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1 Introduction

Effective field theories (EFTs) mark the modern viewpoint on quantum field theories, with
especially important examples being chiral perturbation theory (ChPT) [1-4] and the
standard model effective field theory (SMEFT) [5-7]. The recipe of writing down the EFT
is simply to use the symmetries of the problem to write down all possible operators and
then order them e.g. by mass dimension. Unlike a renormalizable quantum field theory,
the EF'T is valid only up to some intrinsic scale, be it Aqcp or Apjanck, etc. An EFT is
thus parametrized by a number of low-energy constants (LECs) — how many depends on
the order of the operators being taken into account. The rationale being that the higher
the order of the operator, the smaller the contribution to a physical observable in physical
computations, which is a simple consequence of all momentum scales in the processes
corresponding to the operator, being much smaller than the intrinsic (cut off) scale of
the EFT.



Although the precision of a computation is expected to become more precise by going
to higher orders, the number of free parameters (operator coefficients) becomes quickly
very large, and is expected to grow exponentially. A simple question to ask is how many
operators exist, compatible with the symmetries of the system, at a given order. This
counting should take into account that one is allowed to integrate by parts (IBP) and
perform field redefinitions, since physics is independent of what variables (fields) one
chooses to use for the computations. The field redefinitions in an EFT can be shown to
be equivalent to using the lowest-order equation of motion (EOM) to reduce operators in
the Lagrangian [8-10] — a procedure not allowed in theories that are not EFTs. Taking
the IBP and lowest-order EOM into account, yields the number of independent operators
in a minimal basis, which is useful for phenomenology. The basis, of course, is not unique
and the choice of which operators to keep and which to eliminate, makes the process of
finding the minimal basis at higher orders a formidable task. In case of ChPT, due to large
efforts in the phenomenology community minimal bases for the chiral Lagrangian have been
found up to order O((0/Aqcp)®) (or simply p®) [3, 4, 9, 11, 12] in the normal and to order
p% in the anomalous sector [13, 14]. Due to the complexity of the problem in the case of
direct computations, the fact that there is no unique basis of operators and there are many
relations making different choices of basis equivalent has been a source of confusion in the
literature. Therefore, having a systematic method that with certainty allows one to find the
dimension of the basis, i.e. the number of operators, at a given order in the EFT, provides
a crucial check on direct computations.

The Hilbert series method is exactly one such method, that makes it possible to
construct all possible operators with a given symmetry and integration using appropriate
Haar measures then picks out the invariants — e.g. Lorentz and gauge invariants. In
the context of quantum field theory, this method was first used in supersymmetric gauge
theories [15-17]. Shortly after, the method has been used to count flavor invariant [18, 19]
and then generalized to EFTs as a powerful toolbox for phenomenologists [20-25]. The
Hilbert series is a systematic method that not only gives the dimension of the minimal basis
of operators (the number of operators), but also the form of the independent operators by
means of a graded Hilbert series, albeit without the explicit tensor contractions. The way to
contract the indices amongst a type of operators is not unique, but the different possibilities
are related by IBP identities. An introduction to the method can be found in [26].

In phenomenology, the discrete symmetries known as parity, charge conjugation and
time reversal symmetry, are useful for several reasons. The CPT theorem states that
any Lorentz invariant, local and unitary theory is CPT invariant [27], which means that
breaking of CP is equivalent to breaking of time-reversal symmetry. Since CP (meaning
charge-even and parity-even or charge-odd and parity-odd) is very rarely broken in nature,
and because it is envisioned as the source of the breaking of the symmetry between particles
versus anti-particles in the early universe [28], the operators giving rise to CP-violation
are important to identify. In the standard model (SM), the only sources of CP-violation
are the 6 angle in QCD, as well as two angles in the CKM and PMNS matrices, where
the latter two matrices are mass matrices for the quarks and neutrinos, respectively. In
the Hilbert series method, the parity-even versus parity-odd operators can be found by



folding the representations of the Lorentz group [24, 29]. The technique is analogous for the
charge-even versus charge-odd operators, where folding of the representation of the internal
symmetry group is performed instead. Having identified the operators according to these
four possibilities, one can readily find CP-even and CP-odd combinations [29].

In this paper, we consider the O(NN) nonlinear sigma model, which has nonlinearly
realized symmetry and spontaneous symmetry breaking of the symmetry group from O(V)
to O(N — 1). The Hilbert series method is so far only developed for linearly realized
symmetries; however, the nonlinear symmetry can be converted to a linear symmetry using
a trick of Callan-Coleman-Wess-Zumino (CCWZ) by using the variables in the coset of the
symmetry breaking — in this case in the coset O(N)/O(N — 1), which transform only with
respect to the unbroken group O(N — 1), but does so linearly [24]. We apply the Hilbert
series method, using the CCWZ trick to the O(/V) nonlinear sigma model, for the first time,
and construct the numbers and forms of the operators up to dimension 16 in mass dimension,
for up to D = 12 spacetime dimensions and up to N = 12, and further classify the operators
into four types, according to the parity and “charge” (or rather parity of the O(NN) group).
We furthermore construct all the operators explicitly using direct methods in field theory
and verify agreement between the results. Due to the complexity of the computations
using direct methods, we have constructed the operators explicitly only up to dimension
12 for the simplest type of operators and only up to dimension 10 for the remaining types.
Although the Hilbert series method is in some sense more systematic than the explicit
method and it is also more efficient, computationally, the explicit construction method
has some advantages, like for instance that the simplest type of operators — parity-even
and charge-even operators — saturate in numbers when both the spacetime dimension
and N are increased. For the other types of operators, it is also clear that only certain
combinations of D, N and the dimension ny of the operator can give a nonvanishing result.
These results agree with the Hilbert series method, but the extraction of such statements in
the latter method is yet somewhat obscure. Another advantage of the direct construction
method is that one has a fully explicit operator basis.

Alternative methods to obtain Lagrangians come from so-called amplitude methods or
different constructions using group theory, see e.g. [30-35], however the work in this area
has been restricted to the SU(N) case, not the O(/N) model we consider here.

The paper is organized as follows. In section 2 we introduce the Hilbert series method
and discuss the modifications of the method specific to the O(/N) nonlinear sigma model.
In section 3, we compute the operators explicitly using direct methods in field theory and
discuss the explicit relations and constraints utilized there. Finally, we conclude the paper
with a discussion in section 4. The appendices contain details about the group characters
and representations in appendix A and B, respectively. The Hilbert series results on the
total number of operators are delegated to appendix C and the actual Hilbert series to
appendix D. The Hilbert series contains also information about the number of terms with a
given minimal number of fields occurring in the term. The Hilbert series results are included
in the supplementary material file Lagrangianshilbertseries.txt in a machine readable
format. Similarly the results from the explicit constructions are given in the supplementary
material files Lagrangianfulltypei.txt for¢=1,...,4.



2 Hilbert series

The Hilbert series for a theory with Lorentz and an internal unbroken symmetry H, is
constructed as follows [24]

H(uap) = HO(u7p) + AH(u,p), (21)

Z(u,p,x,y)

Ho(u.p) = [ diunty) [ ansom() =5 (- (2:2)
where Hy is the Hilbert series for all possible H and SO(D) invariant operators, with the
lowest-order equations of motion (EOM) taken into account. AH on the other hand is the
finite series due to the existence of co-closed but not co-exact forms, that is conjectured
only to contribute to operators of dimension 2 and D. The addition of the latter takes into
account the integrations-by-parts constraints. u is a (mass) dimension-1 field, to be defined
below, p is the momentum (or derivative operator) and finally x (y) are the coordinates
parametrizing the maximal torus of SO(D) (H).

Z is the generating function of all possible operators in the theory at hand and the two
integrations over the Haar measure of H and the Lorentz group, respectively, select out the
group invariants; that is, the Lorentz and H invariant operators.

The division by Py (p,z) — the momentum generating function — in the integrand
simply mods out by the overall momentum; that is, it ensures that momentum conservation
(an IBP) is taken into account.

We now need to write down the generating function for the theory at hand. Since
the symmetries are not linearly realized in a sigma model, the necessary but neat trick is
to rewrite the theory as a linearly realized symmetry on a Maurer-Cartan form, due to
Callan-Coleman-Wess-Zumino (CCWZ) [36, 37].

We consider the sigma model type of theory with a spontaneous symmetry breaking from
G — H C G with X* € g/b being the broken generators parametrizing Nambu-Goldstone
bosons and T € §h being the unbroken generators. The nonlinear field is

& =exp <1¢ZX1> , (2.3)
fe

which transforms as
¢ — & =g¢h(9,9), g €aq, h e H. (2.4)

Notice that although g is a global transformation, A is local in that it depends on &, thereby
realizing the nonlinear symmetry. The left-invariant Maurer-Cartan form is written as

w = w, dz" = £ 19, dat = quXi dat + v T dat = uy dat + vy, dat € AL (2.5)

where u, € g/ lives in the coset space and v, € h belongs to the stabilizer or unbroken
algebra. w transforms only according to the unbroken group, H:

w— w' =h(w+d)h™ =huh™ +h(v +d)h™Y,  heH, (2.6)



where the grouping in the last equality means that u transforms homogeneously whereas v
transforms inhomogeneously. This can be seen from the fact that u € g/h, whereas both
v € hand hdh™! € b.

The building blocks of the Lagrangian and their transformation rules are

§— géh™, (2.7)
u — huh™!, (2.8)
D:=d+v— hDh™ 1, (2.9)
F:=DAD—hFh™', ¢geG, heH, (2.10)

which are 0-, 1-, 1- and 2-forms, respectively; clearly, only ¢ transforms under g. Now,
(covariant) derivatives of { can be traded for u, and &:

DE=dé—év==¢u, DEL=det poet = —ugt (2.11)

where we have used the definition w = ¢ 71 d¢ = u + v and that d(¢71¢) = 0 implying that
dé1¢ = —¢1d¢. Since the Lagrangian is G-invariant and only ¢ transforms under G, the
only way to obtain G-invariants is by multiplying the ¢ terms with £, but since £ 16 =1
then ¢ simply drops out of the Lagrangian. The remaining building blocks are now u, D
and F which only transform under H. Imposing H-invariance is then equivalent to the
original G-invariance.

We can further eliminate F' by the following argument. Since w is a Maurer-Cartan
1-form, it has vanishing curvature (field strength):

O=dw+wAw
=d(u+v)+ (u+v) A (u+v)
=Du+uANhu—+F, (2.12)

and clearly F' can be traded for Du and u A u. Decomposition onto the algebra makes the
statement even stronger. F' =D AD € b is in the unbroken algebra whereas Du € g/b lives
in the coset space (as [T%, X?] € g/h). In fact, generically speaking u A u € g and so has
components in both the coset space and the unbroken algebra u A u = u A uly +u A uly/p.
However, for symmetric spaces u A ulg sp=0. In particular,’

G/H = SO(N)/SO(N —1) = sN-1,
G/H = SO(N)/(S[O(N —1) x O(1)]) = RPV 1, (2.13)

are symmetric spaces for which u A ulg/y = 0. In any case, the conclusion is that both F
and Du can be traded for a polynomial in u; but in our case of a symmetric coset space,
Du = 0. This means that the building blocks can now be reduced to u and any symmetric

For SO(3)/S0O(2) = S ~ CP"' is a complex projective space, which is Kéhler and advantageous for
calculations, see e.g. [38]; this is not the case for higher N in the SO(NN) model.



traceless single particle module

uﬂl

Dy Uy}

Ru= | Dy, Dyyu

2.14
w3} ( )

In particular, the equation of motion D,u, = 0 is also taken into account automatically by
the traceless condition.

The generating function for the single particle module R, of the operator space
B2 ysym”™(R,,) is given by

Z(u,p,x,y) = > U Xeymn(ry) (P> T, y) = PE[uxu(p, z,9)], (2.15)
n=0

where u is now a weight label, PE is the plethystic exponential and the character y, being
the infinite sum of p-weighted SO(D) characters times H characters at dimension k:

o0
Xu(D,,y) = Y Xuk(D: T, Y)
k=0

[ee]
= Zpk+1X(k+1,o,~~,o) (@)XHu(y)
k=0

3 P xon o @) — 1| xaraly)
:k:O
= kz%pk (Xsymk(m) (z) _pQXsymk(I:I) (l‘)> = 1| xru(y)
= [0 =P (p,2) = 1] xuru(y), (2.16)
where
1 T d=2r,

P—i—(pa J") = Zkasymk(D) (l‘) = 1 (217)
k=0 d=2r+1,

Ty 1
1—p L=l (T—pa;)(1-p/x:)’
is the momentum generating function in D dimensions. The reason for the —p? term is
due to conformal representation theory and that the symmetric traceless tensor product
of the fundamental representation furnishes a short representation of the conformal group
SO(D, 2) for a scalar field (the x(x,.... 0)(z) term). This is exactly the EOM (for a scalar
field) being removed in all possible combinations from all possible operators. The —1 term,
on the other hand, removes the scalar component from the single particle module (2.14),
since the lowest component field is a vector field.? x ., (y) is the group character for the

2The single particle module for a scalar field is related to that of a vector field by removing the first
component (the scalar component); this is the —1. The truncated single particle module, however, does not
correspond to a field that transforms under the conformal group.



internal unbroken symmetry group H. Since we are considering G = SO(N) in the vector
representation and spontaneous symmetry breaking implies H = SO(NN — 1), also in the
vector representation, the group characters are given by

Yo (:L'Z + xi_l) , N —1=2r,
Xiru®) = 1 (218)
1+E£:1($i+xi_)7 N-1=2r+1.
The PE is simply
<1
Z(u,p,x,y) = PE[ux.(p, z,y)] = exp <Z —u" (" yT)) : (2.19)
r=1

The Haar measure for SO(D) is a product over all roots of the algebra. However, since the
integrals are over Weyl-invariant quantities, we can use the Haar measure restricted to the
product over positive roots

T

dusoer) = ] Ao [T -y (1 - mz) ; (2.20)

hop 2Tk Zj

T

dpsor+1) = 1] d:?k (1—a) [] (- a2z (1 - xz) : (2.21)

1<i<j<r Zj

2.1 Parity and intrinsic parity

We will now consider imposing spacetime parity and internal parity symmetries, follow-
ing [24, 29]. By spacetime parity symmetry, we intend an overall sign flip, + — —=z
for odd D dimensions and a sign flip of the last component of the coordinate vector,
(- 2Pl 2Py — (2, ... J 2P~ —2P) for even D dimensions. We note that this space-
time parity symmetry is different from the conventional (spatial) parity symmetry in 3+1
dimensions, where (2!, 22, 23) — (—2!, =22, —23). It is, however, related to the Euclidean
spacetime parity symmetry considered here, by a 7 rotation in the (z!, z?)-plane.

The internal parity is essentially the same, albeit for the H = SO(N — 1) group.
Similarly, for N even the overall sign of the field u is simply flipped, whereas for N odd
(corresponding to N — 1 even), only the last component of the N — 1 vector is flipped.

Starting with the spacetime parity, we first notice that SO(D) does not contain the
parity symmetry, it is however easily included by changing the Lorentz symmetry for even D
from SO(D) to O(2r) = SO(2r) x Zg = (O4(2r),0_(2r)), with SO(2r) = O4(2r), D = 2r
and X is the semi-direct product, whereas for odd D, the semi-direct product should be
replaced by the direct product: O(2r + 1) = SO(2r + 1) x Zy = (O4(2r +1),0_(2r + 1)),
with SO(2r +1) =04(2r + 1), D =2r + 1 and X is the direct product. The parity-even
case is calculated as

1 + -
P-even __ — P P
H =3 (H"" +H"), (2.22)
whereas the parity odd case is the compliment
1 + -
P-odd _ * (y7PT _ 1P
Pl = 2 (H"" —u" ). (2.23)



The first Hilbert series, H " in the above expressions is the one calculated in the previous
section and is the total Hilbert series. The parity symmetry can be viewed as splitting the
total series into parity-even and parity-odd operators.

The P~ corresponds to switching the Lorentz group SO(D) for O_(D), which for the

Haar measure implies

d D=2
duo D) = HSp(2r—2)> Ty (224)
d/‘I’SO(QT-f—l)? D=2r+1,

which is a result that can be obtained by folding [24]. The Haar measure for Sp(D — 2)
for Weyl-invariant quantities (taking into account only the product over positive roots), is
given by

H 1-23) [ (- (1 - ‘”) . (2.25)

k—1 1<i<j<r—1 Lj

dHSp 2r—2) H

The momentum generating function for O_(D) reads

1 2r—2 =~ ~

ﬁP+ (p7x)7 D:2T7 .T:(xl,.’IZ'Q,"‘ 71"7‘—1)

P_(p,z) = { g

Pi(—p,x), D=2r+1,

1 r—1 1 _
) { S (2.26)
1 _
5 in meyrmye P=2r+1,

and finally the vector property of the field u yields an overall sign flip for the group character
in even dimensions

() = {— (1 =p*)P-(p.2) = 1] xauly), D =2r -
o (1 =p*)P-(p,x) = 1] Xru(y), D=2r+1. '

An extra subtlety happens in even dimensions for even powers of the characters in the
plethystic exponential (PE); this can be dealt with as follows

o
_ 1 _
ZP (u’p’ x’ y) — exp (Z §u2rxu(p2r7 xQT, y27">

r=1
> 1

+ Z ﬁ 2r 1X5 (p2r71’ 5~U2T71, y2r1)>7 (228)
r=1 r

for D = 2r, where
x = (r1,22,* ,Typ), T = (r1,22,  ,Tr-1), T = (z1,22, - ,Tr_1,1). (2.29)

The above results hold for generic D with » > 1. When r = 1, the rank is so small that
the last component of the highest weight is nonvanishing for a vector representation, which
leads to the exception in even dimensions, i.e. D = 2, when folding

+ —_
X =xuply),  xL =0, dpu=1. (2.30)



We can now contemplate including also intrinsic parity and we will use the symbol C'*
for representing the positive and negative chambers of the orthogonal group. C'~ corresponds
now to switching H = SO(N — 1) for O_(NN — 1), for which the Haar measures are

dpspor_ 2, N —1=2r
o (y_1y =4 5Cr=? ' (2.31)
dMSO(2T+1)7 N—-1=2r+1.

For even N, N — 1 is odd and the C~ partition function is simply given by
ZC_(U,p,IIT,y) :Z(—u,p,x,y), (232)
whereas for odd N, N — 1 is even and the folding of the SO(N — 1) algebra is again done.

In that case, analogously to the case of the Lorentz group, the characters become

r—1

Xg(;(Qr),u(y) = Xspr—2) (@) =D (yz + yz-_1> : (2.33)
i—1

and the partition function again breaks up into odd and even powers in the PE as

<1

ZC_ (u’p’ x’ y) — exp <Z §u27’xu(p2’r7 "BQT, g27’)
r=1
[e's) 1 3
+ Z T 1u2r—lxg’ (p2r—1’ x2r—1’ g2r—1))’ (234)
r=1

where

Y= (Y192, »Yr), U= (y1,92, * , Yr—1)s y=(y1,92, - ,yr—1,1).  (2.35)

Now the Hilbert series for even-internal parity operators is given by

1 ¥ -
C-even __ — C C
H =3 (HO" + 1), (2.36)
whereas the odd-internal parity case is the compliment
1 + -
C-odd _ -~ cT _ gC
HOo = 2 (HC" —H). (2.37)

The combination of PTC™, P~C™, PTC~, P~C~ is thus straightforward and in particular,
the Hilbert series of the 4 types are given as

type 1 : FP-even.Creven _ i (HP+C+ L HPTCT L gPot HP—c—> ’ (2.38)
type 2 : [P-odd.Creven _ i (HP+C+ L Pt POt _ HP—C—> ’ (2.39)
type 3 : FP-even.C-odd _ i (HP+C+ _HPTC POt _ HP*C*) ’ (2.40)
type 4 : FIP-odd.C-odd _ i (HP+C+ _gPte _gPot prcf> ' (2.41)

A nontrivial check for the representation theory to be correct, is that all coefficients of all
four types of Hilbert series must be positive integers. Notice that although the coefficients
of HPTC™ HP C" and HP C also must be integer, they are not necessarily positive.



2.2 The exceptional Hilbert series

We still have to address the operators that are not taken correctly into account by Hg and
are represented in eq. (2.1) by AH. Let us briefly review the argument [24]. The number of
operators that we would like to count is

#(OPS) = #(AO) - #(Ago—exact)7 (2'42)
where the co-exact O-forms are all the 1-forms that are not co-closed:
#(Ago—exact) = #(Al) - 7%'£(‘/\(1:o—closed7 but not co—exact) - #(A;l:o—exact)’ (243)

where AF are k-forms and #(X) means the number of the object X. Iterating the forms up
to co-exact (d — 1)-forms, we have

d d
#(ops) = Z(_l)k#(Ak) + Z(_l)k+1#(Alc€o—closed, but not co—exact)’ (2'44)
k=0 k=1
where the first sum is Hp in (2.1) and the last is AH.
AH consists of operators that are co-closed, but not co-exact forms, which is differential
geometric language for operators
ow =0, (2.45)

where w € A” cannot be written as 5, for any A, and § is the coderivative § = (—1)Pr+D+1x

dx, defined in terms of the exterior derivative and the Hodge star operation. Clearly 62 = 0,
since d? = 0 by antisymmetry of differential forms and 62 = xdx* ds = (—1)"P~") xd?x = 0,

D—r)

where we have used that %2 = (—1)"( in D-dimensional Euclidean space for an r-form.

In components, an r-form, w € A",

1
W= W dxtt AdaxH2 A - Adatr, (2.46)
acted on by the coderivative
1

is simply the divergence of the tensor.

dw = (—1)rr=H=1 OpWupyooopiy_y At A oo Adatr=1, (2.47)

We will now present a conjecture, which is an adaptation of that of ref. [24] to the
O(NNV) model. In addition to the arguments presented there, we point out that the Poincaré
lemma tells us that all co-closed forms are also co-exact; the exceptions are those cases
where the co-exact forms can only be written using field redefinitions. We do not have a
rigorous proof of there being no further exceptions.

Conjecture 1 The only co-closed, but not co-exact forms that will contribute to the Hilbert

series in the SO(N) nonlinear sigma model are given by
s (AN 71, %1, (2.48)
with contribution to the exceptional Hilbert series AH of eq. (2.1):

AH — (_1)D7NpD7N+1uN71 + (_1)D+1pD (249)

~10 -



The only possible operators that correspond to the above differential forms, that are
SO(N — 1)-invariant (H-invariant) are given by

a1a2-"AN—1 MIH2°"UN—1KUN " "HD, A1, a2 5 EN—1 UN e 1295]
€ € wyh g - ugNT Aot A AdatP N <D+1, (2.50)

which we can see is co-closed by the fact that the EOM constraint éu = 0 vanishes. This
form is not co-exact, since there are no form whose divergence yields the antisymmetric
product of only us.

First let us note that all co-closed forms are also co-exact by the Poincaré lemma on
RP and by using duality. That is

xdxu=0, = dxu=0, (2.51)
and therefore * u is closed. By the Poincaré lemma on Euclidean space, we can always write
xu =d(x ). (2.52)

Taking the Hodge dual of the above, we have that u = d\ up to a sign. Although this
is always true by de Rham cohomology theory, the obstruction in our case of counting
operators, is that we only allow for ju = 0 as a field redefinition (recall that taking into
account the lowest-order EOM corresponds to taking into account field redefinitions). For
instance, the (gauge variant) 1-form u can geometrically be written as the divergence of
a 2-form v = A, but that would require a change of variables and we have defined the
Hilbert series counting scheme as counting only us and ds. The exception is thus that all
r-forms that do not contain derivative operators, cannot be co-exact. These are

1, xu, *(uAu), -, F(uA---Au), (2.53)

with a maximum of D or N — 1 us. However, only the terms with 0 and N — 1 us are
H-invariant. Finally, the volume form is not co-exact, since there exist no (D + 1)-forms.

2.3 Results

We now implement the Hilbert series in a MATHEMATICA notebook as well as in FORM
and obtain results in agreement with each other as well as in agreement with the explicit
construction method, discussed in the next section. The total number of operators in a
minimal basis of operators of dimension ng for the G = SO(V) nonlinear sigma model in D
Euclidean dimensions, are presented for? type 1 in tables 1 and 10, for type 2 in tables 3
and 11-12, for type 3 in tables 5 and 13-14 and for type 4 in tables 7-8 and 15-17. We
have calculated the Hilbert series results for ng up to 16 with D and N up to 12.

An advantage of the Hilbert series method, as can be seen from the tables, is that the
results can be obtained for larger operator dimension ng and larger N and D, with respect
to running time and memory consumption of a PC, as compared to the explicit construction
method. The implementation of the Hilbert series method is also straightforward, especially

3The types are defined in egs. (2.38)—(2.41).
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if only the total number of operators is required; whereas splitting the series into type 1
through 4 requires a more complicated implementation, as described in section 2.1.

An advantage of the explicit construction method over the Hilbert series method, is
that it is more clear which combinations of ng, D and N must vanish for types 2 through 4
and it is clear that the number of operators of type 1 saturates in number for sufficiently
large D and sufficiently large N. From the Hilbert series method, this effect is observed
from the results, but is less clear from the formulae.

The version of the Hilbert series method utilized here is based on differential forms
and the exceptional Hilbert series consists by definition of only co-closed, but not co-exact
forms. In ref. [29], it was conjectured that the only contributions to AH were given by
the forms of the type discussed in section 2.2. Although we have not given a proof of this
conjecture, we confirm it for all the operators that are computed by both the Hilbert series
method and the explicit construction method, which are type 1 operators with ng up to 12
and types 2 through 4 operators with ng up to 10.

3 Explicit construction

This is the method traditionally used in the EF'T community.

In this section we use a vector rather than the generator notation used in the previous
section. For transformations g € (S)O(N), we introduce a real vector field of size N,
® (column vector). Spontaneous symmetry breaking is implemented by the requirement
®T® = 1. Transformation under the full symmetry G is ® — g®.

Assuming that we choose ® such that its vacuum expectation value is: ®7 = (1,0,...,0)
a general parametrization of ® in terms of an N — 1 column vector ¢ is

)RR W

® transforms as expected under (S)O(N). The function f(z) is real and analytic and

satisfies f(0) = 1. This parametrization has (S)O(N — 1) as an explicit symmetry via
¢ — h¢ with h € (S)O(N —1). Varying the choice of f(x) has been used in several papers as
a check on explicit calculations, see e.g. [39-41]. The field ¢ and the constant F' are chosen
to have dimension D /2, so ¢ is conventionally normalized and ® is dimensionless. This
construction is fully equivalent to the general method of [36, 37] used in the previous section.

We denote the group index here by letters a, b, ¢, . .. running from 1 to N and spacetime
or Lorentz indices by pu,v, p, ... running from 0 to D — 1. No other types of indices appear.
For group indices we will use an index free notation as much as possible. Lorentz indices
we will always indicate explicitly.

Invariants can be produced by contracting indices or by contracting them with a group
or Lorentz Levi-Civita tensor. Given that the product of two Levi-Civita tensors with
indices of the same type can be rewritten in terms of Kronecker deltas, we need only to
consider at most one of each in constructing invariants. So there exists four types of terms:

1. Containing pairs of Lorentz-indices via 0,0" and pairs of O(N) indices via <1>§1)<1>§2);

even under parity and intrinsic parity. These are type 1 of eq. (2.38).

- 12 —



2. In addition to the content of the first type, also one e***#P9,, ...0,,; odd under

parity, even under intrinsic parity. These are type 2 of eq. (2.39).

3. In addition to the content of the first type, also one €%~ <1>¢(111) . <I>((1]NV); even under

parity, odd under intrinsic parity. These are type 3 of eq. (2.40).

4. In addition to the content of the first type, one of e#1#rg,, ...d,, and one of
€t1-aN @311) . ..CIJELZ]\J); odd under parity and intrinsic parity. These are type 4 of

eq. (2.41).

The partial derivatives can act on any object. ®(*) indicates an object transforming under
(S)O(N) as ®. The four types are distinguished by parity and intrinsic parity as indicated.

In the remainder we know that Lorentz indices are always contracted between one
lower and one upper index so we ignore the distinction in the notation. We also introduce
the notation?

Oy -+ 0 ®a = Py (3.2)
—&T —
q)a§H1~-~an)a§V1~-~Vm = (I)ul...unq)l/lme - leu-Mn?l’l-nl’m ’
aj...anN —
€ P ) = .
al;ugl)... aN;ug\J,V)... gugl)...;...;u%\”...

This allows us to write Lagrangians without explicit group indices.
The lowest order, two derivatives, Lagrangian is given by

F? F?
Loy = 76“<DT8“<I> = 5 fuw (3.5)

For the case D = 2, N = 3 there exists one more term with two derivatives, i.e. the pullback
of the area form on S? by ®:

abc
'Ctopo = Ctopo€urd ;u;v = Ctopo€uv€ (I)aq)b;uq)c;u . (3'6)

It is a topological term, somewhat similar to Chern-Simons, but different because & is
not a spacetime vector, but an SO(NN) vector. This term is often integrated (with proper

normalization by the volume of the 2-sphere) to count the number of lumps or vortices in
S2% or CP! models [42].
Terms in the Lagrangian are related by many things:

1. Partial derivatives commute.
2. The fields ® also commute.
3. ®7® =1 has many consequences obtained from derivatives acting on ®7® = 1.

4. A total derivative does not contribute, i.e. terms related via partial integration are
the same.

£ is not be confused with function f in the general parametrization of eq. (3.1).
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5. Field redefinitions respecting the symmetry can be used to remove terms, alternatively
the lowest order equation of motion can be used to find which terms can be removed
that way.

6. Schouten identities I: in D dimensions there is no fully antisymmetric combination of
D + 1 different Lorentz indices.

7. Schouten identities II: for O(N) there is no fully antisymmetric combination of N + 1
different flavor indices.

8. For a given value of N there are additional consequences of ®7'® = 1. These are

derived in section 3.1.

In explicitly constructing Lagrangians it is not easy to know if one has included all possible
symmetry constraints, the comparison with the Hilbert series is very useful for knowing the
Lagrangian is really minimal.

Field redefinitions: assume a small variation W. It should have the same transformations
under all symmetries as ®. It can be considered general for deriving the lowest order
equations of motion or can be restricted to containing derivatives and factors of ® such
that it vanishes for ¢ = 0 and has at least one derivative. In that case it be considered as a
field redefinition only affecting higher-order Lagrangians.

The transformations

O+ U
_>
V142070 + 9Tv

O+ V- 0T 4 ... (3.7)

are thus the most general field redefinitions consistent with the constraints.
The lowest-order equation of motion (EOM) can be derived from (3.5) using (3.7) or
using the Euler-Lagrange equations:

9*® + ®9, 07 9"® = 0. (3.8)

The EOM of (3.8) is an N-component equation but applying 0 to ®T® = 1 leads to
the relation

" (920 + 99,87 9"®) =0, (3.9)

so that there only N — 1 independent equations.
The variation of the LO Lagrangian under (3.7) is

T
0Ly = 0,87 0" — 9, 0TI BODTV + ... = — (0°® — ,BTDD) W4, (3.10)
where we used <I>T8M<I> = 0, which is a consequence of ®T'® = 1, and partial integration. By

choosing ¥ appropriately one can recursively remove higher-order terms that contain the
equation of motion. The other terms are of order ¥? and higher order than the term shown.
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3.1 Extra relations

Let us look at the N x N matrix, with rows labeled by an index k referring to which of
a set of V Lorentz indices u; a derivative is taken with, and the column by which of the
components of ® is used:

O @1 ... 8y On
det | : = 1IN, By 0y, By =0, (3.11)
Fun®1 ... Oy O

That the determinant vanishes can be proven from the relation ®7® = 1 which gives
) = \/1—> 5y ®? With that the determinant in (3.11) becomes (pulling out an
overall factor)

_1 Z2‘22,]\/' q)ialllq)i aqu)Q PP aqu)N

- det : :
1-— Zi:Z,N P; Zi:Z,N D0, P; Oy P2 ... 0

VN

: (3.12)
Dy

The first column is a linear combination of the remaining columns so the determinant
vanishes. Note that the determinant vanishes independent of the dimension, it does not
require D = N. The Levi-Civita tensor refers to the numbering of the indices in the set {u;}.

In fact, at higher orders of derivatives there are more consequences of the identity
in (3.11). One can multiply it with anything that contains the same set of Lorentz indices
{wi} and possibly extra derivatives, as well as many more fields. In particular the square of
the determinant affects type 1 terms.

3.2 Some comments on the implementation

The implementation generates all possible terms using FORM [43], PYTHON and a C++
implementation of Gaussian reduction using gmp [44].

The programs are written separately for each type but follow the same pattern.

First we generate all possible terms of a given type distributing derivatives in all possible
ways over the factors of ® present. For each type and number of derivatives there is a
maximum number of ® that need to be taken into account. At this stage we also use
®Td =1 and <I>T8M<I> = f ., = 0. This leaves us with a large number of terms, of which

many are still equivalent. As an example, take
7D, 0 Py, TP, P P, and DT D, 0 P, (3.13)

these are all the same term but letting a program automatically identify this does not
always work (i.e. FORM’s command renumber 1 together with nested symmetric functions
failed to see that these were equal.) This redundancy is removed by explicitly generating
all permutations of Lorentz indices from terms to check which others are generated and
removing them. By adding all permutations of Lorentz indices there will also be zeros
occurring. These are also kept track of at this stage.
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The second stage corresponds to generating all possible remaining relations. We
generate all terms containing two or more derivatives acting on ®7'® = 1, all possible total
derivatives (thus taking care of partial derivation), all terms containing the lowest order
equation of motion (thus taking care of possible field redefinitions®), all terms containing
the determinant (3.11) and all possible antisymmetric combinations of D + 1 Lorentz-indices
and N + 1 flavor indices.

The third stage is then to take all these relations and remove redundant ones. This
is done by Gaussian elimination with a sparse matrix implementation in C++ and gmp.
The cases run are limited by the memory and running time (we have only run the cases
taking less than a day on a PC). Choosing which terms to eliminate is not unique. We
have preferentially eliminated terms with fewer factors of ® and occurrences of 92.

3.3 Type 1 terms

These terms are even under parity and intrinsic parity. A number of general considerations
can be made before generating all possible terms and relations.

e Terms with only one q);j;l...(I)Vl--- can always have, by partial integration, all derivatives
moved to the same ® and thus can be removed using field redefinitions.

o Since the Lorentz indices are contracted in pairs, ny must be even and we have ng/2
Lorentz indices.

 Since each pair @Zlmq)yln_ must contain at least two derivatives, there are at most
nq/2 pairs of the form f,, .,,.. and we have thus at most n4/2 flavor indices.

e The determinant condition only applies if there are at least N different flavor indices
requiring ng/2 > N. There must also be at least N different values for the derivatives
requiring ng/2 > N and D > N.

o As soon as each contracted Lorentz index pair can have a different spacetime direction,
no constraints from dimensionality of spacetime apply. This occurs for D > ny/2 or
equivalently the Schouten constraints in Lorentz indices apply if ng/2 > D + 1.

o The flavor Schouten constraints require ng/2 > N + 1.

The results for the number of terms are shown in table 1. The requirements for the
last three constraints to appear are clearly visible in the pattern in the table.

We can also look at the Lagrangian terms that show up. At the four derivative level we
started with 10 terms after stage 1 and ended up in general with the two possible terms.°
For N = 2 the two terms are related and one can drop either of them.

To give an indication of the difficulty we give here the starting number of terms and
the final number. At the six derivative level we start with 48 terms after stage 1 and end

up with 5 terms in the general case. At the eight derivative level we start with 279 terms

5The exception is the D = 2, N = 3 case where the equation of motion not including the topological
term has been used.
SKnown since a long time, see e.g. [3].
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ng D N H#terms ng D N HFterms ng D N Fterms

2 22 22 1 10 2 2 3 12 2 2 7
4 >2 2 1 3 14 3 34
>3 2 >4 16 4 45

6 2 2 1 3 2 7 >3 46
>3 3 3 34 3 2 17

>3 2 2 4 48 3 114

3 4 >5 49 4 185

>4 5 4 2 7 >5 193

8 2 2 3 3 38 4 2 20
3 8 4 55 3 147

>4 9 >5 58 4 253

3 2 4 >5 2 8 ) 275

3 12 3 39 >6 276

>4 15 4 o7 5 2 21

>4 2 4 ) 60 3 153

3 13 >6 61 4 264

4 16 5 289

>5 17 >6 292

>6 2 21

3 154

4 265

5) 291

6 294

>7 295

Table 1. Results for type 1 terms up to ng = 12 obtained both with the Hilbert series method and
with the explicit construction method. For an empty element, take the value above it in the same
column. ng must be even.

after stage 1 and end up with 17 terms in the general case. At the ten derivative level we
start with 1774 terms after stage 1 and end up with 61 terms in the general case. At the
twelve derivative level we start with 12872 terms after stage 1 and end up with 295 terms
in the general case.

The operators and for which cases they appear up to ngy = 8 are shown in table 2 and
up to ng = 12 in the supplementary material file Lagrangiansfulltypel.txt.

3.4 Type 2 terms

These are terms where the group invariants are all of the type <I>F;F1__<I>“1"', there is one factor
of €,,...p With associated derivatives and there are possibly extra pairs of derivatives with
contracted Lorentz indices.

A number of constraints can be immediately derived:

e Terms with only one @51...(I)V1-~- can always have by partial integration all derivatives
moved to the same ® and thus vanish since partial derivatives commute.
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ng operator present

2 fu;u all

4 f,u;ufy;u all
s Fsw N >3

6 fu;upfu;up D > 3and N > 3
fu;l/f,up;up D>3orN2>3
JupSvw forp D>3and N >4
fN;HfVQPfWP N >3
f,LL;l/fl/;pfp;u all

8 f/u/;,upfmx;gp D >3 and N >3

fuvipo fuvipo
Juvipo Fupio

N >3
all

fu;ufy;pafa;up D>4and N >4
fu;ufp;upfg;ua D>3and N >4
fu;ufp;uafp;ua (D >3and N > 4) or (D >4 and N > 3)
fuwlopofowp N 23

fu;ufp;pfua;ua D>3and N >3
fu;ufu;l/fpcr;pg D>3and N >3

Jusw frzpfoo:po (D>2and N >4)or D >3
Juwlpofuipe N 23

f#;pr;Ufup;yo all

fu;ufu;ufp;pfa;a D>4and N >5
fusufvwfoofpe D >3and N >4
fﬂ;ﬂf”;pfp;afa;u N > 3

JuwFuw foo oo N 23

fu;ufl/;pfp;afa;u all

Table 2. The operators of type 1 that form a minimal Lagrangian and when they appear. “and”
means both conditions need to be satisfied; “or” that one of them is sufficient. Brackets have their

usual logical meaning.

e For the Levi-Civita tensor to be fully used requires ny > D to have at least D different
Lorentz indices.

e Lorentz invariance requires that ngy — D is even since the derivatives not connected
to the Levi-Civita tensor must be contracted in pairs. There are D + (ng — D)/2
different Lorentz indices.

o The derivatives corresponding to €,,..,, must all act on different ® since partial
derivatives commute. There are thus at least D ® around. There must be extra
derivatives around since @Zl ®,,, is symmetric in py < p2 and <I>T<I>M1 = 0. This
requires ng > D +2for D < 4, ng > D+ 4for5 <D <8 ng>D+6 for
9<D<12,...
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ng D N Fterms ng D N #terms ny D N Fterms
2 all all 0 10 2 2 1 12 2 2 3
3 all all 0 >3 5 3 17
4 all all 0 4 2 0 >4 22
5 3 2 0 3 7 4 2 1
>3 1 4 14 3 48
>5 all 0 >5 15 4 115
6 all all 0 >6 all 0 >5 125
7 3 2 0 11 3 2 3 6 <3 0
>3 3 3 42 4 5
>5 all 0 4 63 >5 10
8 2 2 1 >5 64 >8 all 0
>3 2 5 <3 0
4 2 0 4 7
3 1 >5 8
>4 2 7T <4 0
>6 all 0 >5 1
9 3 2 2 >9 all 0
3 11
>4 15
>5 all 0

Table 3. Results for type 2 terms, obtained with both the explicit construction method and the
Hilbert series method up to ng = 10 and only with the Hilbert series method for ngy = 11,12. For
an empty column, take the value above it. Many of the zeros are explained by the arguments in the
text. Note that ng — D must be even.

e Since each pair CI’ZIH_@,,L“ must contain at least two derivatives, there are at most
nq/2 pairs of the form f,, .., . and we have thus at most ng/2 flavor indices. The

actual maximum number is lower because of the argument in the previous item.

e The Schouten identity in Lorentz indices needs at least D + 1 different Lorentz indices
or applies if ng —2 > D.

e The Schouten identity in flavor indices requires N + 1 different flavor indices and thus
applies for ng/2 > N + 1.

The results for the total number of terms are given in table 3. Note that the patterns when
constraints apply and the zeros following from the above arguments are clearly visible.

A choice of operators that form a minimal basis is given in table 4 for ny < 8 and up
to ng = 10 in the supplementary material file Lagrangiansfulltype2.txt.
3.5 Type 3 terms

These are the terms containing one ¢~ There are a number of immediate observations:

o Terms with at most two ®,,,,... can always have by partial integration all derivatives
moved to the same ® and thus can be removed using field redefinitions.
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ng D operator present

5 3 eupofuwfpvo N >3
7 3 ep,l/’T'fH;fopO';O'T N2>3
quTfu;Vfl/;pr;pT N >3
Euprfu;ufp;afu;ar N >3

g8 2 euafu;ufp;uaf‘r;pr N >2
Equu;ufp;afup;aT N >3

4 EupTafu;l/fp;uafT;ra N =>4
Euprafy;ufp;ofuf;aa N >3

Table 4. The operators of type 2 that form the minimal Lagrangians and when they appear.

o Since the Lorentz indices are contracted in pairs, ngy must be even and we have ng/2

Lorentz indices.

e The N ®,,, . contracted with €*-+*N must all have different combinations of deriva-
tives operating on it. It can have no derivatives, one from each contracted indices
and then the remaining ones can be pairs from the remaining derivatives. This
requires 1 + (ng/2) 4+ [ng/4] > N. The same argument but using different values of
the spacetime index requires 14+ D + D(D +1)/2 > N, but for large values of ng also
three and more derivatives become allowed so the constraint on D is not universally
valid.

o Extra pairs of @/7;1”.@1,1,“ can be present if the number of derivatives is sufficiently much
larger than N. The parts contracted with €**N require at least N — 1 derivatives
so there are at most [(ng — N + 1)/2] extra ®1'® pairs. There are thus at most
N + [(ng — N + 1)/2] flavor indices and at least V.

o The determinant condition requires at least N flavor indices and D > N and ng/2 > N
to be present.

o The Schouten identity in Lorentz indices requires ng/2 > D + 1 to be present.

e The Schouten identity in flavor requires at least N 4 1 different flavor indices and
thus implies [(ng — N +1)/2] > 1.

Results for the number of terms are given in table 5 and the minimal Lagrangians in
table 6 up to ng = 8. The terms up to ngy = 10 are given in the supplementary material file
Lagrangiansfulltype3.txt.

3.6 Type 4 terms

These are the terms containing one €, .. ,,, with associated derivatives and one €N with
associated factors of ®,,.,,... They are odd under parity and intrinsic parity.
There are a number of immediate observations:

e ng— D must be even since the Lorentz indices not connected to €, .. ., are contracted
in pairs. The number of different Lorentz indices is D + (ng — D)/2 = (nq + D)/2

—90 —



ng D N Fterms ng D N  Fterms ny D N Fterms
2 all all 0 10 2 2 0 12 4 2 12
4 all all 0 3 4 3 91
6 2 2 0 4 9 4 160
3 0 5 5 5 116
4 1 >6 0 6 40
5 1 3 2 2 7 7
>6 0 3 14 8 2
>3 2 0 4 24 9 1
3 0 5 14 > 10 0
4 1 6 3 5 2 12
5 1 >7 0 3 94
>6 0 >4 2 3 4 165
8 2 2 0 3 16 5 120
3 1 4 27 6 41
4 2 5 17 7 7
5 1 6 4 8 2
>6 0 >7 0 9 1
3 2 0 12 2 2 3 > 10 0
3 2 3 15 >6 2 13
4 4 4 21 3 94
5 2 5 10 4 165
>6 0 6 1 5 120
>4 2 1 >17 0 6 41
3 2 3 2 8 7 7
4 4 3 69 8 2
5 2 4 121 9 1
>6 0 5 79 > 10 0
6 22
7 3
8 1
>9 0

Table 5. Results for type 3 terms, obtained with both the explicit construction method and the
Hilbert series method up to ng = 10 and only with the Hilbert series method for ngy = 12. For an
empty column take the value above it. ng must be even.
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ng N operators present
6 4 9wt D=2
5 9 suwvippvp D=2
8 2 guwifpofuppe D=4
3 g ;,u;upfu;ofu;pa D >3

g ;u;l/pfu;afp;ua D >2
4 9 vipptvoipo D=3
9 suwpwo fosuo D=2
9 suwippfpofrie D 2> 2
9 suwiplwo fvpe D >3
5 G uwsupipofuio D=2
9 spippofvipe D >3

Table 6. The operators of type 3 that form a minimal Lagrangian and when they appear.

e ng > D since €. ,, must all have different derivatives.

o The ¢*%N flavor indices must all be connected to different ®,., .. Using the same
argument as for type 3 terms this leads to 1 + (ng+ D)/2 4 [(nq + D)/4] > N, again
not valid for large ng when also three derivatives can act on the same ®. It also
requires ng > N — 1.

e At least N — 1 derivatives are needed for the ®, connected to €*%N  so there are
at most [(ng — N + 1)/2] extra pairs of (DZ---@V--~ present and hence the maximum
number of flavor indices is N + [(nq — N +1)/2].

e The determinant constraint is present for D > N.

e The Schouten identity for Lorentz indices requires D + 1 different Lorentz indices, so
it is present for ng > D + 2.

e The Schouten identity for flavor indices requires N + 1 different flavor indices, so it is
present for [(ng — N +1)/2] > 1.

The results for the number of terms are shown in tables 7 and 8.

The operators of type 4 are different for each case of D and N. They are listed in
table 9 up to ngy = 8. The operators up to ngy = 10 are given in the supplementary material
file Lagrangiansfulltype4.txt.

For ng = D ones sees that there is only a term existing for NV = D + 1. This can be
proven as follows: for ng = D all derivatives must be coupled to €,,. ,,. So each ®, can
have at most one derivative acting on it because of the antisymmetry. In addition @EZ_ P
also vanishes, implying that all ®,.,, must be connected to €4,...q,. This leaves only two
possible terms €., .. upGur;.up for N = D and €., upGipssup for N = D + 1. The first
case is a total derivative and as such does not contribute leaving only the second term.
That this occurs is in fact a check on both the explicit construction of the Lagrangians and
on the programs.
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ng D N Hterms ny D N Fterms ny D N #terms

2 2 2 0 7 3 <3 0 9 3 2 0
3 1 4 4 3 4
>4 0 ) 2 4 15
>3 >2 0 >6 0 5 8
3 3 <3 0 5 <5 0 >6 0
4 1 6 1 5 2 0
>5 0 >7 0 3 1
>4 >2 0 7T <7 0 4 0
4 2 2 0 8 1 5 0
3 1 >9 0 6 4
>4 0 >9  >2 0 7 2
4 <4 0 8 2 2 0 >8 0
5 1 3 5 T <7 0
>6 0 4 2 8 1
>5 >2 0 >5 0 >9 0
5 3 <3 0 4 <4 0 9 <9 0
4 1 5 4 10 1
>5 0 6 2 >11 0
5 <5 0 >7 0 >11 >2 0
6 1 6 <6 0
>7 0 7 1
>7  >2 0 >9 0
6 2 2 0 8 <8 0
3 2 9 1
4 1 >10 0
>5 0 >10  >2 0
4 <4 0
5 1
>6 0
6 <6 0
7 1
>8 0
>8 >2 0

Table 7. Results for the number of terms of type 4, obtained with both the explicit construction
method and the Hilbert series method. For an empty column take the value above it. ng — D must
be even.
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ng D N  H#terms ng D N  F#terms ng D N F#terms

10 2 2 0 11 3 2 0 12 2 2 3
3 11 3 25 3 27

4 9 4 65 4 21

5 1 5 39 5 4

>6 0 6 5 6 1

4 2 1 >7 0 7 1
3 3 5 2 0 > 38 0

4 11 3 5 4 2 2

5 20 4 7 3 37

6 9 5 13 4 99

>7 0 6 22 5 126

6 <3 0 7 10 6 66
4 1 > 38 0 7 10

5 0 7T <4 0 > 8 0

6 0 5 1 6 2 0

7 4 6 0 3 1

8 2 7 0 4 8

>9 0 8 4 5 8

8 >8 0 9 2 6 13
9 1 > 10 0 7 22

<10 0 9 <9 0 8 10

10 <10 0 10 1 >9 0
11 1 > 11 0 8 <5 0

>11 0 11 <11 0 6 1

> 12 all 0 12 1 7 0
> 13 0 8 0

> 13 all 0 9 4

10 2

> 11 0

10 <10 0

11 1

12 0

12 <12 0

13 1

> 14 0

> 14 all 0

Table 8. Results for the number of terms of type 4, obtained with both the explicit construction
method and the Hilbert series method for ngy = 10 and only with the Hilbert series method for
ng = 11,12, For an empty column take the value above it. ng — D must be even.
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ng D N operators ng D N operators
2 2 3 €uwdpuw 8 2 3 €l yupofurpr
33 4 €upd €up9 suwpfoir fvior
42 3wl vl v suvipo fuir forr
45 €upod juwipio €w suw foipfosr foir
5 3 4 €upd uwipfow €wd suw fpio foir frip
5 6 €upord uuipioir 4 €upd suwpior fvior
6 2 3 ewguplopfoo ewy suwior foir foir
ew suw fpio oo 45 €ural pwipoipr foia
4 €y vipofpo €woal spvipoiralpr
5 ep,upog ;,u;l/;p;O'fT;T G,prog ;/J,;l/;p;UfT;Tfa;a
6 7 €uporad pwipoiria €uvpad svipo friafra
73 4 €uord oo forr 6 €uwrad jupipoiprioa
€uprd spvpor fvio €uvped spvipioiralria
€uvpd spviploso frir 6 7 €wporad suwipioirialss
uvpd spwipfor forr 8 9 Cuporapyd pwipoimiosBn

5 Cuord spvpvaipr
€uvpd spvipior foir
5 6 €upord puiposr faa
78 €uporaBd suwipioimio;

Table 9. The operators of type 4 for the minimal Lagrangians. Note that only cases where there is
at least one term in the Lagrangian are given.

Note that there is another clear pattern visible also for ng = D+ 2. Only for N = D+1
there exists a term and it is of the form €,,.. ;59 ;u1:...;up fryw- For this we only have a partial
proof. The requirement of ngy > N — 1 implies that no terms exists for N > D + 3. For
N = D + 2 only one term is not obviously zero or removable by field redefinitions, it is
€uropip sprsipp_iupriv- Lhis term is related to terms removable by a field redefinition by
partial integration on the v in upr. The maximum number of derivatives that can act on
® not connected to €,,. 4, is of the form @Zlq),,w 4353@,,“4 allowing N = D — 4 with a term
of the form g, .up <I>l7;1 <I)Z,M2<I>53<I’,,M4 which is a total derivative. This proves that there are
no terms for N < D — 4. We have no proof for the remaining 5 cases of N.

Note that the results of the Hilbert series also live up to these patterns.

4 Conclusions

In this paper, we have found the operators in a minimal basis for the O(/V) nonlinear sigma
model using both the Hilbert series and explicit construction methods, for the operators
with mass dimension up to 16 in spacetime dimensions up to D = 12 and N up to 12. We
find total agreement between the results of the two different methods, both in numbers of
operators and forms of the operators.

We provide further evidence for the conjecture of ref. [24], that the exceptional Hilbert
series is described completely by the co-closed but not co-exact forms — of which there are
only two in the O(NN) nonlinear sigma model, for given D, N and mass dimension ng.
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In addition in the explicit construction case we proved a number of general patterns
occurring in the type of operators.

It would be interesting to make similar considerations, as have been made in this paper,
in the CPN~1 nonlinear sigma model or in nonlinear sigma models on flag manifolds.
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A Characters

The dimension k character of the Lorentz group [24]
Zka(k,Og-',O) = Zpk (Xsymk(lj) (IL') - p2Xsymk(E|) (.’E)) ) (Al)
k=0 k=0

is thus equal to the group character of the symmetric product of &k derivatives (O refers to
the fundamental representation) with the contraction of two derivatives modded out. This
is how the lowest-order equation of motion is taken into account. More formally, this is due
to the conformal dimension of a scalar field saturating the unitarity bound and hence it
furnishes a short representation of the Lorentz group.

In order to arrive at the character for the vector representation, we notice that formally,
0,¢ transforms as a Lorentz vector and it is sufficient to remove the scalar component of
the single particle module. This is done by summing from k = 1 instead of k = 0:

l;lka(k,O,m ,0) — ;pk (Xsymk(D) (.’E) - p2Xsymk(D) (CL’))

=1+ P (xsymk(m (%) = P*Xoym () (x))
k=0

=141 —pHPs(p, ), (A.2)

which is the result of eq. (2.16). The momentum generating function Py (p, z) is defined as the
group character of the symmetric product of the fundamental representation. Considering
first even dimensional space, D = 2r, the diagonalization of an element h € SO(2r) gives
the parametrization of the maximal torus

h = diag(z1, 2z, 202, b)), (A.3)
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and the symmetric product of k£ elements yields

Xiigk(m) (z) = > (z1)™ (1) ™™ - ()" () ", ni, i € Lo Vi.
ni+ni+--+nr+n-=k
(A.4)
Performing the sum over k yields
o ' 1
PP (pa) = S P o (@) = : (A.5)
! kz:% syt () H (1 —pzi)(1 —p/xi)

For D = 2r + 1 the diagonalized element A € SO(2r + 1) has the dimension one larger than
the even case, but the same number of Cartan generators (i.e. r), which means the maximal
torus can be parametrized as

h= diag(l,ml,xfl, e b), (A.6)

and the symmetric product of k elements yields now

Koo () () = > (1) (@)™ (22) 7 ()" (@) ™, g, € Lo Vi
no+ni+ni+---+nr+nr=~k
(A.7)
Performing the sum over k yields
00 1 r 1
p2r+1) _ k. (2r+1) _ ) A8
v pe) kz:%p Xoymi©) () = 775 ,:Hl (1 = pai)(1 = p/x;) A9

Finally, we have arrived at the result in eq. (2.17).

The group characters for SO(N — 1) are simpler, since they do not involve the infinite
possibilities provided by the single particle module, but are simply the group theoretic
characters. For N — 1 = 2r, we have that a diagonalized group element is given by eq. (A.3)
and hence the trace is given by

T

XHu(Y) = Z(yi +y; ), (A.9)

where we have replaced z; — y; due to the group being the internal symmetry group.

Likewise for the odd case, N — 1 = 2r 4+ 1, we have the element of eq. (A.6) and hence
the trace
T
Xau(W) =1+ (i +y ). (A.10)
i=1

We thus arrive at the result of eq. (2.18).

Let us consider the case of negative (spacetime) parity in D = 2r dimensions. In this
case, we have to flip the last component of the vector representation. Therefore the maximal
torus is parametrized by

h:diag(asl,xl_l,--- ,xr_l,ac,fl,l,—l). (A.11)
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Clearly the first (r — 1) elements give rise to Py (p,z) for D = 2(r — 1), whereas the latter
two elements give (1 — p)~! and (1+p)~ %

2 k. (2r),—
P¥(p,x Zp Xopmio( 0 (@

-3 > (1) (1) ™ ()" () T (D) ()T
k=0 ni+ni+-An._1+n,_1+n.+n.=k
1 1
_ P2’r’—2 ~
1 _ N N
=1 P2 2(p,7), T= (1,22, ,Tr_1). (A.12)

This gives the result of eq. (2.26). Finally, the character function for the field v with parity
in D = 2r dimensions is obtained by taking into account an overall sign flip due to u being
in the vector representation:

o p.2,y) = = |[(1= PP (p,2) = 1] Xuru(v)- (A.13)

We thus arrive at the result in eq. (2.27).

B Representations

In eq. (2.5), the field w transforms under the adjoint representation of H, but the field
u belongs to the coset space g/h. The adjoint representation splits under the symmetry
breaking G = O(N) — H = O(N — 1) as

Adjy = Adjy_y & Un-1, (B.1)
or in the notation of dimensions
N(N —1) B (N—=1)(N-2)
2 N 2

It is thus clear that u transforms according to the vector representation of O(N —1). An

@ (N —1). (B.2)

explicit matrix realization of the symmetry transformation can be written out as

0 ¢ h 0 0 o\ (AT O
(0= 60 (e (0)
0 ho

Since ¢ transforms according to a real representation, the two copies are identical. For
complex representations, the field u would transform under the [J & [J representation [36].

C Results for ng > 12

In this appendix, we show the results for the number of operators of type 1 for ng = 14,16
in table 10, of type 2 for ngy = 13,14, 15,16 in tables 11 and 12 of type 3 for ng = 14,16 in
tables 13 and 14 of type 4 for ng = 13,14,15,16 in tables 15, 16 and 17, all obtained by the
Hilbert series method.
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ng D N #Hterms ng D N  H#Hterms ngy D N #terms
14 2 2 7 16 2 2 18 16 6 2 152
3 66 3 160 3 3150
4 94 4 258 4 8474
>5 96 >5 268 5 10590
3 2 34 3 2 85 6 10884
3 396 3 1454 7 10908
4 753 4 3285 > 8 10909
5 810 5 3690 7 2 153
>6 812 >6 3706 3 3156
4 2 46 4 2 134 4 8486
3 602 3 2744 5 10607
4 1260 4 7140 6 10906
5 1431 5 8640 7 10933
>6 1441 6 8760 > 8 10936
5 2 50 >7 8762 >8 2 153
3 647 5 2 149 3 3157
4 1377 3 3098 4 8487
5 1589 4 8325 5 10609
6 1613 5 10358 6 10908
> 7 1614 6 10611 7 10936
6 2 50 >7 10621 8 10939
3 652 >9 10940
4 1387
5 1604
6 1631
> 7 1634
>17 2 51
3 653
4 1389
5 1606
6 1634
7 1637
>8 1638

Table 10. Results for type 1 terms with ngy = 14, 16 obtained with the Hilbert series method. For
an empty element, take the value above it in the same column. ng must be even.
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ng D N #terms ng D N Fterms

13 2 >2 0 14 2 2 3
32 12 3 41

3 167 >4 58

4 299 3 >2 0

> 5 314 4 2 7

4 >2 0 3 301

5 2 0 4 806

3 21 5 931

4 109 > 6 935

5 139 5 >2 0

> 6 140 6 2 0

6 >2 0 3 9
72 0 4 80

3 1 5 144

4 2 > 6 151

5 9 7 >2 0

> 6 10 <4 0

>8 >2 0 5 1
> 6 3

>9 >2 0

Table 11. Results for type 2 terms, obtained with the Hilbert series method for ngy = 13, 14. For
an empty column, take the value above it. Many of the zeros are explained by the arguments in the
text. Note that ng — D must be even.
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ng D N  Fterms ng D N #terms
15 2 >2 0 16 2 2 11
3 2 33 3 117

3 661 4 191

4 1400 >5 194

5 1532 3 >2 0

>6 1534 4 2 40

4 >2 0 3 1784

5 2 3 4 5564

3 255 5 6870

4 1146 6 6954

5 1566 >7 6955

> 6 1599 5 >2 0

6 >2 0 6 2 1

7 2 0 3 155

3 6 4 1081

4 39 5 1955

5 118 6 2109

6 141 >7 2112

>7 142 7T >2 0

>8 >2 0 8 2 0
3 1

4 9

5 46

6 79

>7 82

>9 >2 0

Table 12. Results for type 2 terms with ng = 15,16, obtained with the Hilbert series method. For
an empty column, take the value above it. Many of the zeros are explained by the arguments in the
text. Note that ngy — D must be even.
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ng D N Fterms ng D N #terms
14 2 2 3 14 5 2 35
3 39 3 511
4 70 4 1098
5 38 5 931
6 4 6 415
> 7 0 7 116
3 2 20 8 29
3 305 9 6
4 603 > 10 0
5 439 >6 2 36
6 157 3 514
7 33 4 1102
8 5 5 935
>9 0 6 417
4 2 32 7 116
3 478 8 29
4 1021 9 6
5 851 > 10 0
6 369
7 99
8 24
9 5
> 10 0

Table 13. Results for type 3 terms with ng = 14, obtained with the Hilbert series method. For an
empty column take the value above it. ngy must be even.
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ng D N #terms ng D N H#terms ny D N #terms
16 2 2 10 16 5 2 121 16 7 2 125
3 110 3 2745 3 2789
4 178 4 7413 4 7516
5 98 5 7469 5 7599
6 19 6 4103 6 4197
7 1 7 1460 7 1497
>8 0 8 390 8 401
3 2 61 9 82 9 86
3 1261 10 10 10 11
4 2904 > 11 0 > 11 0
5 2410 6 2 125 >8 2 126
6 1026 3 2786 3 2789
7 262 4 7511 4 7516
8 45 5 7595 5 7599
9 4 6 4196 6 4197
> 10 0 7 1497 7 1497
4 2 109 8 401 8 401
3 2434 9 86 9 86
4 6379 10 11 10 11
5 6201 > 11 0 > 11 0
6 3254
7 1082
8 261
9 48
10 4
>11 0

Table 14. Results for type 3 terms for ngy = 16, obtained with the Hilbert series method. For an
empty column take the value above it. ngy must be even.
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ng D N H#Hterms ng D N F#terms ng D N #terms
13 3 2 5 14 2 2 3 14 8 <4 0
3 130 3 59 5 2
4 297 4 70 6 9
5 204 5 23 7 8
6 53 6 4 8 13
7 7 7 1 9 22
8 2 >8 0 10 10
9 1 4 2 11 > 11 0
> 10 0 3 268 10 <7 0
5 2 1 4 779 8 1
3 38 5 872 9 0
4 105 6 465 10 0
5 154 7 116 11 4
6 160 8 15 12 2
7 76 9 3 > 12 all 0
8 10 10 1
>9 0 > 11 0
7T <3 0 6 2 0
4 2 3 14
5 9 4 94
6 8 5 148
7 13 6 173
8 22 7 166
9 10 8 77
> 10 0 9 10
9 <6 0 > 10 0
7 1
8 0
9 0
10 4
11 2
12 0
11 <11 0
12 1

Table 15. Results for the number of terms of type 4 for ngy = 13, 14, obtained with the Hilbert
series method. For an empty column take the value above it. ng — D must be even.
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ng D N #terms ng D N #terms
15 3 2 21 15 7 <3 0
3 579 4 42

4 1396 5 123

5 1095 6 157

6 389 7 175

7 82 8 168

8 17 9 78

9 2 10 10

> 10 0 >11 0

5 2 5 9 <5 0
3 310 6 2

4 1137 7 9

5 1616 8 8

6 1351 9 13

7 631 10 22

8 142 11 10

9 16 12 0

10 3 1 <8 0

11 1 9 1

12 0 10 0

11 0

12 4

Table 16. Results for the number of terms of type 4 for ng = 15, obtained with the Hilbert series
method. For an empty column take the value above it. ng — D must be even.

— 35 —



ng D N Fterms ng D N #terms
16 2 2 10 16 8 <3 0
3 142 4 4
4 178 5 52
) 73 6 128
6 19 7 158
7 5 8 175
>8 0 9 168
4 2 44 10 78
3 1688 11 10
4 5426 12 0
5 6227 10 <6 0
6 3648 7 2
7 1174 8 9
8 226 9 8
9 36 10 13
10 5 11 22
> 11 0 12 10
6 2 0 12 <9
3 175 10 1
4 1126 > 11 0
5 1987
6 2102
7 1537
8 676
9 148
10 16
11
12 1

Table 17. Results for the number of terms of type 4 for ng = 16, obtained with the Hilbert series
method. For an empty column take the value above it. ng — D must be even.
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D Explicit Hilbert series

The operators of types 14 obtained by the Hilbert series, are given by:

HP:4v<1)

D=2,N=2 —

p=4,(1)
HD:2,N:3

p="6,(1)
HD:2,N:2

p=6,(1)
HD:Q,N:3

p=6,(1)
HD:S,N:2

p=6,(1)
HD:3,N:3

p=6,(1)
HD:3,N:4

p=8,(1)
HD:Q,N:Q

p=8,(1)
Hp_s ne3

p=8,(1)
HD:2,N:4

p=8,(1)
HD:3,N:2

p=8,(1)
HD:S,N:S

p=8,(1)
HD:3,N:4

p=8,(1)
HD:4,N:2

p=8,(1)
Hp—i~N=3

p=8,(1)
HD:4,N:4

p=8,(1)
HD:4,N:5

p=10,(1)
Hp_onZ2

p=10,(1)
Hp o nis

p=10,(1)
Hp_o/nZa

p=10,(1)
HD:S,N:2

p=10,(1)
Hp_s'n=s

p=10,(1)
Hp_3'nza

p=10,(1)
Hp—_3n=s

p=10,(1)
Hp_4'nze

p=10,(1)
Hp_inzs

p=10,(1)
Hp_snZa

p=10,(1)
Hp_inZs

p=10,(1)
HD:S,N:2

p=10,(1)
HD:5,N:3

p=10,(1)
Hp_ s n2s

p=10,(1)
Hp_5'nvis

p=10,(1)
Hp—s n=¢

=D%t + 2u6,

=Dt + uﬁ,

= 2D%u* + 215,

= 2Dyt + 3u€7

=Dt + D%uS + ug,

= 2D*u?* 4 3D%u’ + 3u®,

=2D%! + 4D%u’ + 305,

=D 4+ 2D%uC + uS7

= 3D 4+ 6D%u’ + 315,

= 3D%* +8D%8 + 4u87

= D*u* + 2D%u’ 4+ 8,

= 3D"?* + 7D%u’ + 305,

= 3D%* + 9D%8 + 4u8,

= 3D"?* + 9D%u’ + 5u®,

=D’ + D%® + ulo,

= DOu* + 5D + 5D%u® + 3u'°,

= D%u* + 6D*u’ + 6D%u® + 3u10,

= D" + 308 + 2D%® + ulo,

= 3D5%* + 15D%u° + 13D%u® + 3u!°,
= 3D%* + 21D*u + 19D%u® + 5u'°,
= 3D%* + 21D%® 4+ 20D%u® + 5u'°,
= D%* + 3D*’ 4+ 2D%u® + ulo,

= 3D%* + 17D*® + 15D%u® + 3u'°,
= 3D%* + 24D*u0 + 23D%u® + 5u'°,
= 3D%" + 24D + 25D%u® + 6u'°,
= D% + 4D*C + 2D%® + ulo,

= 3D%"* + 18D’ + 15D%u® + 3u'°,
= 3D5%* + 25D*u0 + 24D%u® + 5u'°,
= 3D%* + 25D*u® + 26D%u® + 6u'?,

= 3D%* + 25D%® + 26D%u® + Tu'°,
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p=12,(1)
HD:Q,N:2

p=12,(1)
Hp_ s nis

p=12,(1)
HD:2,N:4

p=12,(1)
Hp_s)nis

p=12,(1)
Hp_3nia

p=12,(1)
Hp_3'n=s

p=12,(1)
Hp_3nza

p=12,(1)
Hp_3'n2s

p=12,(1)
Hp_inzo

p=12,(1)
Hp_inis

p=12,(1)
Hp_inza

p=12,(1)
HD:4,N:5

p=12,(1)
Hp_in=6

p=12,(1)
HD:5,N:2

p=12,(1)
Hp_s'nes

p=12,(1)
HD=5,N=4

p=12,(1)
Hp_snis

p=12,(1)
Hp—s n=¢

p=12,(1)
Hp_6'n=2

p=12,(1)
Hp—6 n=3

p=12,(1)
Hp_6n2a

p=12,(1)
Hp_6n=s

p=12,(1)
HD:G,N:G

p=12,(1)
Hp_6,n2r

p=14,(1)
HD:Q,N:Q

p=14,(1)
Hp_onzs

p=14,(1)
Hp_ s nza

p=14,(1)
Hp_onis

p=14,(1)
Hp 3’8o

p=14,(1)
Hp_3nis

p=14,(1)
Hp—3/n=4

p=14,(1)
Hp_s/nis

p=14,(1)
Hp_s/nZ6

p=14,(1)
HD:4,N:2

p=14,(1)
Hp_4 N3

— D8u4 + 2D6u6 + 2D4u8 + D2u10 + ul?7

=2D%* + 8D%° + 13D*® + 7D%u'0 + 4u'?,

=2D%* + 11D%° + 18D*u® + 10D%u'® + 4u'?,

=2D%* + 11D%° + 19D"u® + 10D%u'® + 4u'?,

=2D%u* + 6D%uC + 6D + 2D%u! + u'?,

= 4D%u* 4 33D%u° + 54D*® 4+ 19D '? + 402,

= 4D%u* + 48D%u® + 91D*® + 35D%u!® + Tu!?,

= 4D%* + 48D%° + 97D® + 37D 4 Tu'?,

=2D%"* 4+ 8D%° + D"’ + 2D%u!0 + u'?,

= 4D%* + 43D%u5 + 74D*u® + 22D%0 0 + 4u'?,

= 4D%* 4+ 62D%u° + 133D u® + 47D%u!0 + Tu'?,

= 4D%* + 62D%u° + 146D*u® + 54D%u!® + 9u'?,

= 4D%u* 4+ 62D%u° + 146D u® + 55D%u!'° + 9u'?,

= 2D%* + 8D%° + 8D*u® + 2D%u 0 + w'?,

= 4D%u* + 44D%0 + 79D*u® + 22D% 00 + 4u'?,

= 4D%u* + 63D%u® + 141D*® + 49D%u ! 4+ 7u'?,

= 4D%u* 4 63D%u5 + 155D u® + 58D%u'® + 9u'?,

= 4D%u* + 63D%u® + 155D 8 + 60D%u!0 + 10u!?,

= 2D%* + 8D%® + 8D*u® + 2D + u127

= 4D + 44D%u° + 80D™u® + 22D%u'® + 4u'?,

= 4D%* + 63D%uC + 142D%® + 49D%u !0 + 702,

= 4D%u* 4 63D%u° + 156D u® + 59D%u!'° + 9u'?,

= 4D%* + 63D%u° + 156D*® + 61D%u' + 10u'?,

= aD%u* + 63D%° + 156D*u® + 61D%u + 11u!?,

— D8u6 + 2D6u8 + 2D4u10 + D2u12 + u147

= D" + 9D8%° + 23D%8 + 20D u'® + 9D !? 4 4,

= D%y* + 13D%u8 + 34D%® + 30D*u'® + 12D%u!? + 40,
=D%* + 13D%° + 35D%° + 31D !0 + 12D%u!? + 40,

= D" + 10D%u® + 13D%5 + 7D '® + 2D%u ' + u'?,

= 4D"%* + 65D%u° + 181D%® + 115D w0 + 27D 2 + 4014,
= 4D"%u* 4 94D%u° + 341D5® 4 250D*u'® + 56D%u'? + 8u'?,
= 4D%* + 94D%u° + 367D%u® + 276D w0 + 61D 2 + 8ul?,
= 4D + 94D%u8 + 367D%u® + 278D*u'® 4 61D%u'? + 8u'?,
= D% 4+ 14D%° + 20D%u® + 8D ! + 2D%u!? 4 w4,

= 4D"%%* + 90D3%u® + 301D%® + 172D u'° + 31D% 2 + 4!,
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p=14,(1)
HD:4,N:4

p=14,(1)
Hp i nZs

p=14,(1)
HD:4,N:6

p=14,(1)
Hp_5n22

p=14,(1)
HD:5,N:3

p=14,(1)
Hp_s'n=a

p=14,(1)
HD=5,N=5

p=14,(1)
Hp_s'nv=6

p=14,(1)
Hp—sn=7

p=14,(1)
Hp_6'n=2

p=14,(1)
Hp_6,nZ3

p=14,(1)
HD:G,N:4

p=14,(1)
Hp—6n=s

p=14,(1)
HD:G,N:G

p=14,(1)
Hp_6 N7

p=14,(1)
HD=7,N=2

p=14,(1)
Hp_7n2s

p=14,(1)
Hp 7 '8nza

p=14,(1)
Hp_7'n2s

p=14,(1)
Hp—7'n=6

p=14,(1)
Hp_7n2r

p=14,(1)
Hp_7n=s

p=16,(1)
Hp—2'n=2

p=16,(1)
Hp_onis

p=16,(1)
Hp—2'n=a

p=16,(1)
Hp_onis

p=16,(1)
Hp 3'nZe

p=16,(1)
Hp_3'n=3

p=16,(1)
Hp 3'8via

p=16,(1)
HD:3,N:5

p=16,(1)
Hp—3n=6

p=16,(1)
Hp_in=2

p=16,(1)
Hp_snis

p=16,(1)
HD:4,N:4

p=16,(1)
Hp_4nis

= 4D'"%* + 129D%u5 + 600D%u® + 440D*u ' + 79D u'? + 8ult?,

= 4D"%u* + 129D%u° + 662D%u® + 525D + 100D%u'? + 11w,

= 4D%* + 129D%u5 + 662D%® + 533D*u !0 + 102D%u? + 1104,

=DY%* + 15D%u° + 22D%8 + 9D*u'? + 2D%ut? + ul,

=4D"%* + 93D%u5 + 329D%8 + 186D + 31D%u!? + 4u'?,

= 4D + 133D%u® + 656D%u® + 493D*u!° + 83D%u'? + 8u'?,

= 4D"%" + 133D%u° + 724D%® + 604D + 113D%u'? + 11w,

= 4D"* + 133D%u’ + 724D5u® + 619D*u'® + 120D%u'? + 130,

= 4D"%* +133D%u° + 724D%® + 619D + 121D%u'? + 13w,

= D* +15D%u5 + 22058 4+ 9D*u !0 + 2D 2 + u147

=4D"* + 93D%u8 + 332D%8 + 188D*u!C + 31D%u!? + 4u!?,

= 4D'%* + 133D%u8 + 660D%u® + 499D*u ! + 83D u!? + 8ult?,

= 4D"%* +133D%u° + 728D%u® + 613D*u!® + 115D%u'? + 110,

= 4D%* + 133D%u5 + 728D%8 + 629D*u ! + 124D 2 + 130,

= 4D"%u* +133D%u® + 728D%® + 629D w0 + 126D%u'? 4 140,

=D%* 4+ 15D%u° + 23D%u8 + 9D*u!® + 2D%u!? 4 o4,

= 4D"%* + 93D%u° 4 333D%® + 188D*u'® + 31D%u!'? + 4u'?,

=4D"%* + 133D%u® + 661D%u® + 500D u!® + 83D u!? + 8ul,

= 4D'"%* + 133D%u5 + 729D%8 + 614D*u ! + 115D 2 + 110,

= 4D + 133D%u® + 729D%® + 630D*u!C + 125D%u!? 4 13u™,

= 4D'"%* + 133D%u5 + 729D%8 + 630D*u ! + 127D ? + 140,

= 4D + 133D%u® + 729D%® + 630D w0 + 127D%u!? 4 150,

— D12u4 +3D10u6 + 5D8U8 +4D6u10 +3D4u12 +D2u14 +u167

=2D"y* + 15D %u° + 46D%u® + 49D + 32D*u'? + 11D%u + Bu'C,
=2D"2y* + 21D + 74D8u® + 88D0u!0 + 52D%!? + 16D%u! + Ful®,
=2D"y* + 21D + 78D%® + 92D + 54D*'? + 16D%u + ButC,

= 2D + 17D’ + 33D%u® + 22D%u'0 + 8D 2 + 2D% M + w6,

=5D"2u* + 118D'u8 + 545D%u® + 543D%u!0 + 205D*u!? + 33D u!* + 500,
=5D"2u* +173D"%4® + 1097D%u® + 13820540 + 536D w2 + 82D%u ' + 10u'®,
= 5Dyt + 173D + 1195D%® + 1596 D540 + 621D*u'? + 90D%u* + 10w 1S,
=5D"2u* +173D"u® 4+ 1195D%® + 1608D°w'? + 625D*u'? + 90D%u'* + 10u'®,
= 2Dyt + 26D1%u° + 59D%u® + 35D%u 0 + 9D 2 + 2Dyt + ulF,

=5D"2u* + 181D u® 4 1096 D%u® + 1097D%u 0 + 322D*u'? + 38D%u'* + 5u'S,
=5D"2u* +263D'0u8 + 2349D%u® + 3285D% ! + 1106D*u'? + 122D%u + 10u'C,

= 5Dy + 263D + 2612D%u® + 4094D%u 0 + 1484D*'? + 167D%*uM + 15u 1S,
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HP oD = 5Dyt 4 263D"0uC + 2612054 + 4165D%u! + 1527D%? + 173D%u + 1501°,

HyZ 00— 5D120t 4 263D 04 + 2612D%0® + 4165D%u ' + 1520D%*u!? + 173D%u™* + 15u',

HE 90 = 2Dyt 4 28D0u8 4 67D + 39D 4 10D u!? 4 2D%uM 4 ',

H 0D = 5D 20 + 188D 0u’ + 1241D%% + 1273D%1 + 348D + 38D + 5u'°,

Hy 80 = 5D2ut 4 272D + 2659D%u® + 3964D%u ' + 1287D u!? + 128D%u + 10u',

HP 0 = 5D ut + 272D + 2058D%u® + 5060D°u'® + 1854D u'? + 194D uM + 15",

Hy 80 = 5D2ut 4 272D 4+ 2958D%® + 5180D%u® + 1962D%u!? + 216D%u'* + 18u',

Ho o = 5D2u* + 272D’ + 2058D%u® + 518000 + 1970D*u'? + 218D%*u* + 18",

Hy o0 — oDyt 4 28D 048 4 69DPu® 4 40D% 4 10D*u!? 4 2D%uM 4 ',

Ho o) = 5D u* + 188D’ + 1258D%® + 1304D%' + 352D"u'? + 38D%u™ + 5u'C,

Hy 00— 5D120t 4 272D'04° 4+ 2685D%u® + 4062D°%u ' + 1312D%u!? + 128D%u* + 10u',

HPZ 0D — 5Dyt 4 272D 0 + 2985D%u® + 5194D%u!C 4 1921D%? + 198D%u + 15u1°,

HY 0 o = 5D 20t + 272D %0’ + 2085D%® + 532000 + 2055D%u'? + 229D + 18",

HE 00 = 5D120t 4 272D 4+ 2985D%u® + 53200 + 2070D*w!? + 236D%u* + 20u',

HY 0 = 5D u* + 272D + 2085D%u° + 532000 + 2070D u'? + 237Dut + 200",

Hy 00— oDyt 4 28D0u8 4 69D 4 41D% 4 10D 2 4 2D%uM 4 ',

HE 0 = 5D 0t + 188D’ + 1259D%° + 1309D%u ' + 352D"u'? + 38D%u' + 5u'®,

Hy 00 = 5D120t 4 272D 4+ 2686D%u® + 4071D%u ' + 1314D%*u!? + 128D%u* + 10u',

Ho 0 = 5D ut + 27208 + 2086D%u® + 5204D% 0 + 1927D*u'? + 198D uM + 15",

HyZ 00 = 5D120t 4 272D 4+ 2986D%u® + 5330D%u ' + 2064D*u!? + 231D%u ' + 18u',

HP= o — 5Dyt 4 272000 + 2986 D%u® + 5330D%u!C + 20800 + 240D%u + 20u'°,

H 0D = 5D 20 + 272D 00’ + 2086D%® + 5330D% 0 + 2080D%u'? + 24207 + 210",

Hy S0 = oDyt 4 28D 4 69DPu® 4 41D% M 4 10D 2 4 2D%uM 4 ',

HY 9D = 5Dyt 4 188D 0u’ +1259D%u® + 1310D%u™ + 352D%'? + 38D%u + 5u'°,

Hy S0 = 5D2ut 4 272D'04° + 2686D°u® + 4072D%u ' + 1314D%*u!? + 128D%u™ + 10u',

gPI6W  _ 5pl2yt 4 979D100 1 29860348 4 5205D%4 0 4 1928D ! + 198Dy

D=8,N=5

H’];::l;ﬁiﬁ = 5D 2" + 272D"%4° + 2986 D%u® + 5331D%u!? + 2065D"u'? + 231D%u* + 184S,
Ho o = 5D ut + 272D 8 + 2086D%u® + 5331D% 0 + 2081 u'? + 241D%u™ + 20",
Hg::l;ﬁig =5D"2u* + 272D"%4° + 2986 D%u® + 5331D%'0 + 2081D%w'? + 243D%u! + 21416,
10N = 5D 0t + 272D 0’ + 2086D%® + 5331 + 2081D"u'? + 24307 + 220",
H%::Séf?v):?, = Du4’

H%::7é§12\,):3 =Dt 4+ 2Du°,

H%::Séfzzv):2 = D%’

H%::E;éflz\):3 = 2D%°,

H%::s‘i’(]z\]):?’ =D’
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p=8,(2)
HD:4,N:4

p=9,(2)
Hp 3N

p=9,(2)
HD:3,N:3

p=9,(2)
Hp_3 N=4

p=10,(2)
Hp—2'n=2

p=10,(2)
Hp_ones

p=10,(2)
Hp_ s nzs

p=10,(2)
Hp_1'n=a

p=10,(2)
Hp_ s nzs

p=11,(2)
Hp_3'nzs

p=11,(2)
Hp_3/nis

p=11,(2)
HD:3,N:4

p=11,(2)
Hp_3'n=s

p=11,(2)
HD:5,N:4

p=11,(2)
Hp_s'nes

p=11,(2)
HD:7,N=5

p=12,(2)
Hp_snZ2

p=12,(2)
Hp_ s nzs

p=12,(2)
Hp_o'nza

p=12,(2)
Hp_ i nzo

p=12,(2)
Hp_inZs

p=12,(2)
Hp_i1n=4

p=12,(2)
HD:4,N:5

p=12,(2)
Hp_6n24

p=12,(2)
HD:G,N=5

p=13,(2)
Hp_3'nes

p=13,(2)
Hp_3n=3

p=13,(2)
Hp_3'n=4

p=13,(2)
Hp_3n=s

p=13,(2)
HD:s,N:3

p=13,(2)
Hp—5'n=4

p=13,(2)
HD:5,N:5

p=13,(2)
Hp_snZ6

p=13,(2)
HD:7,N:3

p=13,(2)
Hp_7'Nza

= 2D2u6,

=Dt + D3u6,

= 2D5%* + 6D’ + 3Du87
=2D%* + 9D3u8 + 4Du8,
= D2u8,

=2D*u5 + 3D%u8,

= 4D*°% + 3D2u8,

= 7D*° + 7D,

= 7D’ 4 8D%u®,

=2D%° + 1?3u87

=2D"u! + 17D%u® + 19D*u® + 4Du'°,

= 2D u* + 24D%uS + 31D%u® + 6Du 'O,

=2D"u* + 24D%u8 + 32D%u® + 6Du!?,

= D%u8 + 6D%u8,
= D%uS + D38,
=D

=D6u6+’D4u8+D2u10,

= 5D%5 + 7D*® + 5D%u0,

= 6D%° + 10D*u® + 6D,

= DGUG,

= 15D%5 + 29D*® + 4D%u'°,
= 26D%° + 71D*u® + 18D%u'0,

= 26D%u8 + 78D*® + 21D

=5D*u8,

= 8D"u® + 2D%u'?,

=D%* + 5D"u’ 4 5D5%u® + Dsum,

=3D%" + 38D"u® + 84D°u® + 37D%u'® + 5D
= 3D%* 4+ 56D"u® + 155D°u® + 76D3u'® + 9D u'?,
= 3D%* +56D7u® + 165D°u® + 81D3u!? + 9D !?,
=3D"u’ +17D%u® + D3u10,

=5D"u® + 74D%u® + 30D3u'?,

= 5D"u’ + 88D°%u® + 46D%u'?,

= 5D"u’ + 88D°u® + 47D%u'?,

5 8
=D u",

= 2D5u8,
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HP 32— 5D%S 4D,

HE2 = D% 4+ 5D,

H%::124,1(V2i2 _ DGUS + D4u10 + D2u12,

HY @) = 5D 4 16D%® + 14D* ! + 6D%u'?,

HE 2 = 7D8E 4 24D%® 4 20D 4 7TD%u'?,

Hy b3, = 3D%C + 4D,

Hy 2 = 408 + 172D%° + 83D + 6D%u'?,

HY 02— 65D%u5 + 416D5%° + 292D + 33D%u!?,

HY 2 = 65D%uC + 466D%® + 357D u'® + 43D%u'?,

Ho 3 o = 65D%u° + 466D°u® + 361D + 43D%u'?,

H;I:):Zlé,](vzi?) — 8D%® + D,

HPZ ) — 44D 4 36D,

HY P = 60D%® + 80D ' + 4D%u'?,

HYZ 2 — 60D%u® + 86D + 5Du!?,

D=6,N=6
p=14,(2) _ 4 10

HD:8,N:5 =D,
p=14,(2) _ 4 10
Hp_snze = 3D u,

HPZ2 = DMyt 4 9D + 14D"4® + 8D + Du'?,

HEZ0 @) = 3Dyt 4 77D’ + 287D + 227D + 61D%u'? + 6D ',

HPZ @ 3pMyt 4 113D%8 + 574D7u® + 550D%u0 4 148D%u'? 1 12D,

D=3 N=4

HYZ2 @) = 3Dyt £ 113D%° 4 621D7u® + 620D°u'® + 163D 4 12D,

P @ 3ptyt 4 113D%8 + 621D7w® + 622040 4+ 163D%u!? + 12D,

D=3 N=6

HY 200, = D + 2D,

HY 22— oD% +149D7u® + 96D + DPu'?,

HY2 3 = 16D%u° +478D7w® + 573D°u'0 + 79D%u'?,

HE 22— 16D%u° + 562D7u® + 839D°u!” + 149D%u 2,

Ho 23 o= 16D%uC + 562D u® + 863D°u' + 158D u'?,

HY 22— 4D 4 2D,

P2 = 13D7u® 4 26D° 0!,

HYZ2 (P = 23D7® 4 81D%u™ + 14D%u'?,

HPZ2) = 23Dy 4 96D 4 22D% 2,

HY 2 = 23D7u® + 96Du! + 23D%u"?,

H%:,—lf’z(\?iz — 9p'0,0 + 3D, + 3p6,,10 + 9Pty 12 + D2u14,

HY0 3 = 11D"%° + 34D%° + 41D% " + 23D + 8D,
HPZ0) — 14D0S 4 57D%® 4 72D% 10 + 38D% % + 10D%u,

HY 0 = 14D"0uC + 58D%® + 74D + 38D"u'? + 10D%u,
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p=16,(2)
Hp_snZ2

p=16,(2)
Hp_1n=3

p=16,(2)
HD:4,N:4

p=16,(2)
HD:4,N:5

p=16,(2)
Hp—1n=¢

p=16,(2)
Hp_i'NnZr

p=16,(2)
HD:G,N=2

p=16,(2)
Hp_6 'n=s

p=16,(2)
HD:G,N:4

p=16,(2)
Hp_6'nes

p=16,(2)
HD:G,N:G

p=16,(2)
HD:G,N:?

p=16,(2)
Hp_s'n=3

p=16,(2)
Hp_snis

p=16,(2)
Hp_s'nvs

p=16,(2)
HD:S,N=6

p=16,(2)
Hp_s'ner

p=6,(3)
HD:Q,N:4

p=6,(3)
Hp_s nes

p=8,(3)
HD:Q,N:S

p=8,(3)
HD:2,N:4

p=8,(3)
HD:z,N:5

p=8,(3)
Hp—3 n=3

p=8,(3)
HD:S,N:4

p=8,(3)
HD:B,N=5

p=8,(3)
HD:4,N:2

p=8,(3)
HD:4,N:3

p=8,(3)
Hp_in=4

p=8,(3)
HD:4,N:5

p=10,(3)
Hp_snis

p=10,(3)
HD:2,N:4

p=10,(3)
Hp—2n=s

p=10,(3)
Hp_snZ2

p=10,(3)
Hp_3n=3

p=10,(3)
Hp_3'nza

= 9D'%° + 23D%® + 8DO 1P,

=97D"%u® 4+ 763D%u® + 750D%u!® + 167D ' + TD%u,

= 152D %° + 1862D%u® + 2684D%u'° + 811D*u!? + 55Dy !4,

= 152D %% + 2096D%u® + 3423D%u 0 + 1121D*u!? + 78D%u

’

=152D"%° + 2096D%u® + 3479D% !0 + 1148D* w2 + 79D,

=152D'%4® + 2096D3%u® + 3479D%u'° + 1149D*u'? + 79D%u M,

8 8
=D u",

= 76D%u® 4 78D% !0 4+ D2,

= 281D%u® + 670D%u ' + 130D !?,

= 361D%u® + 1198D%'° + 386 D*u!? 4 10D,

= 361D%® + 1274D%'° + 460D*u'? + 14D?*u M,

= 361D%u® + 1274D%u'° + 463D*!? 4 14D,

_ ,D6u107
_ 9D6u107

= 36D%'° + 10D*u'?,
=51D%"'" + 28D"u'?,
=51D%'0 4 31D*u'?,

= Dus,

_ D2u47

— DQUG7

=D + Du77

— D2u6,

=2D%u°,

= 2D’ + 2D,
=2D%u°,

_ DSUS’

= 2D%u5,

=2D%u5 + 2Du",

= 2D%u5,

= DS + 37_)2ug7
=2D°u® 4+ 5D%u + 2Du°,
= D%* 4+ 2D%uC + 2D2u8,
= D% + D%,

= 10"’ + 7D%u®,

=5D%u® + 15D3%u" + 4Du°,
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p=10,(3)
HD:3,N:5

p=10,(3)
Hp—3n=6

p=10,(3)
Hp_snZ2

p=10,(3)
Hp_snZs

p=10,(3)
Hp_in=a

p=10,(3)
Hp_1nes

p=10,(3)
Hp_sn=6

p=12,(3)
Hp_anzs

p=12,(3)
Hp_snzs

p=12,(3)
Hp_a'nza

p=12,(3)
Hp s nzs

p=12,(3)
HD:2,N:6

p=12,(3)
Hp_3/n=2

p=12,(3)
Hp—_3n=3

p=12,(3)
Hp_3'n=a

p=12,(3)
HD:B,N=5

p=12,(3)
Hp_3'n=6

p=12,(3)
Hp_3'n=7

p=12,(3)
Hp_3'n=s

p=12,(3)
Hp_inzo

p=12,(3)
HD:4,N:3

p=12,(3)
Hp_in=4

p=12,(3)
Hp_in=s

p=12,(3)
Hp_inZe

p=12,(3)
Hp_in=r

p=12,(3)
Hp_in=s

p=12,(3)
Hp_inze

p=12,(3)
Hp_s'nes

p=12,(3)
Hp—sn=3

p=12,(3)
HD:s,N:4

p=12,(3)
Hp—sn=s

p=12,(3)
Hp—s n=¢

p=12,(3)
Hp_snor

p=12,(3)
Hp_5nis

p=12,(3)
Hp_s'n=9

= D% + 7D*C + 61721487

=D%® +2D%,

=D%u5 + 2D3u77

= 8D*u’ + 8D%u®,

= 5D%u® + 18D3%u" + 4D’

= DOu* + 8D*S + 8D2u8,

=D%% + 3D3u7,

=D + D% + D3u9,

= 4D%u5 + 7D + 4D%u0,

= 2D’ +9D%u" + 8D%° + 2Dutt,
= 3D%° + 5D%® + 2D%u !0,

= D5u7,

=2D"u® +4D%u" 4 2D%°,

= 20D%8 + 38D*® + 11D !0,
=8D"u’ + 60D°u” + 47D%u’ + 6Du?,
= D%t +20D%u° + 46D%u® + 12D%u!0,
=D"u’ +13D%u" 4 8D%°,

= 3D4u8,

= D5u7,

=3D"u® + 6D%u” + 3D%u°,

= 26D%u5 + 53D%® + 12D 10,
=8D"u’ 4 81D°u” + 65D%u’ + 6Du'?,
= D8y 4+ 24D%° + 72D%® + 19D 0,
=D’ +21D%u" + 18D%°,

= 7D4u8,

= D% + ’D?’ug7

— D4u8,

=3D"u’ + 6D + 3’D3u97

= 26D’ + 56D*u® + 12D%u',

= 8D v’ +83D%u” + 68D%u° + 6Dult,
= D8u* + 24D%° + 75D%® + 20D%u"°,
=D’ 4+ 21D%" + 19D3°,

= 7D*u8,

=D + D3u9,

4 8
=D u",

— 44 —



HY 28— 3DT® 4+ 7D 4 3D%°,

HyZ 128 = 26D%u° + 56D%u® + 12D%0',

HE 2B = 8DW® 4 83D 4 68D’ + 6Du'?,

HEZ 12O = DByt 4 24D + 75D E 4 20D,

HE 2B = DT® 4 21D + 19D,

H%ﬂ;}ﬁ; = 1D%8,

H%:zlg,](v?»is — D57 + D?,ug7

p=12,(3) _ 4 8
HD:G,N:Q =Du

S — DTy 4+ DO + Dl

)

Ho ) = 4D%C +16D%® + 13D + 6D u'?,

HEZ ) 3p%5 1 20D 4 29D’ + 15D 4 3D,

HY- ) = D't 4 6D 4 17D%® + 11D* 0 + 3D%u?,

D=2,N=5

H%::l;ﬁ’ifs =2D"u" 4+ 2D%°,

HY O = oD% 4 9D7u” + 7D’ 4 2D,

HYZ ) = 45D%u8 + 151058 4 92D%0'0 + 17D%u'?,

HE S = 13D%° +186D7w” + 203D%u® + 102Dt 4+ 9D u'?,

g  _ ployd 4 45p8y8 4 221D%8 + 151D + 21D%

D=3,N=5
HY O = DY 4 50D7W” + 87D’ 4 19D,

Ho b = 2D%° + 21D%° + 10D,

H%:,_I;"]s,sigs =2D"u" + 3D%°,

o, = 3D%° +15D"u” + 11D%u° + 3D,

HE B = 63D%u° + 256D%° + 140D%u'® + 19D%u'?,

HPZ ) = 14D%° + 206D7w” + 538D°u° 4 164D°u '

HPA G ployt 4 62D%0° 4 424D%8 + 324D + 40D '?,

D=4,N=5
HE S = oD% 4 88D 4 221D% + 58D,
Ho ) = 2D%C + 54D%® + 42D + D7u'?,

HY S = 4D 417D + 3D,

HP 3 3p5yE 4 2Dty

oA O = 3D%° 4 17D7u” 4 12D°%° + 3D,

HP ) = 64D5uS + 278D5%° 4 150D u'® + 19D%u'?,

HY O | = 14D%° +308D7u” + 592D + 175D u! + 9D ',

D=5,N=4

HPZA®)  _ ployt o 69D84C 4 455D%8 + 369D + 44D 2,

D=5,N=5

HY ) = 9% 4 90D 4 251D’ + 72D%uM,

HY A ®) = op8uf 4 58D%® 4 54D 4 2D%u'?,

HY ) = 4Dy 4 20D°0° 4 5D,
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HPZ ) 3pSy® 4 3Dty

o 0O = 3p%° 4 17D7u” 4 13D%° + 3D,

HE B O = 64D%uC + 280D%® + 151D + 19D%u'?,

HE 8O = 14D%° + 308D7u” + 596D°u’ + 175D u' ! 4+ 9D u'?,

HY O = D0y 1 62D%u8 + 456D%® + 372D + 44D%u 2,

HYZ ) = 2D%° 1 90DTW" 4 252D’ + 73D%uM,

HY B ®) = opBy® 4 58D%® 4 54D 4 2D%0'?,

HYZ ) = 4D 4 20D°0° 4 5D,

HEH®) = 358 4 3Dt

H%j;’ﬁig — Dl1,P + 3D%7 + 3D7 0 + D5y M + D316137

HYZ 9B = 9D1040 4 34D%® 4 38D%!0 4 22D% ! 4 7D,

HEZ0 3 = 3D 4+ 32D%7 + 68D + 53D + 19D%u™ 4 3D,

D=2,N=4

HYZ 9B = 7D10y0 4 34D%® 4 38D%!0 4 16D*u!? + 3D%u,

HE0®) = 5D%7 +10D7u’ + 4D,

p=16,(3) __ 8 8
HD:2,N:7 =D,

HE 9O — 4D ® 4 22D%7 + 23D7u® 4 10D 4 2D%0"?,

HP 58— 89040 4 488D%0® 4 491D + 172D%!? 4 21D%u ™,

HYZ9®) = 19D + 480D + 1334D7w + 876D°u! ! + 183D u!® + 12D,
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HE 0O = 138D + 997D%® + 1004D%u ' + 272D% ' 4 23D,

HPZ6®) 91D Myd 1 883D%7 + 3125074 4 2015D%u! ! + 323D% ! + 12D w'®,

D=4,N=4

HYZ 0B = D12yt 11330048 4 1860D°%® + 3110D°%u® + 1026D*u'? + 71D*u,

HP= 58— 3Dy 4 295D% 4+ 1607D7w’ + 1197D°u!t + 1520302,

HEZ 10O = 7p10yS 4 294D%u® 4 611D + 168D*u'? + 2D%u,

HPZ 58— 15D%7 + 139D7w” + 100D°u! ! + 7D3u’?,

HYZ ) ) = 13D%® 4 20D%' + 6D%u'?,

H%::lf’l(\,:iw =307 + Dsun,

1Y 0, = 6D’ + 46D + 50D7u’ + 16D°u'! + 3D%u'?,

HEZ9®) = 141D 4+ 1125D%® + 1163D°% " 4 293D w'? + 23D%u™,

HPZ6®) 91D e 1 941D%7 + 3678D7w® 4 2410D%u!t + 351D% ! + 12D u'®,

D=5,N=4
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HPZ0®) D12yt 4 135D 0u + 2000D%u® + 3869D%u!C + 1204D% ! 4 80D%u,

HEZ 8B = 3Dy 4 309D 4 1946D7w + 1632D°u! ! + 213D%u!3,

HE 9O = 7D1045 4 328D%u® 4 844D 4 276D u'? + 5D,

HYZ 0B = 15D%7 + 181D7w? + 178D°u!! + 16D°u'?,

HY9®) = 14D%® 4 52D%° 4 16D 02,
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P16 6p1yS + 47D + 52D + 17DuM + 3D,
D=6,N=2

HYZ 98— 141045 4 1138D%® + 1189D%° 4 295D u'? + 23D,

HY 8B = 21D 4 941D%7 4 3728D7w° + 2458D%u!M! + 351D%u!? + 12D,

HE0 & =Dt + 135D 0u’ + 2008D°%u® + 39510 + 1330D%u'? + 80D,

HEZ 8B = 3Dy 4 309D%uT 4 1967D7w’ + 1693D° ! 4 224D%u 3,

HPZ58) 71040 4 328D%0® 4 862D%u!” + 295D u!? 4 5D,

HEZ 0B = 15D%7 + 181D7w? + 187D%u!! + 18D%u'?,

H%::lg’l(\lsig = 14D%® + 53D%!° + 19D*u'?,
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P16 = 6pMyS + 47D + 52D + 17DuM + 3D,
D=7,N=2

HPZ08) = 141045 + 1138D%® + 119205 4 295D%u'? + 23D,

HEZ 0B = 21D 4 941D%7 4 373007’ + 2461D% ! + 351D%u!? + 12D w??,

HE 0 = Dt + 135D 0uC + 2008D°%u® + 39540 + 1331D%u"? + 80D,

HEZ 0B = 3Dy 4 309D%uT 4 1967D 7w’ + 1694D° ! 4 224D%u 3,

HPZ0®) — 7p10yS 4 328D%0® 4 862D !” + 295D u!? 4 5D,

HYZ 0B = 15D%7 + 181D7w? + 187D%u!! + 18D%u'?,

HY 0B = 14D%® 4 53D% 4 19D%!?,
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P16 = 6D1yS + 47D + 53D’ + 17DuM + 3D,
D=8,N=2

HYZ9®) = 141045 4 1138D%® + 119205 4 295D%u'? + 23D,

HEZ8®) = 21D 4 941D%7 4 373007’ + 2461D% ! + 351D%u!? + 12D w??,

16— pl2yd 4 1351048 4 2008D%0® + 3954D%u! + 1331D%u!? + 80D,
D=8 ,N=5

HEZ 8B = 3Dy 4 309D%uT 4 1967D 7w’ + 1694D° ! 4 224D%u 3,
HPZ9®) — 7p10yS 4 328D%0® 4 862D%u!” + 295D u!? 4 5D,

HP0®)  — 15D%7 + 181D7w® + 187D + 18D%u!?,

D=8,N=8
H%::lsi’l(\lsig = 14D%® + 53D%.!° + 19D*u'?,
Hy 9 = 5D7u’ + 6D%u'?,
H%::g?;,(?v):4 = UB»
H%::A;,(?V)ﬂ = U4»
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p=T7,(4)
Hp_3 N=a

p=7,(4)
Hp—3 n=s
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HD:4,N:5
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Hp_snZ6

p=10,(4)
Hp_6,n24

p=10,(4)
Hp_6 N7

=2D%u5 + 24",

=D + DuG,

=D 4+ 2D%uC + 2u8,
=D’ + Du’,

=2D%u’ + 208,

=D’ 4+ Du’,

= ug’

=8,

= 3D%u® + Db,

= 4D*° + 8D%" + 3u9,
= D%u* + 5D%u® + 2D,
= D3u6,

=2D%" + 2u°,

=130 + Dus,

= 4D*u5 + 4D%u® + 300,
=2D%u® + 5D%u" + 2D,
= ’D4u6,

= D5u5,

=2D%° + Dzus,

=D +9D%" + Dug,

= 7D*u° + 10D%u® + 3u'°,
=D +6D%u" + 2Du9,
= D3u7,

=2D%u® + 200,
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Hp—s n=9

p=10,(4)
HD:l(),N:ll

p=11,(4)
Hp_3/nis

p=11,(4)
Hp_3/nis

p=11,(4)
Hp_3'nes

p=11,(4)
HD=3,N=6

p=11,(4)
Hp_s'nv=s

p=11,(4)
Hp 5'nza

p=11,(4)
Hp_s'n=s

p=11,(4)
Hp_snZ6

p=11,(4)
HD:s,N:?

p=11,(4)
Hp—7n=s

p=11,(4)
Hp_7/nis

p=11,(4)
Hp_7'nzo

p=11,(4)
Hp—9 'n=10

p=11,(4)
Hp_11,n=12

p=12,(4)
Hp_ s nzs

p=12,(4)
Hp_onzs

p=12,(4)
Hp_ s nza

p=12,(4)
HD:z,N:s

p=12,(4)
Hp—2 N6

p=12,(4)
Hp_snir

p=12,(4)
Hp_inZ2

p=12,(4)
Hp_in=s

p=12,(4)
Hp_inza

p=12,(4)
Hp_inzs

p=12,(4)
Hp_i'n=6

p=12,(4)
Hp_inz7

p=12,(4)
Hp_¢/n2s

p=12,(4)
Hp—6n=4

p=12,(4)
Hp_¢,nZs

p=12,(4)
Hp_6nZ6

p=12,(4)
Hp_¢,n2r

p=12,(4)
Hp_6'n=s

=10D%u® + 14D%u® + Du'?,

= 7D%° + 35D + 19D%u° + 4u'?,
=Du* + 14D%u° + 21D3%u® + 3Du'?,
= 5D4u7,

= 3D%u5 + 2D%u8,

=6D" + Dzug,

= 2D%% + 10D%u® + Dulo,

=9D*u" + 10D%° + 3u'l,

= 2D5%° + 6D3%u® + 2Du107

= D?’us,

=2D%° + 20!,

— D3 & Du107

_ u11’

=u'l,

— D7u5 + D5u7 + DSUQ7

= D%u* + 7058 + 10D + 6D%u'® + 3u'?,
=2D"u’ + 9D°" + 8D’ + 2Du'?,
=2D%° + 2D%®,

_ ,D5u77

— D6u6,

= 2D5u7,

=13D%° + 23D*® + D*u'?,
=2D"u’ 4+ 52D°u” + 43D%° + 2Du',
= 20D’ + 74D*® + 27D*u'® + 5u'?,
=2D"u’ + 29D°u" + 31D%° + 4Du'!,
=2D%° + 8D,

— D4u8,

= 4D%" + 4D,

— 7D4u8 + D2u10,

=2D%" + 10D*u® + Du',

= 9D"® +10Du'? + 3u'?,

=2D%" + 6D%u° + 2Du?,
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D=8, N=6 —
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Hp—s n=o

p=12,(4)
HD:s,N:m

p=12,(4)
Hp_1d,n=11

p=12,(4)
Hp_13,n-13

p=13,(4)
Hp_3'nzo

p=13,(4)
HD=3,N=3

p=13,(4)
Hp_3'nza

p=13,(4)
Hp_3n=s

p=13,(4)
Hp_s'nZ6

p=13,(4)
Hp_snir

p=13,(4)
HD:B,N:S

p=13,(4)
Hp—3 N9

p=13,(4)
HD:5,N:2

p=13,(4)
Hp_s'n=s

p=13,(4)
Hp_5/n=a

p=13,(4)
Hp_5nis

p=13,(4)
Hp—s n=¢

p=13,(4)
Hp_s'nzr

p=13,(4)
Hp—sn=s

p=13,(4)
HD:?,N:4

p=13,(4)
Hp—7n=s

p=13,(4)
HD:?,N:G

p=13,(4)
Hp_7n2r

p=13,(4)
HD:7,N=S

p=13,(4)
Hp_7'nzo

p=13,(4)
Hp—g N7

p=13,(4)
Hp_g'nv=10

p=13,(4)
Hp o/ nZ11

p=14,(4)
Hp_s/nZ2

p=14,(4)
Hp—on=s

p=14,(4)
HD:z,N:4

p=14,(4)
Hp_s/nis

p=14,(4)
HD:Q,N:G

p=14,(4)
Hp_oner

= D85 +3D%." + D4u9,

=27D"u® + 71D%u® + 30D3u!0 + 22,

= 11D%% + 114D%7 + 132D%° + 35D u!t + 5u'3,
=D%* +33D7u8 + 112D%u® + 53D%u!® + 5D'u!?,
= D85 + 25D%7 4 26D*° + D2ull,
=D’ + 6D%u®,

=D%" + D4u9,

= Dsus,

= D6u7,

= 8D uS + 26D%u® 4 4D3u!?,

=40D%" + 63D*° + 2D%u'?,

= 5D 4’ +90D%u® + 57D3u'C + 2D 2,
= 33D%" 4+ 93D*°® + 20D% !t + 5ul?,

= 4D 4 + 36D%u® + 32D%u'0 + 4D 2,

=2D%" + 8D,

= 2D4u9,

=5D%u® + 4D%u'?,

= 7D%° + D2u11,

=2D%u® + 100%™ + D ut?,

=9D*° + 10D%u!! + 3u13,

=2D%u® + 6D + 2D w2,

_ D3u10,

— 9p2y 1! + 2u13,

= D310 4 D1u12,

— D7u7 + D5u9 + ,D3u117

= 8D%u® 4+ 20D%® + 19D*u'° + 8D%u!? + 4u!?,
=3D%° +20D7u” + 29D%° + 15D3u!! + 3DMu3,
= 4D%u5 + 12D%3 4 7D*u!?,

=2D"u" +2D%°,

6,8
=D u",
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HE W = 2D% 4 6D7u” + 3D,

HE W = 358 +160D%® + T1D* ' + 2D%u!?,

HPZA @  _ 5p%° 1 218D7u 4 430D%° 4 12203 + 4D '3,

D=4,N=4

HE W = 50D%u° + 411D%® + 347D

+ 58D%u'? + 6ul?,

HPZA®  — 9p95 1 101D7u” + 266D%° + 90D%u!t + 6D w3,

D=4,N=6

HE W = 488+ 63D%° + 48D 4 D2,

D=4,N=

Hy 0 = 3D 4 1207,

H%ilf,l(\;ig — 9P%,8 + D4u10,

p=14,(4) _ 5 9
Hp_ynzio =Du,

HPZU - 11D8° 1 3D,

HYZH W = 16D7u + 68D’ + 10D%u !,

HPZ A = 63058 + 83D 4 2D%u!?,

P @ 8pTy 4 105D%° + 58D% ! + 2D !,

D=6,N=6

HE W = 378" 4 95D 4 20D + 5u',

D=6,N=7

HY g = 4D"u” + 37D + 32D%! + 4D,

D=6,N=8

HE W = 2D%8 4 8D,

D, = 2D

)

Hp i NL = 5D +4D%,

H%j;}(\;i7 — 7D 10 + D2u12,

HYE W = 2070 + 10D + D,

HE W = oD% 4 10D%u'? + 3uM,

Ho bW o = 2D + 6D + 2D,

p=14,(4) _ 3 11
Hp_yo,n=s =DPu ",
=14,(4 2,12 14
H%:w,(z\):u =2D"uw" +2u,
p=14,(4)  _ 53, 11 113
HpZign=12=Du +Du”,

4 11

HPZ @ 9pt05 4 10D%" + 8D%° + D,

D=3,N=2

HYZ W = 59D%u° + 261D7u® + 205D%u ™

HE 2 = 17D'® 4 313D%u + 666D°%u° + 337D ! + 56D%u'® 4 Tu'?,

D=3,N=4

HEZ 2 = oDyt 4 69D’ + 451D7u® + 455D%u!0 + 111D%u'? 4 7D,

+ 52D%u!'? + 2D,

HPZI @ opl04y5 4 863" + 218D%° + 82D + D23,

D=3,N=6

Hp:lS,(él) :3D9u6+44D7u8+34D5u10+D3u12,

D=3,N=7

HYZ2 W = 5D +10D%° + 2D,

p=15,(4) _ 7 8 5 10
Hp_s/Nog =DP'u” +Du ",

HYZ2 W = 3D%T 4 2D5%°,

HEZ W = 19D%° +173D74® + 113D%u ™

+5D%u'?,
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p=15,(4)
HD:5,N:4

p=15,(4)
Hp—sn=s

p:15,(4)
Hp_s'n=6

p=15,(4)
Hp—s N7

p=15,(4)
HD:5,N:S

p=15,(4)
Hp—s N9

p=15,(4)
Hp—sn=10

p=15,(4)
Hp_s'nv=n1

p=15,(4)
Hp 7 'NnzZa

p=15,(4)
Hp_7nZs

p=15,(4)
Hp_7'nZ6

p=15,(4)
HD:?,N:?

p=15,(4)
Hp_7/nZs

p=15,(4)
Hp_7/nZo

p=15,(4)
Hp_7'nv=10

p=15,(4)
HD:Q,N:G

p=15,(4)
Hp_g'ner

p=15,(4)
Hp—o n=s

p=15,(4)
Hp_g'n=9

p=15,(4)
Hp—9 n=10

p=15,(4)
HD:9,N:11

p=16,(4)
Hp—oneo

p=16,(4)
HD:Z,N:B

p=16,(4)
Hp_o/nia

p=16,(4)
Hp o ves

p=16,(4)
Hp_o'nzs

p=16,(4)
Hp o ner

p=16,(4)
Hp_4'n=s

p=16,(4)
Hp_inzs

p=16,(4)
HD:4,N:4

p=16,(4)
Hp_1n=s

p=16,(4)
HD:4,N:6

p=16,(4)
Hp_anzr

p=16,(4)
Hp_snis

p=16,(4)
Hp_4'n=o

= 170D%u"” + 693D%° + 270D ! + 4D%u!'3,
=16Du® + 541D u® + 869D°u!? + 185Dy !?
= 108D%u” + 695D%u° + 475D*u!t + 66D%u!® + Tul®,

= 6D’ + 167D’ + 351D°u'C + 100D3u!? + 7D,

=8D%." + 82D%° 4+ 51D + Du'?,

=4D"u® +12D%u1°,
— 2D6u9 + D4u11,
— 'D5u10

= 32D%° + 10D*u'?,

= 24D"u® 4+ 87D 4 12D34 12,

= 71D%° + 84D*u'" + 2D%u '3,

=9D"u® + 106D%u!° + 58D3u!? 4 2D 4,

= 39D%° + 95D*ut! + 29D%u!?

+ 5u157

= 5D"u® + 37D%u0 + 32D3%u!? + 4D,

=2D%° + 8D*u'?,

_ 2D4u117

— 5D510 Jr4D3u127

— DM 4 D2u13,

— 2D5u10 + 10D3u12 + DluM,
= 9D +10D%u'® + 3u'®,

— 2D5u10 + 6D3u12 + 2D1U14,

— D11u5 + 3D9u7 + 3D7u9 + 2D5u11 + DBUIB,
= D2u* + 13D + 40D%u® + 46D%u° + 28D 2 + 10D% ! + 4u!S,

= 3D’ +32D%7 + 68D7w° + 53D%ut + 19D3u'® + 3D !5,

=5D%" +10D7u° + 4D,

— DlOUG + 2D8u8 + 2.])()'u1()7

= 11D'%5 + 321D%® + 658D%!°

=10D%u® + 23D%u !0 + 3D*u'?,

= 5D"u’ + 27D%u® + 31D5u + 10D*u'?,

= 2D’ + 21D%" + 18D’ 4 3D5u!?,
= 88D"0u® + 735D%u® + 717D5u!° + 146D u'? + 2D%u M,

= 8D’ + 703D%" 4 2719D7w° + 1737D%ut! + 254D3u 3 + 5D,
= 108D%° + 1784D%® + 3121D%u'® + 1099D
= 5D’ +315D%" + 1739D7® + 1358D5u!! + 221D%u!® + 10D !®,
4 12

+ 182D u

= 14D%" + 130D"® + 81D%u!! + D3u'3,
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HPZ oW = 3Dy 42D, (D.559)
HYZ 00 = 82D%® + 89D + 4D 2, (D.560)
HE 0 W = 57D%7 + 635D + 415D%u'? + 19D%u'?, (D.561)
HY 0D = 351D + 1229D%"° + 402D%u'? + 5D%u', (D.562)
HEO W = 31D%" 4 793D7u® + 1073D% ! + 200D + 5D ', (D.563)
HY 0 = 151D + 812D%u' + 499D ' + 68D + 7', (D.564)
10 o = 8D%” +195D"u’ + 365D°u'! +101D%u™ + 7D'w'?, (D.565)
HY oW = 11D%° + 8500 + 510%™ + D*u', (D.566)

HY 20 W = 4D 4 12D%u M, (D.567)

HPZ9 W = opfy 0 4 phyt?) (D.568)

Hy o, = Do, (D.569)
HPZ O = oDy 4 2D, (D.570)
HEZ 10— 40D% 0 + 12D% 2, (D.571)
HY S W = 26D7u + 90D 4 12D, (D.572)
HYO W = 72000 + 84D + 2D%u M, (D.573)
HEO W = 9D 4 106D%u'! 4 58D 4+ 2D, (D.574)
HE 0 o = 39D%u" + 95D%u"? + 2007w + 50’ (D.575)

HYZSW | = 5D 4 37D+ 32D%u ! 4 4D W, (D.576)

HP S = 9pSyt0 gDty !?, (D.577)

HY 5, = 2D%?, (D.578)

HE 50 = 5D 44D, (D.579)

HY 50y = TD*!? + D, (D.580)

Hy S = 2D + 10D 4 D', (D.581)
HY 50, = 9D + 10D%u! + 3u®, (D.582)
Hy S, = 2D 4 6D%u 4 2D, (D.583)
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