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1 Introduction

Formulating the holographic principle in asymptotically flat spacetime is an intriguing but
difficult problem that has recently attracted much attention. Using bottom-up approaches
and properties of the bulk theory, one can deduce kinematical and dynamical constraints
on putative dual theories. Ultimately, the hope is that these constraints will be sufficiently
restrictive to identify explicit candidates for dual theories. In this endeavor, two main
directions of investigation have been explored. The first approach, coined as Carrollian
holography [1-19], suggests that gravity in four-dimensional (4D) asymptotically flat spacetime
is dual to a 3D Carrollian CFT (also called conformal Carrollian field theory, or just BMS
field theory) living at null infinity .#. Carrollian CFTs are field theories exhibiting BMS
symmetries as spacetime symmetries, and can typically be obtained from standard relativistic
CFTs by taking the speed of light to zero, i.e. ¢ — 0 [20]. In the second approach, called
celestial holography [21-27] (see also [28-31] for reviews), the putative dual theory is a 2D
CFT living on the celestial sphere, which is referred to as the celestial CFT (or CCFT for
short). Although these two roads seem a priori disconnected, it has been shown in [16—
18] that they are actually related, offering a beautiful and non-trivial interplay between
Carrollian physics and celestial amplitudes to tackle the problem of flat space holography.
Interestingly, twistor theory is intertwined with both these approaches: twistor spaces are
naturally constructed at null infinity [32, 33] in such a way that Carrollian data can be
re-expressed as twistor data [34, 35] providing top-down approaches to both Carrollian
holography [36-41] and celestial holography [42-45].

Carrollian and celestial holography have been successfully applied in different frameworks.
The celestial approach has been intimately tied to the S-matrix since its inception: it involves
rewriting scattering amplitudes in the boost eigenstate basis rather than in the usual energy
eigenstate basis, hence highlighting the conformal properties of the amplitudes. For massless
particles, this change of basis is implemented via a Mellin transform and the resulting
amplitudes are referred to as celestial amplitudes. They are then naturally interpreted as
correlation functions of a 2D CF'T on the celestial sphere. The Lorentz symmetries and the
subleading soft graviton theorem of scattering amplitudes provide the global and local 2D
conformal symmetries of this theory [36, 46-48]. This dictionary has been successfully applied
to extract CCF'T correlation functions from scattering amplitudes. At tree-level, the functional
form of the four point celestial amplitude involving massless particles of arbitrary helicity has
been identified in [27, 49, 50]. The MHV and NMHYV celestial gluon amplitudes have been
derived in [51] and the resulting functions are generalized hypergeometric functions. It is
worth pointing out that even at tree-level, these functions are as complex as those obtained
in the evaluation of multi-loop Feynman integrals. Consequently, loop-level computations of
celestial amplitudes have largely been restricted to four points [52, 53], except for the rational
one-loop amplitudes that have special configurations of helicities [54].

The celestial dictionary provides new insights into structural statements about amplitudes
using the CFT framework. For example, the soft theorems for scattering amplitudes are
rewritten as conformally soft theorems for celestial amplitudes [25, 42, 50, 55, 56], which
then have a natural interpretation as Ward identities constraining the 2D CCFT correlators.
Moreover, the collinear limits of amplitudes yield the celestial OPEs [57, 58], from which



symmetry algebras of soft operators can be deduced [59-67]. These celestial symmetry
algebras can be alternatively derived from the classical phase space of gravity and Yang-Mills
theory [68, 69], and they find a natural geometric interpretation in twistor space [40, 45, 70, 71]
where they are realized as local symmetries.

Analogously, one could attempt to reformulate the S-matrix in a Carrollian language.
In fact, as advocated in [16-18], using a Fourier transform, scattering amplitudes can be
written in position space and then naturally interpreted as correlation functions of Carrollian
operators at null infinity. For this reason, we will refer to these position space amplitudes at
# as Carrollian amplitudes. However, by contrast with the celestial case, few results exist in
that regard: the two-point Carrollian amplitude has been computed in [18, 72|, while the
three-point amplitude has been derived in split signature in [73] using an embedding space
formalism, and in Lorentzian signature in [74] by pushing bulk correlators of massless fields
to infinity. These low-point amplitudes are completely determined by the symmetries and
do not impose any dynamical constraints on the putative dual theory. Four-point position
space amplitudes have been discussed in [75] using a modified Mellin transform.

In this paper, pursuing the analysis initiated in [16-18], we derive some fundamental
results concerning Carrollian amplitudes, which are subsequently interpreted in the language
of Carrollian CFT. More specifically, we focus on tree-level amplitudes in Yang-Mills
and Einstein gravity and compute their Carrollian counterparts, offering strong dynamical
constraints on the putative Carrollian CFT at null infinity. We provide an expression for
n-point MHV amplitudes of arbitrary multiplicities for generic kinematics. Surprisingly, we
find that these Carrollian amplitudes involve only simple rational functions and exponentials
of the kinematics in contrast to the transcendental behaviour of their celestial counterparts.
Moreover, we show that the collinear limit of amplitudes yields a notion of Carrollian OPE in
the putative dual theory at null infinity. We check that this definition of OPE is meaningful,
which requires much care due to the ultra-local nature of Carrollian CFTs. Smearing the
Carrollian OPEs on the generators of null infinity allows to obtain the action of the celestial
symmetry algebras (Lwi4o and S-algebra for gravity and Yang-Mills, respectively) in the
Carrollian CFT. At each step of the presentation, we relate our Carrollian results with
their celestial counterparts using the dictionary established in [16, 18], and comment on
the similarities and differences between the two approaches. Finally, we provide a novel
derivation of the Fourier correspondence between asymptotic data and momentum space
data that manifests the full Lorentz symmetries using homogeneous coordinates on .# and
on-shell momentum space. In this framework, conformal invariance can be checked simply
by ensuring that weights balance. We go on to use this framework to relate twistor wave
functions with the asymptotic data at null infinity, offering a direct connection between
twistor space and Carrollian CFT in split signature.

The paper is organized as follows. In section 2, we present some elements of Carrollian
CFT that are necessary for the Carrollian interpretation of position space amplitudes. In
section 3, we explain how to compute Carrollian amplitudes from the usual scattering
amplitudes in momentum space. We also review the link with the celestial amplitudes, and
relate the integral transforms considered in [16, 18] with the modified Mellin transform
discussed in [17]. In sections 4, 5 and 6, we respectively derive the two-, three- and four-point
Carrollian amplitudes and connect with previous literature. In section 7, we extend the
previous results to n-point tree-level Carrollian amplitudes in the MHV sector. We comment
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on the simplicity of the Carrollian expressions compared to their celestial counterparts. In
section 8, we comment on the UV/IR behaviours of Carrollian amplitudes in a similar spirit
than the discussion presented in [49] for celestial amplitudes. In section 9, we express the
collinear limits of amplitudes in a Carrollian language and find that it leads to the definition
of Carrollian OPE. In section 10, using the Carrollian OPEs, we explain how celestial
symmetry algebras act on the Carrollian operators at .#. Section 11 gives a new proof of the
relationship between momentum space and Carrollian wavefunctions and connects Carrollian
CFT with twistor space wave functions in split signature. Finally, in section 12, we discuss
some implication of our work for future endeavours.

2 Elements of Carrollian CFT

In Carrollian holography, the putative dual theory lives at null infinity! .# ~ R x ., where .
is a two-dimensional surface, which will be the celestial Riemann sphere in Lorentzian signature
(# ~ S?) or the celestial Lorentzian torus in split signature (. ~ LT = S* x S'/Z). We
denote 2% = (u, z, z) the coordinates at .#, where w is a null or retarded time coordinate, and
(z,Z) are coordinates on . that are complex conjugates in Lorentzian signature, and real
in split signature. From a geometric perspective, the BMS symmetries are the symmetries
of .# endowed with its null angle structure or strong conformal structure [76-79]. This has
more recently been recast in terms of a Carrollian structure at .# [80, 81]. Both formulations
include degenerate metrics ds? = gupdz®dz® = 0du?+2dzdz defined up to conformal rescalings
Qab ~ W2qap by some function w(z,z) > 0. The null angles are a specification of the ratio
du : ds whereas the Carrollian structure introduces the vector field n*9, = 0,, in the kernel
of the metric, gqun? = 0 subject to the conformal rescaling law n® ~ w™'n? This freedom
comes from the ambiguity to choose the finite part of the conformal factor in the conformal
compactification of the bulk spacetime [79].2 One often talks about conformal Carrollian
structure, or universal structure [82, 83]. Hence, the BMS symmetries, or equivalently, the
conformal Carrollian symmetries, are generated by vector fields & = £%0, at .# preserving
the Carrollian structure, up to some scaling «(z, 2),

LeGab = 20qap,  Len® = —an. (2.1)

The solution £ of (2.1) is given explicitly by
_ 1 _

where 7T (z, %) is the supertranslation parameter and ()(z),)(2)) are the superrotation
parameters satisfying the conformal Killing equation in two dimensions, i.e. 9,) = 0 = 9;).
The vector fields (2.2) form an algebra called the (extended) BMS [84-87] or conformal
Carrollian algebra [80, 81] (we will now use these two terminologies interchangeably).

'As argued in [16, 18], the dual Carrollian CFT lives on both .# and .# ~ in Lorentzian signature. For
simplicity, we will only consider the component .#* in the presentation, but we refer to these references for
the detailed construction.

2In this paper, we work with the flat metric on .%, which can be obtained in Lorentzian signature at the
expanse of sending a point to infinity (often the round metric is used but this leads to more complicated for-
mulae).



The conformal symmetries in two dimensions form an infinite-dimensional algebra,
out of which one can define the global conformal subalgebra SL(2,C), which is finite di-
mensional. Similarly, the conformal Carrollian symmetries in three dimensions form an
infinite-dimensional algebra, out of which one can define the global conformal Carrollian
algebra by taking

T(z,2)=1,2,%, 22, V(z) =1,z,2° V(E)=1,%7° (2.3)

for the parameters in (2.2). The conformal Carrollian algebra in three dimensions is isomorphic
to the Poincaré algebra in four dimensions, the latter being symmetry of the vacuum in the
bulk theory (we refer e.g. to appendix B of [18] for the explicit isomorphism).

In Carrollian holography, the putative dual theory is a Carrollian CFT, which is defined as
a field theory exhibiting conformal Carrollian symmetries as spacetime symmetries. As we will
see, while the symmetries (2.2) might look reminiscent of those of a 2D CFT, the additional
null time coordinate v has some profound implications. Examples of Carrollian CFTs have
been broadly discussed in the literature and are often obtained by taking the Carrollian limit
of CFTs, which corresponds to sending the speed of light to zero, i.e. ¢ — 0. The simplest
example is probably the 2D conformal Carrollian scalar field [8, 88], or its conformally coupled
analogue in higher dimension [89-91]. Other examples of Carrollian field theories include e.g.
Carrollian electrodynamics and Yang-Mills [92-98], Carrollian gravity [94, 99-105], Carrollian
fermions [106-109], SUSY extensions [110, 111}, and fractonic realizations [112-114]. There
exist two families of Carrollian CFTs, one called electric and the other magnetic, which
essentially depend on the choice of scalings of the fields with respect to the speed of light
in the limit. A systematic way to build Carrollian CFT actions without resorting to a limit
process is through the BMS geometric action construction presented in [115, 116]. This
construction has already been shown to be useful in the holographic description of gravity in
3D [117] and 4D non-radiative spacetimes [116, 118] in terms of a magnetic-type of boundary
Carrollian CFT. In this paper, we study the complementary sector, namely the one associated
with the radiation at null infinity which is relevant for massless scattering processes. This
sector will be instead described by an electric-type of Carrollian CFT.

In 2D CFT, one defines a notion of (quasi-)conformal primary field of conformal weights
(h,h) as a field On,iy (2, 7) which transforms as

under (global) conformal transformations. This encodes the statement that the operator
O,y takes Value§ in (Qi}o)h ® (Qg’,})h so that it should be thought of as coming with a
factor of dz" ® dz", as a tensor on the Riemann surface .. Correlators in a 2D CFT obey
the global conformal Ward identities

n
D W(z0)0: + V(z0)05, + 0id Y(zi) + hidz, Y(Z) (O, 1y (21:21) - Oy 5y (205 Z0)) = 0,
i=0
(2.5)
with (V(2;), V(%)) taken as in (2.3).
In 3D Carrollian CFT, the variable u takes values in (Qlyto)_% ® (Qg’,l)_% on . so that
one defines a notion of (quasi-)conformal Carrollian primary of weights (k, k) as a field



<I>(k,7,—€)(u, z, Z) which transforms as follows under (global) conformal Carrollian symmetries [15,
16, 18, 98, 119, 120]:

U — — — —

There are two types of descendants in a Carrollian CFT: the descendants with respect to
0, and 0z, which will very much look like descendants in a 2D CFT, and the descendants
with respect to 9. The latter have the nice property that, if <I>(k,7,;,) is a conformal Carrollian
primary, then 85”@(&];) is also a conformal Carrollian primary of weights (k + %3,k 4+ %), for
any positive integer m. The correlators in a Carrollian CFT,

<(I)(I€1,]_€1)(u1’ 21, 21) e ‘I)(km];n)(un, Zn, Zn)>, (27)
obey the (global) conformal Carrollian Ward identities [18, 95]

S| (Ttei2) + 5 09(e0) + 0. 3(5) ) G+ V(e + V(@05
i=0 (2.8)
+ kzazly(zz) + ];Zazly(zl)] <¢'(k1’1}1)(’u17 217 21) .. (p(k?njﬂn) (UTM Z’na 571)) = 0

where the parameters (7 (z;, z;), Y(zi), Y(Z;)) are taken as in (2.3). As we will explain in the
next section, the Poincaré invariance of bulk scattering amplitudes can be holographically
recast as the global conformal Carrollian invariance (2.8), provided one introduces the notion
of Carrollian amplitudes.

3 Carrollian and celestial amplitudes

In this paper, we focus on scattering of massless particles (scalars, gluons or gravitons®).
We start with amplitudes in momentum space and use Mellin and Fourier transforms to
obtain celestial and Carrollian amplitudes, respectively.

We parametrize particle’s momenta by

P=wi'=ew(l+22,2+2,—i(z—2),1 —2%) (3.1)

where € = £1 tells us if the particle is outgoing (+1) or incoming (—1), w > 0 is the energy
and (z, z) are stereographic coordinates on the celestial sphere parametrizing the direction of
the null momentum. We will refer to S-matrix elements in momentum space as scattering
amplitudes and denote them by

A ({wl, 21,2115 5 -+ -5 {Wns 2n, Zn}f]’;) (3.2)

where n denotes the total number of particles, and J; the particle helicities. Celestial
amplitudes are obtained from momentum space scattering amplitudes (3.2) by performing
Mellin transforms [21-27],

Mn ({A17 217 21}311 )ty {An7 Zn? 2”}3’;)
- oo Ai—1 € €
= H (/0 dwlwz * )An ({w1721,51}J11,.--,{wn7zn72n}j;>
i=1

3For half-integral spin, some of the conventions below require some minor adjustments.

(3.3)




where A; denotes the eigenvalue with respect to the Lorentz boost generator along the
direction fixed by the null momentum p!'. These amplitudes being expressed in a boost
eigenstates basis, they exhibit nice transformation properties under conformal transformations
on the celestial sphere. In particular, they satisfy the 2D CFT Ward identities (2.5) for
h; = # and h; = #, which allows us to interpret (3.3) as a 2D CFT correlation
function of operators (2.4) inserted on the celestial sphere

My ({81,20,2005 B, 2 Za}5 ) = (OR, 5 (21,50 - 0% (3nr2)) . (3:4)

This identification constitutes the key ingredient of the celestial holography dictionary.

Analogously, as discussed in [18, 121, 122], see also the proof in section 11.2, momentum
space scattering amplitudes (3.2) are transformed to position space amplitudes at .# by
Fourier transforms

Cy, ({ul, 21, El}f}l yeeos {Un, Zn, En}f{;>

v +oo dws . B B (35)
= 1_[1 </0 277: ezew.&m) A, ({wl, 21, 21}311 yeee s {Wny Zn, Zn}f]’;) .
1=
For standard momentum space wave-functions, i.e., as defined by (11.9), then by (11.11)
and (11.12), the corresponding wave functions at .# will be a potential for the leading
radiation field at .# [79, 123]: it follows from Lemma 11.1 that to obtain the radiation field
\

the asymptotic shear ¢ = C,, which is related to the leading radiation field by ¥} = °

from the Carrollian wave function we must apply &lf I Thus for gravity this transform gives
and for Maxwell it gives the asymptotic potential a, whose 9, derivative gives the Maxwell
radiation field. We will refer to position space amplitudes at .# (3.5) as Carrollian amplitudes,
as by construction, they satisfy?

S| (T2 + 5 0.9 (20) 0,9 (2)) ) B+ (2)0 4 D200,
i=0 (3.6)

1+e€;J; 1—edi, o, ~ e ~ e
+— 0., Y(2i)+ 5 321-3)(2‘@)}%({U1721,21}J11,---,{un,zn,zn}jjl):0,

which corresponds to the global conformal Carrollian Ward identities at null infinity (2.8)
after setting
1+ €J; - 1—ed;

ki=——, k; =
2

: (3.7)

These symmetry properties follow directly from the manifestly conformally invariant formula-
tion of the Fourier transform (3.5) discussed in section 11.2.

Thus, by analogy with the celestial case, Carrollian amplitudes (3.5) will be interpreted
as Carrollian CFT correlators of operators (2.6) inserted at null infinity [16, 18]

Co ({20, 2035, st 20, 20}, ) = (90 1 (21, 20) 0 @0 (i, 20, 2)) (3.8)

4 As discussed in section 2, the global conformal Carrollian algebra is isomorphic to the Poincaré algebra
and the statement (3.6) is just a holographic reformulation of the Poincaré invariance of the bulk amplitudes.
We refer to [18] for a detailed derivation of (3.6) for amplitudes in position space at .#.



where the Carrollian weights (k;, k;) are fixed in terms of the particle helicites through (3.7).
In the relation (3.8), the Carrollian CFT operators are identified with the boundary values
of the bulk operators obtained by using the stationary phase approximation in the limit
r — oo [18]. Moreover, as shown in [98], the transformations (2.6) with weights (3.7) precisely
match with the unitary representations of the global conformal Carrollian algebra induced
at null infinity. Hence, inspired by the AdS/CFT terminology, the identification (3.8) can
be seen as the extrapolate dictionary for Carrollian holography.

As explained below (2.6), d,-descendants of conformal Carrollian primaries are also
primaries. Therefore, the following expression

e (fun, 21,205 o 2205

=0t ...0p"Cp ({ul,zl,él}f]ll ,--~,{Un72’n,5n}32)
- +00 dw; e _ _
- H (/0 27: (zewi)mle“l%“z> A, ({w1,z1,z1}311 ,...,{wn,zn,zn}fﬁ)
i=1
= (O O, gy (W21, 21) - O O L (tim, 2, 2n))
also satisfies the global conformal Carrollian Ward identities (2.8), but with shifted wights
k;, = W and k; = Hmlf_e“}l We will show in section 9 that the Carrollian OPEs
presented in equations (9.9), (9.13), (9.14) and (9.15) require the inclusion of all the 0,-
descendants in the theory. Besides the particular case C, = CO0 defined in (3.5), it will also

(3.9)

be interesting for holographic purposes to consider the case C, = Cl-1 given explicitly by

Co ({21 21)5 - (s 20,20},
= &“ . au,ncn ({Ula 21, 21};11 N {’u,n’ Zn, En}f]:i) (310)
o T duw; A
= H (/ - 1€;W; eisiwiuz) A, ({wh 215 51};11 yee ey {wm Zn, gn};n>
i=1 0 27(' n

which, in practice, exhibits nicer properties than (3.5): it is free from divergences and
logarithms [18], see e.g. section 4. Another reason why the correlator of first descendants
&ﬁbfk’]—c) (3.10) is better behaved than (3.5) can be seen in the case of both Maxwell theory
and gravity. For Maxwell ®¢, - is identified with the asymptotic potential which is subject to

residual gauge freedom, men(lli)’% and so on. Upon taking d,, we obtain the radiation field which
is gauge invariant and not subject to memory. Analogously, for gravity, (I)Ekff is identified with
the asymptotic shear C,,, which transforms inhomogeneously under supertranslations (i.e.
as a quasi-conformal Carrollian primary in the terminology of (2.6)), while the Bondi news
N, = 0,C,, transforms homogeneously under supertranslations and is free from displacement
memory. Furthermore, both the Maxwell radiation field and the Bondi news, are sufficient
to classically reconstruct the bulk radiative field through the Kirchhoff-d’Adhémar formula
given in (11.10) following [79, 124] (see also [18] for a review of this formula in the current
notation); in section 11.2 we derive its connection with the Fourier transform above in a
Lorentz invariant framework.

Notice that, in (3.9), we can analytically continue m; = d; — 1 to the complex plane
(6; € C), to obtain the integral transform

n

o0 dw; . L ) i
H <‘/O 27T’L (ZGWi)(Sz 1eZ€zsz1> An ({w1721721}311 ye ey {wn,Zn,Zn}f]’;) s (311)

=1
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which precisely corresponds to the modified Mellin transform originally introduced in [125, 126]
to regulate the Mellin transform of graviton amplitudes. It was later used in [17] to relate
scattering amplitudes with Carrollian correlators. However, the value of §; was unspecified
much like A; in the original Mellin transform (3.3). This clarifies the role of this integral
transform in the present framework of Carrollian amplitudes. In particular, from the above
considerations, the expression (3.11) transforms as a correlator of n conformal Carrollian

primary fields with weights k; = % and k; = 5”%‘]’

, in agreement with the above
references.

Finally, one can obtain Carrollian amplitudes (3.5) and (3.10) directly from the celestial
amplitudes (3.3), which is one of the key ingredients in the Carrollian/celestial correspondence
discussed in [16, 18]. This is done by combining an inverse Mellin transform with a Fourier

transform in (3.3), which yields explicitly [16, 18, 127]:

n ({Ah 21, 21}311 geeey {An) Zn; En}f;;)

n +oo du; ol e (3.12)
= I (e riod [ =) 6o (funan i im0
or
n({Alazlygl}f]ll -~-7{Anazna2n}ff7;>
(3.13)

oo duz 5 — Y€ — V€
_H< —i€;) —1]/ Al—l) Cn ({ul,zl,zl}jl ,...,{un,zn,zn}ﬂ)

—o (u;j—i€ie)

where we take the regulator ¢ — 07. Using the dictionaries (3.4) and (3.8), the above
integral transforms simply trade the time dependence of the Carrollian operators at .# for
the conformal dimension of the celestial CF'T correlators. In particular, the Carrollian extrap-
olate dictionary discussed below (3.8) is in perfect agreement with the celestial extrapolate
dictionary introduced in [128]. Notice that this recasting of the information from the 3D
Carrollian CF'T to the 2D celestial CF'T is not anodyne: it has dramatic consequences on
the 2D CFT structure, such as the appearance of distributional branches for the low-point
correlation functions. In the next sections, we will illustrate these features and systematically
check our results through the above integral formulae to close the triangle in figure 1.

4 Two-point amplitudes

As a warm-up, we review the computation of the two-point Carrollian amplitude discussed
n [18, 72]. We also comment on the advantage of working with Carrollian amplitudes of the
form (3.10) instead of (3.5). We will then derive the corresponding celestial amplitude by
implementing the transform (3.12). The 2-point tree-level scattering amplitude reads as
A 21} ) = w2, 7 OPL ) 50 5 1
2({wr, 21, 21} {was 22, 221 ),) = K5, gy T T (21 = 22) 0y, o (4.1)
where we took the first and the second particle as incoming and outgoing, respectively. In
this expression, £, 7, is the normalization that will depend on the particles involved.



Momentum space

An({wi, 2, iz}ffl)

Fourier transform Mellin transform
(3.5) (3.3)
Position space, .# Mellin space
Cn({ui, 2, Zi}5) | (3.12) T Ma({Ai 2, 7i15)

Figure 1. Interplay between the three bases of scattering in flat spacetime.

4.1 Carrollian amplitude

Applying the successive integral transforms as in (3.5), we find

CQ({ula 21, 21};17 {UQ, 22, 22}j2)

1 +oo 400 ) )
= 747[_2 /O dwq /0 duy e~ 1 ezwquAg({wl, 21, 51}}1, {wg, 22, 52}:]’—2)
2
K +00 (] .
- [ e i w

As discussed in [18, 72], the integral in the last line

+00 (] .
I()(’U,l — UQ) = / 7&) €_Zw(u1_u2) (4.3)
0 w
is divergent but can nevertheless be regulated as
+o0 ) r _i\B
Zg(z) = lim dw WPt emwTwE — iy M (4.4)
e—=0t Jo e—0t (I — ZE)B
In the limit 3 — 0%, we obtain
1 i
To(a) = 5~ [y +Inle] + Tsign(a)| + 0(3), (4.5)
where v is the Euler-Mascheroni constant. So (4.2) yields the regularized 2-point Carrollian
amplitude
Ii?] 5 1 i
Co({ur, 21, 21} g, {u2, 22,22} ) = lim — = [ﬁ— (7+1H|u12|+2sign(u12)>} 0P (212) 6.,

(4.6)
where u;; = u; — u; and 2z;; = 2; — z;. The u-independent regulated divergence ~ A1 and
the logarithmic behaviour might be seen as undesirable features for a 2-point correlation
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function. However, they are essential to satisfy the Carrollian Ward identities, see section 5.4
of [18]. A similar situation occurs for 2D CFT. For instance, consider a free scalar field
in 2D: the correlation function of the scalar field with itself is logarithmic, and one would
need to add a regulator to satisfy the conformal Ward identities. Usually, to circumvent
these subtleties, one considers correlation functions of descendants of the scalar field, which
exhibit standard 2D CFT correlation functions. Similarly, in a 3D Carrollian CFT, one can
consider correlation functions of d,-Carrollian descendants as in (3.9). Focusing on the first
descendants (3.10), we get the very simple expression

Fchl,JQ 1 (2)
3 ) (212) 5]17J2 (47)

% ) 21 ) = i
2({u1’21’z1}‘]1’{UZ’ZQ’ZQ}JQ) e—l>1g+ A (ugg — ie)

which matches with the usual electric branch of solutions of the Carrollian Ward identities.
This already suggests that the putative dual theory governing the Carrollian amplitudes
is an electric-type of Carrollian CFT.

4.2 Celestial from Carrollian

Let us now check the consistency of the triangle in figure 1. The 2-point celestial amplitude
has been computed in [27] and is obtained by applying (3.3) on (4.1) [18]:

Mo({Ay, 21, 21}, {2, 20, 22} )
+o00 +oo

= /0 dCU1 WAlil/O de w2A271 AQ({WI7ZI721}517{w2722722}}_2)
2

1
+o0
= KJy J 7r/0 dw w1 A28 52 (21 — 29) Guy 0y = 27 /ﬁ%hb 51+ 12) 0P (21 — 22) 64, 1
(4.8)

where we assumed that the conformal dimension is on the principal series, A; = 1 + iy;
(v; € R), and used

+oo X
/ dww™ ™ =2716(v). (4.9)
0

Starting from (4.2) (or alternatively from (4.7)), we can apply the integral transforms (3.12)
(respectively (3.13)). The first integral over u; gives

o0 d
47 iSHIT[A] lim e
e—0t Jooo (ug +ig)1

+oo +o0 . +oo / .,
=dmi lim [ duy /0 w1 giwua—we /0 %a‘w (w1 —u2) (4.10)
oo A1 [A — 1]

= 872 lim dw w12 gwua—we _ 8225 iy AT -
e—0t Jo e—0t (ug +ig)?1—

To(ur — uz)

Now, the second integral yields

too duy M [AL — 1]
47t (—i)2FID[A] 1 / — (8x%
7T( 2) [ 1] E_l)%ﬂ_ . (Ul — ie’;‘)Al T (UQ n Z’g)Al—l

+00 ‘Ap—1 _ _N\A2
— 327 lim duy Tl = 1 (D)7 (A
e0+ J oo (ug +ie)A1=1  (ug — ig)B2

(4.11)

= 128756 (vy + 1),
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where in the last equality, we assumed A; = 1 + iv; and identified the integral representation
of the delta function. Putting all together, we find the 2-point celestial amplitude

Mo({A1, 21,21}, { D2, 20, 20} ) = 27 65, g, 6(v1 + 12) 8P (212) 6 (4.12)

which reproduces (4.8) and closes the triangle.

5 Three-point amplitudes

Three point amplitudes involving massless particles vanish in a (3, 1) signature spacetime.
Thus, in this section, we work in Klein space which is a split signature spacetime with metric
n = diag (—,+, —,+) and whose conformal boundary is .# = R x . where now . is the
Lorentzian torus £7 2 = S! x S /Zs [129]. Null momenta in Klein space can be parameterized
in a manner similar to (3.1) as®

pf = quf = €;W; (1 + Zizi, Z + 51', Zi — ZZ', 1-— Ziéi) . (51)

Here (z;, z;) are coordinates on a Poincaré patch of LT 2, w; is the energy and ¢; = +1 labels
the Poincaré patches which are now connected. For more details on how they relate to global
coordinates on LT 9, we refer the reader to [45, 129]. Null momenta admit a decomposition
into real spinor helicity variables

Paa = Ugapu = KaRa- (52)

These are defined up to a little group scaling k — tx, & — & (t € R/{0}) and for the
parametrization in (5.1), we can set

Zi Zi

Using the standard notation Az({w1, 21, 21}7,, {w2, 22, 22} 7, {ws, 23, 23}5,) = As (171,272 373),

the tree-level three-point scattering amplitudes are completely fixed by their helicities to be

HJ17J27J3[12]J1+J27J3 [23]J2+J37]1 [31]J3+J17J2, if Ji+Jo+J3>0,
Asz(171,272 3%3) =
{RJI,JQ,JR,(12>J3_J1_J2<23>J1_‘]2_"3 BB+ Jy 4 J3 <0
(5.4)
where we used the spinor-helicity notations [ij] = /%m/%ja and (ij) = k{'Kjo. We have left the
momentum conserving ¢ function implicit in the above formulae. We disregard amplitudes
with J; + Jo 4+ J3 = 0 as they do not lead to consistent four-particle interactions® [130].
We will refer to the amplitudes on the first line of (5.4) as MHV and the second as MHV.
Finally, for some combinations of integer spins, it will be necessary to introduce an extra
colour index for these amplitudes to be compatible with spin-statistics. The case that will
be relevant to this paper is Yang-Mills theory with gauge group SU(N), corresponding to
J1 = Jy = —J3 = 1, where each particle transforms in the adjoint and the amplitude must be
multiplied by the structure constant f*¢. In the rest of this paper, we will tacitly suppress
this, restoring it only when it is crucial.

5This parameterization is reached by Wick rotating the third component of (3.1).
5The only exception is the ¢* interaction.
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5.1 Carrollian amplitude

We will first focus on the MHV amplitudes. The corresponding Carrollian amplitude is
obtained by applying the definition (3.5) on (the first line of) (5.4):

YV ({uur, 21, 2115, {2, 22, 2%, {1z, 23, 2515)

1y
_ sJ1+Jo—J3 zJa+J3—J1 J1+J3—J2
= KJy,J2,J3 (27r)3Z12 223 213

> /dwl dws dws ei61uJ1ul+i62uJ2u2+i63w3U3wi]1wgzwé]:s(;(‘l) (pl +po+ p3) .

We can rewrite the delta function by solving p; + p2 + p3 = 0 for ws, ws, 21, 29:

1

(4) - -
0 (p1 +p2 +p3) 4|§12§13‘w%

0 (212) 0 (223) 6 (wg + m6162w1> ) (wg — melegwl) .
223 223
(5.6)
Re-injecting this into (5.5) yields the three-point Carrollian amplitude

MHAV 0(z12)0(223) = | Ji+Jda = |—J1|= (Ja+J Z13 Z12 . NJi4da—
Ca Y =k g ds a2l P [z |z [T O — a6 ) © ( Seres ) (sign z19) " TR
4(2m)” |Z12Z13] Z23 Z23
+oo ; A3 L 12
. = Jo+Js—J . _ Ji4Ja—J. l61<U1—, ug+——u3 |wi B
><(81gn 223) 2+J3—J1 (Slgn 213) 1+J3 2/ dwy e Z23 Zo3 wi’1+Jz+J3 2
0

M(Ew

:/1]1’]2’]3 4(271_)3 @ —%6162)@(%Elﬁg)X(Zij,Ji)S(Zij,Ji)

(iel sign (223))J1+J2+J3_1 F(Jl +Js +J371)
)J1+J2+J3—1

(5.7)

(Z23u1 —Z13u2 +Z12U3 +i€1 sign(Z23)e
where”

X (Zij, Ji) = |Zaa| T2 g | 2T |2y | BT

)J1+J2*J3 ( )J2+J3*J1 ( (5'8)

«5 (zz‘j, Jz) = (sign 512 sign 523 sign 213)J1+J37]2 .
Equation (5.7) should be regarded as a formal expression for the amplitude since the T’
function is divergent when Ji + Jo + J3 = 1. In these cases, it should be regulated in a manner
similar to (4.3). We can obtain the three-point Carrollian amplitude of descendants (3.10)

by shifting J; — J; + 1 and multiplying by the appropriate factors:

SMTV i€1€2€30 (212) 0 (223) Z12713 Z13 Z12
Cs =KJy Jo.Js 35 O ——"€162 )| O | —¢€1€3
4(27m)° 234

223 223
(i €1 sign (Z23)) T2 () 4 o+ J54-2)
)6)J1+J2+J3+2 :

XX(ZZ‘j,Ji)S(Eij,JZ‘) (5'9>

Z93U1 — 213U+ Z12U3+1€7] sign(223

This expression is always finite since J1 + Jo+ J3+2 > 0, VJ1 + Jo+ J3 > 0. For completeness,
we also display the three-point MHV Carrollian amplitudes of descendants which are simply

"The quantity S (Zij, J;) defined in (5.8) is invariant under Lorentz transformations for integer J;. For half
integers, it picks up a phase.
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obtained from the corresponding MHV ones by the replacements z;; <+ z;; and J; — —J;:

CMHV i€162635(512)5(523)212223@ < Z13 ) o <Z12 )

=KRJy,Jz,J3 —€1€2 —€1€3
4(277) 2'23

223 223

(ie1sign (z03)) " T2 T2 (4 Jo+ J5+2)

Ji+Ja+J3+2° (51(])

x X (zij,—Ji) S (25, —Js) .

(z23u1 — 213U2+212U3 + i€ sign(2a3)e)

Notice that the functional dependence of the holographic three-point Carrollian amplitudes

found here is compatible with the result derived in [73] using embedding space formalism.

Moreover, the expression obtained for the 3 graviton MHV Carrollian amplitude from (5.7)
is in agreement with the one computed in [75] via the modified Mellin transform.®

5.2 Celestial from Carrollian
Finally, as a cross-check of our diagram 1, we can perform the integral transform (3.12)
on (5.7) or (3.13) on (5.9) to obtain the three-point celestial amplitude Ms. Defining

U1 = uy 293, Up = U213, U3 = uzZ12 (5.11)

in (5.7) and implementing the integral transform, we obtain

M3 - KJJhJQ’JSMé(;%)@ ( Zl3€1€2> @ (@6163) X (Eij, Jl)S (Eij, J,L) (512)
4 (2m) 223 223

~ —Al ~ —AQ ~ —A?’
N( 2] 61 U2 . us .
—_ d’LLl dUQ du;3 e + 2616 — + 1€2¢ — + €3¢
|Z12223213] Z23 Z31 Z12

y (m sign (Z23)) 7 TP T (L 4+ Jy 4+ J5 — 1)

(iy — @ip + @3 + i€q sign(Zaz)e)”* T2

(5.13)

Here N (A, ¢;) = [Tp_; (—iex)** T (A}) contains all the factors arising from the integral
transform (3.12). The contours for @y, g, U3 can be deformed such that they pick up the
discontinuities across the branch cuts along the negative #; axes, leading to

_ 2iKJy 05,450 (212) 0 (223) Z13 Z12 N o
M= s @(—%6162>9(aeleg)X(Z”,Jl,Al)S(ZU,JZ)N(Az,el) (5.14)

—D2 5= (ie1sign (Z23)) P T2 T B3I ( + o+ J5—1)
3 ) )J1+J2+J3 1

“+oo
sinmA; sintAg sinTAs / diiy diig diis @y iy
0 (@1 — G2 +1us+ier sign(Zas
We have defined X (Zij, Ay, Ji) = 210|311 17272 | 5y5) A2 T2t s=2 25 | 8s T 172 e three
integrals can now be performed successively to get

M3 = i :‘QJ17J27L]35 (2’12) 1) (2’23) @ (—@6162) @ (@6163) X (Eij, Ji, AZ)S (Zij, Jz) (515)
<23 223

(—ie1 )21 (—ieg) 22 (—ieg)™3 (iersignzas)” lin%F (v)e™",
E—r
where v = Ay 4+ Ag 4+ Ag + J1 + Jo + J3 — 4. Using the limit formula

ImI'(v)e™ =276(v), (5.16)

e—0

8Tn order to compare the two, we must set A; = 1 in that reference.
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we get an expression for the 3 point celestial amplitude

—q) it da g z z 5 _
Mz = ()2 "@]1,(]2“]3(S (212) o (223) © <__13€1€2) ) <_12€1€3> X (Zz‘j, Ji, Az)S (Zl'j, Jz)
%23 223
x (1) (€2)22(€3) 20 (A1 + Ao+ Ag+ i+ Jo+ J3—4). (5.17)
Particularizing the above formula to J; = 1,Js = 1, J3 = —1, this reproduces the 3 gluon

celestial amplitude of [27] upto an overall phase. Furthermore, denoting hj = A’“Z_ e we

can replace

A3+ J1+J2=2 A0+ J1+J3 -2 S A1+ 2+ 32 1

z z z _— Nl

12 31 23 shi+ha—hs sho+hs—hy sha+hi—hy’ (5 8)
%12 %23 212

on the support of the delta distribution of conformal dimensions. The right-hand side above
is the standard form for the conformal three point function.

6 Four-point amplitudes

In this section, we compute four-point Carrollian amplitudes in Yang-Mills and gravity.
These results can be recovered from (3.11) and (3.17) of [75] by setting A; to appropriate
values. As in a 2D CFT, the two- and three-point correlation functions in a Carrollian CFT
are completely fixed by symmetries while the four-point functions are not. They contain
dynamical information and constitute constraints on the putative dual Carrollian CFT. At
tree-level the only non-zero 4-point amplitudes are the MHV amplitudes, which are given by

o 23)4 wows 2
Ay (111271371 471 = 42 < =K p—— 01
4 ( ) FLL-1 (12)(23)(34)(41) L1 Z1az3azan (61)

4 >4
w2w3w4 223 214

1
Ag(172,272,372,472) =i, L, ((23)[14)" —— =53, (6.2)

stu W1 212212713%213%214%714

where s = (p1 + p2)%, t = (p1 + p3)? and u = (p; + ps)? are the Mandelstam variables.
Again, we have left the momentum conserving § function implicit in the above formulas.
We will continue using (5.1) to parameterize the momentum, implicitly working in Klein
space. However, the results are also valid in Minkowski spacetime upon interpreting z; to
be the complex conjugate of z;.

6.1 Carrollian amplitude

In order to evaluate the Fourier transforms of (6.1) and (6.2), we first write the delta

2
€1€4W4

2 1
6264w4> 0 <w3+ —_—

distribution as

1 z
8 (p1+pa+ps+ps) = ————0 (m +z
4wy |z24213] z

214

213

2923 1—2

2
6364w4> d(z—2)
(6.3)

9For Yang-Mills theory, we are working with colour ordered amplitudes and as in the 3 particle case, we
are suppressing the colour indices on all the particles. For more details, we refer the reader to the review [131]
and the reference therein.
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where z = % is the cross ratio and |zij|2 = 2;j%Z;;. Note that this is just a shorthand in
Klein space where z;; and z;; are real and independent. As in the previous sections, we will be
interested in evaluating both the Carrollian amplitude C4 and the correlator of u-descendants

Cy. Plugging (6.3) into (3.5) and (3.10) for n = 4, we get respectively

1

2 2 2
_ 224 1—2 |23 1 |z14
Cy = 10(z=2)0 | —2|—| e1ca | O | ee4 | O | — —| e3€4
(2m) Z12 zZ |23 1—z]z3
2 2 2
400 t€qwq | —uU1Z % +uz 1;Z zgg *11132 % +us | 1 .
— 4
X dwye Aj, (6.4)
0 Wy
5 €1€2€3€4 _ 294 |? 1— 2 |23 2 1 |24
C4 = 74(5 (Z — Z) @ —Z|—| €1€4 @ — | €2€4 @ — — | €3€4
(27) Z12 z |z 1—zlz3
z 2 1 z 2 u z 2
. _ 24 —z|234| _ u3 |z14
y 294234714 2/+oo o eze4w4 u1Z| 75 Fu2 = 93 -z |73 +uq w3_A* (6 5)
A )
z12223213 1 Jo A

where A} represents the 4-point amplitude evaluated on the support of (6.3). For Yang-Mills,
Cy4 is IR divergent but C4 is not, while for gravity, both are IR finite.

4 gluon amplitude. We can now evaluate the four-point Carrollian amplitude for gluons
by inserting (6.1) into (6.4) to get
2
6164)

2 =2
IR Ki1_1€1€2€3€4 (1 — 2)2 _ 294
C4(1+1,2 1’3 1’4+1): ) < ( 2_2)_1245(2—2)@ B i
(2m) ZZ14713%24 z12

1—2z Z34 2 1 Z14 2
© €2€4 CHE= — | €3€4 (6.6)
z 2923 1—=2 Z13
z94 2 1—2z Z34 2 1 Z14 2
XI() Ug — ULZ |— | + U9 —| —us — s
Z12 z Z93 1—2 213

where Zj is the same integral as the one discussed in (4.3) for the two-point function. In
particular, it can be regularized and written as in (4.5). An identical computation for Cy gives

2
€1€4

2
6364) (6.7)

2)4’

2 2 4 32
5 1 o— K11,-1 2342147 _ 224
C4(1+1,2 13 174+1): Lol 34 %4 3475 (2 —2)0 -2
(2m)* 2%(1 — 2) 23224273 %54 212
Z34

1-— 2 1
C] ( “ |23 6264> © <—

z z 1—=2
3!
(U4 — U1z

which is IR finite as expected.

214

213

X

1

P 2
- —us 1—2

223

224

Z12

Z14
213

2 1—2
+ uz—;
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4 graviton amplitude. Similarly, the Carrollian amplitude corresponding to the four-point
graviton amplitude is obtained by inserting (6.2) into (6.4), which yields

3
o €1€2€3€4 1 z _
Ca (1+2,2 23 2,4+2> = m%,27_2 B 5 14 50 (2 —2)
(2m)" [z12|” 244 [1 = 2]
204 |2 1—z|z34 1 |z14?
O—2z|— €1€4 C) — | €2€4 CIE= — | €3€4
Z12 z Z923 1—2z2 Z13
1
X
Uy — ULZ @2+u 1=z 23—42—u L |z .
4 1= %12 272 | %23 3T—=2 | 213 (6 8)
or into (6.5), leading to
~ o 1 1 294234714 2 23 _
Cy (1*2,2 23 2,4”) = 53727,2 1 5 - 52— 2)
(2m)" |z12|” | 2122232131 294 |1 — 2]

z294 2 1—=z2 Z34 2 1 Z14 2
O —2z|—| €640 —| ee4 | O — — | €3€4
212 z | zo3 1—2z]z13
5!
X .
u—uzz2—42—|—uﬁzg—42— 1 mzﬁ
4 1%\ 212 272 | %23 31—2 | 213 (6'9)

In contrast to the gluon case, both of these are IR finite.

6.2 Celestial from Carrollian

We will conclude this section by showing that the Carrollian amplitude (6.7) reproduces the
corresponding celestial amplitude upon application of (3.13). We are using C, rather than
C4 to avoid dealing with the IR-divergence. Starting from
4 too 3
Mi=T][ (/ du; (—ier) ST (A — 1) ugAz) Cu, (6.10)

i=1 T

we change integration variables to

N zoa|* 1—z |z 1 |zua>
U1 =urz |—| , U2 = U ==, U3 =us Uy = Uy (6.11)
212 z  |zo3 1— 2203
resulting in the simpler form
2 2 24 22 2\ A1-2 2\ A2—2 2\ As—2
My = DLt 234714734 224 1— 2234 1 |z14
4= T ,3(1 — 2)23. 20455, 53 — T o
(2m)* 23( 2) 2322427525, 219 z  |z93 z | 213
2 2 2
_ 294 1—2|z34 1 |24
1) (z - Z) Of—z|— €1€4 O —| €2€4 O - — | €3€4 M4,
212 zZ  |zo3 1—2|z13
(6.12)

where

4

My=T] (/+OO di; T(A; — 1) (—iei)AiailAi> ( ! : (6.13)

- - - = ; 1
i1 \J—o0 Ug — U1 + U2 — U3 + 1646)
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We now focus on the evaluation of My. The contours of all these integrals can be deformed
to pick up the discontinuity across the branch cuts along the negative u; axes resulting in
! + 3!

00
M4 = 24 —iEk AkSinﬂ'Ak/ dﬂk le_Ak . 6.14
kl;[l( ) 0 k (=g + Uy — U2 +ﬂ3+i646)4 ( )

All these integrals can be performed in a straightforward manner upon retaining the iese
till the end. The result is

H?:l(—iei)Ai(_l)A1+A3 (27T)4 T (B) 5—5 _ H§:1(_i€i)Ai(_1)A1+A3 (27r)4

My =
6 e—0 6

276 ()
(6.15)
where = A; + Ay + Ag + Ay — 4. Finally, re-injecting this expression into (6.12) (with

h; = 7&;%”;’% = Li;‘h) leads to

4 A po_p Ao T
My =] (—ie)*=75 (1=2)8 [[ 27" 237" T (- 1) 201976 (A + Ao+ Ay + Ay —4)

i=1 1<j

2 2 2
1— 1
5(2’—2)@ (—Z @ 6164) O ( c @ 6264) C) <— @ 6364) .
212 Z | 223 1—2z|z13

(6.16)
This matches the result of [27] adapted to the helicity configuration considered here up to a
phase. An identical procedure can be used to reproduce the 4 graviton celestial amplitude
starting from (6.8) or (6.9).

7 MHYV n-point amplitudes

7.1 Carrollian amplitude

In this section, we evaluate MHV Carrollian amplitude for arbitrary multiplicities. We will
first demonstrate that the computation of the Carrollian amplitude in both Yang-Mills and
Einstein gravity reduces to the evaluation of the same integral. Following [51], we can rewrite
the momentum conserving delta function as

n 4 n
PG <Zpl> _ ! [[6(r—wp), with wj= —ul > willy; (7.1)

Unr2a| 7= 1234 =%

where
Ujozs = det (¢l ..., q}), Ur = Uiosalr—i, 1=1,2,3,4i=5,...,n (7.2)

and ¢!' are defined in (3.1) and (5.1) for (3,1) and (2,2) signatures, respectively. Note that
Ur; are independent of all the w; and it was shown in [132] that they evaluate to

21 RijRkl
Z/{ijkl = 86i6j6k6[ |Zikzjl’ Im————. (73)
ZikZjl
The equation above is also valid in Klein space if we interpret Im 242kl — ZiZkl _ ZiiZkl it}
ZikZjl ZikZjl ZikZjl

zi, z; being real and independent.
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Yang-Mills. The colour ordered MHV gluon amplitude (with n + 1 identified with 1) is

12)4 wiw2 2

A, (17,27,3%, ... ,nt) = k772 27 K72 12 7.4
n( ) 1,1,—-1 n <]]+1> 1,1, IHn 3WJH o Zjj41 ( )
where we kept the momentum conserving 0 function implicit. We are now ready to compute
the position space amplitude using (7.1). The Fourier transform of (7.4) is divergent as in
the 4 point case and we will instead compute the correlator of u-descendants. Applying the
integral transform (3.10) on (7.4) and performing the integrals over wy, ..., wy, we end up with

C, (1— 9~ 3+,...,n+)

R 2Py wiws
o 1,— dew. oy ezejw]uj €Z€Iw]u1@(w1) (75)
(2m)" [Urosa| TTj—s 241 /H ! [H w3wj H] 5Wj
H?lal 23 ot uilhioaa—Y 5 equsldy;)
— ( ) ‘[/[1234| H e Bul au2 /]1_[ dw] 141234( J J=1 J 11_119 WI
2
_ Rl 1 ot

5 1.
(2" [Uhoza] TT—2 2jj+1 Ouf Ous

In the last line, we have introduced the integral
n ) 4
I, — / [T deoje ™ ] © (), (7.6)
j=5 I=1

with L; = <ejuj — Z§=1 eﬂu%). This integral will also show up in the computation
of gravitational MHV amplitudes.

Gravity. The MHV amplitude is

(12)°
(ab)(be)(ca)(de){ef)(fd)’

def

A, (1“,2",3++,...,n++) = K52, ‘@def

abc

(7.7)

where we kept the momentum conserving  function implicit. Here |®, ’ is the determinant

of the matrix ® with rows a, b, c and columns d, e, f removed. The amphtude is independent

of the choice of a,...,f. ® has matrix elements
I [i5](57) (Js) ZijZjrZjs Wj
Py = =— s Dy = — T, - . .
=) Ty (7Y 2 i)~ v o

Here 7, s are arbitrary reference spinors. ®;; is independent of the choice of 7, s. Note that
this is also the leading soft factor (see S(®) in (8.3) in section 8 below). The integral we
want to compute is given by

- 1 n .
Crn = @n)" / [ dwjicjwjeis=ii A,. (7.9)
j=1

In order to proceed, we first observe that w; ...w,A4, has no negative powers of w;. To
see this, note that negative powers of w; occur only on the diagonal of ®. Eliminating
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rows and columns a, ..., f eliminates negative powers of wg,...,ws from the determinant.
Multiplying the determinant by the remaining w; eliminates all negative powers. This suggests
to define ‘@def = ITk=1 k2a,..f Wk ‘iﬁif

abc
reasoning and we can now write

. This has no negative powers of w; by the above

CN ’%352 2 i" 2’12 (I)def ot ot d l€jWil; 6(4)
bt} VA i)
n— (271')” Zabzbczcazdezefzfd H €k ’ abc Wi —ie; 81 8u£11 au2 / H wj € Zpk‘
(7.10)
Plugging in the solution for wy,...,ws from (7.1), we get
-2 4 4
5 '%32 -2 " 212 def ( 0 ) o* 0
Cn = o= € | P 1€ 1 1n; 7.11
" ‘u1234‘ (27T) Zabzbczcazdezefzfd H g ’ abe Z au% a ( )

with I,, defined in (7.6).

Evaluating I,. In order to proceed, we must solve the inequalities arising from the ©
functions — an incredibly difficult task whose complexity increases rapidly with n. These
inequalities can be solved only for specific configurations of z;, z; and ¢;, thus implying that
the corresponding correlators are not supported everywhere on the celestial sphere [132].
Each valid configuration specifies domains of integration for the w;. As an example, consider
the case n = 6 where the constraints are

Us234 Up23a
Ui234 Ui234

Z1254 51634 ws
1234 U1234
Urosa Ui264 w <0. (7'12)
Ur23a Ui23s 6

Ui23s U236

U234 Ui234

We will not list all valid kinematic regions but merely present two examples.

Example 1: one solution to the inequalities (7.12) is the non-trivial region in kinematic
space carved out by

Urs3aU1236 —U163aU1236 <0, Uis3aUi26a —U163aU1254 <0, Ui23aUs234 >0, Ui234U1235 >0,
Ur234Ug234 > 0, U234 U1534 <0,  Ui23aU1235 <0,  Ui23aU1264 < 0.

In this region, the domain of integration is

U534 Ur254
- ws Cwe < — ws. 7.13
U634 U264 (7.13)

W5>0,

Example 2: another solution to (7.12) is the simpler region

Uri
Ur234

<0, I=1,2,3,4;i=5,6. (7.14)

In this case, the domains of integration are simply ws > 0, wg > 0. Without loss of generality,
we can take the generic situation to be

n n
B, <wp < B, > Brawa <wp <Y B wa. (7.15)
a=k+1 a=k+1

— 20 —



We have assumed that the inequalities have been solved in such a way that the bounds on the
integration domain of wy depend only on wy1,...w,. It is convenient to define the vectors

Bk:(O,...,BkkJrl,...,Bkn), Bllcz(07"'?B;€k+17"'?Bl::n)7 w:(w5,...,wn).
(7.16)

Note that By, - w reduces to the combination appearing in (7.15). With this, the integral (7.6)
can be written as

oo N ) n—1
I, = / H dwg €% 0 (w, — B,) © (B, — wy) H O (wg — B -w) 0O (By, - w — wg) -
0 a=5 k=5

(7.17)

We relegate the details of the computation of this integral to appendix A merely presenting
the final result,

1\ dridT] 1
In=\55 2 —iBpTn + 1By, 7.18
! <2m') /kl—[5(Tk—i—ie)(rlg—i—ie)Xk(T)—ieeXp[ iBnTo +iB, 7] (7.18)

where Xy, (1) =1, — 7], — Z’;;}) TaBak + Z’;;é 7. B!, — Li. These integrals can be evaluated

in a straightforward manner by computing the appropriate residues. Writing down a general
formula is cumbersome and we present results for 5 and 6 point amplitudes:

o—iBsLs _ ,—iB}Ls

Is = I , (7.19)
1 - )
Is = |:€136(B56L5+L6) _ 6136(356L5+L6)]
L5 (B56L5 + LG)
1 N ! : ! !
+ {61B6(356L5+L6) _ ezBS(B56L5+L6)} ‘
Ls (BygLs + Le)

These expressions demonstrate that the Carrollian amplitude takes on a very simple functional
form in generic kinematic regions of the type shown in example 1. We can provide a compact
form for I, in the region corresponding to example 2, where all the w; are integrated between
0 and oco. As we explain in appendix A, this is done simply by computing the residues
at 7, = 7, = 0 yielding

L=(-1)""]] ; (7.20)
j=5

As we already pointed out at the beginning of this section, these functions are much simpler
than their celestial counterparts, which for gluons have been evaluated in [51].

By contrast with the low-point Carrollian amplitudes discussed in the previous sections,
the higher-point MHV amplitudes do not involve delta functions. This comes from the fact
that the amplitude has four momentum conserving delta functions and n Fourier integrals
over the variables w1, ...,w,. For n < 4, the number of delta functions exceeds the number
of integrals. Consequently, the Carrollian amplitude only has leftover delta functions. This
ceases to be true for n > 4, where the integrals over any 4 of the w;, say wi,...,ws can
be fully localized by the delta functions.

— 21 —



7.2 From Carrollian to celestial

The gluon MHV celestial amplitudes have only been evaluated in the region (7.14). In
this section we will work in this restricted kinematic regime where the MHV Carrollian
amplitude of u-descendants is

¢, (17,27,3* ) = (=) i) A 1B (7.21)
,27,37,...,nT ) =(— — .
" (2m)™ (U234l [T7=2 2zj5+1 8U1 Ou3 = L
Applying (3.13) on this expression, we can immediately perform the integrals over us, ..., uy
by methods analogous to those used in sections 5.2 and 6.2, and by noting that these variables
only occur in Ls, ..., L,, respectively. This gives
(—=1)"~ 4“?12—1 2
M, (17,27,3",....nT) = 12 N XT,_4 7.22
" ( ) (2m)" Uhazal TTj=2 2jj+1 " (7.22)
where
4
N =16(2m1)" T (A14+1)T (A +1)T (A3 —1)T (As—1) H —iep)k sinm Ay, HZA Hra;-1),
k=1 7j=5
(7.23)
and

n 4 1-A4;
Z/['
A /du1 dug dus duy qul*l u;AQ*l u§7A3 u}fA‘* H ( E eJUJu JJ ) . (7.24)

This can be identified as an Aomoto-Gelfand hypergeometric function [133]. It is an integral
over 4 variables which naively appears to be different from the n — 4 fold integral obtained
n [51]. However, this corresponds to the dual representation of the same hypergeometric
function. For more details, see the appendix of [51] and also [133]. This completes the
cross-check of the MHV Carrollian amplitudes.

8 UV and IR behaviours of Carrollian amplitudes

In this section, we will analyze how Carrollian amplitudes encode the deep UV and IR
behaviours of scattering amplitudes and show that they are reflected in the singularity
structure of the Carrollian amplitudes in u. This should be compared with the celestial
amplitudes whose singularity structure in the space of conformal dimensions encodes the
UV and IR behaviours of scattering amplitudes [49].

Consider first the behaviour of Carrollian amplitudes as © — 0, where v is represents a
placeholder for some translation invariant combination of the u; involved in the amplitude.
Examples of these are those appearing in the denominators of (5.10) and (6.7). In this limit,
we expect that the Fourier transform is dominated by the UV behaviour of the corresponding
momentum space amplitudes. If the amplitude falls off as A,, £=>% w~* for large w, we have

L[ uw—ew  — 0 -
2—/ dw e =ew =k %auk ! (8.1)
7 Ja Al
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for some numerical constant o implying that the Carrollian amplitude vanishes as u*~! as
u — 0. We can also consider amplitudes which are exponentially suppressed in the UV

with string amplitudes being the prototypical example. Thus the behaviour A, W00, gmaw?
yields a Fourier transform
1 [ . U _a
— dw ef—ow?® 220, 2 o= (8.2)
2w JA A~ 2c0

which also vanishes exponentially.

In the large u limit, we expect the Fourier transform to be dominated by limit of
amplitudes as w — 0. In momentum space, this limit is controlled by the soft theorems which
relate (n + 1)-point scattering amplitudes with one of the particles being soft, and n-point
scattering amplitudes without the soft particle. At tree-level, they take the form

Ay 920 (;15(0) +uds® 4 0(w1)) A,. (8.3)
The above equation has been written for the case of particle 1 becoming soft. For Yang-Mills
and QED, the leading and subleading soft theorems are universal [134-136], while in gravity,
the leading, subleading and sub-subleading soft graviton theorems are universal [46, 134].
More generally, recursion relations show that scattering amplitudes in momentum space
admit a decomposition of the form

Apir (1, m) = A, (1,...on) + A" (1, n) + A (1, ,n), (8.4)

with Aj | corresponding to the part of the amplitude containing two particle factorization

n

channels, A7

<1 to non-collinear or multi-particle channels and A% ; to terms at co. More
explicitly,

1
(p1 + p2)?
(1, o)~ A (1, k—1,-P)

701+1 (1,,TL)N.A3(1,2,—P> -A'n,—l (Pan)a (85>

A —1 P,ki o, n) .
(p1+-.-pr_1)? n1 ( ’ )
We will not elaborate on A% | here and refer the reader to [46] for more details. Furthermore,
the collinear part of the amplitude A5, ; is completely controlled by the soft theorems and
exhibits universal soft factorization to all order. For MHV amplitudes, A}, = A% =0
and this factorization extends to the complete amplitude. Thus, we can write

1
Ay = ( > wf’%*(‘k)) A, (8.6)

k=—o00

where the S*) do not depend on wy, ... . ,w, but do depend on all the z;, z;. For the rest of this
paper, we will focus on MHV amplitudes and drop the superscript ¢ with the understanding
that all the statements made here can be extended to the collinear parts of any amplitude
beyond MHYV. In order to avoid dealing with divergent integrals, we consider correlator of
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u-descendants C instead of the Carrollian amplitude C. We have

2

w0

1
5 > > ) Y10 dw iE1wiu 1-k q(—k ] > >
Cn(ul,zl,zl,...,un,zn,zn)—>/(e 1wt E Wi S(=F) Crn—1(u2,29,22,. .., Un, Zn, 2n)

k=—00

1
:i Z (_iel)k72(1 _k)!ulfigs(ik)én—l (u2a 22, 527 vy Uny Zn, E?’L) .

2
k=—o00

(8.7)
Hence we see that the Carrollian amplitude vanishes as ug%k as u — o0o. Note that the
exponent is positive as have k = 1,0,—1,—2,.... A corollary of this is that the soft factor

S(=k) can be extracted via the residue integral

N2k ~
S(ik) (21, Zl)cn—l = —((116)]{)' ‘?{ dulul_kHCnH (88)
’ U1 =00

where the residue is taken around the pole at infinity. Finally, as discussed in [137], the
soft behaviors of the position space amplitude (8.7) can be directly related to the memory
effects in gravity and gauge theories [138-140].

9 Collinear limits and Carrollian OPEs

In this section, we analyze the collinear limit of amplitudes in position space. The analogous
property is well studied in momentum space [131, 141] and forms the basis for the derivation
of celestial OPEs [57, 142]. Using the Carrollian holography dictionary, we show that this
limit naturally yields a notion of OPE in the putative dual Carrollian CFT.

9.1 Derivation of Carrollian OPEs

We will restrict ourselves to the collinear limit of two outgoing particles, i.e. € = eg = +1.
The other cases can be handled similarly. At tree-level, scattering amplitudes have collinear

poles and the corresponding residues factorize. This can be written as'®
Ti ol a3 7.\ 12 Sl _p=J)__ 1 J als Tn
An(1 272 3% p )—>XJ:A3(1 22 _p )<12>[21]An_1(P,3 " )

(9.1)

Here J corresponds to the helicity of the exchanged particle. In general every massless particle
that can be exchanged leads to a collinear pole. Since P is a massless momentum, we can write

P=w(l+z2z,2+2,2—21—2zZ%). (9.2)

A convenient change of variables is w; = tw,ws = (1 — t) w. We can now solve p; +ps — P =0
for z,z in terms of 21, 29, 21, 29, t, giving

zZ =2z, z=1tz1 + (1 — t)ZQ. (9.3)

10The notion of collinear factorization is well defined in both Minkowski and Klein spacetime. In Minkowski
spacetime, where the three point amplitudes involving massless particles vanish, this is defined by considering
amplitudes with one leg slightly off shell. We will work in split signature for convenience.
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In this limit, the position space amplitude behaves as

12 1 /+°° /1 i(tur +(1—t)ug)w hoole _p=Jy__ 1
Cn — dw ; dtwe ZJ:-A?) (1 272, =P )<12>[21]

472
L +00 dw; , ,
% H (/ 27;) A, 1 (PJ, 3J3’ o 7an) pleauswat.. Fienunwn
. 0
=3

For the holomorphic collinear limit, z12 — 0, the only non-zero three particle amplitudes

(9.4)

are the anti-holomorphic ones. Thus, we must have J; + Jo — J > 0 and plugging in the
appropriate three point amplitude from (5.4), we get

c 12 /ﬁJl,Jz,—J»%])z/dwwp /dteitw(ul—uz)th—J—l(l_t)Jl—J—l]
" 47‘1’2 Z12

oo dw;\ ;
» H (/ z) gluawt tienunwn g ({w, 29,7 + 212}, 3%, an)
0

where p = J; + Jo — J — 1 > 0. In writing the above equations, we have left implicit a sum

(9.5)

over all allowed values of p. These are deduced by solving the inequalities
p >0, |Ji+Jo—p—1/<2 and || <2, |Jo| < 2. (9.6)

The first of these is just taking into account the fact that only anti-holomorphic three point
amplitudes contribute to the holomorphic collinear limit, while the remaining ones remind
us to neglect massless higher spins. The right-hand side of (9.5) depends non trivially on
Z1, z2,u1 and ug. This reflects the fact that we have considered the holomorphic collinear
limit and left the remaining variables at generic values. In this case, following the Carrollian
holography dictionary (3.8), we can write

D, (u1, 21, 21) Py, (u2, 22, 22) (9.7)
=P
_IQJ17J2,—J@/dw WP l:/ dt eitw(ulfug)thfJfl(l o t)JlfJfl
47‘(‘2 Z192
X elu2w D (w, z9, 22 + t§12) .
Here we have denoted the boundary operator corresponding to a helicity J particle in the
bulk by <I>(k B (u, z,2) = ®s(u, 2, 2) with the understanding that they have Carrollian weights
(k,k) = (M, %) as in (3.7). This expression constitutes a Carrollian OPE block, which
is the analogue of a conformal OPE block in CFT [143]. From here, we can obtain three

seemingly different but equivalent formulas for the OPE. Each of them has the benefit of
making certain features of the OPE manifest and we will present all three of them.

Formula 1. This is the most compact expression and includes all the u— and z— descendants
in one integral formula. To obtain this, we perform the w integral by making the identification

1 4
7 /dw wpeZ(UQHUIQ)w (I)J (w, 29,22 + t512) = 85®J (u, 29,22 + t512)’u:u2+tu12 (98)

with w192 = w1 — us and land on

Q7 (u1, 21, 21) D, (u2, 22, 22) (9.9)
8 p
Ky, — Jzu/ dt =T (1 )1 <> By (1, 22, % + £212) s 1.
2 Z2192 ou
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The integral compactly encodes the contributions from all descendants and represents a wu, z
Carrollian OPE block. This also closely resembles the celestial OPE block [59]. The explicit
relation between Carrollian and celestial OPE blocks will be established in section 9.3.

Formula 2. This formula makes the u OPE block explicit. To derive this, we first
Taylor expand

M O\
D (w, 29,29 +t212) = 12 (_) ®;(w, 29,72 9.10
J (W, 22, 22 12) mZ:O ml \ 95, 7 (W, 22, 22) ( )

in (9.7), and then perform the integral over ¢:

/dt eltmmw)oph=ltm=1(] _ )A=I"1 = B(Jy — T+ m, Jy — J)

1 Fy (JQ —J+m,J; —|—J2—2J—|—m,i(u1 —UQ)OJ).

(9.11)

Here B(x,y) is the Euler Beta function and 1Fj(a,b,z) is the confluent hypergeometric
function which admits the power series expansion

Ul —uU2

B(Jg—J—f—m,Jl—J)1F1(J2—J+m,J1+J2—2J+m,i(u1—uQ)w)—>

> (; n n (9.12)
ZMB(Jl—J,JQ—J—i—m—i—n).

|
=0 n:

Noting that the hypergeometric function only has positive integer valued powers of w, we
deduce the formal expression for the OPE

_ _ K & ™ O F [P (ug, 22,2
P, (u1,21,21) P, (w2, 22,22) ~ — ;WfngZ 172, B(Jo—J+m,J1—J) [ 3i; liz))
m=0 :
(9.13)

where

0 o \?
.F[CI)J(UQ,ZQ,EQ)]:lFl Jg—J+m,J1+J2—2J+m,(ul—u2)— —_— (I)J(UQ,ZQ,EQ).
8UQ 8u2

This function represents the u Carrollian OPE block. The formula also includes an explicit
infinite sum over z descendants.

Formula 3. Finally, we can make the presence of both the u- and z-descendants explicit
simply by further expanding the hypergeometric function in (9.13) using (9.12) to arrive at:

Dy, (u1,21,21) Py, (ug, 22, 22) (9-14)
fe’e) —p+m_n o m o p+n
N—M Z B(JQ—J—i—m—FTL,Jl—J)M (_) <> @J(UQ,ZQ,ZQ)-
27219 ol m!n! 0% Oug
m,n=0

The following formula for the OPE of Carrollian descendants is readily obtained by making
the replacements J; — J1 +1,J9 — Jo+1,J — J + 1 in the OPE coefficient and the
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exponent of the ug derivative:

o —p+m

_ _ KJy,Ja,—J Zig Uy

Ou, @, (u1,21,21)0u, @, (ug, 29, 29) ~ — 2222 E Jo—J+m+n+1,J—J+1)—=—=——==
U1 1( 1,1 1) U 2( 2,42 2) 27T212 oo (2 1 ) min!

9 m 9 p+n+1 -
<322> <8u2> au2‘1>J(’U«2;22722)-

Collinear limit of MHYV gluon amplitude. As a check of our formulae, we will compute

(9.15)

the collinear limit of the 7 point gluon MHV amplitude (7.5) in the special kinematic
configuration corresponding to (7.20) and thereby directly verify the OPE (9.15).'' The OPE
of two positive helicity gluons in Yang-Mills has p = 0, which yields

> 1

_ _ K1,1,—-1
8u1(1)+1(u1aZlazl)augq)+1(u2a227'22) ~ = 2 Z
TZ12 m,n=0

a m 8 n+1
(822) <6uQ> aug(b+l (2’2, 22, U2) .

We will verify this directly from the 7 point MHV gluon amplitude (in the special kinematic

~m,,n
Z12U712
m+n+1 min!

(9.16)

configuration (7.14) for which we had an explicit expression for generic n):

5 3 4
5 Ki1— z 0 1
C 1_72_’3+7"'>7+ == . [T > |: :| 9.17
' ( ) (27T)7 ‘u1234’ ;:2 Zjj4+1 aU% 8u% LsLgL~ ( )

U . . . ..
where L; = (EjUj — Zfl,zl €JU 72 For convenience, consider the true collinear limit

Ur23s )°

26 — 27,26 — 27 of (9.17) in which case the OPE (9.16) implies

_ B 1 a n+1 -
p 20, Lol () Cs. (9.18)
267—0 2T ze7 (n + 1)! Ous

To verify this, we start by noting that Lg is the only relevant quantity that has a non-trivial
behaviour in this limit. Setting e = e7 = 1, we find

4
Z/IJG Z(,7—>0
Le=ug— Y _ usey 6—ZUJ6J

=Lr4+u 9.19
= U234 267H0 ! ot ( )

The fact that U g ﬂ> U j7 follows from the definition (7.3). The final step in verifying (9.18)

is to note that We can write

1 ze7—0 > (*1)71 <u67) 1 ot
T ) =~ 9.20
LgL7 z67—0 nEZ:O L% Z n 41 [an—‘rl L ( )

This completes the check of (9.18).

"The Beta function appearing in the OPE coefficient in (9.14) is divergent for gluons and we consider
instead the OPE of the Carrollian descendants (9.15).
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9.2 Consistency of Carrollian OPEs with symmetries

Defining OPEs in a Carrollian CFT is a delicate issue due to the ultra-local nature of the
theory. We show here that the Carrollian OPEs derived above are compatible with the global
conformal Carrollian symmetries generated by (2.2) with parameters in (2.3), and hence are
in agreement with ultra-locality. For convenience, we will check the invariance on the formula
1 given in (9.9) under infinitesimal transformations generated by 7,) and ) separately.

Invariance under 7. The action on the left-hand side (Lh.s.) of (9.9) is

o7 (Lh.s.)

=T (21,21)0u, Py, (w1, 21,21) Py, (w2, 22, 22) + g, (w1, 21, 21) T (22, 22) Ouy Py, (u2, 22, Z2)

:‘45J17JQ7 J212/ dttJQ J— 1 t)Jl_J_l[T(ZQ,Zl)t—FT(ZQ,EQ)(l—t)]
2 Z12

65+1‘I>J (u; 22, Z2 + tZlZ)‘u:uTl-tulg
(9.21)

where we used successively (2.6), (9.9) and the identification of z; with 25 at leading order.
Now acting directly on the right-hand side (r.h.s.) of (9.9) leads to

o7 (r.h.s.)

P
K/JLJQ,—J 212 1d Jo—J—1 1 Ji—J—-1 apd ) by =
B E—— tt (1-1t) POT® 7 (u, 22, Z2+1212) [u=us+tu1s

=P 1
RJy,Jo,—J Z —Jj— N _ _ _ _
— 2,7 712 / dtt‘]2 J 1(1—t)J1 J-1 T(ZQ,ZQ+tZ12)85+1(I)J (U,ZQ, 29 +t212)|u=u2+tu12-

27 Z12
(9.22)

For each T (z,%2) =1, 2, Z, 2z, one can check explicitly that (9.21) coincides with (9.22), which
shows the invariance of the Carrollian OPEs under translation.

Invariance under ). This check is very similar to the previous one and here we merely
present the result, drawing attention only to the subtler points. We have

Sy(Lh.s.) = "1“’2’ / ziz / det" =T (1= ) T ID [0 Dy (0,2, 2)] (9.23)

to leading order in z9, with

1
azQy(ZQW + (k1 + k2)02,Y(22) + - (V(2z2) = V(1)) + V(22)0=,,
= §8Z2y(22)8u + (k}l + kg — 1)8Z237(22) + y(ZQ)(aZQ. (924)
In arriving at this result, we have made use of the following relations:

Oy, @ = 10,9, Ou, ® = (1 —-1)0,9, where u=tuy + (1 — t)us. (9.25)

It is straightforward to check that this is identical to the action of ¢y on the r.h.s. since the
weight of d2®; is k = L + THAELopol — gy oy, — 1
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Invariance under ). This check is more involved since there is no implied limit on the
Z;. We will also need to apply integration by parts identities in order to see the invariance.
With this in mind, we compute

6p(Lhs.) —dy(rhs.) = K‘h’b’ s 22 / dtt2=7=1(1 — )" =/=1p {af@J (u, ZQ,E)jl ,
212
(9.26)

(9.27)

2

This manifestly vanishes for Y = 1,z while for ) = z%, we must verify that it integrates

to zero. To this end, we note the following relations:
1 1
8UQ>J (u, 2’2,5) = 7&5‘1’] (U,ZQ,Z) s 85@] (u, 2’2,5) = 7—875(1{] (U,ZQ,Z) . (928)
uy2 Z12

Using these, integrating by parts and simplifying the resulting expression yields
5*(1hs)—55,(rhs) (9.29)

_ HJLJQ, JZ 12 / At Y 1 — )T (T = J) = (1= )(Js — J)) = 0.
212

Note that this result depends crucially on the precise value of the exponents. This suggests
that the OPE coefficient can be fixed by symmetries in a manner analogous to [58].
9.3 From Carrollian to celestial

Finally, as a consistency check, we compare Carrollian and celestial OPEs. It is easier to
start from (9.9) and apply (3.12) to get

vy oo
— — R ,Jo,—J z . — —
OAI’JI (21,2’1) OAZ’JQ (2’2,22) ~ —712; 712 (—Z)A1+A2F(A1>F(A2)/ du1 dUQ Uq A1 Uqy Az

1 P
0
X/ dttJ2_J_1(1—t)J1_J_1 () (DJ (u2+tu12722,22+t212).
0 Ous
(9.30)
As before, we deform the wu;, pick up the discontinuity across the branch cut on the negative

u; axes and reduce them to integrals over the positive real line. We further define 4y =
tuy, iy = (1 — t)uz and are led to

I (—i)A1+A2
OAth <21;21)0A2,J2 (22,52)’\’ 7T( Z) Ry, Je,— J'Zl2/ dtt2h1+p 1(1 t)2h2 1

F(l_Al)F(]._AQ Z12

oo _ 8 p ~ R _ B
X/ dﬁl dﬂg ﬂ'l u2 Az <aﬂ ) q)J (Ul +U2,2272’2+t212)
0 2
(9.31)
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where (h, B) = <%J, %) are the conformal weights. Integrating the uo derivative by
parts and then making a final change of variables 41 = zu,%2 = (1 — x)u allows us to
factorize the integrals. The integral over z is then readily performed and the expression

simplifies considerably to

sinm (A z
OAl,Jl (21>21)0A27J2 (Z2722)N_’€J1,J2,—J(_1)pM 12/ dtt2h1+P 1(1 t)2h2+p !

Sln7TA2 212
QW(_i)Aﬁ-Az-H

I'2—A1—Ax—p)

oo
/ dUU17A17A27p(PJ (U1 409,22, 22+1t212) .

(9.32)

Identifying the expression on the final line with the Celestial operator (after a contour
deformation) and noting that S2M221P) — (_1)P we arrive at the celestial OPE block [57, 142]

sinmAo

Ony . (21, 21) Ony g, (22, 22) ~ =Ky gy, — J*/ dt PP 2Pt 0N L a

(9.33)

10 Soft symmetries of Carrollian amplitudes

As emphasized in the introduction, one of the merits of celestial amplitudes is that they allow
to render the soft symmetries manifest thanks to the OPE structure [59-67]. Understanding
the action of these soft or celestial symmetries from the Carrollian point of view at null
infinity is a legitimate and well-posed question, which we address in this section. In order
to determine how the soft symmetries act on Carrollian correlators, we adopt the following
definition for the (outgoing) soft operators:

1 = lim (A~ WN(A - 1)(4)A/7 dun20,8, (u,2,2),  k=1,0,—1,-2,...
(10.1)

We will use this definition to first compute the OPE of one celestial and one Carrollian
operator and then take the relevant limit. Starting from the integral representation of the
Carrollian OPEs (9.7), deriving with respect to u; and ug, and applying (3.13) on the first
operator, we get:

0A1,J1 (Zlyzl)auzq)h (u2?22722) (10.2)
—p 1
_ K Ja =T Z1p / * dwwP A / dt e (Ituapla =T+ M =21 ) =T O (1) 29, 9 +1210)
2T 219
oo —p+m [e’e]
_HJ17J27_J2212 (A1+J2—J—1+m,J1—J+1)/ dwwP A
2T 212 m! 0

X 1F (A +Jo—J = 14+m, A1 +p—J+1+m, —iugw) 05O (w, 22, 22) Q2w

This master formula allows us to compute the action of soft currents on various Carrollian
operators. While it might be possible to work out a general formula for arbitrary Ji, Js and
J, in this paper, we will restrict ourselves to three cases of interest — the action of soft
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graviton currents on Carrollian gluon and graviton operators and the action of soft gluon
currents on Carrollian gluon operators. The Lwiyo and S algebra currents are related to
the soft graviton and soft gluon currents via light-ray transforms [60, 142]. We analyze
each of these cases below.

Action of Lwi currents on gravitons. Let us now consider the first case of interest
— Lwi 4+ currents acting on Carrollian graviton operators. To this end, we first derive the
action of soft graviton currents. Setting J; = Jo = J = 2 in (10.2) yields

Ons(or2 T Y
Ay,2 (21,21) Oy ©o (U2, 22, Z2) ~ m|B( 1—14m,1)

2w Z12 0

/ dww™ T B (A +m—1,A1+m, —iusw) 02 O3 (w, 22, 72) €72%.
0

(10.3)

Taking the limit (10.1) on the first operator gives the following action of the soft graviton

operator on the Carrollian graviton operator:

1—-k —m+1 (—’iUQ)l_k_m

& B _ K2,2,—2 ?12
HQ (Zl?ZI)auzq)Q ('U,27Z27Z2)N_ 212 Z m' (1_k—m)‘

(—i0y,)>™ 0%, @9 (ug, 22, 22) -

m=0

(10.4)
Note that this action is local only for k£ > —1, corresponding to the universal soft theorems.
In arriving at the above formula, we have made use of the limit

(_iu2w)17k7m

B M <1-k
lim (Al—k)lFl (AH—m—l,AH—m,—iu2w)B(A1—1+m,1): (1—k—m)! m=
Ar—k 0 m>1—k.
(10.5)

We can define the Lwi o currents corresponding to soft currents by slightly modifying
the definition in [142]'? to

_ . (=12 (2q) [ dw _
q — Al G- 74
w (2 2) 21—% 2mi e /,oo (z —w)% Ous-2ge2 (2,0) (10.6)

e—0

where ¢ = #. Note that Q49442 (2, W) —> %Hﬁ“ Expanding the current in modes as'?

<< 1 3.5
’LUq (Z,g) = Z mw,,qn, q = 5,2,5,... (107)
m=q—1
it has been shown that these modes satisfy the w1 algebra [60],
[wh,, wd] = (m(g — 1) —n(p— 1)) whi . (10.8)

Implementing this in (10.4) gives the Lwi1o action on Carrollian graviton operators:

w? (21, 21) Ouy P2 (u2, 22, 22)

K2,2,—2 2g—3 m “m42-2q, - \2¢—3—m, - 91 o B (10.9)
TR S (=)™ (mA1) 22 (<) (—iB4y)2 O Dy (1, 2, 7).
m=0

12 Alternatively, we could apply the unmodified definition to (10.3).
13The truncated mode expansion can be motivated from various perspectives for currents that enter the
collinear part of the amplitudes, see [59, 128, 144, 145].
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Finally, as a consistency check, we will obtain the action of the Lw; o currents on celestial
graviton operators. This is done by applying (3.13) to the second operator in (10.9) to get

2q—3
_ _ K — . 1 _ —
w? (Zla Zl) OAQ,Q (22, 22) ~ _% Z (—1)m(_z)A2+2q 1 2mF(A2 o 1)(m + 1)2?5—&-2 2q
=0
" o0 2q—2 A 2
« / duy (1) 22 (9, )2 Dy (uy, 29, Fy)
—o0

(10.10)

Integrating by parts and identifying the celestial graviton operator, we find

2q—3

_ _ K2,2,—2 (m+DI(A2 —1) 109

w? (z1,21) O 29,729) ~ ——2 Z 1
( 1 1) A2’2( 2 2) 212 mz::OF(Q—‘rA2+m—QQ) 12

Opngta-2q2 (22, 7%2)
(10.11)

which is in agreement with the result of [142]. Hence, by consistency, our result (10.9)
is also in agreement with the phase space derivation in [68] and the field theory point of
view adopted in [146].

Action of Lwiio currents on gluons. A similar procedure can be used to obtain the
action of Lwiys currents on Carrollian gluon operators. Setting J; = 2,Jo = 1,J =1
in (10.2) and suppressing colour indices and the structure constants, we get

— o0 —m 00

_ _ R2,1,—1 %12 212 1+A

Op,.2(21,21) Ouy @1 (U2, 22,20) ~ ——2—— —'B(A1—1+m,2)/ dww!TA1
2T Z192 0 m: 0

1B (A1 —14m, A1 +14+m, —iugw) 8;’;(91 (w, 22, 22) iU

(10.12)
In order to proceed here, we need the formula
Ahmk (A1 —k)1F1 (A1 +m, Ay + 14+ m, —iugw) B(A1 — 1+ m,2)
1—
—jugw) k™ —iugw)t TET™
_ _( (—Qk—)m)! + ¢ (1ik)—m)! m<1—k (10.13)
0 m>1—k
which implies the OPE
Hy (21,21) 8, @1 (u2, 22, 22) (10.14)
1-k —m+1 ; —k—m ; 1—k—m
K2,1,-1 \~ 219 (—iup) o \1em, (Tiu2) o \2-m | Am .
~ 2L - —id, —id, Ty (g, 29, 7).
212 mz::o m! [ (—k—m)! (=i0u) + (I—k—m)! (=i0u) 0P (2, 22,%)

The action of Lwiis on the Carrollian gluon operator, derived by following the same
procedure as in (10.6) and (10.9) is

w? (21, 21) Ouy @1 (u2, 22, 22)
2q—3

—TEEL Y () e DES T (20 me5) (i) (i)
12 =0
+(—7;’LL2)2q_3_m(—’L'6uZ)2_m} 82;‘1)1 (UQ, 29, 52) . (10.15)
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Action of S algebra currents on gluons. The action of the S algebra can be obtained
by following the same procedure as above. Setting J; = J; = J =1 in (10.2) and taking
the limit in (10.1), we get
H{c (2’1, 51) 8u2q)1 (UQ, 292, 52) ~ —M 277172:(_@@—(—218112)17”18?@1 (UQ, Z92, 52) .
212 om! (1—k—m)! 2
(10.16)

The actions of the soft operators with k£ = 1,0 are local while the rest are non-local. This is
similar to the gravitational case. In arriving at this result, we have made use of the formula

) (A1 — k) , (—iugw)t=k—m
| — (A -1 A — = 10.17
A, A =Ty L@ L m A, —iuaw) = ST (10.17)
The S algebra currents are defined as
.. (=D%r(2q) [~ dw 3
q,a — a — —
S (Z)Z) —il_I)% Imie /oo (270))2(10372q+5,17 q= 17 2727“‘ (1018)
where ¢ = % and O3_9¢41 (2, W) 20, %H{“ Note that in the above equation, we have

reintroduced the colour index on the gluon operator. These currents admit a mode expansion
similar to the w? in (10.7) and are known to satisfy the algebra [60],

[Sge, ShP] = —ifebShia, (10.19)

m-+n

where f2%¢ are the structure constants of the gauge group. Implementing the redefini-
tion (10.18) in (10.16), we get the action of the S algebra on Carrollian current

S9 (21, 21) Ouy B (ug, 22, 22) (10.20)
K111 2q—2 2m+1—2q
~ T D ()M )R (i) (i) OL O (2, 22, 7).
m=0 :

In arriving at the above result, it was necessary to reintroduce colour indices and the structure
constants into (10.16). We can derive the action of S algebra currents on celestial gluon
operators by a computation identical to (10.10) and (10.11), upon which we find a result
in agreement with [142].

11 Momentum, Carrollian and twistorial transforms

In this section we give a proof of the Fourier transform between on-shell momentum space
wave functions and asymptotic data for massless fields. Although arguments for this transform
have been given elsewhere, [18, 121, 122], the version presented here makes the conformal
invariance of the transform manifest by introducing homogeneous coordinates that explicitly
encode the action of conformal transformations of . and hence Lorentz invariance. It will
also expedite the connections with twistor space and the twistor encoding of the data.
The twistor encoding of zero rest mass fields can happen in a variety of ways owing to
the cohomological nature of the twistor representatives arising from the Penrose transform.
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Two choices are relevant to our discussions here depending on the choice of signature. In
Lorentz signature, as described in [34, 35, 147], asymptotic data at .# directly give rise to
certain preferred Dolbeault twistor cohomology classes adapted to null infinity. This does
not make a significant difference to the discussion above and we postpone discussion of these
to section 12. In Klein space or split signature there is a version more analogous to Cech
cohomology but where the cohomological freedom is fixed and the Penrose transform coincides
with the so-called X-ray transform discussed below. There is further a nontrivial transform
from asymptotic data to twistor data discussed in [45] and proved below. This will allow us
to establish a direct connection between twistor space and Carrollian CFT.

11.1 Homogeneous coordinates on .# and on-shell momentum space

This homogeneous framework for .# was originally introduced by Sparling [34, 147] and our
conventions in this section are adapted from these references and will slightly differ from
those of the previous sections. This choice allows us to connect more easily with the twistor
literature later. The homogeneous coordinates will allow us to work with manifest Lorentz
and conformal invariance and write more compact formulae that keep track of weights under
transformations. The following formulae are all valid in both Lorentz and in split signature
although we will pivot to split signature in the twistor subsection.
To connect with the notation in (5.3) we introduce the momentum spinors

kag = KaRa, Wwhere Ko =wza, Fa = VWwza, (11.1)

where
zo = (1,2), Zo = (1,2). (11.2)

For helicity'? n/2 an on-shell momentum space wave function (ﬁ(/ﬁa, Re) is required to have
weight n

A

(kg a TRg) = a"d. (11.3)

Note that here w € R not RT but with this rescaling freedom, it only needs to appear in
integral powers in the transform formulae so no signs or factors of ¢ need to be introduced.

Similarly, at .#, the Bondi coordinates (up, z, z) introduced in section 2 can be wrapped
up into homogeneous spinorial quantities

(Uy Ay Aa) = ()\oj\ouB, A0Za :\0§d) , (11.4)
where a function f(u, A, 5\) is now said to have weights (p,q) if
fadu, adg, @rg) = P& f(u, Ao, M) - (11.5)

Homogeneity weights (p, q) correspond to Carrollian weights (—2k, —2k). This follows because
the 1-forms

DX := (Ad)\),  DX:= [\ (11.6)

4Here we will take the sign of the helicity as if the momentum were future pointing so that positive helicity
corresponds to self-duality.
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have respective homogeneity weights (2,0) and (0,2) so that f(DA)~2(DX)"% defines a
section of (Q_(;’O))_g ® (Q_(;’l))_% with homogeneity weights zero: thus it descends to a
tensor (or a conformal Carrollian primary field) on .#. Thus, homogeneity weights (p, q)
are equivalent to Carrollian weights (k, k) = (—%, —%) according to the definition (2.6) and
encode the conformal invariance properties via standard Lie derivatives of tensors. We see
that in the homogeneous framework, a fixing of the rescaling freedom is equivalent to the
choice of a spin-frame on the sphere, and that the construction is essentially local depending
only on the local conformal structure. It also allows the global SL(2,C) symmetry to be
manifested when one is working globally on the Riemann sphere CP! in terms of its global
homogeneous coordinates.

Thus our basic Carrollian fields ®9 have homogeneity weights (-1 —eJ, —1+€J). At .7,
according to the Newman-Penrose spin-coefficient formalism of [79, 148], (p, q) are encoded
into spin weights s = (p — ¢)/2 and boost weights w = (p + ¢)/2. One finds that the
radiation field ¢2 for a massless field with n = 2eJ > 0 has weights (p,q) = (—=1,—1 —n)
whereas ¢ with n = —2¢J > 0 has (p,q) = (—1 —n,—1). Thus, on the basis of weights,
for integral spin, we can identify

591=8§<I>6, n=2eJ, ¢2:8§®6, n=—2¢J. (11.7)

In particular for spin two we have ¢) = W0 = 9, N = 925 where N is the Bondi news, and &
the asymptotic shear. Thus ®5 can indeed be identified with the shear.

As an application of the homogeneous formalism, we express the Carrollian OPE (9.9)
conformally invariantly as

@, (uh)‘la;‘l) Dy, (U2,>\2,5\2) (11.8)
Ky ot [P da]? /tQ:O JomJ—1,J1—J-1 ( 9 )” . <
~ — 3J2, D 2 1 v (b ‘
2t (MA2) Jy=o th f2 ou d <t1u1 +taug, At + tQ)Q)

Here Dt := todt; — tydty where t; have weights (0, —1) in (ug, Aj, \;) respectively and J =
J1+ Jo —p—1. As we are taking the limit (A A2) — 0, we can identify the holomorphic
weights in the OPE using the ratio A1 : Ay in the limit. In this framework, the fact that the
weights in this formula balance proves its conformal invariance.

11.2 From momentum space to asymptotic data and back

Massless fields of spin n/2 are given respectively by momentum space wave functions &(ka, R)
of weight —n for negative helicity and of weight n for positive helicity, or characteristic data
at &, ¢ (u, A\, \) of weight (—n — 1, —1) for negative helicity and of weight (—1, —n — 1) for

positive helicity. Thus for negative eJ = —n/2 the space-time fields are given by the formulae
Voo (7) = / oy B O, B TS (K2) (11.9)
R
1 . - -
= —/ Aot - Aay Ou®® (%Mo A, A, \) DA DA (11.10)
21 )&

Here D := (Ad\) and DX := [Ad)\]. In both cases it is quickly checked that the integrands
are invariant under their respective rescalings. The rescaling invariance for (11.10) means
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that the A\, and A4 integrals reduce, in Lorentz signature where X is the complex conjugate
of )\, to the double integral over the sphere. In split signature the (\, ;\) integrals are over
projective lines RP! with topology S! or simply R if a scaling is chosen so that Ao = 1.

These formulae are essentially ambidextrous, and the positive helicity versions are given
by the conjugate formulae. The first of these in (11.9) is the standard Fourier transform, and
the second in (11.10) is an adaptation of the d’Adhémar integral formula of, for example, [79],
and taken out to . in either signature.

The main tool used in this paper is what might be known as the third-Fourier transform:

Lemma 11.1. For spin n/2, we have the formulae

69 (u, \, 3) :i/czs()\,sj\)e’““ds:i/ Sd(stastheds, e <0,  (11.11)
@0 (u, A\, \) = i/q@(s)\, e "Uds = z/ 2h(s2A 2\ %S\)e*isuds, , eJ >0, (11.12)

with the second equality following from the homogeneity.

In particular, for gravity we see that with ¢} = U} = & we can write

l\.’)

:_z/¢% 3X)e"uds, (11.13)

agreeing with the identification following (3.5). A well-known corollary is that if ¢ is positive
or negative frequency, then ¢! extends to the upper-half u-plane.

Proof. To see this for the negative helicity case, we rewrite (11.10) as an integral over .%
using the Fourier representation of the delta function

210 (u — %A hg) = / eis(u=a-M) g (11.14)

Putting this together with Fourier inversion of (11.9)

n ~ 1 —ik-x
o - ey DU, F) OK?) = (553 /R4e Feg o d (11.15)
we obtain
Fay - Fa, @0(k%) = xds/ ikats(u—rAN)\ AL B0 duDADX  (11.16)

:—/ds/ 5 (kaa—5Aara) €5 Ay - Aa, W0 duDADX,  (11.17)
2T 7

with the z-integrations directly yielding the delta functions. These imply the §(k?) delta
function which can be factored out, and the (s, A, 5\) integrals can then be evaluated against
the delta function. To do this it is useful to revert to the gauge fixing of (11.1) and (11.5)
with \g =1 = 5\0, so that s-integral against the delta function identifies s = w to give

R zwuB .
w2 p(k, i) /duB ¢%(ug, 2, %) /du e ¢V (up, 2, %) (11.18)
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where in the second equality we integrated by parts. Multiplying through by Ay", introducing
s=w/ /\05\0 and using homogeneity we obtain

d(\, sA) /due’5“¢n (u, \, ) . (11.19)

Inverting the transform we therefore obtain (11.11)
¢ (u, Aas :\d) = i/ds e_isuag()\a, Shq) - (11.20)
The details are much the same for obtaining the positive helicity version (11.12). O

11.3 Transforms to twistor space and back

In order to have well-defined twistor functions, we work in Klein space with split signature
as the Penrose transform there reduces to the X-ray transform expressing massless fields
on space-time in terms of smooth functions on real twistor space RP? with homogeneous
coordinates (Ay, %) ~ (Ao, £%). In split signature all coordinates will be taken to be real.

We introduce homogeneous coordinates (\q,u®) on twistor space RP? with twistor
function f(\a, u®) said to be of homogeneity n if

flada, ap®) = ™ f(Aa, pu®) . (11.21)

The twistor integral formulae are starting with twistor functions f(\n, u%) of weight n — 2,
for spin n/2. These are chiral transforms given differently for positive and negative helicity
massless fields

_r
g1 audl e 3Md" U =gt ),

T, o / Moy A O 2%N) DA, €] <0, (11.23)

Ve, .o, (T) = D\, eJ>0 (11.22)

It is quickly checked that the integrands are invariant under their respective rescalings so that,
in split signature, the A\, integrals in (11.22)—(11.23) reduce to integrals over the projective
line RP! with topology S! or simply R if a scaling is chosen so that Ao = 1.

These integrals are higher spin versions of the so-called X-ray transform, because they
integrate f over lines in RP3, providing solutions to higher spin versions of the ultrahyperbolic
scalar wave equation, [149].'> These are manifestly conformally invariant as written.

Concatenating (11.15) with the twistor integral formulae leads to Witten’s [150] half-
Fourier transform between momentum space and twistor space

fOum) = [ARIER, G0 @ s [ NRe, 2y

see appendix B of [151] for full details of the derivation. To obtain the map between
asymptotic data and twistor space, we can concatenate this last formula with the half Fourier

15Usually, the Penrose transform reformulates massless fields as cohomology classes on regions in twistor space
subject to constraints and gauge freedom. The X-ray transform has the advantage of being a correspondence
with functions on RP3.
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transform to obtain for negative helicity
3 i —is(u—[pA &
¢701 (’U,, ACH )\Ot) = m/d“ﬂﬂe ( [M)\Df<)\0c7 2 ) ’ (1125>
i 3 a
= o [ Pt ) O (11.26)

However, for positive helicity we obtain

& (whaida) = 1 / stdsd® e @A £, p) | (11.27)
T
U nn 5 &
= 0" [ dpdtu— (A f 1), (11.28)

For positive helicity gravitons, n = 4 and we write 452 = \T/g = §. It is easy to see that, after
integrating twice with respect to u we obtain for the asymptotic shear with f of weight 2

ol %) = 508 [ @udtu— [ F O, ). (11.29)

Integrating out the delta function, this formula reduces to (A.10) in [45] thereby giving
a proof of that formula.

For Maxwell/Yang Mills we have n = 2 and ¢ = 9,a where a is the DX component
of the gauge potential in a gauge in which the du component is zero. In this case we can
similarly write for f now of weight zero

A A) = o= [ dud(a = (1) s ). (11.30)

The above integral transforms provide a direct relation between operators f on twistor
space and what we holographically identify with Carrollian operators in the putative dual
theory at .#. This can be exploited to study properties of Carrollian amplitudes using twistor
theory, without resorting to momentum space. We defer this analysis for future works.

12 Discussion

Scattering amplitudes are usually expressed in terms of on-shell momentum space wave
functions. There has nevertheless been a long tradition of studying classical scattering from
null infinity, already implicit in the work of Bondi, Sachs et al. [84-86] made explicit'® in the
work of Newman and Penrose [76-78, 123, 148] and later by Ashtekar and others [121, 154].
Quantum scattering has also been studied from null infinity in [122, 155] and more recently,
although perhaps more implicitly in the conformal collider discussion of [156]. Only relatively
recently has there been much interaction with the modern study of scattering amplitudes.
For example, the ambitwistor strings of [157, 158] were reformulated in terms of strings at .#
in [36, 37, 40, 42] with amplitudes constructed from vertex operators built from radiation
fields at null infinity. Nevertheless, in these articles, the focus was on momentum eigenstates
or Mellin states even if expressed at .#, in order to identify soft theorems.

%The scattering theory of Lax and Philips [152] was similarly re-interpreted as scattering from .# by
Friedlander [153].
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In this article we have instead systematically reformulated massless amplitudes in terms
of their radiation data at .# via a Fourier relationship between energy and the Bondi retarded
time. As examples we have been able to fully transform two-point, generic Lorentz-invariant
three-point amplitudes, and gauge and gravity MHV amplitudes with many points. This has
enabled us to establish a bottom-up approach to a dictionary for Carrollian holography by
proposing that such Carrollian amplitudes arise as correlators of some system of operators
defining a Carrollian CFT at .#. The OPEs of these operators have been obtained from the
transform of the three-point functions. Although the Fourier transform between momentum
space and radiative data in its most explicit form and hence the Carrollian OPE do not
make Lorentz invariance manifest, in section 11.2 we saw that they can be formulated with
manifest conformal invariance.

The interest of position space amplitudes at .# for flat space holography [16-18] is based
on the observation that the position space amplitudes for a massless scattering in flat space
can be encoded in Carrollian correlation functions at null infinity. The n-point Carrollian
amplitudes and OPEs derived in this work offer strong constraints on the potential dual
theory at null infinity. This opens the road to a bootstrap program for Carrollian CFT.

The Carrollian holography dictionary discussed in this work can be seen as an extrapolate-
type of dictionary: the Carrollian correlators at the boundary can be obtained as boundary
values of the bulk correlators (see the discussion below (3.8)). This is very much in the spirit
of AdS/CFT, and in that case, the bulk path integral can be interpreted as the generating
functional for boundary correlators [159]. The first steps towards such an identification in flat
space have been taken in [160-162], where the authors use the bulk path integral to explicitly
realize the S-matrix (in specific cases) as boundary correlators. It would be interesting to
compare these with partition functions of Carrollian theories.

Furthermore, we believe that Carrollian amplitudes are the natural objects obtained from
the flat limit of AdS amplitudes with suitable boundary conditions. Indeed, from the classical
Einstein equations, we know that the flat limit in the bulk (A — 0) implies a Carrollian
limit (¢ — 0) at the boundary [15, 163-174]. We expect that a similar procedure applies for
scattering amplitudes (see e.g. [175-179] for recent works in that direction).

In the last part of this work, we initiated a connection between Carrollian holography and
twistor theory by expressing the asymptotic data at null infinity, corresponding to Carrollian
operators, and operators defined on twistor space. The latter is the natural framework to
provide a geometric interpretation for the celestial symmetries [40, 45, 70, 71]. We plan
to exploit this interplay in future works.

Finally, although here we have focused on bottom-up methods for Carrollian holography,
but there are by now a number of top-down approaches in the literature. In particular,
worldsheet theories with target .# have been constructed in [36, 37, 39, 42]. These are all
essentially ambitwistor string theories except for [39] which is a classical sigma model. They
encode the radiative sector into worldsheet vertex operators whose correlation functions
yield amplitudes at tree level and beyond. Such vertex operators also implement both BMS
and higher celestial symmetries. Other top-down methods, also have a twistorial focus.
The twisted holography work of Costello, Sharma and Paquette [43, 44] should also have a
Carrollian realization. The twistor actions of [180-184] already have an interesting realization
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in this Carrollian framework, because a natural gauge fixing for the twistor cohomology classes
on which the twistor actions are based arises from asymptotic data at .# following [34, 147];
this has already been exploited in the radiative approach to amplitudes in [38, 41]. On
the other hand, split signature approaches to the transform to twistor space [150, 151] give
different insights into the structures studied here, in particular because actions of the enhanced
symmetry algebras, Lwio and the S-algebra, are locally realized on twistor space in this
signature as seen in [45]; the Lorentz signature approach of [40] required a Cech-Dolbeault
correspondence to be implemented before a local geometric realization could be obtained,
and so a cleaner picture should be available in this framework.
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A Computation of I,

We will perform the integral over one such generic region which without loss of generality
we will take to be

n n
Bn S Wn S B;w Z Bka Wq S Wi S Z B]/ga Wg - (A1>
a=k+1 a=k+1

We have assumed that the inequalities have been solved in such a way that the bounds on the
integration domain of wy depend only on wg1,...,wy. It is convenient to define the vectors

Bk:(07--'7Bkk:+17-'-7Bkn)7 Bllgz(0,...,B;€k+1,...,B;€n), w:(w5,...,wn).

Note that By - w reduces to the combination appearing in (A.1). With this, the integral (7.6)
can be written as

o M ‘ n—1
I, :/ [ dwae™™*“*© (wn—Bn) © (B, —wn) [[ © (wk—By-w) © (B}, -w—wy) (A.3)
0 i k=5

We can now replace all the © functions by their integral representations

O (z) = . dr_ —ior (A4)

270 J oo T + 1€
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with the understanding that ¢ is an infinitesimal parameter. We introduce a variable 7; for
every lower bound and 7/ for every upper bound and get

I, = () / [] dwae*e “a/ H %exp [i7k (wi — B -w) —i7y, (w, — By, -w)]
0 4=5

(T +1i€) (1), +1€)

drpd
x/( TndT, exp|[—iB,Tn+iB,,T)]

Tn+i€) (7], +ic€)
1\ drydry,
—(— i X —iBpta+iB.1!
<2m') / /H (Ti+ie)( Tk—l—ze)eXp[ e X (7)) exp [=iBuTu +iBym)

(A.5)

where Xy (1) = 7 — 7}, — Za 5Ta ok Es;é T.B!, — L. We can now perform all the
wy integrals to get

(n—4)
didi 1 . o
ILi=(— | | — By, +iB.1! A.

(2m> / (1 +ie) (1], +ie) Xy (T )—iseXp[ iBatn + 1By (4.6)

Finally, for certain kinematic regions, we can have By = 0 and Bj, = co. All the © functions
reduce to 1 in this limit. In the integral representation, we see that the x — oo limit is
dominated by the 7 = 0. Thus, if we use (A.6) to compute I, when all By, = 0 and B, = oo,
we must compute the residue around 7, = 7 = 0.
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