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for the scale of supersymmetry breaking. We find that a natural scale for supersymmetry
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This mass scale is within reach of LHC and of the next generation of hadron colliders.
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Dimension scenario with broken supersymmetry.
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1 Introduction

At present, there are two main hierarchy problems in theoretical physics. The first concerns
the value and radiative stability of the electroweak hierarchyMEW/MP ' 10−16, whereMEW
is the electroweak symmetry breaking scale and MP is the reduced Planck mass. The second
concerns the value and radiative stability of the cosmological hierarchy Λ/M4

P ' 10−120,
where Λ is the dark energy density as measured today [1–3].

Supersymmetry (SUSY) has been proposed as a field-theoretic scenario in which the
first problem can possibly find a solution. It is assumed that such a symmetry be restored
at high energies, since no supersymmetric particles have been seen to date. The scale
MSUSY at which supersymmetry is expected to be broken is unknown and object of intense
experimental effort. To address the second problem, a novel paradigm has been recently
put forward. It has been named Dark Dimension scenario [4], for it predicts the existence
of one mesoscopic extra dimension at the micron scale. This is in fact derived by combining
experimental observations and Swampland criteria [5–8], which aim to capture universal
properties of quantum gravity. They go beyond purely field-theoretic methods by connecting
low-energy physics predictions to the ultraviolet quantum gravity cut-off of the effective
field theory. In particular, in the Dark Dimension proposal, the Anti-de Sitter Distance
Conjecture (ADC) [9] plays a central role so that the length of the Dark Dimension is set
by the dark energy scale as Λ−

1
4 , modulo a correction factor [4, 10]. Despite its recent

appearance, the Dark Dimension scenario has already received much attention in the
literature [10–15], with interesting implications for dark matter physics [11, 13, 14].

The purpose of the present paper is to study the connection between these two proposals.
As a result, we are led to a prediction on the supersymmetry breaking scale MSUSY from
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the measured value of the dark energy density Λ. Concretely, we argue for a relation of
the type

MSUSY '
(

Λ
M4

P

) 1
8n

MP , (1.1)

where n is integer or half-integer satisfying 1 ≤ n ≤ 2. The case with n = 1 represents the
simplest scenario and points at a supersymmetry breaking scale of order1

MSUSY = O(1− 10)
(

Λ
M4

P

) 1
8

MP ' O(10− 100) TeV . (1.2)

This is intriguingly close to the current bound provided by the Large Hadron Collider
(LHC) [17]. Scenarios with n > 1 lead to higher supersymmetry breaking scale but still to
a gravitino mass M3/2 = O(GeV− TeV). Therefore, consistency with quantum gravity not
only provides a framework to address the smallness of Λ, but also ties this scale to MSUSY
with a predicted value, which might be tested even by current technology.

To reach such a result, we employ the following strategy. First, we observe that in an
approximately flat background, one can estimate the scale of supersymmetry breaking from
the mass M3/2 of the gravitino, the superpartner of the graviton, as MSUSY '

√
M3/2MP.

This assumes that supersymmetry breaking effects, which could be due to expectation
values of F- and/or D-terms in an N = 1 language, are almost entirely balanced by the
gravitino mass that provides the genuinely gravitational contribution to the vacuum energy
in supersymmetric theories. As such, this is a general feature of quasi-flat backgrounds with
broken supersymmetry, which is fairly model independent from details of the microscopic
theory. The implication is that, given the current value of Λ, one has to deal just with a
single scale and can extract information on MSUSY by studying properties of the gravitino.

Our second step is to associate the gravitino mass to the mass scale of an infinite tower
of (Kaluza-Klein) states, as it was already proposed in [18]. In the context of the Swampland
program, such an idea has been recently formulated as the Gravitino Conjecture [19, 20]. It
relates the gravitino mass to the quantum gravity cut-off of the theory and it implies that
the limit in which the former is small leads to a reduction of the latter.2 This conjecture
is similar in spirit, and it even coincides in specific situations, to the ADC, which instead
relates the mass scale of an infinite tower to the value of the dark energy density. In short,
in this context, both M3/2 (or equivalently MSUSY) and Λ are related to infinite towers of
states, which are external to the effective description and then provide a connection to the
scale of extra-dimensions.

As third step, we distinguish and study two situations. In the first case, the gravitino
mass and the dark energy density are related to the same tower of states. This is arguably

1It was already noted in [16] that a relation such as MSUSY ∼ Λ1/8 would be interesting for phenomenology.
However, in the same work, no derivation is provided for such a formula.

2Prior to [19, 20], a connection between the weak gravity conjecture, massless charged gravitini and
the breakdown of the effective description on a de Sitter background has been pointed out in [21] and
subsequently also in [22]. For a discussion on the role of fermions in the Swampland program in general,
both spin-1/2 and spin-3/2, see [23].
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the simplest scenario, which leads directly to (1.1). In the second case, M3/2 and Λ are
related to different towers. This scenario requires a decoupling of the gravitino mass from
the dark energy density and is thus more difficult to realize in concrete models (see, for
example, [24] for a possible embedding in string theory).

The structure of the paper is as follows. In section 2, we review the Dark Dimension
scenario, together with the ADC, and the Gravitino Conjecture. In section 3, we discuss the
two possible scenarios with a single or double Kaluza-Klein tower and extract predictions
for the scale of supersymmetry breaking. In section 4, we provide possible embeddings into
string theory and their effective low energy supergravity description in four dimensions. In
section 5, we collect our conclusions. Throughout the paper, we work with the reduced
Planck mass, MP = 1/

√
8πGN ' 2.48× 1018 GeV.

2 Dark energy, gravitino, and Kaluza-Klein towers

The starting point of the Dark Dimension scenario [4] is the anti-de Sitter distance conjecture
(ADC) [9], which relates the dark energy density Λ to the mass scale m1 of an infinite tower
of states. This tower is typically identified with Kaluza-Klein (KK) states or with modes,
whose mass is instead governed by the string coupling [25, 26]. In the limit Λ→ 0, the ADC
implies a decreasing of the quantum gravity cut-off, which in the present work we assume to
be given by the species scale [27, 28]. In four dimensions, the relation put forward in [9] is

m1 ∼
(
|Λ|
M4

P

)a
MP , (2.1)

with a being an order-one, positive parameter. In the same work, it is also argued that the
conjecture can be extended to backgrounds with positive energy density, like (quasi-)de
Sitter solutions.

The proposal of the Dark Dimension [4] is to combine experimental bounds on the
size of extra spacetime dimensions [29] with such an extended ADC. As a result, a unique
prediction is made for the existence of one extra dimension of radius R1, associated to a
tower of KK modes with m1 = 1/R1. Furthermore, as also explained in [4], one has a lower
bound on a based on swampland arguments and an upper bound required by unitarity [9],
in such a way that

1
4 ≤ a ≤

1
2 . (2.2)

Concretely, in the Dark Dimension scenario it is proposed that the parameter a entering
the ADC relation (2.1) is given by a = 1/4. Then, this leads to the following relation
between the dark energy density and the KK scale,

m1 = λ−1 Λ
1
4 . (2.3)

Here, λ is a parameter which is estimated within the range 10−4 < λ < 10−1 to accommodate
limits on short-range deviations from Newton’s gravitational inverse-square law [30, 31] and
bounds on neutron star heating by the surrounding cloud of trapped KK gravitons [29].
In addition, if neutrino masses originate from right-handed neutrinos propagating in the
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bulk, then neutrino oscillation data constrain m1 > 2.5 eV at the 99% CL, implying
λ . 10−3 [15]. In the present work, we assume a mild tuning of λ ' 10−3, which in turn
gives an explanation of the cutoff in the cosmic ray spectrum [10]. For Λ ' 10−120M4

P, the
prediction is that of a Dark Dimension of radius R1 ' λ×mm ∼ µm.

As of now, no connection between the Dark Dimension and the scale of supersymmetry
breaking has been made. In order to perform this step, we focus our attention on one
specific particle which is believed to be present in the spectrum of any effective theory
arising from supergravity and string theory: the gravitino. In the context of the Swampland
program, a Gravitino Conjecture has been proposed [19, 20], which relates the gravitino
mass M3/2 to the mass scale m2 of an infinite tower of states. Such a tower can be in
principle different from the previous one, but it is again typically identified with a tower
of KK modes of another dimension of radius R2. Similarly to the ADC, the Gravitino
Conjecture is associated with a reduction of the species scale in the limit M3/2 → 0 [19].
The relation proposed in [19, 20] has the form

m2 = λ−1
3/2

(
M3/2
MP

)n
MP , (2.4)

with n being an order-one positive parameter and λ3/2, in analogy to λ, another propor-
tionality constant.

As a matter of fact, it turns out that in many effective theories, and also in explicit
string models, the ADC and the Gravitino Conjecture are related in the sense that Λ and
M3/2 are not independent. Instead, they are coupled to one another in such a way that the
respective parameters a and n obey a relation of the form

n

a
= k , (2.5)

where k is a constant that depends on the microscopic realization of the conjectures. The
prototype example of this fact are perhaps supersymmetric anti-de Sitter vacua, where
M3/2 is related to the anti-de Sitter cosmological constant in the following simple way:3

M2
PM

2
3/2 = −Λ

3 . (2.6)

This immediately implies that n = 2a, i.e. k = 2, and the two towers are expected to
be identical to each other. In more realistic setups with broken supersymmetry, which is
actually necessary for a positive cosmological constant, the two parameters a and n can
still depend on each other, but different relations between a and n other than n = 2a
are possible.

3 Tower scenarios for SUSY breaking scale

The Dark Dimension and the Gravitino Conjecture lead immediately to two possible
scenarios, depending on the relation between the corresponding towers of external states. A

3The coefficient 1/3 is valid for minimal supergravity in four dimensions. However, it is a fact that
for supersymmetric anti-de Sitter vacua in generic dimensions and with a generic number of preserved
supercharges, the cosmological constant is determined by the mass of the gravitini up to a numerical coefficient.
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first possibility is that the dark energy density Λ and the gravitino mass M3/2 are connected
to the same KK tower. A second possibility is that the towers are different. The choice
between one of the two options has diverse implications for the supersymmetry breaking
scale. In the following, we discuss both of these scenarios.

3.1 Scenario with a single Kaluza-Klein tower

This is the minimal scenario in which all relevant mass scales in the effective theory are
governed by a single one. In particular, the gravitino mass and the scale of supersymmetry
breaking can directly be determined from the dark energy density.

Assuming that m2 ≡ m1, namely we have a single KK tower, the quantum gravity
cut-off ΛQG is determined by ΛQG = m

1/3
1 M

2/3
P (see for example [4, 19, 32–34]). This is

obtained in four dimensions decompactifying to five at the species scale.4 In the context of
the Dark Dimension scenario, one can use (2.3) and estimate the quantum gravity cut-off
in terms of the dark energy density as

ΛQG = λ−1/3Λ1/12M
2/3
P ∼ 109 GeV. (3.1)

In this single-tower scenario, the main formula of the Gravitino Conjecture becomes

m1 = λ−1
3/2

(
M3/2
MP

)n
MP , (3.2)

with n still undetermined. Solving this expression for the gravitino mass leads to

M3/2 =
(
λ3/2

m1
MP

) 1
n

MP =
(
λ3/2
λ

) 1
n

(
Λ
M4

P

) a
n

MP . (3.3)

We then see that, once we fix a = 1/4 and λ = 10−3, different choices of n lead to different
values of M3/2. They are reported in table 1 at the end of this section. Alternatively, we
can also solve the expression for the cosmological constant and, for a = 1/4, we get

Λ =
(

λ

λ3/2

)4 (
M3/2
MP

)4n
M4

P . (3.4)

This can be interpreted as the leading non-vanishing power of the supertrace StrM4n,
with (λ/λ3/2)4 its corresponding leading power coefficient. For n = 0, it is the partition
function, which vanishes in supersymmetric theories. For n = 1/2, it corresponds to
the quadratic divergence of the cosmological constant. For n = 1, it corresponds to the
logarithmic divergence.

More generally, since we have only one relevant mass scale, we can set up a power-series
expansion for the scalar potential in terms of the small parameter M3/2/MP, namely

Λ = M4
P

∞∑
k=1

ck

(
M3/2
MP

)k
. (3.5)

4We recall that the species scale in a decompactification from 4 to 4 + d dimensions is given by
ΛQG = m

d
d+2 M

2
d+2

P [4, 34]. Throughout we defined the species scale in terms of the reduced Planck mass
rather than the Planck mass as in [27, 28].

– 5 –



J
H
E
P
0
5
(
2
0
2
3
)
0
6
0

Moreover, below we consider even integer values for k, implying a power series in the
Newton constant GN ∼ 1/M2

P. Then, the relation (3.4) corresponds to having k = 4n as
the leading non-vanishing term, with n integer or half-integer. Indeed, the Dark Dimension
fixes the ratio a = n/k = 1/4.

In this minimal scenario, we can give bounds for the parameters n and k. Recall that
the parameter a is constrained as shown in (2.2). Due to (2.5), this means for us that

k

4 ≤ n ≤
k

2 . (3.6)

As argued in [19], requiring that M3/2 ≤ ΛQG results in n ≤ 3 which, combined with the
previous relation, gives k ≤ 12. Therefore, we have

1 ≤ k ≤ 12 , (3.7)

which sets the allowed interval for the power of the leading term in the series (3.5). In the
Dark Dimension, a = n/k = 1/4 and thus we have a further restriction to

1
4 ≤ n ≤ 3 . (3.8)

We notice that this range for the exponent n of the Gravitino Conjecture includes the lower
bound n > 1/3 found in [20] via different arguments. Moreover, the upper bound was found
in [19] by assuming λ3/2 = 1 but if we take different values we can relax the bound and
go to higher values of n. To summarize, we learned that swampland and unitarity bounds
are powerful enough to forbid any leading term with k > 12 in the series (3.5). Eventually,
experimental observations will impose additional constraints, as we are going to see.

We now make a step forward and connect the discussion above to the supersymmetry
breaking scale MSUSY. One feasible possibility is that supersymmetry breaking in the bulk,
related to M3/2, is induced from a higher supersymmetry breaking scale MSUSY on the
brane, which is transmitted to the bulk via gravitational interactions that are suppressed
by MP. This results into

M3/2 = κ
M2

SUSY
MP

, (3.9)

where κ is an order-one parameter. Using such a relation, we see that, in the Dark Dimension
scenario, MSUSY is connected to the dark energy density as

MSUSY =
(

λ3/2
λ× κn

) 1
2n
(

Λ
M4

P

) 1
8n

MP . (3.10)

Once we fix λ = 10−3, then different choices of n lead to different values of MSUSY, which
are reported in table 1 at the end of this section. Alternatively, we can also write

Λ =
(
λ× κn

λ3/2

)4 (
MSUSY
MP

)8n
M4

P , (3.11)
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which corresponds to the term with exponent k = 4n in a more general power-series
expansion in the small parameter MSUSY/MP, namely

Λ = M4
P

∞∑
k=1

c′k

(
MSUSY
MP

)2k
, (3.12)

matching in fact with (3.5), once we use (3.9). If we require that MSUSY ≤ ΛQG, then we
get a stronger bound on the exponent of the Gravitino Conjecture, such as n ≤ 3/2 (this
is found again assuming λ3/2 = 1). However, in this context, we can allow for a tuning
κ−1(λ3/2)1/2 . 10−4 such to make this scenario compatible with a maximum value n = 2.
This, using (3.6), truncates both the series above and (3.5) down to

1 ≤ k ≤ 8 . (3.13)

In the context of the Dark Dimension scenario (a = n/k = 1/4), one then has

1
4 ≤ n ≤ 2 . (3.14)

We can now combine these theoretical predictions with experimental observations. On
the one side, MSUSY should be lower than the quantum gravity cut-off, i.e. MSUSY < ΛQG.
In fact, we should have the hierarchy M3/2 < MSUSY < ΛQG. On the other side, the scale
of supersymmetry breaking is constrained from below by bounds from the Large Hadron
Collider (LHC) [17]. In fact, the current LHC bound on the heaviest supersymmetric
particles is roughly 3 TeV [17]. Another noteworthy point is that bounds on structure
formation prevent a dark matter explanation in terms of gravitinos with M3/2 < 4.7 eV
at 95% CL [35]. Nevertheless, in the Dark Dimension scenario there are two plausible
dark matter candidates: primordial black holes with Schwarzschild radius smaller than
a micron [11], and massive spin-2 KK excitations of the graviton [13], possibly with an
interesting close relation between the two candidates [14].

Note that the relation of the supersymmetry breaking scale MSUSY to the soft-terms
within a supersymmetric extension of the Standard Model depends on the breaking mediation
mechanism and on the particular model building arena. For instance, in the framework
of standard gravity mediation, supersymmetry breaking occurs in a hidden sector (brane)
so that soft terms are suppressed by the Planck mass, Msoft ∼M2

SUSY/MP and are thus of
the order of the gravitino mass following (3.9). In the context of the Dark Dimension, this
requires a high MSUSY of order of the string scale. On the other hand, in the framework
of gauge mediation, supersymmetry breaking is mediated via gauge interactions leading
to a gauge loop factor suppression of the soft terms, Msoft/MSUSY ∼ O(α), with α an
appropriate gauge coupling (assuming no other scale). Thus, Msoft is of order (M3/2MP)1/2

and the gravitino mass is much lower. In general, the mediation mechanism may be more
involved from these two simple cases, besides possible additional effects from the presence
of the light KK tower(s), and requires a separate study that goes beyond the scope of the
present paper. For instance, when the messenger mass Mmess is higher than MSUSY, the
soft terms become Msoft ∼ αM2

SUSY/Mmess, connecting the two ends of gauge and gravity
mediation by varying Mmess. Generically, the case n = 1 that we propose here requires a
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n k M3/2 × (λ3/2)−
1
n GeV−1 MSUSY × κ

1
2 (λ3/2)−

1
2n GeV−1

1/2 2 2.5× 10−36 2.5× 10−9

1 4 2.5× 10−9 7.8× 104

3/2 6 2.5× 100 2.5× 109

2 8 7.8× 104 4.4× 1011

Table 1. Gravitino mass and supersymmetry breaking scale for certain values of the parameters n
and k in the Dark Dimension scenario, a = 1/4.

gauge mediation type model for the soft terms, while n = 2 might require a type of gravity
mediation.

We conclude that the combination of experimental and theoretical constraints leave
three possibilities characterized by n = 1, n = 3/2 and n = 2. The case n = 1/2 is in fact
excluded by experiment because it leads to a too low SUSY breaking scale, as reported in
table 1. The case n = 1 yields MSUSY = O(Λ1/8) = O(TeV) and, therefore, a soft mass
scale of the same order (since it requires gauge mediation). More specifically, it leads to
MSUSY ' 78

√
λ3/2/κ TeV. Therefore, the LHC during Run III and its high-luminosity era

will be able to probe part of the λ3/2/κ parameter space. The cases n = 3/2 and n = 2
might be realized both in the context of gauge mediation (with an appropriate messenger
mass) or in the context of gravity mediation (with an appropriate choice of the parameters
κ and λ3/2). These last two cases correspond to a high supersymmetry breaking scale
MSUSY ∼ 109 GeV, of the order of the string scale. The fact that the gravitino is light,
O(GeV− TeV), implies that supersymmetry is still part of the effective field theory, at least
in a non-linear realization.

3.2 Scenario with a double Kaluza-Klein tower

This is a more involved scenario in which there is a second tower of KK states related to p
large additional dimensions of radius R2, in addition to the Dark Dimension with radius
R1 = λΛ−1/4. This second KK tower has mass scale m2 = 1/R2 which, according to the
Gravitino Conjecture, is related to M3/2 as

M3/2 =
(
λ3/2

m2
MP

) 1
n

MP , (3.15)

but it is in general not related to dark energy density Λ. In total, there are thus (1+p) extra
non-isotropic dimensions, with radii R1 and R2. The associated numbers of light species are
N1 = R1 ΛQG and N2 = Rp2 ΛpQG, giving a total number of species N = N1N2 = R1 R

p
2 Λ1+p

QG .
Then, the quantum gravity cut-off follows as ΛQG = MP/(N1N2)1/2, or equivalently

ΛQG = m
1

3+p
1 m

p
3+p
2 M

2
3+p

P , (3.16)

which reproduces the expected behaviour for a decompactification from 4 to 4 + (1 + p)
dimensions. We recall that m1 = λ−1 10−12 GeV and we use λ ' 10−3, corresponding to

– 8 –



J
H
E
P
0
5
(
2
0
2
3
)
0
6
0

R1 ∼ 1µm. Furthermore, in the presence of D-branes ΛQG can be related to the string scale
Ms via

Ms = α
2

3+pΛQG , (3.17)

where α is the gauge coupling of the theory on the brane worldvolume. Notice that we are
implicitly assuming that the different towers associated to m1 and m2 are becoming light
at the same rate. This assumption can be relaxed by employing the algorithm proposed
in [36] to determine the species scale.

We want now to introduce the supersymmetry breaking scale into the analysis. By
recalling (3.9), which is valid for MSUSY < ΛQG, and combining it with (3.15), we obtain

m2 = κn

λ3/2

(
MSUSY
MP

)2n
MP , (3.18)

relating the size R2 = 1/m2 of the p extra dimensions to MSUSY.
We look then at experimental constraints. There are essentially two inputs that we are

going to use. First, data from supernova and neutron-star heating, which probe temperatures
of 10MeV, imply 1/R2 = m2 & 10 MeV [29]. Second, LHC data that forceMSUSY & 10 TeV.
We proceed by discussing how these experimental data constrain the parameters p and n in
several cases, setting κ = λ3/2 = O(1) for the time being.

For n = 1/2, the relation (3.18) becomes m2 ' MSUSY. In this case, the strongest
bound comes from colliders and it implies also the astrophysical constraint. Substituting
m2 ' MSUSY & 10 TeV into (3.16), we obtain that for 1 ≤ p ≤ 5 the quantum gravity
cut-off is in the range 107 < ΛQG/GeV ≤ 108. If we adopt the working assumption of [37]
in which p = 2 large extra dimensions are related to the supersymmetry breaking scale, we
have then Ms ∼ 107 GeV.

For n ≥ 1, the astrophysical bound leads to MSUSY & 10−10/n+18 GeV & 108 GeV,
which is stronger than the collider constraint. In this case, (for κ = λ3/2 = O(1)) MSUSY
is generically bigger than the cut-off, namely MSUSY & ΛQG, and the relation (3.9) is not
valid anymore. One should rather replace MSUSY by ΛQG therein and, after equating this
new relation to (3.15), one finds

m2 = κn

λ3/2

(ΛQG
MP

)2n
MP . (3.19)

Combining m2 with the expression derived from (3.16), one obtains

ΛQG =
(

κn

λ3/2

) p
3+p−2np (MP

m1

) 1
2np−(3+p)

MP . (3.20)

Since MP/m1 = 1027 > 1, if the parameters n and p are such that 2np > 3 + p ≥ 4, the
equation above implies ΛQG > MP and all of models associated to these n, p are excluded.
Since p ≥ 1, this happens for n ≥ 2. It also happens for n = 3/2 and p ≥ 3, as well
as for n = 1 and p ≥ 2. Note that when 2np − (3 + p) = 0 one obtains a contradiction
m1 = MP. For the cases n = 3/2 and p = 1, or n = 1 and p = 2, the cut-off scale
becomes too low, ΛQG ∼ m1 = 2.5 eV. Still, a possibility seems to be n = 1 = p, for which
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ΛQG =
√
κ/λ3/2 × 78TeV and M3/2 = λ3/2m2 = κ × 2.5 eV, but this latter value is not

compatible with the astrophysical bound.
Thus, all values n ≥ 1 seems to be excluded if κ = λ3/2 = O(1). However, in the

case n = 1 = p, one can try to tune the ratio λ3/2/κ = O(10−5), to obtain the hierarchy
MSUSY . ΛQG and remain in the regime of validity of (3.9). For p > 1 the value of the
cut-off becomes smaller, requiring a smaller value of λ3/2/κ.

In summary, we conclude that the combination of experimental and theoretical con-
straints leave two possibilities. The first is characterized by n = 1/2 and 1 ≤ p ≤ 5.
The supersymmetry breaking scale can be as low as the present experimental bounds,
MSUSY ∼ m2 > 10 TeV, implying that the gravitino mass M3/2 > 0.1 eV, while the
quantum gravity cut-off (string scale) varies between 107 to 108 GeV. The second pos-
sibility is for n = 1 = p and the supersymmetry breaking scale is high, near the string
scale Ms ∼ ΛQG ∼ 107 GeV. One can tune λ3/2/κ = O(10−5) in order to accommodate
m2 ∼M3/2/λ3/2 ∼ 10 MeV.

4 String and effective models

In this section, we investigate how the Dark Dimension scenario together with supersymmetry
breaking can be realized in effective supergravity descriptions of string compactifications.
Concretely, we concentrate on the scenario with a single KK tower of states presented
in section 3.1. The other scenario with two KK towers, presented in section 3.2, is
more involved.

The effective models of this section are to be intended as a proof of principle that
these scenarios can find an embedding into string theory. In particular, they reproduce
the correct parametric relations among the different energy scales, such as dark energy
density, supersymmetry breaking scale and KK scale. More importantly, they lead to a
decompactification limit with Λ ∼ R−4

1 . This represents an upper bound for the potential
even in the case one turns out to be able to construct more realistic models properly realising
a cosmological constant or a quintessence phase. However, in the present work, we do not
address the problem of finding an appropriate radius stabilization mechanism, for it is not
addressed in the original Dark Dimension scenario [4] either. Therefore, in what follows, we
just comment on the possible string realization of the discussed scenarios, while we leave
the explicit construction of an effective supergravity or superstring model with possibly all
moduli stabilized for future work.

4.1 String realizations

From the analysis in section 2, we obtained five viable solutions, corresponding to n = 1
for both the scenarios with a single and a double KK-towers, n = 1/2 for the scenario
with a double KK-tower and n = 3/2 or n = 2 again for the scenario with a single tower,
namely that of section 3.1. In the first three of these solutions, the gravitino mass or the
supersymmetry breaking scale is proportional to a compactification scale. In the remaining
two solutions, the supersymmetry breaking scale is instead higher and of order the string
scale, here intended as the quantum gravity cutoff.
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The first three models can be realized in string theory by imposing Scherk-Schwarz
boundary conditions where the fields of the higher dimensional theory are taken to periodic
up to an R-symmetry transformation, which breaks supersymmetry [38, 39]. This amounts
to a corresponding shift of the KK momentum. In particular, for the models of sections 3.1
and 3.2 with n = 1, the gravitino zero-mode acquires a mass [40–43]

M3/2 = q

R
, (4.1)

where q is proportional to the R charge, which is a quantized order-one parameter. Here,
R can be either of the radii R1 or R2 introduced in section 3. In these examples, we
can identify the parameter entering the Gravitino Conjecture as λ3/2 = q. The simplest
string realization consists of temperature-like boundary conditions, where fermions are
anti-periodic and their KK momenta become half-integers, yielding q = 1/2. The effective
supergravity has been worked out in [44] and the construction has been extended to models
with branes in [45]. It turns out that when these boundary conditions are imposed in a
direction which is transverse to the brane, there is no tree level effect on the brane. On
the other hand, if the boundary conditions are imposed in a direction along the brane,
the bulk is then affected. It remains to be found a way to implement the breaking on
the brane consistently with the breaking in the bulk, in order to match with (3.9). For
the model of section 3.2 with n = 1/2 and 1 ≤ p ≤ 5, a relation similar to (4.1) holds
for the scale of supersymmetry breaking, with MSUSY characterizing the mass of gauginos
and/or sfermions.

Finally, if the supersymmetry breaking scale is of the order of the string scale, as for
n = 3/2 or n = 2 of section 3.1, the relation (3.9) is realized in the framework of brane
supersymmetry breaking, where the bulk remains supersymmetric to lowest order and
the breaking is transmitted via gravitational interactions [46]. Then, as a consequence of
swampland conjectures, in these models one expects a tower of states with n = 3/2 or n = 2.

4.2 Low energy effective models

We consider spontaneous F-term supersymmetry breaking in the context of four-dimensional
N = 1 supergravity, specified by a real Kähler potential K(φ, φ̄) and an holomorphic
superpotential W (φ), with φ being chiral multiplets. The scalar potential V ≡ Λ and the
gravitino mass M3/2 then take their well-known schematic forms

V = M2
P eK(|DW |2 − 3|W |2) , M2

3/2 = eK |W |2 . (4.2)

In our conventions, the superpotential has mass dimension 1, while the Kähler potential
and the scalar fields φ are dimensionless; in particular, the latter are given in units of the
string scale Ms (or of the ten-dimensional Planck mass, M (10)

P ).
As mentioned in section 2, for supersymmetric anti-de Sitter minima, DW = 0 and one

gets the relation (2.6), satisfying n = 2a, i.e. k = 2. For non-supersymmetric backgrounds
with positive energy density Λ, one can envisage a general power-series relation as in (3.5).
(We are here considering only the scenario with a single KK-tower.) As discussed in
section 3.1, the lowest possible term with k = 2 is ruled out by experiments, since it
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leads to a supersymmetry breaking scale which is too low. Therefore, we look for effective
theories with c2 = 0 and first non-vanishing coefficient c4 6= 0. These can be realized
in four-dimensional N = 1 effective models arising from compactifying heterotic or type
II string on Calabi-Yau (orientifolds) or à la Scherk-Schwarz [38, 39] with appropriate
boundary conditions [40–43].

To describe the class of low energy models, we introduce three chiral moduli fields φi,
with i = 1, 2, 3. The superpotential W ' O(MP) is assumed to be constant and we have a
no-scale structure at tree level, which is broken by a one loop (or α′3) correction ξ to the
Kähler potential

K = − log
(
(−i(φ− φ̄))3 + ξ

)
. (4.3)

Here and in the following, to avoid cluttering various formulae, we employ the shorthand
notation

∏3
i=1(−i(φi − φ̄i)) ≡ (−i(φ− φ̄))3 ≡ (2 Imφ)3 and we generically set the axions to

zero. Then, the gravitino mass is

M3/2 = |W |√
(2Imφ)3 + ξ

= |W |
(2Imφ)

3
2

+O(ξ) (4.4)

and the scalar potential becomes

V = 6M2
Pξ
|W |2

(2Imφ)6 +O(ξ2) = 6M2
Pξ

|W |2
(M3/2)4 +O(ξ2). (4.5)

By comparing these with equations (3.3) and (3.5), we see that for this class of effective
models we indeed get n = 4a, i.e. k = 4 and c4 =

(
λ

λ3/2

)4
= 6M2

Pξ
|W |2 6= 0.

Now we study for which values of a and n these models can be accommodated into a
compactification of string theory down to four dimensions and with moduli φ. Since we
want to realize the Dark Dimension scenario, we have to assume that the compact space is
non-isotropic with one large dimension of size R1 and the other five dimensions of string
size. To match with the language of string compactifications, in which moduli are typically
dimensionless, we introduce dimensionless radii ri, associated to the dimensionful quantities
Ri. In general, we expect that Imφ scales with r1 as

Imφ ∼ (r1)β/3 , (4.6)

where the parameter β is to be determined from the specific compactification scheme
under investigation.

We consider three types of compactifications leading to four-dimensional N = 1
supergravity at low energies: (i) heterotic or type IIA orientifolds on a Calabi-Yau, (ii)
type IIB on a Calabi-Yau orientifold and (iii) heterotic or type II compactified à la
Scherk-Schwarz. We discuss these more in detail below.

(i) Heterotic or type IIA orientifolds on Calabi-Yau.

In this case, the moduli φi correspond to volumes of 2-cyles of the Calabi-Yau three-
fold, while (Imφ)3 ' V is the full volume. We assume that all other moduli as well as
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the four-dimensional dilaton are already stabilized or projected out.5 Since there is
one large direction, we get that V ' r1 and hence Imφ ' (r1)1/3, i.e. β = 1, leading to

M3/2 '
MP

(r1)1/2 , V ' M4
P

(r1)2 . (4.7)

(ii) Type IIB on Calabi-Yau orientifolds with three Kähler moduli φi.

In this case, the fields φi correspond to volumes of 4-cycles of the Calabi-Yau, while
(Imφ)3 ' V2 is the square of the full volume. We assume that all other moduli as well
as the four-dimensional dilaton are already stabilized or projected out. Since there is
one large direction, we get that V ' r1 and hence Imφ ' (r1)2/3, i.e. β = 2, leading to

M3/2 '
MP
r1

, V ' M4
P

(r1)4 . (4.8)

(iii) Heterotic and type II STU models with three fields φi (Scherk-Schwarz).

In this case, the field φ1 ≡ T is the Kähler modulus T of a two-torus, the field
φ2 ≡ U is the corresponding complex structure modulus, and the field φ3 ≡ S is
the four-dimensional heterotic dilaton. Then, we get that ImT ' r1, ImU ' r1,
and ImS ' r1. Since there is one large direction, we get that V ' r1 and hence
(Imφ)3 = ImS ImT ImU ' r3

1, i.e. β = 3, leading to

M3/2 '
MP

(r1)3/2 , V ' M4
P

(r1)6 . (4.9)

We can now compare the behaviour of M3/2 and V ≡ Λ in these models with the mass
scale of the relevant tower of KK states. As we will see, only one out of the three string
realizations discussed above can accommodate the Dark Dimension scenario.

In general, the lowest KK mode corresponding to one direction of the compact six-
dimensional space with radius r1 is given in string units as

mKK = Ms

r1
. (4.10)

Recall however that in the effective supergravity description all masses are measured in
units of the four-dimensional Planck mass MP. Thus, when passing from string to Planck
units, Ms 'MP/

√
V, we get for one large dimension an additional factor 1/

√
V = 1/√r1,

such that the KK scale becomes

mKK = MP
(r1)3/2 . (4.11)

Comparing the KK mass in (4.11) withM3/2 in (4.4) and with the scaling of the moduli (4.6),
we deduce that the parameter n of the Gravitino Conjecture is given by

n = 3
β
. (4.12)

5We recall that the four-dimensional dilaton is given as e−2φ(4) = V e−2φ(10) .
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Similarly, comparing V ≡ Λ in (4.5) with the KK scale (4.11), we derive that the parameter
a of the ADC is given as

a = 3
4β . (4.13)

As a result, we see that we need β = 3 in order to realize the Dark Dimension with a = 1/4.
This means that the compactification scheme (iii), namely the STU model, provides a
concrete string realization of the Dark Dimension scenario. This corresponds to the effective
field theory of the Scherk-Schwarz string realization [44].

Finally, recall that swampland and unitary constraints restrict the parameter a as
in (2.2). This translates into a bound for β of the type

3
2 ≤ β ≤ 3 , (4.14)

which is satisfied by the compactification schemes (ii) and (iii), but not by (i).

5 Conclusions

In this paper, we derived a relation between the dark energy density Λ and the supersym-
metry breaking scale MSUSY, in the framework of the recently proposed Dark Dimension
scenario [4]. Employing the value of Λ measured today, we are led to a prediction of the
supersymmetry breaking scale of the order MSUSY = O(Λ1/8) = O(10− 100)TeV, in the
most favorable case. Depending on the choice of few parameters, a higher supersymmetry
breaking scale is possible as well, leading instead to a gravitino mass M3/2 = O(GeV− TeV).
Both these energy scales are within reach of current and next generation of colliders.

We arrived at this result by combining two swampland conjectures, such as the Anti-de
Sitter Distance Conjecture on Λ [9] and the Gravitino Conjecture on the gravitino mass
M3/2 [19, 20]. Indeed, in a quasi-flat background, the gravitino mass becomes simply a
measure of the supersymmetry breaking scale. These conjectures state that in the limit of
small Λ or M3/2, respectively, a tower of Kaluza-Klein states becomes light.

Hence, we discussed two main scenarios. In the first, the dark energy scale Λ and the
gravitino mass M3/2 are related to the same tower of Kaluza-Klein states, fixing also the
size of the Dark Dimension. In the second, the towers are different, but Λ is again related
to the Dark Dimension. The first scenario is arguably the simplest and it is the one from
which we extracted our main predictions. The phenomenological implications of the second
scenario have been discussed to some extent as well, but we left the construction of explicit
models for future work.

In the minimal scenario with a single Kaluza-Klein tower of states, we related to one
another the parameters a and n determining, respectively, the scaling of Λ and M3/2 with
respect to the Kaluza-Klein mass. Eventually, their ratio has to be a model-dependent
constant, k = n/a, which enters a general power-series expansion of Λ in terms of M3/2,
or equivalently of MSUSY. In turn, this can be rephrased in terms of the supertrace
series Λ =

∑
k StrMk.

The free parameters can be fixed by enforcing a = 1/4, as required by the Dark
Dimension, and by looking at experimental bounds. As a consequence, one finds that
the case n = 1/2 (corresponding to k = 2) is excluded, as it leads to a too low scale of
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supersymmetry breaking. However, the case n = 1 (corresponding to k = 4) is the first
phenomenologically viable option and it leads to the intriguing swampland prediction that
MSUSY = O(Λ1/8) = O(TeV). This prediction and (part of) the associated parameter space
for the parameters λ3/2 and κ can then be tested by the future runs of LHC or in the
next generation of high energy particle colliders. For this case, we also identified a possible
string embedding in terms of Scherk-Schwarz compactifications [44]. Higher values of n
are in principle also possible, such as n = 3/2 or n = 2. They lead to a supersymmetry
breaking scale near the string scale and gravitino mass M3/2 = O(GeV− TeV). Therefore,
all of these scenarios could potentially rekindle the search for near-by supersymmetry at
the LHC.

As already said, we identified certain Scherk-Schwarz string compactifications as possible
candidates to provide realizations of the Dark Dimension scenario (a = 1/4) in the case
n = 1 (i.e., k = 4). Another candidate with a = 1/4 has been recently identified by [12] as
the geometry associated to a strongly warped throat in the framework of the so-called KKLT
scenario. Here, one starts from a supersymmetric anti-de Sitter vacuum with a = 1/4 and
k = 2. It is then assumed that the vacuum energy |ΛAdS| = 3M2

3/2M
2
P, the uplift potential

Vup, and the de Sitter cosmological constant Λ = ΛAdS + Vup are all of the same order.
Hence, one generically expects that also after the uplift Λ ∼M2

3/2M
2
P. This corresponds to

k = 2 and, as such, within our framework, it seems to be experimentally ruled out.
Let us conclude by mentioning that, in the context of the Swampland program, the

dark energy density Λ has been related also to other low energy observables. This is the
case for the neutrino mass, mν = O(Λ1/4) [47], for the dark matter mass in the Dark
Universe, mDM = O(Λ1/6) [13], and for primordial black holes as dark matter candidates
with Schwarzschild radii rs < O(Λ−1/4) and Hawking temperature TH > O(Λ1/4) [11, 14].
The implications of the remarkable way in which swampland criteria relate quantum gravity
to the observable world definitely deserve further investigations.
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