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1 Introduction

Celestial holography posits a holographic duality between a theory of quantum gravity
and a co-dimension two ‘celestial’ conformal field theory that lives on the celestial sphere.
Correlation functions in this putative celestial CFT calculate the S-matrix of the bulk theory,
which, as it is defined from data living on null infinity, is a naturally holographic observable.
While few examples of these dual theories are known, one can calculate correlation functions
in the dual celestial CFT from bulk scattering amplitudes by putting the external particles in
a basis of wavefunctions that transform as conformal primaries under Lorentz transformations,
which act as global conformal transformations on the celestial sphere [1, 2].

To date, majority of the progress in celestial holography has been a result of working from
the inside out: that is, one identifies a property of bulk amplitudes that, when transformed to
a conformal basis, becomes some interesting property of the putative celestial conformal field
theory. Thus far, this has been a useful technique for studying various aspects of celestial
holography. For instance, by Mellin transforming collinear splitting functions in Yang-Mills
and gravity, one can uncover the singular terms in the OPEs between gluons and gravitons [3].



Additionally, Mellin transforming universal soft theorems indicates that celestial CFTs that
are dual to gravity contain currents whose OPEs with other particles encode universal soft
theorems [4, 5]. Combining these results lead to the discovery of the universal soft wioo
and S-algebras in gravity and gauge theory, respectively [6, 7].

While this has been a useful tool for studying celestial CF'Ts dual to simple bulk theories,
one would like to have examples where the boundary theory has an independent definition.
While one might hope to find a bulk theory whose scattering amplitudes allow one to read off
the 2D CFT that computes them, celestial amplitudes, especially those of massless particles
where the holographic dictionary is most well understood, tend to have unusual properties. For
example, due to bulk translation invariance, low-point celestial amplitudes of massless particles
are distributional [8, 9]. Understanding how these distributional correlation functions could
arise from a two-dimensional conformal field theory, where correlation functions are generally
smooth, is an important issue [10]. Nevertheless, we will not address this here. Instead, we will
break translation invariance by adding an explicit source term for a scalar field. This allows
celestial amplitudes of massless particles to be non-singular on the celestial sphere [11-15].

Scattering amplitudes with non-trivial backgrounds have appeared recently in proposals
for several explicit celestial dualities. In [16, 17], Costello, Paquette and Sharma argued that
a particular four-dimensional WZW model coupled to an unusual scalar gravity theory in
a four-dimensional asymptotically flat spacetime was dual to the large N limit of a simple
2D chiral algebra. In [18], it was argued that amplitudes calculated from a simple boundary
theory consisting of a centerless Kac-Moody algebra and the semiclassical limit of Liouville
theory matched tree-level MHV amplitudes computed around a J-function source for a
canonical scalar field. In [19], they suggest that this duality might persist beyond tree level.

Interestingly, introducing source terms centrally extends the soft algebra and allows soft
currents to create states of finite norm under the familiar CFT inner product. Additionally,
while the source does not deform the singular part of the gluon-gluon-gluon OPE, the
relationship between the three- and two-point functions implies that finite terms in the gluon
OPE depend on ratios of different terms in a Taylor expansion of the background [12]. This
suggests that surprisingly different boundary theories might be dual to surprisingly similar
bulk theories with different backgrounds.

In this work, we attempt to use the general features of celestial amplitudes from the
“inside out” perspective to find some toy examples of 2D theories that may have a bulk dual.
We focus on realizations of the soft algebra for self-dual Yang-Mills (SDYM) theory where
the gluon operator factors into a Kac-Moody current that is the same for all gluons and
encodes the color structure of the theory and a scalar primary operator that provides the
correct scaling dimension. We then show that, for some different realizations of this scalar
theory, we can identify a scalar background such that connected tree-level all + amplitudes
in SDYM coupled with a ¢F? interaction to a neutral scalar match those computed from
the toy two-dimensional theory in a limit where the coupling to the scalar vanishes and
the strength of the background diverges.

This paper proceeds as follows. After reviewing celestial holography and self-dual Yang-
Mills theory in section 2, section 3 defines an ansatz for two-dimensional realizations of the
gluon-gluon algebra in which the gluon splits into a universal Kac-Moody current and a scalar



operator, possibly with a summed-over internal index. We explain how to obtain correlators
from this in a particular decoupling limit and derive a condition on the three-point function
of the scalar operator such that a scalar source exists and amplitudes around that source
match the three-point function computed from the candidate boundary theory. In sections 4
and 5, we give two examples of these boundary theories and a bulk source whose scattering
amplitudes match the boundary correlation functions. Finally, in section 6 we discuss moving
beyond the decoupling limit and identify a bulk coupling constant dual to the level of the
universal Kac-Moody currents in the 2D dual.

2 Preliminaries

In this section, we will review the origins of the celestial OPE as a chiral collinear limit as
well as the tree-level S-matrix of SDYM coupled to a scalar source.
2.1 Celestial amplitudes

Celestial amplitudes provide a way to interpret four-dimensional scattering amplitudes
as correlation functions in a two-dimensional celestial CFT. To see this, one must first
appropriately parametrize the spacetime. In Cartesian coordinates, flat Minkowski space
has metric

ds® = —dx? + da? + do3 + da? (2.1)

in (3,1) signature.! A null vector ¢ can be parametrized by

i3]

) = nwi(z,2)
¢"(2,2) =1 +z2z,2+2,—i(z — 2),1 — 2%)

¢ w2, (2.2)

where w is a frequency, n = +1 (—1) for outgoing (incoming) particles, and (z, z) labels a
coordinate on the celestial sphere CS. Because we are working in (3,1) signature, z and
z are complex conjugates of one another. Under Lorentz transformations, z,z transform
under Mo6bius transformations. Using the standard basis for Pauli matrices o*, we can write
any momentum as ¢os = (¢ 0)aa = Aaq where these spinors then define the following
spinor helicity variables with brackets

<Z]> = —27]1‘77]'1/(4}1‘(4}]'21']', [’L]] = —2,/&]1'(4}]‘21']' (23)

in the usual way, such that (ij)[ij] = —2q(w;, 2, ) - ¢(wj, 25, Zj).

Celestial amplitudes can be found by computing scattering amplitudes in a basis that
diagonalizes boosts rather than translations. This is referred to as the celestial basis or
the conformal primary basis. For massless external particles, these can be found by Mellin
transforming the momentum space scattering amplitude with respect to the frequency w

00 n
. A—1 . P
A (17217&1 .. -nzman) = /0 | I dijj 7 Ay an (M (21, 21), - ooy MwnQ(2n, 2n))  (2.4)
i=1

"Most of the literature treats z, Z independently, either as real and independent variables or by separately
complexifying them. While we work in (3,1) we can analytically continue to (2,2) to make connections to
those results.



where A, is the conformal weight of the external particles and a,, is any other label, such as
helicity, color, or species. Lorentz invariance of the momentum space scattering amplitude A
implies that the celestial amplitude A transforms as a correlation function of n conformal
primaries of weights A; and spins given by the bulk helicities of the particles. As such, when
it is convenient we will write these amplitudes as correlation functions

A(fglal ng) <0A1a1- ognmany (2.5)

2.2 Celestial OPEs and collinear singularities

In traditional conformal field theory one usually says the theory is specified by the spectrum,
i.e the conformal dimensions of the operators, and their operator product expansion which
expands a product of two local operators as a sum over a basis of single operators. In a con-
ventional CF'T, the existence of the OPE is often related to the state-operator correspondence,
but it can also be studied by examining coincident limits of CF'T correlation functions.

For celestial amplitudes, taking z; — zo for two celestial insertions is equivalent to taking
(12) — 0 in the bulk scattering amplitude.? In this limit, gauge and gravitational amplitudes
exhibit a universal factorization behavior where3

An v+ = Split—,  (p1,p2) A(n—1)+...(P1 + P2, D3, - - ). (2.6)

The singular term in the OPE arises from diagrams where the particles that are becoming
collinear are attached to the same three-point vertex. As z1o — 0, the internal propagator
goes on-shell and leads to the collinear divergence. Mellin transforming this leading splitting
function leads to the leading term in the celestial OPE. For gluons, this gives the OPE*

OL%(z1,21)O0K) (22, 22)
_ Cif i L(A; +m —1)(Ag — 1)
212 m!L(A; + Ay +m — 2)

m=0

agnOA1+A2 (22, 22) + O(2y), (2.7)

where f“bC are the usual structure constants in Yang-Mills. A similar story exists in gravity
that we do not reproduce here [3].

2.3 Conformally soft theorems

In momentum space, gauge and gravitational amplitudes exhibit universal behavior in the
limit where one of the external particles become soft. In the dual celestial CFT, these soft
theorems govern divergences in the celestial amplitudes of gluons as one of the external weights
goes to specific integer values, A = 1,0,.... As such, one can define the soft gluon operators

RF(z,2) = hm 60k+5( z), k=1,0,—1,... (2.8)

When inserted into correlation functions, these soft operators give finite correlation functions
as the vanishing € cancels a divergence arising from the small w region of the Mellin transform.

2Note that this is a chiral collinear limit that differs from the standard collinear limit where z12, Z12 — O.

3Similar collinear factorizations exist for general helicity scattering amplitudes in full Yang-Mills theory.

“In some cases where the soft algebra fails to satisfy the Jacobi identity, there can be another singular
term in the OPE [20]. We do not consider this case.



Taking the double soft limit of the gluon-gluon OPE (2.7) reveals that the OPE of soft
gluons takes the form [3]

ift o 2-k—t—j)
e DYy

Rk’“(zl, El)RZ’b(ZQ, 22) ~

‘5{25ij+£_1’c(22, 52). (2.9)

7=0
Expanding in modes®
3-2 « S
R3720(2, %) = o 2.10
(:2) zn:mzl_q (g +m—1)l(g—m — 1)lznt2-azm+l—q (2.10)

the OPE is equivalent to the mode algebra

(st sab, | = —ifebsiiae . (2.11)
A similar formula gives the soft algebra for gravity, the wedge subalgebra of the loop algebra
of w1+ [7]. Because these soft generators can be obtained by commutators of universal
soft theorems, which receive only limited corrections from non-minimal couplings, it is
expected that any reasonable celestial dual for Yang-Mills or gravity should contain this
algebra in some form.

2.4 Self-dual Yang-Mills

While it would be nice if we could consider the most general theory in the bulk, it is easier to
consider some specific cases that are more tractable and serve as sort of toy-models. Self-Dual
Yang-Mills (SDYM) theory is a relatively soluble 4D gauge theory where one helicity of the
gluon has been projected out, so that the field strength is self-dual. SDYM can be defined by
a simple Lagrange multiplier enforcing self-duality of the field strength:

S = /d4a:TrBF_ (2.12)

where F_ = F — xF is the anti-self-dual part of the field strength [21]. Because the self-
duality condition restricts the type of gluons that can propagate in internal lines in Feynman
diagrams, SDYM has an extremely simple S-matrix consisting of a tree level ++ — three-point
amplitude and 4-point and higher all + one-loop amplitudes that are rational functions of
the external momenta [22].

SDYM can also be consistently coupled to neutral scalars

S = /d4x [Tr BF_ + (=1)P¢0P¢ — m*¢* — %kqﬁ Tr F?|. (2.13)

Again, the tree-level connected S-matrix is incredibly simple. Because F' = xF for the
self-dual theory, the Bianchi identity implies that V,F*" = 0 so that the equation of motion

5Note that this is just the standard CFT mode expansion of operators where we have performed a convenient
rescaling of the mode coefficients as in [3].



for the gauge field does not depend on the scalar coupling. As such, the connected color-
ordered amplitudes are the all-gluon amplitudes, which vanish at tree level, and the all-gluon
one-scalar amplitude, for which the color ordered amplitude takes the simple form [23]

2km?
(12)(23) -~ n1)

A(l*---n*(nJrl)O) - W (pr 4+ p2 4D+ Pogr)- (2.14)

Here, the amplitude does not depend on the power p appearing in (2.13) because there
are no internal scalar exchanges.

2.5 Sourced self-dual Yang-Mills amplitudes

Recent work [11, 12] has shed light on the importance of thinking about SDYM in the
presence of a source. It turns out that SDYM with a scalar source also has a simple S-matrix.
If we consider a source for the scalar, with action

5= / e [Tr BF_ + (—1)P6(P¢ — %kqﬁ Te F? 4 (=1)"nJ (2) () (2.15)

the tree-level connected all 4+ color-ordered amplitude in momentum space takes the form

= 2kn(P%)? J(P) (2.16)

AT n") = Gty

where P = py + - - - p,,. Because the field strength is restricted to be self-dual, the connected
gluon amplitude is exactly proportional to 7, as no connected gluon diagrams exist that
can interact with the scalar background more than once and the tree-level all + amplitudes
vanish [12]. Additionally, in the limit where k¥ — 0 with kn = u fixed, the gluon S-matrix
decouples from the dynamical scalar, and we can consider the effective action

S = / d*x {Tr BF_ — %m(m) Tr F? (2.17)

where ¢(z) is a fixed function satisfying ("¢ (z) = J(x). In this limit, the tree-level S-matrix
is derived by simply exponentiating the connected amplitudes given in (2.16) and subsequently
taking kn — p. This limit projects out amplitudes involving the exchange of the dynamical
¢ field, allowing us to replicate pure gluon amplitudes in a scalar background.

3 Gluon-gluon OPE ansatz

The singular gluon-gluon OPE is severely constrained by universal soft and collinear singular-
ities of gauge theory scattering amplitudes. As such, any 2D celestial dual should contain
operators that generate the gluon-gluon OPE in gauge theory, possibly with some modifica-
tions from the few effective operators that can deform the singular part of splitting function.

Taking inspiration from [18], we focus on realizations of the gluon-gluon OPEs where a
gluon is a product of a level-0 Kac-Moody current J* and a scalar primary <I>iA_1, of the form

0% =T(A — )Tl . (3.1)



where ¢ is some internal index that we have summed over. If the currents form a level-0
Kac-Moody algebra of the form

_Z'fabc gwr o

JPT) = -~ ©(22) + O(212) (3.2)
and the scalars obey the OPE
Oy, (21, 1), (22, Z2) = W, ®h (o, (22, 22) + O(|212]) (3.3)
where
gijrh”s =4 (3-4>

these operators will have the OPE.® Note that equation (3.4) fixes h in terms of g.

T(A; = DI(Ag — 1) i fe
F(Al + Ay — 2) 212

OX?(Zl,El)OXZ(ZL@) = — OXC ny1(22,22) + -+ (3.5)

which replicates the gluon-gluon OPE in gauge theory [4]. By taking appropriate residues
of this operator product expansion, we can similarly obtain an ansatz for the soft gluon

algebra [3]:
(D" g
R = IO = [ qr e (3.6)
if (2—k—0)! '
Rk,a(zhzl)Re,b(Z%zg):_Zf A ) Ry ) 4o

Z192 (1 — k)'(l — 5)'

It should also be noted that such operator constructions are also reminiscent of the
ambitwistor string’ discussed in [24]. However, we do not comment on that further here.

3.1 Extracting sourced amplitudes from realizations of the gluon gluon OPE

While realizing the gluon-gluon OPEs in the boundary theory is suggestive, a true duality
will require matching scattering amplitudes to boundary correlators. Since the realization of
the gluon-gluon OPE in (3.5) contains a centerless Kac-Moody current algebra, correlation
functions of these operators will vanish.

To resolve this, we will give the Kac-Moody current algebra a level k so that correlation

functions®

(X Grz) - OF G z) ) = (it T ) (BR, R, L0) (39)

are nonvanishing. We will describe the physical meaning of this level in section 6. For
now, we simply use it to extract non-vanishing boundary correlators. We focus on the

5While this gives only the 0(2?2) term, the subleading terms are fixed by Lorentz invariance.

"We thank Atul Sharma for pointing this out to us.

8This bears resemblance to the way celestial correlators are expected to factorize under soft factorization.
In that case, the correlator of currents represents the soft part of the S-matrix while the correlator of, scalars
in this case, acts like that of the hard Wilson line dressings. It is also reminiscent of the color-factor term
relating color-ordered amplitudes to full amplitudes in gauge theories.



fully connected contributions from here on. The scalar two point function is constrained
by conformal invariance to be

i _ . _ 5A 7A SZA‘] A
(@, (21, 21) @A, (20, 20) ) = A (3.8)

where SX1 A, I8 some constant in terms of the structure of the operators and their conformal
dimensions. Using our ansatz for the gluon operators,

+a — \+b _ koab
(08821, 08k (22, 22) ) = T(A1 = DI (Ag = 1) =5 (
Z12 )
ko“’T (A1 = DI(A2 = 1)0a, 05K, 18,1

_ 3.9
22 1o PBD) (3.9)

7;Al—l(z”l’ 21)¢22—1(227 22)>

where ¢ is summed over. If the space of internal indices is large, we should have SXL Ay =
NSA,.A,- Comparing with the dependence of the sourced gluon amplitudes implies the
strength of the background 7 will equal N. Taking n = N — oo while fixing u = kN
will decouple the gluons from the dynamical scalar field and lead to finite correlators with
vanishing level.

Taking the soft limit and matching with the two-point amplitude in sourced SDYM [12]

il sab
japtb\ _ _ 1070%a_1_;
(RR >_2(—4)J‘z§2\zmy20—1> (3.10)

implies that this describes two-point scattering around a scalar background given by

o(p) = Zaj(pQ)j where a; = 2
J

: S_9_j_9_j. 3.11
oG 31y
Note that we have stripped off the current correlator (J%J%). Because ®% transforms as a
conformal primary of weight A, this expression does not depend on z;;, z;;. Thereby, given
a realization of the scalar OPE, (3.11) gives a background around which gluon two point
functions match that computed with the boundary ansatz.

3.2 General constraints on sourced amplitudes

While we can always match the two-point function by choosing the background, since
we can vary the two-point function for each weight independently by changing the scalar
background, consistency with three-point gluon amplitudes provides a constraint on the
boundary realization of the scalar operator ®A. It was shown in [12] that soft three-
point functions of positive helicity gluons scattering around a fixed scalar background?
o(p) = Xja;(p?) take the form'”

A (U 2831) = A kaky
17 R2 7R3 212223231‘ZIQ‘kl-i-kQ—k‘;;—l|223‘k2+k3—k1—1|Z31|k1+k}3—k2—1

052 ( ey ) (3.12)

Apgg = ———2=B2
ki1koks (_1)35/226+3 k17k227k3+1’ 7k‘1+k§7k3+1’ 7k17k§+k3+1

9We assume that the scalar background ¢ is damped in the UV and that near p = 0 it admits a power law
expansion in pZ.

10Here ( "

) = —*— is a trinomial coefficient.
ni,mg,n3 nilnglng!



Above, we saw that choosing ¢(x) allowed us to realize different boundary duals for the
scalar component of a realization of the gluon-gluon OPE. However, modifying the scalar
background does not allow us to set all three-point amplitudes independently. Rather,
the ratio of three point amplitudes with different external weights but the same value of
8 = ki + ko + ks — 3 is fixed. For all soft amplitudes, this implies that

1—Fk1+ ko — k3
A . 3.13
3 _|_ kl _ k2 _ ]€3 k1k2k3 ( )

Ay 1, ko1 ks =

This constrains the three point function of the scalar fields ®, which by conformal invariance
has the form

7 J — 1k2k3
< kl(I)k2(pk3> - |Zl2|k1+k2—k3|223|k2+k3—k1 ’z31’k3+k1—k2 : (314)
In terms of these three-point functions, the constraint becomes
i 1—]€2)(l€1—k2+k3) ik
. Sljk — ( . 1) ’ 315
gZ]kJ k1+1,ka—1,k3 k1(2 T kl . k2 _ k?,) gljk k1,ko,k3 ( )

where g;;; contains the dependence of the three-point KM correlator on the internal indices.
Whether the constraint in (3.15) is ultimately implied by the leading OPE of the scalar field
or if it is a novel constraint on the dual scalar theory is left to future work. Additionally, dual
theories that fail to satisfy this constraint are not necessarily sick. They merely cannot arise
from expanding around a background for a scalar field non-minimally coupled to self-dual
Yang-Mills through a ¢ Tr F? interaction.

We now describe two distinct realizations of the gluon-gluon OPE of the form given
in (3.1) with trivial internal index that can be realized by two different sources for a scalar field.

4 Gluons from vertex operators

We first consider a realization of the scalar OPE (3.3) arising from light operators in the
semi-classical limit of Liouville theory. While this discussion largely parallels the construction
of MHV amplitudes from Liouville theory [18], our scalar source is slightly different since we
are looking at all + amplitudes in self-dual Yang-Mills rather than MHV amplitudes.

4.1 Vertex operator realizations of the gluon-gluon OPE

Realizations of the gluon OPE can also be found using light operators in the large background
charge limit of Liouville CFT. The Liouville CFT is defined by the action [25]

S = ﬁ / dw\/g 0" ¢, + QR + Ae? | (4.1)

where the background charge is Q = b+ % and A is the parameter related to the cosmological
constant. The spectrum of Liouville theory is continuous, and is given by scalar vertex
operators labeled!!

V, = €229 (4.2)

UProperly, this is a limit of the vertex operator as ¢ — —oo and the potential vanishes.



of weight A, = 2a(Q — «). The semi-classical limit of Liouville theory is the limit b — 0. In
this limit, the operators Vja /o have weight A and are the light operators in semi-classical
Liouville theory. Operators with momenta that scale as b~! are the hard operators. In the
classical limit of Liouville theory, the correlation function of some number of light and heavy
operators takes a simple form, as insertions of light operators do not change the saddle of
the path integral, while insertions of heavy operators act as a source

<VbA1/2 - Vorn 2V V7]m/b> ~ ¢~ Slee]/b? H eDrbe(zk:2k) (4.3)
k=1

Here ¢. = bo(x) solves the classical equation of motion with sources created by the hard
operators [26]

0. = 2\e%e — 2m Z njd(z)(z — zi). (4.4)
j=1

The correlation functions (4.3) allow us to immediately derive the coincident limit of the
light operators. Inserted in a correlation function in the limit b — 0, two light operators
simply give the insertion

Aq¢c(21,21)+Ag¢c(22,29)
2

Via,2(21,21) Vo, 2 (22, 22) = e = Vi(ar+0,)2 + O(212,212).  (4.5)

As per (3.1) we can then define
OX*(2.2) = D(A — 1J°(2) lim Viga_ 1=, 2). (4.6)

These operators then obey

i ab
SB(A1— 1,00 = 1)ORS A, 4 (4.7)

OZ?(ZM El)oig (22,22) = — 12

and realize the gluon-gluon OPE for SDYM which is also the positive helicity gluon OPE in [4].

4.2 Celestial Liouville for SDYM

Taking the gluon operator as defined in (4.6), we obtain the following correlator

_ pTrer.. e

+a1 +an
<(9A1 - Of° >
212223+ * Znl

lim <VE)(A1_1)/2(Z1, z1) - Voan—1)2(2n; 5n)>b + o
(4.8)
where - - - includes other color orderings and the ()} is a correlator in Liouville theory. Here, we
have taken the decoupling limit where the background freezes out. In general the correlation
functions have a rather complex structure, however for certain cases they can be written out

elegantly. When »°;(A; — 1) = 2, the Liouville correlator has the form [18]

. — = 2 5 —2(A;—1
Sn:;%<%(A1—1)/2(Z1,21)"'%(An_1)/2(zn,zn)>b:/d ngllzj—z| (B=D (4.9)

,10,



Using the parametrization of null momenta given above and explicitly imposing the delta

function constraint, we can rewrite this integral as a projectivization over the lightcone as'?

2m3(6 — 25, = 2mb(5 —2) [ P 1_1 (—;@(z, 2)- e, zﬂ)l_Aj

= 4/wdwdzd H 4(%5, 25) A(Zag)])liAj
7=1

n

= 2/d4X5 H q(z5, %) 1_Aj

Jj=1

2 i=2 i X" wid(24,2
= A, /d4X6 (X?) Hdww 22 ntEa) g 1)

Restoring the color part of the gluon operator gives

- a; 2 T ,_T’a1 L iX. n Wil(2s 5
<HOX]-J(ZJ7E]‘)> L/&Xd X2 I | dw A 26XE]':1 54(25,%5) 4.
1

= (2" [ doe (1))
% /d4X5(X2)elX'ijjé(zj72j) 4. (411)

where + - - - includes other color orderings. We can recognize this as the connected amplitude
describing tree-level gluon scattering around a background for a fourth order scalar with source

J(X) = —0(X?). (4.12)

5 Gluons from generalized free fields

Another realization of the soft gluon-gluon OPE can be found by constructing the scalar
part of the gluon operator from generalized free fields of weight —1. We now show that this
realization can be matched, at the level of the two- and three-point functions, by scattering
around an exponential background.

5.1 Generalized free field representations of the soft gluon algebra

For simplicity we consider the OPE in (3.3) for g = h = 1. Recall that a generalized free field
is one such that the correlation functions are entirely determined from the two point function.
This makes it a good simple example so we consider a generalized free-field with OPE

p(z1, 21) (22, Z2) ~ ] 212 (5.1)
Now, consider the scalar operator constructed from these fields as

Dp = 1 (2,2 : (5.2)

'*Here we have used the integral | dww? ™' = 27w8(B). This is valid for 8 € iR but can be continued off of
this region as described in [27].
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where :: denotes standard normal ordering and k is negative. Because all terms involving
contractions between p’s are sub-leading in the z19z19 — 0 limit, they have the OPE

Dy (21, 21)®j (22, 22) =t " (21, 21) 1t 7 (22, 22)
=: u_k_j(ZQ, 52) : +O(212, 512) = (I)k+j + 0(2’12). (53)

Because 1 has negative weight, this matches the ansatz (3.3) with trivial internal index. As
defined in (3.1), we can write a composite operator

(-1 (-1

B 2) = 1 %)

JY2)Pk-1(z,2) = JUz) s (2, 2) : (5.4)

that has OPE

ift 2—k—0! 1.
TR G-ma—pt @ (5.5)

which can be recognized as the soft gluon-gluon OPE. [3]

Rk’“(zl, El)RE’b(ZQ, 52) =

5.2 Celestial generalized free fields

A similar discussion can be had in the case of a generalized free field where the level k
is understood to be attached to the Kac-Moody currents. In this case, we can construct
non-zero correlation functions. Defining the soft operators as in (5.4) we have that, in
the decoupling limit,

) 2—-23 5j€ 5ab
(Riaph)y = : (5.6)
(1= )lety 212201
where we have evaluated the two-point function as the maximal contraction of the u fields.
Comparing to the two-point soft-soft amplitude above, the gluon-gluon two point function
matches scattering with background
s 2(2+4) (_g)—1-J
: 2y T(—4)
— 2] _
= a;p”, a; = :
¢(p) Z P J ( g + 2)|

j=—2

(5.7)

2.2
Summing this series this gives ¢(p) = —%. We can therefore conclude that these

amplitudes are generated by coupling self-dual Yang-Mills to a scalar potential with
65 =4 / d*z¢(x) Tr 2 (5.8)

in the decoupling limit where (?¢(z) = 4e=*/7"
This generalizes to three-point functions. Computing the three point function of gen-
eralized free fields

Cn nan
<,un11un21un3> _ 11273 (5.9)

= ‘212 ’n1+n2—n3 |Z23‘n2+n3—n1 |231 |n3+n1—n2

as a sum over all possible Wick contractions gives

o B 7_5/2n1!n2!n3!
ninamng — (n1+n2—n3 )
2

5.10
! x cyclic ( )

which satisfies the constraint on the three-point function in (3.15). This implies that these
three-point amplitudes can arise as gluon scattering around a scalar source.
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6 Beyond the scalar decoupling limit

So far we have seen how different choices of scalar field ® result in different gluon-gluon
OPEs. However, it has been of recent interest [12, 28] to try to understand deformations to
bulk theories that result in specific types of deformations to the boundary OPEs and thereby
the corresponding boundary algebras. In particular, one can attempt to understand classes
of bulk deformations that result in boundary OPEs that are a consequence of the 2D current
J¢ satisfying a Kac-Moody algebra with a non-trivial level.
Turning on a level for the WZW current deforms the J%J® OPE to
ké‘ab fabC Je

JOJb ~ —i . 6.1
21 212 (61)

This adds a new term to the OPE of the 2D gluon operators

_ _ (A — D)I'(Ag — 1)k6*

Ona, (21,721)0n, (22, 22) = (A1~ 1) Z(Q 2~ 1) Pp,1A,—2
12

CAfET(AL - 1)I(Ay — 1)

212 F(Al + AQ — 2)

0A1+A2_1 —|— “ e (62)

We see that the OPE of two gluons will now include a scalar term proportional to the
level of the current algebra. In the context of a bulk theory, this means we have added an
interaction between gluons and a bulk scalar field that now contributes to the Feynman
diagram calculations of scattering amplitudes.

This deforms the soft OPE to

Rg’a (2’1, El)Rj’b(ZQ, 52)

_1\2—4—j ab i fab — 0 — ) .
~ ( 1) : k(z (I)€+j—2 _ Zf c (2 14 .7) RZ—}—]—LC
(L =01 = 7)! 27y z12 (1 =01 —j)!

(22,22) +--- (6.3)
Defining ¢ = %H@k, the OPE becomes
Rk’a(Zl, El)Rj’b(Zg, 22)

(2—j—k)! ka® % Qo l=J) e

TSR =) 2, T T L (=011 — ) (22,22) +--- (6.4)

which is the soft algebra for SDYM coupled to a fourth order scalar with action
1
S = /d4x {TrBF + o2 — 51@ Tr F2 (6.5)

so that the level of the boundary WZW current algebra is dual to a ¢ Tr F? coupling in
the bulk.'3

While we leave determining the precise scalar theory described by the ¢ operators to
future work, it is clear that it must have several interesting and surprising features. The

30n both sides of this duality, there is an additional O(zf;) term in the OPE coming from subleading
contributions to the gluon-gluon-scalar operator product expansion. These terms do not neatly factorize and
may be related to multiparticle operators in celestial CF'T. We leave their characterization to future work.
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scalar-scalar-scalar operator product expansion, by the usual bulk-boundary dual for OPEs
of massless particles [6], implies that the scalar is interacting, and the theory contains the
interaction vertex

Sint () D / d 2 ¢ $0,0,. (6.6)

However, the theory likely contains other interaction terms and must have surprising cancel-
lations in scattering amplitudes: the operator product expansion between two scalars would
generically contain a normal ordered term as well as the leading splitting function. For this
theory, different diagrams must conspire to cancel the leading multi-particle term in the
scalar-scalar OPE. It is likely that the results from recent work on multi-OPEs in celestial
CFT [20] would be crucial to understanding this further.

7 Conclusions and future work

In this work, we have argued that, given a realization of the hard or soft gluon OPE of the
form in (3.1) obeying the constraint (3.15), we can find a background for SDYM coupled to a
scalar field where gluon scattering amplitudes match those computed by the two-dimensional
theory in a decoupling limit. We defined conditions on the three-point function of these scalar
operators such that a bulk scalar background exists and described two explicit examples
where this is the case.

Additionally, we observed that the level of the boundary Kac-Moody is a coupling
constant for a ¢ Tr F'2 interaction. When the level is non-zero, bare scalar operators appear in
the gluon-gluon operator product expansion as conformally soft modes of a bulk fourth-order
axion. This suggests that the scalar part of the gluon operator is the boundary dual to a
special bulk scalar field with a particular coupling to the field strength.

Interestingly, several examples closely related to those studied here have appeared in
prior work. The construction of celestial Liouville theory is a close parallel of this story for
MHYV amplitudes in Yang-Mills theory and obeys the same factorization between a Kac-
Moody current and a scalar piece to correct for the weight [18]. Additionally, the proposed
dual for Burns space holography also has the form of a Kac-Moody current coupled to a
field that corrects for the weight, although the Burns space dual is chiral and has a large
internal gauge group [17].

Nevertheless, much work is still to be done. While we have identified the level of the
boundary Kac-Moody current algebra as a particular coupling constant in the bulk, the
boundary duals we have constructed thus far have no obvious dual to the strength of the
background. Interestingly, for SDYM, the strength of the scalar background counts the
number of disconnected pieces contributing to a gluon amplitude as each disconnected piece
can interact with the background only once. This suggests that the strength of the background
should be related to the rank of an internal gauge symmetry and that our decoupling limit
is the large N limit of the 2D theory, as it is in Burns space holography [17].

Additionally, turning on a level for the boundary Kac-Moody current algebra couples
the bulk theory to an interacting fourth-order scalar field, whose characterization we have
left to future work. Similar fourth-order scalar theories have appeared in studies of self-
dual Yang-Mills on twistor space, where it serves to cancel an anomaly preventing self-dual
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Yang-Mills from being local on twistor space at the quantum level [21], and in Burns space
holography where it appears as Mabuchi gravity [17]. Understanding the scalar theory in
this work therefore promises to help construct new complete examples of celestial dualities
where the boundary theory has an independent definition.

Finally, it is important to understand how general the construction of bulk duals to
boundary theories is. In this work, we have focused on cases where we tune a source for
a scalar field to create non-distributional amplitudes, but there is reason to believe the
construction may be more general. In [21], it was shown that conformal blocks of the soft
chiral algebra were in a one-to-one correspondence with form factors of the bulk theory,
which describe scattering around operators inserted in the bulk. The two-dimensional models
we consider replicate this chiral algebra in their singular terms, suggesting that it may be
possible to realize any two-dimensional model appropriately realizing the soft algebra of gauge
theory by deforming self-dual Yang-Mills with some operator insertion.

It would also be interesting to extend this duality to gravity. While the structures of the
S-algebra and the wi4~o-algebra are reminiscent of each other, there are several important
challenges to overcome. First, the structure constants of the wi4~o-algebra depend less
trivially on the weights of the generators, so separating the algebra into a simple ‘color factor’
and scalar part may be more difficult. Additionally, the universal coupling of gravity to
matter complicates the construction of the translation-breaking background.
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