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1 Introduction

Fracton excitation, a new kind of quasiparticle with restricted mobility, has appeared in new

types of exotic phases of matter and received attention from both condensed matter physics [1-

10] and high energy physics [11-15]. Fracton phases of matter, originally constructed as a

candidate for quantum memory [1, 2], are famous for their extensive ground state degeneracy [1—-

3], restricted mobility of excitation [3] and large subleading corrections to the entanglement

entropy [16, 17]. More detail can be found in the reviews [18, 19]. Models with fractons also

attract the interest of field theorists because their low energy effective description allows

discontinuous field configurations and exhibits exotic UV-IR mixing behavior [11-15], which

challenges our conventional understanding of field theory.



One valid construction of fracton models arises from generalizing the ordinary gauge
principal [20] by introducing the tensor gauge theories [21-24], where gauge fields are tensor
representations of the symmetry group. There is another foliation construction [6-8, 25-27]
where the spacetime manifold is a foliation of lower dimensional submanifold. The gauge
invariant operators have restricted mobility in the foliated directions but are topological
in the other directions without foliation.!
the exotic-foliated duality [30, 31].

From a symmetry point of view, fracton models are often realized by gauging the

The two constructions are equivalent through

subsystem symmetry [26, 32] or dipole symmetry [33, 34] which generalizes the notion of
symmetry by relaxing the topologicalness of the symmetry operators. Therefore, studying
these generalized symmetries is of equal importance and will shed light on the underlying
structure of fracton models. In this paper, we will focus on the subsystem symmetry.
Subsystem symmetry allows symmetry transformations acting on rigid spatial submanifolds
and it is sometimes referred to as “gauge-like” symmetry [35-37]. However, it should be
viewed as a global symmetry rather than gauge symmetry because the subsystem symmetry
operator acts nontrivially on the Hilbert space. It is natural to study subsystem symmetry
by generalizing corresponding ideas in ordinary global symmetry, like selection rules [38],
spontaneously breaking [39-41], anomaly inflow [42] and constraints on IR dynamics [11-15].
In particular, we will study the duality web and the generalization of symmetry topological
field theory (SymTFT) for subsystem symmetry.

Duality is a powerful tool in theoretical physics, where the two apparently different
Lagrangians describe the same theory. Here we focus on (1 4+ 1)d quantum field theories
(QFTs) where the duality web has been revisited recently from the perspective of gauging
a discrete symmetry [43—49]. We are interested in the duality transformation generated
by symmetry manipulations such as gauging and stacking invertible phases [50-52]. For
example, gauging the non-anomalous Zg symmetry of (1 + 1)d Ising conformal field theory
(CFT) is a self-duality and the corresponding duality defect gives the simplest example of
non-invertible symmetry [53, 54]. Another famous example is the boson-fermion duality [55-
57], where the Ising CFT is dual to a free Majorana fermion by first stacking a topological
phase given by the Arf-invariant (Kitaev Majorana chain) and then gauging the diagonal
Zs symmetry. Recently, generalizations of Kramers-Wannier (KW) and Jordan-Wigner
(JW) duality has been studied in the context of subsystem symmetry [58-61], where a new
subsystem non-invertible symmetry has been found.

SymTFT is another powerful tool that provides a unified picture to study duality
transformations and symmetry manipulations [49, 62-74]. The idea of SymTFT is illustrated
in figure 1. Given a d-dimensional theory Ts with a finite symmetry &, the SymTFT is a
(d + 1)-dimensional topological quantum field theory 3(S) that allows a topological boundary
BI™ encoding the symmetry S of the original theory Ts. The original theory Tg can be
expressed as an interval compactification of 3(S) with two boundaries. In the condensed
matter literature, the similar idea of SymTFT has been proposed as symmetry/topological
order correspondence [75-77].

n [28, 29], the restricted mobility and UV-IR mixing are also found in rank 2 gauge theory, resulting
from the subsystem higher form symmetry.
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Figure 1. Illustration of the SymTFT. We will get boundary theory after shrinking the slab. When
fusing on the boundary, a co-dimension one symmetry defect D in the SymTFT will change the
boundary condition, which corresponds to a symmetry manipulation/duality transformation of the
boundary theory.

The power of SymTFT is that the information of symmetry & and the dynamics are
separately stored in the two boundaries. The left boundary is the topological boundary %fgym
supporting the symmetry S and all symmetry manipulations take place on this boundary.
The symmetry manipulations are implemented by fusing a co-dimension one symmetry defect
of the SymTFT to the topological boundary. The right boundary is the dynamical (physical)
boundary %g;ys that depends on the details of T5. As a concrete example, we give a review
of the (2 + 1) BF theory as a SymTFT in appendix A.

In this paper, we will propose a SymTFT for subsystem symmetry. We will focus on
subsystem Zg symmetry in (2 + 1)d, which is a 2-foliated theory with one-dimensional layers
foliated in all spacial directions x,y. The natural candidate for the SymTFT is a theory
with the same foliation structure but with an extra topological direction, which turns out
to be the 2-foliated BF theory in (3 + 1)d [31, 78].2 This principle to construct subsystem
SymTFT can apply to theories in higher dimensions, like the X-cube model, which we leave
for future investigation.

Here is the organization of this paper. In section 2, we review the (2 + 1)d subsystem
Zs symmetry on the lattice and subsystem KW /JW duality transformation. In section 3,
we propose the (3 + 1)d SymTFT for subsystem Zs symmetry in (2 + 1)d and study the
topological boundary conditions. In section 4, we consider the SL(2,Zz) symmetry of the
subsystem SymTFT and the duality web of the boundary theories. In section 5, we construct
the condensation defects and twist defects of S-transformation in the subsystem SL(2,Zs).
Finally, we conclude and point out interesting future directions in section 6.

2Strictly speaking, it is not a topological field theory in the ordinary sense since the theory is only topological
in the directions without foliation.



2 Subsystem symmetry and duality in (24+1) d

In this section, we will review the subsystem Zs symmetry in (2 4 1)d regularized on a 2d
square lattice and the duality transformations including the subsystem Kramers-Wannier
(KW) transformation [60] and the subsystem Jordan-Wigner (JW) transformation [61].

2.1 Subsystem Zs symmetry on lattice

Consider a closed L, x L, square lattice. On each site there is a spin-1/2 state |s);;
where s = £1,i=1,--- , L, and j = 1,---,L,. Denote the Pauli matrices at each site as
Xi .Y, Z;; and they act on the site in a canonical way

Xijl8)ig == 8)ijs Zijls)ij = s|8)i;- (2.1)

The generators of subsystem Zs global symmetry are line operators acting on each row
and column

Ly Ly
U =1 Xes» U =11 Xy (2.2)
i=1 j=1

They satisfy (UJ?”)2 = (UY)? = 1 and flip the spin of all sites of jth-row or ith-column as
illustrated in figure 2. We will denote the eigenvalues of U?, U/ as (=1)%, (=1)% where
uy, u? = 0,1 are Zy-valued integers. These L, + L, operators are not independent and they
are restricted by the constraint

Ly LI Ly x Lz Y
Lo TIv? = TI-0 I =1, (23
J=1 =1 7j=1 =1

and there are L, + L, — 1 independent symmetry generators.

One can also insert the subsystem Zso defects along the time direction (represented by z)
as shown in the middle diagram in figure 2. If the lattice is infinite, they are implemented
by the Zo twist operators (e.g. Uj; in figure 2) on half line

07] H Xl 2 zO - H Xz] (2.4)

/<0 3'<0

The operator Uy is mobile along the z-direction and is not mobile along the y-direction.
Similarly, U, yO is moblle along the y-direction and is not mobile along the z-direction. For
periodic lattice, inserting defects on the lattice will twist the boundary condition for each
row and column by

T Y Ty x Y
Sivneg) = (1) si5),  [sijer,) = (=D sij),  |sivrpivr,) = [(=1)" s ), (2.5)

where t7, tY = 0,1 are twist variables and ¥ = 0,1 is the boundary condition of the twist

variables
o, =6+, i, =+t (2.6)
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Figure 2. Examples of subsystem Zy symmetry operators, defect operators and twist operators.

Although there are L, + L, 4 1 twist parameters but the Hamiltonian with subsystem Zo
symmetry depends only on the combinations tf. L1 ,tY 4 [60, 61],

3 t3
L?l Lac
@ gy g U - LR
1 =S, b =+ Z‘{t% ;tﬂ% Y, (2.7)
1= 1=

and only L, + L, — 1 twist variables are independent.

Given a (2 + 1)d theory Tgy, with the subsystem Zy symmetry, the eigenvalues of
subsystem symmetry and twist boundary conditions will divide the Hilbert space into sectors
with Zy-valued symmetry-twist labels ({u}}, {u{}, {t§+§}’ {tir%}) Here {---} denotes the
collection of variables for all j = 1,---,L, and i = 1,---, L,. The symmetry-twist labels
have overall constraints

Ly = L:c v Ly tT 1 Lac ty 1
05 T =1, T [[-) =1 (2.8)
j=1 i=1 j=1 i=1

With the above constraints, the Hilbert space is divided into 22(k=+Lv=1) different sectors
and the partition function for each sector is

L Y L u®rra
* 1+ (=1)wU! v14(-D)%Ur\ _
Bl 1 L}, 67,3, 82, 41 = T, (H PERO) (5| e,
i=1 j=1
(2.9)
where Hy is the Hilbert space of the twist sector with label ({t;?Jr 1} {tir 1 }).
2 2
For simplicity, we will write any quartet ({uf},{uf},{t;" L1 }’{tirl }) or doublet
2 2

({t§+§}’ {thr%}) as (uf,uf, t;?+%,t?+%) and (t;?+%,tf+%) in the following discussion.

Coupling to background field. We can introduce background subsystem Zs symmetry
gauge field (A%, A*) on the lattice. Consider a cubic spacetime lattice M3 with L, x L, x L,
sites and the topological z-direction is the time direction. The space component of the
gauge field A™ lives on the zy-plaquette and the time component A* lives on the z-link,
as shown in figure 3.

The Zs-valued holonomies are regularized by summing the gauge fields along different
cycles on the lattice. The holonomy of A* along the time direction is

L

f— z —_ . .
Wziig = E :Ai,j,kJr% = Wy zyj + Wa i, (2.10)
k=1
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Figure 3. Background gauge field for subsystem Z, symmetry on lattice.

which is highly reducible and we can decompose it into w; ., w. ,.; detecting the insertion
of symmetry operator (U§)"==7 and (U{)"=v# respectively. The constraint (2.3) on the
symmetry operators imposes a gauge redundancy

(W2 2355 Wa i) ~ (Wa gy + 1, Wz + 1), (2.11)

On the other hand, the holonomy of A*™ along x and y directions are

L, Ly
— Ty - — Ty — 4Y
Wogad = 2 AT i n =601 Wiy = 2 AT = by (2.12)
i=1 2 2 2 ]:1 2 2 2

They detect the insertion of symmetry defects along the z-direction and are the same as the

twist variables t*

© 1,tY | introduced in (2.7). They obey the same constraint

J+3’ its
Ly w 1 La: w 1
[[(=1) =2 JJ(-1) 2 =1. (2.13)
j=1 i=1

For a generic subsystem Zy symmetry background (w. g.j, Wy, w , the

x;j-I—%’ wy;i—i—%)
partition function is

Ly Lz
Z‘Zsub [wzva’ wz’y;i7 wx7]+% Y wy,?ri’%] = TrHt H (U]q;)wzw;j (H(U?)w%%l) e_BH' (214)
j=1 i=1

It is related to the partition function in the sector with symmetry-twist label (2.9) by a
discrete Fourier transformation
]: Z (_1)21“?“’2,21;1""‘2]‘“;wz,w;jzs

. . z ,Y 1T Y
ZTsub [wzyx;ﬁwzyy;“wx;jJr%’ wy;iJr% [u] ) ui atj+%7t ]’

sub ’l+%
uly,u;”:(),l
(2.15)
— {z T 3 Yy o,z
where Wyjpl = tj+%va;i+% = tH_% and the summation over (u;,uj) should obey the

constraint (2.8).
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Figure 4. Mapping of symmetry-twist sectors. The original lattice is in black while the dual lattice is
in red. For example, the symetry variable u7_, is mapped to the dual twist variable tm 1= t 3 —|—f§"7 1
2

2.2 Subsystem KW transformation

We can gauge the subsystem Zy symmetry by doing a subsystem KW transformation A" [60]
which maps the original lattice with spin {|s); ;} to the dual lattice with spin {[8),, 1 , 1}

’ 2J+3
living on the plaquette of the original lattice. In terms of Pauli operators, the explicit
transformation of NS is

NSUbZiJZMHZi+1JZi+1J+1 z+2,y+1Nsub (2.16)
suby 5 5 sub ’
NPXijg =2, 1,53 Z+§aj—%ZZ—ﬂ]+* z+2,y+1N
where X 1,27 1 are Pauli operators acting on the dual lattice. After gauging, the

dual theory ‘Isub lives on the dual lattice and has a dual subsystem Zs symmetry. The
Hilbert space of the dual theory ﬁsub is similarly divided into sectors labelled by the dual

symmetry-twist variables (ﬁ;“" 1 ,ﬁy+1, J,ty) with the constraints
2
Ly I 1 Lx Ay 1 y . La: y
[I(-1) 2 H(—l) ity =1, H D% [[(-D% =1. (2.17)
j=1 i=1 j=1 i=1
They are related to the symmetry-twist variables ( x t“‘ 1,ty+ ) in the original the-
2
ory Tqup as
AT __ 3T ~Y 4y tr _ T ;Y Y
uj+%—tj+%, ui+l—ti+%, t =i, t =u;. (2.18)

where symmetry/twist sectors are exchanged as shown in figure 4.
The holonomy variables of the dual gauge fields (flz, flxy) are (W, eijr b Wy i 15 Wayjy Wy:4),
b 7. 2 17 2
with the gauge redundancy and constraints

Ly Lz
(wz m,]+ » W 2,Y; z+ ) (wz,x;jJr% +1 wzy1+1 + 1) H(_l)wx;j H(_l)wy;i =1 (2'19)
j=1 i=1



As before, one has w;; = t7,d,,; = tY and (v are the Fourier partners of

2@ty 7i}z,y;ﬂr%)
(ﬁ;;l,ﬂ;?#) as in (2.15). Implied by (2.18), the partition function of the dual theory gy, is
2 2

related to the partition of the original theory Tgy, in (2.14) as

2 [wzw;ﬂé ' W ysit 30 Wasgs Wy
! Z
T 2LetLy—1 Z Toun Wiy W,y We;j+1 wy;iJr%} (2.20)

wz@;j:“’z,y;i:wx;j_’_% ’wy;i-!—% =0,1

% (_1)21(@%”%wy;i+%+wy;iwz,y;i)+zj (0 gy Waigr § T30z 055) '

The summation of (w. g, W, yii,
and (2.13).
Suppose the theory %q.p is invariant under the subsystem KW transformation, which

W,y 1,w,; 1) should obey the restrictions in (2.11)
T3 TS

means fsub = Tgub- The subsystem KW transformation becomes a symmetry and we can
insert the KW operator/defect " along a 2-dimensional surface M, by gauging half of
the spacetime. If My is the z-y plane, N is an operator acting on the Hilbert space. The
fusion between the symmetry operator A/®"P and its orientation reversal A5"PT ig

NPT s prsub — % IT(+E0¥o) I (1 + (—1)f?U¢) . (2.21)

J
i=1 j=1

On the other hand, if My is the z-z (or z-y) plane then NS"" is a defect twisting the boundary
condition. The fusion rule of the subsystem KW defect on the z-x plane is

Ly
I D Dl | (kS (2.22)
tY=0,1 1

The fusion rules are first derived in [60]. We give an alternative derivation in appendix C
following [65].

Subsystem KW transformation on one lattice. The subsystem KW transforma-
tion (2.16) maps from the lattice to the dual lattice [60]. We can also define another
subsystem KW transformation on one lattice

sub sub
N Z;iZiji1 Ziv1,jZi1,j+1 = Xig1,j01 N,

\ /sub \ /sub (223)
N X i = Zi jZir1Zi j+1Zi1,j AN,

and the fusion rule of N3"" x A" will mix with the one-site translation in the diagonal
direction T

Nsub % Nsub _ % ﬁ (1 + (_1)12;/[];/) ﬁ <1 + (—1)% ij) T,

i;l le (224)
NsubT % Nsub _ % l—TI (1 + (_1)E?Uzy) H <1 + (—1)f;ij) .

i=1 j=1

This is a natural generalization of the ordinary KW transformation [79] whose fusion rule on
lattice is different from the fusion rule in the continuum theory by a one-site translation.
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Figure 5. Subsystem JW transformation winding around = and y directions.

2.3 Subsystem JW transformation

Besides the subsystem KW transformation that maps a bosonic %gy, theory to another
bosonic theory isub, we also have the subsystem JW transformation that maps the bosonic
theory Tgup to a fermionic theory Tpgupn [61].

The subsystem JW transformation maps Pauli operators X;;,Y;;, Z; ; to Majorana
fermion operators v; ;, ’yz’-J- and vice versa. To preserve the standard anticommutation relation
among Majorana fermions, one must attach a 1d JW tail (product of Pauli X operators)
whose winding directions will lead to different choices of subsystem JW transformation. In
figure 5, we give examples where the tail winds around the x direction and y direction and
we will denote the two fermionic theories after each transformation separately as Trg g sub
and Try sub-

For the first choice, the explicit transformation is

Lz j_l

i—1
'Yi,j = H H X’i/,j/ (H Xi/7j> Zi’j,
/=1 j’=1 /=1

(2.25)

Ly j—1 i—1
’yzl?] = — H H Xi/,j’ (H X’L’,j) }/7':.7

i'=1j'=1 i'=1

The fermionic theory has subsystem Zs fermion parity symmetry (—1)¥. Considering the

symmetry operators and twists of (—1)f, the Hilbert space is divided into 22(La+Ly—=1) gectors
x

fity’
mapping between symmetry-twist sectors in the bosonic and fermionic theory

with labels (uf ;, u?jc it tirl ). Using the transformation (2.25), one can work out the
9, 9 §

r _ T y _ .Y x __ 4T x x ) )
Upg =Up Mg = b St U b =t (2.26)

We can introduce the background fields for subsystem Zy fermion parity symmetry (—1)%

and define the corresponding holonomy variables as (s 4.5, Szy:, Spijtds 8y~i+l)' Similar to
’ 2 ’ 2
the bosonic case, the space direction holonomy has the following identification
_ 4z _ 1Y
Seij+d T tf,jJr%’ Syiits = tf,i+%’ (2.27)

From the sector correspodence (2.26), we can derive the relation between the partition



functions of the bosonic theory Tqy, and the fermionic theory Tr . cun

ZIF,z,sub I:Szvx;j’ szvy;i’ S{L’;j+%’ Sy;iJr%]

— Z (_1)21 Uf,zsz,y,l Z] ufv]'sz,(l:’-] ZTF,z,sub [u?7 u?, S.T;j+% 5 Sy;i+%:|

u?,u?:O,l
Z-u'ysz y~i+2-uz'sz z;j x Y x x

— Z (—1)&i" i % Ze_ ., [u”u P Spgad T U —|—uj+1,sy;i+%]

u®,u¥=0,1
:71 Z (fl)zz uiy(szvy:i"‘wzyy;i)""z:j u;(sz,z;j+wz,1;j)

Ly+Ly—1
2 u® uY Wy z, Wz y=0,1
z z
X 25, [We s Wayysis Sy 1 U7+ UTr, 8y 1] (2.28)

If the subsystem JW transformation winds along the y direction, we have a different
transformation and a different symmetry-twist sector mapping

Tz _ y oY x _ g Yy _ 4y y Y
ufuj_uf’ ufﬂ;_ui’ tf7j+% _tj_,_%? tf,i—‘r% —tH_%‘i’U,L +ui+1‘ (229)
Moreover, one can first perform a JW transformation winds along the x direction and
then do an inverse JW transformation winds along the y direction, which ends to another
bosonic theory T, cub. One can easily check that now the symmetry-twist sector labels
! ! . . .
(u;?'?,uiy,t;?'jr%,tii%) in this new bosonic theory are
! /
uf =uf, ul=ul, t;.i% = t§+% +uf 4 ujy g, tii% = tir% +uf +uf, . (2.30)
Combining different subsystem JW transformation, we get a duality web relating two
bosonic theoies and two fermionic theories. A simple realization of the duality web starts

from the plaquette Ising model

Hplaqising = — _ ZijZis1,jZijs1Ziv1j41 — h Y Xij. (2.31)
i3 1,7
Applying the subsystem JW transformation winding along x and y direction seperately, we

get two different plaquette fermion models

/ / - !/
Hpferz = Z Vi, Vit 1,5 Vi j+1 Vit 1,541 T ih Z Vi3 Vi g0

,J ,J
/ , ‘ / (2.32)
Hpfer,y = § :’Yi,j’Yi,j+1’Yi+1,ﬂi+Lj+1 +ih E Vi, Vi,j-
%,J 1,7

Further applying the inverse subsystem JW transformation along y direction to Hpfer s, OF
along x direction to Hpfery, we will get another bosonic theory

Hpps == ZijYir15Yij41Zis1501 —h Y Xij. (2.33)
i

2

The duality web will be enlarged by further considering the subsystem KW transformation,
which is elaborated in section 4.

,10,



3 2-foliated theory as the subsystem SymTFT

In this section, we will give the analogy of SymTFT for subsystem Zy symmetry in (2 + 1)d.
The candidate theory is the (3 + 1)d 2-foliated BF theory with level N (3.1) where the
foliation is along x,y directions. The theory is topological along the remaining directions z, 7.
From the exotic-foliated duality [30, 31], we will focus on the dual formulation, the exotic
tensor gauge theory (3.2) where the subsystem symmetry is more obvious. We will quantize
the theory by picking the topological direction 7 as the time direction. After quantization,
we will see this theory supports a topological boundary B, with a (2 + 1)d subsystem Zy
symmetry. We will explore various bosonic and fermionic topological boundaries of the bulk
theory. As an application, the subsystem KW and JW transformations have a subsystem

SymTFT interpretation as switching between different topological boundaries.

3.1 2-foliated BF theory revisited

The candidate for subsystem SymTFT of our interest is the (3 + 1)d 2-foliated BF theory
with level N

N
Sa-foliated = 5= /b ANde+ Y dBF ACF AdaF 4+ DT bACH Adat (3.1)
2 k=1,2 k=1,

The first term is a usual 4d BF theory where b is a 2-form gauge field and ¢ is a 1-form
gauge field, the second term gives a foliation of 3d BF theories along x!, 22 direction where
B', B2,C',C? are 1-form gauge fields, and the third term is the interaction term that
couples the foliated fields and the bulk fields. In the following we will label the coordinates
(20, 21, 22, 23) as (1,7,y, 2).

The 2-foliated BF theory (3.1) is equivalent to the exotic tensor gauge theory [31, 78]
N ~ ~ ~ ~ ~ ~
Sexotic = 2—/ {AT(&ZAW — 0,0yA%) — A*(0-A™ — 0,0,AT) — A™ (0, A" — BZAT)} . (3.2)
T

The foliated-exotic duality is sketched in appendix B by integrating out some auxiliary fields
and redefining the others. In the action (3.2), A = {A", A%, A®} and A= {flT, Az, flxy} are
electric and magnetic gauge fields with the following gauge transformations

AT~ AT+ 0N, AT~ AT+ 0N, AT~ A 4 0,0y,

D A, A . . 3.3
AT AT+ 0,8, A7~ A4 0.8, AT~ A 40,0, (3:3)

where A, \ are gauge parameters. The equations of motion for gauge fields A and A are

0. A" —0;A* =0, 0,A"™Y —0,0,A" =0, 0.,A" —0,0,A% =0,

N N R N N R 3.4
0,A" —0;A* =0, 0.A"™ —0,0,A" =0, 0,A" —0,0,A% =0. (3.4
In the exotic theory (3.2), there exists a naive SL(2,Zy) symmetry
S: Ao A A —A,
(3.5)

T: A— A, A— A+ A

— 11 —



with S? = C the charge conjugation symmetry
C: A——-A A— —A, (3.6)

which is hard to see in the original 2-foliated formulation. We will elaborate more on this
SL(2,Zy) symmetry regularized on the lattice in the next section.

The gauge invariant operators have restricted mobility due to the foliation. There exist
the electric/magnetic line operators that are topological in the z-7 plane but cannot move
freely along the z,y directions

W (Clr () = exp ( A (

ATdr + Azdz> ,
r(@y)

(3.7)
W (C...(x,y)) =exp (z% ATdr + flzdz> ,
CzyT('zl:y)

where C, ;(x,y) is a curve in the z-7 plane and is localized at (z,y) in the ambient space.
The exotic theory also has gauge invariant strip operators spanned along x or y directions

W (21, 22, Cys.r (z)) = exp (Z / " da ]{ A™dy + 9, A%dz + &EATdT) :
T1 Cy,z,r ()
(3.8)
Y2
W (y1,y2, Cozr (y)) = exp (z / dy ?{ AV + 0, A%dz + ayATdT> ,
Y1 z,z,T(y)

for electric gauge field A. There are also hat versions for magnetic gauge field A. Here
Cy,2+(y) is a curve in the z-z-7 plane with fixed y, and Cy . -(z) is a curve in the y-z-7 plane
with fixed . The curve Cy . -(y) can be deformed in z-z-7 plane but not along y direction
and the similar restricted mobility for Cy . -(z). The above properties of restricted mobility
follow from the equations of motion (3.4) of the gauge fields A and A.

Quantization. We can quantize the exotic theory (3.2) by picking 7 as the time direction
with the Coulomb gauge A, = A, = 0. The action (3.2) becomes

N o N
Sexotic = 7/ {_Awy(aTAz) - AZ(aTA:vy)} : (39)
2
with the canonical commutation relations between conjugate fields A and A

. 2ri
{Amy(m‘, y,2), A%(2,y, z')} = %53(96 -2y —y, 2z -2, (3.10)
. i
(A% (2,y,2), A™(al )] = %53(9” iy —y, 2 7).
The Gauss laws

0,0,A* — 9, A% =0, 8,0,A* — 9, A™ =0, (3.11)

imply the flat condition.
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We will consider the 2-foliated theory (or exotic tensor theory) on a spatial manifold
M3 = T? x S, where (z,y) parameterize the torus T2 and z is the coordinate of S'. The
gauge invariant operators (3.7), (3.8) restricting to Ms gives the electric line/strip operators

W (z,y) = exp <ifdzAz> ,
W (x1,x2) = exp (’L /:2 dx?gdyAxf‘J) , (3.12)

Y2
W (y1,y2) = exp (z/ dy%dmAxy) ,
71

and the magnetic line/strip operators
W(a:,y) = exp (z’%dzflz> ,
R 2 N
W (21, ) = exp <z / dz f dyAwy> , (3.13)
z

~ Y ~
W (y1,y2) = exp <z/ ’ dyfdmAmy) .
Y1

They are Zpy valued operators
whN =W =1, (3.14)

with the following commutation relations

A A

Wz, z2)W (2, y) = exp2mi/N)W (z,y)W (z1,22),  if 21 <z <9, (3.15)
W (y1, y2)W (z,y) = exp(2mi/N)W (z,y)W (y1,52),  if g1 <y < ya, '

and,

A A

Wz, 22)W (x,y) = exp(=27i/N)W (z,y)W (z1,22), if 11 <z < w9, (3.16)
W (y1, y2)W (z,y) = exp(—2mi/N)W (2, )W (y1,%2), i y1 <y <o, '

where the extra phase exp(£27i/N) indicates a mixed t’ Hooft anomaly between the two
sets of subsystem Zy symmetry generated by the electric and magnetic line/strip operators.

3.2 Topological boundaries with subsystem symmetry

In this subsection, we will study the topological boundaries of the exotic theory (3.2), which
are also the topological boundaries of the 2-foliated theory because of the foliated-exotic
duality. The boundary theory has subsystem Zpy symmetry. For simplicity, we will present
the case for N = 2 which is straightforward to be extended to general N. We will study
the bosonic topological boundaries corresponding to the Dirichlet boundary condition for A
and A and the fermionic boundary from the subsystem JW transformation on the bosonic
boundary. In addition, we will give a bulk-boundary point of view of subsystem KW and
JW transformation.

As reviewed in section 2, it is natural to regularize theories with subsystem symmetry on
a lattice. On a finite lattice, the Gauss laws impose nontrivial constraints between gauge
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invariant operators. For example, using the Gauss laws (3.11), the holonomy of electric
gauge field A, can be split as

74 dzA7 = AV (x) + A (y), (3.17)

where AY(z) and A*(y) are operators only depend on x and y. The split of holonomy (3.17)
implies the decomposition of the line operator

Wz, y) = Wy (2)W-.2(y), (3.18)

where W, ,(x), W, »(y) are two line operators along z-directions that are separately mobile
along y and x directions. However, this decomposition is not unique because of the gauge
redundancy

AV(x) = A(x) + 7, A*(y) = A*(y) + 7, (3.19)

which leaves ¢ dzA* invariant modulo 27. Both W, ,(z) and W, ,(z) flip the sign under
the transformation but the combination W (x,y) is invariant. On the other hand, the strip
operators W (z1,x2) and W (y1,y2) are mobile along z directions with the constraint

Wi(x,x+ Ly) = W(y,y + Ly) = exp (ij[da:dyAmy> ) (3.20)

There are similar gauge redundancy and constraint for magnetic operators W.

Discretization on a lattice. Discretizing the boundary manifold M3 as a L, x Ly X L,
periodic lattice with label {x;, y;, 21}, we have in total 2(L, + Ly) electric operators: line oper-
ators W, y(x;), W> »(y;) and strip operators W (x;, xi41), W(y;, yj4+1) with i =1,--- | Ly, j =
1,---,Ly. On the lattice, the gauge redundancy (3.19) and the constraint (3.20) become

(Wz,y(xi)a Wz,w(yj)) ~ (_Wz,y(%)a _Wz,w(yj))a (3.21)
and,
Ly Ly
1IW @i zie) [T Wy, y541) = 1, (3.22)
i=1 Jj=1

leaving only 2(L, + L, — 1) operators independent. Similarly, there are 2(L, + L, —
1) independent magnetic W operators: line operators I/T/zy(a:Z +1 ),Wz,x(yj +1 ) and strip
operators W(xi_%,xiJr%), W(yj_%, yj+%) on the dual lattice with similar gauge redundancy
and constraint.

The discretized version of the algebras between W and W (3.15), (3.16) is

A A

W(thi—&—l)Wzy(mH%) = —WZ@(JZH%)W(%, Tiy1), (3.23)
W(yi7yi+1)Wz,x(yj+%) = —Wz,x(ijr%)W(yi, Yit1),

and

(3.24)
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Dirichlet boundary condition for gauge field A. The gauge redundancy (3.21) and
constraint (3.22) for electric operators W are consistent to those satisfied by the holonomies
(Wz,w55> Wz ysis Wy 1, W, ;4 1) introduced in (2.10), (2.11), (2.12) and (2.13) with the following
2 2 ) 2
correspondence
Wi y;) < (1), Wew(y;) ¢ (=1)=50, Wy (@) ¢ (=1)%=0 (3.25)
and
. . Wi+l . . Wysird
Wyjr yjr) < (=1) =772, Wi, ziga) < (=1) 772, (3.26)
Therefore, we can introduce a canonical basis of the Hilbert space of the 2-foliated BF
theory on the boundary Mj
(W) 1= w2255, W 30 Wesjtds wy;i+%>7 (3.27)

and the electric operators W are diagonalized as

W o(yj)lw) = (=1)"==7|w)

W (i) |w) = (—1)W=vi|w)

W (ys, yj1)[w) = (=1) =t |w)
W (i, zi1)|w) = (=1) "3 |w)

This canonical basis (3.27) defines the Dirichlet boundary condition for gauge field A where

(3.28)

the values of A are fixed at the boundary.
On the other hand, the magnetic operators 144 conjugate to electric operators W will
shift the eigenvalues when acting on the state |w)

w( ya $IW) = Wz + 8o Wa iy Wy 1, W 1)
W( 7 §)|W> = |w2,£13;j7 Wy ysi + 5i,i’7 wx;j+%7 wy;i+%>
Wz,w(yy )|W> = |wz,x;jvwz,y;ivwx;j+% + 95405 wy;i+%>

(

xl’—i— )|W> = ’wzﬂf%j’ Wz,y;i> wx;j-{-% ’ wy;i+% + 5i,i’>

1
y]/ 57
X l
2

(3.29)

Zvy

which follows from the algebras (3.23) and (3.24). Because the magnetic operators W along
the spatial/temporal cycle shift the temporal/spatial holonomies w of electric gauge field A,
they are identified one-to-one to the subsystem Zy symmetry and twist operators in (2.2), (2.4)

A A

W(yjflyy]url) AR Uﬂpa W($i7%’$z+%) e Uy
2 z 3.30
sz yﬁ. H WZJJ( % AR H ng ( )
i'<j i<

Therefore, the boundary represented by the |w) basis is a topological boundary supporting
the subsystem Zs symmetry generated by the magnetic operators W. The general boundary
state |[w) with nontrivial W-holonomies is created by acting magnetic operators W on the
vacuum state |0) where all W-holonimies are trivial

w) = [T (Weptaiy)) (W)™

1 1
2 2

8 H< = yﬁ' ) rh (W(yj—%vyj_;.%))wzvz;j |0). (3.31)
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As a consistency check, the invariance of |w) under the gauge redundancy of magnetic
operators W implies the constraints (2.13) and the constraint among magnetic operators W
requires the invariance of the state |w) under the gauge transformation (2.11).

Dirichlet boundary condition for gauge field A. Alternatively, one can consider
the dual basis

A

|W) = ’wz aj+3 y Wy i+3 awr;jva§i>> (3.32)

where W operators are diagonalized

(3.33)

The dual basis (3.32) defines the Dirichlet boundary condition for the gauge field A. Acting
on the state |W), the electric operators W will shift the dual holonomies

W) = |
W) = |

E>

W(yj"yj/+1) z:t,j+1 +5 J:J ’wzyi+1’w$§j7wy§i>

W (wyr, i11) w, i+ W y; ritd + 03, Wasj, wy;l’) (3.34)
W w(yy )W) = |0 Wy w41 w ,y;HE,wx,J + 0j505 Wysi) '
W, y(xl )‘W> | w, 33’]4_ ) ,y;i+% ) w:ﬂ;jv wy;i + 5i,i/>

Therefore, the electric operators W can be identified as the symmetry and twist operators.
The boundary state |W) corresponds to a topological boundary supporting the subsystem
Zo symmetry generated by electric operators W.

The dual state |Ww) is related to original state |w) via a discrete Fourier transformation,

|W> = 4( 1 ) Z (_1)Zi(wz,y;i+%wy;i+%+@y?iwz’y?i)+2j(wz,z;j+%wz;jJr%+wm;jwz’m;j)|W>’
2(La+Ly—1

WeMv
(3.35)

where we introduce M, as the set of Zs-valued vector w satisfying the gauge redundancy
and constraint,

Ly L(L'
My = §w| [T0 8 LD = 15 (e s wai) ~ (e + 1,020+ 1)
=1 =1

(3.36)
The restrictions in (3.36) for w automatically impose restrictions for w.

Subsystem KW transformation. Based on the SymTFT picture, we consider the 2-
foliated BF theory on the 4-dimensional manifold Mz x [0, 1] where 7 is the coordinate of the
time interval. The initial state at 7 = 0 is the dynamical boundary state |x) and the final
state at 7 = 1 is the topological boundary state. Given any (2 4 1)-dimensional theory gy
with a subsystem Zs symmetry, we can write down the dynamical boundary state as,

Y Za,Wlw), (3.37)

WGMU
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where the coefficient is the partition function of g, on M3 coupled with the subsystem
Zo symmetry background w.
Choosing |w) as the topological boundary state at 7 = 1, one has,

Z‘Isub = <W‘X>7 (338)

which projects back to the partition function of Tg.,. Alternatively, choosing the dual
boundary state |W) at 7 = 1 reproduces the partition function of the dual theory

Ze (W) = (W)
_ 1 Z (_1)Zi(wz,y;i+%wy;i+%+ﬁ)y?iwzvy?i)+2j(wz,z;H%wZ;jJr%+ww;jwz’w;j)ZS

= 9(LatLy-1)
2 v WEMU

(W)

(3.39)

The change of boundary conditions in the 2-foliated BF theory recovers the subsystem KW
transformation (2.20) between the boundary theories.

Fermionic boundary conditions. Based on the discussion of the subsystem JW trans-
formation in the previous section, we can further consider the fermionic topological state
1S) = [S2.215 S2,y145 ITEE sy;i+%> and write the partition function of (2 + 1)d fermionic theory
with subsystem symmetry as the path integral (s|x).

For example, the fermionic topological boundary state corresponding to the fermionic
theory Tp g cup after the subsystem JW transformation (2.28) is

|s) =
57 +1L . Z (_1)21' Uf(sz,y;ierz,y;i)JFZj uf (82,015 HWz,235
T y—

(ww2)EMuy,w,

) |wzz$;j’ wz,y;iy wa:;j—i—% ) wy;i+%>7
(3.40)

. _ T x —
with Wyrd = Syl T U7 H U, Wy 1 =801 and M, ,,, the set,

My w, =

(uy uy Wz,x;5, wz,y;i) 17 (wz,;t;jv wz,y;i) ~ (wz,z;j + 17 Wy, ysi + 1)

7 77

—

—~
L

~—
m.:sg

o |

—~
L

~—
@F@
I

(3.41)

The fermionic state |s) diagonalizes the electric operators W along the y direction, and the
composite operators along x direction made up by the electric operators W sandwiched by
a pair of magnetic operators 144 nearby

~ A

WZ,x(yjfé)WZ,x(yj)WZ,x(yj+%)’S> = (—1)%==ils)
W (@)ls) = (~1ls)

Wy 1y OW (700D W (g1, 95,.8)[8) = (1) 942 Js)
W (@i, 2i41)|s) = (1) "+3s)

(3.42)
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The fermionic subsystem Zo parity symmetry is generated by magnetic operators W

I/Y(yju%’yjq%)m} =[Sz, + 0j,57, Szysis Spij+ds Sy;i+%>
‘/Y(xi’—% ) xi’+%)|s> - ’327$;j7 Szyy;i + 57;#"’ Sw;j-ﬁ-%’ Sy;i—i—%) (343)
Wz,x(yj/+%)|s> = |Sz,w;]'7 Szy;i S:v;jJr% + 6j7j/7 Sy;i+%>
Wz,y(wz‘ur%)’S) = ‘Sz,zmsz,y;i?Sx;j+%73y;i+§ + 6iir)
There exists another fermionic topological state [s) = |s, i, s, ., s;;j+%, 8ly;i+%> which

produces the fermionic theory Tp, 1, after the subsystem JW transformation along y
direction. The fermionic topological state |s’) diagonalizes the line operators,

A

Wealsy), Wyl D) Wey()We (2, 0),

and strip operators,

A A

W(ij yj+1)7 W(l‘i—f 5 l‘l+%)W(IZ, :EiJrl)W(xiJr% ’ xz’+§)7

2 2

-

where W, (x;), W (i, zi11) are sandwiched by a pair of W operators instead. The fermionic
subsystem Zo parity symmetry is still generated by magnetic operators w.

Subsystem JW transformation. Consider the subsystem SymTFT with the dynamical
boundary state (3.37) at 7 = 0 given by the (2 4+ 1)-dimensional bosonic theory Tqup.
Implementing the fermionic topological boundaries |s), |s’) at 7 = 0 and shrinking the slab
gives two fermionic theories Tr ;. gy, and Try sup Whose partition functions are,

ZKF,z,sub (S) = <S‘X>7 ZTF,y,sub (S/) = <S/|X> (344)

They are related to the bosonic theory Tq.p by performing the subsystem JW transformations
along xr and y directions respectively.

4 Subsystem SL(2,7Z,) transformation and the duality web

In the previous section, we propose the 2-foliated BF theory in (3 + 1)d as the subsystem
SymTFT for subsystem Zy symmetry in (2 + 1)d and explore various bosonic and fermionic
topological boundaries. In this section, we will see that different topological boundaries
are transformed from one to the other via the topological operators associated with the
global symmetries of the bulk theory.

In the exotic theory (3.2), we identify a naive O-form SL(2,Zs) symmetry

S: Ao A A —A,

o (4.1)
T: A=A Ao AtA

There should exist corresponding co-dimension one symmetry defects implementing this
symmetry. Here, we will mainly focus on the co-dimension one symmetry defects extended
along the manifold Mj parallel to the boundary manifold M3 such that they act on the
Hilbert space as operators. Fusing the topological operators with the boundary implements
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the SL(2,Zy) transformation of the boundary theory. We will see the S-transformation
generates the subsystem KW transformation, while the T-transformation stacks a phase

N
exp (—;T/d:cdydzAzAw) (4.2)

to the boundary theory. The phase (4.2) is the subsystem symmetry protected topological
(SSPT) phase [42] in (2 + 1)d.

However, the naive SL(2,Z2) transformation (4.1) has ambiguities on the lattice. For
z
igk+3
gauge field A along the z-direction, one expects to map the electric gauge field A* operators

example, when we do S-transformation on line operators >, A the holonomy of electric

to the nearby magnetic gauge field A% on the dual lattice. This leads to four inequivalent
L. z
choices >, Aii%di%’k

also need to make a smart choice to avoid the following inconsistencies.

because the line operators cannot move freely at the z-y plane. We

Inconsistency with the quantum algebra. Consider the following choice of regularized
S-transformation between the line operators,

W y(zi) < Wz,y(xpr%)a W z(y;) < Wz,z(yj+%)a (4.4)
and strip operators,
W(.Z‘Z', l‘i+1) AN W($i+%,l‘i+%), W(y]’, yj+1) A W(yj.t,_%yyjq.%)' (4'5)

It maps between the site (, j) and dual site (i+1,j+3). However, the quantum algebras (3.23)
and (3.24) are not preserved under the transformation. For example, consider the following
commutation relation,

A A~

Wi, 2ip1)Way (w4 1) = =Wey (2, )W (@i, 2ig1)- (4.6)

If we apply the S-transformation given above, we have,

A A

W(xﬁ-% 1 Lig 2 Wy (i) = =Wy (x,)W(:cH% ) xz-s-%) (4.7)

which is clearly wrong because the nontrivial phase only appears after the exchange of electric
operators and magnetic operators with intersection.

Inconsistency with the topological property. For another choice, we can keep (4.4)
and modify (4.5) to,

W(‘Tia $i+1) A W(wi—%7$i+%)a W(yja yj-‘rl) A W(y]_%7yj+%)7 (48>

and we will denote this choice as S. It is straightforward to check S preserve the quantum
algebras (3.23) and (3.24) and it satisfies S? = 1. However, S assumes different site trans-
formations for line operators and strip operators: it maps (i,7) to (i + %, J+ %) for line

3In [42], the Lagrangian of this SSPT is
iN iN
= 7(I)my zAl‘y — Uz AZ - AZAmyy 4.
LsspT or (8 020y ) o ( 3)

where the auxiliary field ®*¥ guarrentees the flat condition of the gauge field A.
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operators and to (i — %, Jj— %) for strip operators. This is inconsistent with the fact that
we can bend the strip operators to a pair of line operators.

S will generate the subsystem KW transformation on the boundary by mapping the
topological boundary state |[w) to the dual state |W). For example, applying S on |w) leads to

Stw) = § (H (Weyr ) 4 (Wi, ai,0))"

X H (Wz,x(yﬁr%))ww%% (W(yj_%7yj+%)>wz,z;j 10)
J

Wysivd Wz ysi (49)
= [T Wy (@) w2 (W (i, @)=
i
w1 i 1A
< [ Wealy;)) =772 (W(y;,y541))" = |0)
J
= |VAV>>
where the dual holonomies W is the same to the original ones w in value,
wz,z;ﬁr% = Wiy wz,y;iJr% = Waysis Wy = Waj+3 Wyi = Wy,it+g (4.10)

Here |0) = S|0) is the vacuum of the dual state and it is the eigenstate of the operators
W with trivial eigenvalues.

Subsystem SL(2,Z2) transformation on the lattice. In this section, we will formulate
the proper S- and T-transformations on the lattice and study their action on the operators
and topological states with a focus on N = 2. The proper SL(2,Zy) symmetry transformation
after discretization should have the following properties

1. It should be a symmetry of the discretized version of the exotic action (3.2) and preserve
quantum algebras (3.23) and (3.24).

2. It should be consistent with the topological property of the operators, for example, the
bending of strip operators in z direction (3.8).%

We will denote the SL(2,Z2) transformation on the lattice as subsystem SL(2,Z3) transfor-
mation. Besides recovering the subsystem KW and JW transformations, we will find more
duality transformations by implementing the subsystem SL(2,7Z5) transformation on the
boundary. The whole duality transformations are summarized in the duality web (figure 6).

4.1 Subsystem S-transformation

The proper S-transformation on the lattice is implemented by changing the double-headed
arrows in (4.4) and (4.5) to one-headed arrows and let the S-transformation maps the dual
site (i + 1,5 + 3) to (i + 1,5 + 1) for line operators,

A A~

Wz,y($i+%) — Wz,y(xiJrl)» Wz,x(yj_p%) — Wz,w(ijrl)a (4'11)

4Thanks to Wilbur Shirley for raising this issue to us.

— 20 —



g.zy,sub « isub X SSPT,,

W, \JW,l

\ S (isub & SSPT7+

2
SF y,sub {IF 2,sub ﬂ . T
Tsub & SSPT+7

J VV\ /J W,
S -

%ub Sg‘ll}

JW, / \JW

> T ® SSPT+7 — g
T2 TFm qub (ZF y,sub

(Esnb 0y SSPT7+ S \

A

A

Y

JW, \ J Vv’x

{Zsub & SSPT?? S > i:py.snb

Figure 6. The duality web between four bosonic theories Tsub,imwub,‘fsub,‘imyysub and four
fermionic theories ‘IF’Lsub,SFyy,sub7§F_’z’Sub,@F’Msub with susbsytem Z, symmetry. The duality
transformation is generated by subsystem SL(2, Z,) transformation on the lattice: (1) The subsystem S-
transformation implements the subsystem KW transformation. (2) There exist nontrivial compositions
of T-transformations T7_, T2, T2 _ generate the phase SSPT,_,SSPT_,,SSPT__. (3) Subsystem
JW transformation is a composition of subsystem SL(2,Zy) transformations. For example, the bosonic
theory Tqup and the fermionic theory Tr g sub(Trysub) are related by subsystem JW transformation,
which is equivalent to performing S~1, Tif(Tg +) and S transformation sequentially.

and for strip operators,
Wiz, _1,2;,1) = Wi(zi, ziya), W(yj_%7yj+%) = W(yj, Yj+1), (4.12)

such that S% = T is the translation 7 : (i,5) — (i + 1,5 + 1) on lattice. This choice preserves
the quantum algebra and is also consistent with the bending of operators at the expense of
giving up S? = 1. Similarly, it will also generate the subsystem KW transformation on the
boundary by mapping the topological boundary state |w) to the dual state |W) = S|w) as

Weaij+d = Wasgy Weyip 1 = Weysiy Wayj = Wy j 1, Wy = Wy 1, (4.13)

=

and also
SPw) = Tw), (4.14)
where 7 will shift the holonomies as

Weyrj = Wagij—1y  Weysi = Wagsioly  Woijy L = Wy 1, Wy 1 —> Wy 1. (4.15)

— 21 —



As a summary, we have two possible definitions of S-transformation on lattice denoted
as S and S and both of them preserve the quantum algebra. The first one satisfies the
naive relation 52 = 1 but is not consistent with the bending of operators. Therefore it is
not a suitable choice on the lattice. We will denote S as field theory S-transformation since
it implements the naive S-transformation of the exotic tensor theory in (4.1). The second
one is consistent with the bending on the lattice but S? is a translation 7 instead. We
will also denote S as lattice S-transformation. Both of them will map |w) to dual state
|W) with different assignments of w.

4.2 Subsystem T-transformation

For the subsystem T-transformation in (4.1), one needs to dress every magnetic operator 1474
with a nearby electric operator W. Again we need to avoid the following inconsistencies.

Inconsistency with the quantum algebra. Naively one could have for example,

A A

Wz,y("’«"w%) — Wz,y(”«"w%)wz,y(wiﬂ)a W(%‘—%?%Jr%) — W(%—%’xi+%)w($iaf’3i+l)a
(4.16)
where the W-operators are on the right of W—operators. However, just as the S-transformation
cases the quantum algebras (3.23) and (3.24) are not preserved and T-transformation is
not a good symmetry on the lattice.

Inconsistency with the topological property. One can try to modify the transforma-
tion (4.16) in a way consistent with the algebra

+: Wz7y(xi+%) - Wz,y(fi)wz,y(xwé)’ W(%,%,JUZ-JF%) — W(JUF%,:CH%)W(J,‘i,xi_,_l),

- Wz,y(%dr%) - Wz,y($i+%)wy($i+l)v W(%f%’xwé) — W(U’Uifl»xi)W(%f%va%)’

(4.17)

and there are two similar choices for operators depending on y: W(yj_ 1,9, 1) and VAVgc(yJ 1)
2 2 2

In total, we have four choices and they are denoted as T, Ty, T_,T__. However, none
of the four choices Ty, are compatible with the bending of operators. Nevertheless, we
will elaborate on their actions because they are useful later when we consider the proper
T? transformation on the lattice.

The transformations (4.17) will stack an extra phase when acting on the topological
boundary. For example, with the expression (3.31) of the topological boundary state |w),
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applying T+ leads to a new topological boundary state

Wz, y;i

Tyylw) =Tyy H (Wz,y(xwr%))wy;i% (W(%f%vxwé))
x H( i) (Wlopwi) 7 10)

= H (Wz,y(xi)W ( i+%)>wy;i+% (W('Iif%’xi+%)W(xi7l’i+1))wz7y;i

Wz,2;j

X H( Z,x y] zx(y]+ ))wz;j-‘—% (W(yj_%ayj+%)w(yj7yj+l)> T++’0>

(*1)Zj wz’””wz;w%“LZi Waz,y;iW

yiitg lw)

(4.18)

where T ]0) ~ |0) because they satisfy the same operators equation (3.28), and we will
assume |0) is invariant under the action of 7'y ;. In general, acting T'++ on the topological
boundary |w) will stack the phase

(71)23’ wz,x;jwz;ji%""Zi WaysiWyit 1 . (4.19)

As we mentioned before, T+ are not good transformations on lattice and we should not
take those phases seriously.

Proper T2 transformation on the lattice. When we compose different 754 on the
lattice, there exist T2 -transformations which are consistent with both the algebras and
the bending. In the naive SL(2,Z3) transformation (4.1) of the field theory, acting 7-
transformation twice is the identity transformation. However, on the lattice, composing
different T-transformations will lead to four distinct operations

T3, =T Ty =TT _ =T, Ty =TT 4,
° =T, T _ =T T, =T, T =T ,T,_,

; (4.20)
T+7 = T++T+_ = T__T_+ = T+_T++ = T_+T__,
T2, =Ty T =T T =T, T =T T4,
where the indices follow the sign rule
2
Toyag = Toaly s Pa=+ (4.21)

We can also write down the transformation of operators for T7,. T2, is the identity
transformation and T?2_ is realized by,

Weg (@0 1) = Wa (20) Wey (2, 1) Wey (@i41)
72 Wz,x(y +l) — W, m(y])W (y]+%)W2,z(yj+1) (4 22)
- W(:cz LT 1) = Wz 1,xl)W(:cF%,:EH%)W(xi,xH_l) '
W(y;—1,y551) = W1, 9) Wy, 1,9, )W (55, 9541)
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where all W operators are sandwiched by a pair of W operators in a symmetric way. The
other two choices T JQF_ and T2 4 are given by,

A

Wz,x(y i+1 ) —- W, m(yj)Wz,x(yj+l)Wz,x(yj+1)

Wzy( +%)_>W2y( i+1)
1
T . . 2 (4.23)

Wix,_1 LT 1 1) = W(x i 17$i+§)
W(yji Yips) = W19 W (Y5105, )W (5, 9501)
and,
W@ 1) = Wey (@) Wey (@5, 1) Wy (i)
. Wea(y;41) = Wew(y,1) (4.24)
-+ W(gjl % z; %)%W(ﬂjz 1axl)W(xi—%7xi+%)W(xi’xH_l)
W(l/] 1,Y; %)—>W(yj LYl 1)

where only part of W operators are sandwiched by W operators. Obviously, we have
T2, T?_ =T?_ and they all satisfy (Tii)Q = 1. The corresponding subsystem symmetric
protected topological (SSPT) phases are

> e (w, 14w, 1)
SSPT, _(w) = (—1) o)
Wi, 14w (4.25)
SSPT_, (w) = (— 1y =+ Pua3 0y y)
SSPT__(w) = (-1 )Z wz””(wzy z;j+%)+2iwz,y;i(wy;i,%-l—wy;wr%)'

4.3 Duality web from the subsystem SL(2,Z2) transformation

The duality web (figure 6) is generated by implementing the subsystem SL(2,7Zs) transforma-
tions S and T2 consecutively. In particular, the subsystem JW transformation is equivalent
to performing S, T’ E,(or T2 4)and S ~! transformation sequentially. This is easy to see in
the transformation of the operators. Begin with the bosonic state |w) which are eigenstates
of W operators. If we do an S-transformation the roles of W and W are exchanged and we
get the dual state |W) which are eigenstates of W operators. Then applying T_%__ we find
W, y(x;) and W (x;, x;41) should be sandwiched by a pair of W operators according to (4.23)
(notice that the roles of W and W have been exchanged due to the S transformation). It
will stack the phase SSPT, (W) to |W). If we do another S~! transformation then we will
obtain some states which are the eigenstates of line operators,

Wz,sc(yj_%)Wz,m(yj>Wz,x(yj+%)v Wy (@), (4.26)
and strip operators,
W (o195 DWW )W (W4 1,543), Wi i), (4.27)

According to (3.42) they are the same set of operators that diagonalize the fermion topological
state |s). Therefore we have,

s) = ST1T7_S|w), (4.28)
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with s = w. By similar argument, if we perform T_%_ and S transformation sequentially
the resulting states are eigenvalues of (4.26) and (4.27) with W, W exchanged. We obtain
a new fermionic topological state,

8) = ST? _|w) (4.29)

where the relation between § and w are suggested in (4.13). They are the JW transformations
of the dual state |W).

Let’s check explicitly the state |8) can be written as a JW transformation of |W) by
summing over all sectors of the dual bosonic state with proper phases. Following the definition,
we stack the phase SSPT,_(w’) on the state |w’) introduced in (3.27) and consider the
KW transformation given by,

|§> = # Z (_1)Zi(§zay;i+%w;;i+%+§y;iw;,y;i)+2j(§z,z;j+%w;;j+%+§Z?jwlz,z;j)
x y—
w’'eM, (430)
X (—l)zj wlz’z”(w;;j—%w;;ﬂé)|W'>.

We can rewrite |w’) into |W’) using the KW relation (3.35) and get

8) = S ( 1)Zi(§27y;i+%w;;i+%+§y;iwlz’y;i)+zj(éz’w;j%w;;ﬂ%+§z;jwlz’x‘j)
T 9LotLy—1 Z -
2 W/EMU
w! o (w! +w’
) (1) e g )

~7 ! ~/ i ~/ ! ~7 i
X 71 (—1)Zi(wzyy;i+%wy;i+%+wy;iwz‘y5i)+zj (wz,z;j+%wz;j+%+w9€?iwz»m;j)| -~ />
9Ly +Ly,—1 :
w’'eM,
(4.31)
Summing w’, .. and w’ .. produces two restrictions
271‘7‘7 Z7y?l p ?
Wi = 845 + 0! +w’ W) = 8y (4.32)
wyj = Swyj zj— 3 wj+i Wy = Syt :
After relabelling ¢ , = w' = ,.4Y , =w' 4.31) becomes
& Y1 wij+3) it vit+s’ (4.31)
1 DGt ya¥ 45, 1+’ Ya®
a\ _ Wity g+ d ) il LR SRR TS NEN Sy NUN S RPNy
I§) = SLiLy 1 (-1) 2 2 2 z|w')  (4.33)
’&,'lf}/ZEMﬂ’w/

z

which shows that the dual fermionic state |§) is the subsystem JW transformation of the
dual state |W') resembling (3.40).
As a summary, begin with a bosonic state |w) the JW transformation can be written as

ST S =JW,, ST .S=JW, (4.34)

acting on the state |w) and therefore the phases SSPT,_ and SSPT_ are both fermionic

5

subsystem SPT phases.® With these identifications, we can generate other path in the

duality web. For example,

(W) NIW, = S~ H T2, ) 'SSs T2 _ S =5"'T2, 72_S=5"'T2_S (4.35)

5We thank Kantaro Ohmori and Yungin Zheng for pointing out this to us.
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shows that the subsystem KW transformation of SSPT__|w) leads to the bosonic topological
boundary state which is obtained by performing inverse subsystem JW transformation along
the y direction after a subsystem JW transformation along the z-direction. From (4.35),
the phase SSPT? _ is a bosonic phase.

Based on the above analysis, we can obtain a duality web as shown in figure 6.

5 S-defects in the subsystem SymTFT

In this section, we will construct the co-dimensional one symmetry defects generating the
SL(2,Z3) 0-form symmetry with a focus on S-defect. It was shown in [65, 80, 81] that in a
(d + 1)-dimensonal TEFT, such kind of symmetry defects D extending along a co-dimension
one hypersurface M are built by condensing certain types of topological defects £ along My.
If the topological defects £ generate a g-form symmetry inside M, the condensation defect D
is equivalently understood as gauging the g-form symmetry inside My which is referred to as
1-gauging of the g-form symmetry. In the appendix A, we give an example of the condensation
defect generating the electric-magnetic Zo symmetry in (2 + 1)d BF theory with level N.
As discussed in the previous section, the proper S-transformation defined on the lattice
satisfies S2 = T where T is the translation (i,7) — (i + 1,5 + 1) on the lattice. We will
construct the condensation defects in 2-foliated BF theory along M3, a 3d manifold parallel
to the boundary, by condensing line/strip operators on Ms. We will also discuss the twist
defects by putting a“Dirichlet” boundary condition for the condensation defects. We will
re-derive the subsystem non-invertible fusion rules by the fusion of twist defects.

5.1 Conventions on operators and algebras

For later convenience, we introduce U; and UI as the collection of electric and magnetic
line/strip operators respectively

W(y[7y1+l) I:17"'7Ly
Uy = W(xr-r,,1-r,41) I=Ly+1,---,Ly+ Ly (5.1)
WeaWr-r,-1,) I=Ly+Ly+1,--- 2L, + L,

Wz’y(ﬂflszfQLy) I= 2Ly + L+ 1,--- ,2Ly + 2L,

W(?/h%’yué) I'=1,---,Ly

o W(xl—Ly—%’xI—Ler%) I'=Ly+1,---,Ly+ Ly (5.2)
I = & .

Wz,x(y[,Lz,Ler%) I:Ly+Lz+17 72Ly+Laz

A

Wz,y(xI_Lx_QLij%) I=2L,+L;+1,---,2L,+2L,

where I =1,--- ,2L; + 2L,. We will use the lattice size integer n = L, + L, for simplicity.
In this convention, the quantum algebras (3.23) and (3.24) between electric and magnetic
operators has a compact and symmetric form,

UUy = —Q,U,U7, (5.3)

where 277 is a 2n x 2n symmetric matrix,

QU:< 0 I”S”). (5.4)

I?’LX’/L
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We will then formulate the general operators, the algebras between them and their
actions on the boundary states. The general operator

2n 2n
Klo,a] == [[ U T] U5’ (5.5)
I=1 J=1

is parametrized by two 2n-dimensional vectors with Zs-valued entries
(a, b )7
(a,b ).

From the quantum algebra (5.3), the general operators K|a, &], Ko/, &'] have the following

« ) :(a17a27"'7an7b17b27"

: '7b'rL
et e 5.6
)I:(CLl,CLQ,"',an7b]_,b2,"',bn

(o)
Il

fusion rule

Klo, K[, 6] = (1) Y K|a + o/, & + &], (5.7)

Kla, K[, &] = (-1)*¢ =8 K[/, &/| K[, &). (5.8)

where the symmetric inner product between two 2n-dimensional vectors is defined by

jo)

-

=Y Quasdy. (5.9)
1J

Here are some comments about the parameters a, &. Due to the gauge redundancy (3.21)
and constraint (3.22) among the electric operators, as well as their magnetic counterparts,
these parameters have the identification

a~a+1, a~a+1 (5.10)

of the n-dimensional vectors a¢ and a and the constraint

b= b =0 (5.11)

n
=1 =1

among the n-dimensional vectors b and b. The inner product (5.9) is invariant under the
gauge transformation (5.10) providing the constraints (5.11).
On the boundary manifold Ms, we can identify the vector o with the holonomies

Q= (wzw;jvwz,y;ivwx;ﬂ%vwy;i+%)7 (5.12)
Similarly, we can define & as the dual parameter of a, which is

o’

(ww%%,wayﬂ%,wﬁj, Wysi).- (5.13)
The lattice S-defect will map |o) = |a,b) to the dual state |&) = |a,b) with

a=a, b=(br, b1, ,br,—1,br,41,:br,41, " sbL.+1,-1) = br, (5.14)
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which is equivalent to (4.13). In the rest of the paper, we will use by to denote the shifted
vector introduced above. On the other hand, the field theory S-defect maps |a) = |a, b) to
the dual state |&) = |a,b) with @ = a and b = b.

From now on, we will use |a) and |&) for the boundary state and its subsystem KW

dual. We can rewrite the actions of electric and magnetic operators on topological boundary
states (3.28), (3.29), (3.33), (3.34) as

Ky, 0fje) = (=1)" ), K7[0,]
K[0,4)la) = (-1)7%|a), KT[3,0]

la) = |a+ 7). (5.15)
|&) = |& +7), (5.16)

together with the subsystem KW transformation (3.35) between the boundary state |a)
and its dual |&) as

A 1 Qo
&) = 9LatLy—1 Z (=1)%a), (5.17)
QGM'U
where M, denote the set of 2n-dimensional vectors satisfying the restrictions,
MU:{a:(a,b)\awa—l—l,Zbi:O}. (5.18)
i=1
With the orthogonality (8|a) = dap, one has

1

(Bla) = W(—l)dﬁ- (5.19)
The inverse transformation is,
1 Sro| A
o) = 9Lo+Ly—1 Z (=D)*a), (5.20)
aeM,

and for consistency, we should have the orthogonality relation,

1

af
PR %(—1) = 35.0- (5.21)
ac My

This is not obviously true because «, 8 are not free and they should satisfy the restrictions
given above. Before ending this section, let us check this relation explicitly. Decompose

a = (a,b),8 = (¢,d), one has,

D DI S e (5.22)

In the first factor (—1)*¢ we have a ~ a + 1 and Y d = 0. Therefore we can relax the
restriction a ~ a + 1 and write,

1 a-d 1 1 a-d

a~a+1 a
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S-defect
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Figure 7. Action of S-defect on line/strip operators.

In the second factor (—1)¢ we have >.b = 0 and ¢ ~ ¢ + 1. We can also relax the restriction
>>b = 0 by adding an Lagrangian multiplier A € Zo,

1 N
9Lz+Ly—1 Z (=)™
by b=0
1 1 A b b
= ST X 5 DN ED Y-
A b
1 b(c+A
=5L.+L, SN EN = 6+ Gerron (5.24)
A b
where in the last line X is understood as the constant vector (A, -+, A). This is also consistent
with the fact ¢ ~ ¢+ 1. Combined everything together we have proven the orthogonality
relation.
5.2 S-defect

In the last section, we discuss two kinds of S-transformation, the lattice S-transformation
S and the field theory S-transformation S. We will discuss both lattice S-defect and field
theory S-defect in the following.

As shown in figure 7, the lattice S-defect (or field theory S-defect) maps the electric
operator U; to magnetic operator U and vice versa. Fusing to the boundary, it maps the
boundary state to its KW dual. As we mentioned before, the lattice S-defect will map
la) = |a,b) to the dual state |&) = |a,b) with @ = a and b = by where by is related to b as,

bT = (bLy7 bl? e 7bLy—17 wa—‘y—Lyv bLy+17 e 7wa+Ly—1)~ (525>

We will construct the condensation defect on Mz in the bulk using the bra-ket trick,

S = > |a, b (a, b, (5.26)

(a,b)=(a,by)eM,

which manifests its action on the state. We use (&, b) = (a, by) to emphasize that the values
of the holonomies b of the dual states are related to the holonomies b of the original state via
a shift. In the following, we will omit the M, notation and assume every vector a = (a,b) or
& = (a, 3) should satisfy the constraints automatically. Notice that STS = 1 by construction.
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Before moving on, it is convenient to decompose the S-operators as,
S=TS, (5.27)
where 7 and S are defined as,

T=>Ylabr)a,b], S= @, b)(a, b|, (5.28)

where br is defined as the hat version of (5.25). One can check

TS=3% > 1@, b @, ba,b)(a,b]
(@',b') (a,b)=(a,b)

=D > Swadyld, V) (a, bl

(@',b') (a,b)=(a,b)

= Y la,br)(a,b| =S. (5.29)
(@,b)=(a,b)

Here S is the field theory S-defect which implements the field theory S-transformation
defined in (4.9) in the previous section and it satisfies

UrS = SU;, US = 8uy, (5.30)

using (5.7) and (5.8). Moreover, one can check S? is identity

5?2 = > |a, b)(a, ble, d)(c,d|
(a,b):(&,@),(c,d):(é,&)
1 chidain i
= 2L2+Ly71 Z (_1) bd ‘a7b><c7d’

(a,b)=(a,b),(c,d)=(&,d)
= e, d){c,d| =1, (5.31)

(c,d)

where we use the subsystem KW transformation (5.17) in the second line. On the other
hand, the operator 7 will shift the holonomies such that the combination 79 implements
the transformation (4.13). To be concrete, let’s evaluate and check (7.5)2 = T where T
is the translation. First, we have

> la,br)(a blS = > la,br)(a,bl. (5.32)

(a,b) (a,b)=(a,b)

Moreover we have the following identities

> abr)(a, bl =Y Jar,b){a,bl, > |ar,b)(a Z la, br)(a, b], (5.33)
a,b)

(a,b) (a,b) (a,b)

and also

Z ’&Tbe Z aT,bT a b’ (5.34)
a,b)

(@)

— 30 —



It is easy to check them by acting both sides on a state |a,b). For example, for the first
identity, acting the L.h.s. on |a,b) we get

Z|€L,BT><&,B|CL,Z)>
a,b
_ ~ ZA) 1 1 &~b+3-a
—Z|a, T>W(_ )
a,b
A7 1 a-b+br-ar
:Z |aabT>W(_1) = |ar,b), (5.35)

a,b

where we use the subsystem KW transformation and the fact l;T -ar = b-a. Tt exactly matches
the result obtained by acting the r.h.s. on |a,b). Using those identities we can examine

> Slar,b)(a,b] = > Sla,br)(a,b = Y |a,br){a,bl. (5.36)

(@,b) (a,b) (@,b)=(a,b)

Therefore we have the following commutation relation

> a,br)(a,blS = > Slar, b)(a, bl (5.37)

(@,b) (a,b)

and we have

2
(Z la,br) (a, 6|§) =33l o), b'(S|a, br)(a, b.S
ab

&b ab

=33 a by @, b'S%ar, by(a, b|
a'b ab

=" lag, br)(a,bl = > lar,br){a,b| = T (5.38)
(a.b) (a.b)

where 7T is an operator which shifts (a, ) to (ar,br). Remember that a = (w, 4.5, w; 4.;) and
b= (wx;H%,wy;H%) so that 7 shifts the holonomies as,

. (5.39)

Wayasj = Waasj—1, Waysi = Waysi=1, Wy 1= Wy, yii—3

w 1 — W
2

i3’ yii+

which indicates 7 is the translation operator.
To write the lattice S-defect as a condensation of the line/strip operators, we param-
eterize it as,

S= Y AaK[a,d]. (5.40)

Oé,éleMv

We will use the property that the operators K |[«, &) with different a = (a,b) and & = (a, B)
are orthogonal to each other in the trace

Tr (Ko, a] Ko/, &) = > (| Ko, a) Ko, @)) = 225t D6, b o (5.41)
ol
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to project out the coefficients A\, 4,

1 R oA
Aa,a :m'ﬁ K[a,a]T ) (|¢,dr)) (e, d|
(c,d)=(¢,d)

1 o oa S
= ST, Z (c,d| K]0, (a,b)|K[(a,b),0]|¢, dr)
e,d)=(&,d

B 1
T 92(Lo+Ly—1) (

(C’d):(é’ )
1 a+c)- b -(a+c
_ -3 (1) b b k)

T 93(Ly+Ly—1
2

1 c &) ((c a
=g 2 (- ednte), (5.42)
(o)

_1)a-(ciT+b)+5'(@+a) (c,d|e + a,dr + b)

and the condensation defect can be written in the compact form,

1 c,d)+a)-((¢c,dr)+a ~
Szm Z (_1)(( )+a)-((c,dr) )K[a,a]

(C’d)7a?d
= m Z (_1)(C+ﬁ,d+6)'(C-Hl,dT"rb)K[(a’ b), (a,b)]
x Yy N
(C’d)7(a7b)7(d7b)

1 .1 .
= SHEL D Z (_1)(C+a,b)~(c+a,b)K[(a7 b+ dr), (a,b+ d)]
(c,d),(a,b),(@,b)

1 N )
= s 2 CVTVK(a, b+ dr), (3,6 + d)). (5.43)

a,a,b,d

It is also illuminating to write down the condensation defect for S, which is the field theory
S-defect, and 7. Using the same method, one can obtain

- 1 R 1
— . =+ AT

S = s o CDTOTVEK 004 = ppp Y Keal, (5.44)

77047d (63

Expanding Kla, a] using U 1, Uy gives
2n
« « M A

§= 2Lx+L -1 Z H UII H UJJ = 2La:+Ly—1 Z 2 H UrUr)*, (5.45)

a I=1 I=1

which is a condensation of all possible insertions of operators U, U built from line and strip
operators. The orientation reversal of the field theory S-defect is itself ST = S and it is
also unitary: STS = 1. Similarly, one has

T = 2Lx+Ly—IZ D4 K[(0,br +b), (a,0)]. (5.46)
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Figure 8. Twist S-defect XN/O(MQ, M3) on Ms with a boundary Ms. After shinking the slab, the twist
defect will create a duality defect as an interface between the original boundary theory s and the
theory D(%sup) after gauging subsystem Zs symmetry.

One can also check the fusion between 7 and S straightforwardly,

~ o~ 1 N A
x5 = g 2 (DMK dr+d), @, 01K(@ ), (o)
1 a- ~
= SHELD Adb(_l) (@9 K [(a, b+ dr + d), (a + a, b)]
1 a+a)- N
= 2Ll 1) Adb<—1>< OV [(a,b+ dr), (2,0 + d)] = S, (5.47)

which reproduces the lattice S-defect.

5.3 Twist S-defect

In this subsection, we will consider twist S-defect on a 3d manifold M3 with a boundary
OM3 = Ms, where the boundary can be z-y plane, z-z plane or y-x plane. In the last section,
we consider both lattice S-defect S and field theory S-defect S, and they are related by
S =T x 5. Here S satisfies S = 1 and T shifts the holonomies and makes S2 = T a
translation along z-y directions on the lattice.

We will first discuss the twist defects for the field theory S-defect S and then move to
the twist defect for the lattice S-defect S. Also, we will mainly focus on the case where the
boundary My is the x-y plane. Since the lattice S-defect involves a translation along x-y
plane, the discussions of the corresponding twist defects located at a fixed x or y are subtle
and we will not consider them. Nevertheless, one can still consider the cases where M is
-z plane or y-z plane for the field theory S-defect in a similar way.

From (5.45) we see the field theory S-defect is a condensation of the operator U U;
where Uy, U; are related to line/strip operators according to (5.1) and (5.2). We impose
the Dirichlet boundary condition for the defects U 1Ur condensing along Ms. The Dirichlet
boundary condition is defined as follows. The operators {U. U 1} generate a subsystem Zy
symmetry along M3 and we denote the corresponding gauge fields as (A’*, A"*Y). For z-y
plane we require the z-y component A”Y to vanish at the boundary. The Dirichlet boundary
is topological along the normal direction given these boundary conditions and see appendix C
for a detailed discussion about this.
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We will denote the twist defect as ‘N/O(Mg, M3) with My the z-y plane, for example at
z = 0. As shown in figure 8, after shrinking the slab, the twist defect will implement
a half-space gauge and create a subsystem KW duality defect N*"P. The z-direction is
topological and the strip operators can move along the z-direction and fuse with the twist
defect. Since Ms satisfies the Dirichlet boundary condition A™Y = 0, the strip operators
K|[(a,0), (a,0)] can be absorbed by the twist defect,

K[(a,0), (a,0)] x Vo[My, Ms] = Vo[ My, Ms], (5.48)
where we split the 2n-dimensional vector «, & into a pair of n-dimensional vector
a=(a,b), a=(a,b), (5.49)

such that a, a label the strip operators and b,g label the line operators. On the other hand,
since K[(a,0), (0,0)] and K](0,0), (a,0)] do not belong to the condensate, fusing them with
Vo produces new twist defects,

Va[My, M3] := K|(a,0), (0,0)] x Vo[Ma, Ms] = K[(0,0), (a,0)] x Vp[My, Ms]. (5.50)
In general, the fusion rule between the strip operators K|[(a,0), (&, 0)] with Vi [Ma, Ms] is,
K[(a,0), (@, 0)] x Viy[M2, Ms] = Vor-raa[Ma, Ms)]. (5.51)

We can also discuss the fusion between twist defects and it is sufficient to discuss the
fusion between % and %T. Let’s put another twist defect %[Mgk, Ms] at z = e and consider
the fusion between Vo[Ma), M3] x Vo[Mye, M3] with € — 0. Here we use Myy (My) to
emphasize Ms is located at z = 0 (# = €). Since the condensation defects can also be
understood as gauging the (2 + 1)d subsystem symmetry on M3, we can derive the fusion
rule in a similar way following the discussion in appendix C and get,

lim Vi (Ma] o=, M5 ") x Vo(Molz=c, M5 )

1 Lz . Ly R
=5 TLO+ Wy )W (0 19,000) TIO+ W ag i) Wiy _yswpp0). (552)
i=1 j=1

where XN/OT = X[M=€, Zo)Vo with x[MZ=€, Zs) the Euler factor introduced in (C.22). We have
a condensation of strip operators that are mobile along z-direction. If we put (5.52) on the
top of the topological boundary [0) at 7 = 1 where A = 0 at the boundary, then electric strip
operators W(z;,xj41), W(ys, yiy1) are absorbed into the boundary and we have,

. . 1 Lx Ly
Vo[ Mz, Ms]" x Vo[Ma, Ms]|r—1 = 5 [T+ UP) T[T+ U7), (5.53)
i=1 j=1

A

where U/ = W(yi_%,yH%) and UP = W(xj_%,ijr%) are generators for subsystem Zs
symmetry at the boundary. The fusion of twist defects (5.53) recovers the fusion rules of
the subsystem KW operators in the untwisted sector [60].° On the other hand, if we put

SFor twisted sectors, we need to consider more general Dirichlet boundaries of the condensation defects
such that corresponding gauge field A’*? is a non-zero fixed value at the boundary.
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it on the top of the dual boundary |0> where A = 0, then magnetic strip operators W are
absorbed instead and electric strip operators W serve as the symmetry generators. (5.53)
becomes the fusion rule in the untwisted sector of the dual theory.

We then move to the twist defect Vg for the lattice S-defect. Put two twist defect
Vo[Majg, M3] and Vo[My|, M3] at z = 0 and z = ¢, the fusion rule is similarly obtained by
sending € — 0. There are two differences here. First, since S? = T is the translation, the
spatial lattice at z > € is related to that at z < 0 by the translation 7. Second, we need
to impose proper Dirichlet boundary condition at the boundary M, = 0Ms3. Recall that
the condensation defect for S is,

1 .
_ _1\(a+a)-b ~
S = 92Tt Ly—T) aagbd( 1) K[(a,b+dr), (4,b+ d)]. (5.54)
We will assume the Dirichlet boundary condition is defined such that only the strip operators

which are mobile along z-direction survive in the limit ¢ — 0, then one expects the fusion is,

s 3 Kl(0), 0,0)]K0,0), (3, 0)]. (5.55)

If we put it on the top of the topological boundary |0) or |0) at 7 = 1, one of the two
K-operators will be absorbed and we get the same result as before. Combined with the
translation 7, we have the similar fusion rule,

Ly Ly

11_[(1+UZ"’) [Ta+U5) xT. (5.56)

Vo[ Mz, M3 x Vo[Ma, M3]|,=1 = >

i=1 j=1

One can also consider the fusion between V1 and V,

1 Ly Ly
Vo[Ma, My]' x Vo[My, Ma)lr=1 = o JT(1+ UF) [T (1 + UF). (5.57)
i=1 j=1

where we do not have the translation operator 7 on the r.h.s. since STS = 1.

6 Conclusion and discussion

In this paper, we initiate the study of the subsystem symmetry and the associated dualities
from a bulk SymTFT point of view. To demonstrate this idea, we study the example of
2-foliated BF theory with level N in (3 4 1)d as the subsystem SymTFT of the subsystem
Zy symmetry in (2+ 1)d. We analyze the topological boundaries and construct condensation
defects of this specific model with N = 2. We interpret the duality transformations of the
boundary theory, such as subsystem KW and JW transformation, as the change of topological
boundaries which is further implemented by fusing condensation defects of the subsystem
SL(2,Z2) symmetry of the bulk subsystem SymTFT on the boundary. On the lattice, the
subsystem SL(2, Z2) symmetry has a richer structure than in the field theory. The subsystem
T transformation will stack a subsystem SPT phase whose bosonic or fermionic feature
depends on the regularization of the lattice. We will leave the detailed study and classification
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of subsystem SPT phases in the future work. From the subsystem SIL(2,Zs) symmetry, we
find new dualities among bosonic and fermionic models with subsystem Zs symmetry. We
summarize the duality web in figure 6.

There are many interesting follow-up directions. First, it is natural to extend the study
of subsystem SymTFT to other models. For the subsystem Zy symmetry in (2 + 1)d, the
subsystem SymTFT is expected to have more diverse topological boundaries that can support
subsystem parafermionic structures. Furthermore, we can study models with subsystem
symmetry in higher dimensions, for example, the X-cube model [3], where there are fracton
excitations. The Zy X-cube model is a 3-foliated theory in (3 4+ 1)d and the corresponding
subsystem SymTFT should be the 3-foliated BF theory with level N in (4 + 1)d

N
S3 foliated = —/bA de+ > dBFACFAdZF+ YT bACH AdaF (6.1)
2m k=123 k=123

where the first term is bulk BF term with 3-form gauge field b and 1-form gauge field c,
the second term is the foliated BF term with 2-form gauge field B* and 1-form gauge field
C* and the third term is the interaction term. It is interesting to classify the topological
boundaries and topological operators of this subsystem SymTFT and explore the duality
web of the X-cube model.

Finally, subsystem SymTFT provides a bulk-boundary point of view to study subsystem
symmetry. Recently, there are other efforts to study fracton models from bulk-boundary
correspondence [82-85]. Subsystem SymTFT also provides hints to study fracton statistics [86,
87]. The quantum algebras (3.15) and (3.16) resemble the braiding statistics in (2 + 1)d
Zn gauge theory. Besides, one more topological direction in the bulk will give fracton (or
excitations with other restricted mobility) an extra direction to move, which might lead to
interesting braiding structures. We will leave these interesting questions for future study.
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A A review on ordinary BF theory as SymTFT

To illustrate the basic idea of SymTFT, we consider a (1+1)d theory Ty, with Zy symmetry.
The corresponding SymTFT 3(Zy) is the (2 + 1)d BF theory with level IV,

N ~
Spr = %/A A dA, (A1)
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where A, A are 1-form gauge fields. It is a Zx gauge theory and is the low energy description
of the toric code for N = 2 in the condensed matter literature [88]. Fix a gauge Ag = Ag = 0,
the canonical quantization gives,

21

[Aile,y), 4@ y)] = Teydla -y —y). (A.2)

A and A are conjugated with each other like position and momentum. For simplicity, we
place the BF theory on a spatial torus 72, the physical operators are Wilson loops defined as,

WL = exp <Z£A> . W[ = exp <zﬁfl> , (A.3)

with ' € Hy(T?,Z). Since the holonomies of A and A are periodic, they are quantized as,

N N N
— ¢ A=0,1,---,N—-1, — ¢p A=0,1,---,N—1, (A.4)
27 Jr 2 Jr

and WN[I] = WN[['] = 1. The operators satisfy the commutation relation,

WDWIT;) = w563 [, wir), (A.5)
where v € H!(T?,Z) is the Poincare dual of I' defined as [p---= [y A .

Let’s focus on the partition function Z‘IZN of the theory and see how the SymTFT
applies. We can introduce a canonical basis of the Hilbert space of the BF model on T2
where either W[I'] or W[I'] are diagonalized. The two different choices give two kinds of
topological boundary states %%y;n written as a boundary state,

o Dirichlet boundary state |a) for A,

(10l ol "
Wllla) = [a — ),
o Neumann boundary state |a) for A,
{ Wrja) = wl ™4a), (A7)
Willa) = la - ),

where a = NA/2r,a = NA/2r and we have a, 4 € H'(T?,Zy). The integration [yAa = [ra
gives the holonomy along I'. The two bases are related by a discrete Fourier transformation,

ay== 3wl (A.8)

a€HY (T2, Zy)

On the other hand, the physical boundary %g;ys gives a dynamical boundary state |x) which
N
depends on the partition function of theory %z, with given the Zy holonomies of %7,

)= Y Zs,ldla). (A.9)

a€HY (T2, Zy)
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Choosing different topological boundary states, the path-integral of the BF theory on the
slab gives,

Zla) = {ale"™|x) = {alx), Zla] = {ale"™|x) = (alx). (A.10)

where Z[a] = Zs, [a] agrees with the torus partition function of Tz, and,
~ 1 f&/\a — ~
AUES Y wl N Zs, ol = Zs, uylal, (A.11)
a

which is the partition function of the orbifold theory ¥z, /Zy, the Kramers-Wannier duaity
of Tz,,. In other words, the Zy gauging of %7, can be viewed from the SymTFT as switching
the topological boundary state from |a) to |a).

When N = 2, there also exists a topological boundary |s), where s € H'(T?,Zs) stands
for the spin structure, such that JW transformation can be encoded as Zp[s] = (s|x).” The
states |s) are eigenstates of the operators Wg[['] = W[I]W|I] and satisfy,

{ Wr[T]|s) = (~1)A A0 ) (A.12)

WT[s) = |s +7)
where Arf(s) = sy is the Arf-invariant where s; = fFi s is the spin structure along I';-cycle

(s; = 0 is chosen to be the NS boundary condition). The topological boundary state |s)
can also be expressed as,

s)=5 > ()M, (A.13)

acH! (T2 ,Zg)

and the transition amplitude (s|x) is,

1 rr(s+a
Zp(s] = (slx) = 3 > (—1)Artsra) zg
aGHl(TQ,Zz)

a) (A.14)

ol

which gives the partition function of the fermionic theory after JW transformation.
The (2 + 1)d BF theory has a Zs symmetry which exchanges the two gauge field,

A—A A A (A.15)

The corresponding symmetry defect Dz, [Ms] along a surface My can be constructed as,

1 ~
WY, (A.16)
‘HI(M% ZN)’ TeHY(M2,ZyN)

Dz, =

which is a condensation of the defect WV ! along Ms. If M, is a time slice, one can check,

A A

Dz, [Mo] W] = WL Dz, [Ma], Dz, [Ma]W[T'] = W] Dz, [Ma], (A.17)

and,
DZ2 [Mg] X DZ2 [Mg] =1. (A18)

using the quantum algebra.

"For general N, there is a generalized JW transformation that leads to parafermion theories, see [49, 89, 90].

— 38 —



B Duality between (3.1) and (3.2)

In this appendix, we sketch the duality between the 2-foliated BF theory (3.1) and the exotic
tensor gauge theory (3.2). See also [31]. Begin with the 2-foliated theory (3.1),

N
Sa-foliated = 75— / > (dB*F +b) ACF Adah + b Ade, (B.1)
2m

we split the coordinates (z%, 2!, 22, 23) as (7,2%) with i = 1,2,3 and denote (x!,22 2?) as

(z,y,2). The action can be written as,
_N d d3 ijk TH 0T 5T Yo._CYsY 1b )
S2-foliated “or TA™X | € —B;0;C5 oy, — B; TCj k+§ ijOr Ck
G (BT + Sbiy ) 6 + Y (iBY + Sbiy ) 61 + SeiiEe a1
T O 0B+ 500 | 0 + € 0n | 0B+ 5045 ) 0p 5 erdibji
+ b, (ajak +CFoY + 05/5};) + " BLOCI ST + eijkBgaic;fa,g] . (B.2)

up to total derivatives. Integrate C%,CY, by, by, one gets
by. = 0. B — 0yB;, by, =0,BY — 0, B, (B.3)
for C7,CY and
CY = 0yc, — 0.¢cy, CF = 0pc; — 0zcy, (B.4)

for brz,bry. We can solve by, b,.,CY,C7 and substitute them back to the action. Moreover,
integrating b,, gives,

CY + Ozcy = Cf + Oyca, (B.5)
such that we can define A" = C¥ + 0,¢c, = C;j + 0yc. After renaming other variables,
AT =¢c,, A =c, (B.6)

A™ = 0, BY — 0,BY + byy, A" =DB%-DBY

T T

A* =B — BY, (B.7)
the action is rewritten as,
N T AT 1z z Az AT T Az AT
Sexotic = 5~ / [A (0. A™ — 0,0,A%) — A*(0,A™ — 9,0,A7) — A™(0, A" — 9. A )} . (B.8)

which reproduces the exotic tensor gauge theory (3.2).

C Derivation of fusion rule of subsystem KW defects

In this section, we will re-derive the fusion rule between two subsystem KW defects A/SP x A/sub
after the formulation of gauging a subsystem symmetry in a cohomology language.® The
derivation is a direct generalization from the fusion of duality defects of guaging 0-form Zy
symmetry [65]. For simplicity, we will keep N = 2.

8The original derivation on lattice can be found in [60).
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C.1 Conventions

Denote the gauge fields A and its dual A for subsystem Z, symmetry as the pair,
A= (A%, A%), A= (A A™). (C.1)
The gauge transformation is,
A= A+06\ A= A+6) (C.2)
where the action of § on a function is defined as,

(5f(a:, Y, Z) = (8zf(x7y7 Z)7axayf(xay7 Z)) (03)

The flatness condition is written as,
0A = 0,0,A% — 0, A" =0, (C4)

and one can check 62f(z,y,2) = 0 automatically.
To perform the summation formally, it is useful to introduce the 0-cochain C?, (M3) as
the set of functions f on Mjs, 1-cochain CL, (Ms3) as the set of the pairs g = (g7, g*¥) where

u
g7, g™ are both functions on Msz, and 2-cochain C?

< (Ms3) as the set of functions denoted

by h*¥* on M3. The coboundary operator J acts on C7, as,
5f = (azf7 axayf)7 59 = aaraygz - azgzy7 dh™* = 07 (05)

and it satisfies 2 = 0. One can define a product * - * which sends C™, (M3) x C"; (Mj3) to
C " (Ms) where C7™(Ms) with m +n > 2 is defined to be trivial. For example, when
one of C,, is C2, whose elements are functions, the product is the usual multiplication;
and for g,¢g' € CL, (Ms) one can assign g- ¢ = g"¢’* + g g*.

Let’s consider the cohomology’ H* = Z*/B* where Z*(B*) contains closed (exact)
cochains. For example

Hyy (M3, Zo) = Zy, (M3, Zo), (C.6)

s sub

contains scalar functions that only have x or y dependence. Because of the flatness condition,
the subsystem gauge field A and A belong to Hl, (Ms,Zs), closed 1-cochains modulo out the
exact 1-cochain (the gauge transformation), and we have | HL, (M3, Z2)| = |M,| = 22(FetLy=1)
where the dimension of H' | (Ms,Zs) is equal to the number gauge invariant holonomies w.

Now we will take a formal, continuous route and only make it discrete at the final step.

For example, the subsystem KW transformation

I [wz,x;jJr% ' Wa i Ly Wasjs Wy:i)
! Z
T 9LatLy—1 Z Tou (W2,2355 W ysis Weijrls wy;i—i—%] (C.7)

Wy 15 Wz, e W w ., 1=0,1
z,x;7 Wz, y;1s l‘;]_,'_%v y;z+% )

x (_1)Zi(wz,y;i+%wy;i+% +wy;iwz,y;i)+2j(wz’z;j+%wz;j+%+wgc;jwz,x;j)

9Strictly speaking, H* are not cohomology groups because the closeness condition is not preserved under
the product. For example, given f € HS,, (M3) and g € HZ,, (M3) one can check,

i(f-g) = away(fgz) - az(fgwy) = aacfaygz + ayfaxgzv

which does not vanish. Nevertheless, we do not need this property in the proof.
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will be written formally as,

]_ 1
| HY, (M, Zs))|

sub

Z[A)(~1) s A, (C5)
(Ms,Z2)

Z[A
AecH!

sub

where |HC | (Ms,Zs)| is the dimension of the cohomology group H?, (M3, Zs). The labels
of partition functions are omitted for more concise expressions. The gauge field A will
take values in its gauge equivalent class H], (M3,Z2) and the integral is regularized by

the sum of holonomies,

/ A A= (A= 4 a7 4w
Ms Ms (C.9)
= Z(wz,y;i—%%wy;i—l-% + WyiWz,y) + Z(wz,m;j—l-%ww;j—l-% + Wy Wz 55)
i J
where w and @ are holonomies of A and A. The formal expression (C.8) differs from the reg-
ularized one (C.7) by the normalization factor |HO , (Ms, Zs)| (instead of \/|HL , (M3, Zs)| =
2letLy=1) a5 suggested in [65].

We also need to define relative cohomology Hslub(Mg, My, Zs) where My = OMs3 is the
boundary where the gauge fields A = (A%, A™Y) should satisfy the “Dirichlet” boundary
condition at the boundary Ms. First, we need to define what the “Dirichlet” boundary
condition means for the gauge fields A% and A*Y. If M, is the z-y plane we can just
set A = 0 at the boundary. The holonomy of [ A®dz split into AY(z) and A*(y) and
they depend on z and y separately. There also exists a gauge transformation which shifts
AY(x) — AY(z) 4+ 0 and A" (y) — A"(y) — € by some constant 6 so that [ A*dz is invariant.
If My is the a-z plane we will require AY(z) to be a constant at the boundary and it is gauge
equivalent to zero. Therefore we impose 0, A* = 0 at the boundary.

In the next subsection, we will consider the KW defects defined by gauging the subsystem
Zo symmetry in half of the spacetime Mz with the “Dirichlet” boundary condition imposed at
the boundary. To do this, we need to couple the theory to a dynamical subsystem Zo gauge
theory with flat gauge field (4%, A*¥). The subsystem Zsy gauge theory can be represented as'®

1 / dudyds 654 = - / dedydz ¢(0.A™ — 9,0,4°), (C.11)
™ ™

where ¢ is a periodic scalar field that serves as a Lagrangian multiplier enforcing (A%, A™)
to be properly quantized and Zo-valued. The Dirichlet boundary condition introduced above
is topological along the normal direction. To see this, we need to deform the locus of the
boundary slightly and see the variation of the action. For example, if the boundary is z-y
plane at z = 0 and we deform it to z = ¢, the difference can be written as the surface integral

10This is a generalization that ordinary ¢-form Zx gauge theory in D-dimenson can be represented by the
BF theory with level N [91-94],

N / dPzBP172gAT! (C.10)
2

where A7 is the (¢ + 1)-form gauge field and BP~972 is the Lagrange multiplier enforcing A?*! to be
Zn-valued.
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Z:O Z =€

Figure 9. Fusion of two subsystem KW operators along z direction.

at 2z = 0 and z = € using Stokes theorem

/ dxdy¢Axy—/ drdypA™Y, (C.12)
z=0 z=€

which is zero due to the boundary condition A*¥ = 0. On the other hand, if the boundary
is z-z plane at y = 0 and we deform it to y = ¢, the difference is,

7/ drdz¢pd, A* Jr/ drdzp0, A%, (C.13)
y=0 y=€

and the boundary condition d,A* = 0 is sufficient to set it zero.
We will also see how these choices of boundary conditions give the correct fusion rule
in the following derivation.

C.2 Fusion rule of subsystem KW defects

We first consider the case where the defect A®"P is along the x-y plane and acts as a symmetry
operator. Our strategy, as shown in figure 9, is to put two parallel subsystem KW operators
with a separation of € and compute the partition function in the region between two operators.
As we take the limit € — 0, we get the fusion of two operators. It is equivalent to performing
1-gauging on a co-dimension one surface [81].

Consider the symmetry operator NP located at z = 0 as an example. The theory
at z > 0 is defined to be,

1
>0
ngb(M§ ; M2|07 Z2)|

Sz Ayt

>
AeHL | (M5, Myo,Z2)

Z[M;"°, A) = |

sub
and we use My to emphasize M is located at z = 0. To compute the fusion Nsub 5 p/sub

we insert another A" at z = € such that the theory living on M320 is given by,

where H! (M:))ZO, Mj)o, Zs9) is the relative cohomology such that A* = 0 at the boundary Mj)o

1
>0 >
|HY, (M3, Myjo, Zo)| [ HO,, (M5, My, Z2)|
o AA+ [ . (A-A)A
3 Z[Mg?o,A](_UfMé“) Juzeta-4 (C.15)
A€HL \ (M$°,My)0,Z2)

AeH | (M5, My, Z2)
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Using the relations |H!| = ]Z 1/|B1|, we can write the sum over cohomologies into a sum
over cocycles as > qepg1 = |31| > acz1- Moreover, notice that |B!| = |C°|/|Z°| and |BY| =1,
we can rewrite the integral as,

1
>0 >
| sub(M?T 7MQ\O’ZQ)||C£ub(M§EaM2|e’ZQ)|
o AA+ [ S (A—A)A
> 2100, a1y e . (C.16)
Aezjub(M§07M2\0722)
A€z} (MZ€ My Ls)

The cocycle condition can further be relaxed by introducing Lagrange multiplier ¢ €
CO(M5°,Zy) and ¢ € CO(MZE, Zy),

1
(0,0 (M3, Majo, Z2)][CO (M3 Moy, Z2)] [0 (M3 Z2) | COp (M3 )

T A A

AeC,, (M0, 2,)
AeCl (MZ€Z5)
¢€Csoub (Ms.ZO
25),6€C0,,, (M Z2)

(C.17)

Summing over ¢ in the bulk MSZO enforces A to be a cocycle due to the coupling [,,>0 ¢ A,
and summing over ¢ on the boundary My enforces A" = 0, which makes the éocycle
relative to Myp. Same to A.

We can firstly perform the sum over A and one has,

 GOA— PATY LOpA
(_1)fM3> @ fM2|€¢ _ (_1)f1\/132 7 (C18)

where we use integration by part and (55 A= 8Z(;~ngy + 89683,,523. Sum over A will produce
a factor |CL, (M5, Zy)| and enforce A — A — §¢ = 0,
| sub(M?>2€7ZQ)|
(Coun (M5, Moy, Z)||Cu, (M, Maje, Z2)||C, (M, Z2)||C (M, Z2)]
fMg)*‘) A AJrfM3>O (MA*meO PA%Y 2

>0 A1 —A—60
AEC:ub(M3 Z3)
$eCO , (M$°,7:),$€C0 |, (MZ<,Z2)
(C.19)
We then 1ntegrate out ¢, which produces a factor |C2, (M. =0 75)| and enforces
A € sub(M M2‘O,ZQ)
‘ sub(M326722)|
’ sub(M MQ‘D’ZQ)H sub(MB>E7M2|E7Z2)H sub(MZ;e’ZQ”
o A-A N ~
Y ey A ). ca0)
3

A€z}, (M50 My, Z2)
>
¢€ sub(MS_E’Z2)

— 43 —



The summand is independent of QNS and we can set q~5 to zero in the delta function and add
a normalization factor | sub(Mr%Zev Z3)|. The delta function then fixes A = A in M5 and
make A an element of Z1 (Mj ],M2|0 U My, Zs),
>
‘ sub(M?;_E7ZQ)’
>0 >
| sub(M3 M2|07 ZQ)H sub(Mg_ea M2\ev Z2)|

3 (C.21)

>0 N f [0, A-A

Z Z[MS_ 7A+AM326](_1) s )

AEZsub(M M2|OUM2‘E,ZQ)
where A| e is equal to A if we are on M326 and vanishes elsewhere.
3
Let’s introduce the Euler factor X[Mgze,Zg] as,
> > > >

X[M326, Z2] = | sub(M?) 67Z2)H sub(ML?evZ?)‘ | sub(M3 Ea ZQ)H sub(M§€722)| ) (022)

|HL, (M5, Zs))| |CL, (M5, Zs))|

where in the second expression we use the fact H? = Z°, Z? = C? since C? is the top one
and |B"*1| = |C"|/|Z"|. The normalization factor in (C.21) can be written as,

>e >e
|Gl (M5, Z) || Coup, (M5, Zo)|
| sub(M3>0’M2|07Z2)HC (M3>67M2|ea22)|

sub

N (C.23)

The first factor can be further simplified by using |C2,, (M5, Zy)| = | Sub(M;‘C‘, My, Z2)|
since the elements in C’ub(M3 ,M2‘6,Z2) and the elements in C’ub(M3 ¢,Z9) are Fourier
partners under integration over Ms. Finally, use the fact that,

|2 (M0, Moy, Za)| = |Cliy (M5, Z) | Cligy (M, My U Moy, Zo), (C.24)

which is a decomposition of cochains on M;O into the sum of cochains on M?Eo’e] with fixed
boundary condition at My, and cochains on M326 with free boundary conditions. Substituting
the simplified normalization into (C.21) we have,

X[M5, o)~
07
1O, (M E]sz\o U My, Zs)|

. qAA
> Z[M§07A+AM;4<—1>IM? |

A€z}, (M MygUMy)Zo)

(C.25)
Write the summation of Zslub(M:,EO’E], M0 U My, Zs) back to Hsub(Méo’e],Mz‘o U Moy, Z2) as
Sacz = |BY 'Y scm, we obtain the finial result,

. qAA
Z Z[M:)’ZO,A—FAM;;](—:[)IA/II[SO ] 7

0,
AeH!, (ML My 0UMy) ., Z2)

X[M?)ZgﬂzQ]_l
07
O, (M 6]sz|0 U My, Z2)|

(C.26)
where we use the relations |B!||Z° = |C?| and |B°| = 1 again.
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Now let’s evaluate the integral [, 0. A - A with Dirichlet boundary condition A™¥|,_y =
3

A"|,— = 0. At this stage, we need to regularize the spacetime and write,

L, L. ) Ly x
/ng[o,e] (AMA*+ A A™) = 2:21 Wy it 1 L;Air;’ﬁé’k] +g v+l [Z AHMU#]
Lo Ly
+; wz’yl;Axng,- —|—Z <wz x,gz i, k+> (027)

where L. is the number of sites between [0,e¢) and w are the holonomies of A.
Ly Axy Lz jzy . o

Z] 1 i’j’k+%, > Ai,j,k—i—% are strip operators of the dual field A and they generate the

subsystem symmetry as mentioned in (3.30),

L
UY = exp iWZAzg,k-f-l , Ui = (iﬁZAxgk_i_) (C.28)
=1 i=1

The line operator > j_; of the dual field A* are subsystem symmetry defects.

7 Lk
Recall that the line operatoi cag 2be decomposed into two line operators separately movable
along = and y directions and we use the labels [---]* and [---]¥ to represent them.

We will take the limit ¢ — 0 while fixing the holonomies w. The first line vanishes in
the limit. Another point of view is, since A™|,_y = A™|,—_ = 0 the holonomies of A®Y

vanishes and w 1 = 0 and first line is trivial. Therefore we only need to consider

y,iJr% ,]+
the second line which 1mphes the fusion rule,
1 Le Ly
NS e =TT+ o) T (04 05), @20
W 56, Wa, w35 /™~ i=1 j=1

ub(M[ 3 s MajgU My, Zo)| =1 1 and NSUPT is normalized as NUPT =
[M3> 0, Zs)N*". In the sum, we mod out the gauge redundancy ~ of the holonomies.
Let’s then consider the case where the defect NS"P is along the z-z plane and acts as a

symmetry defect. The derivation of the fusion rule is similar and we have,
1
(M5, My, ) |CO, (M50, Z5) | OOy, (M, Zs) |

fMg"‘/) A~A+fM32€ (AfA)~X+fM3>O ¢6A+fM2|O M“”AZJFIM;‘ $5Z+IMQ|€ Eazgz'

where we have used |Hj

|CO (M5, Moo, Z5)[|CS,,
X > Z[M5C A(-1)
AeCl (M. >OvZ2)
AeCl, (MZ° 22)
$eCO,, (MZ°,Z5)
BECS,, (M5 )

(C.30)

where the difference is that Myg and My, are the z-z plane located at y = 0 and y = ¢,
and summing over the Lagrangian multiplier ¢ at Ms enforces 0, A% = 0 as discussed at the
beginning of this section. It has the advantage that,

 pOA+ 60, A% 0P A
(_1)fM3> fh{2|6 — (_1).[1\/3Z 7 (031)

"UThe elements f in HYp, (ML), Myjo U My, Zs) should satisfies 8,9,f = d.f = 0 and f = 0 at the
boundary. They fix f to be trivial.
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which is the same as before. The remaining derivations are exactly the same and we get,

X[M?,ZeaZQ]_l
0,¢
(M3[, ! Majg U My, Zs)|

N g A-A
3 Z[Mgo,AJrAM?E](—l)fMéO’] .

| Hy L0
A€H (M3 My joUMa)c,Zz)

sub

(C.32)
We then regularize the integral [ 27109 A- A in the same way,
3

R . Lo L: Y L. L. .
/sz[o7e](AwyAz+AzAwy) :; Wyi+1 L_lAeré,ﬁ;,k +le Wy j+1 [§A5+;,j+§,k]
Ly Le L Lo
+i2::1 wz7y;ijz:1Azg7k+é +jz:1 (wz,x;j ;Ai§7k+;> . (033)

If we take € — 0 while fixing the holonomies w, we only need to keep the first term. Recall
that from (3.30) we have,

L. Y
exp | i [Z Af+§,j+§,k1 = Wz,y(azH%) < [T Ud (C.34)
k=1

i<

The fusion rule is then,

Lo wy,iJr%
NPT = S T [T U8 . (C.35)
wy7i+% i=1 \/<q

We can recover (2.22) using Wyipd = t? + t?ﬂ.
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