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1 Introduction

Flat holography has attracted much attention due to its potential connection with realistic
physical processes. Up to now, there are various approaches to handle this intriguing problem.
The first approach is asymptotic symmetry analysis which may trace back to the famous
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BMS group [1–3]. In this approach, the boundary theory obeys the asymptotic symmetries
in the bulk [4–6] and one may construct various theories based on these symmetries. In
the second method, the BMS groups are identified as geometric global symmetries of a
Carrollian manifold [7, 8] on which field theories can be obtained by taking the speed of light
to zero [9, 10] in the usual QFTs. The third approach is based on scattering amplitude on the
celestial sphere [11]. This method is motivated by the deep connections between BMS groups
and soft theorems [12] in the IR region. Basically, it maps the usual S matrix by a Mellin
transform and the resulting amplitude is called celestial amplitude [13, 14]. Along this line, soft
theorems [15], MHV celestial gluon amplitudes [16], four-point celestial amplitudes [17, 18],
and loop corrections [19–21] have been studied. Interestingly, the scattering amplitude can
also be mapped to the so-called Carrollian amplitude by a simple Fourier transform [22, 23].
Therefore, there is a beautiful triangle among scattering amplitude, celestial amplitude and
Carrollian amplitude. The two-point Carrollian amplitudes have been derived in [23, 24] and
the three-point Carrollian amplitudes can also be found in [25, 26]. The four-point scalar
Carrollian amplitudes have been studied by modified Mellin transformation [27] and have been
extended to gluons and gravitons systematically in recent article [28]. It is also [28] where
the name of “Carrollian amplitudes” was first suggested, and the authors also considered
various properties of Carrollian amplitudes, such as the collinear limit, UV and IR behaviours,
connections with twistors and so on.

In addition, the authors in [24, 29] have proposed studying flat holography through bulk
reduction from well-known QFTs in asymptotically flat spacetime. The framework is to
reduce the bulk theory to the null boundary by asymptotic expansion. There is always a
fundamental field F which represents the radiative degree of freedom at the leading order
of the fluctuation. The canonical quantization of the bulk field f implies the canonical
quantization of the fundamental field with which one may define the quantum flux operators
that form an infinite dimensional Lie algebra [24, 30–33] with central extension whose classical
version is the infinitesimal (intertwined) Carrollian diffeomorphism. These impressive results
indicate that the framework is correct and fruitful. Actually, it has been noted in [24] that
the asymptotic state in scattering amplitude is related to the fundamental field acting on the
free vacuum through a Fourier transform. It is pointed out explicitly that there may be a
correspondence between the asymptotic state |p⟩ in the momentum space and the boundary
fundamental operator F (u,Ω) in the Carrollian space

|p⟩ ↔ F (u,Ω). (1.1)

As a consequence, the scattering amplitude is mapped by a Fourier transform to the correlator
of the fundamental fields which are inserted at the null boundary. In this paper, we will
work out this point explicitly and derive the relation between the scattering amplitude and
Carrollian amplitude from bulk reduction. We will derive the perturbative Feynman rules to
obtain Carrollian amplitude in the Carrollian space. The four-point Carrollian amplitude
has been studied up to two loops for massless Φ4 theory. Amazingly, their forms are as
simple as the scattering amplitudes in momentum space. We will also find a Callan-Symanzik
equation for Carrollian amplitude in our method.
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This paper is organized as follows. In section 2, we review the framework of bulk reduction
in massless scalar theory and the asymptotically free states have been created by inserting
the fundamental field at the null boundary. We work out the antipodal map and derive the
Carrollian amplitude from the scattering amplitude in this framework. In section 3, we will
derive the transformation law of the Carrollian amplitude under Poincaré transformation. In
the following section, we propose the Feynman rules to calculate the Carrollian amplitude in
Carrollian space. In section 5, we study the four-point Carrollian amplitude for massless Φ4

theory up to two-loop level. In the following section, we investigate the Carrollian amplitude
in a more general Φ4 theory. We will conclude in section 7. Technical details are relegated
to several appendices.

2 Preliminaries

In this work, we will study the Carrollian amplitude in four-dimensional Φ4 theory which
is described by the action

S[Φ] =
∫
d4x

[
−1
2(∂µΦ)

2 − λ

4!Φ
4
]

(2.1)

in Minkowski spacetime. The signature of the metric is (−,+,+,+) and we will use xµ
with indices in the Greek alphabet µ, ν, · · · to denote Cartesian coordinates. By imposing
the fall-off condition

Φ(t,x) =


Σ(u,Ω)
r +O(r−2), near I+

Ξ(v,Ω)
r +O(r−2), near I−

(2.2)

the theory has been reduced to the boundary [24] at future/past null infinity (I+/I−).
Here the coordinates u = t − r and v = t + r are the retarded and advanced time and
r is the spatial distance in the bulk. We have also used Ω = θA = (θ, ϕ) to denote the
angular direction in spherical coordinates. In some cases, we will also use the stereographic
coordinates (z, z̄) for convenience.

The fundamental field Σ(u,Ω)/Ξ(v,Ω) encodes the propagating degree of freedom of the
bulk theory. However, we should emphasize that the fundamental field is not a dynamical
scalar at the boundary since there is no constraint equation for this field. This radiative
data is distinguished from the Carrollian field which obeys nontrivial equation of motion
on the boundary. Although the single field Σ(u,Ω)/Ξ(v,Ω) has no dynamics, the overlap
between the radiative modes at I− and I+ actually defines the Carrollian amplitudes which
reflect the interactions in the bulk.

Canonical quantization of the fundamental field. In the canonical quantization, the
bulk field Φ(t,x) may be expanded asymptotically as plane waves

Φ(t,x) =
∫

d3p

(2π)3
1√
2ωp

(e−iωt+ip·xbp + eiωt−ip·xb†p) (2.3)

where bp and b†p are annihilation and creation operators that satisfy the standard commutation
relations

[bp, b
†
p′ ] = (2π)3δ(p − p′), [bp, bp′ ] = 0, [b†p, b

†
p′ ] = 0. (2.4)
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It has been shown that the field Φ(t,x) may be expanded as spherical waves such that [24]

Σ(u,Ω) =
∫ ∞

0

dω√
4πω

∑
ℓm

[aω,ℓ,me−iωuYℓ,m(Ω) + a†ω,ℓ,me
iωuY ∗

ℓ,m(Ω)] (2.5)

at I+ where Yℓ,m(Ω) are spherical harmonic functions on S2. The boundary annihilation and
creation operators aω,ℓ,m and a†ω,ℓ,m are related to bp and b†p through

aω,ℓ,m = ω

2
√
2π3/2i

∫
dΩbpY

∗
ℓ,m(Ω), (2.6a)

a†ω,ℓ,m = ωi

2
√
2π3/2

∫
dΩb†pYℓ,m(Ω) (2.6b)

and they are labeled by three quantum numbers where ω is the frequency of the corresponding
particle and ℓ,m are quantum numbers of angular momentum. The momentum p may also
be written in spherical coordinates

p = (ω,Ω). (2.7)

The inverse transformation of (2.6) is

bp = 2
√
2π3/2i
ω

∑
ℓ,m

aω,ℓ,mYℓ,m(Ω), (2.8a)

b†p = −2
√
2π3/2i
ω

∑
ℓ,m

a†ω,ℓ,mY
∗
ℓ,m(Ω). (2.8b)

We can also evaluate the commutator between the boundary fields Σ(u,Ω) which is of
the same form as the one in [34–36] where the author developed the method of asymptotic
quantization, and derived commutation relations from the asymptotic symplectic form.

Asymptotic states. Since aω,ℓ,m is a linear superposition of bp, we can define the free
vacuum |0⟩ by

bp|0⟩ = 0 ⇔ aω,ℓ,m|0⟩ = 0. (2.9)

The equation (2.6b) shows that a†ω,ℓ,m creates a state

|ω, ℓ,m⟩ = a†ω,ℓ,m|0⟩ (2.10)

from vacuum. This is also a superposition of states |p⟩

|ω, ℓ,m⟩ =
√
ωi

4π3/2
∫
dΩYℓ,m(Ω)|p⟩, |p⟩ =

√
2ωpb

†
p|0⟩. (2.11)

We can also create a state located at (u,Ω)

|Σ(u,Ω)⟩ = Σ(u,Ω)|0⟩ = i

8π2
∫ ∞

0
dωeiωu|p⟩ (2.12)
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which is an asymptotic state that represents a superposition of outgoing particles at I+. The
state |p⟩ can be obtained by an inverse Fourier transform

|p⟩ = −4πi
∫ ∞

−∞
due−iωu|Σ(u,Ω)⟩. (2.13)

For one-particle state, the completeness relation

1 =
∫

d3p

(2π)32ωp
|p⟩⟨p| (2.14)

is transformed to

1 = i

∫
dudΩ

(
|Σ(u,Ω)⟩⟨Σ̇(u,Ω)| − |Σ̇(u,Ω)⟩⟨Σ(u,Ω)|

)
. (2.15)

Integrating by parts and ignoring the boundary term, the completeness relation becomes

1 = 2i
∫
dudΩ|Σ(u,Ω)⟩⟨Σ̇(u,Ω)| = −2i

∫
dudΩ|Σ̇(u,Ω)⟩⟨Σ(u,Ω)|. (2.16)

The Fock space is constructed by acting the creation operators repeatedly on the vacuum
state. For example, an n-particle outgoing state with definite momentum |p1p2 · · ·pn⟩ is

|p1p2 · · ·pn⟩ =
n∏
j=1

√
2ωpjb

†
pj
|0⟩. (2.17)

Switching to the Carrollian space, we find

|p1p2 · · ·pn⟩ =:
n∏
j=1

(−4πi)
∫
duje

−iωjujΣ(uj ,Ωj) : |0⟩

=
∫
dµ1,2,··· ,n|

n∏
k=1

Σ(uk,Ωk)⟩, (2.18)

where the integration measure is defined as

dµ1,2,··· ,n =
n∏
j=1

(−4πi)duje−iωjuj . (2.19)

Note that we have inserted the normal ordering operator : · · · : in the first line of (2.18),
otherwise there will be nonvanishing functions from exchanging the positions of fundamental
fields. Taking into account the multi-particle states, the completeness relation (2.15) becomes

1 =
∑
n

n∏
j=1

i

∫
dujdΩj

(
|Σ(uj ,Ωj)⟩⟨Σ̇(uj ,Ωj)| − |Σ̇(uj ,Ωj)⟩⟨Σ(uj ,Ωj)|

)

=
∑
n

n∏
j=1

2i
∫
dujdΩj |Σ(uj ,Ωj)⟩⟨Σ̇(uj ,Ωj)|

=
∑
n

n∏
j=1

(−2i)
∫
dujdΩj |Σ̇(uj ,Ωj)⟩⟨Σ(uj ,Ωj)| (2.20)

where the summation is over all possible multi-particle states labeled by n.
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Similarly, one may also expand Ξ(v,Ω) at I− as

Ξ(v,Ω) =
∫ ∞

0

dω√
4πω

∑
ℓm

[āω,ℓ,me−iωvYℓ,m(Ω) + ā†ω,ℓ,me
iωvY ∗

ℓ,m(Ω)]

=
∫ ∞

0

dω√
4πω

∑
ℓ,m

[(−1)ℓ+1e−iωvYℓ,m(Ω)aω,ℓ,m + (−1)ℓ+1eiωvY ∗
ℓ,m(Ω)a

†
ω,ℓ,m]. (2.21)

Therefore, we may define an incoming state at I− by

|Ξ(v,Ω)⟩ ≡ Ξ(v,Ω)|0⟩ = − i

8π2
∫ ∞

0
dωeiωv|pP ⟩, (2.22)

where the momentum pP is defined by

pP = (ω,ΩP ) (2.23)

in the spherical coordinates with ΩP the antipodal point of Ω = (θ, ϕ)

ΩP = (π − θ, π + ϕ). (2.24)

Therefore, we may transform the state |v,Ω⟩ to its corresponding antipodal state via

|Ξ(v,ΩP )⟩ = Ξ(v,ΩP )|0⟩ = − i

8π2
∫ ∞

0
dωeiωv|p⟩. (2.25)

Hence, an incoming state with definite momentum p at I− can be written as

|p⟩ = 4πi
∫ ∞

−∞
dve−iωv|Ξ(v,ΩP )⟩. (2.26)

An n-particle incoming state |p1p2 · · ·pn⟩ is

|p1p2 · · ·pn⟩ =:
n∏
j=1

(4πi)
∫
dvje

−iωjvjΞ(vj ,ΩPj ) : |0⟩

=
∫
dν1,2,··· ,n|

n∏
j=1

Ξ(vj ,ΩPj )⟩ (2.27)

where
dν1,2,··· ,n =

n∏
j=1

(4πi)dvje−iωjvj . (2.28)

Carrollian amplitude. Now we consider the m → n scattering process

out⟨pm+1pm+2 · · ·pm+n|p1p2 · · ·pm⟩in = ⟨pm+1pm+2 · · ·pm+n|S|p1p2 · · ·pm⟩. (2.29)

The S matrix can also be transformed to Carrollian space using (2.18) and (2.29)

⟨pm+1pm+2 · · ·pm+n|S|p1p2 · · ·pm⟩

=
∫
dµ∗m+1,··· ,m+ndν1,··· ,m⟨

m+n∏
k=m+1

Σ(uk,Ωk)|S|
m∏
k=1

Ξ(vk,ΩPk )⟩

=
∫
dµ∗m+1,··· ,m+ndν1,··· ,m out⟨

m+n∏
k=m+1

Σ(uk,Ωk)|
m∏
k=1

Ξ(vk,ΩPk )⟩in

– 6 –
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where we have defined

out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|
m∏
k=1

Ξ(vk,ΩPk )⟩in = ⟨
m+n∏
k=m+1

Σ(uk,Ωk)|S|
m∏
k=1

Ξ(vk,ΩPk )⟩. (2.30)

Inversely, we will find the m → n Carrollian amplitude as the Fourier transform of the
scattering amplitude

out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|
m∏
k=1

Ξ(vk,ΩPk )⟩in

=
( 1
8π2i

)m+n ∫
dω1 · · ·dωm+ne

−i
∑m+n

j=m+1ωjuj+i
∑m

j=1ωjvj ⟨pm+1pm+2 · · ·pm+n|S|p1p2 · · ·pm⟩.

(2.31)

On the left-hand side, the Carrollian amplitude may be understood as (m+n)-point correlators
with m fields Ξ(v,Ω) inserted at (v1,ΩP1 ), · · · , (vm,ΩPm) and n fields Σ(u,Ω) inserted at
(um+1,Ωm+1), · · · , (um+n,Ωm+n), respectively. On the right-hand side, it is the Fourier
transformation of the m → n scattering matrix. Note that we derive this relation by the
standard method of QFT without using any knowledge of flat holography or asymptotic
symmetry. One may also transform it to celestial amplitude by Mellin transformation, though
we will not elaborate on it in this work. In the expression, we may redefine

uj = vj for j = 1, 2, · · · ,m. (2.32)

At the same time, we transform ΩPj , j = 1, 2, · · · ,m to their antipodal points Ωj and relabel

Σ(u,Ω) = Ξ(v,ΩP ). (2.33)

Note that the above identification may be obtained by comparing (2.12) with (2.22) up to a
constant phase.1 Since the phase factor is irrelevant in S matrix, we will not care about it
later. Then the Carrollian amplitude may be written in a more familiar form

out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|
m∏
k=1

Σ(uk,Ωk)⟩in

=
( 1
8π2i

)m+n m+n∏
j=1

∫
dωje

−iσjωjuj ⟨pm+1pm+2 · · ·pm+n|S|p1p2 · · ·pm⟩ (2.34)

with
pµj = σjωjn

µ
j , j = 1, 2, · · · ,m+ n (2.35)

where nµj is the null vector associated with j-th particle

nµj = (1, sin θj cosϕj , sin θj sinϕj , cos θj). (2.36)

The symbol σj , j = 1, 2, · · · ,m + n is designed to distinguish the outgoing and incoming
states through the relation

σj =

+1 outgoing state,

−1 incoming state.
(2.37)

1In these expressions, the phase is eiπ = −1.
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The S matrix may be factorized as

S = 1 + iT (2.38)

where the T matrix denotes the connected part and it should respect the 4-momentum
conservation. Therefore, one may extract a Lorentz invariant matrix element M by [37]

⟨pm+1pm+2 · · ·pm+n|iT |p1p2 · · ·pm⟩ = (2π)4δ(4)
(m+n∑

j=1
pj

)
iM(p1, p2, · · · , pm+n). (2.39)

Therefore, we may reduce the Carrollian amplitude to the M matrix which is related to
the amputated and connected Feynman diagrams

out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|
m∏
k=1

Σ(uk,Ωk)⟩in
∣∣∣
connected and amputated

=
( 1
8π2i

)m+n m+n∏
j=1

∫
dωje

−iσjωjuj (2π)4δ(4)
(m+n∑

j=1
pj

)
iM(p1, p2, · · · , pm+n). (2.40)

We will also write this Carrollian amplitude as (m+n)-point correlator for the boundary
Carrollian field theory [23, 28]

⟨
m+n∏
j=1

Σj(uj ,Ωj ;σj)⟩=( 1
8π2i)

m+n
m+n∏
j=1

∫
dωje

−iσjωjuj (2π)4δ(4)
(m+n∑
j=1

pj

)
iM(p1,p2, · · · ,pm+n).

(2.41)
On the left-hand side, we add a label σj for each operator to denote the incoming or outgoing
state. The Carrollian amplitude (2.41) is a function in the Carrollian space

C(u1,Ω1, σ1;u2,Ω2, σ2; · · · ;um+n,Ωm+n, σm+n) ≡ ⟨
m+n∏
j=1

Σj(uj ,Ωj ;σj)⟩. (2.42)

Without causing confusion, we may abbreviate the m → n Carrollian amplitude as

C(m→ n) = C(u1,Ω1, σ1;u2,Ω2, σ2; · · · ;um+n,Ωm+n, σm+n). (2.43)

In figure 1, we draw the picture of m → n Carrollian amplitude.

Unitarity. Since the S matrix is unitary, we find

S†S = 1 ⇒ −i(T − T †) = T †T. (2.44)

Usually, we may use momentum representation to express the above identity. Instead, we
may consider the scattering from the state |

∏m
j=1Σ(uj ,Ωj)⟩ to |

∏m+n
j=m+1Σ(uj ,Ωj)⟩. The

unitarity condition (2.44) becomes

⟨
m+n∏
j=m+1

Σ(uj ,Ωj)|(−i)(T−T †)|
m∏
j=1

Σ(uj ,Ωj)⟩= ⟨
m+n∏
j=m+1

Σ(uj ,Ωj)|T †T |
m∏
j=1

Σ(uj ,Ωj)⟩.

(2.45)
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i+

I+

i0

I−

i−

I−

i0

I+

1

n1

m2

2

(vm,ΩPm)

(un,Ωn)

(v1,ΩP1 )

(u1,Ω1)

(v2,ΩP2 )

(u2,Ω2)

· · ·

· · ·

S

Figure 1. Carrollian amplitude in Penrose diagram. There are m operators inserted at I− which
correspond to the incoming states in the past and n operators inserted at I+ which correspond to
the outgoing states in the future. The overlap between the in and out states is shown in the shaded
region, which corresponds to the S matrix due to bulk interactions. Carrollian amplitude is actually
the scattering amplitude in Carrollian space. The operator Ξ located at (v,ΩP ) is identified as an
operator Σ with position (u,Ω). With the antipodal map, the Carrollian amplitude is written as the
correlator at the null boundary.

By inserting the completeness relation (2.20), we find

C(m→ n) + C∗(n→ m) = −
∑
k

( k∏
j=1

2i
∫
dujdΩj

)
C∗(n→ k)

( k∏
j=1

∂

∂uj

)
C(m→ k).

(2.46)
This is the unitarity of the S matrix in Carrollian space whose momentum space representation
may be found in the textbook [37]. Note that the relative sign on the left-hand side is positive
since C corresponds to iM in our notation.

3 Poincaré transformation

In this section, we will use two methods to derive the transformation law of the Carrollian
amplitude (2.41) under Poincaré transformations.

3.1 Bulk reduction

In this method, the transformation law of the bulk scalar field is

Φ′(x′) = Φ(x) (3.1)

– 9 –
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under bulk Poincaré transformations.2 The Poincaré transformation is the semidirect product
of Lorentz transformation and spacetime translation.

Spacetime translation. For the spacetime translation

x′µ = xµ + aµ (3.2)

parameterized by a constant vector aµ = (a0, ai), the coordinate r becomes

r′ =
√
x′2 =

√
(x + a)2 = r

√
1 + 2n · a + (n · a)2 (3.3)

where
n = x

r
= (sin θ cosϕ, sin θ sinϕ, cos θ) (3.4)

is the unit normal vector of S2. At large distances, we may find the following expansion of r′

r′ = r + n · a +O(r−1). (3.5)

Similarly, the retarded and advanced time transform as

u′ = t′ − r′ = u− a · n+O(r−1), (3.6a)
v′ = t′ + r′ = v + a · n̄+O(r−1) (3.6b)

where
nµ = (1, ni), n̄µ = (−1, ni) (3.7)

are null vectors and their scalar product is n · n̄ = 2. The transformation of the spherical angle
Ω′ = (θ′, ϕ′) may be equivalently described by the transformation of the unit vector n → n′

n′ = n +O(r−1). (3.8)

Therefore, the spherical angle is invariant under spacetime translation in the large r expansion

Ω′ = Ω+O(r−1). (3.9)

Combining with fall-off condition (2.2), we obtain the following spacetime translation of
the boundary field

Σ′(u′,Ω′) = Σ(u,Ω), u′ = u− a · n, Ω′ = Ω, (3.10a)
Ξ′(v′,Ω′) = Ξ(v,Ω), v′ = v + a · n̄, Ω′ = Ω. (3.10b)

The spacetime translation can also induce the transformation of the state

|Σ(u,Ω)⟩ → |Σ′(u′,Ω′)⟩ = |Σ(u,Ω)⟩ ⇔ |Σ′(u,Ω)⟩ = |Σ(u+ a · n,Ω)⟩, (3.11a)
|Ξ(v,Ω)⟩ → |Ξ′(v′,Ω′)⟩ = |Ξ(v,Ω)⟩ ⇔ |Ξ′(v,Ω)⟩ = |Ξ(v − a · n̄,Ω)⟩. (3.11b)

2Actually, this transformation is also valid for general bulk diffeomorphisms.
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Lorentz transformation. Similarly, for the Lorentz transformation

x′µ = Λµνxν , ΛµνΛρσηµρ = ηνσ, (3.12)

we find

r′ = r|Λiµnµ|+ u
ΛiµnµΛi0
|Λiνnν |

+O(r−1), (3.13a)

u′ = u

(
Λ0

0 −
ΛiµnµΛi0
|Λiνnν |

)
+O(r−1), (3.13b)

n′i =
Λiµnµ

|Λiνnν |
+O(r−1) (3.13c)

for the retarded coordinates near I+ and

r′ = r|Λiµn̄µ|+ v
Λiµn̄µΛi0
|Λiν n̄ν |

+O(r−1), (3.14a)

v′ = v

(
Λ0

0 +
Λiµn̄µΛi0
|Λiν n̄ν |

)
+O(r−1), (3.14b)

n′i =
Λiµn̄µ

|Λiν n̄ν |
+O(r−1) (3.14c)

for the advanced coordinates near I−. We have defined the following norms in these expressions

|Λiµnµ| = (ΛiµΛiνnµnν)1/2, |Λiµn̄µ| = (ΛiµΛiν n̄µn̄ν)1/2. (3.15)

Using the identities

|Λiµnµ| = Λ0
µn

µ, |Λiµnµ|
(
Λ0

0 −
ΛiρnρΛi0
|Λiνnν |

)
= 1, (3.16a)

|Λiµn̄µ| = −Λ0
µn̄

µ, |Λiµn̄µ|
(
Λ0

0 +
Λiρn̄ρΛi0
|Λiν n̄ν |

)
= 1, (3.16b)

the transformations of the coordinates become

r′ = Λ0
µn

µr +O(1) (3.17a)

u′ = 1
Λ0

µn
µ
u+O(r−1), (3.17b)

n′i =
Λiµnµ

|Λiνnν |
+O(r−1) (3.17c)

near I+ and

r′ = −Λ0
µn̄

µr +O(1), (3.18a)

v′ = − 1
Λ0

µn̄
µ
v +O(r−1), (3.18b)

n′i =
Λiµn̄µ

|Λiν n̄ν |
+O(r−1) (3.18c)

near I−. The Lorentz transformation can be decomposed into spatial rotation and Lorentz
boost. We will discuss these two cases explicitly in the following.
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1. For a general spatial rotation around an axis ℓ (ℓ2 = 1) with any angle φ, one can find
the transformation matrix (Rodrigues’ rotation formula [38])

Λij(ℓ, φ) = δij cosφ+ ℓiℓj(1− cosφ)− ϵijkℓ
k sinφ. (3.19)

Besides spatial components, there are other components related to time direction

Λ0
j(ℓ, φ) = Λj0(ℓ, φ) = 0, Λ0

0(ℓ, φ) = 1. (3.20)

Under such a rotation, we find

u′ = u, r′ = r, (3.21)
n′i = ni cosφ+ ℓ · n ℓi(1− cosφ) + (ℓ × n)i sinφ. (3.22)

One can calculate the factor

Γ(ℓ, φ) ≡ Λ0
µ(ℓ, φ)nµ = 1, (3.23)

and

Γi(ℓ, φ) ≡ Λiµ(ℓ, φ)nµ = ni cosφ+ ℓ · n ℓi(1− cosφ) + (ℓ × n)i sinφ. (3.24)

It is easy to find that ΓiΓi equals Γ2. With such a definition, the coordinate transfor-
mation becomes

r′ = r +O(1), u′ = u+O(r−1), n′ = Γ+O(r−1). (3.25)

For advanced coordinates, it is easy to compute the Weyl factor of such a rotation

Γ̄(ℓ, φ) = −Λ0
µ(ℓ, φ)n̄µ = 1, (3.26)

Γ̄i(ℓ, φ) = Λiµ(ℓ, φ)n̄µ = ni cosφ+ ℓ · nℓi(1− cosφ) + (ℓ × n)i sinφ, (3.27)

and therefore

v′ = v, r′ = r, n′i = ni cosφ+ ℓ · nℓi(1− cosφ) + (ℓ × n)i sinφ. (3.28)

2. For a Lorentz boost which is parameterized by a velocity β,

t′ = γ(t− β · r), (3.29a)

r′ = r + (γ − 1)β · r

β2
β − γβt, (3.29b)

the transformation (3.17) is reduced to

u′ = u

γ(1− β · n) +O(r−1), (3.30a)

r′ = γ(1− β · n)r +O(1), (3.30b)

n′ =
n + (γ − 1)β·n

β2 β − γβ

γ(1− β · n) +O(r−1) (3.30c)
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which is consistent with [39, 40]. Note that γ is the Lorentz factor

γ = 1√
1− β2

(3.31)

and we may use it to define the redshift factor

Γ ≡ γ(1− β · n) (3.32)

for a light propagating in the direction n and detected by a moving observer with
constant velocity β. Please find more details in appendix A.

Based on the previous discussion, we can define a redshift factor

Γ = Λ0
µn

µ (3.33)

associated with any Lorentz transformation. We will also use the notation

Γi = Λiµnµ (3.34)

whose norm is the redshift factor

Γ = |Γi| =
√
Γ2. (3.35)

There is also a similar redshift factor at I−

Γ̄ = −Λ0
µn̄

µ, Γ̄i = Λiµn̄µ. (3.36)

Recalling the fall-off condition (2.2), we can find the finite transformation of the boundary
field under general Lorentz transformations. More explicitly, the fundamental field at I+

transforms as

Σ′(u′,Ω′) = ΓΣ(u,Ω) (3.37)

with
u′ = Γ−1u, n′ = Γ−1Γ. (3.38)

The state |Σ(u,Ω⟩) transforms to another state |Σ′(u′,Ω′)⟩

|Σ′(u′,Ω′)⟩ = Γ|Σ(u,Ω)⟩. (3.39)

In a similar way, the fundamental field at I− transforms as

Ξ′(v′,Ω′) = Γ̄Ξ(v,Ω) (3.40)

with
v′ = Γ̄−1v, n′ = Γ̄−1Γ̄. (3.41)

We also find the transformation of the state

|Ξ′(v′,Ω′)⟩ = Γ̄|Ξ(v,Ω)⟩. (3.42)
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3.2 Intrinsic derivation

The transformation laws (3.37) and (3.40) can also be obtained in an intrinsic way from bound-
ary Carrollian field theory. A Carrollian field Σ(u,Ω) with weight 1/2 will transform as [32]

−δf,Y Σ(u,Ω) = f(u,Ω)Σ̇(u,Ω) + Y A(Ω)∇AΣ(u,Ω) +
1
2∇AY

A(Ω)Σ(u,Ω) (3.43)

under infinitesimal Carrollian diffeomorphism which is generated by the vector

ξf,Y = f(u,Ω)∂u + Y A(Ω)∂A. (3.44)

For a general supertranslation which is generated by

ξf = f(u,Ω)∂u, (3.45)

we can find the finite transformation of the field Σ

Σ′(u′,Ω′) = Σ(u,Ω) (3.46)

where
u′ = F(u,Ω), Ω′ = Ω. (3.47)

The function F(u,Ω) is generated by the vector ξf through the exponential map

F(u,Ω) = ef(u,Ω)∂uu (3.48)

such that the infinitesimal variation of the coordinate u is

δu = u′ − u = ϵf(u,Ω) + · · · (3.49)

where ϵ is a bookkeeping factor.
For a special superrotation which is generated by

ξY = Y A(Ω)∂A, (3.50)

the finite transformation of the field Σ has been found in [32]

Σ(u,Ω) → Σ′(u′,Ω′) =
∣∣∣∂Ω′

∂Ω
∣∣∣−1/2 ( det γ(Ω)

det γ(Ω′)

)1/4
Σ(u,Ω) , (3.51)

where |∂Ω′

∂Ω | is the Jacobian under finite special superrotation

(u,Ω) → (u′,Ω′) (3.52)

with
u′ = u, Ω′ = Ω′(Ω). (3.53)

We will also denote the pre-factor as the Weyl factor

W =
∣∣∣∂Ω′

∂Ω
∣∣∣−1/2 ( det γ(Ω)

det γ(Ω′)

)1/4
. (3.54)
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Under the infinitesimal transformation

θ′A = θA + ϵY A, (3.55)

we find

W =
∣∣∣δAB + ϵ∂BY

A
∣∣∣−1/2

(
det γ

det γ(1 + 2ϵΓCCAY A)

)1/4

= 1− 1
2ϵ∂AY

A − 1
2ϵΓ

C
CAY

A

= 1− 1
2ϵ∇AY

A. (3.56)

The bulk Lorentz transformation reduces to the Carrollian diffeomorphism ξf,Y with

f(u,Ω) = 1
2u∇AY

A(Ω) (3.57)

where Y A(Ω) is a conformal Killing vector (CKV) of S2 which satisfies the conformal Killing
equation

∇AYB +∇BYA = γAB∇CY
C . (3.58)

Therefore, the finite Lorentz transformation of Σ is

Σ′(u′,Ω′) =WΣ(u,Ω) (3.59)

where
u′ =W−1u, Ω′ = Ω′(Ω). (3.60)

To check this point, we calculate the infinitesimal variation of the scalar field

δϵΣ(u,Ω) = Σ′(u,Ω)− Σ(u,Ω)

≈WΣ(Wu,Ω− ϵY )− Σ(u,Ω)

≈
(
1− 1

2ϵ∇AY
A
)
Σ
(
u− u

2 ϵ∇CY
C ,Ω− ϵY

)
− Σ(u,Ω)

≈ −1
2ϵu∇CY

CΣ̇− ϵY A∇AΣ− 1
2ϵ∇CY

CΣ. (3.61)

This is exactly the variation (3.43) with f = 1
2u∇AY

A.

3.3 Transformation of the Carrollian amplitude

Spacetime translation. As has been shown, the finite spacetime translation is

u′ = u− a · n, Ω′ = Ω (3.62)

in retarded coordinates. Therefore, we can write down the identity for the Carrollian
amplitude under finite spacetime translation3

⟨
n∏
j=1

Σj(u′j ,Ωj)⟩ = ⟨
n∏
j=1

Σj(uj ,Ωj)⟩, u′j = uj − a · nj . (3.63)

3We use the short notation Σ(u, Ω) = Σ(u, Ω; σ) unless it is necessary to distinguish between incoming and
outgoing states.
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To prove this identity, we note that the M matrix is invariant under spacetime translation,
and recall the relation between the M matrix and Carrollian amplitude (2.41), then

⟨
n∏
j=1

Σ(u′j ,Ωj)⟩ =
( 1
8π2i

)n n∏
j=1

∫
dωje

−iσjωju
′
j (2π)4δ(4)

( n∑
j=1

pj

)
iM(p1, · · · , pn)

=
( 1
8π2i

)n n∏
j=1

∫
dωje

−iσjωj(uj−a·nj)(2π)4δ(4)
( n∑
j=1

pj

)
iM(p1, · · · , pn)

=
( 1
8π2i

)n n∏
j=1

∫
dωje

−iσjωjuj+ia·pj (2π)4δ(4)
( n∑
j=1

pj

)
iM(p1, · · · , pn) (3.64)

At the last step, we have used the definition of the null momentum (2.35). Due to the
conservation of the external momentum

n∑
j=1

pj = 0, (3.65)

the phase factors eia·pj are canceled and the Carrollian amplitude is invariant under spacetime
translation

⟨
n∏
j=1

Σ(u′j ,Ωj)⟩ = ⟨
n∏
j=1

Σ(uj ,Ωj)⟩ = ⟨
n∏
j=1

Σ′(u′j ,Ωj)⟩. (3.66)

Lorentz transformation. Note that the form of the transformation (3.37) is exactly the
same as (3.59), provided the following matching condition

Γ =W. (3.67)

Since both of the redshift factor and the Weyl factor are generated by Lorentz transformations,
we only need to find the correspondence between the infinitesimal transformations. When Y A

is a Killing vector of S2, it will obey the equation ∇AY
A = 0 which means that the Weyl factor

is always 1. This matches with the redshift factor for pure spatial rotations. Now we will focus
on the Lorentz boost. It is generated by a strictly CKV and the corresponding redshift factor is

Γ ≈ 1− β · n (3.68)

for infinitesimal β. This is the same as the Weyl factor (3.56) with the identification

β · n = ϵ∇AY
A. (3.69)

By choosing β along the i-th direction

β · n = 2ϵni, (3.70)

the equation (3.69) is satisfied by the identity

2ni = ∇AY
A
i (3.71)

where Y A
i is the i-th strictly CKV defined in [24].
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Stereographic coordinates. The redshift (Weyl) factor can be written down explicitly by
stereographic coordinates (z, z̄) which is related to the spherical coordinates by

z = cot θ2e
iϕ, z̄ = cot θ2e

−iϕ. (3.72)

The corresponding metric would be

ds2S2 = 4
(1 + zz̄)2dzdz̄. (3.73)

The Lorentz transformation does not change the metric of S2 at the null boundary, except that
the stereographic coordinates become (z′, z̄′). It is well-known that the Lorentz transformation
SO(1, 3) induces a Möbius transformation SL(2,C) on S2

z′ = az + b

cz + d
, ad− bc = 1. (3.74)

Substituting into the definition of Weyl factor (3.54), we find

Γ =W = |az + b|2 + |cz + d|2

1 + zz̄
= 1 + |z′|2

|a− cz′|2 + |b− dz′|2
= (1 + |z′|2)|cz + d|2

1 + |z|2
. (3.75)

We will calculate the redshift factor for three special Möbius transformations below.

1. The transformation from z = 0 to z′. The corresponding redshift factor is

Γ = |d|2(1 + |z′|2). (3.76)

2. The transformation from z = 1 to z′. The corresponding redshift factor is

Γ = 1
2 |c+ d|2(1 + |z′|2). (3.77)

3. The transformation from z = ∞ to z′. The corresponding redshift factor is

Γ = |c|2(1 + |z′|2). (3.78)

Transformation law of Carrollian amplitudes. Now we can prove the following identity
for the Carrollian amplitude under finite Lorentz transformation

⟨
n∏
j=1

Σj(u′j ,Ω′
j)⟩ =

( n∏
j=1

Γj
)
⟨
n∏
j=1

Σj(uj ,Ωj)⟩. (3.79)

Using stereographic coordinates, this is

⟨
n∏
j=1

Σj(u′j , z′j , z̄′j)⟩ =
( n∏
j=1

Γj
)
⟨
n∏
j=1

Σj(uj , zj , z̄j)⟩ (3.80)

where
u′j = Γ−1

j uj , z′j =
azj + b

czj + d
, Γj =

|azj + b|2 + |czj + d|2

1 + zj z̄j
. (3.81)
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Note that the momentum p = (ω,Ω) is transformed to a new one

p′µ = Λµνpν (3.82)

under Lorentz transformation. This is equivalent to

p′ = (ω′,Ω′), with ω′ = ωΛ0
µn

µ = Γω, Ω′ = Ω′(Ω). (3.83)

Using (2.41), we find

⟨
n∏
j=1

Σ(u′j ,Ω′
j)⟩=

( 1
8π2i

)n n∏
j=1

∫
dωje

−iσjωju
′
j (2π)4δ(4)

( n∑
j=1

p̃j

)
iM(p̃1, · · · , p̃n), (3.84)

where p̃j is the four-momentum associated with the three momentum

p̃j = (ωj ,Ω′
j) (3.85)

Note that p̃j ̸= pj since we have just replaced the coordinates (uj ,Ωj) in (3.84). Now we
use the relation u′j = Γ−1

j uj , change the integration variable ωj to ω′
j = Γjωj , and combine

with the invariance of the M matrix under Lorentz transformations, then

⟨
n∏
j=1

Σ(u′j ,Ω′
j)⟩ =

( 1
8π2i

)n n∏
j=1

∫
dω′

je
−iσjω

′
ju

′
j (2π)4δ(4)

( n∑
j=1

p′j

)
iM(p′1, · · · , p′n)

=
( 1
8π2i

)n n∏
j=1

∫
dωjΓje−iσjωjuj (2π)4δ(4)

( n∑
j=1

pj

)
iM(p1, · · · , pn)

=
( n∏
j=1

Γj
)
⟨
n∏
j=1

Σ(uj ,Ωj)⟩. (3.86)

4 Feynman rules

In this section, we will derive the Feynman rules in Carrollian space to compute the Carrollian
amplitude perturbatively. Given (2.41), this is not necessary since we already know the
Feynman rules in momentum space to calculate the S matrix even though the additional
Fourier transform lacks a diagram interpretation. However, as we will show, the Feynman rule
in Carrollian space fits nicely with the Fourier transformation in Carrollian amplitude (2.41).
From a more practical point of view, there are some advantages to evaluating Feynman
diagrams in configuration space, e.g., GPXT method [41].

4.1 Boundary-to-boundary propagator

We will start with the two-point Carrollian amplitude which is shown in figure 2. In this
diagram, we insert one operator Ξ(v1,Ω1) at I− and another operator Σ(u2,Ω2) at I+.
Therefore, with the relation (2.12) and (2.22), the two-point Carrollian amplitude would be

out⟨Σ(u2,Ω2)|Ξ(v1,Ω1)⟩in =
( 1
8π2i

)2 ∫ ∞

0
dω2e

−iω2u2

∫ ∞

0
dω1e

iω1v1⟨p2|pP1 ⟩

= −β(u2 − v1)δ(ΩP1 − Ω2). (4.1)
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i+

I+

i0

I−

i−

I−

i0

I+

(v1, Ω1)

(u2, Ω2)

C
(u1,

Ω
P1

, u
2,

Ω2)

Figure 2. Boundary-to-boundary propagator in Penrose diagram: from I− to I+.

In the second line, we used the normalization

⟨p2|p1⟩ = (2π)32ω1δ
(3)(p1 − p2) (4.2)

and defined the function β(u) as

β(u) = 1
4π

∫ ∞

0

dω

ω
e−iω(u−iϵ). (4.3)

Note that (4.1) can be rewritten as

out⟨Σ(u2,Ω2)|Ξ(v1,ΩP1 )⟩in = −β(u2 − v1)δ(Ω1 − Ω2). (4.4)

After the replacement

Ξ(v1,ΩP1 ) → Σ(u1,Ω1), (4.5)

we obtain the following boundary-to-boundary propagator

C(u1,Ω1,−;u2,Ω2,+) ≡ ⟨Σ(u2,Ω2)|Σ(u1,Ω1)⟩ = −β(u2 − u1)δ(Ω1 − Ω2). (4.6)

Still, this is a boundary-to-boundary propagator from I− to I+, although the coordinates
are both retarded coordinates. Similarly, there would be another form which is represented
by advanced coordinates. All the expressions are related to each other by the antipodal map.

Regularization. The β(u) function is infrared divergent which comes from the infrared
degrees of freedom in the definition of the boundary state

|Σ(u,Ω)⟩ = i

8π2
∫ ∞

0
dωeiωu|p⟩. (4.7)

We may separate the infrared degrees of freedom by introducing an IR cutoff ω0 > 0
by redefining

|Σ(u,Ω;ω0)⟩ ≡
i

8π2
∫ ∞

ω0
dωeiωu|p⟩ = i

8π2
∫ ∞

0
dωeiωuΘ(ω − ω0)|p⟩, (4.8)
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where we have inserted a step function into the integrand. Therefore, the boundary-to-
boundary propagator is modified to

C(u1,Ω1,−,u2,Ω2,+;ω0)≡⟨Σ(u2,Ω2;ω0)|Σ(u1,Ω1;ω0)⟩

=
( 1
8π2i

)2 ∫ ∞

0
dω2e

−iω2u2Θ(ω2−ω0)
∫ ∞

0
dω1e

iω1u1Θ(ω1−ω0)⟨p2|p1⟩

=− 1
4π

∫ ∞

0

dω

ω
Θ(ω−ω0)e−iω(u2−u1)δ(Ω1−Ω2)

= 1
4πΓ[0, iω0(u2−u1−iϵ)]δ(Ω1−Ω2) (4.9)

where Γ(0, x) is the incomplete Gamma function which is reviewed in appendix D. We have
inserted a small positive constant ϵ → 0+ to guarantee the convergence of the integration.
In the limit ω0 → 0+, we find

C(u1,Ω1,−;u2,Ω2,+;ω0) = − 1
4π (γE + log iω0(u2 − u1 − iϵ)) ≡ − 1

4πI0(u2 − u1). (4.10)

The Euler constant γE may be absorbed into the IR cutoff ω0. Note that the IR cutoff is
introduced by regularizing the divergent integral (4.3) in [24] which is a bit ad hoc. However,
the treatment here is to modify the Σ(u,Ω) by Σ(u,Ω;ω0) such that the infrared modes
are automatically discarded in the definition. Imagine that one inserts an operator at the
position u with some uncertainty δu. Then by the Heisenberg uncertainty principle, there
will be a lower bound ω0 ∼ 1

δu on the fluctuation of the energy. It is natural to insert a step
function Θ(ω − ω0) in (4.8). Note that we have defined the function

I0(u) = γE + log iω0(u− iϵ) (4.11)

which is essentially the regularized β(u) function.

Poincaré invariance. The two-point Carrollian amplitude is fixed by Poincaré invariance.
The spacetime translation invariance implies

C(u1,Ω1;u2,Ω2)= ⟨Σ(u2,Ω2)Σ(u1,Ω1)⟩= ⟨Σ(u2−a·n2,Ω2)Σ(u1−a·n1,Ω1)⟩ (4.12)

where aµ is a constant vector. By choosing aµ = (1, 0, 0, 0), we find

C(u1,Ω1;u2,Ω2) = ⟨Σ(u2 + a,Ω2)Σ(u1 + a,Ω1)⟩ = C(u1 + a; Ω1, u2 + a,Ω2). (4.13)

This implies that the two-point Carrollian amplitude only depends on the difference u2 − u1

C(u1,Ω1;u2,Ω2) = C(0,Ω1;u2 − u1,Ω2) = C(u1 − a · n1,Ω1;u2 − a · n2,Ω2)
= C(0,Ω1;u2 − u1 − a · (n2 − n1),Ω2). (4.14)

Since the Carrollian amplitude is independent of the arbitrary constant a, the two-point
Carrollian amplitude is nonvanishing only for Ω1 = Ω2, otherwise we have

C(u1,Ω1;u2,Ω2) = 0, Ω1 ̸= Ω2. (4.15)

This implies

C(u1,Ω1;u2,Ω2) = g(u1 − u2)δ(Ω1 − Ω2). (4.16)

– 20 –



J
H
E
P
0
5
(
2
0
2
4
)
2
1
3

The function g(u) should be independent of Ω, otherwise the two-point Carrollian amplitude
would depend on the angular direction. Now the Lorentz invariance of the Carrollian
amplitude (3.79) can be written as

⟨Σ(u2,Ω′
2)Σ(u1,Ω′

1)⟩ = Γ1Γ2⟨Σ(Γ2u2,Ω2)Σ(Γ1u1,Ω1)⟩. (4.17)

This is equivalent to

g(u1 − u2)δ(Ω′
1 − Ω′

2) = Γ2
1 g(Γ1(u1 − u2))δ(Ω1 − Ω2) (4.18)

By definition, the Lorentz transformation does not change the metric,

γ′AB(Ω) = γAB(Ω). (4.19)

Therefore, the Lorentz transformation of the Dirac delta function is

δ(Ω′
1 − Ω′

2) =
1√

det γ′(Ω′)
δ(θ′1 − θ′2)δ(ϕ′1 − ϕ′2) =

1√
det γ(Ω′)

∣∣∣∂Ω′

∂Ω

∣∣∣δ(θ1 − θ2)δ(ϕ1 − ϕ2)

which implies

δ(Ω′
1 − Ω′

2) = Γ2
1δ(Ω1 − Ω2). (4.20)

The function g(u) should be invariant under Lorentz transformation

g(u) = g(Γu). (4.21)

This is only possible for

g(u) = const. (4.22)

without introducing any energy scale. By introducing an IR cutoff ω0, the function g(u)
may be written as

g(u) = N × logω0u (4.23)

since the redshift factor Γ may be absorbed into the cutoff ω0, leaving the function g invariant.
Here the normalization is denoted as N . The result is consistent with the perturbative
calculation.

Primary scalar operators. We will discuss more on this two-point Carrollian amplitude.
Considering a boundary primary scalar operator V (u,Ω) at the boundary with conformal
weight h under SL(2,C), the infinitesimal transformation of the field V (u,Ω) under Lorentz
transformation is

−δY V (u,Ω) = 1
2u∇CY

C V̇ (u,Ω) + Y A∇AV (u,Ω) + h∇CY
CV (u,Ω) (4.24)

whose finite transformation is [32]

V ′(u′,Ω′) = Γ2hV (u,Ω). (4.25)
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The Carrollian amplitude should satisfy the conditions

⟨
n∏
j=1

Vj(u′j ,Ωj)⟩ = ⟨
n∏
j=1

Vj(uj ,Ωj)⟩ (4.26)

for spacetime translation u′ = u − a · n and

⟨
n∏
j=1

Vj(u′j ,Ω′
j)⟩ =

( n∏
j=1

Γ2hj

j

)
⟨
n∏
j=1

Vj(uj ,Ωj)⟩ (4.27)

for Lorentz rotation (3.81). In these expressions, the conformal weight of the primary
field Vi is hi under SL(2,C). Similar to the previous discussion, the two-point Carrollian
amplitude is fixed to

⟨V1(u1,Ω1)V2(u2,Ω2)⟩ =
Ch1,h2

(u1 − u2)2(h1+h2)−2 δ(Ω1 − Ω2) (4.28)

where Ch1,h2 is the normalization constant. Note that Ch1,h2 is not necessarily proportional
to δh1,h2 . As an example, we consider the previous massless scalar field and define the
u-descendants

Vn(u,Ω) =
(
∂

∂u

)n
Σ(u,Ω). (4.29)

It is easy to find its conformal weight

h = 1 + n

2 . (4.30)

Obviously, the correlator

⟨Vn(u,Ω)Vn′(u′,Ω′)⟩ (4.31)

is nonvanishing even for n ̸= n′.
Note that the two-point Carrollian amplitude would increase for h1 + h2 < 1 when

|u1 − u2| increases. We may rule out this case since it indicates a strong correlation between
two operators which are “far away” from each other. For h1 + h2 = 1, the two-point
Carrollian amplitude is also divergent logarithmically. However, we will allow the logarithmic
divergence since it appears in previous examples. Therefore, we find a lower bound for
the conformal weights

h1 + h2 ≥ 1 (4.32)

which leads to

h ≥ 1
2 (4.33)

when h1 = h2 = h.
Before we close this section, we will emphasize the invariance of the metric (4.19). Note

that the invariance comes from the Lorentz invariance of the Minkowski spacetime in four
dimensions, which contrasts with the intrinsic Möbius transformation of S2. To see this
point, the intrinsic Möbius transformation of the metric is

γ′AB(Ω′)∂θ
′A

∂θC
∂θ′B

∂θD
= γCD(Ω). (4.34)
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D+(u,Ω;x)

Figure 3. External line in Penrose diagram: from bulk to I+. There is a similar external line from
bulk to I−.

The metric γAB is invariant under pure spatial rotations. On the other hand, it is only
invariant under conformal transformations up to a scaling factor. This confirms that the
transformation law of the metric of the Carrollian manifold is different from the usual
coordinate transformation. Actually, the invariance of the metric (4.19) has been imposed as
an indispensable ingredient to define covariant variation for the theory with nonvanishing
helicity [30, 31, 33]. Here we emphasize that the invariance of the metric has already
appeared implicitly for scalar theory.

4.2 External lines

The external line from bulk to I+ is shown in figure 3. We insert one operator Σ at I+

with position (u,Ω) and draw a line to connect it with a bulk field Φ located at x. Then
the external line may be defined as

D+(u,Ω;x) = ⟨0|Σ(u,Ω)Φ(x)|0⟩. (4.35)

With the mode expansion (2.3) and (2.12), we can easily obtain

D+(u,Ω;x) = − 1
8π2(u+ n · x− iϵ) . (4.36)

Here the null vector nµ is determined by the angular coordinate as before

nµ = (1, sin θ cosϕ, sin θ sinϕ, cos θ). (4.37)

Interestingly, the external line is invariant under spacetime translation

u→ u− a · n, x→ x+ a. (4.38)

– 23 –



J
H
E
P
0
5
(
2
0
2
4
)
2
1
3

We may also insert an operator Ξ at I− with position (v,Ω) and connect it with a bulk field
Φ whose position is x. Then we define the external line from I− to bulk

D−(x; v,Ω) = ⟨0|Φ(x)Ξ(v,Ω)|0⟩ = 1
8π2(v − n̄ · x+ iϵ) . (4.39)

This external line is also invariant under spacetime translation

v → v + a · n̄, x→ x+ a. (4.40)

We still replace (v,Ω) to (u,ΩP ) and the external line (4.39) becomes

D−(x;u,Ω) =
1

8π2(u+ n · x+ iϵ) . (4.41)

We find the unified formula4

Dσ(u,Ω;x) = − σ

8π2(u+ n · x− iσϵ) (4.42)

where σ is +1 for outgoing particles and −1 for incoming particles. The two external lines
are related by the complex conjugate

D+(u,Ω;x) = − (D−(x;u,Ω))∗ . (4.43)

We may also separate the infrared modes as (4.8) and define the modified external line

D+(u,Ω;x;ω0) = ⟨0|Σ(u,Ω;ω0)Φ(x)|0⟩ = − e−iω0(u+n·x)

8π2(u+ n · x− iϵ) . (4.44)

After inserting the signature σ to distinguish outgoing and incoming states, we find

Dσ(u,Ω;x;ω0) = − σe−iσω0(u+n·x)

8π2(u+ n · x− iσϵ) . (4.45)

In the following, we may abbreviate Dσ to D when it causes no confusion.

Bulk-to-boundary propagator. The external line may be used to reconstruct the bulk
field. To see this point, we define the state

|Φ(x)⟩ = Φ(x)|0⟩. (4.46)

Then by inserting the completeness relation (2.20) and ignoring all the multi-particle states,
we find

|Φ(x)⟩ = −2i
∫
dudΩ|Σ̇(u,Ω)⟩⟨Σ(u,Ω)|Φ(x)⟩

= −2i
∫
dudΩ|Σ̇(u,Ω)⟩D(u,Ω;x). (4.47)

4If we take into account the phase eiπ in the antipodal map, the external line may be simplified to

Dσ = − 1
8π2(u + n · x − iσϵ) .
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u

×
−n · x + iϵ

C

Figure 4. The contour C is the combination of the real u axis and a half circle with radius R→ ∞
in the upper complex u plane.

For σ = +, the outgoing state (2.12) is a superposition of modes eiωu with ω > 0. Therefore,
the integrand of (4.47) decays exponentially in the upper complex u plane. We may choose a
contour C (seeing figure 4) to include the pole u = −n · x+ iϵ and use the residue theorem
to evaluate the u integration and thus

|Φ(x)⟩ = − 1
2π

∫
dΩ|Σ̇(u = −n · x,Ω)⟩. (4.48)

This is the Kirchhoff-d’Adhémar formula [42] which has also been derived in [23]. For σ = −,
we find the same formula using the antipodal map and the convention pµ = −ωnµ for
incoming states. It is obvious that there could be more contributions since we only include
the one particle state in the derivation. We will not discuss the corrections in this work.
Integration by parts in (4.47), we obtain

|Φ(x)⟩ = 2i
∫
dudΩ∂uD(u,Ω;x)|Σ(u,Ω)⟩. (4.49)

We define the bulk-to-boundary propagator Kσ(u,Ω;x) as

Kσ(u,Ω;x) = (u,Ω) x = 2i⟨Σ̇(u,Ω)Φ(x)⟩ = 2i∂uD(u,Ω;x)

= iσ

4π2(u+ n · x− iσϵ)2 (4.50)

which is shown in figure 5, and thus we have

|Φ(x)⟩ =
∫
dudΩKσ(u,Ω;x)|Σ(u,Ω)⟩. (4.51)

The bulk-to-boundary propagator Kσ(u,Ω;x) is slightly different from the one defined
in [23] (denoted by P (u,Ω;x)). This is fine since only the part with creation operators
contributes to the state |Φ(x)⟩ by definition. On the other hand, the field Φ(x) in [23] has
more contributions from the annihilation operators. However, one should note that the
bulk-to-boundary propagator (4.50) leads to the same Kirchhoff-d’Adhémar formula (4.48).
Actually, the bulk-to-boundary propagator P (u,Ω;x) = 1

2π∂uδ(u+ n · x) is related to ours by

P (u,Ω;x) = K+(u,Ω;x) +K−(u,Ω;x). (4.52)
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Figure 5. Bulk-to-boundary propagator in Penrose diagram: from bulk to I+. There is a similar
bulk-to-boundary propagator from bulk to I−.

To check this point, we use the formula
1

A± iϵ
= P

( 1
A

)
∓ iπδ(A) (4.53)

and rewrite the right-hand side as

r.h.s. = i

4π2
[ 1
(u+ n · x− iϵ)2 − 1

(u+ n · x+ iϵ)2
]

= − i

4π2∂u
[ 1
u+ n · x− iϵ

− 1
u+ n · x+ iϵ

]
= 1

2π∂uδ(u+ n · x). (4.54)

4.3 Carrollian amplitudes from Feynman rules

The Feynman rules in the bulk are the same as those for the bulk theory. These include the
Feynman propagators and vertices, as well as symmetry factors. Combining with the previous
Feynman rules which connect the bulk and boundary, we will summarize the Feynman rules to
compute the Carrollian amplitudes. We will omit the null boundary in the Feynman diagrams.

• For each state, we define a signature σ

σ =
{

1 outgoing state
−1 incoming state (4.55)

• For each boundary-to-boundary propagator,

(u1,Ω1) (u2,Ω2) = C(u1,Ω1;u2,Ω2) = −β(u2 − u1)δ(Ω1 − Ω2) (4.56)
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or
C(u1,Ω1;u2,Ω2;ω0) =

1
4πΓ[0, iω0(u2 − u1 − iϵ)] (4.57)

by discarding the infrared modes.

• For each external line,

(u,Ω) x = D(u,Ω;x) = − σ

8π2(u+ n · x− iσϵ) (4.58)

or
D(u,Ω;x;ω0) = − σe−iσω0(u+n·x)

8π2(u+ n · x− iσϵ) (4.59)

after discarding the infrared modes.

• For each Feynman propagator,

x y = GF (x, y) =
∫

d4p

(2π)4GF (p)e
ip·(x−y) = 1

4π2 ((x− y)2 + iϵ) (4.60)

where the momentum space Feynman propagator is

GF (p) =
i

−p2 + iϵ
. (4.61)

The iϵ prescription of Feynman propagator in position space can be found in [43]. We
should also mention that the external line may be obtained by asymptotic expansion of the
Feynman propagator. To see this point, we may expand Φ(y) in the Feynman propagator
near I+ and read out the leading coefficient of r−1. The result is the same as the external
line. Inversely, we may use the external line to derive the Feynman propagator. To simplify
derivation, we assume x0 > y0, then

GF (x, y) = ⟨Φ(x)Φ(y)⟩

= 2i
∫
dudΩ⟨Φ(x)Σ(u,Ω)⟩⟨Σ̇(u,Ω)Φ(y)⟩

= 2i
∫
dudΩD∗(u,Ω;x)∂uD(u,Ω; y)

= 1
4π2[(x − y)2 − (x0 − y0 − iϵ)2] (4.62)

which is consistent with (4.60). In the derivation, the iϵ description is crucial and interested
readers may find more details in appendix B. Taking into account the possibility y0 > x0,
we find the following formula

GF (x,y)= 2i
∫
dudΩ

(
θ(x0−y0)D∗(u,Ω;x)∂uD(u,Ω;y)+θ(y0−x0)D∗(u,Ω;y)∂uD(u,Ω;x)

)
=
∫
dudΩ

(
θ(x0−y0)D∗(u,Ω;x)K(u,Ω;y)+θ(y0−x0)D∗(u,Ω;y)K(u,Ω;x)

)
. (4.63)

The bulk-to-bulk propagator (Feynman propagator) is expressed as the product of the
external line and bulk-to-boundary propagator in the Carrollian space. This is shown
in figure 6.
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Figure 6. Split representation of Feynman propagator for x0 > y0.

The Feynman propagator is a superposition of the Wightman functions

GF (x, y) = θ(x0 − y0)W+(x, y) + θ(y0 − x0)W−(x, y) (4.64)

where
W+(x, y) = ⟨Φ(x)Φ(y)⟩, W− = ⟨Φ(y)Φ(x)⟩. (4.65)

Therefore, the Wightman functions can be written as a split representation

W+(x, y) =
∫
dudΩD∗(u,Ω;x)K(u,Ω; y), (4.66a)

W−(x, y) =
∫
dudΩD∗(u,Ω; y)K(u,Ω;x). (4.66b)

In AdS/CFT, there is a split representation of bulk-to-bulk propagator which is based on
the product of bulk-to-boundary propagators [44]. It would be interesting to study this
similarity in the future.

• For each vertex,

x
= −iλ

∫
d4x (4.67)

• Divide by the symmetry factor.

Now we will claim that the Carrollian amplitude (2.41) can be obtained by the previous
Feynman rules. We will illustrate it in two examples to show the general idea. In the first
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example, we will consider the one-loop correction for the two-point Carrollian amplitude.
The one-loop Carrollian amplitude may be obtained by

C1-loop(u1,Ω1;u2,Ω2)

=
(u1,Ω1) x

(u2,Ω2)

= (−iλ)
∫
d4xD(u1,Ω1;x)GF (x;x)D(u2,Ω2;x)

=−iλσ1σ2
( 1
8π2

)2 ∫
d4x

1
(u1+n1 ·x−iσ1ϵ)(u2+n2 ·x−iσ2ϵ)

∫
d4p

(2π)4
−i
p2

=−iλ
( 1
8π2i

)2 ∫
d4x

∫ ∞

0
dω1e

−iσ1ω1(u1+n1·x−iσ1ϵ)
∫ ∞

0
dω2e

−iσ2ω2(u2+n2·x−iσ2ϵ)
∫

d4p

(2π)4
−i
p2

=−iλ
( 1
8π2i

)2 ∫ ∞

0
dω1e

−iσ1ω1u1

∫ ∞

0
dω2e

−iσ2ω2u2(2π)4δ(4)(σ1ω1n1+σ2ω2n2)
∫

d4p

(2π)4
−i
p2

=
( 1
8π2i

)2 ∫ ∞

0
dω1e

−iσ1ω1u1

∫ ∞

0
dω2e

−iσ2ω2u2(2π)4δ(4)(p1+p2)iM1-loop(p1,p2). (4.68)

In the third line, we used the integral representation of the external line

D(u,Ω;x) = 1
8π2i

∫ ∞

0
dωe−iσω(u+n·x−iσϵ). (4.69)

In the last line, we rewrote the σjωjnj as the null momentum pj and used the one-loop
M matrix of Φ4 theory

iM1-loop(p1, p2) = −iλ×
∫

d4p

(2π)4
−i
p2

(4.70)

The result matches with (2.41). In the second example, we consider the tree-level four-point
Carrollian amplitude. Using the Feynman rules, we find

Ctree(u1,Ω1;u2,Ω2;u3,Ω3;u4,Ω4)

=
x

(u1,Ω1)(u2,Ω2)

(u4,Ω4)(u3,Ω3)

=−iλ
∫
d4xD(u1,Ω1;x)D(u2,Ω2;x)D(u3,Ω3;x)D(u4,Ω4;x)

=−iλσ1σ2σ3σ4
( 1
8π2

)4 ∫
d4x

1∏4
j=1(uj+nj ·x−iσiϵ)

=−iλ
( 1
8π2i

)4 ∫
d4x

4∏
j=1

∫ ∞

0
dωje

−iσjωj(uj+nj ·x−iσjϵ)

=−iλ
( 1
8π2i

)4( 4∏
j=1

∫ ∞

0
dωje

−iσjωjuj

)
(2π)4δ(4)

( 4∑
j=1

σjωjnj

)

=
( 1
8π2i

)4( 4∏
j=1

∫ ∞

0
dωje

−iσjωjuj

)
(2π)4δ(4)(p1+p2+p3+p4)iMtree(p1,p2,p3,p4) (4.71)
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Figure 7. Time ordered correlation function. The blue and red lines or points are connected to
the incoming and outgoing states, respectively. The external points are yj , j = 1, 2, · · · ,m+ n and
the vertices xj , j = 1, 2, · · · ,m+ n are connected to yj through Feynman propagators which should
be integrated out. The shaded part is the amputated correlation function Gamp which could be
constructed by Feynman rules in the position space.

Again, the result matches with the formula (2.41). In the following, we will prove that the
Carrollian amplitudes can be obtained from the Feynman rules presented in the previous
subsections.

Proof. It is well-known that the Fourier transform of the time ordered correlation function
is related to the S matrix through the LSZ reduction formula [37]. In massless Φ4 theory,
with the notation pj = σjωjnj , the LSZ reduction formula can be simplified to be:

(m+n∏
j=1

∫
d4yje

−ipj ·yj

)
⟨Ω|T{Φ(y1) · · ·Φ(ym)Φ(ym+1) · · ·Φ(ym+n)}|Ω⟩

∼
p0

j→σjωj

(m+n∏
j=1

−i
√
Z

p2j − iϵ

)
⟨pm+1 · · · pm+n|S|p1 · · · pm⟩

(4.72)

where the quantity Z is the renormalization factor which could be different whenever the
fields are not the same. The Feynman rules for correlation functions in Φ4 theory have
already been proved in standard QFT textbook [37]:

• For each Feynman propagator,

x y = GF (x, y) =
∫

d4p

(2π)4
i

−p2 + iϵ
eip·(x−y). (4.73)

• For each vertex,

x
= −iλ

∫
d4x. (4.74)

• For each external point,

x = 1. (4.75)

• Divide by the symmetry factor.
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With these Feynman rules, we will split the Feynman diagrams of correlation function into
external points and amputated diagrams, which is shown in figure 7. The amputated diagrams
of the correlation function are described by Gamp(x1, x2, · · · , xm+n) with xj , j = 1, · · · ,m+n
labeling the internal vertices connected to the external points yj , j = 1, 2, · · · ,m+ n. The
(n + m)-point correlation function will be modified as:

⟨Ω|T{Φ(y1) · · ·Φ(ym)Φ(ym+1) · · ·Φ(ym+n)}|Ω⟩

=
(m+n∏

j=1

∫
d4xj

)(m+n∏
j=1

GF (xj − yj)
)
Gamp(x1, x2, · · · , xm+n).

(4.76)

Note that there will be a vertex for each point xj , so we have the integration
∫
d4xj in this

expression. The factors −iλ in the Feynman rule have been absorbed into the amputated
correlation function. Inserting (4.76) into the LSZ reduction formula, we get

l.h.s. =
(m+n∏

j=1

∫
d4xj

)(m+n∏
j=1

GF (pj)e−ipj ·xj

)
Gamp(x1, x2, · · · , xm+n). (4.77)

We can redefine the field to absorb the renormalization factor Z. Thus the scattering
amplitude can be deduced as:

⟨pm+1 · · ·pm+n|S|p1 · · ·pm⟩=
(m+n∏
j=1

∫
d4xje

−ipj ·xj

)
Gamp(x1,x2, · · · ,xm+n) (4.78)

The Fourier transform factor e−ip·x is interpreted as the external lines in the momentum
space [37]. Note that both sides of the previous equation contain the disconnected Feynman
diagrams. We will only focus on the connected part. On the left-hand side, the S matrix
is reduced to the M matrix up to a Dirac delta function which is associated with the
conservation of energy and momentum. On the right-hand side, the amputated correlation
function becomes the connected and amputated correlation function. Hence, the Carrollian
amplitude can be reduced to

⟨
m+n∏
j=1

Σj(uj ,Ωj)⟩

=
( 1
8π2i

)m+n m+n∏
j=1

∫
dωje

−iσjωjuj (2π)4δ(4)
(m+n∑

j=1
pj

)
iM(p1,p2, · · · ,pm+n)

=
( 1
8π2i

)m+n
(m+n∏

j=1

∫
dωje

−iσjωjuj

)(m+n∏
j=1

∫
d4xje

−ipj ·xj

)
Gconnected and amputated (x1,x2, · · · ,xm+n)

=
( 1
8π2i

)m+n m+n∏
j=1

∫
d4xjGconnected and amputated(x1,x2 · · · ,xm+n)

m+n∏
j=1

∫
dωje

−iσjωj(uj+nj ·xj)

=
( 1
8π2i

)m+n m+n∏
j=1

∫
d4xjGconnected and amputated(x1,x2 · · · ,xm+n)

m+n∏
j=1

−iσj

(uj+njxj−iσjϵ)

=
m+1∏
j=1

∫
d4xj

m+n∏
j=1

D(uj ,Ωj ;xj)Gconnected and amputated(x1,x2 · · · ,xm+n) (4.79)
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These are the Feynman rules for the Carrollian amplitude in Carrollian space. From the
derivation, it is understood that the function D(u,Ω;x) is the external line, similar to the
factor e−ip·x in momentum space.

5 Four-point Carrollian amplitude

In this section, we will evaluate the four-point Carrollian amplitude in Φ4 theory. The four
boundary operators are inserted at (uj ,Ωj), j = 1, 2, 3, 4 respectively. We will adopt the
stereographic coordinates

Ωj = (zj , z̄j) (5.1)

in the following. Since the Carrollian amplitude is invariant under Poincaré transformation,
we may use Lorentz transformation to fix three of the coordinates to 0, 1,∞. The Lorentz
transformations induce Möbius transformations which form the conformal group on S2. We
can define the cross ratio

z = z12z34
z13z24

(5.2)

which is invariant under Möbius transformations. More explicitly, we will assume

z1 = 0, z2 = z, z3 = 1, z4 = ∞ (5.3)

to simplify discussion. The cross ratio z and its complex conjugate z̄ are related to the
normal vectors nj , j = 1, 2, 3, 4 (which correspond to the angular directions of the inserting
points) through the relations

(n1 · n2)(n3 · n4)
(n1 · n3)(n2 · n4)

= zz̄,
(n1 · n4)(n2 · n3)
(n1 · n3)(n2 · n4)

= (1− z)(1− z̄). (5.4)

5.1 Tree level

At the tree level, the four-point Carrollian amplitude is (4.71). A massless particle has a
null momentum which may be written as

pµ = σωnµ = σω(1, z + z̄

1 + zz̄
,−i z − z̄

1 + zz̄
,−1− zz̄

1 + zz̄
) (5.5)

where we have parameterized the null vector nµ by stereographic coordinates. Therefore,
the momenta associated with zj , j = 1, 2, 3, 4 are

p1 = σ1ω1(1, 0, 0,−1), (5.6a)

p2 = σ2ω2(1,
z + z̄

1 + zz̄
,−i z − z̄

1 + zz̄
,−1− zz̄

1 + zz̄
), (5.6b)

p3 = σ3ω3(1, 1, 0, 0), (5.6c)

p4 = σ4ω4(1, 0, 0, 1). (5.6d)

It is easy to compute the Dirac delta function

δ(4)(p1+p2+p3+p4)=
1+z2
2ω4

σ1σ2σ3σ4δ

(
ω1+

σ4ω4
zσ1

)
δ

(
ω2−

1+z2
z(1−z)

σ4ω4
σ2

)
δ

(
ω3+

2
1−z

σ4ω4
σ3

)
δ(z̄−z).

(5.7)
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Therefore, the tree-level Carrollian amplitude is

Ctree(u1,Ω1,σ1;u2,Ω2,σ2;u3,Ω3,σ3;u4,Ω4,σ4)

=−iλ 1
(8π2)4

4∏
j=1

∫ ∞

0
dωje

−iσjωjuj (2π)4

× 1+z2
2ω4

σ1σ2σ3σ4δ

(
ω1+

σ4ω4
zσ1

)
δ

(
ω2−

1+z2
z(1−z)

σ4ω4
σ2

)
δ

(
ω3+

2
1−z

σ4ω4
σ3

)
δ(z̄−z)

=−iλ 1+z2
2(4π)4σ1σ2σ3σ4δ(z̄−z)

×
∫ ∞

0

dω4
ω4

e−iσ4ω4χ(u1,u2,u3,u4;z)Θ
(
−σ4ω4
zσ1

)
Θ
(

1+z2
z(1−z)

σ4ω4
σ2

)
Θ
(
− 2
1−z

σ4ω4
σ3

)
(5.8)

where
χ(u1, u2, u3, u4; z) =

−z(1− z)u4 + (1− z)u1 − (1 + z2)u2 + 2zu3
z(z − 1) . (5.9)

The Dirac delta function δ(z̄ − z) constrains the particle 2 to propagate in the plane with
ϕ = 0 or ϕ = π in spherical coordinates such that the cross ratio is real. The appearance
of the step function is from the conservation of energy and momentum. In the integration
domain ω4 > 0, they lead to nonvanishing results only for

σ1σ2σ3σ4 > 0. (5.10)

There are only two cases.

1. All particles are incoming or outgoing. Without losing generality, we may set

σ1 = σ2 = σ3 = σ4 = 1. (5.11)

In this case, the product of the step function is always zero

Θ
(
−σ4ω4
zσ1

)
Θ
(

1 + z2

z(1− z)
σ4ω4
σ2

)
Θ
(
− 2
1− z

σ4ω4
σ3

)
= Θ(−z)Θ(z(1− z))Θ(z − 1) ≡ 0.

(5.12)
This is trivial since all the particles are created from the vacuum, which violates the
conservation of energy obviously.

2. Two particles are incoming and the other two particles are outgoing. Without losing
generality, we may set

σ1 = σ2 = −1, σ3 = σ4 = 1. (5.13)
Then the product of the step function becomes

Θ
(
−σ4ω4
zσ1

)
Θ
(

1 + z2

z(1− z)
σ4ω4
σ2

)
Θ
(
− 2
1− z

σ4ω4
σ3

)
= Θ(z)Θ(z(z−1))Θ(z−1) = Θ(z−1).

(5.14)
This is nonvanishing only for5

z > 1. (5.15)

5For the other choices of σj , j = 1, 2, 3, 4, the domains of z with nonvanishing amplitude are different.
Readers can find more details in appendix C.
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x-z plane

2

Figure 8. Kinematic constraints from energy and momentum conservation for 2 → 2 scattering of
massless scalar particles. The particles 1 and 2 with red color are incoming and the particles 3 and 4
with blue color are outgoing. The four particles are constrained in the x-z plane. In this figure, the
arrows represent the momenta of the corresponding particles in the real space.

The physical interpretation is shown in figure 8. The momentum of the incoming particle
1 and outgoing particle 4 point to the north pole of the celestial sphere S2. At the same
time, the outgoing particle 3 propagates towards the positive x axis. The inequality (5.15)
leads to

0 ≤ θ <
π

2 , ϕ = 0. (5.16)

Therefore, the second particle should direct to the third quadrant of x-z plane. This is
clear in the figure since the total momentum should be zero. In this case, the tree-level
four-point Carrollian amplitude becomes

Ctree(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+)

= −λF (z)
∫ ∞

0

dω

ω
e−iωχ, (5.17)

where
F (z) = i

(4π)4
1 + z2

2 δ(z̄ − z)Θ(z − 1). (5.18)

In other words, we have

Ctree(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+) = −4πλF (z)β(χ). (5.19)

Note that the beta function is still divergent in the IR. One may regularize it by inserting
a step function in the integrand for ω4. This is equivalent to compute the following
four-point Carrollian amplitude

Ctree(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+;ω0)

≡ ⟨Σ(u1,Ω1)Σ(u2,Ω2)Σ(u3,Ω3)Σ(u4,Ω4;ω0)⟩

= −λF (z)
∫ ∞

0

dω

ω
e−iωχΘ(ω − ω0)

= −λF (z)Γ(0, iω0χ). (5.20)
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In the IR limit, we find

lim
ω0→0

Ctree(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+;ω0) = λF (z)I0. (5.21)

One should have consider the four-point Carrollian amplitude by discarding the IR modes
in each operator Σ(uj ,Ωj) which is much more symmetric. This defines the following
four-point Carrollian amplitude

C̃tree(u1,Ω1,σ1;u2,Ω2,σ2;u3,Ω3,σ3;u4,Ω4,σ4;ω0)

≡⟨Σ(u1,Ω1;ω0)Σ(u2,Ω2;ω0)Σ(u3,Ω3;ω0)Σ(u4,Ω4;ω0)⟩

=−iλ 1
(8π2)4

4∏
j=1

∫ ∞

0
dωje

−iσjωjujΘ(ωj−ω0)(2π)4

× 1+z2
2ω4

σ1σ2σ3σ4δ

(
ω1+

σ4ω4
zσ1

)
δ

(
ω2−

1+z2
z(1−z)

σ4ω4
σ2

)
δ

(
ω3+

2
1−z

σ4ω4
σ3

)
δ(z̄−z)

=−iλ 1+z2
2(4π)4σ1σ2σ3σ4δ(z̄−z)

∫ ∞

0

dω4
ω4

e−iσ4ω4χ(u1,u2,u3,u4;z)

×Θ
(
−σ4ω4
zσ1

−ω0

)
Θ
(

1+z2
z(1−z)

σ4ω4
σ2

−ω0

)
Θ
(
− 2
1−z

σ4ω4
σ3

−ω0

)
Θ(ω4−ω0). (5.22)

We still consider σ1 = σ2 = −1, σ3 = σ4 = 1. In this case, the product of the step
function is still nonvanishing only for z > 1

Θ
(
−σ4ω4
zσ1

− ω0

)
Θ
(

1 + z2

z(1− z)
σ4ω4
σ2

− ω0

)
Θ
(
− 2
1− z

σ4ω4
σ3

− ω0

)
Θ(ω4 − ω0)

= Θ(z − 1)Θ(ω4 − zω0). (5.23)

Note that the integral domain for ω4 is modified to

ω4 > zω0. (5.24)

Therefore,

C̃tree(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+;ω0) = −λF (z)Γ(0, izω0χ). (5.25)

The result is slightly different from (5.20). This is fine since they correspond to different
correlators, depending on the way to discard the IR modes. Note that we can find a finite
result by their difference

C̃tree(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+;ω0)−Ctree(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+;ω0)

=λF (z) logz. (5.26)

General four-point Carrollian amplitudes. Now we will use Lorentz transformation
to transform the previous result to general four-point Carrollian amplitudes. By a Möbius
transformation which is parameterized by

a = ±
√

z31
z14z34

z4, b = ∓
√

z34
z31z14

z1, c = ±
√

z31
z14z34

, d = ∓
√

z34
z31z14

, (5.27)
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we may transform the points 0, z, 1,∞ to z1, z2, z3, z4, respectively. With the transformation
property (3.80), we find

⟨Σ(u1, z1, z̄1)Σ(u2, z2, z̄2)Σ(u3, z3, z̄3)Σ(u4, z4, z̄4)⟩
= Γ1Γ2Γ3Γ4⟨Σ(Γ1u1, 0)Σ(Γ2u2, z)Σ(Γ3u3, 1)Σ(Γ4u4,∞)⟩, (5.28)

where the redshift factors are

Γ1 = |d|2(1 + |z1|2) = | z34
z31z14

|(1 + |z1|2), (5.29a)

Γ2 =
1 + |z2|2

1 + |z|2
|cz + d|2 = |z34z14|

|z24|2|z31|
1 + |z2|2

1 + |z|2
, (5.29b)

Γ3 =
1
2 |c+ d|2(1 + |z3|2) =

1
2 |

z14
z31z34

|(1 + |z3|2), (5.29c)

Γ4 = |c|2(1 + |z4|2) = | z31
z14z34

|(1 + |z4|2). (5.29d)

Therefore, at the tree level, we find

⟨Σ(u1, z1, z̄1)Σ(u2, z2, z̄2)Σ(u3, z3, z̄3)Σ(u4, z4, z̄4)⟩

= 1
2|z24|2|z13|2(1 + |z|2)

4∏
j=1

(1 + |zj |2)⟨Σ(Γ1u1, 0)Σ(Γ2u2, z)Σ(Γ3u3, 1)Σ(Γ4u4,∞)⟩

= −iλ σ1σ2σ3σ4
4(4π)4|z24|2|z13|2

δ(z̄ − z)
4∏
j=1

(1 + |zj |2)Θ
(
− σ4
zσ1

)
Θ
(

1 + z2

z(1− z)
σ4
σ2

)
Θ
(
− 2
1− z

σ4
σ3

)

×
∫ ∞

0

dω4
ω4

e−iσ4ω4χ(Γ1u1,Γ2u2,Γ3u3,Γ4u4;z), (5.30)

where the function

χ(Γ1u1,Γ2u2,Γ3u3,Γ4u4; z)

= −z(1− z)Γ4u4 + (1− z)Γ1u1 − (1 + z2)Γ2u2 + 2zΓ3u3
z(z − 1)

= Γ4[u4 − z−1Γ−1
4 Γ1u1 − z−1(z − 1)−1(1 + z2)Γ−1

4 Γ2u2 + 2(z − 1)−1Γ−1
4 Γ3u3]

= Γ4

[
u4 − z

1 + |z1|2

1 + |z4|2
|z24
z12

|2u1 +
1− z

z

1 + |z2|2

1 + |z4|2
|z34
z23

|2u2 −
1

1− z

1 + |z3|2

1 + |z4|2
|z14
z13

|2u3

]
. (5.31)

The result is the same as [28] after taking into account the fact that the authors in that
paper used a different parameterization of the null momentum6

pµ = σω(1 + |z|2)nµ, (5.32)

which is equivalent to our parameterization (5.5) up to a factor (1 + |z|2).

6Note that we also flip the sign the fourth component of the momentum. However, this doesn’t change
the conclusion.
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Before we close this subsection, we will comment on the dependence of function χ in the
four-point Carrollian amplitude. This function actually reflects the fact that the Carrollian
amplitude is invariant under spacetime translation. From (3.63), we find the following
identity for four-point Carrollian amplitude

⟨Σ(u1 − a · n1, 0)Σ(u2 − a · n2, z)Σ(u3 − a · n3, 1)Σ(u4 − a · n4,∞)⟩
= ⟨Σ(u1, 0)Σ(u2, z)Σ(u3, 1)Σ(u4,∞)⟩. (5.33)

This implies that the Carrollian amplitude depends only on the function which is invariant
under spacetime translation. The invariant may be written as

χ̂ = α1u1 + α2u2 + α3u3 + α4u4. (5.34)

The spacetime translation invariance implies

α1n
µ
1 + α2n

µ
2 + α3n

µ
3 + α4n

µ
4 = 0. (5.35)

With the parameterization (5.6), we find

α1 = −1
z
α4, α2 =

1 + z2

z(1− z)α4, α3 = − 1
1− z

α4. (5.36)

Therefore, the spacetime translation invariant function χ̂ is proportional to χ up to a
time-independent constant

χ̂ = α4

[
−1
z
u1 +

1 + z2

z(1− z)u2 −
2

1− z
u3 + u4

]
= α4χ(u1, u2, u3, u4; z). (5.37)

5.2 1-loop corrections

There are three channels at the 1-loop level which are shown in figure 9. In the s channel,
the Carrollian amplitude is

C1-loop
s (u1,Ω1,σ1;u2,Ω2,σ2;u3,Ω3,σ3;u4,Ω4,σ4)

= (−iλ)2

2

∫
d4x

∫
d4yD(u1,Ω1;x)D(u2,Ω2;x)D(u3,Ω3;y)D(u4,Ω4;y)(GF (x−y))2

= (−iλ)2

2

( 1
8π2i

)4 ∫
d4x

∫
d4y

2∏
j=1

∫ ∞

0
dωje

−iσjωj(uj+nj ·x−iσjϵ)
2∏

k=1

∫ ∞

0
dωke

−iσkωk(uk+nk·y−iσkϵ)

×
∫

d4p

(2π)4
−i
p2 e

ip·(x−y)
∫

d4p′

(2π)4
−i
p′2
eip′·(x−y)

= (−iλ)2

2

( 1
8π2i

)4 4∏
j=1

∫ ∞

0
dωje

−iσjωjuj

×
∫
d4p

∫
d4p′

(−i)2

(p2)(p′2)δ
(4)(p+p′−p1−p2)δ(4)(p+p′+p3+p4)

=
( 1
8π2i

)4 4∏
j=1

∫ ∞

0
dωje

−iσjωjuj (2π)4δ(4)(p1+p2+p3+p4)iM1-loop
s (p1,p2,p3,p4) (5.38)
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(u1,Ω1)(u2,Ω2)

y

(u3,Ω3)(u4,Ω4)
s-channel

x

(u3,Ω3)

y

(u2,Ω2) (u1,Ω1)

(u4,Ω4)

t-channel

y

(u2,Ω2)

x

(u1,Ω1)

(u4,Ω4) (u3,Ω3)

u-channel

Figure 9. Four-point Carrollian amplitudes at 1-loop level in s, t, u channels.

where M1-loop
s (p1, p2, p3, p4) is 2 → 2 scattering M matrix in the s channel at the 1-loop level

iM1-loop
s (p1, p2, p3, p4) =

(−iλ)2
2

∫
d4p

(2π)4
(−i)2

p2(p− p1 − p2)2
(5.39)

whose value could be calculated via dimensional regularization [37, 45]

iM1-loop
s (p1, p2, p3, p4) =

iλ2M̄ ε

16π2
(1
ε
− 1

2 log s

4M2

)
(5.40)

where
ε = 4− d (5.41)

is a small positive quantity and s is the Mandelstam variable

s = (p1 + p2)2. (5.42)

We have also inserted an energy scale M into the result to balance the dimensions. We use
MS scheme by absorbing the constant into the energy scale7

M̄ =Me−
1
2 log 4π− 1

2ψ(3/2), (5.43)

where ψ(q) is Digamma function, namely the derivative of the logarithm of the Gamma
function, seeing (D.6). By taking into account the other two channels, we find

iM1-loop(p1, p2, p3, p4) = iλ2M̄ ε
( 3
16π2ε − 1

32π2 log
stu

64M6

)
(5.44)

7Strictly speaking, the MS scheme in [37] is slightly different from ours up to a constant factor.
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with8

t = (p1 + p3)2, u = (p1 + p4)2. (5.45)

The momentum conservation (5.7) fixes

ω1 =
ω4
z
, ω2 = − 1 + z2

z(1− z)ω4, ω3 = − 2
1− z

ω4 (5.46)

and thus,

s = − 4ω2
4

z − 1 , t = 4ω2
4

z(z − 1) , u = 4ω2
4
z
. (5.47)

Substituting them into the 1-loop amplitude, and taking into account the counterterm

x
= −iδλ = −i 3λ2

16π2ε +O(λ3), (5.48)

we find

iM1-loop(p1, p2, p3, p4) = i

(
a0(λ) + a1(λ) log

ω4
M

)
(5.49)

where we have expanded the coefficients a0(λ), a1(λ) up to 1-loop level

a0(λ) = −λ+ λ2

32π2 [log z(z − 1) + log z + log(1− z)], a1(λ) = − 3λ2
16π2 . (5.50)

Note that there are three branch points at z = 0, 1 and ∞ for a0 which lead to discontinuity of
the M matrix on the two sides of the branch cuts. The discontinuity of the imaginary part of
M is related to the unitarity of S matrix. In the following, the coefficients aj(λ), j = 0, 1, · · ·
will be abbreviated to aj , j = 0, 1, · · · , respectively. The 1-loop Carrollian amplitude becomes

C1-loop(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+)

= F (z)
∫ ∞

0

dω

ω
e−iωχ

(
a0 + a1 log

ω

M

)
(5.51)

The integration suffers IR divergent. We may cure this problem by inserting a step function
Θ(ω − ω0) as (5.20). By defining a definite integral

J(q, χ, ω0) =
∫ ∞

0

dω

ω1−q e
−iωχΘ(ω − ω0), Re(q) > 0 (5.52)

8Note that here u is a Mandelstam variable in the u channel, which should be distinguishable from the
retarded time. Similarly, t is the Mandelstam variable in the t channel, which is not the coordinate time in
Cartesian coordinates.
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we find

C1-loop(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+)

= F (z) lim
q→0

(
a0 − a1 logM + a1

d

dq

)
J(q, χ, ω0)

= F (z)[(a0 − a1 logM)J0(χ, ω0) + a1J1(χ, ω0)]

= F (z)
[
(a0 − a1 logM)(−I0) + a1

(
I20
2 − I0 logω0 +

π2

12

)]

= F (z)
[
π2

12a1 +
(
−a0 − a1 log

ω0
M

)
I0 +

a1
2 I

2
0

]
, (5.53)

where J0, J1 are defined in (D.2) and we have used (D.15b).
Now we will discuss the discontinuity of the M matrix and corresponding Carrollian

amplitude. Physically, the discontinuity is associated with the case that the intermediate
virtual particle becomes on shell. In our convention, this is only possible in the s channel for
s < 0. Assuming ω4 is always real, the discontinuity appears only for

z > 1 (5.54)

which is exactly the requirement of nonvanishing F (z). From (5.49), the discontinuity of
the M1-loop matrix is

Disc M1-loop = i
λ2

16π . (5.55)

Usually, this discontinuity is associated with the Optical theorem which could be found in the
textbook. Here we notice that there is a similar discontinuity for the Carrollian amplitude

Disc C1-loop = − iλ2

16πF (z)I0 (5.56)

which may be related to (2.46).

5.3 2-loop corrections

The 2-loop Feynman diagrams with 2 → 2 scattering may be found in [46]. In figure 10, we
have shown the s channel part. There are three diagrams in the s-channel. For the first
diagram of figure 10, the M matrix is

iM2-loop
(1) (p1, p2, p3, p4)

= −i λ3

(4π)4 M̄
ε

(
1
ε2

− 1
ε
log s

4M2 + 1
2 log2 s

4M2 − π2

24 + 1
)
+ t, u channel. (5.57)

For the second diagram of figure 10, the M matrix is

iM2-loop
(2) (p1, p2, p3, p4)

= (−iλ)3
4

∫
d4p

(2π)4
(

i

−p2
)2 i

−(p1 + p2 − p)2
∫

d4p′

(2π)4
i

−p′2
+ t, u channel. (5.58)
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(u4,Ω4)

y

(u1,Ω1)

x

(u3,Ω3)

(u2,Ω2)

z

2-loop diagram (1)

x

(u4,Ω4)

y

(u1,Ω1) (u3,Ω3)

(u2,Ω2)

z

2-loop diagram (2)

(u2,Ω2)

(u3,Ω3)(u1,Ω1)

(u4,Ω4)

x

y

z

2-loop diagram (3)

Figure 10. The Feynman diagrams for massless Φ4 theory at two loops. Here we only show the
s-channel.

The integral for p′ may be evaluated by inserting the small mass term m2
0. In dimensional

regularization, ∫
ddp′

(2π)d
1

−p2 −m2
0
= − i

(4π)d/2
Γ
(
1− d

2

)
(m2

0)
d
2−1. (5.59)

The result may be set to 0 since it is proportional to the positive power of m0. Note that
this integral also appears in the 1-loop correction of two-point Carrollian amplitude. It is
zero such that the two-point Carrollian amplitude is not affected by 1-loop correction.9

For the third diagram of figure 10, the M matrix is

iM2-loop
(3) (p1, p2, p3, p4)

= 2× (−iλ)3M̄3ε

2

∫
ddp

(2π)d
∫

ddp′

(2π)d
i

−p2
i

−p′2
i

−(p3 + p− p′)2
i

−(p1 + p2 − p)2 + t, u channel.

(5.60)

Note that we have shifted λ to λM̄ ε in dimensional regularization. The integration over
p′ can be obtained as 1-loop calculation. The integration over p can be obtained by the

9Actually, similar integrals can be regularized to 0 [47, 48]∫
ddp

(2π)d
(−p2)a = 0

for any complex number a + d
2 ̸= 0.
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(u4,Ω4)

(u1,Ω1) (u3,Ω3)

(u2,Ω2)

⊗

2-loop counterterm (1)

x

(u3,Ω3)

(u4,Ω4)

(u1,Ω1)

(u2,Ω2)
2-loop counterterm (2)

Figure 11. Counterterms at 2-loop level. There are also diagrams in the t, u channel for the left
diagram which are not shown in the figure.

Feynman’s formula

1
Aa1

1 A
a2
2 · · ·Aan

n

= Γ(a1 + a2 + · · ·+ an)
Γ(a1) · · ·Γ(an)

∫ 1

0
dx1 · · ·

∫ 1

0
dxn

δ(x1 + · · ·+ xn − 1)xa1−1
1 · · ·xan−1

n

(x1A1 + · · ·+ xnAn)a1+···+an
. (5.61)

We summarize the result in the following

iM2-loop
(3) (p1,p2,p3,p4)

=−i λ3

(4π)4 M̄
ε

[
2
ε2

+2
1
2−log s

4M2

ε
+ 1
12

(
12
(
log s

4M2−1
)
log s

4M2+π
2+42

)]
+t,u channel.

We should also consider the contributions from the counterterms which are shown in
the first diagram of figure 11

iM2-loop
(4) (p1,p2,p3,p4)= 2×(−iλ)(−iδλ)M̄2ε 1

2

∫
ddp

(2π)d
−i
p2

−i
(p−p1−p2)2

+t,u channel.

(5.62)
The factor 2 counts the position of the counterterm and 1

2 is the symmetry factor. Up
to order λ3, this is

iM2-loop
(4) (p1,p2,p3,p4)= i

λ3

(4π)4 M̄
ε

[
6
ε2

−
3log s

4M2

ε
+3
(
log2 s

4M2

4 −π2

24+1
)]

+t,u channel.

(5.63)
Adding the 2-loop results, we find

4∑
j=1

iM2-loop
(j) (p1,p2,p3,p4)= i

λ3

(4π)4 M̄
ε

[ 3
ε2 −

1
ε
− 3
4 log

2 s

4M2 +log s

4M2 −
3
2−

π2

6

]
+t,u channel.

(5.64)
The divergences should be canceled by the vertex counterterm at order λ3 (seeing the second
diagram of figure 11)

−iδλ = −i 3λ2
16π2ε − i

3λ3
(4π)4

( 3
ε2

− 1
ε

)
+O(λ4). (5.65)
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Including all the four-point amplitudes up to 2-loop, we can write it as

iM(p1, p2, p3, p4) = i

(
a0 + a1 log

ω4
M

+ a2 log2
ω4
M

)
(5.66)

where the coefficients a0, a1, a2 may be parameterized as

aj =
∞∑

k=j+1
a
(k)
j λk. (5.67)

Up to two loop, the expansion constants are

a
(1)
0 = −1, (5.68a)

a
(2)
0 = log(1− z) + log(z) + log((z − 1)z)

32π2 , (5.68b)

a
(3)
0 = − 1

1024π4
[
3 log2(1− z) + 3 log2(z) + 3 log2((z − 1)z) + 4 log(1− z)

+ 4 log(z) + 4 log((z − 1)z) + 2π2 + 18
]
, (5.68c)

a
(2)
1 = − 3

16π2 , (5.68d)

a
(3)
1 = 3(log(1− z) + log(z) + log((z − 1)z) + 2)

256π4 , (5.68e)

a
(3)
2 = − 9

256π4 . (5.68f)

The 2-loop Carrollian amplitude becomes

C2-loop(u1,Ω1,−;u2,Ω2,−;u3,Ω3,+;u4,Ω4,+)

= F (z)
∫ ∞

0

dω

ω
e−iωχ

(
a0 + a1 log

ω

M
+ a2 log2

ω

M

)
= F (z) lim

q→0

(
a0 − a1 logM + a2 log2M + (a1 − 2a2 logM) d

dq
+ a2

d2

dq2

)
J(q, χ, ω0)

= F (z)
[
1
12

(
π2a1 + 2π2a2 log

ω0
M

− 8a2ζ(3)
)

−
(
a0 + a1 log

ω0
M

+ a2 log2
ω0
M

+ π2a2
6

)
I0 +

(
a1
2 + a2 log

ω0
M

)
I20 − a2

3 I
3
0

]
. (5.69)

5.4 Callan-Symanzik equation

To check the consistency of our result, we will show that the four-point Carrollian amplitude
obeys the Callan-Symanzik equation up to 2-loop. The four-point Carrollian amplitude
is abbreviated to C(4) below

C(4) = ⟨Σ(u1,Ω1)Σ(u2,Ω2)Σ(u3,Ω3)Σ(u4,Ω4)⟩. (5.70)

According to our previous results, the Carrollian amplitude depends on an arbitrary energy
scale M and the coupling constant λ at the same scale. The coupling constant is the
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renormalized one and the Carrollian amplitude C(4) is different from the bare Carrollian
amplitude C

(0)
(4)

C
(0)
(4) = ⟨Σ0(u1,Ω1)Σ0(u2,Ω2)Σ0(u3,Ω3)Σ0(u4,Ω4)⟩ (5.71)

where Σ0(u,Ω) is the leading order coefficient in the asymptotic expansion of the bare
field Φ0(t,x)

Φ0(t,x) =
Σ0(u,Ω)

r
+ · · · . (5.72)

On the other hand, the field Σ(u,Ω) corresponds to the leading order coefficient of the
renormalized field Φ(t,x)

Φ(t,x) = Σ(u,Ω)
r

+ · · · . (5.73)

The renormalized field Φ and the bare field Φ0 may be related by a rescaling factor Z

Φ(t,x) = Z−1/2Φ0(t,x). (5.74)

Therefore, the bare field Σ0 and the renormalized field Σ are related by the same factor

Σ(u,Ω) = Z−1/2Σ0(u,Ω). (5.75)

Naively, one may expect the following relations

C(4) = Z−2C
(0)
(4) . (5.76)

However, from (4.79), the Carrollian amplitude is actually related to the connected and
amputated correlation function, which implies a different behaviour and we will discuss it in
detail. It is obvious that the relation between the correlation function of renormalized fields
G(x1, · · · , xm+n) and that of the bare fields G0(x1, x2, · · · , xm+n) are expressed as

G(x1, x2, · · · , xm+n) = Z−m+n
2 G0(x1, x2, · · · , xm+n). (5.77)

In our derivation of Feynman rules, the correlation function is split into external Feyn-
man propagators and the internal amputated correlation function. The propagator of the
renormalized field is related to that of bare field by

⟨0|T{Φ(y1)Φ(y2)}|0⟩ = Z−1⟨0|T{Φ0(y1)Φ0(y2)}|0⟩. (5.78)

Hence the amputated correlation function for renormalized field Gamputated(x1, x2 · · · , xm+n)
and bare field G0,amputated(x1, x2, · · · , xm+n) have the relation

Gamputated(x1, x2, · · · , xm+n) = Z
m+n

2 G0,amputated(x1, x2, · · · , xm+n). (5.79)

Therefore we can use (4.79) to derive the relation between Carrollian amplitude C(m+n) and
the bare Carrollian amplitude C

(0)
(m+n):

C(m+n) = Z+m+n
2 C

(0)
(m+n). (5.80)
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Figure 12. Sunset diagram.

For four-point Carrollian amplitude, we have:

C(4) = Z+2C
(0)
(4) . (5.81)

Note that the bare Carrollian amplitude is independent of the arbitrary energy scale M

M
d

dM
C

(0)
(4) = 0 (5.82)

which leads to

M
∂

∂M
C(4) + β

∂

∂λ
C(4) − 4γC(4) = 0, (5.83)

where we have defined the β and γ function as

β =M
∂λ

∂M
, γ = 1

2M
∂ logZ
∂M

. (5.84)

The above equation (5.83) is the Callan-Symanzik equation for four-point Carrollian amplitude.
It is easy to extend to n-point Carrollian amplitude

M
∂

∂M
C(n) + β

∂

∂λ
C(n) − nγC(n) = 0. (5.85)

The β function can be used to define a running coupling constant λ̄. Note that the β, γ
functions have been computed and they are

β =
∞∑
j=2

β(j)λj , γ =
∞∑
j=2

γ(j)λj . (5.86)

We only need the result up to 2-loop level whose relevant coefficients are [49]

β(2) = 3
16π2 , β(3) = − 17

3× (4π)4 , γ(2) = 1
12× (4π)4 (5.87)

where the γ(2) is obtained by analyzing the sunset diagram which is shown in figure 12.
The equation (5.83) should be satisfied order by order. The relevant parts are

M
∂

∂M
C(4) = F (z)

[
−π

2

6 a2 +
(
a1 + 2a2 log

ω0
M

)
I0 − a2I

2
0

]
+ · · · , (5.88a)

β
∂

∂λ
C(4) = F (z)β

[
π2

12∂λa1 −
(
∂λa0 + ∂λa1 log

ω0
M

)
I0 +

1
2∂λa1I

2
0

]
+ · · · , (5.88b)

γC(4) = −F (z)γa0I0. (5.88c)
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Up to order λ3, they are equivalent to the following equations

a
(3)
2 = β(2)a

(2)
1 , (5.89a)

a
(2)
1 = β(2)a

(1)
0 , (5.89b)

a
(3)
1 = 2β(2)a(2)0 + β(3)a

(1)
0 − 4γ(2)a(1)0 (5.89c)

whose validity could be checked using the equations (5.68) and (5.87).
Now we will solve the Callan-Symanzik equation (5.85) to find the relation between two

n-point Carrollian amplitudes at two different energy scales µ and µ′. Note that both of
them are related to the bare Carrollian amplitude, therefore we find

C(n)(µ) =
Zn/2(µ)
Zn/2(µ′)

C(n)(µ′) = exp
[
n

2 (logZ(µ)− logZ(µ′))
]
C(n)(µ′). (5.90)

With the definition of the γ function, we get

C(n)(λ̄(µ)) = exp
[
n

∫ µ

µ′

dµ′′

µ′′
γ(λ̄(µ′′))

]
C(n)(λ̄(µ′)) (5.91)

where we have written out the dependence on the running coupling constant explicitly in
the expression. We can obtain the same result by solving (5.85) directly as in the standard
textbook. By expanding the exponential in the solution up to one loop level, i.e., order λ2, it is
obvious that the four-point Carrollian amplitude at different scales should obey the equation

C(4)(λ̄(µ)) = C(4)(λ̄(µ′)). (5.92)

To check this equation, we set µ′ =M and µ = ω0. Using the fact that the running coupling
constant at the scale ω0 is

λ̄(ω0) ≈
λ

1− 3λ
16π2 log ω0

M

≈ λ+ 3λ2
16π2 log

ω0
M

(5.93)

up to order λ2, indeed the four-point Carrollian amplitude at 1-loop level can be rewritten
as a function of λ̄(ω0) which is abbreviated to λ̄

C1-loop
(4) = F (z)

[
π2

12a1(λ̄)− a0(λ̄)I0 +
a1(λ̄)
2 I20

]
. (5.94)

At two loops, i.e., up to order λ3, the equation (5.92) is modified to

C(4)(λ̄(µ)) = C(4)(λ̄(µ′)) + 4γ(λ̄(µ′)) log µ
µ′
C(4)(λ̄(µ′)). (5.95)

We still choose µ′ =M and µ = ω0, then it is straightforward to check that the four-point
Carrollian amplitude (5.69) at the scale ω0 is also a function of λ̄

C2-loop
(4) = F (z)

∑
j=0

bj(λ̄)Ij0 (5.96)
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where the coefficients bj are

b0(λ̄) =
∞∑
k=2

b
(k)
0 λ̄k, bj(λ̄) =

∞∑
k=j

b
(k)
j λ̄k, j = 1, 2, 3, · · · . (5.97)

Up to order λ̄3, we have

b
(2)
0 = − 1

64 , (5.98a)

b
(3)
0 = π2 log(1− z) + π2 log(z) + π2 log((z − 1)z) + 24ζ(3) + 2π2

1024π4 , (5.98b)

b
(1)
1 = 1, (5.98c)

b
(2)
1 = − log(1− z) + log(z) + log((z − 1)z)

32π2 , (5.98d)

b
(3)
1 = 1

1024π4
[
3 log2(1− z) + 3 log2(z) + 3 log2((z − 1)z) + 4 log(1− z)

+ 4 log(z) + 4 log((z − 1)z) + 8π2 + 18
]
, (5.98e)

b
(2)
2 = − 3

32π2 , (5.98f)

b
(3)
2 = 3(log(1− z) + log(z) + log((z − 1)z) + 2)

512π4 , (5.98g)

b
(3)
3 = 3

256π4 . (5.98h)

The relation between the running coupling constant λ̄ and λ is

λ = λ̄− 3
16π2 λ̄

2 log ω0
M

+ 9
256π4 λ̄

3 log2 ω0
M

+ 17
768π4 λ̄

3 log ω0
M

+ · · · . (5.99)

This is consistent with the solution of the β function equation up to O(λ3):

M
∂

∂M
λ = β(λ) ⇒ λ̄ = λ+ 3

16π2λ
2 log ω0

M
+ 9

256π4λ
3 log2 ω0

M
− 17

768π4λ
3 log ω0

M
+ · · ·
(5.100)

In appendix E, we also discussed the Callan-Symanzik equation for two-point Carrollian
amplitude.

6 More Carrollian amplitudes

In the previous sections, we have discussed the four-point Carrollian amplitude in massless
Φ4 theory. Massless Φ4 theory is the standard QFT whose properties are studied extensively.
In this section, we will reverse the method of bulk reduction and try to propose a slightly
generalized Φ4 theory in the context of flat holography. Notice that the key ingredients are
the Feynman rules which are inherited from bulk in the previous sections. However, it seems
that there is no obstruction to designing the Feynman rules for Carrollian amplitude. We
still assume that the boundary Carrollian field theory is Poincaré invariant.
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6.1 Description

In this generalized Φ4 theory, we don’t have to write out the Lagrangian explicitly. However,
the two-point correlator may be parameterized by the Källén-Lehmann spectral representation

GF (x, y) = ⟨0|TΦ(x)Φ(y)|0⟩ =
∫ ∞

0

dµ2

2π ρ(µ
2)GF (x− y;µ2) (6.1)

where GF (x− y;µ2) is the Feynman propagator for a particle with mass µ. The bulk field Φ
still encodes a massless degree of freedom. Therefore, there may be a state that is massless
in the spectral density ρ(µ2)

ρ(µ2) ∼ δ(µ2). (6.2)

However, this spectral density will lead to the Feynman propagator in massless Φ4 theory.
For the generalized Φ4 theory, we will choose the following spectral density

ρ(µ2) = 2π(µ2)∆−2Z (6.3)

where Z is a renormalization factor which may be absorbed into the redefinition of Φ. The
spectral density appears in the context of low-energy effective field theory which is scale
invariant [50]. From this spectral density, the two-point correlator in the bulk becomes

GF (x, y) =
∫

d4p

(2π)4GF (p)e
ip·(x−y) (6.4)

where
GF (p) = i

( 1
−p2 + iϵ

)2−∆
. (6.5)

We have fixed the normalization factor of Φ in this expression. The position space propagator
may be fixed by dimensional analysis

GF (x, y) = θ(x0 − y0)W+(x, y) + θ(y0 − x0)W−(x, y) (6.6)

where the Wightman functions W± are

W+(x, y) = C∆

((x0 − y0 − iϵ)2 − (x − y)2)∆
, (6.7a)

W−(x, y) = C∆

((x0 − y0 + iϵ)2 − (x − y)2)∆
. (6.7b)

The coefficient C∆ is an unimportant constant that can be fixed by the integration. We
have used the iϵ prescription and it may be reduced to

GF (x, y) =
C∆

(−(x− y)2 − iϵ)∆
(6.8)

which is consistent with the Feynman propagator (4.60) in the limit ∆ → 1. Note that the
two-point correlator is the same one in conformal field theory. Since the dimension of Φ
is ∆, it may be expanded near I+ as

Φ(x) = V (u,Ω)
r∆

+ · · · . (6.9)
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It follows that the transformation law of the boundary field V (u,Ω) is

V ′(u′,Ω′) = V (u,Ω), u′ = u− a · n, Ω′ = Ω (6.10)

for spacetime translation and

V ′(u′,Ω′) = Γ∆V (u,Ω), u′ = Γ−1u, n′ = Γ−1Γ (6.11)

for Lorentz transformation. It follows that the conformal weight of V (u,Ω) is

h = ∆
2 . (6.12)

The bound (4.33) on h leads to

∆ ≥ 1 (6.13)

which is exactly the lower bound of conformal weight for the primary field with s = 0 in
unitary CFTs of four dimensions [51]. Using the relation

yµ = u

2 (n
µ − n̄µ) + rnµ (6.14)

between the Cartesian and retarded coordinates, we find the geodesic distance between x and y

(x− y)2 = −2r(u+ n · x) +O(r0) (6.15)

in the large r limit. Therefore, the external line may be found by taking the limit r → ∞
with u fixed

D(u,Ω;x) = ⟨V (u,Ω)Φ(x)⟩ = lim+r
∆GF (x, y) =

C∆
2∆(u+ n · x− iϵ)∆ (6.16)

where we used the limit

lim+ = lim
r→∞, u finite

(6.17)

to push the field to the boundary which has been defined in [31]. The iϵ prescription is
inherited from the Feynman propagator since in this case we have y0 > x0. Similarly, we
also have the relation

yµ = v

2(n
µ − n̄µ) + rn̄µ (6.18)

in advanced coordinates. The external line would be

D(x; v,Ω) = ⟨Φ(x)V (v,Ω)⟩ = lim−r
∆GF (x, y) =

C∆
(−2)∆(v − n̄ · x+ iϵ)∆ (6.19)

where
lim− = lim

r→∞, v finite
. (6.20)

The antipodal map would be

(v,Ω) → (u,ΩP ), V (v,Ω) → V (u,ΩP ) (6.21)
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and then the external lines may be unified as

D(u,Ω;x) = C∆
(2σ)∆(u+ n · x− iσϵ)∆ (6.22)

where σ is to take into account the incoming and outgoing states. Its integral representation
would be

D(u,Ω;x) = D∆

∫ ∞

0
dωω∆−1e−iσω(u+n·x−iσϵ) (6.23)

where
D∆ =

(
i

2

)∆ C∆
Γ(∆) . (6.24)

We should also design the vertices for the field Φ in the bulk. As massless Φ4 theory, we
assume that there is only one type of vertex in the bulk which corresponds to the interaction
of four fields Φ. For each vertex located at x, we should integrate it with

−iλ
∫
d4x. (6.25)

Therefore, the generalized Φ4 theory is described by the propagator (6.4), the external
line (6.22) and the vertex (6.25) as well as the symmetry factor.

6.2 Tree level

As in the previous sections, the tree-level four-point Carrollian amplitude in generalized
Φ4 theory is

Ctree
(4) ≡ ⟨

4∏
j=1

V (uj ,Ωj)⟩

= −iλ
∫
d4x

4∏
j=1

D(uj ,Ωj ;x)

= −iλD4
∆

∫
d4x

4∏
j=1

∫ ∞

0
dωjω

∆−1
j e−iσjωj(uj+nj ·x−iσjϵ). (6.26)

The integration of the bulk point x leads to the conservation of momentum pj = σjωjnj and
we still fix z1 = 0, z3 = 1, z4 = ∞ using Lorentz transformation, then

Ctree
(4) = −iλD4

∆

4∏
j=1

∫ ∞

0
dωjω

∆−1
j e−iσjωjuj (2π)4δ(4)

( 4∑
j=1

pj

)

= −λF∆(z)
∫ ∞

0
dωω4∆−5e−iωχ (6.27)

where χ is exactly the same as (5.9) and the generalized function F∆(z) is

F∆(z) = iD4
∆(2π)4

(1 + z2)∆
22−∆ z2−2∆(z − 1)2−2∆Θ(z − 1)δ(z̄ − z). (6.28)
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As before, we already set σ1 = σ2 = −1, σ3 = σ4 = 1 to simplify notation. For ∆ = 1, the
tree-level result is the same as the massless Φ4 theory. For ∆ > 1, the integral is convergent

Ctree
(4) = −λF∆(z)Γ(4∆− 4)(iχ)4−4∆. (6.29)

The amplitude is fine for general choices of ui except for a hyperplane in the (u1, u2, u3, u4)
space defined by the equation

χ = 0. (6.30)

Note that the singularity of (6.29) becomes a branch point in massless Φ4 theory. The
physical meaning of this singular plane is unclear at this moment.

6.3 Loop corrections

Now we may evaluate the loop corrections to ensure that the generalized Φ4 theory is well
defined. In the s channel, the 1-loop correction is

C1-loop,s channel
(4) = (−iλ)2

2

∫
d4x

∫
d4yD(u1,Ω1;x)D(u2,Ω2;x)G2

F (x,y)D(u3,Ω3;y)D(u4,Ω4;y)

=−λ
2

2 D
4
∆

4∏
j=1

∫ ∞

0
dωjω

∆−1
j e−iσjωjuj

∫
d4q

(2π)4GF (p1+p2+q)GF (q)(2π)4δ(4)
( 4∑

j=1
pj

)

= (−1)−2∆λ2

2(4π)2
Γ(2−2∆)Γ2(∆)
Γ(2∆)Γ2(2−∆)F∆(z)

(
− 4
z−1

)2∆−2
Γ(8∆−8)(iχ)8−8∆, ∆> 1.

(6.31)

The integral of the momentum q is divergent superficially and can be obtained by analytic
continuation with dimensional regularization [45, 52]. At the last step, we have set ∆ > 1.
We will discuss a bit more on the coefficient

e1-loop
∆ = Γ(2− 2∆)Γ2(∆)Γ(8∆− 8)

Γ(2∆)Γ2(2−∆) . (6.32)

For general ∆ > 1, it is well defined except for ∆ = 3
2 ,

5
2 , · · · , where the coefficient e∆ is

always divergent. Another notable feature is that e∆ is always zero for integer ∆ = 2, 3, 4, · · · .
Now we can also include the t, u channel, then the 1-loop correction for the generalized

Φ4 theory is

C1-loop
(4) = (−1)−2∆λ2

2(4π)2 F∆(z)e1-loop
∆

{(
− 4
z−1

)2∆−2
+
( 4
z(z−1)

)2∆−2
+
(4
z

)2∆−2
}
(iχ)8−8∆.

(6.33)
We conclude that the 1-loop correction is free from divergences for ∆ > 1 and ∆ ̸= 3

2 ,
5
2 , · · · .

For 2-loop corrections, the M matrix of the first diagram of figure 10 is proportional to
the square of the one-loop correction

C2-loop,1
(4) =− (−1)−4∆λ3

(4π)4 F∆(z)e2-loop,1
∆

{(
− 4
z−1

)4∆−4
+
( 4
z(z−1)

)4∆−4
+
(4
z

)4∆−4
}
(iχ)12−12∆

(6.34)
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with

e2-loop,1
∆ = Γ(2− 2∆)2Γ(∆)4Γ(12∆− 12)

4Γ(2−∆)4Γ (2∆)2
. (6.35)

The second diagram vanishes and the contribution of the third diagram is

C2-loop,3
(4) =− (−1)−4∆λ3

(4π)4 F∆(z)e2-loop,3
∆

{(
− 4
z−1

)4∆−4
+
( 4
z(z−1)

)4∆−4
+
(4
z

)4∆−4
}
(iχ)12−12∆

(6.36)
with

e2-loop,3
∆ = Γ(4− 4∆)Γ(2− 2∆)Γ(∆)2Γ(3∆− 2)2Γ(12∆− 12)

Γ(2−∆)4Γ (2∆)Γ(4∆− 2) . (6.37)

There is a subtlety in the calculation. The Feynman parameterization leads to an integral∫ 1

0
dx

∫ 1−x

0
dy x3∆+d−7(1− x− y)3∆+d−7y3−2∆−d/2 (6.38)

which is divergent for ∆ > 1 and d = 4. We regularize this integral by restricting d to
the range 6 − 3∆ < d < 8 − 4∆ and then continue it to d = 4. The rest of Feynman
diagrams are trivial, since the 1PI bubbles on external legs evaluate zero. Therefore, the
nonvanishing two-loop graphs are simply those without 1PI subgraphs on external legs. Sum
up all Feynman diagrams contributing to 2-loop corrections and then we can derive the
2-loop correction for the generalized Φ4 theory:

C2-loop
(4) =−(−1)−4∆λ3

(4π)4 F∆(z)e2-loop
∆

{(
− 4
z−1

)4∆−4
+
( 4
z(z−1)

)4∆−4
+
(4
z

)4∆−4
}
(iχ)12−12∆

(6.39)
with

e2-loop
∆ = Γ(2− 2∆)Γ(∆)2Γ(12∆− 12)

Γ(2−∆)4Γ(2∆)

(
Γ(4− 4∆)Γ(3∆− 2)2

Γ(4∆− 2) + Γ(2− 2∆)Γ(∆)2
4Γ(2∆)

)
(6.40)

The conclusion is that the four-point Carrollian amplitude of the generalized Φ4 theory
is free from UV and IR divergences up to two-loop level. It seems that the generalized
Φ4 theory is always finite and the β function vanishes, although this conjecture should be
checked at higher loops.

7 Conclusion and outlook

In this paper, we work out the details on the Carrollian amplitude in the framework of
bulk reduction. Based upon the correspondence between the asymptotic states and the
fundamental fields at future/past null infinity, we build the connection between scattering
amplitude and Carrollian amplitude. The Carrollian amplitude could be regarded as the
correlator with the operators inserted at I+/I−. We derive the Feynman rules to calculate
the Carrollian amplitude in Carrollian space. The Feynman rules include the boundary-to-
boundary propagator which connects the I− to I+ and the external line which links a bulk
field and a boundary field. We also need the standard Feynman rules in the bulk. In this
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representation, no Fourier transform is needed. Taking advantage of these preparations, we
delve into the four-point Carrollian amplitude for massless Φ4 theory. As a first step, we
make use of the Lorentz transformation to fix three operators to z = 0, 1,∞. The resulting
amplitude only depends on the cross ratio of the celestial sphere as well as χ, a linear
superposition of the inserting time which itself is fixed by translation invariance. Then we
compute the four-point Carrollian amplitude up to two loops. At the tree level, the Carrollian
amplitude is a linear function of I0, whose coefficient is an analytic function of the cross
ratio z. Interestingly, the function I0 also appears in the two-point Carrollian amplitude,
although the argument is slightly different. Our results match with recent literature after a
suitable Lorentz transformation. At the one-loop level, the Carrollian amplitude is a quadratic
polynomial of I0, whose coefficients are also functions of the cross ratio. The branch points of
the coefficients are related to the unitarity of the scattering amplitude. We find a discontinuity
for the Carrollian amplitude when crossing the branch cuts, similar to the Optical theorem of
the momentum space scattering amplitude. At the two-loop level, the Carrollian amplitude
is a cubic polynomial of I0, whose coefficients are much more involved functions of the cross
ratio. However, the branch points are still located at 0, 1,∞. Note that what we calculated is
the renormalized Carrollian amplitude instead of the bare Carrollian amplitude. The coupling
constant in the expressions depends on the observational energy scale M. We have checked
the consistency of the renormalized Carrollian amplitude under renormalization group flow,
i.e., Callan-Symanzik equation of the Carrollian amplitude is satisfied. One should also notice
that the infrared divergences are avoided by carefully discarding the IR modes of one of the
boundary fields. Based on these results, it is natural to conjecture that the n-loop results for
the perturbative Carrollian amplitude is a polynomial of I0 with degree n + 1

Cn-loop
(n) = F (z)

n+1∑
j=0

ajI
j
0 (7.1)

where aj are functions of the cross ratio and free from UV divergences. They depend on
the renormalized coupling constant and the energy scale as well as the IR cutoff ω0. There
are various open questions that deserve further study.

• We only compute the four-point Carrollian amplitude for massless scalar theory up to
2-loop level in this work. It is nice to extend it to higher loops and a resummation
of the perturbative corrections is also interesting. One can also extend the results to
higher point Carrollian amplitudes. The massless Φ4 theory suffers dynamical symmetry
breaking due to Coleman-Weinberg mechanism [53] where the effective potential receives
quantum corrections such that the vacuum expectation value of Φ becomes nontrivial.
As a consequence, the massless scalar requires a nonvanishing mass. Still, the Carrollian
amplitude for massless Φ4 theory deserves study since all the method in this work can
be extended to nontrivial theories with nonvanishing helicities.

• Our results show that Carrollian amplitude is a natural quantity in Carrollian space
for massless theory, even at the loop level. All the nice properties in momentum space
scattering amplitude may reflect in Carrollian amplitude. In this work, the four-point
Carrollian amplitude only depends on two variables z and χ as a consequence of Poincaré
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symmetry. The two variables factorize in the Carrollian amplitude. The Carrollian
amplitude, as a function of complex z, has branch cuts at the loop level, which reflects
the unitarity of the S matrix. On the other hand, as a function of χ, it also has a branch
point or isolated singularity at χ = 0 which is a hyperplane in the parametric space of
the retarded time. In the program of S matrix bootstrap [54], the analytic properties,
such as poles and branch cuts are rather important to determine the complete S matrix.
In the Carrollian amplitude approach, the poles and branch cuts are transferred to the
analytic properties of the four-point amplitude, which is the function of two complex
variables. There may be a “Carrollian amplitude bootstrap” by imposing nice properties
on the Carrollian amplitude and determining it completely. This program deserves
further study in the future.

• Feynman rule for Carrollian amplitude from boundary field theory. In our work, the
bulk theory is the well-known massless scalar theory and the boundary theory is found
by bulk reduction. Given a boundary theory without the knowledge of the bulk theory,
it would be fine to find out the corresponding Feynman rules to derive the Carrollian
amplitude. Based on this observation, we try to design the Feynman rules in a toy
model, i.e., generalized Φ4 theory to construct the Carrollian amplitude. The spectral
density in our toy model takes the form of the unparticle of scale dimension ∆ whose
Lagrangian is unusual. Using Feynman rules instead of bulk scattering amplitudes, we
finally arrive at results of Carrollian amplitudes free from UV and IR divergences at
two loops, which suggests that the model may possess better UV and IR properties. If
we further relax the constraint on ∆, we notice that the propagator here may be related
to the higher derivative scalar field theories which may be traced back to [55]. Higher
derivative theories usually have better ultraviolet behavior than the familiar second
derivative theories. However, generally, they may suffer Ostrogradsky instability [56]
and in the quantum version, there would be ghosts with negative norms which make
the theory non-unitary [57]. There are also discussions on the higher derivative theories
motivated by AdS/CFT [58] and it is shown that the interacting theory may capture
the critical behaviour around the Wilson-Fisher fixed point [59]. Interestingly, it has
been shown that higher derivative theories can be free from negative modes in some
special cases [60]. It would be rather interesting to explore various aspects of these
theories in the context of Carrollian amplitude.

• Carrollian diffeomorphism. In this work, we derive the Carrollian amplitude without
touching the Carrollian diffeomorphism, which is shown to transform the boundary
fields in a nontrivial way in a series of papers [24, 29–33]. For example, for a general
supertranslation which is generated by ξf , we have

δfΣ(u,Ω) = −f(u,Ω)Σ̇(u,Ω). (7.2)

In the language of boundary state |Σ(u,Ω)⟩, the infinitesimal transformation of the
boundary state would be

|Σ′(u,Ω)⟩ = |Σ(u,Ω)⟩ − f(u,Ω)|Σ̇(u,Ω)⟩. (7.3)
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i+

|out⟩

i0

|in⟩

i−

S →

i+

|outξ⟩

i0

|in⟩

i−

S −

i+

|out⟩

i0

|inξ⟩

i−

S

Figure 13. Variation of S matrix under infinitesimal Carrollian diffeomorphism. The asymptotic
states are denoted as |in⟩ and |out⟩. They are transformed to the states |inξ⟩ and |outξ⟩, respectively.

In terms of the flux operators Qξ defined at the null boundary, the transformation may
be written as

|Σ′(u,Ω)⟩ = |Σ(u,Ω)⟩+Qξ|Σ(u,Ω)⟩. (7.4)

This shows that the asymptotic state is transformed to another state which is physically
distinguishable and the Fock space of the incoming and outgoing states should be
organized by the Carrollian diffeomorphism. As a consequence, the S matrix

out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|
m∏
k=1

Ξ(vk,ΩPk )⟩in (7.5)

should be transformed to

out⟨
m+n∏
k=m+1

Σ′(uk,Ωk)|
m∏
k=1

Ξ′(vk,ΩPk )⟩in (7.6)

= out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|
m∏
k=1

Ξ(vk,ΩPk )⟩in + out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|Qξ|
m∏
k=1

Ξ(vk,ΩPk )⟩in.

The flux operator Qξ is Q(+/−)
ξ at I+/− and therefore the last term of the above

equation would be

δξS(m→ n) = ⟨
m+n∏
k=m+1

Σ(uk,Ωk)|Q(+)
ξ S − SQ

(−)
ξ |

m∏
k=1

Ξ(vk,ΩPk )⟩, (7.7)

where the minus sign before Q(−)
ξ is from sign flip by the definition of the flux operator at

I−. The notation δξS(m→ n) is the transformation of m→ n scattering matrix under
(infinitesimal) Carrollian diffeomorphism. The variation of S matrix under infinitesimal
Carrollian diffeomorphism is shown in figure 13. Usually, for a Poincaré transformation,
the S matrix should be invariant and the previous equation becomes zero, leading to
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the Ward identity. However, for a general Carrollian diffeomorphism, the equation (7.7)
is already nonvanishing at the classical level [32]

Q
(+)
ξ −Q

(−)
ξ = 1

2

∫
bulk

d4xTµνδξgµν . (7.8)

When there is no anomaly, the above classical equation may be turned into the quantum
version [29]

δξS(m→ n) = 1
2

∫
bulk

d4x out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|Tµνδξgµν |
m∏
k=1

Ξ(vk,ΩPk )⟩in. (7.9)

Note that the flux operator is constructed from the hard part of the flux. For BMS
transformation, the right-hand side of (7.9) should be equal to the contribution from
one additional soft mode insertion, as has been found by [12]

δξS(m→ n) = out⟨
m+n∏
k=m+1

Σ(uk,Ωk)| soft graviton |
m∏
k=1

Ξ(vk,ΩPk )⟩in. (7.10)

For Carrollian diffeomorphism, the right-hand side may be modified to the insertion of
a graviton into the scattering amplitude which is induced by Carrollian diffeomorphism
(CD) in the bulk

δξS(m→ n) = out⟨
m+n∏
k=m+1

Σ(uk,Ωk)| graviton induced by CD |
m∏
k=1

Ξ(vk,ΩPk )⟩in. (7.11)

The equivalence between (7.9) and (7.11) should be checked in the context of flat
holography. The essential part of the right-hand side of (7.9) is the insertion of the
stress tensor in the Carrollian amplitude

out⟨
m+n∏
k=m+1

Σ(uk,Ωk)|Tµν(x)|
m∏
k=1

Ξ(vk,ΩPk )⟩in. (7.12)

In the momentum space, the energy-momentum tensor matrix becomes

out⟨pm+1 · · ·pm+n|Tµν(q)|p1 · · ·pm⟩in (7.13)

and reduces to the gravitational form factors [61–63] in the 1 → 1 scattering process. It
would be very interesting to explore this issue in the future.
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A Doppler effect

We assume that the light is emitted by an inertial observer A. In the reference frame ΣA of
the inertial observer, the light propagates in the direction of n and its frequency is ωA = ω.
Then in the frame ΣA the four-momentum of the light is

pµ = ω(1,n). (A.1)

The light is detected by another observer B with constant velocity β with respect to A,
four-velocity of B in the frame ΣA is

uµB = γ(1,β), γ = (1− β2)−1/2. (A.2)

Therefore, the frequency observed by B is

ωB = −uµBpµ = γω(1− β · n). (A.3)

There is a redshift for the frequency of the light which is exactly the Γ defined in the context
ωB
ωA

= γ(1− β · n) = Γ. (A.4)

B Split representation of the Feynman propagator

In this section, we will derive the split representation of the Feynman propagator (4.63). We
will prove it for x0 > y0. The right-hand side of (4.63) is

r.h.s. = 2i
∫
dudΩD∗(u,Ω;x)∂uD(u,Ω; y)

= − i

32π4
∫
dudΩ 1

(u+ n · x+ iϵ)(u+ n · y − iϵ)2 . (B.1)

The integrand has two poles in the complex u plane

ux = −n · x− iϵ, uy = −n · y + iϵ (B.2)

where ux locates in the lower plane and uy locates in the upper plane. We may use residue
theorem to evaluate the integration. In the first method, we choose the contour C1 in the
lower complex u plane and only the residue at u = ux contributes

r.h.s. = −2πi×
(
− i

32π4
)∫

dΩ Resu=ux

1
(u+ n · x+ iϵ)(u+ n · y − iϵ)2

= − 1
16π3

∫
dΩ 1

(n · (x− y) + iϵ)2
. (B.3)

We may also choose the contour C2 in the upper complex u plane and then we can pick
up the residue at u = uy

r.h.s. = 2πi×
(
− i

32π4
)∫

dΩ Resu=uy

1
(u+ n · x+ iϵ)(u+ n · y − iϵ)2

= − 1
16π3

∫
dΩ 1

(n · (x− y) + iϵ)2
. (B.4)
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u

x

y×

×
ux

uy

C1

C2

Figure 14. The integrand is singular at u = ux and uy in the complex u plane. We also show the
contours C1 (the red curve) and C2 (the blue curve) to evaluate the integral.

The result matches with the one using the first method. The contour C1 and C2 as well as
the poles ux, uy are shown in figure 14. Now the integration becomes

r.h.s. = − 1
16π3

∫
dΩ 1

(−(x0 − y0 − iϵ) + n · (x − y))2

= − 1
16π3

∫
sin γdγdϕ 1

(−(x0 − y0 − iϵ) + |x − y| sin γ)2

= 1
4π2

1
|x − y|2 − (x0 − y0 − iϵ)2 . (B.5)

Since x0 > y0, the result can be rewritten as

r.h.s. = 1
4π2 ((x− y)2 + iϵ) = GF (x, y). (B.6)

C The cross ratio and s, t, u channels

For brevity, we define

Θσ1σ2σ3σ4 = Θ
(
− σ4
zσ1

)
Θ
(

1 + z2

z(1− z)
σ4
σ2

)
Θ
(
− 2
1− z

σ4
σ3

)
. (C.1)

In the context, we find that Θ−−++ is nonvanishing only for z > 1

Θ−−++ = Θ(z − 1). (C.2)

In the following table 1, we find the range of z with nonvanishing Θσ1σ2σ3σ4 for all permutations
of σ1σ2σ3σ4. It shows that the value of z should be in the range z > 1 for s channel, 0 < z < 1
for t channel and z < 0 for u channel.
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σ1 σ2 σ3 σ4 z

− − + + (1,∞)

− + − + (0, 1)

− + + − (−∞, 0)

+ − − + (−∞, 0)

+ − + − (0, 1)

+ + − − (1,∞)

Table 1. The value of z with nonvanishing Θσ1σ2σ3σ4 .

D Incomplete Gamma function and related integrals

In the context, we have defined the following integral

J(q, χ, ω0) =
∫ ∞

0

dω

ω1−q e
−iωχΘ(ω − ω0) (D.1)

which can be used to generate the following classes of integrals

Jn(χ, ω0) =
∫ ∞

0

dω

ω
logn ωe−iωχΘ(ω − ω0) = lim

q→0

dn

dqn
J(q, χ, ω0). (D.2)

By inserting a −iϵ into χ factor, the integral can be found as

J(q, χ, ω0) = (iχ)−qΓ(q, iω0χ) (D.3)

where χ should be understood as χ− iϵ. The incomplete Gamma function is defined as [64]

Γ(q, x) =
∫ ∞

x
dt tq−1e−t. (D.4)

It is the Gamma function for x = 0

Γ(q, x = 0) = Γ(q). (D.5)

The Digamma function is the derivative of the logarithmic of the Gamma function

ψ(q) = d

dq
log Γ(q) = Γ′(q)

Γ(q) . (D.6)

The Digamma function is analytic on the complex plane except for the points q=0,−1,−2,−3, · · ·
where the function is singular. The Digamma function satisfies the recurrence formula

ψ(q + 1) = ψ(q) + 1
q
. (D.7)

The Euler constant γE is related to the Digamma function by

ψ(1) = −γE . (D.8)
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Therefore, we may use the relation (D.7) to find the exact value of ψ(n), n = 1, 2, 3, · · · .
The duplication formula for the Digamma function is

ψ(2q) = 1
2ψ(q) +

1
2ψ

(
q + 1

2

)
+ log 2. (D.9)

Setting q = 1
2 and combining with (D.8), we find

ψ

(1
2

)
= −γE − 2 log 2. (D.10)

It follows that

ψ

(3
2

)
= 2− γE − 2 log 2. (D.11)

The n-th derivative of the Digamma function is defined as

ψ(n)(q) = dn

dqn
ψ(q). (D.12)

In the IR region ω0 → 0 and near q = 0, we may write the result (D.3) as

J(q, χ, ω0) = Γ(q)(iχ)−q − ωq0
q

+O(ω0). (D.13)

By taking the limit q → 0, we find

lim
q→0

dn

dqn
J(q, χ, ω0) = lim

q→0

dn

dqn

[
Γ(q)(iχ)−q − ωq0

q
+O(ω0)

]
(D.14)

which follows that

lim
q→0

J(q, χ, ω0) = −I0, (D.15a)

lim
q→0

d

dq
J(q, χ, ω0) =

I20
2 − I0 logω0 +

π2

12 , (D.15b)

lim
q→0

d2

dq2
J(q, χ, ω0) = −I

3
0
3 + I20 logω0 − I0

(
log2 ω0 +

π2

6

)
+ 1

6[π
2 logω0 + 2ψ(2)(1)],

(D.15c)

lim
q→0

d3

dq3
J(q, χ, ω0) =

I40
4 − I30 logω0 + I20

1
4(π

2 + 6 log2 ω0)− I0

[
logω3

0 +
π2

2 logω0 + ψ(2)(1)

+ 1
4π

2 log2 ω0 + ψ(2)(1) logω0 +
3π4
80

]
(D.15d)

where we have defined

I0 = γE + log iω0χ. (D.16)

The integrals Jn(χ, ω0) are always finite for any n = 0, 1, 2, 3, · · · .
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E Callan-Symanzik equation for two-point Carrollian amplitude

The Callan-Symanzik equation for two-point Carrollian amplitude is

M
∂

∂M
C(2) + β

∂

∂λ
C(2) − 2γC(2) = 0. (E.1)

Since C(2) has been fixed to (4.23) by Poincaré symmetry up to a normalization factor N ,
the equation becomes a constraint for N

M
∂

∂M
N + β

∂

∂λ
N − 2γN = 0. (E.2)

Since γ ̸= 0, the normalization N should depend on the energy scale M and the coupling
constant λ. Then it is evolved into the scale µ through the solution of (E.2)

N(λ̄(µ)) = exp[2
∫ µ

M

dµ′

µ′
γ(λ̄(µ′))]N(λ). (E.3)

Now we will calculate the normalization factor N up to 2-loop. The relevant diagram is
the sunset diagram

iM2-loop
sunset(p) =

(−iλ)2
6 M̄2ε

∫
ddp1
(2π)d

∫
ddp2
(2π)d

−i
p21

−i
p22

−i
(p− p1 − p2)2

= i
λ2

6× (4π)d M̄
2εΓ(3− d)B(d2 − 1, d2 − 1)B(d2 − 1, d− 2)(p2)d−3

= i
λ2

12× (4π)4 p
2
(
−1
ε
+ log p2

M2 − log 4− 5
4

)
, (E.4)

where the Beta function B(p, q) is defined as

B(p, q) = Γ(p)Γ(q)
Γ(p+ q) . (E.5)

The divergence 1/ε is canceled by a counter diagram and then the 2-loop correction to
the two-point amplitude is

iM2-loop(p) = i
λ2

12× (4π)4 p
2
(
log p2

M2 − log 4− 5
4

)
. (E.6)

The result is the same as the Problem 10.3 of [37]. It seems that the amplitude is 0 on
shell since the particle is massless and then the two-point Carrollian amplitude receives
no contribution at 2-loop level. However, we will work out the details to transform it to
the Carrollian amplitude

C2-loop
(2) =

( 1
8π2i

)2 ∫ ∞

0
dω1

∫ ∞

0
dω2e

iω1u1−iω2u2(2π)4δ(4)(p1 − p2)ip21U(p21) (E.7)

where we have defined a function U(p2) through

U(p2) = λ2

12× (4π)4

(
log p2

M2 − log 4− 5
4

)
(E.8)
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which is divergent in the limit p2 → 0. Note that we have flipped the sign of the incoming
momentum in the context and parameterized the momenta p1 and p2 as

p1 = ω1n1, p2 = ω2n2. (E.9)

The Dirac delta function is

(2π)4δ(4)(p1 − p2) = (2π)4δ(3)(p1 − p2)δ(ω1 − ω2). (E.10)

The last term is divergent as δ(ω1−ω2) = δ(0) on-shell since p1 = p2. However, we also notice
that p21 = 0 and we will argue that the product (2π)4δ(4)(p1 − p2)p21 could be replaced by

(2π)4δ(4)(p1 − p2)p21 → const. × ω1(2π)3δ(3)(p1 − p2) (E.11)

in the integrand. The factor ω1 is fixed by dimensional analysis and the constant may be
fixed by comparing it with the tree-level two-point Carrollian amplitude which is a Fourier
transform of the two-point amplitude

Ctree
(2) =

( 1
8π2i

)2 ∫ ∞

0
dω1

∫ ∞

0
dω2e

iω1u1−iω2u2(2π)4δ(4)(p1 − p2)(ip21). (E.12)

The replacement rule (E.11) follows from comparing (E.12) with (4.1) and (4.2) in which
const. = −2i. Then the 2-loop correction has the same form as the tree level, except a O(λ2)
correction from U(p21). The logarithmic IR divergence of U(p21) may be cured by setting
p21 to a spacelike momentum −µ2. As will be shown, the IR divergence doesn’t affect the
discussion. We will not focus on it in this work. Therefore, we find the following correction
for the normalization factor N

N2-loop = N tree(1 + U(−µ2)). (E.13)

Note that

M
∂

∂M
N2-loop = −2× λ2

12× (4π)4N
tree = 2γ(2)λ2N tree (E.14)

and β = O(λ2), the Callan-Symanzik equation (E.2) is satisfied.
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Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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