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1 Introduction

The increasing precision with which particle collisions are being measured at the Large
Hadron Collider have pushed theoretical predictions in QCD to the next-to-next-to-next-
to-leading order (N3LO) in perturbative QCD. First calculations at this order were com-
pleted for Higgs boson production [1-6] and the Drell-Yan process [4, 7]. Even 2 — 2
reactions may become feasible at this order in the not-too-far future as first results for
3-loop dijet production amplitudes have become available [8, 9]. One of the dominant re-
maining theoretical uncertainties associated to such N3LO calculations is now related to
the lack of knowledge of the 4-loop splitting functions, which determine the evolution of
the parton densities at the relevant perturbative order, and which are known completely
only up to three loops [10-28].

Substantial efforts to improve this situation have already been made. In the non-singlet
sector, after pioneering calculations of lower moments [29], numerical approximations for
the 4-loop splitting functions are now known to high accuracy. An analytic reconstruction
was achieved in the limit of leading number of colours [30] and for subleading corrections
in the number of quark flavors, ny, [31]; the leading n -contributions were known already
for some time [32] to all orders in perturbation theory. Even some low N-moments at
five loops [33] are already known. In the singlet sector instead only a handful of lower
moments have been calculated so far at the four-loop level [34] and this input was found
to be insufficient for reliable numerical approximations.

The reason for why calculations in the non-singlet sector are so much more advanced
than those in the singlet sector is not only due to more numerous and complex Feynman
diagrams but also due to a more powerful framework. This framework is based on the
operator product expansion (OPE) [35, 36], which allows the extraction of Mellin moments
from the anomalous dimensions of leading-twist light-cone operators. While the renormali-
sation of such operators entering in the non-singlet sector is relatively straight forward, the
renormalisation of the corresponding gluonic operators in the off-shell formalism (likely the
most promising framework to allow for progress at four loops at this time) is non-trivial due
to the mixing into unphysical operators. The mixing into these operators arises from sub-
graphs with external gluons and ghosts which contain the insertion of the singlet operator;
schematic examples appearing at four loops are depicted in figure 1.

An explicit basis for these unphysical operators, valid up to the two-loop level, was
worked out by Dixon and Taylor already almost fifty years ago [37] and was employed in
the computation of one-loop Mellin moments in the Feynman gauge. Hamberg and Van
Neerven about twenty years later managed to successfully employ the same framework to
perform calculations at the 2-loop order in dimensional regularisation [13]. This calcu-
lation was also repeated very recently [38]. It is interesting to note that the calculation
by Hamberg and Van Neerven managed to successfully resolve a number of conflicting
results [10-12] which were present at that time because of negligence of the mixing into
unphysical operators.

Nevertheless the structure of the basis proposed by Dixon and Taylor remained some-
what mysterious. This was pointed out in particular by Collins [39], who argued that the
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Figure 1. The grey blobs denote examples of multi-loop multi-gluon subgraphs contributing at the

four loop order, which contain insertions of the gauge invariant operator, and whose UV-divergences
lead to mixing with unphysical operators under renormalisation.

unphysical operators appeared to be in conflict with a general theorem which states that
the unphysical operators should be either proportional to the equation of motion (EOM)
or BRST-exact. This theorem was in part first conjectured by Kluberg-Stern and Zu-
ber [40, 41] before it was proven by Joglekar and Lee [42-44]. Another proof based on
cohomology theory was later provided by Henneaux [45].

In the present paper we revisit the problem. More concretely we reinterpret the basis
of Dixon and Taylor as being build up from EOM and ghost operators. The former are
proportional to the EOM of the gauge invariant part of the Yang-Mills Lagrangian. Using
this notion we are able to write down the general form of the EOM operators at arbitrary
loop orders. As was noted already by Dixon and Taylor the combined Lagrangian consisting
of the Yang-Mills Lagrangian and their EOM operators is invariant under a generalised
gauge symmetry. This generalised gauge symmetry can then be promoted to a generalised
BRST symmetry. We prove that the generalised BRST transformation is nilpotent and
that the ghost operator can be constructed from a single BRST-exact operator in the
generalised BRST sense. While the generalised BRST symmetry was in part pointed out
already by Hamberg and Van Neerven in [13], it was not clearly spelt out how to use it to
construct the ghost Lagrangian. We apply the formalism to work out the explicit form of
EOM and ghost operators up to four-loop order. We also show that the basis is in accord
with the theorem of Joglekar and Lee.

To further simplify calculations in the OPE framework we explore two further sym-
metry principles. We observe that the ghost term of the unphysical operator can also be
generated from a generalised anti-BRST symmetry [46-49] and a corresponding generalised
anti-BRST-exact operator. In particular we employ this alternative formulation to derive
a set of nontrivial identities among the anomalous dimensions of the EOM and ghost op-
erators. We also make use of the background field formalism [40, 41, 50-52, 52, 53, 53, 54].
Background field gauge invariance allows one to reduce by one the maximum number of
loops at which the anomalous dimensions of the EOM and ghost operators are required —
thereby yielding another welcome simplification for the calculation of unphysical countert-
erms. For the purpose of demonstration we will employ the formalism to re-calculate the
N =2 and N = 4 moments of the purely gluonic contributions in the singlet sector up to
4 loops and the N = 6 moment up to three loops.

In the following we give a brief outline of the paper. In section 2 we summarise
our conventions and review some of the relevant background material. The construction
of EOM operators and the generalised gauge symmetry is discussed in section 3. The



construction of ghost operators and the generalised BRST and anti-BRST invariance is
discussed in section 4. There also the compatibility of our construction with the theorems
of Joglekar and Lee is shown. The concepts are employed to build an independent basis
of gauge-variant operators in section 5 for various fixed values of V. The background-field
formulation is presented in section 6 and employed in section 7 for the computation of
Mellin moments up to 4-loop order. We conclude in section 8.

2 Background

2.1 Yang-Mills Lagrangian

In the following we summarise our conventions for the Yang Mills Lagrangian. We define
the field strength tensor as

Ff, = 0,A% — 0,A% + gf* AL AS (2.1)

such that the gauge invariant part of the Yang-Mills action is given by

1

Soz/ddxﬁo, Lo=—7

Fiv Fﬁy . (2.2)
Let us further define the covariant derivative in the adjoint representation,
be gb
DZC = 0,0 + gf° CAN. (2.3)

With this definition the EOM of the Yang-Mills Lagrangian is written compactly as

050
SAL

= (D, F"M), . (2.4)
The action Sy is of course invariant under infinitesimal gauge transformations
Al — A+ 0,Ay,  with 6,47 = (Dyw)®. (2.5)

2.2 Gauge-fixing, ghosts and BRST

The gauge invariance is broken by the gauge fixing (GF) and ghost (G) terms, the latter
being required to cancel unphysical degrees of freedom of the gauge field. For the commonly
used choice of the linear covariant gauge the gauge-fixing and ghost contributions to the
Lagrangian are
1

Lopic = _i(amgf —ct oDy, (2.6)
where ¢® and ¢* are respectively the ghost and anti-ghost fields. The complete gauge-fixed
Yang-Mills action is then given by

S — /ddatﬁ, with £ = Lo+ Larea, (2.7)
and its EOM is given by

5 1

% = (DF™), 4 G004 — g™ (") (2.8)



While eq. (2.6) breaks gauge invariance it does remain invariant under nilpotent BRST
transformations. This feature becomes most transparent after the introduction of an aux-
iliary field b, (z), also known as the Nakanishi-Lautrup field [55, 56]. In this formulation
the Lagrangian is written as

&
2
Eq. (2.9) can be seen to be equivalent to eq. (2.6) after substituting the solution of the EOM

b = %(WAZ. The BRST variation leaving this Lagrangian invariant [57, 58] is defined as

Lopic = —b"OM AL+ 2(b")? = 0" D5l " (2.9)

OBrsT(®) = 05s(e), (2.10)

where 0 is a Grassmann number, s denotes the BRST operator, which being nilpotent
satisfies s%(e) = 0, and whose action on the fields is given by

sb* =0, sA,=(Duc)*, sc"= —% fabech e set = —b®. (2.11)

The BRST invariance of eq. (2.9) can be made manifest by writing it in BRST-exact form,
that is as the BRST variation of an ancestor operator:

1 a
560 } . (2.12)

EGF—I—G = Soancestor y Oancestor =c! {8#‘4/‘3 B

An interpretation of the BRST symmetry is that it corresponds to a certain subclass of
gauge transformations, where the parameter w(x) of the gauge transformation is identi-
fied with the ghost field times a Grassmann number. There exists in fact a second such
symmetry in the gauge-fixed Lagrangian where the role of the ghost field in the BRST vari-
ations is replaced with that of the anti-ghost field. This leads to the so-called anti-BRST
symmetry [46—49]. To discuss this symmetry we first introduce another auxiliary field:

b = —b® + gfbecdel. (2.13)
The anti-BRST variation is then given by
Ssrar(e) = 05(e), (2.14)
with @ another Grassmann number and
57 =0, 5A%=(D,&)*, 5 =-J pbegbee 5= _po (2.15)
Y 12 2 9 2 9 . .
The BRST and anti-BRST variations fulfil the following consistency condition:
ss(e) = 55(e) =0 = 5s(e) + ss(e). (2.16)

Similarly to eq. (2.12) the anti-BRST symmetry of eq. (2.9) can be made manifest by
writing it in anti-BRST exact form, that is as the anti-BRST variation of another ancestor
operator:

A a 1 a a
EGF—}—G = S Uancestor » Oancestor = € |:2£b — OMAM:| . (217)



2.3 Gluonic twist-2 operators

Let us now consider the extension of the Yang-Mills Lagrangian to include also a general
gauge invariant gluonic twist-2 spin-/NV operator

1

(’)/(L]P.MN (z) = §S[FQ1W1 D2 ... DZ%:?“N—lFaN—l;“HN] + traceless , (2.18)
where we have indicated
e the sum over all permutations of y1,...,un via the operation S,

o and the presence of further terms which make O,(LJX?_MN (x) traceless, i.e. the sum

vanishes when any two of its Lorentz indices are contracted, by the term ‘+traceless’.

A well known trick to simplify this expression is to contract it with NV identical light-like
vectors which we denote by A#* and which satisfy A.A = 0. It is then conventional to
introduce the notation

Fre = A, Fre, A =N AR D= A, D", 0=A,0". (2.19)
Using this notation we then define the scalarised version of eq. (2.18):

1
O (@) = O (@)A1 A = STe[F, DY), (2:20)

B UN

It is well known that the operator OEN) (z) when inserted into general Green’s functions

mixes with non-physical operators under renormalisation. A basis for these non-physical
operators will be constructed in the following sections consisting of two kinds of operators,
namely operators proportional to the EOM, defined in eq. (2.4), and operators containing
ghosts (G). We therefore include besides (’)gN) (x) also the operators OI(EJ(\;)M and O&N) (x).
The complete Lagrangian is then given by

£(AG ¢9,6) = Lo+ Lapra + 0O (@) + OG0 + 08 (@), (221)
where C%N) is the Wilson coefficient associated to (’)gN)(:U). The mass dimension of 0§N) (x),

(’)(E%)M and OE;N) (z) equals the dimension of space-time, d, this is achieved by defining A

to carry a mass dimension of 2/N — 1.

Let us now briefly discuss the renormalisation of £, which in eq. (2.21) was defined
in terms of physical or equivalently renormalised fields and couplings. The counterterms
required to make finite all correlators of the fields AZ, c¢® and c® at distinct positions can
be readily generated by replacing the fields and couplings with their bare counterparts in
L(Ab, &, cb; gb, b)) with

a

¢ = ugZ,, b =¢z5. (2.22)

At () = 73 Al(x). calw) = 2%, cx) = 2% (),

This replacement is not sufficient to renormalise correlators with an insertion of (’)gN). For

this purpose it is convenient to introduce the vector notation OW) — (C’)gN), cy O,(qN)),



(N)

1>19
ciate Wilson coefficients C;, forming a basis of operators spanning the space of EOM and

ghost operators O](E%)M and Og\]). The required counterterms are obtained by taking into

with O§N) defined in eq. (2.20) and the remaining components O to which we asso-

account the mixing of the operators under renormalisation. This is achieved by making
the replacement
c b _ Z( )C(N)

1

The bare Lagrangian then takes the form

LAY, &, e g%, €%) = Lo(Ab ¢") + Lapra (A, 2, g, e + 3N 2 oMb (2.23)
4,7

where the OEN)’b denote the operators written in terms of bare couplings and fields. It is
well known [40-45] that the structure of Z;; is block triangular in that the physical operator
(V)

(’)gN) may mix into O,J{ but not vice versa. This is discussed further in section 4.2.

3 EOM operators and generalised gauge symmetry

For the sake of keeping the notation as light as possible we will in the following discuss
symmetry properties of the Lagrangian £ at the level of renormalised fields and parameters.
Note that all of these properties can be directly translated to the bare Lagrangian given
that it has the same functional form.

3.1 General formalism

In this section we will elucidate the general structure of the EOM operator. It is well
known that Green’s functions are not invariant under field redefinitions

AL A% + G A, DaAg, aDsAp, ... ),

where G is a general local, i.e. polynomial, function of the gauge field A and its derivatives.
To leading order in G the variation of the Yang-Mills action in eq. (2.2) can then be written
as follows:

350 y
/dd s 9 /dd (DyF")® G A B0 Ap, 0adsAy,...) . (3.1)
For a general form of the function G, as we shall see later, this is actually the most general
such EOM operator into which OgN) can mix under renormalisation, leading us to write

Ofiont = (Dy FY")* G4(Aa, DaAg, 8adpAp, ... (3.2)

A number of constraints on the structure of this EOM operator derive from the overall
mass dimension and the twist-2 nature of (’)EN). This implies that G must be N-linear
in A and for the mass dimensions to work out the total number of As and Os entering in
every monomial of G must then equal N — 1. It follows that G itself must be proportional
to A and that every single A or 0 entering in G must itself also be contracted with A.



These considerations therefore pin down the general structure of the EOM operator to be
as follows:

OLth = (D.F)* GH(A,04,8°A,....), (3.3)

where G, = A;,G%. By expanding G over all possible monomials which satisfy the power

counting constraints we then obtain

o

Oron = Y. Opont with  Opoxy = ¢* ' (D-F)* 30 Oty (914 (9 A% ) .
= N

(3.4)
Here the coeflicients CZ allk“k are in general color-dependent coupling constants which can
be further decomposed into some basis of group-invariant color structures. Let us for
example consider the case k = 2, whose general decomposition! can be written as

OLxi =g (D - F)" D iy fO0 (5’“14“1) <3i2A“2> , (3.5)

11+12

where the k;;5 are Wilson coefficients, to be discussed further below. Let us also remark
that there exists a general constraint on the C-coefficients which derives from the fact
that the operators are colour singlets. For general k, the coefficients obey the following
invariance relation

Cb;aynakfbaz + Cfl;bmak fba1 T4y % a2~~-bfbakx —0. (3.6)

11 42...1k 11 12...0% 11 2.1k

We now study the symmetry properties of the lagrangian in eq. (2.21).

3.2 Generalised gauge symmetry
While gauge transformations leave both £y and (’)gN) invariant, the same can not be said
about the general EOM operator. To cancel its variation we will now contruct a generalised

gauge transformation,
AS — AY 4 6, A% + 65 AL (3.7)

where 62 is multi-linear in A and is such that the gauge variation of O]E:](\;)M is cancelled by

the generalised gauge variation of Lo, i.e. 65 Lo. This leads to
N
(D.F)2 65 Al () + 6,040 = 0, (3.8)
and combined with eq. (3.3) it then follows that the generalised gauge variation satisfies:

05 AL + 6,65 — g f* Ghw = 0. (3.9)

Note we ignore here the fully symmetric rank 3 tensor dap as it can not appear in Yang-Mills theory.



Using egs. (3.3) and (3.4) we then find the following general solution:

(oo}
A pa _ k-1 i1 fa1 ix+1, ak ;06 (1) Co (k)
Oy, Au = -4y Zg Z (8 A ) (8 w ) Z Oia(l)---irr(m
k=1 i1+ Fig d=VAR
=N—-k—1
e k . .
+9AM ng_l Z (8i1Aa1) .. (8ikAak) (8ik+1+1wak+1) Z (Zm + 7'.k+1 +1 >
=1 TR A m=1 tm
=N—-k—-2
a;a1...0m—1bam+41...0k £bam, agi1
XCy i i - (3.10)

where we have used eq. (3.6) and symmetry to cancel all terms which contain w without
derivatives. By collecting terms of identical field content and powers of g we can bring
eq. (3.10) into the following form

05AL = —A, kf:lgk—l | ;; O o (g am) (9 Am=r) (9wt ) L (3.10)
= i
=N—k+1

The C~'f1 1% can be extracted from the building blocks of C7"! ;" once a color basis has
been specified. We will construct an explicit solution valid up to four loops in the next

subsection.

3.3 Explicit construction up to four loops

The loop order puts stringent constraints on the type of the EOM operators actually
required. The quantity from which we wish to extract the anomalous dimension of OgN)

is naturally the gluon 2-point 1PI correlator with an insertion of the operator O§N):

(@) = [ ez 0T {AL(@) A 00O (2)}0) . (3.12)

At one-loop there are no subdivergences and we only require counterterms with two external
gluons. We thus only need the one-loop mixing of O%N) into (’)(E](\g)Ml, as this is the only
EOM operator contributing to the two gluon vertex. At two loops we then require two-loop
mixing of OgN) into O(Ejg\’/}, and one-loop mixing of OgN) into Ogg’l\f, given that at two
loops we can have one-loop subgraphs with three external gluons. This reasoning can be
continued at higher loop orders leading to more EOM operators. Diagrams with subgraphs
highlighting this pattern are shown in table 1 and the corresponding loop numbers, from
which we require certain EOMs, are also summarised again in table 2. We can therefore
ignore terms in eq. (3.3) from k = 4 onwards leading to the following set of EOM operators

required up to 4 loops:

OIE:]::/)),I\/} =7 (DF)a 8N_2Aa (313)
OLoNt = 9(D-F)* 3 5™ (A" 4%) .
i+j=
N-3



N),<1 N),<2 N),<3 N),<4
L Oboni Ol Ofoni Ofoni

Table 1. In the Lth row the table gives examples of diagrams contributing to the L-loop contri-

bution to F(gg). Subgraphs whose UV-counterterms require the various EOM operators (’)gg))l\’f are

highlighted with dashed boxes.

L Opchi Oponi Oboni Okot
11 0 0 0
2 2 1 0 0
3 3 2 1 0
4 4 3 2 1

Table 2. The table summarizes the loop orders for which the mixing of OgN) into Ol%)l\’,f is required,

given a certain loop order of F;\g.

Ot = #(D.F)* Y CEiret (9 AY) (&9 A°) (9% A7) (3.15)
i+j+k
=N—4

Oht = #(D.F)* Y Cinede (97 AP) (97 A%) (9F A%) (9 A°). (3.16)
i—l;j;/l-k—g—l

Let us now discuss the color decomposition of the C-coefficients. While at rank two and
three possible color structures are limited to 6% and f2¢, color decompositions for operators
of higher rank are in general non-trivial, in particular when keeping the color gauge group
general as we do here. However the fact that we only require counterterms valid up to
certain loop orders imposes strong contstraints and allows us to identify the following color



decompositions:

O = fobery, (3.17)
% bcd abcd abed (2 abed
Ot = (ff)™edil) + df fj,l+d4ff Ko (3.18)
a;bede abcede abcde
Cijw = (1) bed “ijl)cz +dgye ”Egl)cz ; (3.19)

where the different color structures are defined as

(ff)abcd fabEfcde (fff)abcde _ fabmfmcnfnde,
di?che — djbcrn,fmde7 di?}d _ dzbmnfmcefedn ’ (320)

dz/;_)%d — di?}d _ 70 dabcd

and the symmetrised trace is defined by

debed = —[Tr(T$TYTSTS) + symmetric permutations] , (3.21)

4'[

where (T4)%, = if%°. Going beyond four loops would not only require further operators,

O(E%MM, but also further color structures in the definitions of Cj;, and Cjjp;. In fact to
arbitrary loop-order, there are arbitrarily many independent color structures contributing
to Cyjx and Cjjp. If one was to work in a fixed gauge group this task would be far
simpler. For instance in SU(N.) we know that the complete basis at 4 and 5 points is
expressible in terms of single and double traces of permutations of the generators in the
fundamental representation. The penalty for working in an arbitrary gauge group thus
becomes increasingly higher at higher loops, but is still mild at the four-loop level.

Let us now come to the definition of the sums appearing in egs. (3.13)—(3.16). These
are defined such that we sum over all non-negative integer values of the indices i, j, k, [,
appearing in the sum which satisfy the respective constraint, e.g. i+j+k = N—4. While this
sum notation leads to reasonably compact definitions of the EOM operators, it does also
lead to overcounting. For instance in the order g term we sum over all indices i4+j5 = N —3,
but since the associated color tensor, f®¢, is asymmetric under exchange of b and ¢ the
operators appearing in the sum for j > ¢ are related to those with j < i. To compensate
this over-counting of independent operators we impose relations on the x-coefficients. In
general there exists a lot of freedom in how to choose these relations. A particularly
convenient choice of constraints is obtained by demanding the k-coefficients to satisfy
the same relations as their respective color factors. That this works can be understood as
follows. If we were to use up all the color identities, we would clearly land in an independent
basis of operators. By imposing the same identities on the k-coefficients, we effectively
ensure that solving these identities would lead to the right degrees of freedom — that is
the right number of independent k-coefficients. This choice is in spirit not dissimilar to the
BCJ-choice of numerators [59] for Feynman diagrams where the numerators of Feynman
diagrams are chosen such that they satisfy the same constraints as the corresponding color
factors. Here however the motivation is solely to make manipulations with these operators
more manageable.

~10 -



These considerations then finally lead us to impose the following relations on the x-

coefficients:
Kij + Kji =0, (antisymmetry of f) (3.22)
(1,1 + I‘Lgk; 0, (antisymmetry of f) (3.23)
Ej,)d + I‘&Z(jl)k =0, (antisymmetry of f) (3.24)
g,)g + /iﬁ)l + m,(ﬂg 0, (Jacobi) (3.25)
S,)d + fil(kzj + Rglj)k =0, (Jacobi) (3.26)
fﬂ)d + /iﬁl)k + fil(kzl + m,(dzj =0, (double Jacobi) (3.27)
/4;5]2,1 = f@ﬁ,l = 55,2 /ig)l = nﬁ)z = /ﬁ,(j}, (symmetry of dy) (3.28)
f@z(?,l = /if;g, (antisymmetry of f) (3.29)
EJ ,23 + /igi;;)z + H](j; =0, (generalised Jacobi ) (3.30)
/@Eﬂ)d + HEJQl)k =0, (antisymmetry of f) (3.31)
/@E?,ll = /iﬁ,)d, (symmetry of dy) . (3.32)

An independent set of operators is then found for any given N by solving these relations.
Fixing N this is in principle a straight forward exercise, but is somewat difficult to do
keeping N general.

We now give the color identities which lead to egs. (3.22)-(3.32). The Jacobi relation
is as usual,

(F)%ed 4 (f )2 4 (ff)*® = 0. (3.33)

By the double Jacobi relation we refer to the identity

(FFF)ede 4 (ff£)2Pd 4 (FF )00 + (ff )b =0, (3.34)

which itself can be derived by repeated use of the Jacobi relation. Another consequence of
the Jacobi relation is what is sometimes refered to as a generalised Jacobi relation [60]:

dsbede - hedac 4 qedabe . qdabee (3.35)

(2)

This identity does not lead to any relations among the coefficients Kijki> Since we fix the
position of the index a, which contracts the EOM, to be in the d4. The relation would
connect it to operators where the a would be attached to the corresponding f. However
contracting this relation with %9 leads to

bed bed | gbcad bd
Cady"™ +dify + diff + difp = 0. (3.36)
Combining this equation with its permutations, and using the symmetry properties,

iy = i = i = i 3:37)
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which follow directly from the definition in eq. (3.20), one can further derive the less obvious
relation
gyt = d3gy . (3.38)
Combining egs. (3.36)—(3.38) we then derive
Cad§y? + diff + dis? + dify = 0. (3.39)

This relation implies that operators with color structures d4 and d4sy are linearly depen-
dent. To avoid this undesirable feature we introduced the modified color factor d 77 which
satisfies

abed acdb adbe __
dis! + A3 4 A% = 0, (3.40)

and is therefore independent of dis’fd. Having discussed an explicit basis of the EOM
operators and their color structures we can now consider the generalised gauge invariance
discussed in section 3.2. To 4-loop order the A-dependent part of the transformation reads

05A% = —A, [n (0N tw) +g 30 O (g am) (9 w™)

11+12
=N—
+g? > CEpizes (gham) (94 (9% W) (3.41)
ganar

11121314
11+t
=N-5

_|_gg Z é,a;““ az as aq <8i1Aa1> (8i2A‘12) <6i3Aa3) (ai4+1wa4> + 0(94)‘|7

where @al L involve the same colour structures which appear in eqgs. (3.13)-(3.16)

Crimer =l e, (342

Caamazas _ 1) (ff)eaes 4 (2) dearazas 4 @) q2a1a2a3 (3.43)
111213 - 77111'27;3 n21i2i3 ni1i27'3 4f/\f ’ .

Cpimezases — ) i (P 120308 420 dip e + Mhrtoiais dyg' ™. (3.44)

The coefficients n(k) ;, are then fixed in terms of the coefficients kP ;. of egs. (3.13)—(3.16)

11 ... 11...7

by means of eq. (3.10) and eq. (3.11). We obtain the following relations

W = 2hiis + ( e 1) , (3.45)
LY (o P YT
175123213 = 3%512321-3, 3.47)
Mhvniy = 2 Rl — Fighi, | (3.48)

771(111')2@'31‘4 =2 |:H7E117?2(i3+i4+1) + Hgg+z’4+1)z'2il} (ig +;; " 1)
+2 [“511221514 + 52(11241'31‘2 + ’iz(‘igli;;z‘z + "%(‘231‘12‘2] , (3.49)
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(ea)  — 3k <i3 T 1) +25) (3.50)

Mivizisia ivin(iz+ig+1) is i112i314
(20) _ 5 (2
Mivigizia — 2 Kijivinis: (3.51)

The use and power of these relations will become clear in the next section, where we discuss
how the generalised gauge symmetry is promoted to a generalised BRST symmetry.

4 Ghost operators and generalised BRST symmetry

4.1 Generalised BRST symmetry

The main virtue of the generalised gauge transformation, &, 4 %, which we established in
section 3.2, is that we can promote it to a generalised BRST (gBRST) transformation:

Oprsr(®) =05'(e), s’ =s+sa. (4.1)

Here s is the action of the usual BRST transformation and sa is the new A-dependent
part. To define the action of this symmetry on the fields we follow [15, 42]. The only non-
vanishing action is the variation of the gauge field. It is constructed simply by replacing
the gauge parameter w(x)* in eq. (3.41) with the ghost field ¢(x)®. We thus obtain

sab® =0, sact =0, sac’ =0, (4.2)
and
o
SAAZ _ —A# Z gk,_l Z 6:1@124 ag (31’1Aa1) <3ik—1Aak—1> (aik-l-lcak) . (4.3)
k=0 i1ty
=N—k+1

Furthermore eq. (3.9) can be promoted to an idenitity for the corresponding BRST varia-
tions:
sadfy(x) + 5GY — g fabe Gy cc = 0. (4.4)

This relation is very useful. For instance it allows us to show that s’ is nilpotent. In the fol-
lowing we prove this up to terms of order A%, which is all we require for the renormalisation
of Green’s functions with single insertions of twist-2 operators. First we note that

§% =52 + ssp + sas+ 0(A%) = 0(A?). (4.5)
Given s = 0 we therefore require
ssA +5aA5=0. (4.6)
To prove this identity it is sufficient to show that it holds for the gauge field. We start with
ssaAl = —s(sGlt — g f*° Gl %) = g % 5(G )
_ gfabcsg/li - _ gjngabc]ccdecdce (4.7)

=g fabcsgz € — ngabchdengbce
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where we used eq. (4.4) and nilpotence of s in the first line and the Jacobi identity and
index relabeling to get to the last line. Next we now consider

sasAj, = sa(Dyc") = gfaszAAch
_ _gfabcsgz € + QQfabc fbde gg et (48)
— *gfabCSgZ e +g2fabc fcde gg Cbce — *SSAAZ )

This proves eq. (4.5). The nilpotence is thus a direct consequence of the generalised gauge
invariance.

Let us now come to the general form of the gauge-fixing+ghost Lagrangian required
to renormalise arbitrary Green’s functions with single insertions of OlN . We propose that
it can be represented as follows:

»CIG,F+G = Sloancestor 5 (49)

where the ancestor is the same one which appears in the usual gauge-fixing and ghost term
required for the Yang-Mills Lagrangian; that is the one we defined in eq. (2.12). Expanding
out s’ we thus obtain

Lorra = Laric + O(GN) (4.10)
with
O = 5 Ouncestor = —* 9" sp AL (4.11)

We can then rewrite the complete Lagrangian, introduced in eq. (2.21), as

L = Lrc1 + Lariq (4.12)
with

In this formulation the Lagrangian is then manifestly invariant under the generalised BRST
transformation dppgyp. For Lgar this follows immediately from its invariance under gener-
alised gauge transformations. And given the nilpotence of s’ it also follows that Lp, ¢ is
invariant under the symmetry, as it lies in the image of s’. Instead Lggr lies in the ker-
nel of s’. The cohomology of the generalised BRST transformation, defined as the kernel
modulo the image of s, is thus unaffected of the details of the gauge fixing function — an
important feature which underlies also the usual BRST symmetry.

4.2 Compatibility with the theorems of Joglekar and Lee

Let us now come to an important issue concerning the mixing between gauge invariant
and gauge variant operators. For physics to be independent of the gauge variant operators

the renormalisation matrix Zl(JN )
Joglekar and Lee [42] and states, essentially, that the block triangular structure is present
2

should be block triangular. This theorem was proven by

as long as the unphysical operators belong to two different operator classes:

2Note that this is slightly different from the classification into EOM and BRST-exact operators which
is often stated and which can be found for instance in [39)].
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e Class I operators:

5S SF[A,c, ¢l )
= —F—— F[A 4.14
OI 5145 6(8“50') + S [ Y C, C] ( )

e Class II operators:
08

OH == WXG[A, C, (_3] (415)
where X and F are local (polynomial) functionals of the fields. For our construction this
would then imply that Zj(év) = 0. However it is not obvious that the ghost and EOM
operators presented here fall into these classes. We will now show that they do. Using
eq. (4.4) we can write eq. (4.11) as follows:

0L =2 9" sGt — g™ 9 Ghet. (4.16)

Using now that s(c®0"Gy) = 0,b°GH? + 9,¢* sG and the EOM of the b%-field, eq. (4.16)
becomes

(N)

1
oM = _s(e*06%) + |-

5(aaVAb;”) + gf%e(de%) | G (4.17)
Combining this expression with eq. (3.3) and eq. (2.8) we thus obtain

oS
ol + o) | = s(0e°G") +
SA,

ge. (4.18)

It is thus apparent that our expressions for the ghost and EOM operators are just Class
I operators, and therefore comply with the theorems of Joglekar and Lee, if we identify
F = 0¢*G* in eq. (4.14). In our case the class II operators can not actually contribute due
to the leading twist nature. This follows as the ghost EOM 22 is already twist 3. For a

0c?
similar reason G% can also not depend on ghost and anti-ghost fields at twist two.
The structure of the renormalisation matrix Z-(;-V)

. is therefore, by the theorem of

Joglekar and Lee, expected to be of the form

N N N
2 | 2y z{y
N N
amo | 0|z Ay | (4.19)
o | z% .z

(N

So while O%N) may mix into the unphysical operators (’)i>1) , the unphysical operators can
only mix among themselves. For calculations of physical quantities, such as S-matrix ele-
ments, it is thus fully sufficient to know Zﬁ])

(N)

Green’s functions with insertions of (’)lN . Instead the Zl(ivl j>1 are only required for cal-

. We require Z1;~1 only when renormalising

culations of Green’s functions with insertions of the unphysical operators.
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4.3 Ghost operators up to four loops

We will now work out the structure of the ghost operator, given in eq. (4.11) through
four-loop order. This requires the BRST variation of the gauge field up to 4 loops, which
is given by

sa Al = =2, n (V1) 4 g Y O (o am) (9t )

i1+12
=N-3
Z CZ%;? as <8i1Aa1> (aiQAGQ) <8i3+1ca3>

i1+i2+13
=N—-4

Z Ca a1 asas as <8i1Aa1> (aigAcm) (82'3Aa3) (8i4+1ca4) 4+ 0(94) ’

i1 4913 14
11+-+ia
=N-5

(4.20)

with the coefficients C’Z'f; %2 defined in eqs. (3.42)-(3.44) in terms of a range of 7-
coefficients, which in turn are related to the r-coefficients, defined in eqgs. (3.45)—(3.51)
and which are attributed to the EOM operators. The ghost operator for arbitrary N as

required for calculations up to the four loop level is thus determined to be

=S 09 (4.21)
k
with
OgN“ = —n (9e") (97 1e") (4.22)
057 = =g Y Crn(aet) (9 am) (977, (4.23)
11+22

0570 =g Y CEpees (ge) (o Am) (924 (9 e ) (4.24)

21+Ji[2+4z3
O =g Y CEpmee (ger) (o Am) (97247 (9 A%) (9 e ). (4.25)

i1+--+ig

=N-5

The ghost operator is therefore completely determined by the generalised BRST symme-
try, or, equivalently, by the generalised gauge invariance and the particular form of the
gauge-fixing term. Since the couplings appearing in eq. (4.21) are determined as linear
combinations of an independent set of the k-couplings of the EOM operators we can effec-
tively combine the independent parts of the ghost operator with those of the different EOM
operators, collecting terms together which share common k-coupling coefficients, into what
Joglekar and Lee called Class I operators.

One welcome result is thus that the generalised BRST symmetry vastly reduces the
independent set of operators one needs to consider. This was of course already oberserved
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in [37] and [13] although it was accounted for in slightly different ways. In [37] the relations
among the couplings were derived by enforcing the Lie algebra structure on the generalised
gauge invariance. Instead in [13] they followed from the generalised BRST invariance of
the complete Lagrangian. We like to stress here that in both these references the basis was
only considered to two-loop level, and that no connection to EOM operators and BRST
exact operators was made. The explicit form of the gauge variant operators and their
connection to the ghost operators was thus rather non-trivial and somewhat mysterious.
We hope that our presentation finally sheds some light into this long-standing puzzle.

Another advantage of the formalism is that in order to compute the full anomalous
dimension mixing matrix we only need to consider the mixing of OgN) into ghost operators,
which depending on the method of computation may also require the mixing of the ghost
operators among themselves. This is of course much easier to compute then the mixing
of O%N) into the EOM operators, whose renormalisation would naively require the com-
putation of multi-gluon correlators. Instead the anomalous dimensions of ghost operators
can be extracted from multi-gluon correlators with a ghost anti-ghost pair; which yields a
welcome reduction of complexity. This point will be discussed in more detail in section 7
with reference to specific examples.

4.4 Generalised anti-BRST symmetry

In the following we will discuss a rather remarkable fact: there exists a second formulation
of the generalised gauge-fixing and ghost lagrangian Ly, ¢ introduced in eq. (4.10). Rather
than writing it as a gBRST-exact operator we can write it as an anti-gBRST exact operator
with the anti-ancestor operator defined in eq. (2.17):
A N

EIGF-&-G = Sloancestor = EGF—i—G + O(G ) . (4.26)
where 8 = 5+ sa and the anti-gBRST transformation is defined as a generalised gauge
transformation with w(z) — ¢(x), that is

sact =0, s5AC% =0, EABa =0,

Sadl = —A, 0 (VM) £ g Y G (g am) (o9t 1en)
11+12
—N-3
+g2 Z 6«;11;?21?32 as <8i1Aa1> (aizAa2> <8i3+1€13> (427)
Wi

_|_93 Z éq;m azas a4 (ailAm) (aigA(m) (aigAag) (ai4+léa4) + 0(94) ,

11 12 13 14
11+-+ig
=N-5
The fact that it is possible to define an anti-gBRST transformation and use it to construct

the ghost operator may not be too surprising given that this was also possible for the usual
renormalisable gauge-fixing+ghost Lagrangian. What is more surprising is that the ghost
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operator generated by the anti-gBRST exact operator,

O =~ r 50 AL, (4.28)

= (0c") |n (971 ) + g Y0 Ce (o am) ()

11+12
=N-3
Z Ci?;fff a3 (8i1Aa1> (aiQAaz) <8i3+16a3)

11+12-+13
=N—4

Z Ca a1 a2 a3 aq <ai1Aa1) (8i2Aa2) (8“14“3) (ai4+16a4) 4 0(94) 7

111213 14
i1+ tig
=N-5

is at first sight not equivalent to its gBRST generated cousin. Equating the two with each
other,

O FNAL =T O sp AL, (4.29)

therefore generates non-trivial identities among the various n-coefficients. Identifying the
r.h.s. of egs. (4.21) and (4.28) we then find, after using integration by parts and the product
rule, the following relation:

0= T (@) (91 4m) .. (91 Ame) (i) {c:g it (4.30)
i1t tip
=N-—-n—1
Gn—1
51+ “+Sp—1t+1 ) S14...8n_1+ip ¥ON;G1...Qn—1
Z > ~ — il S (1)t Calfsl)?.(z’nal—sn1)(in+s1+~-~+sn1)} :
S1= 0 Sn—1= =0 n— n

Let us remark that the summand does not necessarily vanish independently here. It does
only as long as the field contents and its derivatives are independent in each term in the
sum. One therefore has to be careful when applying this identity. Using the definitions in
egs. (3.42)—(3.44) we then derive the following set of constraints on the couplings of the
ghost operators:

i1 .
1 _ +iy [ 51+ 22 (1)
"77,'1’6'2 - Z (_1)51 12 < s ) 77(11781)(1.2‘1“31)’ (431)
51=0 1
(s1+ 52 +i3)! +sg-+is (1)
mng Z Z 51'52'23 ( ]-)31 §27113 77(1'2752)(1'1751)(i3+51+52)’ (4.32)
s1=0s2=0
(51 + 52 +i3)! tsotig . (2)
i = Z Z W( D NG 1) 2 so) i 2) (4.33)
s1=0s2=0
(s1+ 59 +143)! +sa+iz  (3)
nzmw Z Z W( 1)31 s2+13 77(2'2—32)(1’1—51)(i3+81+82)’ (4.34)
51=052=0
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741 Z2 713 .
(s1+ 82+ s3+1i4)!
i1i2i3i4 == E: Z Z ;

lsolgalisl
$1=0 59=0 $3=0 51:852:53:14.

s1+sa+s3+iq . (3)
X G s ams)a- s at s bar gy (435)

= + 52 + 53 + i4)!
i1i2i3i4 = Z Z Z (o1 4 22 83' )

leolgali !
5120 59=0 55=0 s1!s9ls3liy!

+s24s3+i4 ,,(20)
X <_1)S1 S2+s3 Z4n(il—51)(i2—52)(i3—53)(i4+81+82+83)7 (4.36)

Zl 22 7/3 .
(20) (2a) (2a) (s1+ 82+ 83+ 14)!

11121374 n11Z31224_77112213z4 lealaali |
51=0 59—0 53—0 §1:82:83:14:

s1+s2+s3+ia ) (20)
x (=1 4n(il—51)(ig—52)(13—33)(i4+31+32+34)' (4.37)

To the best of our knowledge the existence of these kind of identities was not known by
the authors of the previous works [13, 37]. But we can use their one-loop all-N results for

771(]1 ), which in their work was named 7; to check eq. (4.31) at this order. Their one-loop

result in our notation is given by

11 _ 1 i N -2 N -2
o = o [0 - (V) - (0

Substituting this result into eq. (4.31) we then find:

; N
s+j s+ (1),1 :i(—l) -1(N-2
m Z ( E ) M=o+ =2 N(N—1) \ 147 ) (4.39)

The right hand side thus indeed vanishes for all positive even values of IV, as required.

(4.38)

We initially found these identities after inspecting the results of explicit calculations.
We could explain the extra relations by imposing a ghost-antighost exchange symmetry;
whose origin we then finally derived as a consequence of the anti-gBRST symmetry. Since
the n-coefficients can be written in terms of the k-coefficients it then follows that the set
of k-coefficients associated to the different EOM operators is not actually independent.
That is there are nontrivial relations among the EOM-operators. To solve these relations
in closed form is in general difficult but it is not too hard to solve them for fixed N on
a case-by-case basis. We will give examples and demonstrate the use of these relations in
section 5 where we construct minimal bases of operators for the lowest values of N, and
study the size of the basis for higher N

5 Operator bases construction for fixed N

In this section we will construct explicit bases of the unphysical (EOM and ghost) operators
which can mix with the gauge-invariant operator (’)gN) for fixed NV, valid up to the four-

loop level. The structure of the EOM operator O]E]%)l\’/]f up to four loops was discussed in
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section 3.3. As explained there, we only require k£ < 4 for general N when working up
to four loops. The corresponding EOM operators were presented in egs. (3.13)—(3.16).
Another constraint on k arises for fixed N since we only have a total budget of N — 1 Js
and As to spend in the G-function multiplying the EOM in eq. (3.4). Since O](E%M requires
at least k As, this leads to k < N — 1.

Being determined by the gBRST symmetry explicit expressions for all ghost operators
required up to four loops are given in eqs. (4.22)—(4.25). Their color decompositions are
given in egs. (3.42)—(3.44), with the Wilson coefficients being related to those of the EOM
operators via egs. (3.45)—(3.51). Finally, the generalised anti-BRST symmetry imposes fur-
ther constraints given in egs. (4.31)—(4.37), reducing unphysical operators to a yet smaller
basis. Having all these definitions at our deposal we are now in a position to construct
explicit and minimal bases. In the remaining part of this section we provide explicitly the
bases that are relevant for the renormalisation of (’)gN), with N =2,4 and N = 6, and we
describe the space of independent operators for higher .

5.1 N = 2 operators

The construction of a basis of unphysical operators mixing with (’)§2), which has dimension

4, is straightforward. There is a single EOM operator, OJ(E2())’13/17 defined in eq. (3.13). The

corresponding ghost operator, Og )’1, is given in eq. (4.22). They read

O(E2C))71\1/[ =n(D.F)* A%, (98)’1 = —n0c*Oc". (5.1)

We note that both operators feature the same coupling constant, 1, which follows from
the generalised BRST symmetry. In practice, this fact has important consequences for
renormalisation, because it implies that the Og())M and (’)g ) mix with (’)gN) with the same
counterterm. In other words, we find only one unphysical operator mixing with the gauge
invariant operator of N = 2. Following the vector notation introduced in section 2, the
twist-2 operators of dimension 4 are written as G2 = (OP, 052)) with

1
o = ST [EF), (5.2)

O = (D.F)® A* + 0", (5.3)

5.2 N = 4 operators
The mass dimension-6 operator (9§4) undergoes a less trivial mixing pattern. All EOM

operators in (’)(E%f/[ with k£ < 3 are relevant and each sector generates associated ghost

operators. As for the case N = 2, we can readily write down the EOM operator (9}(3](\;)’1\/}

and its associated ghost operator

OLar = n(D.F)* 92 A%, (5.4)
oWt = —noe o3 (5.5)

Next we consider (’)(E%f/[, eq. (3.14), which involves only one operator, due to the antisym-
metry of the coefficients x;j, eq. (3.22). It reads

OLS2 = 2 grgy f21% (D.F)* A™ A%, (5.6)
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The ghost operator, (’)gl )’2, is defined in eq. (4.23) in terms of the coefficients C’Z‘g” of
eq. (3.42) as

0G? = —gfrme oe [m(ﬁ) A™ 9% 4 i 0A™ 9c . (5.7)

(11) (1) are related to

The generalised BRST symmetry imposes that the coefficients 7, and 771%)
the parameters in OI(;())’I and O](;())f/p respectively 1 and kg1. These relations are given in

eq. (3.45) and lead to

OF)? = —g ™2 1 9c" (204" e + A H?c™) + 2hg1 9" (A" e — JA™ ™) .
(5.8)

The unphysical operators in egs. (5.4), (5.5), (5.6) and (5.8) contribute to the renormali-
sation of OYL) starting from two loops [13, 37]. From three loops onwards, we must take

into account also the EOM operator (9}%4())’1?4, eq. (3.15), which reads

OLLE = g2k d*1%2% (D.F)* A% A% A%, (5.9)

where we applied egs. (3.23), (3.25), (3.28), (3.29) and (3.30) to restrict the independent
couplings to a single operator at mass dimension 6. Due to the fully symmetric nature
of the colour structure d**1%2% of eq. (5.9), we find that two-point correlators with an

insertion of O(E4())’§4 vanish automatically at one and at two loops. This implies that 01(4:4())’1?/1

enters the renormalisation of O%N) only at four loops. We derive the ghost operator Og )’3,

eq. (4.24), by computing the coefficients (3.46)—(3.48), which enter C7272“ in eq. (3.43).
We get

O = —g? 9* A" A% e g ()12 + ngpd*®12% + igpd 1232

— _92 HE A% A%2 §c®3 [21%01 (ff)amazag + 358%))0 daa1a2a3} ) (510)

By taking into account only the relations deriving from the generalised BRST symmetry,
we obtained a set of three unphysical operators, each of them corresponding to the terms
in egs. (5.4)—(5.6) and (5.8)—(5.10) that are proportional to the coefficients 1, ko1 and
mé%)o, respectively. However, the generalised anti-BRST symmetry introduces an additional
constraint on these coefficients and reduces the set of independent operators further. By
specialising i1,i2 = 0,1 in eq. (4.31) we find

(1) (i) > 2Ko1 = 1. (5‘11)

1
2mo = "o
This identity is surprising, because it relates the couplings of different EOM operators,
which are free a priori. Therefore the EOM and ghost Lagrangian feature only two in-
dependent parameters, e.g. n and ”(()%)()7 which are chosen as coupling constants of two
independent unphysical operators. In conclusion, we obtain a basis of operators with spin
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4 (and dimension 6) O = ((9;4), (9;4), O§4)) with

ol = %Tr [F,D*F"], (5.12)

O = (D.F)* [ A% + g2 AN DA™ — 02" 0°c" — g f ™1 02 [2A™ 9%c™ + DA™ Dc |
— 2(f f) 419203 9t A% A9 93, (5.13)

O = deera=ea [ (D.F)" A A™ A% — 306" A™ A% 9c™]. (5.14)

5.3 N = 6 operators

The basis of operators at mass dimension 8, which includes the gauge invariant operator

(’)§6), is generated by the full set of operators (’)(E%’fd, with £ < 4. For k = 1 we get

immediately the EOM and ghost operators
O =1 (D.F)"d* A7, O — _poe e, (5.15)

The definition in eq. (3.14) and antisymmetry of the coefficents «;;, eq. (3.22), imply that
01(36())’13[ includes two independent terms

O = 9“1 (D.F)* [2k0a A" 9P A + 215 (DA™)9° A%, (5.16)

To get the ghost sector (’)9’2, we expand out eq. (4.23) with i1,i2 = 0,...,3 and we use

the definitions in eqgs. (3.42) and (3.45), to get
O = — gfrme ge{m[ A 9'e™ 4+ 49A™ 9™ + 667 A e + 495 A 9c |
+ g | A D" — OFA™ 9e™2| + 215 [0A™ D™ — 9P A B2 | ). (5.17)

Similarly, we write down the operator 01246())71?/[’ following the definition in eq. (3.15) and the

relations eq. (3.23), (3.25) and (3.28)—(3.30) on the coefficients, to obtain
Ol = 207 (£ (D.F)* [ gh A™ A% 9% A% 4 k{g) 9A™ A9 A% |
+ 3¢ d*192%(D.F)" [ rgh A" A2 02 A™ 4 k() A DA A |
+2¢” A (D.F)" b (A™ A0 A% — G2A™ A2 A%)
+ I (DA™ AROA™S — AM9A™ 9A)|. (5.18)

By expanding out eq. (4.24) for i1,1i2,i3 = 0...2 and by using the definitions in egs. (3.43),
(3.46), (3.47) and (3.48) we obtain the related ghost operator

O = — 262kl (£1)1m9292 0" | A" A0 c™ 4 BA™ DA™ §2c™ + BA™ 9P A™ 9|
— 202KV (f )rara2as g [aAal A292e3 _ 92 AN A®29c5 4 92 9AM § A acaﬂ
— 2g%k{gh (FF)°192% 06" [A™ A2 9P e 4 9P A A 9c™ — 24 97 A 9 |
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— 2g%k D) (f f)eara2as e [2 DAY A®2920% _ ATGAT2 §295 _ §AN §A®2 §c
— 3gPh{gh A" 92t [ AT A 4 24 9PA™ 0 |
— 3g2h{y) AU 9 (DA™ DA e + 24T DA™ 9™ |

— By gy A0 0" | A AP — 0F AT A9

— 6%k e g DA™ A% ™ — AT A ™). (5.19)

We construct Ogs())’f\l/[ and Og)’4, by expanding out egs. (3.16) and (4.25) with 41 ...34 = 0, 1.
After imposing the relations in egs. (3.24), (3.26), (3.27), (3.31) and (3.32), which constrain

the coefficients of C’Z ;_C.L.li;'a“, defined in eq. (3.19), we choose /4;0%))01 and Ii(()%)ol as independent

parameters in O]Ejﬁ())’f/[. At this point, (’)gj )4 s written in terms of the coefficients appearing

in (’)(EG())’& and (’)](f%’f/[, by means of egs. (3.44), (3.49), (3.50) and (3.51), which give
Ol = 20° ity (F££)1010203% (D.F)* A% A% A% 9 A
+ 2% Kign, d5O2 (D.F) AT A% A A%, (5.20)
O = —2g°k{y (F 1 1) 102059495 9 A™ A% AP 4 24" A (DA) D |
+ 263Gy (FF )02 9t AT A A% 9™ — DA™ A% A e |
— 3gP k(g 1720 et AT A™ AT 4 2AM A A 9c |
— 69Ky di§O2 TP AN A% AT Y
_ 293,{(()%))01 (f f f)eerazasasas gaa |:Aa1Aa2Aa3626a4 + 3AM YA 4930
— BATATOAS 9c — PA™ A A% 9 |
— 207 kil DG [0 (A A ABO2 — A AOA™ Oc™)

+ 2dZ?4a1a2a386a4 Aa1AazaAa3] (5.21)

At mass dimension 8, we found a total of eleven unphysical operators, parameterised by an
equal number of free coefficients 7, ko3, K12..., that are required to renormalise (’)56) up
to four loops. This picture simplifies significantly by taking into account the anti-BRST

relations. For instance, by evaluating eq. (4.31) for i1,i2 = 0...3, we obtain

1 1
Yl

1 1 1 1
83) + 7752) - 7751) + 2n§o) =0

(1)
i
solved simultanously by imposing

where the n,;’ depend on 7, k12 and ko3, as in eq. (3.45). The equations above are both

577 + 4I€12 — 6&03 =0. (523)
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Similarly, we derive further constraints by expanding eqs. (4.32)—(4.37), which lead to

. (5.24)
Koy — Roo = 0, (5.25)

w3 4268, = 0, (5.26)

3kony + 1 + 2612 — 3Ky = 0, (5.27)
2k, — 3k = 0. (5.28)

In conclusion, by imposing the relations on the coefficients of egs. (5.15)—(5.21), which are
given in egs. (5.23)—(5.28), we obtain a minimal basis of only five independent unphysical

operators at dimension 8. For instance, we might solve egs. (5.23)—(5.28) in terms of 7,

K12, /ﬁé&, ﬁé%)z, Hé%)z and pick the following basis of independent operators

1
09 = 5 Tr [, D' E], (5.29)
OF) = (D.F)*9* A% — 92" 9°c” + g for027 B(D.F)MA@@M% o <§A0234ca3
FA0A® 93 + 602 A2 0% + ;aSA@acaB)] + g3 (ff)eemazes E(D.F)“BA‘“@A“Z Ace
—286“ (A‘“A“2 D3 F4AMPA2 D™ + 3AMG? A2 9™ + DA DA )
_QaAalAa262ca3):| _g3(fff)aa1a2a3a4 [g(D-F)aAalAagAagaAm;
+é85a (2A“1A“2A“382ca4 +6AYT A2JA O — A QAW A% D™
- 88A“1Aa2Aa36ca4)] (5.30)
4 4
o) = gpearez [(D.F)a (2&4% PPA™ 4 AT 83A“2> — 508 (A@@%M + gaA‘“ 92
3 2 pa 2 a 3 pa a 2 aaiaza 10 a a a a
SSPAT P~ PANI ) | + g (F])0 | < (DF) OAN A OA™
—de (gAalA‘”a?’c“S + %A“laA”an"S +AMPPA® Y — %8A“1A“2 92c
2 qa a a 22 a a a: 4 3 aaiazaza a Aa a as a
“20P AT AR Y+ TLOAMOAR D || — gP (F1f) e | (DF) AT AT AT DA

A 9AY? At
2

e (AalAazAasa%M —3A% ARPAR I + + 4aAa1Aa2Aasaca4>}

(5.31)
O = 2g2(f f)ea19293 [(D.F)® (A A% 92 A% 4 204" A29A™) — 9t (A" A2 9%
—2AMPAU R — 2AM PP AR D + AJAT AT PP 4 9P A A% O
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—20AM DA™ )| + 267 (f £ )41 %294 [(D.F)* A A% A% ) A%
—9E (2AM A2 AP — AT AR JAD I 4 AN YA A® D 4 ZIAM A% A9 |
(5.32)
O = 3¢2d2919203 [(D.F)* (A% A2 92 A% + A" 9A™9A%) — Je® (A" A%
24 YA 4247 9P AR I + DA™ DA™ |
+3g3d5919293% [(D.F)* A% A% A 9A™ — 9 (2AM A% A2 4 A" A29 A% ™
+2AM AU A% Y1) | — 6g>d50 129 9t A A2 9 AW It (5.33)

Oéﬁ) — 292(12}1-}@&3 [(D.F)a (Aa1 Aa282Aa3 +2Aa1 HAR2HA — 82Aa1Aa2Aa3

— 204 A™2PA) — 60E" (A“ AP 4+ 2AM DA ™ — 92 AM A% e
— 2041 9A®= 9] . (5.34)

5.4 Operators of higher NV

The construction of an operator basis to renormalise twist-2 operators of higher spin N is
summarised by the following steps.

1 List all the EOM operators, O]g](\g)l\’/ic, defined in eq. (3.4). Up to four loops, only the
terms with k < 4, given in egs. (3.13)—(3.16) are relevant. All these operators have
been written in terms of the colour structures in egs. (3.17)-(3.19) and associated
parameters. The latter obey the relations in egs. (3.22)—(3.32), which define an
independent set of EOM operators, considering Bose symmetry only.

2 The structure of ghost operators is dictated by the generalised BRST symmetry,
eq. (4.11). The operators that mix with (’)gN) up to four loops are given, for ev-
ery value of N, in eqgs. (4.22)—(4.25). They involve the colour structures given in
eqs. (3.42)-(3.44). Egs. (3.45)-(3.51) uniquely determine all parameters of the ghost
Lagrangian, in terms of the parameters of the EOM operators.

3 Impose the anti-BRST symmetry, eq. (4.28). The latter implies relations among the
coefficients of the EOM operators via eqgs. (4.31)—(4.37). These reduce the number
of independent operators to a minimal set.

The steps above allow to automate easily the construction of the operators, e.g. in FORM [61].
Finding independent operators boils down to finding a set of coefficients which solves the
linear relations® in eqs. (3.22)-(3.32) and (4.31)—(4.36), using the definitions in eqs. (3.45)-
(3.51). By solving these, we determine the number of independent unphysical operators of
higher spin N. For up to N = 16 the size of the basis is given in table 3. The second line
in table 3 gives the size of the basis without using anti-BRST relations, while the first line

#We notice that both eqs. (4.36) and (4.37) originate from the structure associated to the coefficients
Kifzzzgu in Og(\;)l\’f. We checked explicitly up to N = 10 that eq. (4.37) is automatically satisfied by the
solutions of eq. (4.36), which rely also on eq. (4.33), and therefore it doesn’t provide further simplifications
of the basis.
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Spin N 6 8 10 12 14 16

2 4
w aBRST 1 2 5 12 25 50 87 140
w/oaBRST 1 3 11 30 66 126 215 339

Table 3. Table showing the number of independent operators with and without the use of anti-
BRST (aBRST) relations.

includes them. While the basis grows significantly with the spin N, we find that most of

the free parameters are associated to the operators O]gjg)l\’/?. For instance, Oé]]g))l\’/éll generates
112 out of the 140 unphysical operators at N = 16. Since mixing with 01(53](\9)1\7/111 is only

relevant at one loop, see table 2, these operators do not introduce prohibitive obstacles.

6 Background-field formulation

A powerful trick to simplify calculations of anomalous dimensions is to use the background
field method. The basic idea is to split the gauge field into a classical (non-propagating)
background field component B and a purely Quantum field component ) as follows:

Az (x) = By(z) + Qg (2) - (6.1)

One can then consider Green’s functions with external background fields. By using a clever
gauge fixing and ghost Lagrangian, for the Quantum field [50-53]

1 = - .
Lpcr+c(Q, B, ¢,c) = —Q—S(D“AM)2 — E“Dsz“’bccc, (6.2)
where the background- and background+quantum-field covariant derivatives are defined as
DI = 0,0 + gf*™B),, D=0, +gf"(B+Q), (6.3)
it then follows that the quantum gauge-fixed Lagrangian,
EB(QaB757 C) = £0(Q+B) +£BGF+BG(QvB7E7 C) > (6'4)
stays invariant under background-field gauge transformations
B 7N c
6, By (z) = Dyfw(x)®,
0y Q) = gf " Quu(w)°. (6.5)

We now wish to discuss the form of the complete Lagrangian E(A,E, ¢), introduced in
eq. (2.21), which contains besides the Yang-Mills, gauge fixing and ghost terms also the
twist-2 gauge invariant gluonic operator On(A), the EOM operator (’)(E](\;)M(A) and the
ghost operator (’)éN) (A). Here we have purposefully included a dependence on A, although
we will not write out explicitly the dependence on its derivatives.

The lifting of E(A, ¢,c) into the background field formalism is straight forward for

the gauge invariant part but requires some minor modifications to the EOM and ghost
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operator. We therefore introduce their background field versions O]%]E)()M(Q, B,¢,c) and
(’)](3%) (Q, B). Before giving a detailed derivation of the form of the Lagrangian we will state
their form below. The complete Lagrangian then reads

LR(A, B,e,¢) = Lo(Q + B) + Lacrine(Q, B,é ) + 0N (Q + B)

+ 0N (@, B,ec)+ 0@, B), (6.6)
where
N Nk N N).k
O](BG) = Z O](SG) ) O}(BE)OM = Z O}(SE)OM’ (6.7)
k k

Olsion =" H(D-F(B+Q))* Y Ccuo (Dh@™)... (D*Q™), (6.8)

i1y,

=N—-k—1
OUk = _gh1 | 3 | g -0 (Dza) (DilQal) L (Dik—lQak—l) (Dik“cak) . (6.9)

P

Note in particular that the coefficients Cf;l}f and égl}g are identical in their definitions
to those defined respectively in egs. (3.17)—(3.19) and (3.42)—(3.44). The set of EOM and
ghost operators in the background gauge formalism is thus directly related to those in the
standard formulation.

To understand the structure of the EOM operator note that it should be generated
from an infinitesimal field transformation of the kind Q@ — Q + G%(Q, B,0Q,0B,...),
since the Quantum effective action contains a path integral only over the field @ being a

functional of B. This fixes the form of the EOM operator as follows:

6Sp(A + “
O](BJE)OM = /deW gfa (Q", B*,0"Q,0"B, ...)

= (D.F(Q + B))"G%%Q, B,0Q,0B,...) (6.10)

where we have used also our earlier considerations about the mass dimension and counting
of A-contractions. Finally we make the assertion that

G7(Q,B,0Q,0B,...) =GLQ,DQ,...). (6.11)

with G defined in egs. (3.2) and (3.3). There are a number of considerations which fix
this relation. First we require G%¢ to be background-field gauge covariant — thus it can
only depend on @ or on its background-field covariant derivatives. However this fixes only
its dependence on (Q and B but not its functional form, GB = G. To fix this form we
set B = 0,Q = A in the complete Lagrangian, i.e. we consider £g(A,0,¢,c). For this
Lagrangian to generate the same Green’s functions as £(A, ¢, ¢) (note their gauge-invariant
parts are now identical) we therefore require:

Lp(A,0,¢,¢c) = L(A,¢c). (6.12)
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From this it immediately follows that

gf;a(vaQv"')‘ :gf;a(A’aA“") :gz(A’aA’) (613)

B=0,Q=A
and we see that eq. (6.11) satisfies these constraints uniquely.

Let us now turn our attention to the ghost operator in the background formalism.
Again we need to satisfy the constraints that it should coincide with C’)E;N) when we set
B =0,Q = A and that it should be background gauge invariant. A simple recipe which
satisfies all these constraints is to make the replacements A — Q,0 — D in (’)E}N). A more
thorough path to arrive at the same answer would involve working out the generalised
gauge invariance and its associated generalised BRST symmetry. In turn one could write

the ghost operator in gBRST exact form, in the background field formalism.

6.1 Bases of operators up to four loops

In the background field method, we determine the renormalisation constants of (’)gN) by
computing the counterterms of correlators of the background field

(605) " (gssp) = [ dladtay @122 (T B (@0) B2 (200" (0)] 100,
(6.14)
where the subscript 1PI indicates one-particle-irreducibe, amputated Green’s functions. In
the equation above, the operator (’)Z(N) = OEN)(B + @) is inserted with zero momentum.
Counterterms proportional to (’)](3%)01\/[ and (’)1(3]2 are required in order to cancel divergences
of the diagrams that contribute to eq. (6.14). Notably, these unphysical operators always
involve at least one quantum gluon or a ghost-antighost pair, as it follows from the def-
initions in egs. (6.8) and (6.9). Therefore, EOM and ghost operators are only required
from the two-loop level onwards, in order to cancel the subdivergences of the correlator in
eq. (6.14); and no unphysical counterterm can arise at one loop [54, 62]. In table 4 we re-
port example diagrams showing subdivergences of Fg\j ;)B p» Which are renormalised by each
term O](E](\;)l\’f. Table 5 summarises the maximal loop order at which each operator (9](%)1\’/’;
enters the renormalisation of eq. (6.14). By comparing the last line of tables 2 and 5 we
find that there is an advantage in renormalising correlators of background fields, in that un-
physical counterterms are needed only up to 3 loops. In contrast without background-field
invariance the counterterm O](E]é)f\/} would be required up to 4 loops, as in table 2.
In the next section we will compute the counterterms required to renormalise these
subdivergences. To this end, it is convenient to reduce to a basis of independent operators.
In the background-field method a basis for a given fixed value of N is obtained by modifying

the corresponding basis obtained without background field, according to the replacements:

(D.F)* — (D.F(Q + B))%, (0'A") — (D'Q)", (6.15)
(0c*) — (Do), (0'c*) — (D'e)*. (6.16)
For instance, the basis for N = 2 can be directly read off eq. (5.3), giving
O = FX(Q+ B)F™(Q+ B), (6.17)
OF) = (D.F(Q + B))* Q* +¢* D1 D"z (6.18)
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N),<1 N),<2 N),<3 N),<4
b O Oion OB

e~
3
w
=
o
=

Table 4. In the Lth row the table gives examples of diagrams contributing to the L-loop contri-

ution to . . ubgraphns wnose -counterterms require € various operators
bution to Iy ). Subgraphs whose UV-countert ire the various EOM tors OUOLF

are highlighted with dashed boxes.

(N) (N),1 (N),2 (N),3 (N),4

Lo Oseom Oom  Opeom  Obrom
1 0 0 0 0
2 1 1 0 0
3 2 2 1 0
4 3 3 2 1

Table 5. The table summarizes the loop orders for which the mixing of OgN) into (9}(3%)1\’/1f is required,

given a certain loop order of FEQIY?BB.

Similarly, bases for N = 4 and N = 6 are obtained by applying eqs. (6.15) and (6.16) to
egs. (5.12)—(5.14) and to egs. (5.29)—(5.34), respectively.

7 Calculations and results

In this section we renormalise gauge invariant operators of spin N = 2, 4 and 6, using the
bases in egs. (5.2)—(5.3), (5.12)—(5.14) and (5.29)—(5.34), respectively. In these bases, we
proceed to calculate the associated renormalisation constants ZZJJV , defined in eq. (2.23),
which in the MS scheme can be expanded as follows,
() () ) _ N~ L
Zy =65 +02;, with 62;0 =% — 77" (). (7.1)

) ()
r=1 €

The renormalisation matrix is block triangular with Z j(J>\? 1 = 0, as described in eq. (4.19),

and only Zﬂ[) is required to describe the scale evolution of the gauge invariant operator Q1"
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Table 6. In the Lth row the table gives examples of diagrams containing a ghost-anti-ghost pair
and gluons whose UV-counterterms determine the mixing of OEN) into both the EOM — and ghost

— operators as required for the computation of the L-loop contribution to ]."gf\g B

in physical matrix elements. In particular, from the definition of the anomalous dimension

matrix,
N Ny,
7y = _MZTMQZZ‘(IC "z, (7.2)
one can obtain 5
N N),1
PN =Y = a2 (@) (73)

Off-diagonal elements of the renormalisation matrix do not contribute to the anomalous
dimension of the physical operators. However, the computational method that we adopt

: () (N)
to determine 2, 1i

we describe the calculation of these renormalisation constants and that of the physical

requires the knowledge of a set of mixing contributions Z;,2,. Below

anomalous dimension.

7.1 Mixing with EOM and ghost operators

The renormalisation constants Zfzz-v), with ¢ > 1, are determined by the counterterms

of one-particle-irreducible, amputated Green functions, with one insertion of (’)%N) and
external ghost and gluon fields. We list examples of diagrams contributing to such Green’s
functions in table 6 for general N. In practice, if we work at fixed values of N, not all
these contributions enter. In table 7 we show the structure of the relevant counterterms
for N = 2,4 and 6. Specifically, we consider the following correlators with an operator
insertion at zero momentum,

2;cC 7

(T yabg ¢ p) = / Ay diay € @1=72) (0T [ (21)e" (22) O™ (0)]]0)1p1. (7.4)
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(N>2) (4) (6) (6)
L O, O3 O3 Oi€{3,4,5,6}

Table 7. In the Lth row the table gives examples of diagrams containing a ghost-anti-ghost pair and
gluons whose UV-counterterms determine the mixing of OY) into unphysical operators O(N€{2’4’6})
as required for the computation of the L-loop contribution to Z; (N€{2 46D:L 40 the background field

method.

Examples of Feynman diagrams contributing to eq. (7.4) are depicted in the first column

of table 6. For every value of N, F(N) vanishes at tree level, unless (’)Z(N) = (’)éN)

i;cC , as it
can be seen by inspecting the operators bases in egs. (5.3), (5.12)—(5.14) and (5.29)—(5.34).

Therefore we write

o [0 () + o2 (g.6,p)] i i=2

7.5
09 6130 (9,€,p) if 2 (7.5)

(TN (g,6,p) = {

(N)

i which represents the

in order to separate the tree level contribution from the term JI°;
sum of loop corrections to all orders, namely

N),r as\"
O (9.6.1) ZFECQ » () (7.6)
with s = Z-. Counterterms of 5FZ( ca) must therefore be proportional to (’)( ). In particular,

inserting (95 ) into eq. (7.4), we get

z ot = 2oz )0, wN (7.7)

1;cc

where Z extracts the local counterterm of each Feynman diagram contributing to eq. (7.4).
To this end, we apply the R* operation [63—66], using a formulation that is valid for a
general Feynman rule of the inserted operator [67-70]

1;cc

z [5r< )} = —K.R* [7;<N>5r§fig ypzo} . (7.8)
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Here 7;,(N) denotes a Taylor expansion operator which extracts the term of order p". The
operation K. extracts the singular terms of Laurent series in €

00 -1
K. [Z fix) Gk] = > fwe", (7.9)

k=—n k=—n

and the operation R* isolates the local counterterm by subtracting all UV subdivergences
and IR divergences. In addition to eq. (7.7), we determined the elements Z%[) of the mixing

matrix using an alternative approach, described in appendix A. In this way we obtain

2 1 3
5Z§22)=—O‘SCA+(O‘S> ¢4 |+ 2 35}+<0‘8> 03[ L

24¢2 + 48 € 48¢

4 2¢ Am Am AT 439263

1 (2807 35 5¢2 1 16759 11 377 5 652
( £F+5F>+€<_ G 3TTEr  5GEr gpﬂ

2\ 864 216 ' 288 7776 72 1728 72 1728
+0(ad), (7.10)
Ca as\ 2 97 133 8641 as\? 9437
szW Qs bA (8) o2 _ } (8) o3 | 220
12 41 12¢  \47 A 174002 ~ 320¢ T 86200¢] T \an 418640063

1( 1520341 853§F) 1( 166178237 (3 +371995F+37§3§F)]
€

€2 \| 15552000 = 86400 466560000 2400 ' 648000 9600
+0(a?), (7.11)

2
57 _ as Ca (%) 2 653 N 19¢r 185093]

O(a?). (7.12)

127 745306 \4n 10080€2 ' 20160¢ = 4233600¢

Here £ = 1 — £ is the gauge fixing parameter, such that £ = 0 recovers the result in

Feynman gauge.
In order to extract the terms Z{JZ-V;QQ), we compute the counterterms of three- and four-

point correlators, depicted in the second and in the third columns of table 6, respectively.
For this purpose we consider the three-point Green’s function
(Pz(;]:E)g)Zbc(gafvp17P2) = /ddﬂ?ldd@ddmg eP1(@1=23) gip2-(@2—T3)
X (0T [ (@1)2 (22) AL, (25) O™ (0)] [0, (7.13)

)

which is expanded as follows:

(Fgﬁgg)zbc (9,6, p1,p2) = 9[ (PE?ZQ;“)TC (p1,p2) + 2 (FEfQ;"):bc (&, p1,2) <Z;>r] ;

(5F§fgg) :bc
(7.14)

where we separated the tree-level contribution from the loop corrections, similarly to
egs. (7.5) and (7.6). The counterterm of eq. (7.13), with an insertion of (’)gN), reads

abc abe
z {(Mgﬁ;g)u } = 02,207 3" 024y (10" (7.15)
k>1
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The terms g(F,(f]\gf)Zbc are ghost-antighost-gluon vertices generated by each operator O,(CN),

with £ > 1. Notably, there is no such counterterm for N = 2, as it can be seen by inspecting
(’)52) ineq. (5.3). For N = 4, the operator (954), given in eq. (5.13), generates both the ghost-
antighost vertex and the ghost-antighost-gluon vertex. Therefore, the same counterterm
52 will suffice to renormalise both egs. (7.7) and (7.15). For consistency, we verified that
52?2 extracted from eq. (7.15) agrees with the result in eq. (7.11). For N = 6 we find

abc abc abc
2 |(000,)" | =922/ Z0 |23 (T05) " 62 (E20) ] ()
j j p

which can be solved for 5Z{%), upon computing the left hand-side, by means of the R*

operation, and by replacing the result for (5Z§62), given in eq. (7.12). We get

2
528 = s Ca (Z‘) 2
T

2021 n 235813
40320€2 ~ 8467200¢

+ O(gF)] + 0(a?), (7.17)

where we performed the calculation in Feynman gauge, dropping terms proportional to &f.
Finally, we determine the remaining elements of the mixing matrices for operators (’)54)
and (’)56), by computing the counterterms of the four-point functions

N
( 'E;cé)gg)zlz)fd(ga fvplap% p3)

_ /ddxlddwgddxgddw4 6ip1-(:t1fx4)eip2-(w2*564)eip3'(x3*x4)

X (O[T [ (21)2 (w2) AL, (w5) Al(24) O (0)] [0}, (7.18)

i

N),0 abed i N),r abed Ol r
= 92 [ (Fz(;cé)gg> (p17p2,P3) =+ Z (Fz(';cé)gg)u (57]71,172,173) (47_‘_) ‘| . (719)

e r=1 v

(6T yabed

1;¢cCgg
The counterterms of eq. (7.18) are given by
abed

(N) \abed] _ (N) (p(N),0
z [(ﬁl;@g)uu ] — P727.7 ;521 N (Fk@gg)w : (7.20)

By specialising the equation above to N = 4, we find that it receives only one contribution
from the vertex associated to the operator O:(;l), written in eq. (5.14). We get

4 abed 4 4),0 abed
z {((wg;g@g)w } — §? 7227567\ (pg,g@g)w , (7.21)
which leads to o C
§Z =22 24 1 0(a?). (7.22)

137 4r 24e

For N = 6, all operators Ol@l contribute to eq. (7.20). By plugging the known results for

6Z§62) and 52@, given in eqgs. (7.12) and (7.17) respectively, into eq. (7.20), we get

izl = =G+ 0(). oA = o). i —o(et). )
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The terms of O(a?) contribute to renormalise (’)gG) only at four loops, because they arise

from divergent four-point subdiagrams at two loops, such as the one depicted in the botton
right entry of table 6. In this work we renormalise the gauge invariant operator of spin
N =6 up to three loops and therefore we don’t need to compute such contributions.

Eqs. (7.10)—(7.12), (7.17), (7.22) and (7.23) include all off-diagonal terms of the mixing
matrix 62111-\7 , which are required to renormalise the gauge invariant operators (’)gN) at
N =2and 4 u(l?v ;50 4 loops and N = 6 up to three loops. The calculation of the physical

1

contribution Z;77’ is described in the remaining part of this section.

7.2 Renormalisation of physical operators

)

The renormalisation constants Zﬁ[ , which determine the anomalous dimension of the

gauge invariant operator via eq. (7.3), are best extracted from correlators of the background
field B. Using the definition in eq. (6.14) and the definition of the gauge invariant operators
in eq. (2.18) we have

ab ab
(i) (9.69) = (1) (9,6, p)AM . AN (7.24)

Vv V1Vl N

The renormalisation of eq. (7.24) requires a single counterterm

2[(r00) ] =z 2 (rU08)". (72)

1Z8%) vivz

N)

where (F(l;BB)ab

viv2

is the tree-level contribution to eq. (7.24). In practice, applying the R*
operation becomes computationally challenging at higher loop orders or higher N-values.*

Instead, we renormalise the bare Green’s functions, which are defined by using bare fields
(including (’)Z(N)’b) and bare parameters in eq. (6.14). We compute the scalar quantities

(5a1a2 gulugH]l\lflnﬂN(p) ( (N) )a1a2

Ny d-1) i;BB (98,¢B,D), (7.26)

'y ?) =
+.58(98,€B:P") VIV N
where d = 4 — 2¢ is the dimension of spacetime and N4 the dimension of the adjoint
representation of the gauge group. HA'""V(p) are the harmonic tensors introduced in
refs. [20, 71, 72], which project the Green’s function on its symmetric and traceless com-
ponent. The harmonic projectors are defined to satisfy

YN () gy =0 and - H I (p) = H Y ()i
HJL\'I[I---,U»N (p)pﬂN — H]lt[l_uiMN—l(p) p2’ (7.27)

and they are explicitly constructed in [20]. We generated all the Feynman diagrams that
contribute to eq. (7.26) with QGRAF [73], we performed the color and Lorentz algebra with
inhouse code, which is written in FORM [61] and makes use of the package COLOR [60].
All the Feynman integrals that contribute to eq. (7.26) are massless two-point functions,

4The mass dimension of the operator increases with the spin, as d = N +2, and therefore also the degree
of divergence of the Feynman diagrams of eq. (7.24). This requires to compute high order terms in the
Taylor expansion of the diagrams, see eq. (7.8), which can generate large numbers of terms.
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also called p-integrals [74-77], which we computed with the code Forcer [78]. In order to
renormalise eq. (7.26), we separate the tree-level from loop contributions

) 0 + T Wp(om,€p),  fori=1
Ui 5p(9B,8B) = ST , (7.28)
+55(98:€B), for i # 1.

where we omit the dependence on p?, which can be reconstructed via dimensional analysis,
and with

- Qs B "
5F§BB (98:¢B) = Z ZBB (477) . (7.29)

where a; g = g%/(4r). Upon considering Fg B)B(gB,gg) in eq. (7.26), we find the renor-

malised correlator to obey

K [ZB {Zg)rgj;\gB(ngﬁB) +> VAN 5F§59)B(93753)H =0, (7.30)
i1

where Zp = 5 is the renormalisation constant of the background field [52, 53]. Eq. (7.30)
g
(N)

can be solved in terms of the renormalisation constant Z;’ of the gauge invariant operator.
Using identities egs. (7.1) and (7.28), we then get

5Z{1)FEAEB = —7K ZBZZM 5FEBB(QB,§B)] . (7.31)
i>1

(N)

The equation above holds to all loop orders. The renormalisation constants Z,;/;, on the
right hand-side of eq. (7.31), are required to renormalise sub-divergences of Fg; B) > Which
involve quantum gluons and/or a ghost-antighost pair. Each sub-divergence is proportional

(N)
i>1
Zfi) has been computed, as shown in table 7. The diagonal renormalisation constant,

6Z§]¥), appears on both sides of eq. (7.31). However, we notice that the Zﬁ[) appearing

to one of the unphysical operators O This determines the maximal loop order at which

on the right hand-side is multiplied by 5F§]\gB (9B,&B), which starts at O(ay). Therefore,

q. (7.31) allows us to compute Zfl) at L-loops, given the knowledge of Z( ) at 1 <

L loops as discussed before. We plug the [-loop values of Z{ i ), given in egs. (7.10)—
(7.12), (7.17), (7.22) and (7.23) respectively, into eq. (7.31). After computing the relevant
correlators 6I‘Z-;]}; 5(9B,&B) at the required L — [ loop order, we find

27 =1+0(a3), (7.32)
(4) as 2104 <as>2 ) (28 7121> <a3>3 5 ( 1316

2 =14+= = = = -
= e Tar) “4 e Tooe) Tlan) G4 (Tiise

151441 103309639 ag\* (., [11186 1512989 5437269017
T 450002 T 4050000¢ ) (47r) { [562564 * 15000068 162000000€2

1 <1502628149 1146397¢s 1264”5)] N daa <21623 3899¢s 1512 45)}
13500000 45000 5 N4 \ 600¢ 15¢ 5e

+0(ad), (7.33)

€
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79 =1+

s 83C (%)202 ( 7885 1506899) . (%)303 (_ 465215

ir e ' \4r) “A\1176 T 148176¢) T \dx) T4\ 14817663

243375980 96390174479 s
)+o(a).

7.34
18670176¢€2 + 2613824640¢ s ( )

where das = d$*°4d$bed| with d3**? defined in eq. (3.21). As a check on our calculation, we
verified that all non-local divergences of the form 1/¢? log?(u?/p?), which appear in the bare
correlators, cancel upon combining the required counterterms. Furthermore, we verified
that the dependence on the gauge parameter £ cancels up to three loops in eqgs. (7.32)
and (7.33). The O(a?)-terms in those equations were computed only in Feynman gauge.
Similarly, the calculation of the O(a2)-terms in eq. (7.34) was performed in Feynman
gauge and the cancellation of ¢ was verified to two loops. The result Zﬁ) =1, in eq. (7.32),
agrees with the findings of refs. [79, 80], which imply that (9%2) does not renormalise to all
orders. Finally, by extracting the anomalous dimension (V) as written in eq. (7.3), we

find agreement with the results at three and at four loops given in refs. [20] and [34].

8 Conclusions

In this paper we generalised a method, originally by Dixon and Taylor [37], for the con-
struction of unphysical operators which are required for the renormalisation of Green’s
functions with insertions of twist-two gluonic operators. As one increases the loop order
of the Green’s function more unphysical operators are in general required for its renormal-
isation. The previously known basis was restricted to two-loop calculations, and it was
unclear how to systematically extend it to higher loop order, thereby preventing the OPE
method to be used for calculations of the singlet splitting functions. We have uncovered
a general and systematic formalism for extending the basis to arbitrary loop order. Using
this formalism we then worked out the explicit basis for calculations up to four-loop order
and used it to perform calculations of the N = 2,4 Mellin moments at four loops and the
N = 6 Mellin moment at three loops, obtaining the correct known results.

The formalism we developed can essentially be broken down to a few key concepts.
The first is that we identified the gluonic gauge-variant operators in the Dixon-Taylor
basis with EOM operators, these are not EOM operators of the gauge-fixed Lagrangian,
but EOM operators of the gauge invariant part of the Lagrangian. With this identification
we could easily write down the all-loop structure of the EOM operator. The second concept
is that of a generalised gauge transformation which leaves invariant the Lagrangian made
up of the gauge invariant and EOM operators. Following the works of Hamberg and Van
Neerven [13] and Joglekar and Lee [42] this generalised gauge invariance is promoted to a
generalised BRST symmetry. We then propose that the most general ghost operator can
be written as the generalised BRST action acting on a single BRST ancestor operator. The
ghost operator is therefore identified as an BRST-exact operator in the BRST generalised
sense. This proposition not only reproduces the previously known ghost operators required
at two loops, but we also confirmed that it complies with the theorems of Joglekar and
Lee [42]. Indeed we show that the operators generated with our procedure can be always
written as a sum of a BRST-exact term (in the sense of the original, not generalised, BRST
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transformations) and a term that vanishes on the equation of motion of the complete Yang-
Mills lagrangian, as required by [42].

We explored two further symmetry principles to simplify calculations of unphysical
counterterms. The first is the anti-BRST symmetry which can be used to derive a ghost
anti-ghost exchange symmetry of the ghost operators. This symmetry allows one to drasti-
cally reduce the number of independent unphysical operators. Another symmetry principle
is background field gauge invariance, which we employed in our calculations. Background
field invariance allows to do calculations without unphysical operators at the one-loop level,
beyond one-loop counterterms a number of unphysical operators are however still required
to perform calculations.

The task of computing unphysical counterterms requires the extraction of local renor-
malisation counterterms of Green’s functions containing a ghost anti-ghost pair and mul-
tiple gluons. For instance to determine the anomalous dimension of the gauge invariant
operator at the four-loop level generally requires, among others, the counterterms associ-
ated to Green’s functions containing a ghost anti-ghost pair with two gluons at two loops
and with one gluon at three loops. These quantities can thus not be extracted through
a naive calculation of a self energy diagram. In this work we employed a fully auto-
mated implementation of the local R*-operation, an operation which allows to extract the
counterterms of Greens’s functions of arbitrary many external particles from self energy
diagrams, via the technique of IR rearrangement and IR subtractions. However the R*-
operation becomes very expensive for higher moments, due to the many derivatives and
many counterterms one requires. Already at N = 6 we found that the calculations were
becoming prohibitively time-consuming even with substantial computing resources. It may
be possible with further optimisation to push the R*-approach to higher N, however we
believe that a more streamlined approach could be more promising. We leave further
improvements of this task to the future.

Assuming that the problem of calculating these UV counterterms can be solved ef-
ficiently one can expect that the methods presented here should allow for a much more
efficient approach to computing Mellin moments of gluonic splitting functions at N3LO than
the brute force approach which was currently used [34]. To extend the methods presented
here to singlet splitting functions containing also quarks will require further extensions of
the formalism. We do not believe these to give major complications.
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A Computing anomalous dimension in QCD

It is convenient to spell out also a procedure to compute anomalous dimensions which
does not rely on the background field method, but involves instead only the calculation of
bare Green’s functions with external gluons or ghosts. These were defined in egs. (3.12)
and (7.4), respectively, and they read

<F(2>:Z =AM AP (F(mfulw : (A1)
(0™ = A amy (0N (A2)
BN

We compute these correlators with the help of FORCER, after applying harmonic and colour
projectors to reduce egs. (A.1) and (A.2), as described below eq. (7.26)

(N) gy _ 04192 g2 HI-EN (p) vy araz
T = - A3
ba 9:8,7%) = "= (T80 ) o (A.3)
612 ajaz
Tied (95.€6,p%) = —— H" ¥ (p) (T30) (A.4)
A M1 -UN

By definition, the ghost correlator I';..z doesn’t vanish at tree level, only if we consider
insertion of the operator OéN), which is chosen to contain the term OE}N) -1 eq. (4.22), as
we have done in the construction of operator bases for N = 2,4 and 6 in egs. (5.3), (5.13)
and (5.30). The gluon correlator Fg;];[; receives contributions at tree level from both the
gauge invariant operator (’)gN) and from OéN), which includes the term (’)gg))l\’/}, eq. (3.13),

related to OgV)’l by (generalised) BRST symmetry. We get

(N),0 .
'™ (gp,¢5,p%) = {F”’g)( )+5F’99(93’£B’ Y fori=1,2 (A.5a)
9 g(gB7£Ba ) for 4 > 2
(N),0 -
FE'JZE)(QB7637PQ)— {F’Lcc)( )+5F (gB’é-B p ) fOI‘Z‘—Q (A5b)
’ 6(937537 ) fOI"L?é2.

(N)

In order to compute the renormalisation constant Z,7’, we renormalise the bare correlators

g g)g and Fg c():, where we inserted the gauge invariant operator OgN)’b

N
K |Z3)  Zu Fg;gg)(gBﬁBaPQ) =0, (A.6a)
i>1 |
Ke ZCZZIi FZ(;]ZE)(QBangp2) =0. (A6b)
i>1 |

We separate the contributions of the tree-level terms and of the loop corrections to the
Green’s functions, according to egs. (A.5a) and (A.5b) and we solve the equations above
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for ZO) and Z). We find
.
ZiTN0 4 57,0 — g Ke |23 2 o0 (g5, €5.07)| (A7)
i>1
.
6Z1 21—‘%];\07%,0 = _7 Kg Zc Z Zli 6F§’];[E) (gB)€B7p2) . (AS)
¢ i>1

We solve the equations above order-by-order is a;. Provided we have knowledge of the
renormalisation constants ijiv) up to L — 1 loops, which enter the right hand-side of both
egs. (A.7) and (A.8), we determine 6Z§]¥) to L loops by means of eq. (A.8). We applied

this method to compute ng)

in egs. (7.10)—(7.12) with complete dependence on the gauge
parameter £. Finally, by replacing 5Z£];/) at L-loop in the left hand-side of eq. (A.7), we

determine the renormalisation Zﬁ[) to L loops.
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