) ( )

where the discontinuity is across the branch cut along the positive real axis and the factor of
one half is due to the fact that computing the discontinuity across the branch cut doubles
the value of the function p just above the cut.

We have

o dgi oy _ 1o dgi 2
b avard=amin gt .
where ~1 is a contour from R to € slightly displaced from the real axis in the lower half plane,
~9 is an arc of circle of radius € and center 0 which continues the path ~; and 73 is a contour
from € to R slightly displaced in the upper half plane. This contour can be completed to
a closed contour by adding a circle of radius R and center 0, but paying attention to the
logarithmic branch cuts of the function p. The resulting contour is sketched in figure 4.
Let us find the logarithmic branch cuts of p. The branch cut condition is

(Ipll = iy/—aD)* + m3
cR_.
(Ipll + iy/—q?)? + m3

The branch points in ¢? arise when either the numerator or the denominator of the argument

(4.63)

of the logarithm vanish. This condition can be rewritten as

(Ul = i/=a)* +m3) ((Ipll + i/ —a))* +m3) =0, (4.64)

which can be rewritten as

(¢; +m3 — p* + 2i ||pl| m2)(qi +m3 — p* — 2i ||p|| m2) = 0. (4.65)

— 14 —



Solving this we find the logarithmic branch points
qi = p* —m3 £ 2imz ||p|| . (4.66)

The equations for the logarithmic branch cuts are more complicated. We have schematically
represented them by the vertical lines going to infinity in figure 4. The precise location
of the branch cuts is not essential, but we of course require that the integration contours
do not cross them.

The integral along the small circle ~» vanishes in the limit ¢ — 0. The integral alozng
dqy

Q%+m%

contributes a pole at infinity, but its residue vanishes (here we are using the crucial property

the pieces of the large circle of radius R also vanishes in the limit R — oo; the term

that limg_, p(g3) = 0).

When ¢? = p? — m3 + 2ims ||p|| we have \/—7(1% = +(mg — 7 ||p||) but for the principal
determination of the square root we should choose \/—7q% = mg — i||p||. In this case, it is
the numerator of the argument of the logarithm in p that vanishes. Since the circles around
the logarithmic branch points turn in the clockwise direction, we have that the discontinuity
across the branch cut ending at ¢? = p? — m3 + 2ima ||p|| is —2mi. Similarly, the discontinuity
across the branch cut ending at ¢? = p? — m3 — 2img ||p|| is 27i. Therefore, the contribution
of the logarithmic branch cuts to the contour integral is

R+ d 2 R_ d 2
—2ri / L o / S (4.67)
p2—m3+2ima|lp|| 41 + M1 p2—m3—2ima||p| 41 + M

where R1 are some complex numbers whose norm is of order R. They are determined by
the intersection of the large circle of radius R and the logarithmic branch cuts. In the limit
R — oo this integral becomes

p*—m3+2ima|pll g2
27Ti/ % (4'68)
p2—m3—2ims|p| 41 + M

Equating the value of the integral along the contour in figure 4 with the contribution

of the residue at ¢ = —m?, we obtain
[ g = g L=l ima ey
0 qf+mi (Ipll + im1)? + m3 (Ipll + im2)? + m3

A non-trivial check on the computation is that the answer should be symmetric under the
exchange m; < mo.
This can be simplified to

% dg? ) L my+ma+ip|
————=p(q7) = 2milo - , 4.70
|y e = 2mitos T )

where we assumed m; > 0, mg > 0 and ||p|| > 0.

Including the prefactor of we obtain the final answer for the bubble integral in

s
~2fpll
three dimensions in Euclidean signature

2 . .
SR LR R (4.71)
el my +mo —iflp|
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The result is real and positive, but this is not completely manifest. It can be rewritten as

2 2
T arctan HPH

_ . 4.72
ol " (4.72)

This integral is not difficult to compute by other methods (see for example ref. [26, eq. 12]).
See also ref. [27, eq. 3.19] for a recent occurrence of the same integral.

Curiously, this form of the answer is not invariant under m; — —m,, which is a symmetry
of the original integral.

5 Triangle integrals

5.1 Triangle integral in two dimensions

Consider the triangle integral in two dimensions. This integral is usually computed by
reducing it to three bubble integrals. Each of the bubble integrals has a different prefactor so
the integral is not “pure” in the language used in the literature. Such integrals can not be
computed by the usual means of taking differentials and they are usually reduced to “pure”
integrals using a procedure of integral reduction. In this section, we use this example to
illustrate how this new method of direct integration copes with this difficulty.

We want to compute

d26]1

/ _ /°° dgi /b2 dg3 1 g (5.1)
(af +mi)(a3 +m3)(a3 +m3)  Jo af +mFJa, @3+ miad+midai Adg3
The integrand of the second integral becomes
1
(5.2)

4e(q1, q2) (g3 +m3)’

Given ¢ and ¢3, the possible values of q§ are (q%)i, the roots of a quadratic equation
arising from the vanishing of the Gram determinant det G(q1, ¢2,¢3) = 0. Let us write this
equation as ag(q§)2 + ﬂ3q§ + 73 = 0, where a3, 83 and 73 are polynomials in p?, p3, p§ and

—B3 /B3 — dasys (5.3)

2a3

¢?,q3. Then we have

(Q?Z,):I: =

Geometrically, the two configurations of momenta corresponding to the two values of ¢3
where ¢? and ¢3 are fixed, are related by a reflection so €(g1, g2) changes sign. We therefore have

1 B 1 < 1 B 1 ) _
e(q1.q2) (a3 + m3) det G(qi,q2) \(a3)+ +m3  (¢3)— +m3
B3 — dasy 1
VB days S (5.4)
det G(q1, q2) azmz — Bam3 + 73

As before, we have az = inf g3 = (|lps||—[la1 )% and by = sup g3 = (Jpsl|+lar )2, When g
and ¢ are collinear g3 satisfies the equation (g3 —as)(g3 —b2) = 0 which when expanded yields

(3)? + (1) + (63)* — 2p3q} — 20343 — 24343 = 0. (5.5)

,16,



When this equation holds we must have 83 — 4agys = 0 since the two configurations for ¢3
arise via a reflection in the line supporting the momentum ps. But when the momenta ¢;
and ¢ are collinear with ps3, the reflection does not produce a new solution.

At the same time, we have

4det G(q1,q2) = (p3)° + (61)* + (¢3)* — 20345 — 20345 — 2415 (5.6)

Hence, when g3 = as or ¢ = by both the numerator \/63 — 4a3y3 and the denominator
factor \/det G(q1,¢2) vanish. An explicit computation reveals that

1
05 — sy = 15 (1) + (13)° + (83)° — 2pip3 — 2pip} — 203p3)
x (a0 + (63)* + (93)* — 24%p3 — 20303 — 24143). (5.7)

Therefore, we can pull out a factor

1
5V D)2+ (23)? + (08)2 — 203 — 20t — 20303 (58)

dependent only on external kinematics and we are left with the integrals

< dgi b2 dgs 1
2 2 2 2 4 2 : (59)
0 47 + mi Jas 45 + my aegMmsg — Bgmg + 73

The integral in g3 can be done by straightforward partial fractioning in ¢3. If agmj — Bym3 +
73 = a2(q3)? + P2g3 + 2 and this polynomial in ¢3 has roots x4, then

[ i3 | -/ a3 1
az q% —|—m% O‘Bm% _B3m§+73 az qg —I—m% O‘2(qg —$+)(q% —z)

1 b2 + m%
= 1 ) log 2
agms — foms +y2 - ag + m;
1 1 by —
i . log 2 — T4
T My VB3 — 4oy, P27 T
1 1 by —x_
- . log 2= (5.10)
T- MG\ [B3 —dagyy 2T -
An explicit calculation yields
1
85 — oz = 7 ((01) + (13)° + (93)° — 2pip} — 2pip} — 203p3)
+ (m3 + (03)2 + () + 2m3p3 + 2m3q? — 2p3a} ). (5.11)
We also have that
1 1 1 1 1
agmy = famz +02 - Ty FMy 52 gagn, - T M3 82 4oy,
To do the final integral, we proceed as before. First, notice that when [|gi|| = 0 or

lg1]] — oo we have that ag and by coincide. This means that the logarithms vanish. In fact,
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the integrand of the ¢7 integral has a square root branch point at ¢? = 0 and ¢§ — co. It
looks like the result of the integration in eq. (5.10) (and therefore the integrand for the ¢?
integration) also has square root branch points at 35 — 4aaye = 0. Interestingly, these square
root branch points are actually canceled in the combination in eq. (5.10). Indeed, when
taking ¢? along a path such that 33 — 4oy, goes once around the origin, we have z, > x_
and /2 — 4agys — —1/ % — 4asys. Then the expression in eq. (5.10) is sent to itself.

As before, we have Ozgm‘Q1 — ﬁgm% + v = (q%)2 + B1q% + ~1. This time o, 51 and v
depend only on the external momenta and the masses.

The integrand has some pole singularities. Indeed, agmi — fom3 + vo = a1(q¢})% + B1g® +
71 = 0 when ¢? = (¢?)+. We have

1 1 +1
Res 2_, 2 =Res 2_, .2 = .
A=10% 01 (g7)? + Brgf +m G ay(gf — (D)@~ (@D)-) /82 — ey
(5.13)

There is also a pole when z+ +m3 = 0. Since ag(x4+m3)(r—+m3) = a1(?—(¢?)+) (3 —(q})-)
when x, + m3 = 0 we have that either ¢7 = (¢3)4 or ¢ = (¢¥)_. Let us assume for
definiteness that we have ¢7 = (¢3);. Then,

e L @@ O@ () ) ot
a7=(a7)+ z = 0 2 2y 2 7
Ttz 4 mE @) (@ A ma)(z- +m3) qf — (g7)-
_ Qo —xy \/6% — 4oy (5.14)
o) —(d)- /g2 —dary '
1~ *am
where we have used m3 = —x.

The final integral to do is over ¢7 and runs from 0 to co. This along a square root branch
cut so the integral can be written as one half the integral around the branch cut. This contour
can be deformed to a sum of contours around the poles described above and around the
logarithmic branch cuts. The integrals around the logarithmic branch cuts can be written
as integrals along a contour connecting the two logarithmic branch points where the new
integrand is obtained by replacing the logarithm by 2mi. After this replacement the integral
becomes easy to perform, by using identities such as eq. (A.20).

We will not go through all the trivial (but tedious) steps in detail (see section 4.3
for more details on the method), except to describe the determination of the locations of
logarithmic branch points. From eq. (5.10) we have that the first logarithmic branch points
appear for values of ¢ where as = —m3 and by = —m3. Using as = (||p2]| — ||q1]|)? and
b = (||p2]| +1/q1]|)? we find logarithmic branch points at ¢? = (||ps]| & im2)?. From the second
and third terms we have x4+ = by which implies that agb% + Babs + o = 0. When written
as an equation in ||¢1]| this equation is of degree four, so one might worry that we need to
deal with roots of order four. Fortunately, it turns out that this degree four equation is very
special and its roots can be written using a single square root
pi—p3—p3+ VD

2|ps]|

lqull = (5.15)

where
D = (p})* + (p3)* + (p3)? — 2pTp3 — 2p3p} — 2p3p} — 4mip3. (5.16)
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Figure 5. Kinematics of the triangle integral.

D2
q1

Each one of these roots appears with multiplicity two. A similar analysis applies for as.

In this section we have demonstrated an algorithm for computing a reducible Feynman
integral with multiple prefactors, without performing an integral reduction. Integral reductions
(see ref. [28]) are often resource-intensive and require a non-canonical and often symmetry-
breaking choice of basis.

One interesting fact we can notice is the occurrence of higher order equations, but so
far such that their roots only require quadratic field extensions. It is plausible that by this
method of integration no unnecessary field extensions will be required. When computing a
particular integral in ref. [29] using HyperInt (see ref. [8]) we encountered field extensions of
degree 16 while the final answer was completely rational. Higher order equations are expected
to occur (see refs. [30, 31]) in general for more complicated integrals.

5.2 Triangle integral in three dimensions

It is instructive to consider the triangle integral in three dimensions.? In this case we expect
the answer to contain one logarithm, so we should be able to compute two integrals as
rational multiples of 27i.

For the triangle integral we have three external momenta p1, p2, p3 with p; +p2 +p3 =0
and three internal momenta q1, g2, q3 such that p1 =q3 — g2, p2o =q1 — gz and p3 = ¢ — q1
(see figure 5).

We do the integral in Euclidean signature. The integral reads

/ R
(g7 +m3) (g3 +m3) (g3 +m3)

(5.17)

Putting the integral in the Cutkosky form we find

L g L ) o
a G4 +mY Jay @3 +m3 Jay g5 +m3\dg} Adg3 A dg3

30ften the integrals are studied in Feynman parameter space, not in momentum space as we do here. In

Feynman parameter space the integrals in odd dimensions may contain square roots, which complicates their
analysis. One of the advantages of the momentum space approach is that it can be done in even or odd
dimensions with no differences.
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We will determine a1, as, a3 and by, bo, b3 in the following, but first we compute

d3Q1

. 5.19
dq? A dg3 N dg? (5.19)

Using momentum conservation we find g2 = ¢1 + p3 and g3 = q1 + p1 + p3 which implies that
dq3 = 2q2 - dgy and dg3 = 2q3 - dg since the external momenta are taken to be constant.
Next, we find dgi A dg3 A dq3 = 8¢(q1,q2,q3)d>q1. We have

Q% 9192 41 4q3
e(q1,q2,q3)> =det |1 2 & @-a |- (5.20)
q1-43 G2 - 43 Q§

Therefore, we have

g _ 1 _ 1
dgi Ndgi Ndg3  8e(qr, 2, g3) 8\/det(qi C4)1<ig<s

(5.21)

To compute the boundary values, a; and b; we proceed as follows. First, we have a1 =0
and by = oo. Next, have the same problem as for the bubble case in section 4. That
is, given the fixed value of ¢ and p3 = g2 — qi, find the extremal values of ¢3. Finally,
for the extremal values of q§ there are several possibilities. First, there is a constraint
arising from ¢3 = (¢1 — p2)?, or from the bubble with momenta ¢, qs. Second, there is a
constraint arising from the bubble with momenta g9, 3. Taken together, these imply the
triangle Landau equations.

Thus, we see the hierarchical principle of ref. [32] arise in a quite concrete way. What is
not so clear are singularities in the bubble with momenta ¢o, g3, for example.

Let us denote a3(g3)?+ 83¢5 +73 = det(qi-qj)1<i j<3, where ag, B3 and 3 are complicated
polynomials which we will not need to spell out. We define c¢3 = t%’ ds = g—i and x3 = ¢3,

y3 = 22 + c3w3 + d3. This curve can be parametrized by

c3 Aj c3
P 28 _ a4 8 5.22
3=+ 5 — s, 1t v3+ 5 s, (5.22)
where Az = c% — 4ds. This implies that
dg? 1 tg —td
w3 = 1 =— dlog 2—3 (5.23)
(43 + m%)\/ae;(qg,)? + B3q3 + 73 \/043(771%)2 — Bsm3 + 73 ts —t3
for
C
t=2 - mit V/(m2)? — czm3 + ds. (5.24)

The boundaries of the integral in z3 are for values of t3 where y3 vanishes. This means
that t2 = % therefore t3; = —% Az and t3 5 = %\/Ag. Computing the definite integral
involves computing a cross-ratio

tg r—t3)(t3; — ta
(ks — t5)(ts, i) S (5.25)
(ts,r —t3)(ts — t3)
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which follows from

- A VA3
(ts,f — t;)(t&i —t3) = _T?’ - 3

A
(ty — 1) + =" (5.26)

and similarly for the denominator. This integral therefore will produce a constant tran-
scendental factor of w. The final answer is

b3 d 2
/ % - T . (5.27)
@ (g3 +m3)/as(@F)? + Bsqd +7s  /—asmd + Bsm — s

This integral is positive if the quantity under the square root in the integrand is positive for
q3 € (a3, b3) and —m3 & (as, bs) (this is certainly the case if m3 > 0 since a3, b3 > 0). Then
the quantity under the square root in the answer is positive.

Now we want to do the second integral,

[ - (5.29)
2 2 . .
az g3 + My \/—a3m§ + B3m3 — s

The quantity under the square root is minus the Gram determinant of ¢1, ¢2, g3, evaluated

at the “Euclidean on-shell” condition q§ = —m%. We now have —a3m§ + 53m§ — 73 =
a2(q3)* + P23 + 7o
We have
212 2 s B\ Ay
ag(q3)” + Pags + 72 = a2 (QQ + 20@) ~ oy’ (5.29)
where

1
Ay = % —dagyy = E(m‘é +2m3p3 + 2m3q; + (p3)® — 2p3a; + (41)?)
x ((p1)? — 2pip3 + (p3)* — 2pTp3 — 2p3p3 + (93)%). (5.30)
The first term can be rewritten as

(6§ — p3 +m3)* + 4m3p; > 0. (5.31)

The second term, up to a prefactor, is the Gram determinant of p; and ps. Indeed,

2

det ( non '2p2> = (D) — 228+ (B)? — 2p%0E — 2R + (D)), (5.32)
p1-D2 D3 4

This Gram determinant, representing a volume in Euclidean space, is positive hence the

second term in the factorization of Ay is negative. Therefore, Ay < 0 and the roots of

a2(q3)? + B2g3 + 72 = 0 are complex. In particular, as(q3)? + £2¢3 + 42 > 0 in the region

of integration.
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If P is a quadratic polynomial, the integral can be rewritten as (see eq. (A.20))

b dx 1 1
/a z+e P \/P(_C){—log(aJrC— p(a) +/p(=¢))

+ log( —a—c+\/7a+\/p (—c) +log(b+c—\/]@+\/p(—c))
—log(~b - c+/p(b) + \/p(-c)) }. (5.33)

with p(z) = P(x)/lc(P) and le(P) is the leading coefficient of the polynomial P.

Using this formula we can do the q% integral, by substituting a — as, b — b2, r — q%,
c — m3, p — Py with Py(2) = ag2? + Box + 72 and pe(z) = Pa(z)/as. The ¢3 integral
yields an expression which contains \/ps(az) and \/pa(b2) where Py(z) = agz? + Box + o,
azs = (|lq1]| = |Ip3|)? and ba = (||q1|| + |lps]|)?. These square roots may produce square branch
points at the solutions of pa(b2) = 0 and pa(az) = 0 in the variable ||g;||. These are fourth
order equations in ||¢q1||. However, the polynomials pa(b2) and pa(ag) are very special and
in fact they are perfect squares! Indeed, we have

1

— 5.34
64p§ ( )

1 2
&w9=1@%Mﬂ+£Mﬂ+@%mam@mw+wﬂﬁ)=

2
x (\/—4m3p3 + (p3)2 — 2p3p3 — 203 + (p3)? 2p2p3+(p§)2—p?+p§+p§—2llp3\|II(J1II>

2
X(\/ 4m3p3 +(p7)? — 2p7p3 — 2p%p§+(p%)2—2p%p§+(p§)2+p?—p§—p§+2llp3HchH)-
1

— (5.35)
64p3

2 2 2 2
Py(be) = @@wm+mwm—< ~p3—p}) larll+Ipslla) =

2
><(\/ 4m3p3+ (p1)? — 2pip3 — 2p3p3 + (03)? 2p2p3+(p§)2—p?+p§+p§+2llp3\|||qlll>

2
(\/ 4m3p3 +(p7)? — 273 — 2p%p§+(p%)2—2p%p§+(p§)2+p?—p§—p§—2llp3HchH)-

It follows that the branch points due to \/pa(a2) and /p2(bs) are in fact not there at all
and the square roots can be extracted.

The final integral over ¢§ can be written as an integral along the branch cut in \/jq%
going from zero to infinity along the positive real axis. As described above, there are several
contributions: the contributions from integrating along the logarithmic branch cuts and the
contribution from the pole at ¢7 = —m?.

The logarithmic branch points are at

by +mj =0, g1l = = llpsl| £ ims, (5.36)
az +mj3 =0, g1 ]| = llpsl| % ima, (5.37)
B3 — 4z =0, lqill = £(ms + i |[p2]), lqull = £(m3 — i ||pal])- (5.38)

Not all these branch points are on the main sheet we restricted to. Indeed, |qi1| = \/q?
and on the main sheet /2 > 0, so we should pick the solutions ||¢1|| = ||ps|| £ im3 and
llg1]| = ms £ ||p2|| and these become the boundaries of integrals along the logarithmic branch
cut. The rest of the calculation is routine and we will not reproduce it.

— 922 —



q1

il N
poN__ 7P

q3

Figure 6. The kinematics of the two-loop sunrise integral.

In ref. [26] this integral is computed by a clever application of partial fractioning followed
by contour integration. The point of the method described here is that no clever partial
fractioning is required but instead one can follow a simple algorithm.

6 The two-loop sunrise integral

This integral is famously elliptic, see refs. [14, 28, 33]. We will see the elliptic curve and
the holomorphic differential appear explicitly.
We will do the integrals in Euclidean signature. We start with the integral (see figure 6)

_ / qd®q
(g7 +mi)(gs +m3)(gs +m3)
Using Cutkosky’s change of variables we have
I= /°° dqs /°° da3 /(qg)max dd3 / dq1d%g (6.2)
o gi+mito @ +m3)@mn 65 +m3 )y dai Adg A dgy

where p is the external momentum and p = ¢; + g2 + ¢3, where ¢1, g2 and ¢3 are the momenta

(6.1)

through the internal lines of the sunrise diagram. The values (¢2)min and (¢%)max are obtained
by computing the stationary points of q% subject to the constraints that p = q1 + ¢2 + ¢3
and ¢ and ¢35 take fixed values. The contour v is a real cycle on an elliptic curve which
we will describe in more detail in the following.

Indeed, it is clear that ¢? and ¢3 can take any values, but the values of q§ are constrained.
For clarity, let us denote the fixed values for ¢7 and g5 by ¢? = 2z and ¢5 = z3. Then, we
look for the stationary points of q% = (p — q1 — q2)? subject to the constraints ¢ = z; and
q% = z9 where z1, zo are some fixed values.

We define a function

F(qi,q2. M1, 02) = (0 — 1 — @2)* — M(qF — 21) — Aa(g5 — 22), (6.3)
where A1 and A9 are Lagrange multipliers. The stationary point conditions read
0 2 2 2 _
8711(@ —q1 —q2)" — (g — 21) — Aalgz — 22)) =0, (6.4)
i((p—(h —QQ)2—>\1(q2—21)—)\2(q2—2’2>) =0 (6.5)
aqz 1 2 ) .

while the derivatives with respect to the Lagrange multipliers reproduce the constraints.
Taking the derivatives we find

P—aq1—q+ Mg =0, (6.6)
P—q1— g2+ Aagq2 = 0.
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In particular, this implies that A\1q1 = A2q2. By squaring we have )\%21 = /\%,22 SO Ay =
iAl\/g.

Let us first assume that A;, Ao are non-vanishing. The system of equations above
has a solution

S, B S (6.8)
©= A+ Ay — )\1/\21)’ 2= A+ Ao — )\1)\2}9- '
By squaring the first equation we find
A2 2
1+ —=—-X) =—. 6.9
( - A1 2) 22 (6.9)

21

Using f\‘—f = +1,/5 we find

2 2
=14, 24 B A =14y 2 4y E (6.10)
21 21 Z2 <2

with (%1)(£2)(£3) = 1. Then, we have

Z1 z9
q1 = F34/ =D @2 = F2./ 5D, 6.11
V72 V2 (6.11)
21 z2
q3 = <1 +34/— 2 >p7 6.12
\/pg V2 (6.12)

g3 = (Ipll 35 V21 £2 v22)*. (6.13)

In conclusion, we find four different critical points for ¢3. Let us now study their nature

hence

in more detail. In order to decide the nature of the critical points, we compute the bordered
Hessian matrix

0 0 9%F O%2F
OA10q1 0X10q2
0 0 8*F 8%F
HF)=| pp op O350 9% |, (6.14)
0q10M1 0q10X2 0q10q1 0q10q2
0°F 9°F 0°F 0°F
0q20X1 0q20)2 0q20q1  0q20q2
In our example we have
0 0 —2q1 0
0 0 0 -2
H(F) = © . (6.15)

—QQ1 0 2(1 - )\1) 12 2 12
0 —2q2 2 ]_2 2(1 - AQ) 12

We have four variables (the components of ¢; and ¢2) and two constraints. Therefore, we
need to look at the signs of the 5x5 and 6 x 6 principal minors. Computing these minors we find

Hs(F) = F1 (5 |[pl + vz ) v/Z12, (6.16)
Hy(F) = |l varv/z (21 llpll £2 v +5 v/22). (6.17)
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The conditions for a minimum are

(=1)?H;(F) > 0, (—1)?Hg(F) > 0, (6.18)
where 2 is the number of constraints. The conditions for a maximum are

(=1)3Hs(F) >0,  (=1)*Hg(F) > 0. (6.19)

Let us consider the conditions for the minimum:

F1(£2 [Ipll + v/22) > 0, (6.20)
+1 ||p|| +5 \/a:tg \/5 > 0. (621)

There are four cases

1. 4+1+2+3: in this case the minimum conditions become ||p|| + \/z2 < 0 and ||p|| + /71 +
/Z2 > 0. The first condition never holds since ||p|| > 0 and /z2 > 0.

2. +1—2—3: in this case we have ||p|| > \/z2 and ||p|| > \/z1 + {/Z2.
3. —1+2—3: in this case we have ||p[| + /22 > 0 and \/z1 > ||p| + {/z2-
4. —1—p+3: in this case we have \/zy > [|p|| and \/z2 > ||p| + /Z1-

Let us now assume that Ay = 0 or Ay = 0. Since A\1q1 = A2gg, then if Ay = 0, either Ao =0
or g2 = 0. We will not study the region g = 0 anymore since in this case it does not yield a
contribution to the integral. This conclusion should be re-evaluated when studying the case
mg = 0 or in general when the integrals are divergent. We conclude that when A\; = Ay =0
the two analogs of the Landau loop equations become a single equation p = g1 4+ ¢2. This is
consistent with the constraints ¢? = z; and g3 = 23 if the triangle inequalities are satisfied
z1+ 22 > [pll, [[pll + 21 > 22 and []p|| + 22 > 2.

In conclusion, we have

(lpll = vz1 = vz2)*, lpll > vz + vz,

(lpll = vz1 + vz2)%, V2 — /22> |lpll, (6.22)
(lpll + v21 = v22)?, vz =z > il
0

, otherwise.

(Q§)min =

For the maximum, we have the following four cases:

1. +1+2+3: ||p|| + /22 > 0 and ||p|| + /21 + /22 > 0. These conditions are always
satisfied.

2. +1—2—3:

Ip|| < /22 and [|p|| > \/Z1 + /2. These conditions are incompatible.
3. —1+2—3: ||p|| + /22 < 0 and \/z1 > ||p|| + \/Z2. These conditions are incompatible.

4. —1—a+3: /22 < ||p| and \/z2 > ||p|| + \/z1. These conditions are incompatible.
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It follows that

(@3)max = ([l + V21 + v/22)*. (6.23)

This is actually pretty obvious geometrically.
The innermost integral contains a one-form
*qd*q

_tqntq@ 6.24
dg? A dg3 A dg3 (6.24)

We can compute this ratio as follows. We have ¢; + ¢2 + ¢3 = p and we take p to be constant
(or dp = 0). Then we have

_ d*qd*q

(2q1 - dq1) A (22 - dg2) A (2¢3 - dgs3)
_ d>q1d%q

—8((q1 - dar) A (a2 - da2) A (g - dge) + (g1 - dar) A (g2 - dg2) A (g3 - dao) )

v-dq

_ 6.25

8e(q1,q3)e(v, q1) (6.25)

where we have used dq3 = —dq1 — dgs. Then, taking v = p and using
e(p. q1)elg2, g3) = det (p e Q3>
q1-492 q1 g3
s -t —a) s +¢ -2 —y?)

2=(p-q)? =(@+g¢)*and y* = (p— @3)* = (@1 + @2)*

The variables 22 and y? are the lengths squared of the diagonals of the quadrilateral

where x

whose sides are the vectors qi, ¢2, q3 and —p.

Since the quadrilateral is in a plane, we have that the volume of the simplex it generates
vanishes. In other words, the following Gram determinant should vanish (see also ref. [34,
lemma 4.1])

P> pxpog

G(p,x,q3) =det [ p-x 2? z-g3| = Plu,v), (6.27)
Pq3Tq3 G5

where v = 22, v = ¢,
P(u,v) = u?v + uv® 4 2dy1uv + diou + do1v + doo, (6.28)
with
1
dio = (p* — &3)(4f — &3), (6.30)
doy = (0° — 4D)(a3 — &), (6.31)
doo = (0* = ¢f + &5 — 63)(P* a5 — 41 43)- (6.32)
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The polynomial P can be made homogeneous of degree three so it describes an elliptic
curve embedded in P? with homogeneous coordinates (u : v : w). However, an alternative
compactification, described in section 7 is more natural.

Using these results we have that

_ du . dv
49,P  49,P’

w

(6.33)

udw+wdudv : :
o by taking a residue

This one-form can be obtained from the two-form udvdw—vd
at P = 0.

We can eliminate the variable v by solving the quadratic equation P = 0 in v to obtain

—(u2 + 2d1u + d01) + \/Z
2u

V4 = (634)

Using this in 0,P we find
P = +VA, (6.35)
where

A= (w=(lpll+llgtD?) (= el = llgrD?) (= Claa ]l + llaslh?) (w = (lazll = llgs])?). (6.36)

2 is as follows. We

have ([[pll — llg:[)* < #* and 2® < ([lpl| + [z })?. Similarly, we have (||gz|| — [lgs])* < @ and
r < (|lg2]l + |lgz|)?. Therefore, we have

Taking into account the triangle inequality, the domain for u = z

max((lpll = llar )2 (laa | — llas])?) < w < min((llpll + g ), (laoll + llasl)?). (6:37)

In other words, if we sort the roots of A, the integral in u is over the middle two roots.
In this interval A > 0.
Similarly, we have

P = £V, (6.38)

where

A= (v=(latll +lla2l?) (v = (lasll = llg21)?) (v = (el + lasl)?) (v = el = llgs])?) (6.39)

As before, taking into account the triangle inequality, the domain for v = 3? is

max(([lpll = llgs )2 (lar || = la2l))?) < w < min((pll + llgsD? (lasll + llgal)?).  (6.40)

We know that

(lpll = llgslh? < dllpll + llgs[)?, (6.41)
(lgrll = Nlaz)? < Clavll + llazl)? (6.42)

so the possible orderings of these four roots are obtained by shuffling the two sets of ordered
roots. In total there are six possibilities. The interplay between these conditions and the
boundary conditions for integrating over ¢3 yield a large number of regions.
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To make progress we follow a bit of a different route that Cutkosky’s Instead of
integrating over ¢ and ¢3 first, we integrate over ¢7 and the diagonal v = y? (see figure 8).
The triangle inequalities now imply that

€ [(y = llarl)?, (v + llael)?], (6.43)
g5 € [(y — lIpI)%, (v + lIpl))?)- (6.44)
Then the integral becomes
©  dg? Votlal)?  dg3 1
/o ai +m1/ -tz a3 +m3 /(v = (il = Ta2D)?) (v = (el + Tla2l)?)
y / (Vo+llplh? qu?’ i 1  (6.45)
(vo-lpz a3 +mz /(v — ([Ipll = llas[)?) (v — (Ipll + llasl))?)

Next, a short calculation reveals that

(v = (el = llasl)®) (v = (lpll + llaslD?) = (a3 = (el = vo)*) (g5 = (llpll + Vv)?).  (6.46)

Then, the integrals over ¢ and q§ can be done as in eq. (4.14) and have the effect of
introducing a factor of 7 each and replacing ¢3 — —m3 and ¢3 — —m3.
After doing these integrals, we find

F/OO dq / dv '
o gt+miJo /(o—((lpl[—ims)? )(v—(I!p\|+im3)2)(v—(HQ1||—im2)2)(v—(IImHH%)z)?)

Note that the quantity under the square root is always positive in the integration domain.

Note also that when the “angular” integral was the innermost integral it was a complete
elliptic integral, once we pulled it through the ¢3 and q% integrals it became an incomplete
elliptic integral (see section B for a discussion of such integrals).

This result can be rewritten in several ways, but the number of integrals can only be
reduced at the cost of introducing transcendental functions, such as logarithms. For example,
we can also do the integral over ¢? which will produce a logarithm and will replace ||q1|| — im1
in the quartic under the square root. Similar results can be more quickly obtained by using
Feynman parametrization. The quartic in v can be symmetrically reduced as in eq. (B.9).

At the Euclidean pseudo-threshold ||p|| = i(m1 + mao — m3) the integration can be done
explicitly in terms of dilogarithms as shown in ref. [14].

Hyperelliptic integrals can also occur, see ref. [35]. In that case a similar analysis applies
and the angular integrals should yield a distinguished holomorphic form on the hyperelliptic
curve along with a distinguished cycle.

The parametrization of the integral in terms of momenta squared may open up new pos-
sibilities for regularization. The “angular” integral, being along a compact real cycle and not
meeting any singularities does not itself produce divergences, however this inner integral is the
only one affected by dimensional regularization (see the discussion in section 8). Divergences
arise from integrals along the variables 2. It is therefore more rational to regularize them
instead, since they are producing divergences. One idea that immediately comes to mind
are hard cut-offs (IR and/or UV) in ¢2 in Euclidean signature. This will undoubtedly make

— 28 —



q2

g3
1

A

Figure 7. A quadrilateral configuration, which corresponds to a kinematic point in the sunrise
integral.

the integrals more complicated, but possibly not much more than dimensional regularization.
We should point out that this type of regularization is better than the usual textbook cutoff
regularization, which depends on the choice of loop momentum.

However, the mathematical literature has other types of regularizations which have been
applied to polylogarithms and multiple zeta values (see ref. [36] for a longer discussion).
Such regularizations, such as tangential basepoint regularization have already been used
in refs. [7, 8]. The regularizations used in the mathematical literature have been designed
to preserve various identities satisfied by quantities which did not require regularization.
Similarly, in physics, we want to preserve various properties satisfied by physical quantities,
which are often broken by traditional regularization choices.

7 Configurations of quadrilaterals as elliptic curves

It will prove convenient to compactify and complexify the integration domain. This is
actually necessary for applying mathematical theorems such as those of refs. [37-40] and also
refs. [41, 42] for reviews. The compactification is essential if we want to study second type or
mixed second type singularities. For the variables ¢ an obvious choice of compactification is
RP! with complexification CP! (see ref. [34] where the same compactification is used).

It may happen that, after complexification, the “angular” variables in Cutkosky’s termi-
nology (see section 2) do not parametrize a compact space. Sometimes, as in the case of the
bubble integral in three dimensions (see section 4.3), a compactification can be performed
at the cost of introducing a pole for the innermost differential form. We should note that
this rather natural (partial) compactification does not seem to have been discussed in the
physics literature before. The type of compactifications that have been considered, see ref. [41,
p. 107] involve representing the complexified compactified Minkowski space as a quadric in
P?, a compactification familiar to twistor theorists. Here, instead, we are proposing to use
a compactification to a product of P!, times an ad hoc compactification for the “angular”
variety. Curiously, an embedding in a product of P! was discussed in a different context in
ref. [43] but there the interpretation of the coordinate on P! was different from here.

In the compactification the integration path ¢? € (—oo,00) is closed since we have a
single point at infinity. Indeed, on the complex projective line CP! or the Riemann sphere
we can choose coordinates so that the origin is at the North pole and the infinity is at the
South pole. Then the integration contour (—oo,c0) is along a meridian.
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Figure 8. A quadrilateral configuration, together with diagonals, which has the same lengths of
the sides, and same length for one of the diagonals as in figure 7, while the other diagonal has a
different length.

The interpretation of quadrilateral configurations as points of elliptic curve was described
in ref. [34]. As explained in this reference, there are two moduli spaces of quadrilaterals;
oriented and unoriented. For our purposes the unoriented moduli space is relevant. The
oriented moduli space of quadrilaterals makes sense over the real numbers only.

In order to obtain an elliptic curve, we need to compactify the space, which involves
taking the lengths of the sides of the quadrilateral to be valued in P'.

The dual space parametrization used here goes back the initial studies of Landau
singularities in refs. [4, 44-46]. This representation is really useful since some non-obvious
algebraic properties have simple geometric causes. An equation for the elliptic curve can
be obtained by setting to zero the volume of a (degenerate) tetrahedron in figure 8. This
yields an equation in u = 22 and v = y? of bi-degree (2,2) and is, coincidentally, also
naturally embedded in P! x P!

8 A peek at integrals in dimensional regularization

In dimensional regularization the Cutkosky representation is usually called Baikov repre-
sentation (see ref. [47] for the original paper and ref. [48] for an introduction). This has
a loop-by-loop version worked out in ref. [49].

Let us now do a sample computation in dimensional regularization. We will first attempt
a simple integral, the massless bubble in dimension d = 4 — 2e. Our computation will not
use the Wick rotation, which is less natural for massless particles since it clashes with the
on-shell conditions. The computation is more complicated than the textbook computation
using Feynman parameters and Wick rotation.

We have
ddq2 [e%s)
[ [ B )8 1)
(th 00 q1 by dql /\dq2

As before, we have as = (||p|| — l|q1]])? and by = (||p|| + ||¢1]])?. Recall that ||p|| = \/p?
and if p? < 0, then ||p|| € iR. In this case, when the boundaries of integration are not real,
the inner integral is over the full real line so we replace

as o0 dq% 00 dq%
+ / ) = / & 8.2
(/—oo b2 q% -0 q% ( )
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above. In the following we will do the computation in the region p? < 0, sometimes called
FEuclidean region.
We have

d?q _ dq _ 71dq% A Adg! (8.3)
dgi A dg3 Aqr - dqr) A (g2 - dq1) 4 pOg} —plg?

Next, we use the fact that
a1 —p'd))* = 0} — p'ar) — ((¥°)* — (")) (&) — (¢1)?). (8.4)

We pick p to have components only along directions 0 and 1 so p? = (p°)? — (p*)2. Then,

denoting ¢? = z; and ¢3 = 2z, we have

(@) = (@)’ =21+ (@) + - (¢f 2 )
P’ =)’ = (' —al)? =2+ (@) +-- (¢ )?
Subtracting these equalities we find p? — 2(p'¢Y — plqi) = 22 — 21. Using this we find
1
(a1 —p'a))’ = (22 = 21 = p*)* = (21 + 97, (8.7)

where we used p? = (¢%)? + '”(Qf_l)2-

In conclusion, we have
dlqr Qq_sp*3dp
2 2 =
dqy A dg; \/i(zf + 23 + (p2)2 — 221p% — 229p? — 22122) — p2p?

: (8.8)

where 4_3 is the measure on the unit d — 3-dimensional sphere. In eq. (8.7) the right-hand

side is positive since the left-hand side is a square of a real quantity. Hence, the quantity

under square root in eq. (8.8) is also positive and taking the square root poses no problem.
o

L(%4)

can be done in terms of an Euler beta function. After integration (for p € [0, 00)) we find

In general we have ; = so the angular integral is easy while the radial integral

a—3

d—2
ore T(4=2)17(3=d 1 wa
T2 ( 2 )T ( 2 ) (_pQ)—T <4(z% + zg + (pQ)2 — 221p2 — 222p2 — 221,22)) , (8.9)

RGN

for Rd € (2,3). This form of the integral can be analytically continued in d.

The kinematic dependence of this problem is so simple that now we can do a change
of variable z; — —p®2z; and 2o — —p®2z» so that the dependence on p? can be extracted out
of the integral and what remains to compute is a d-dependent prefactor. Upon performing
this change of variable we can pull out a factor (—pz)g_Q, which is in fact dictated by
dimensional analysis.

If instead we take p? > 0, then there is a finite upper bound on p. Doing the p integral

we obtain
a—2 d—3
or 7 7l (42) a2 (1 5
+ 2 22<22+z2+ 22— 22p% — 220p% — 2212 ) , 8.10
F(%) 211(%) (r°) 4( 1+25+ () 1P 2p 122) (8.10)

for Rd € (2,00).
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Keeping only the z; and zo dependent part, we have

(/0 dz1</“2(zl)+/°° )dzg / dzl/ sz>
—oco <1 —o0o b2(z1) co <2
(z1 + 22+ 1422 + 229 — 221,22) N . (8.11)

The integrals over z; and zo should be understood in the sense of the Feynman ie prescription.
Rotating the z; contour in the second integral above (as we have done in section 4.2) we obtain

d—3

ba(z d—3
/ il / ) dz? (22— aa(z)) (22 — ba(=1)) (8.12)
oo <1
where az(z1) = —(1 4+ /—21)? and ba(21) = —(1 — \/=21)?, 50 aa(21) < ba(z1) < 0. Hence,
the integration region does not contain the pole at zo = 0 and Feynman ie are not required
to make sense of the integral.
Consider the following integral

[NIES

b V4 1
/adz(z—a) (z—b)3, (8.13)

for a < b < 0, which arises from the integral above upon setting d = 4. We can write this
integral as half the integral around the cut between a and b. This integral is 27¢ times the
residues at z = 0 and z = co. We have resy = y/—av/—b. At infinity we make a change

of coordinates z = w™! so we get
dz 1 1 dw 1 1 dw adw  bdw
—a)z(> — bz — — 1— 3(1 — 3 = .14
Z(z— )i =)t = —To(l—wa) (L —wb)i = — S+ TR LT (8.14)

SO IeSee = %(a + b). Hence, the integral is

z

b z 1 1 Iy
/a & )b = S(a+b+Vab), (8.15)

Using this expression for a = as(z1) and b = ba(21) we find

[7 2y (e bibater) - eh = T (8.16)

az(z1) 2 2

T |4z, if —1 <2z <0,
—4, if 21 < —1.

Plugging this into the z; integral, we see that it is convergent at z; = 0 but it diverges
logarithmically at z; — co. The first region can be thought as an IR region while the second
as an UV region so our integral is IR-finite but UV-divergent. Interestingly, the value z; = —1
provides a natural boundary between these two regions so one can canonically separate the
integral into an IR and a UV region, to be studied separately.

If we do not set d = 4, the integral over 29 in eq. (8.12) is a hypergeometric integral
so it can be computed explicitly.

b T —a 2e+1 1
[ ar - = "m0 -y -

b— a)*+1 T(e + 1)?
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where ( =1 — %. We want to apply this for e = %. However, we are only interested in

computing the expansion around € — 0. In order to compute this expansion, what is needed
is a way to systematically expand around z; = 0 in the first region and z; — —oo in the
second region. We leave a study of this question for the future.

Finally let us briefly discuss the massless box integral. We have

dPk
k2(k + p2)2(k + pa3)2(k — p1)?

(8.18)

Let us put this integral in Cutkosky form. The range of k? is R. The range of (k + p2)?
can be determined by extremizing (k + p2)? at fixed py and subject to the constraint that
k? is fixed at k? = z;. Using Lagrange multipliers we find

)
o (0 k2)? o+ k) = 2(k + py + a1k) = 0.

Since p3 = 0 and 2; = k? # 0 we have that an extremum is never realized. Hence, the
range of (k + p2)? is also R. Note that this is not what happens in Cutkosky’s approach of
proving his theorem. It remains to be seen if and how his proof would have to be modified
to cover this case.

The range of (k + po3)? is determined in a similar way. Using the same idea of Lagrange
multipliers we find the equation

(14 a1 + ag)k = —pag — aaps.

The compatibility condition is the existence of a tetrahedron with sides k, k& + p2, k + pa3, p3,
p14 and ps and the extrema arise when the tetrahedron becomes degenerate which is when
its volume vanishes. Using the Cayley-Manger formula for the volume of the tetrahedron
one can solve for the stationary point of z3 = (k + pe3)? and we find a unique solution
z3 = _(pgg,;lz%i:z)n. It is remarkable that there is a unique solution which is another

departure from the case analyzed by Cutkosky. We defer a more detailed study of the
nature of this stationary point.

The extrema of (k — p1)? can be analyzed similarly and in that case one finds two

solutions, as usual.

The remaining integrals can be written as

dPk
dk2 Nd(k + p2)2 Ad(k + pa3)2 A d(k — pp)? (8.19)
B dPk
16k - dk) A ((k + p2) - dk) A ((k + pa3) - dk) A ((k — p1) - dk)
dD—4]€L

- 16€(kyj, (k + p2)||, (k + pa3)y, (B —p1)))’
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Next, we will use the following identity

— e(k,k + pa, k + paz, k — p1)?

k2 k- (k+p2) k- (k+ pas3) k-(k—p1)
k- (k+p2) (k + p2)? (k+p2) - (k+p2s) (k+p2)-(k—p1)
k- (k+p23) (k+p2)- (k+ pas) (k + pag)? (k4 p23) - (k—p1)
k-(k—p1) (k+p2)-(k—p1) (k+pas)-(k—p1) (k—p1)?

1
= —e(ky, (k + p2)|, (k +pa23)y, (k —p1))* — 1(10%2 + P33)Piap3sp’,

= det

where we have used the fact that every element in the Gram matrix above can be written by
replacing k — k| and adding p? = ki This allows us to compute the Jacobian as

(ks (k + p2)ys (k + p23)yp, (k — p1)yp)

1
= \/f(k, ko p2k 4 pas k= p1)® = 2 (Pl + PR )plapdse®, (8:20)

where €(k, k + pa, k + pa3, k — p1)? is a relatively complicated polynomial in z1,..., 24 and
p?y and p3,, which will not write explicitly, but which can be computed straightforwardly
by expanding the Gram determinant above. Somewhat unexpectedly the dependence on
z cancels from the coefficient of p?.

Next, the strategy is as in the case of the bubble integral. We write the integral over
ki as dP~4k, = pP5dpdQ4_5 and perform both the angular and the radial integrals. The
integral over z4 is again a hypergeometric integral, so if one wants to do the integrals to
all orders in € one would need to use identities for integrals with hypergeometric function
integrals. Interestingly, the full answer for the box can be computed exactly in terms of
hypergeometric functions, see ref. [50].
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A Useful integrals

Consider the integral

b dx
L eror—r— (A1)

where a < b, o < 3, the interval (a,b) is included in the interval («, 3) so the square root
is always positive in the integration region and —c ¢ (a,b).
To compute this integral we define a curve y? = (z — «)(8 — ) which can also be written

() e (05
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This curve can be parametrized rationally by

a+pB a-p

r=—5—t+ (t—t1), (A.3)
y:a;5@+f5. (A.4)

In this new coordinate we have
w= dz ! dlog - tJ_r, (A.5)

(x +e)y/(z —a)(f — ) 2\/ (a+c)(c+ P) t—t

where

ti:—i(a+5+20)jz\g—(a—l—c)(c—i-ﬁ)‘ (A.6)

Then we solve for ¢; corresponding to x = a and for ¢; corresponding to = b. In both

cases there are two solutions and we pick the solution for which y > 0. We therefore have

i(2a —a—f)+2y/(a— a)(f —a) (A7)

t; = o3
i(2b—a —B)+2/(b—a)(B—b)
pu— . A.8
ty Py (A.8)
Using these equations we find
b d 1 te —tT)(t; —t~
a (z+e)/(z—a)(B—1) 2\/ (a+c¢) c—|—ﬂ) (tr —t7)(t; —tT)
where we have taken o < a < b < 8 and —c¢ ¢ (o, 3).
An alternative form for the answer is
b
/ dx _ 2 (A.10)
o (@+e)/(z—a)(B—2) (a+o)

a +c a+c
X | arctan — arctan
( V 5+C V ﬁ+6>

Notice the appearance of square roots of cross-ratios of points a, 8, a, —c and b, 5, a, —c.
Interestingly, square roots of cross-ratios have appeared in the recent work of Rudenko
(see ref. [51]).

We have

1 1+ix
arctan xr = — log

. A1
27 11—z (A-11)

Then, arctan /x has a square root branch cut at x = 0 and a logarithmic branch cut at

x = —1. The logarithmic branch points are obtained by solving
W -1 (A.12)
(a—a)(B+c)

we have a = [ or a = —c¢. Similarly, from the second arctangent function, we have

logarithmic branch points when
=—1, (A.13)

which implies « = 8 or b = —c.
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If the roots of the quadratic polynomial under the square root are complex, then we
have the integral

/b dz _ (A.14)
a (x+co)y/(x—2)(x—2)

where —c < a <band z =u—+iv, z=u—iv for u,v € R and v > 0. The calculation of

this integral is classical. We first define a curve y? = (z — u)? + v?, which can be written

as (y — x4+ u)(y +  — u) = v2. This curve can be parametrized by

1 (v? 1 v?

dz 2t
Y (w—i—c) (w—z)(x—z) :t2_2(u+c)t—v2' (A.16)

We have

After partial fractioning this becomes

1 t—ty
w = dlo , A7
(u+c)? +v? S (A17)
where
ty =u+ct/(u+tc)?+ 02 (A.18)

The bounds of integration can be determined using z(¢;) = a and x(ty) = b. There are
two solutions in each case but we keep the one for which y > 0. In the end we find

ti=u—a+/(u—a)®+ 02, tr=u—b+4/(u—"0)?%+ 02 (A.19)

Finally the integral is

bw: —b—c+\/(b—u)2~|—v2—\/(u+c)2+v2>

1
¢ \/m[log(—b—w\/(b—u)2+v2+\/(u+c)2+v2
ca—ct Ja I - T
_log(_“—c+ Vie—u)?2+ 02+ /(u+c)? +U2>} (A.20)

Let us now study the singularities of this function. We have logarithmic singularities
when the arguments of the logarithms become zero or infinity. For the first logarithm this
happens when

(—b—c+\/(b—u)2+02—\/(u+c)2+v2)(—b—c+\/(b—u)2+v2+\/(u+c)2+1)2) =0.
(A.21)

This condition is satisfied if b+ ¢ = 0 or v = 0 while u € [a, b]. In the second case the contour
[a, b] is pinched. A similar conclusion holds for the second logarithm with a substituted for b.
The usual branch cut prescription for \/(x — a)(x — b) is that if the quantity under square
root has a negative real part and a small positive imaginary part then the argument of the
square root is % If instead it has a small negative imaginary part then the argument of the

square root is —X. From this point of view \/(z — a)(z — b) is badly behaved since we have
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Figure 9. Two contours along the real axis with small positive and negative imaginary parts. The
contours avoid the singularities at a and b along the real axis and they close by large semicircles in
the upper and lower half-planes.

(z+ie—a)(z+ie—b) = (x—a)(z —b) —ie(a+b—2x) + O(e?). Here we assume a, b, z,e € R
and for definiteness a < b. Then R((x + ic — a)(z + ie — b)) < 0 if z € (a,b). We also have
S((z + ie — a)(z + ie — b)) = —€(a + b — 2z). This changes sign when z = 2.

It is more convenient to instead use v/ — av/z — b. For = > b there are no branch cuts.
For x € (a,b) there is a square root branch cut arising from /2 — b. Finally, for 2 < a there is
no branch cut as can be shown by a short calculation. One can also choose the complementary
cut, by considering the function v/x — a\/b — x instead. Indeed, as long as = € (a,b) the
function is continuous from above and below in the complex plane while along = < a and
x > b we have the usual square root branch cuts of \/z — a and /b — z, respectively.

The contours in figure 9 are very useful in computing integrals of type

b d
/ i , (A.22)
a f(x)Vex—ava—b
where f does not have any singularities along the real axis. Then, we have
a—Ve2—562+i§ a+ve2—624i6 b—Ve2—62+i6 b+Ve2—562+i8 co+tie
/ / +f + [ + [ . (A23)
—oo+id a—Ve2—62+i8 a+vVe2—62+i8 b—Ve2—62+i8 b+vVe2—52+i8

which is a decomposition of the horizontal contour in the upper plane in figure 9. This contour
has several portions. The horizontal portions are displaced by § > 0 in the upper half plane
while the arcs of circle have radius € > 0. If we subtract from this path the analogous path
in the lower half plane, the linear sections going to oo cancel, while the section along the
cut doubles since it receives a contribution from the contour in the upper half plane and a
negative contribution (due to the branch cut) along a contour going in the opposite direction.

In practice f is often such that the integrals along the small circles of radius € vanish
in the limit € — 0 (which also implies § — 0). Then one can compute the integral by an
application of Cauchy’s theorem, by closing the contours at infinity. If f has branch cuts, we
can arrange so the contours go along the branch cuts without crossing them. This produces
contributions to the integral from Cauchy’s theorem. Finally, we need to take into account
the poles, including a potential pole at infinity.
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If instead we want to compute an integral of type
/ dx
(—oo,a)U(byo0) f(2)VT —av/x —b’

we can follow a similar recipe, except that now we add the contributions of the two horizontal

(A.24)

contours instead of subtracting them.

B Carlson elliptic integrals

In ref. [52, thm. 2.2] the following duplication theorem was proved. If z;, 29,23 € C\ (—00,0)
and at most one of them is zero, then we have

/ H t+zl / o, Vu+ 2z + X (B-1)
where
A= VEAVE +VAVE FVAaVE (B.2)

and where the square roots have phases in the right half-plane. The duplication theorem has
to do with an isogeny of the elliptic curve. See refs. [19, 49, 53] for discussions of isogenies
in connection with Feynman integrals.

This can be proved by making a change of variable

u(t) =t +Vt+ 21Vt + 20 + VE+ 21VE+ 23 + VEF 2oVt + 23 — A (B.3)

Then we have

du t+z t+z t+z t+2z t+ 2z Vit z
27_2+\/ 2+\/ 1+\/ 3+\/ 1+\/ 2 . 3 (B.4)
dt Vi+zr itz itz itz i+ itz
Next, we have
u+z1+ A= (Vt+ 21+ Vit + 20)(VE+ 21 +VE+ 23) (B.5)

and permutations. Hence,

V@t 2+ Xt 22+ At 23+ A)
= (Wu+z1+Vu+z2)Vu+z1 +Vu+ z3)(Vu+ 22+ Vu+ z3). (B.6)

Finally, simple algebra shows that

du 1\/u+zl+)\)(u+22+)\)( +z3+A)
dt 2 VIt +21)(t + 22)(t + 23) '

This, together with u(0) = 0 and lim;_,o u(t) = oo finishes the proof.

(B.7)

The symmetric reduction from a quartic to a cubic is treated in ref. [52, thm. 3.2].
Suppose we have z1, 29, 23,24 € C\ (—00,0) and take the square roots to be in the right
half plane. Then, define

wj = \/Z\/Z_'_ \/a\/zi {.77 k7l} = {27374}' (B'8>
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Then,
0 dv

o0 du /
/0 [ vutz o ijZQ\/ﬁw]z.

This can be shown by a change of variable

(B.9)

v(u) = (VuF z1y/u+ 2z + Vit zaevut 2)? — (Vaiyz + Vay/a)’ (B.10)

We have

d .
U_(\/“+Zl\/“+zj+\/u+zk\/u+zl)(m+\/“+Zl RN \/U+Zz>_

du Vutzi JuFz; Jutz o Jut e
(B.11)
Then,
vt wi = (Vut zaiy/ut z + Vet z/utz)? (B.12)
and

\/(v +wd) (v +wd)(v+w?) = (Vu+ 21v/u + 22 + Vu + 237/u + 24)
X (Vu+ 21vu + 23 + Vu + 2270+ 24)(Vu + 2170+ 24 + Vu + 290/u+ 23). (B.13)

Now the result follows by simple algebra.
If the integration domain is not (0,00) but (z,y) instead, we first make a change of
variable to make the domain (0,00). For an integral

Y dt
_— (B.14)
/x T, Va; + bit
we make a change of variables t = xu“—jly or u = % This then yields
Y dt Yy—x 0 du
/ . S / . , (B.15)
¢ [l Vai +bit  [li—; vVai+bixJo [[i— Vu+z
where z; = Z?ig?g.

Next, we can combine the domain transformation and the symmetric reduction to obtain
the following result (see ref. [52, thm. 3.4]). For z,y € R with x > y, and a;,b; € R for
1 = 1,2,3,4, define

X, =+Va; + bz, Y, = Va; + by, 1=1,2,3,4, (B.lﬁ)
X1 XYY, + Y X X
T —y ’

Ui = i=2,3,4, (B.17)

then . it - it
e R _— (B.18)
/y ITizy Vai + bit /0 [l \/t + U,

Indeed, we have

/y dt B Yy—x /OO du (B.19)
e [Ty Va0t [T Vai+ oo Ty Vutz '
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a;+biy

with z; = Then, by symmetric reduction we have

a;+b;x”
o0 d o0 d
| e [ — (B.20)
0 Hi:l VU T+ % 0 Hj:? /v + w?
where
wj = VA VG VRV
_ Jatbiy Jaj+bjy Lo Ty Jatbhy X XYY+ Xp XY (B.21)
ay + bz \ a; +bjw ar + bz \ a; + bz X1 XXX, . '
Using the rescaling v — -5 for a > 0, the identity
/ / S (B.22)
2
2\/Y v+ oz
finishes the proof.
Let us now consider the explicit case of a complete elliptic integral
dt
(B.23)
V(t —a1)(t — az)(az — t)(as — t)
for 0 < a; < as < ag < aq. By a change of variables u = ngi we obtain
d
“ (B.24)

Vu(as —ay + (a3 — ay)u)(as — as + (ag — az)u)

By making a change of variables u = Z§ alv and u = Z;‘ a% we obtain, respectively
dt
V(t —a1)(t — az)(as — t)(as — t)

1 dv

\/(az—al)(a4—a3)/0 \/U(erl)(UJr(tll—%)(ar@))

(a1—a2)(as—a3)
_ 1

Bl \/(a3a1)(a4az)/0 \/

v(v+1) (’U + (al_a2)(a4_a3)>

dv

(B.25)

(a1—a3)(aa—a2)
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