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1 Introduction

The study of the AdS3/CFT2 correspondence on the string worldsheet has recently seen
a revival. In the cases where the geometry is realised without any Ramond-Ramond (RR)
background fluxes, several exact computations can be efficiently performed by CFT tech-
niques [1]. Things are more complicated in the presence of RR fluxes. There, it seems
much harder to extract exact predictions from the theory, even when employing fairly
sophisticated approaches [2]. On the other hand, the theory is classically integrable in
the presence of arbitrary combinations of RR and Neveu-Schwarz-Neveu-Schwarz (NSNS)
fluxes [3]. This raises hope that integrability may allow for a complete understanding at
least of the planar spectrum of the theory, similarly to what happened for AdSs x S° su-
perstrings [4, 5]. We refer the reader to [6] for an overview of the early developments in
the integrability approach to AdS3/CFT2.

Very recently, the thermodynamic Bethe ansatz (TBA) equations for “mirror model” [7]
of the AdS3 x S3 x T* superstring (which is the prototypical AdS3/CFT2 setup) have
been formulated in [8].) These equations are meant to exactly capture the finite-volume
spectrum of the theory, unlike the Bethe-Yang equations (which instead only capture the
“asymptotic” spectrum, up to the so-called wrapping corrections). Still, to study in detail
the mirror TBA it is important to have a detailed understanding of the asymptotic model,
in the string and mirror theory. One important ingredient are the features of the so-
called Y-functions, which are central object to be determined by solving the mirror TBA
equations. Typically, these features are determined starting from the large-volume theory,
where the asymptotic solution can be qualitatively trusted, see e.g. [13—15] for the case of
AdSs x S°. In practice, understanding the asymptotic Y-functions requires knowing the
eigenvalues of the transfer matrix for fundamental particles and bound states.

Our main motivation is therefore to work out these eigenvalues, both in the direct
and mirror model. While the Bethe-Yang equations for the AdS3 x S® x T% model are
well-known, having been derived in [16] based on [17], the transfer matrix has not yet been
studied in complete detail. One reason is that the Bethe-Yang equations were originally
derived in the “nested” approach, cf. [18], which is less convenient for deriving the eigenval-
ues of the transfer matrix. For this purpose, the algebraic Bethe ansatz is a better choice,

and it is what we shall use here.

The algebraic Bethe ansatz for AdS3 x S3 x T* was also discussed, to a limited ex-
tent, in [19]. There, the authors were mostly focusing on the protected states of this
model [20, 21], and therefore carried out their construction only in one sector of the the-
ory (the one where all particles are massless). Here, we are interested in a more general
discussion of the model, both in the string and mirror theory. Note also that the transfer
matrices of AdS3/CFT2 were studied recently in [22] through a map to free Fermions. The

!More specifically, the mirror TBA of [8] was formulated for pure-RR setup. The case of pure-NSNS
backgrounds, which was already understood by worldsheet CFT, can also be described by the mirror
TBA [9-11]. The mixed-flux case would require new insights on the dressing factors of the model, most
likely building on the recent proposal of [12].



presentation of those results was rather implicit, and we feel that it is appropriate to work
out the full structure of the transfer matrix of this model.

The derivation of the algebraic Bethe ansatz for models of this type is by now well-
understood [23, 24]. There are however a few peculiar points for the AdS3 x S3 x T4
superstring that are worth investigating in some detail. First of all, the fundamental
particles of the theory transform in several irreducible representations of the symmetry
algebra [25]. As we shall see below, these are called the “left”, “right” and “massless”
representations. In the algebraic Bethe ansatz, we want to construct eigenstates of the
transfer matrix by acting with a suitable creation operator, conventionally called B(y),
where y is some suitable rapidity which parametrises the operator’s action. Considering
the several irreducible representations, we have the possibility to act with several types
of B operator, like By (y.) in the left and By (yg) in the right. In order to construct the
states it is important to check whether this action always results in distinct states or
not. This is crucial to correctly account for the degeneracy of states, which in turn is an
important ingredient in deriving the TBA equations. We will show that, in fact, the action
of these two creation operators is not independent. In other words, if yx(y.) is a suitable
function of y,, then the states created by By (y.) and Bg(yr(y.)) are proportional, and
should only be counted once. This was already argued in [17] based on the nested Bethe
ansatz construction, but the more rigorous framework of the algebraic Bethe ansatz allows
us to present a more convincing proof.

Another point which has not been discussed much in the literature is the derivation
of the Bethe equations and transfer matrices for the string viz. mirror bound states of the
theory.? As we will review, this model can have “left” bound states and “right” bound
states. With respect to AdSs x S° the bound-state scattering is substantially simpler
because the dimension of the bound-state representation does not grow with the bound-
state number [26]. As a result, it is not necessary to work out a generating function of
the transfer matrix like e.g. in AdSs x S° [27] (though it might be interesting to revisit
that construction for AdS3 x S% x T*), and the derivation of the bound-state transfer
matrix is fairly explicit both in the string and mirror models. These two models are
related by analytic continuation [7, 28]. Moreover, the string and mirror bound-states sit
in inequivalent representations (this is also the case in AdSs x S° [7]). We will see that we
can account for this last fact by swapping the grading of the left- and right-representation
when going to the mirror model.

Having understood the transfer matrix of the string and mirror model, it is relatively
straightforward to extend this discussion to the twisted transfer matrix. In this case,
instead of obtaining the transfer matrix as the (super)trace of the monodromy matrix, we
consider a twisted trace, where the twist is a generic element of the Abelian subalgebra of
the symmetry algebra of the theory. Physically, this twisted transfer matrix captures the
physics of orbifolded and TsT-transformed backgrounds [29], see e.g. [30] for a review.

2The Bethe equations for mirror bound states were recently derived in [8] as an intermediate step in the
derivation of the mirror TBA.



This paper is structured as follows. In section 2 we briefly review the particle content
and symmetries of the model. In section 3 we discuss the building blocks for the algebraic
Bethe ansatz construction (exploiting the factorised structure of the symmetry algebra),
which we use in section 4 to derive the full algebraic Bethe ansatz and transfer matrices
of the full model. In section 5 we consider the most general model twisted with Abelian
twists. We discuss the outlook of this work in section 6. Finally, in appendix A we collect
some useful observations about bound states and in appendix B we show how to correctly
identify the independent auxiliary excitations of the model.

2 Particles and representations

We begin by reviewing the particle content of the worldsheet theory for AdSs x S3 x T4,
As discussed in [25, 31], the fundamental particles of the model fall into four irreducible
representations of psu(1]1)®4 centrally extended. The representations are four-dimensional,
for a total of 16 fundamental particles, as expected for strings in lightcone gauge. As we
shall see, it is actually convenient to build these irreducible representations out of tensor
products of two-dimensional representations of a smaller algebra. This is analogous to
how representations of the fundamental excitations of AdSs x S° are constructed, with
the important difference that here we deal with several irreducible representations, rather

than one.

2.1 Lightcone symmetry algebra and central charges
The algebra is given by
{Q*.Ss} =93 H, {Qq. 8"} =3 H,
{QQ,Q/B}:(SE‘ ; {Sa7§6}:6567

with @ = 1,2 and 8 = 1,2. We are interested in the unitary short irreducible representation

(2.1)

of this algebra, which are four dimensional and obey the conditions
HH=CC, S,=(Q)", 8§ =(@Q.'. (2.2)
Following this, it is convenient to introduce the lightcone energy E and the u(1) charge M
E=H+H>0, M=H-H. (2.3)

It turns out that the eigenvalue of C (and thus of C = C*) depends only on the
parameters of the theory, and not on the type of particle. In particular we have [16]

., o
C:C:%wﬂqn. (2.4)

Here h > 0 is the amount of RR flux of the theory, and p is the worldsheet momentum of
the particle. It is the eigenvalue of M that distinguishes different types of particles, namely

M=ml, meZ. (2.5)



Here m labels different types of particles (it is the sum of the spin on AdS and on the
three-sphere [6]). In particular we have®

e One “left” representation with m = +1, containing four particles which we call Z,Y
(a Boson in AdS and one on the sphere, respectively) and ¥®.4

o One “right” representation with m = —1, containing four particles which we call Z,Y
(a Boson in AdS and one on the sphere, respectively) and v,

e Two “massless” representations with m = 0, distinguished by an additional index c.
Altogether, they contain four 7% Bosons 7%* and four Fermions y¢, ¥?.

Additionally, it is possible to construct bound-state representations. They come in two
families:

e “Left” bound-state representations, with m = 42,43,..., containing two Bosons
and two Fermions each.

e “Right” bound-state representations, with m = —2,—3,..., containing two Bosons
and two Fermions each.

These representations can also be constructed from taking the tensor product of fundamen-
tal-particle representations and imposing suitable constraints in a way which we will detail
below. The construction can be performed both for the string theory and the mirror theory,
though it is not identical.

2.2 Factorised structure and representations

The representations which we want to consider can be obtained from considering a smaller,
algebra, namely [34]

7S :H7 ~7§ :ﬁ7
{q~} {a ~} H 26)
{a,a} =C, {s.s} =C,
which is related to (2.1) by setting
Q1:q®1’ Q2:E®q, SIZS®1, SQZZ®S, (27)
Q =01, Q=3vq, S'=i21, §2=2s, '

where ¥ = (—1)F is the Fermion sign.

The short representations of the algebra (2.6), which also satisfy the shortening condi-
tion (2.2), are two-dimensional. We need the following types of representations, which we
denote as (highest-weight |lowest-weight):

pr = (Pulen) pr = (Prl¥r) po = (Polps) - (2.8)

3The eigenvalues of m would take different values for theories supported by a mixture of RR and NSNS
fluxes [32, 33].

4The index « is the same labeling the supercharges, and it corresponds to an s5u(2) automorphism,
so-called su(2),.




Here the first state ¢ is the highest-weight state, and the second ¢ is the lowest-weight
one. In some cases, we will take ¢ to be a Boson (and ¢ a Fermion), or viceversa. When
this distinction will be important we will add labels B and F as appropriate. Notice that
changing the statistics of the highest-weight state results in an inequivalent superalgebra
representation. The representations of type p, have m = +1,42, 43, ..., those of type pr
have m = —1,—2, -3, ..., and those of type p, have m = 0.

Left representation. The explicit form of the representation in the basis (¢y, ¢r) is®

00 0a 00 0b
— g S = - q = 2
qL <a0>7 S, (0 0)7 S, (b 0> ’ qL <00> ) ( 9)

where the coefficients depend on the momentum p and satisfy (a(p))* = a(p*), and similarly
for b. We will define the representation parameters below. For fundamental particles in
string theory, we will be interested in the case in which ¢, is a Boson.

Right representation. In the basis (¢g, ¢r) the representation is

00 0b 00 0a
p— p— S p— 0l p— 2.10
qR (b 0) 9 SR (O O) 9 SR (ELO) 9 qR <00> 9 ( )

which differs from the left representation by the swap a <> b, which amounts to swapping
the role of left- and right-supercharges. For fundamental particles in the string theory we
will be interested in the case where ¢y is a Fermion.

Massless representation. The massless representation, in the basis (¢, ¢,) can be
obtained either from (2.9) or (2.10). In fact, by using the explicit form of a,b,a and b
which we give just below, it is possible to show that when m = 0 the limit of (2.9) is
isomorphic to the limit of (2.10). The isomorphism is simply the rescaling of say ¢ by a
sign [16]. To describe the massless particles of the string theory we need both the case in
which ¢, is a Boson and that when it is a Fermion.

Representation coefficients. The representation coefficients, which implicitly depend
on the mass m, are

a=nec, a= e_%pne_ig,
i 2.11)
P _ 1 , (
b=—"pet,  b=——e ¥,
x x

where ¢ is a representation parameter useful to build the two-particle representations [4],
and we introduced the functions n = n(p,m,h) and z*(p,m,h) (we will often omit the
dependence on the arguments). We have

i h
n = ei? %@f_xﬂ, (2.12)

5The subscripts “L” and, below, “R” indicate which (matrix) representation we are considering.



with

|m| + \/m2 + 4h2sin?(p/2)
B 2h sin(p/2)

In particular, using these expressions, we find that the energy takes the form

+

@ etor . (2.13)

o~ hf, 1 1 TR
E:aa—kbb:%(x —F e +m>:\/m + 4h?sin®(p/2), (2.14)
and the mass

- h 1 1
m==+(—-bb)=+— (27 4+ — -2~ — — ), 2.15

( ) 2i ( + xt x‘) (2.15)
where in the two last equalities we pick the plus sign for left representations and the minus
sign for right representations. Note that for m = 0 we have aa = bb as it must be. We

also have

X

o + 1 .
C= 6215% <x - 1) = 622£% (e’p — 1) ; (2.16)

and C = C*. We see that in the one-particle representation we may set & = 0.

Fundamental particles. It is worth to briefly review how the fundamental particles,
which tranform under psu(1|1)®4, see (2.1), arise from the various psu(1|1)®? representa-
tions constructed above. We have that the four “left” particles with m = +1 come from

m=+1:  (¢ller) ® (or]er)- (2.17)

Here B and F denote Bosons and Fermions, respectively. The highest-weight state, ¢p @ ¢F,
is a Boson on the three-sphere; the lowest weight state, ¢f ® ¢f is a Boson on AdS;
the two remaining states are Fermions. It is easy to verify that this is indeed a four-
dimensional short irreducible representation of psu(1/1)®4 see (2.1). Similarly, for right
particles we have

m=—1: (Prlen) @ (Pklpn) - (2.18)

Here the highest-weight state is an AdS Boson, namely ¢f @ ¢k, and the lowest-weight state
is a sphere Boson. Finally, we have eight massless particles, transforming in two irreducible
representations:

m=0:  [(95lel) @ (851eE)| @ [(hlel) @ (B1eh)] - (2.19)

The highest- and lowest-weight states here are Fermions, and the four Bosons are the
coordinates of the four-torus. We will see that similar patterns are valid for bound states,
with |m| =2,3,4,....

2.3 Bound states in the string and mirror theories

In order to discuss the bound states of the theory it is first necessary to describe multi-
particle representations. Here some care is needed because we expect the multi-particle
eigenvalue of C' and C to be [31]
o= (elerttpe) — 1) (2.20)
2 )



and C = C*. This can be achieved by appropriately choosing the representation parameters
(&1,...&) or equivalently by introducing a non-trivial coproduct [16]. For the two-particle
representation we can set, making the dependence on (&1, &) explicit,

a(pi,p2) =a(p1,&1 =1) @1+ ®@q(p2,& = 3p1), (2.21)

where q is any of the supercharges in any of the psu(1/1)®? representations introduced
above. For generic values of pi, pa, these are four-dimensional long irreducible representa-
tions psu(1]1)®2.6 However, for special (complex) values of pi, pa, the representation may
become reducible (but indecomposable), and reveal the existence of a short bound state
representation of dimension two. The name “bound state” is justified not only by the
complex momenta, but by the fact that there are poles in the S matrix corresponding to
such values of the momentum. Additionally, the existence of these bound states can be
also verified semiclassically.

General structure of the bound-state representation. Let us start by writing an
explicit base of the two-particle representation, starting from the long four-dimensional
representation. We have

p® ), ¢ ® @), lo® @), lo® ), (2.22)

where the first element of the list is the highest-weight state and the last is the lowest-
weight state. There are two possibilities to find a short (two-dimensional) irreducible
representation within this module. Firstly, observe that any two-dimensional irreducible
representation must contain exactly one Boson, which may be either |¢p ® ¢) or |p ® ¢).
Hence, the two choices are:

1. The short representation contains |¢ ® ¢), which must be its highest-weight state, in
which case the other linearly independent state is the descendant q |¢ ® ¢).

2. The short representation contains |p ® ¢), which must be its lowest-weight state, in
which case the other linearly independent state is the ascendant s|¢ ® ¢).

We will see that we will need to pick either option depending on whether we are dealing
with left or right bound states, and whether we are in the string or mirror theory.

Bound states in the string theory. The bound states in the string theory arise upon
imposing the condition

x”(p1) = 2" (pa). (2.23)

Let us firstly verify the value of the central charges. By using (2.21) it is easy to see that

Eo=E®R1+1QE, Mo=M®1+1M, (2.24)

SThese representations have nothing to do with the short representations of psu(l\l)694 introduced
e.g. in (2.17), and should not be confused with them.



meaning that energy and mass are simply additive, and the parameter £ plays no role.
Hence we find the energy

B~ Bp) + Blpn) = 5 (%00~ s —o 0+ =) (229)
and the mass
h 1 _ 1
m=my+my = i% <$+(p1) + ey " (p2) — x—(p2)> ; (2.26)

where again the sign depends on whether we are considering two left particles, or two right
particles. There are no physical bound states involving one left and one right particle. For

o= <x+(p1) - 1) , (2.27)

2 \z7(p2)

the remaining central charge

and C = C*. Clearly this representation has the same central charges as one of the
representations constructed above with p = p; + p2, m = m; + mo, and

et (pr;m1) = 2" (p,m), a7 (p2; ) = a” (p,m). (2.28)

This can also be nicely expressed on the u-rapidity plane, see [12]. For our purposes, this
is almost sufficient to completely determine the representation that we need to consider.
We just need to figure out whether the highest-weight state is Bosonic or Fermionic. This
can be directly verified by constructing the representation space, as we do in appendix A.
However, an easier way to reach the same conclusions is to recall that, physically, the bound
states are related to the dynamics on the three-sphere [26] much like in AdS5 x S° [35]. In
other words:

1. A bound state of two left particles should contain

|Pr @ ép) ~ |91 (p1,p2)) (2.29)
and the other state must be the descendant
qler ® ¢r) = alp1) lep @ o) + a(p2) 197 @ ¢f) - (2.30)

Hence this module is of the type (¢F|of).

2. A bound state of two right particles should contain

[or ® ¥n) ~ |@r(p1,p2)) (2.31)
and the other state must be the ascendant
slpn ® ¢n) = a(p1) [ @ ¢r) + a(p2) [er @ or) - (2.32)

Hence this module is of the type (¢} |pn).

Because of the signs that appear in the linear combinations above, both of these choices
are called symmetric bound state representations. In short, we have found that the (left
and right) bound-state representations of the string theory have exactly the same form
as the (left and right) fundamental-particle ones, up to changing the value of m in the
parametrisation of z*.



Bound states in the mirror theory. The kinematics of the mirror theory is rather
different from that of the original theory, see [7, 28]. Still, it is possible to obtain the
mirror representations and S matrix from the analytic continuation of the original theory.
Therefore, we can formally obtain much of the construction of the mirror theory from the
one of the direct theory up to an analytic continuation. One important difference between
the mirror theory and the string theory is which bound states are allowed [8]. In fact, in
the mirror theory we have

a"(p1) =2 (p2). (2.33)

It is easy to see, as we discuss in appendix A, that this condition selects a different subspace
of the two-particle module with respect to the string theory. In particular, we find that

1. For left particles, the bound state representation is of the form (¢ |pF), with opposite
grading with respect to the string theory.

2. For right particles, the bound state representation is of the form (¢f|p5), again with
opposite grading with respect to the string theory.

2.4 S matrix in the string and mirror model

We have seen that, when going from the string to the mirror model, we should reverse
the grading of the highest-weight state in the left and right representations. To avoid
repeating the analysis of the transfer matrix in the two cases, it is worth determining how
the S matrix changes under this flip of statistics. Unsurprisingly, this boils down to flipping
the sign of certain S-matrix elements.

S matrix from the symmetries. To begin with, let us recap the structure of the
S matrix, which is split off in left-left, right-right, left-right, and right-left blocks.” We
will work with the two-dimensional representations of su(1/1)®? centrally extended, so
that each block will act on a four-dimensional vector space. Each of these blocks, denoted
by Sip (25, 23), Ser (25, 25 ), Spr (27, £3), and Sy (21, #3) will have to obey the invariance
conditions, which e.g. for LL read

SLL(xiE, xét) QLL<3«"%,$§t) = QLL(UC;#’«"T) SLL(IB{EW;) )

SLL(%ia@t) SLL(»’U%@%) = SLL(l‘in%i) SLL($1i7ﬂZ2i) ) 9234

S + 4\~ + A\~ £ ,.5)g + .+ (2.34)
e (27, 23) Quo (27, 23) = Quu(zy, 27) See (27, 23),

SLL(%ia!EQi) §LL(5L”1i7952i) = gLL(l'in%i) SLL(ﬁE»fCQi) )

while for e.g. LR they read

SLR(xicaxéc) qLR(xi‘:?xét) = qRL(xét,xf) SLR(xicvai) )

SLR(ﬁEﬂUf) SLR(%i’x%E) = SRL@%@%) SLR(ﬁEafﬁ) ) 9 35

S(acixi)~ + 4\~ + ,5)g + 4 (2.35)
Lr\T7 , Ty CILR<331 y Lo ) = qRL(xQ , L1 ) LR(xl y Lo )7

1T3)

"We can similarly also define the blocks involving massless particles, which can be obtained as limits of
left particles. In that limit, the representations and the S matrix depends only on " while x~ = 1/z™.

~10 -



Here and below we will be parametrising the S matrix in terms of the Zhukovsky vari-

* rather than of the momentum p (or the rapidity u). While the Zhukovsky

ables x
variables are constrained (unlike p or u which are unconstrained), they are quite useful
because the expressions which we will encounter will be rational when expressed in the

Zhukovsky variables.

Left-left block. Using the above equations it is possible to determine the various blocks
of the S matrix. For instance, when both particles are in the (¢P|¢]) representation, which
is the case in the string (as opposed to mirror) theory, we have

S |¢51¢52) = Alj |¢E,2¢il>7 S|¢E,1SDE,2> = Ifé‘@i%bﬁﬁ + C1LQL|¢E,280£,1>7

(2.36)
S ‘905,1905,2) = FleL |SOE,280€,1>, S |905,1</5E,2> = %WE;‘PE,O + E%2L’SOE,2¢E,1>,

where the six coefficients on the right-hand side can be determined up to an overall nor-
malisation, see for instance [36] for a summary in this notation.

Left-right block. In a similar way, we can determine the other blocks. For instance, the
left-right block, when the left representation is as above and the right is (¢f|¢R) (again,
like it is the case in string theory), we have

S ’¢E,1<Pg,2> = A%2R|90FBL,2¢E,1> + B%2R|¢§,2<PE,1>7 S \¢LB,1¢E,2> = C%? ‘¢g,2¢§,1>,

(2.37)
S’S"E,l‘?ﬂ,ﬁ = E1L2R|¢§,2<PE,1> + Ffﬁ‘ﬁﬁ,ﬂil% S |<PE,1<PFB<,2> = ﬁ{ ’¢§,2‘PE,1>-

Other blocks. The other blocks, including those involving massless particles, can be
found e.g. in [36], and we will not report them here.

Highest- and lowest-weight states in the mirror theory. Suppose that we have
worked out the S matrix for the string model, as indeed it has been done in [16], see
also [36] for a concise illustration of the results. We now want to work out the S matrix of
the mirror model. Following [7], see also [28], we know that we may analytically continue the
Zhukovsky variables to do so. However, we have seen that the grading of highest- /lowest-
weight states is reversed with respect to the string model. Effectively, in the two-particle
representation (2.21), we want to reverse the highest- and lowest-weight state. In other
words, a representation of the form (highest-weight |[lowest-weight) (¢®|p") takes the form
(¢"|p®). This does not mean that the statistics of the particles is flipped, but rather that
the highest- and lowest-weight states are reversed, ¢® < ¢® and ¢" <> ¢". In practice,
because our model involves both left- and right-representations in the string model, which
have opposite highest-weight states, going from the string to the mirror model amounts to
exchanging the left- and right representation.

Full S matrix. The full S matrix scatters four-dimensional irreducible representations of

psu(1]1)®4 c.e., rather than two-dimensional representations of psu(1]1)®2 c.e. as described

8

above.® Due to the factorised structure described in section 2.1, we have that the full

8The psu(1]1)®? c.e. S matrix is also physically interesting in and of itself, as it yields the worldsheet S
matrix of the AdSs x S® x S x S background [34, 37].
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S matrix can be written block by block, up to a pre-factor, in each block, as a graded
tensor product

SLL(xia yi) & SLL($:E7 yi) ) SLR(ZL':ta yi) & SLR($i7 yi) ) SR (2-38)

where & denotes the graded tensor product: writing the indices as A = ad/, ... D = dd’,
we have

(&SGR = (—1)fw el s 70y (2:39)

where F' indicates the Fermion number of the various excitations. Once again, going
from the string to the mirror model is that the notion of which particles are highest-
weight states and which ones are lowest-weight states is reversed with respect to the string
model. For instance, if on the string model we have as highest-weight states Y ~ ¢F ®
¢® and Z ~ ¢r @ ¢g, in the mirror model it is natural to have instead Y ~ ¢F @ ¢F
and Z ~ ¢ ® ¢p. Once again, a neat way to account for this difference is to say that
the left- and right- representations are swapped when going from the string to the mirror
model. (In principle, the same analysis applies to the massless representations too, but they
are actually indistinguishable as far as one can tell from looking at psu(1]1)®* centrally
extended.) Of course since the notion of the highest-weight state is a matter of convention
(and besides, the model is left-right symmetric), we are always allowed to redefine what
we mean by left- and right.

3 Algebraic Bethe ansatz, factorised

We consider the factorised S matrix which encodes the scattering of the following four
2-dimensional representations

p=(orlel),  pr=(drleR),  po=(d5]vws),  po=(¢5les)- (3.1)

Here we have made a definite choice for the statistics of left and right representations
(denoted by B and F for Bosons and Fermions, respectively), which is the correct choice in
the string model. For massless modes we find it convenient to introduce both possibilities
for the statistics (because both will eventually be needed to construct the complete S matrix
of the string model). This will allow us to explicitly keep track of the relevant Fermion
signs. As discussed in section 2.4, it will be easy to obtain the mirror S matrix (and
eventually transfer matrix) by swapping the notion of left- and right-representations. Note
that both ® and © are massless. When the precise nature of the massless particle is not
relevant? we will use the unifying notation o = {®, ©}.

The only subtlety in deriving the Bethe equations is that we are dealing with several
distinct irreducible representations for fundamental particles, which is a little unusual.
Restricting to the four representations in (3.1), we have 8 single-particle states, and hence
64 states in 4 x 4 = 16 four-dimensional two-particle representations. Hence the S matrix
will be a 64 x 64 matrix with a priori 256 blocks. But due to symmetries, most of these

In particular for the S matrix elements, e.g. when the second particle is massless, AX — ALY = A1f2® =
ALY where the second Zhukovsky variable obeys x4 = 1/xz; .
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blocks vanish. For instance, if one has two incoming particles belonging respectively to pp,
and pg then so are the two outgoing particles, there cannot be the production of a state
in pg or ps. Moreover, there is no reflection amplitude so that (in the notation where the
S matrix permutes the elements of the tensor product) p;, ® pg yields precisely pp ® py.
Hence, we only have 16 non-trivial blocks (all 4 x 4 matrices). Each of these blocks has
only six non-vanishing entries, as it can be seen e.g. from (2.36) and (2.37). Bearing all
this in mind the algebraic Bethe ansatz can be worked out having care of keeping track of
the various blocks.

+

We consider K physical particles with momenta p1,...,px (Zhukovsky variables zy,
j=1,...,K) in the physical Hilbert space H = H; ® --- ® Hx as well as one unphysical
particle with momentum p (Zhukovsky variables z%) in the auxiliary space H, = C?> @
C? @ C? @ C2. Scattering this unphysical particle through all the physical ones gives rise

to the monodromy matrix
M(xi) = SaK(xi, $f<) .. Sal(xi, $1i) ) (3.2)

where the subscripts indicate on which spaces the two-body S matrices act. Notice that
M(z*) also depends on the variables {.Z‘;t} but it will be convenient to simplify notation
and omit this explicit dependence. In auxiliary space, the monodromy is a block-diagonal
matrix with four blocks of 2 x 2 dimensional matrices,

M(z*) = diag(My (%), My (2%), Mg (2*), Mo (%)),

L= = (3.3)
M*(.T:t) _ (?:((xj:)) ,Zb;:((x:l:))> , * € {L, r, O, @}

The entries are themselves operators acting on the physical space (and which could hence
be represented as 2% x 2K matrices). For each representation we define the corresponding
transfer matrix, obtained by taking the supertrace over the auxiliary space, T,(z%) =
STr,M, (2%). Taking into account the grading this gives

T, (2F) = + AL (zF) — Dy (2F), Tr(zh) = —Ap(zF) 4+ Di(zF), (3.4)
To(a") = +Ag(z") — Do (a™), To(2") = —As(z) + De(a™). (3.5)
These are operators on the physical space.
3.1 Commutation relation from RTT relations
The monodromy matrix satisfies the RTT relation
S(2*,y™) M(zF)@M(y™) = M(y*)&M(z™) S(™,y), (3.6)

where & is defined as follows: for two matrices A,¢ and By? one has

(A®B)g = (1)t Fe) 4 cBy (3.7)
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with F; = 0 for Bosonic excitations and F; = 1 for Fermionic ones. Here we summarise
the important commutation relation among the operators acting in physical space. For the
diagonal elements we have

[Au(27), A ()] = [Du(a™), Do ()] = 0, (3-8)

as well as, for instance,'?

A), D)) =~ (B0 ) - B ) (3.9)
A (a%), Duy >]=—EEE(BL v - BuHe ). (3.10)
A@). Do) = — o (BUa)Co () - BorH)Cua®) . (3.11)
A). Do) = + o (Bua)Ca (o) ~ By (). (312)
The commutation relations involving a diagonal element and a raising operator are
A Bu) = LB AGE) + B AT, (31)
Aula®) Bu(y®) =~ DB Aue®) - DB A (310
Aa®) Bolyt) = — o Bolyt) AG) + B Any®), (315)
Aa®) Bolv®) =~ B ) - OB A®). (316)

The same equations hold when replacing A with D. Looking at the right representation,

we have
A B ) = B Anle®) + T B AT (@7)
An(®) Bay®) = B Buly®) Aule®) - DB ) A), (318)
An(r*) Bo() = S Boly) An(a®) + T Bula®) Anly®), (319)
An®) Bolr®) = G Bol®) Aula®) - LB Acly®). (320)

To obtain the commutation relations involving Ag(z%) and Dg(2*) one can just appropri-
ately replace “L” with “©” in (3.13)—(3.16). To obtain the commutation relations involving
Ag(2%) and Dg(2F) one needs to replace “L” with “©” but some signs will be different

1076 simplify notation we have suppressed the arguments of the S matrix elements appearing on the
right-hand side of the various commutation relations. For instance in (3.9) one has C™" = C’I‘L(zi7 yi) as
well as D' = DMzt %),
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due to the fact that the highest weight state is fermionic, leading to
FOL COL

Ac(r®) Buly®) = ~ 5 Buly®) Ac(r®) - T Bae) Aly®),  (3:21)
+ + Der + +  B™ + +
Ao (%) Baly*) = = o Buly®) Ao (o) + 2 Bo(05) Anly®) . (322)
FOO COO
As () Bo(y™) = ~ Do Bo(y™) As(a™) — oo Be(z™) Ao (y™), (3.23)
FOO COO
As(25) Bo(yF) = ~ Do Bo(y®) Ao (z™) + ﬁge@i) As(yF). (3.24)
Other important commutation relations involve two creation operators, like
FLL
Bu(2) Bu(y™) =+ Bu(y™) Bu(a™), (3.25)
DLR
By (%) Ba(y®) = — oin Br(yF) Bu(zF), (3.26)
FLO
By (¢) Bo(y™) = + e Bo(y™) Bu(z™), (3.27)
FLo
B (a¥) Bo(y™) = +ﬁ39(yi) B.(aF), (3.28)
and
+ + ARE + +
By (z™) Br(y ):+ﬁBR(Z/ ) Br(z™), (3.29)
CR,O
BR(xi) B(D(yi> = T Dro B@(yi) BR(x:t) ) (3.30)
CRO
BR(UCi) Be(yi) = T Dro Be(yi) BR(in) . (3.31)

We note that, while two By operators do not commute, they do give rise to the same state
up to a scalar coefficient.

It is natural to wonder whether using different B operators results in genuinely different
states. This is important to correctly count the number of states in the theory. In ref. [17]
it was argued from the coordinate Bethe ansatz that there is only one type of auxiliary
root valid both for left and right representations (as well as massless, though that was only
discussed in [16]), which would mean that the action of B;(z*) should be equivalent to that
of Br(yT) provided that z* and y* are related in some specific way. This is actually the
case. In particular, in appendix B we show, using the above RTT relations, that the action
of two creation operators B, in different representations with suitably related rapidities is
equivalent.

Finally, note that in simplifying the RTT relations we used the following identities

ALLFLL + BLLDLL _ CLLELL — 0,
ARRFRR + BRRDRR _ CRRERR _ 0 ,
ALRELR _ BLRFLR + CLRDLR — 0 ,
ARLERL _ BRLFRL + CRLDRL — 0 .

More identities follow by taking the massless limit . — o.
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3.2 Vacuum

We define the vacuum as a tensor product of highest-weight states chosen from all the
possible representations. Setting Kg + Ko = K, we write (for massless particles = 27 =

1/z™)

Kgr Ko Ko
0= @6 Dlort,) D k) @ i), 336)
Jj=1 J=1 Jj=1 j=Kop+1

so that as desired one has that the four “lowering” entries Cy in each block of the transfer

matrix annihilate the vacuum,
Co(y®)[0) = 0. (3.37)

The diagonal entries act diagonally,
Ay ) [0) = Qualy™ {27 D 10),  Du(y™)10) = Qua(y™, {z;1)[0) . (3.38)

We will often keep the dependence on the various {l‘;t} implicit. In the above

Ko
QL 1 H ALL y ng H CLR ij) H ALO(y:I:’xj)’
j—l
QLZ H DLL y ng H ELR , RJ H DLO
(3.39)
KL KR Ko
QR,l(yi) — H DRL(yi $;|:j) H _FRR( i i]) H DRO(yi,"L’j),
j=1 j=1 j=1
KL K Ko
Qra(y®) = [[ A" 25 [1 B (5 2 ,) [T A™ (w5, 25)
j=1 J=1 Jj=1
and
Ky, Kr Ko
Qop(y™) = a(y™) = Qaly®) = [[ A5 o)) [T O™ any) [T A5 2)
j=1 j=1 j=1
Ky, KR Ko
Qop(y™) = Qo2(y™) = Qop(y®) = [[ DM o)) [1 B (™ 2i)) [ D7 0F ) -
j=1 j=1 j=1
(3.40)

The remaining entries, By, correspond to raising operators that yield new states. We
will see in the next section how to act with these various operators.

3.3 One excitation above the vacuum

If we want to create a single excitation over the vacuum, we have four choices, corresponding
to picking our representation label x to be x € {L,R, ©,©}. Hence we may write such a
generic state as

|.(y™)) = Bu(y™) [0) - (3.41)
We may now use the commutation relations for the entries of the monodromy matrix to

diagonalise the transfer matrix.
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Case x = L. Using the commutation relation we deduce that

To(27) [@(y™)) = A, y7) [@L(y™)) + Ay™) Zu(a™) |0), (3.42)
T (27 [Du(y™)) = An(z™,y7) [u(y™)) + AL(y™) Za(z™) [0), (3.43)
To(z®) [(y™)) = Ao (™, y7) [PL(y™)) + AL(y™) Zo(z7)[0), (3.44)
To(2®) [u(y™)) = Ac(2™,y7) |2L(yT)) + ALy™) 10), (3.45)

where we denoted by A, the difference of the vacuum eigenvalues (which implicitly also
depends on all {xji})
Ac(y™) = Qaly™) — Qaly™), (3.46)

and we indicated the eigenvalues of the transfer matrix by

R e E R eI MY
M) = A =SS A, 649
O e T W M CY')
Ao(at,y) =+ MAO( I z_ly’_:f;Ao(xi). (3.50)

Note that the eigenvalues depend only on y~. We also introduced the short-hands

LL xi + RL ld: +
2*) = G B ) =~ Y B,
CoL(xivyi) CoL(xi y’i) (351)
Zo(x™) = Wi’yi)B@(xi), Zo(z%) = Wi,yi) o(a®)

For |®.(yT)) to be an eigenstate of the transfer matrices we need the second term in
the right-hand-side of each line of (3.42)—(3.45) to vanish. All the four conditions can be
solved by a single equation, which is a constraint on y, namely

Ay™) =0 & (gi;) (v~ {z)) =1, (3.52)

which is independent from y™. The last equation takes the explicit form of an equation for
the dummy variable y~
K
1,11 -
[T I[S¢Gv)=1, (3.53)
*x€{L,R,0} j=1

where we introduced the auxiliary S matrices

- +
LI LII r y—-x
SiL (*Tiay) = Sor, (xivy) =

(3.54)

xty—x

zt1—yz~
S (05, 9) =\ o Tt (3.55)
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Regularity of the transfer matrix. Let us briefly comment on an equivalent way to
derive the Bethe equation (3.53). Notice that D""(z*,y*) has a zero when z= = y~.
Requiring that the residue vanishes is equivalent to imposing the Bethe equation (3.52).
The same conclusion follows from observing that AR'(z*,y*) has a zero at 7 = 1/y~.
This gives

0 = Ag(zF) (3.56)

at=1/y=’

which is the case if and only if (3.52) holds. Similarly, we need to ensure that the massless
eigenvalues are regular. This means that the zero in D°*(x*,y™), which is again at = =
y~, is compensated by a zero in A, (z%) evaluated at = = y~. This is not an issue because
these expressions have the same form as in the “left” case, up to imposing the massless
condition t = 1/x~, which does not affect the discussion but does simplify the form of
the auxiliary S matrices SUI,

On the auxiliary variables. Both the Bethe equations and the eiganvalues of the trans-
fer matrix depend on the auxiliary variable y* only through y~. Moreover, y~ itself is a
dummy variable which does not affect the momentum or energy and is determined by the
Bethe equations. Hence it is convenient to just rename it as y. We refrain from doing so
for the moment, to make the subsequent comparison with the “right” equations clearer.

Case x = R. The derivation is completely analogous to the previous case and we will

not repeat it. The eigenvalues only depend on y* and are

Ap(z®,yt) = —gizgizg Ap(z*) = z_i:j: Ap(z®), (3.57)
Ml =~ e ae) =T + Aeat).  (359)
Aol y") = —gigzg M) = z_iij Aozt (3.59)
Aoty = +§2E§zg Ao(zt) __ fi:j AaE) . (3.60)

As it can be seen from the singularity of BR*(z%, y%) at 2+ = y*, we need to impose
the Bethe equation

AR(yi) =0, Ang <§;R7;> (y+7 {x;t}) =1. (361)

i

This gives rise to the equation for the dummbhy variable y*

Ky
I IIS& @y =1, (3.62)
*xe{L,R,0} j=1
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with

1+
LIl LI xm oy — T

St (x5, y) = Son (27, y) = = 4——, (3.63)
xr g — X

1. -
LI, + _ x+ 1-— gﬂ?
Ser (27, y) = \/ F@ (3.64)
This also guarantees that the apparent pole due to the zero of ELR(:ci, y*) is absent (and

similarly for the massless equations).

Case x = o0 € {0, 6}. In the massless case, the eigenvalues are

Fro(z*,y) Ty —aT
£y ’ + _ +
A(z™,y) = T D2, y) Ap(z™) P — A(z™), (3.65)
CRo<xﬁ: y) 11— Yz
+ _ ’ + _ - A +
Ag(z™,y) = A (2Ey) Ag(z™) I (=t Ag(x™), (3.66)
Feo(z¥, yF) x=y —at
A e ) Ao + — L g Ao + ]
@(x Y ) Doo(xi,yi) (l‘ ) o+ Y- — 1 (m ) ) (3 67)
Ao (z®,yF) = +MA (zF) = _ EMA (27F) (3.68)
S) ’ Doo(wi,yi) o o - — o y . .
The Bethe equation is (as it can also be seen from the zero of D°°(z,y))
+ Q 1 _
Ao(y ):O, = 97’2 (y ):1 (369)

This gives rise to the equation for the dummy variable y~

Ky
T IS @y ) =1 (3.70)

*€{L,R,0} j=1

with

[ +
LI r y—-x
SLO (xiay) = Sggl(xiay) = Fy — ) (371)

LI rt 1 —yx~
Srio (¢, y) = 1/ e 1yt (3.72)

3.4 Several excitations above the vacuum

For a state with several excitations above the vacuum, we make the Ansatz

Ny
@)= II IIB)l0). (3.73)

*=L,R,D,0 k=1

Here N, Ng, Ngp, Ng are the number of excitations. Since the operators do not commute,
strictly speaking with the above short-hand we mean the ordered product of operators (in
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the order in which the indices are written). However, as discussed around (3.25)—(3.31),
reordering the creation operators gives the same state, as the commutation only yields a
scalar prefactor. The vector § = (yil, cel yiNL,yil, - ,yéc’Ne) gathers all the roots. The
first lower index, which labels the representation, is mostly useful to keep track of which
root sits in which operator. Eventually we will have to solve for the rapidities yf] We will
discuss later how these types of roots are not really different.

The state (3.73) is an eigenstate of the transfer matrices provided one imposes the
Bethe equations

Ady) =0,  k=1,...,Ny,  x€{uno}. (3.74)

where we found it convenient to also use the unifying notation o = {@, &} for the auxiliary
roots, with N, = Ng + Ng. These can be written

IH
1= H H *]? Lk;) k=1,...,Ny, (3.75)

*E{LRO}] 1
1= ] H S @iyt k=1,...,Ng, (3.76)
*E{LRO}] 1
1= ] HSIH (@555 Vo) » k=1,...,N, . (3.77)
*€{L,R,0} j=1
The eigenvalues are
s SEI(y M LI Ne 1m
AL(xivy) +AL H 7y]:]<;) H S ( 7yR k-) H SL70 (xiv y;k) ) (378)
k=1 k=1 k=1
N,
An( + — —Ax( III — X III SIH _ 3.79
r(27, ) = —Ax( H oy e) T See (25,91 ,) H k), (3.79)
k=1 k:l
SLT (s L N°
A@(xivzj) H ayLk H S 7y1;r7k;) H Sggl(xivy;k)7 (380)
= k=1
i LT, LT, e
Ag(a™, 7)) = H Sot ,yLk H Sor (=5, ut ) T1 Si’oll(xi,y;k) . (3.81)
k=1

3.5 Simplifying the Bethe equations
The Bethe equations as well as the eigenvalues only depend on y;, yf and y;. As we

stressed, these are dummy variables. This means that we may reparametrise them as it is
more convenient. It is actually convenient [16] to define y = y; for the “left” roots, y = y
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for the “massless” roots, as well as y = 1/y; for the “right” roots. Observing that

- +
LI LI LI r y—x I,II
S ( )y) S ( 7y) S ( * 1/ ) l'jy I = SL- (x:t7y) ) (382)
xt 1 —yx~
Sfliy(xi,y) = Srligl(xiyy) = Srlirlil(l“i7 1/y) = - 1—yat = S&;I(wi,?/)v (3.83)
- +
TTYy—x
Sai H( y) = Sk (aF,y) = Sai H(ﬂviy 1/y) = Tty —a = 52", y), (3.84)
all Bethe equations then take the same form
K,
1= [T T[S @), k=1,...,N, (3.85)

*xe{L,R,0} j=1
with N = Ny, + Ny + N,. The eigenvalues are
Kg
M) = 0o T T sibheta) (1o ] %) H SE (o, )
Be{L,r,0} j=1 j=1
(3.86)

where A € {L,R, 0} and ¢, = €5y = 0, g = €5 = 1. We also used the short-hand x4, with
r, =1, 2 = 1/2" and o, = 2~ = 1/2". The main Bethe equations read

el = (00 T T S HS”I SRR
Be{L,R,0} j=1

where again A € {1,r,0}. The main S matrices, corresponding to the scattering of highest-
weight momentum-carrying modes, are

Str(ai, af) = AW (o, aF) Stn(at, o) = C*(aE, 27) (3.88)
Sii(zt, 25) = D™ (af, 25) Stw(2F,25) = —F™(2F,25) . (3.89)

More precisely, these S-matrix elements should be normalised by means of suitable dress-
ing factors. For AdSs x S3 x T* we need to worry about this normalisation only when
considering the “full” Bethe equations (which we do in the next section).

4 Algebraic Bethe ansatz, full

For the full S matrix we consider tensor product of two representation of psu(1]1)%?
centrally extended. The product of two such representations defines a representation of
psu(1]1)®4 c.e. only if the two representations of which the tensor product is taken have
the same central charges. This construction will give us the Bethe-Yang equations and
transfer matrix up to an overall normalisation, which we shall fix following [12].
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4.1 Factorised structure

For the massive representations corresponding to massive fundamental particles in the
string theory, we have

QL:PL®PL:{Y7‘I’27\IJ172}7 Q[R:PR®,0R:{Z7¢/2,®1,Y}- (41)

Up to changing the value of the mass eigenvalue m, a similar formula also holds for bound-
state representations in the left and right sectors. There are also two massless representa-
tions which we choose to be

00 = Po @ ps , 00 = Po @ Po - (4.2)

As a matter of fact, these two representations are isomorphic; they will be distinguished
by an su(2) label & = 1,2; we indicate this symmetry as su(2),.

In the mirror theory, the discussion is similar with the exception that we are deal-
ing with antisymmetric, rather than symmetric, representations. Practically, this means
that the grading of left- and right-representations will be reversed (and, of course, the
Zhukovsky variables will need to be analytically continued to the mirror region). For this
reason, we will first work in the string theory and then rewrite the equations to obtain the
mirror theory.

The monodromy matrix is a diagonal block matrix, with four 4 x 4 blocks,

(M) (2F) = (M) (@F) = (MY) (@5)B(MD)) (2F) . (4.3)

Here * = {L,R,®,}, while we recall that x = {r,r, ©,©}. The identification is such
that LL = L, RR =R, 06 = @ and ©0 = ©. All other combinations are forbidden.
The superscripts (1) and (2) keep track of the space in the tensor product on which the
monodromy matrix acts.!! One can then solve the RTT relation for the full problem. Due
to the tensor product structure, we find that the monodromy in each copy satisfies the
RTT relations of the reduced system, while operators acting on different spaces commute
among each other,

ML (@), M ()] = 0. (4.4)

We define four transfer matrices, one for each sector,

To(zF) = +(Mp)1 ' (27) — (M2 (@) — (M)3? (™) + (Mp)a* (25) (4.5)
Tr(2™) = +(Mg)1' (z%) — (Mg)2*(z%) — (MRg)s®(2™) + (Mg)4*(z¥), (4.6)
To(z") = —(Mp)1 ' (™) + (Mp)2®(2) + (Mg)3*(z™) — (Mpg)4*(2™T), (4.7)
To(a*) = —(Mo) ! (27) + (Mg)2®(2F) + (Mg)3*(z") — Mg)a*(«™) . (4.8)

There are two ways of thinking about the monodromy and transfer matrix. First we can
forget about the tensor product structure and see the monodromy matrix as a big matrix in
auxiliary space with four 4 x 4 blocks. The tensor product structure then naturally emerges

" These should not be confused with the s5u(2) label distinguishing the two massless representations.
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from the commutation (RTT) relations, which take a precise form, traducing the fact that
the two copies commute with each other. One then needs to do (a trivial) nesting: if one
starts by solving the eigenvalue problem in one copy, the result depends on the eigenvalue
of an auxiliary problem which is nothing else than the eigenvalue problem in the other
copy. There will thus be two types of auxiliary roots, y*) and y(?), where the superscript
labels the space in the tensor product. Another way of thinking is to make use of the
tensor product from the start and define two different creation operators B (auxiliary
root y(l)) and B® (auxiliary root y(2)) acting on each space respectively. We can do this
because the nesting is trivial, the two copies commute with each other, and thus solving
one problem then the other is equivalent to solve both at the same time, as they do not
talk to each other.

4.2 Vacuum

We define the vacuum as the tensor product of highest weight states

N N N )
0) = @Y () ®|26ia)) @ [ (1)) @ [P - (49)

This vacuum is an eigenstate of the diagonal entries of the monodromy matrix, with eigen-
values that directly follow from the tensor product structure,

(ML) " (2F) [0) = O, 1 (2F) |0) k=1,2,3,4, (4.10)
with

m*,2(i—1)+j(li) = @*1*2,2(i—1)+j($i) = Qi (75) Dy i (27) i,j=1,2. (4.11)

The entries in the lower-triangular part of the monodromy matrix annihilate the vacuum,
while the entries in the upper-triangular part can be considered as creation operators.

For instance, focusing on a vacuum with only Y particles, the operators (My)1?(y) =
A£1)(y)l’>’£2) (y) and (My)s3*(y) = Dﬁl)(y)Bg) (y) can be thought of as creating a W' particle.
They are “proportional” to each other and in the other perspective mentioned below (4.4)
they both correspond to the creation operator B£2) (y®). The operators (My):3(y) =
B£1)(y)./4£2) (y) and (Myp)2*(y) = Bﬁl)(y)Df) (y) on the other hand correspond to the op-
erator B£l)(y(1)) and create a W2 particle. The operator (My)i*(y) = B£1)(y)l5’£2)(y)
generates a Z particle. In fact this last operator can be though of as creating a dou-
ble excitation, corresponding to Bﬁl)(y(l))l’)’,(?) (y(Q)). The last upper triangular element,
(My)23(y) = Bﬁl)(y)C?) (y) actually annihilates the vacuum. Similar considerations hold
for the other sectors.

4.3 Excited states above the vacuum

We make the Ansatz

N(a)

2 *
1D(5)) = 1 II 8% @5 10) (4.12)
k=1

*=L,R,D,0 a=1
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with ¢ a vector gathering all the roots. This is an eigenstate of the transfer matrices
provided one imposes the Bethe equations

A =0, k=1...,NY,  xe{n00}, (4.13)
which upon change of auxiliary variable
i =y, j=1,...,N® (4.14)
1
+, ‘
yi@) = ey j=1,...,N%, (4.15)
yj—i—NI(f")
— (@) _ (o) o (a)
Yo.j _yj+NI<Ja)+NE<{a)’ J —17---,N® ) (4-16)
@) — @ j=1,... N® (4.17)
& GEND NN SERERLLNE :
becomes
Ny
1= I IIS"GEH.™), k=1...N, a=12, (4.18)
x€{1,1,0} j=1

with St (2%, y) as in (3.82)—(3.84) upon identifying L — 1, R — 1, o — 0 and Ny(a) =
NL(a) + N}ga) + NG(DO‘) + Néa). These are the same as for the factorised S matrix, except that
one needs to take into account both sets of auxiliary roots. The eigenvalues are

9 N
M) = (=% (A @) TT TT SE @t i), x € {iom, 0}, (4.19)
a=1 k=1

where €, = ég = 0 and é, = 1. The difference with respect to the result in the factorised
case lies in the expectation value on the vacuum, which due to the presence of two copies is
now squared, and in presence of two types of auxiliary roots. The dressing factors for the
full S matrix are not given by the square of the dressing factors of the factorised S matrix.
Hence the (A, (z%))? factor shall be modified to obtain the correct eigenvalues.

4.4 Normalised Bethe-Yang equations and transfer matrix

We start by summarising the Bethe equations for fundamental excitations of the string
model, and give their explicit form. It is now important to correctly normalise the various
blocks of the S matrix. For this reason we use the normalisation of [12]. Following that no-
tation, we write the S matrices as functions of the rapidity u rather than on the Zhukovsky
variables z*. This is more natural because the dressing factors, unlike the matrix part
of the S matrix, are not any simpler when expressed in terms of Zhukovsky variables; ad-
ditionally, the rapidity variable is particularly convenient when discussing bound states.
We have

ng—i-;r—z}?:xé—i—l—i-w?:u, (4.20)
where @ is the bound state number. For left bound-states, the u(1) related to the mass is
Q > 0, while for right ones we denote the bound-state number with a bar, @, and the u(1)
charge is —Q < 0. For massless particles Q = 0 and we have simply = + 1/x = u.
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The Bethe equations take the following form:

Left:
Ny 2 Néd) ' 2 sta)
1 = Pil H SH (us, uj) H S;&(ui,uj) H H Slo(ui,ug-a)) H gly(ui,yj(a)). (4.21)
G j=1 a=1 j=1 a=1 j=1
Right:
N Ny 2 NV o2 Ny
1= ¢k H StHug, uj) HS;ll(ui,uj) H H Slo(ui,ug-a)) H H Sly(ui,yj(-a)). (4.22)
j=1 i a=1 j=1 a=1 j=1
Massless:
Ny Ny 2 N 2 Ny
1 — ipil H SOl(uz(a),u )H SOl(U(a)7Uj) H H Soo(u(a),ugﬁ)) H S0 (&)  ( ))
J=1 J=1 B=1 j=1 a=1 j=1
(4.23)
Auxiliary:
Ny . Ni 9 N(O‘)
1= 15", u) IT 8" (s H H S, ul). (4.24)
i=1 =1 a=1

Diagonalised S matrices. We have introduced short-hands for all the diagonal scat-
tering matrices that arise in the Bethe ansatz, and which we will also need for the transfer
matrix. Here we followed the naming convention used in [8]. We have, following the order

in which they appeared above:

tp P, l_ — :E;r L x'ix;r (1) —2
SSU(““’“’j) =ee Jx;‘i__x._ 1_ 1_ (UZ]> y (425)
J zix;
11 . 1 o xilx.i 1 x71x+ -2
Ssu(ui7uj> =e 1 ’ 1 s (Uij ) ) (4.26)
1 +a:+ 1 T T
) [
10 1'1__-_.'12“_—.%“ °0 —2
S (ui,uj) = e2Pig Zp]lz_T;"ij (gij) , (4.27)
Sy y) = e Y (4.28)
r -y
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Then

~ 1- x+lac+ 1- 33,_1:1:‘." —2
Ssl (uivuj) = e 1 _ 1 : 1 1 . (Uz‘j) ) (4.29)
+ -1 %
‘T’i —flf] T, T .o —2
Ssl (U@',UJ) - T — $j 1_ +1i (Uij> s (430)
_ i i 1_ + . 2
§0ug ) = ¢ e LT () (431
xr; —Ij
1—-z"7y
S (u,y) = e2? 4.32
(n.9) = 31— (4.32)
Next
A i1 —aat -2
SO (i, u) = ePigm3pi "I (U;?j') ’ (4.33)
Ty — SL‘j
~ TR 7 e -2
01, . N\ — i sps J oe
8 (uiyuy) = €PreP o (o37) (4.34)
-2
§C(us,u) = (0F7) (4.35)
iy, T—Y
S%(u,y) = e P ———. 4.36
(u,y) ey r— (4.36)
And finally
S (y, u) L P (4.37)
5y, y—at’
1 _i 1 —yat
sv! T = ¢ 4.38
(ya ) Sly( u) e 2 1_yl‘7’ ( )
1 iy —1/x
Sy, u) = oy = €T 4.39
(y7u) Soy(y’u) 62 y . ( )

The various dressing factors, indicated by os, are those of [12].

Using these expressions, we can write the eigenvalues of the transfer matrix as

N, 2 N(a) . 2 N‘SO‘)
A (zF) = HSH (2%, uj) H SH(z* ,Uj) H H Sz -a H H gly(:ci,y](a))
7=l a=1 j=1 a=1 j=1
N Ny N 2
1 1 oo
X 1_Hsy (I‘ 7UJ)HSy1(x77uj) H H Sy (xiuu(a)) )
j=1 7=1 a=1 j=1

(4.40)
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N1 Ny 2 Néd) 2 Néa)
ha(a®) = TT Sat e, u) TT S8 % wy) TT TT S™@*,af) TT 1T 8™ uy™)
j=1 j=1 a=1 j=1 a=1 j=1
(@) 2
N1 1 Ny 2 N @
X 1- gy (x%?u])]__[syl(x%vuj) H Syo(x%vuja) ’
Jj=1 j=1 a=1 j=1
(4.41)
Ny Ny 2 N§Y 2 N
ho(@®) = = TT 8™ @* ) [T 8 @*uy) TT TT 8* ™) TT T 8™ ")
j=1 j=1 a=1 j=1 a=1 j=1
. 2
N; 9 N
x | 1— H Sy (7, uy) H SY(x™, u ) H H Syo($7,u(a)) ,
7j=1 7=1 a=1 j=1
(4.42)

where in the last equation we may also write z = 2 = 1/2.

4.5 Transfer matrix for the string-theory bound states

We can now extend our discussion to the bound states of the string theory. For left particles,
a generic (J-particle bound states is given by the condition

et =27, j=1..,Q-1. (4.43)

This condition can be solved in terms of the uw parametrisation, so that the bound state
depends on (4.20). The bound state S matrices can be constructed by fusion. For instance,
the auxiliary S matrix for a Q-particle bound state is

o

S (u,y) :H (uj,y —e_%p‘;’ QY (4.44)

e TQ—y’
where the product is taken over the configuration (4.43). For right particles, however,
the description of the bound state is a little more awkward. The reason is that in the
diagonalisation of the S matrix we have picked as reference vacuum state the excitation
]2 ). However, in string theory we are dealing with symmetric bound states, which are
constructed out of several copies of |}7> For this reason, we need to consider a configuration
involving a string of @ “right” excitations satisfying (4.43) (with j = 1,...,Q), as well as
2(Q — 1) auxiliary particles, satisfying y](.a) = 1/x;r, with j =1,...,Q —1and o = 1,2.
Finally, for massless particles and auxiliary y particles there are no bound-states, see [12],
where the fusion properties of the dressing factors in the string region is also discussed. The
explicit form of the fused S matrices can be found in [8]; for convenience, we are following
the same naming convention as it is used there.

Taking these considerations into account, it is not difficult to write the bound-state
transfer matrices as (the index a runs on all left or right bound states, of bound-state
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number Q, and Q,,, respectively)

(d) ()
2 2 Ny
No(a*) = TT 599 (2%, uq) TT 599 (=, ua) H H W) T II $% @,
a€L a€R a=1 j=1 a=1 j=1
(@) 2
_ 2 Ny .
1 [15"% (™ ua) T 8% (2™, ua) I H §P,ul) | (4.45)
a€L acR a=1 j=1
o 9 Néd) _ . 9 sta) B
/\a(l’i) H SQQa(a} Ua) H SgQ“(xi,ua) H H SQO(xi7u§a)) H SQy(:L’i,y](.a))
a€L a€R a=1 j=1 a=1 j=1
(@) 2
5¥Q a T (@)
1= I 57 Ghowa) [T S¥9(Eoua) TT T S u,™) | (4.46)
a€L a€R a=1 j=1
Mo H §9Qa (g 4 H S99 (g Ug) H H Soo(fn,u(a)) H H Soy(m,y](a))
a€L acR a=1 j=1 a=1 j=1
(@) 2
2 No
el Qa Q o
1 JT5 (L,ua) [T 879 (2 ua) T T 8°C >)> . (4.47)
acL acR a=1 j=1
The Bethe equations are
Left:
2 N 2 Ny
1=eml T] 599 (up,ua) [T 899 (upua) T TT 590w u®) TT TT 5% (v,
a€L,a7#b a€R a=1 j=1 a=1 j=1
(4.48)
Right:
_ _ 2 NV o2 N
1= et T899 (up,ua) TT S99 (uprua) TT TT S9Cu, wf™) TT TT 5% ().
a€L a€R,a#b a=1 j=1 a=1 j=1
(4.49)
Massless:
1 = zszHSOQa (us )HSOQ (ui, Ua) H H Soo us, §5) H H SOy( ud, ]( ))
a€L aER B=1J=1 a=1 k=1
(4.50)
Auxiliary:
L
yQ, (o 0, (a a &
1= 15" ua) TT 20 ua) T1 (™ ul). (4.51)
acL acR a=1 7j=1
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4.6 Transfer matrix for the mirror theory

We have argued that up to swapping the grading of left and right excitations, and up to
analytic continuation of the Zhukovsky variables, the matrix part of the S matrix is the
same in the string and mirror theory. More precisely, in the string theory the left particles
were in the su(2) grading, which forced the right-particles to be in the sl(2) grading. As
a result, in the string theory bound-states of left particles would have a simple expression,
contrary to those of right-particles. In the mirror theory, left particles will be in the sl(2)
grading, and right particles will be in the su(2) grading. This means that mirror bound
states will again have a simple description in the case of left particles (and again a more
awkward description in the case of right particles). As a result, the mirror Bethe-Yang
equations coincide perfectly with those used in [8] and they are

5T e 2 @) T g ()
1= e’piRHSSlll(ui,uj) H S (i, uy) H H S0, Ja H Sly(ui,yja ). (4.52)
j#i j=1 a=1 j=1 a=1 j=1
9 N((’) 9 Néa)
iPDi & ! «
1= epRHSH Ui, Uj HS (ui,uy) H H S0 (uz, u g ) H S y(ui,yj(» )). (4.53)
J#i a=1 j=1 a=1 j=1
R T 2 N7 () 2 N v (@)
—1 = ¢Pilt HSOl(u u;) HSOl ug, ) H H SO (ul u; H Soy(uf‘,yja ). (4.54)
Jj=1 B=1 j=1 a=1 k=1
N N X 9 Néa) '
1= 5" W™ u) TT 5 W wp) TT 1T 570, ul®). (4.55)
j=1 j=1 a=1 j=1

We have a few differences with the string Bethe-Yang equations. First of all, the mirror
length is R (rather than L), and the volume phase-factor is given in terms of the mirror
momentum p. The S-matrix elements are continued to the mirror region, see [8, 12].
Additionally, we have an additional minus sign in (4.54) and one in (4.55) due to the fact
that Fermions are antiperiodic.

Mirror transfer matrix, fundamental particles. The mirror transfer matrix follows
straightforwardly from the string one. We report it here for completeness.

Ny 2 Ny o2 N
A(z%) = I1 5. (x*,uy) HS (2%, uj) 11 H S0 () )IT 11 Sly(mi,yj(a))
J=1 a=1 j=1 a=1 j=1
: (@) 2
Ny Ni 1 2 Ny @)
x | 1— H SY (2™, uy) H?y (7, uy) H H Syo(x*,uj )| (4.56)
j=1 j=1 a=1 j=1
Ny Ny 2 Néd) Ny
> & [} =1 «
ha(a®) = [T Sta@® up) TT Sk, ) TT T $°6@5 ol TT T1 57 @, 5)
j=1 j=1 a=1 j=1 a=1 j=1
N N; N ?
T vl 1 e 01 (&)
x 1= Hsyl(#’u‘j)nsy (Fauj) H H SY (Fauj ) > (457)
j=1 j=1 a=1 j=1
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2 N(a) N(O‘)

N Ny
Mo(zF) = — l_i SOz uy) ]j SOz uy) H H SO0z H H SO (x ,y]
7=1 7j=1

a=1 j=1 a=1 j=1
N Ny N ?
1 B L1 2 g 0 - (@)
x |1-— HSyl(x ,Uj) H SY (2™, uy) H H S (@ up ) |- (4.58)
j=1 j=1 a=1 j=1

Mirror transfer matrix, bound states. Coming now to the bound states, their mirror
Bethe-Yang equations were derived in [8] in some detail, and we refer the reader to that
article for their explicit form (remark that our notation coincides with theirs). As for the
bound-state transfer matrix, we have

> N > N
HSQQ“ (2™, uq) HSQQ (=*,ua) [T 1 SQO(:EjE H H SO (z ,y] )
a€L a€R a=1 j=1 a=1 j=1
(@) 2
— 2 Ny
1= 18 @ ua) [T %@ ) IT 1] 8%l | (4.59)
a€L a€R a=1 j=1
2 N® 5y N
= T1 880 o) T 5% %) T1 115%™ 1T 115760l
a€L a€R a=1 j=1 a=1 j=1
5 N 2
1= TT 5% (o) TT 7% (o) T IT $7(2ul®) | (4.60)
acL acR a=1 j=1
_ 2 Ng¥ 2 Ny
Ao(x) = — H 50Qa (x,uq) H S'OQ“(JJ,UQ) H H a) H H Soy(l‘,y](a))
a€L acR a=1 j=1 a=1 j=1
2 Ny ?
U= 572, ua) TT 579 (2 ua) TT T S, ul™) | (4.61)
a€Ll, acR a=1 j=1

5 Twisted transfer matrix

We are now interested in discussing the Bethe-Yang equations and transfer matrix when
the model is twisted. By this we mean that we want to consider a Bosonic twist G which
commutes with the action of the (full) S matrix,

[S(p1,p2), GRG] =0. (5.1)

One possibility is that G is a combination of PSU(1,1]2)®? bosonic generators. If that is
the case, G must actually be a combination of the Cartan elements of PSU(1,1[2)®2, as
all other Bosonic generators do not commute with the S matrix. Another possibility is
that the twist is in SU(2)s ® SU(2)o, which geometrically represent rotations on 7% and
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corresponds to the labels a = 1,2 (for auxiliary roots y(®) and & = 1,2 (for massless
roots (%)), respectively [16]. In this case, it is sufficient to consider the Cartan elements
of each SU(2), see [38]. In conclusion, without loss of generality we are dealing with a
diagonal twist.

5.1 Parametrising the diagonal twists

We now want to parametrise how the twist acts on fundamental particles in the string
model. Again, a new element with respect to e.g. [38] is that here we are dealing with
several reducible representations.

As a warm up, let us discuss the baby example of the pp and py, representations, which
are two-dimensional. We will work in the basis

(I60) s 11) 5 1dw) s @) - (5:2)

The most general twist that we may consider depends on four parameters, and we may
write it for instance as

eT2hL et 0 0 0
0 e+%“Le—%”L 0 0
G = i o (5.3)
0 0 et2HR TR 0
0 0 0 et2HRET VR

It is easy to see that not all these parameters may be unrelated. In particular, demanding
commutation with the left-right scattering matrix we find

v, =1Ug. (5.4)

In other words, the parameter v = v, = vg measures whether we are in the highest- or
lowest-weight states, independently from the representation. This observation is perfectly
consistent with the fact that, even if we have several reducible representations, we only
have one set of y-roots per supercharge (see appendix B).

Let us now consider a four-dimensional representation of psu(1]1)®* centrally extended,
for instance the left one, whose basis is

(1Y), [¥%),12)) - (5:5)

The charge under y;, and v follows from the tensor-product structure. Additionally, we
may introduce a new charge p which corresponds to the Cartan of SU(2), and distinguishes
the two states [U%). All in all we may write

o000

G_egm| O ets" 0 0 (5.6)
0 0 e2° 0
0 0 0 e
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For the right representation, in the basis
Z),
et 0 0 0
0 et2? 0 0
0 0 e2° 0
0 0 0 e

and for the two massless representation in the basis

(W fre) 1)) 9)

N\

),

Y>) : (5.7)

we write

we write '
et 0 0 0

; , (5.10)
0 0 e 2 0
0 0 0 e W

where the chemical potential p corresponds to SU(2), and distinguishes the cases & = 1, 2.

5.2 Identifying the physical charges

The twisted transfer matrix and Bethe-Yang equations may be used to study interesting
models such as the TsT-transformed background or orbifold models, see e.g. [30] for a
review. To this end, it is important to relate the chemical potentials introduced above to
the actual symmetries of the model.

Two of these chemical potentials have an obvious interpretation. The parameters p
and p are clearly related to the (Cartan element of) the SU(2), and SU(2)s symmetries,
which come from the 7% directions and give charges to all Fermions in the model (as well
as to the T* bosons, which are bispinors under SU(2), ® SU(2)s). The twist in the transfer
matrix comes from

el Pdogirds (5.11)

It is a little less obvious to identify the chemical potentials related to the twists on
AdS3 x S3. These should be associated to the Cartan elements of SO(2,2) ® SO(4) C
PSU(1,1|2)®2. These Cartan elements are

Lo, Lo, J3, J3, (5.12)
where the first two are related to AdS and the latter two to the sphere. However, not all
of these combinations commute with the lightcone symmetry algebra. In particular, the
total light-cone momentum

P, =Lo+Lo+J3+7J°, (5.13)

gives the worldsheet size in lightcone gauge and has non-trivial commutation relation with
the central extension C, see [39] for a detailed discussion of this point. In the construc-
tion of the S matrix, one typically takes P, = oo, and decouples this generator. Twists
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involving P have recently been explored in [40] and they result in a non-trivial interplay
of the target-space and light-cone variables similarly to 7T deformations on the world-
sheet [41]. This discussion is beyond the scope of our paper, and we will restrict ourselves
to “traditional” twists that commute with the lightcone symmetry algebra.

We can parametrise the space of the generators orthogonal to (5.13) in terms of

H=L,—J?, H=0L,-J, s=Lo—Lo+J%-J°. (5.14)

The first two are the left- and right-Hamiltonian. They are not quantised, but receive
quantum corrections (their difference, however, is quantised). The latter is a total spin on
AdS3 x 83 and it is quantised.

Let us start by discussing v, which was related to the action of the lowering operators
Q¢ and S, Because the lowering operators commute with H and ﬁ, it follows that v can
only be related to s. Looking more closely at our definition we find that, for any of the
states above, the chemical potentials arise precisely by acting with

s, (5.15)

Finally, we have the parameters p,. We note that we seemingly have three conserved
parameters for two-conserved charges. Essentially, looking at the symmetries of the S ma-
trix we would imagine that the number of left, right and massless excitation is separately
conserved. Instead, looking at the charges we have

ei“Heiﬂﬁ, (5.16)

which can be mapped back to the u, parameters as it follows

[y = g(2LL L OH) + %5}1, L = géﬂ + %(2LR FOH), o= %5}1, (5.17)

where 0H is the “anomalous dimensions” due to the presence of RR background fluxes
(meaning, it vanishes at h = 0)

SH =Y \/mf + 4h?sin?(3p;) — |m;] . (5.18)
J

All in all, the twist is generated by the operator
G:ei“Hemﬁewse“’Jo etrde (5.19)

We summarise the charges of the string and mirror bound states under the various
Cartan generators in tables 1 and 2, respectively.

5.3 Twisting the transfer matrix

The twisted transfer matrix is, for each sector,

T¢(2%) = STry |[GuSan(a®,2%) . Sur (2%, 27)] . (5.20)
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Lo Lo J3 J3 s
Y 6H/2 SH/2 —Qs 0 —Qs
T | §H/2+1/2 6H/2 —Qs+1/2 0 —Qs+1
Z | 6H/2+1 SH /2 —Qs+1 0 —Qs+2
Z SH/2 SH/2+1 0 Q. +1 | Q,—2
g 6H /2 §H/2+1/2 0 —Q,+1/2| Q,—1
Y SH/2 6H/2 0 —Q, Q,

Table 1. Charges of the massive particles and their string theory bound states under the Cartan
elements. Qs denotes the mass of the left bound state, with Qs = 1 for fundamental particles.
Similarly, @, denotes the mass of the right bound state, with Q, = 1 for fundamental particles.

Lo Lo J3 J3 s
Y | 0H/24+Qpm—1 SH/2 -1 0 Qm — 2
U | SH/2+ Qp — 1/2 SH /2 -1/2| 0 Qm —1
Z SH/2 + Qm SH/2 0 0 Qm
Z SH/2 §H/2+Q,, 0 0 —Qn
g 6H/2 SH/2+Q,,—1/2| 0 | -1/2| -Q,, +1
Y 6H /2 SH/24+Q,, — 1 0 -1 | -Q,,+2

Table 2.
elements.

Charges of the massive particles and their mirror theory bound states under the Cartan

In the above Sy, (2™, ™) is the full, untwisted, S matrix. For instance, in the left sector,

TC (2%) = e (e AN (2%) AP (%) — €32 AW (2%)DP) (2F)
i ' (5.21)
— e 2DW () AP (2F) 4 e~ D) (F)D?) (xi)) .

Since the twist G differs in each sector only through an overall factor of the type e!(HL—HR),
it will still be true that the various irreducible representations (left, right and massless) will
only result in a single type of auxiliary Bethe root, just as in the untwisted case. However,
while G factorises, the action on each tensor product space — corresponding to the split
psu(1]1)® = (psu(1]1)®2)®2 — is different, which leads to two different equations for the
two sets of roots {yj(-l)} and {y](-Z)}. These can be obtained from (4.13) by replacing

Ay ™) = Q1 (YY) — (YY), (5.22)

with two different functions
AL (V) = eF51500, 4 (y V) — e 5,0 (y 1Y), 5.23)
AP (y?) = et577500, 1 (y?) — e 80 (y@) (5.24)
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The auxiliary Bethe equations are then

N 2 NG .
et = H 9y ) TT 87 @) TT T 87 ) (529
j=1 d=1 j=1
. i N1 Ni _ 2 Néd) .
eV 5P — H Syl(yZ(Q),Uj) H Syl(yZ@),Uj) H H SyO(yZ(2)7u§a))_ (5.26)
j=1 j=1 d=1 j=1

Similarly, the eigenvalues of the transfer matrices can be obtained from (4.19) through the
replacement (one now needs to make a distinction between the two massless particles)

(A (@®))? = e Al @) A (@), (5.27)
(Ap(z®))? = e ALY (25) AR (27F) (5.28)
(Ag(z%))2 — etoeta? A (z%) AP (2%) (5.29)
(Ag(z1))?2 — et 3P AN (z) AP (2) (5.30)
This leads to the eigenvalues
M 2 Ng o2 N .
) = L H Sz u)) H (2%, u;) H SlO(x:l:’u;Oé)) H S y(mi’y](a))
j=1 a=1 j=1 a=1 j=1
s N L Ny 2 N(ga) .
x | edrtir — e I8 0 uy) [ 87wy [T T] @ ul®)
j=1 j=1 a=1 j=1
LM N 2 NgY
x | ezV"2P — ¢~ 27 Hﬁy (7, uy) HSyl(:x , Uj) H H Syo(x ,uga)) ,
J=1 j=1 a=1 j=1
(5.31)
N1 N1 2 N(a) 2 N("‘)
AR(xi) = ¢'MR H Slll(mi,u]) H u] H H Slo H H Sly ,yj
j=1 j=1 a=1 j=1 a=1 j=1
N Ni 9 N(a)
(et e T18 Glevug) T 5% o) T TT 8k o)
j=1 j=1 a=1 j=1
o M 1 Ny 2 Nw)
X e%yiép - 67511 H gy a;Jrv H Syl I+ ’ u] H H Syo % 5 ’
Jj=1 j=1 a=1 j=1
(5.32)
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N Ny
ho(z*) = —eoes? [T 5% (2™, uy) [T 8™ (@™, uy)
j=1 J=1
2 N3 o2 N
< IT 1T s™@* ) IT I 5™ @™,y
a=1 j=1 a=1 j=1
N Ny 2 Néd)
x | eV T3P — 73V H SY (2™, uy) H SYL (27, uy) H Syo(x_,u(a))
j=1 j=1 a=1 j=1
M Ni 2 N(gd)
x | ez?"2P — 732V H SY (7, uy) HSy (7, uj) H Syo(:c_,u(a)) ,
j=1 j=1 a=1 j=1
(5.33)
M Ny
hola®) = —emoe=4 T 8O (a*, uy) [] 5% (2%, uy)
j=1 J=1
9 Néd) . 9 Néa)
< I1 11 5™@=uf™) T 11 s @ 5)
a=1 j=1 a=1 j=1
(3 2 Nl —yl Ni 2 Néa)
x | e2V T3P — 73V H SY (27, uy) H SY(z™, u ) H Syo(x_,u(a))
j=1 j=1 a=1 j=1
N Ny 2 N(gd)
X | e2V 2P — e 2V HSy (7, uy) HSy (7, uj) H Syo(:c_,u(a))
j=1 j=1 a=1 j=1
(5.34)
The main Bethe equations are
Ny 9 N ) 9 N
1= ePileinn HSH (wi,uy) HS;&(ui,u] H HSm U, Ja H HS uz,yj , (5.35)
e j=1 a=1 j=1 a=1 j=1
2 N(Q) 2 N@E“)
1= ePikeiin Hssl Ujy U Hssl U, uj) H H‘Slo Ui, U ] H Hsly u“ya  (5.36)
j#i a=1 j=1 a=1 j=1
o N 5 NI
1= ¢ePile ’“°e2pHSm T, uj) HSO xt ,Uj) H HSOO H HSOy ,y](a) .
a=1 j=1 a=1 j=1
(5.37)
N Ny 2 N(d) 2 Néa)
1= ePilgitog=3P HSOl(ac u;) HSOl ,Uyj) H H Sz (a) H H Soy(:ri,yj(»a)) )
Jj=1 j=1 a=1 j=1 a=1 j=1
(5.38)
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6 Conclusions

We used the algebraic Bethe ansatz to (re)derive the Bethe equations for the AdS3 x S3 x T*
string and mirror models, and to derive the eigenvalues of the string and mirror bound-state
transfer matrices. We took some care to analyse a particular feature of this model and we
showed that, even if the theory features several irreducible representations for fundamental
particles, this does not result in the existence of several distinct auxiliary roots. Finally,
we have extended our discussions to the case of Abelian twists that commute with the
light-cone Hamiltonian.

The results of this paper will be useful for a detailed exploration of the spectrum
of the model using the mirror thermodynamic Bethe ansatz of [8]. Moreover, it would
be interesting to study the twisted model in relation to TsT deformations of the string
models. These have been considered for the related WZW models [42], also in relation to
TT deformations [43, 44], see also [45, 46]. It would be interesting to understand what
happens for RR backgrounds. On a related note, twisted boundary conditions can be used
to define “fishnet” models, like it was done for AdSs x S° [47] and for AdSy; x CP3 [48].
There, a large part of the appeal of the resulting models was the existence of a simple
local Lagrangian for the dual CFT, string from N' = 4 SYM and ABJM, respectively.
Clearly, things will be more complicated in the AdS3/CFT?2 setting, as the dual of the
pure-RR theory is expected to be non-local, see [49] for a discussion of its weak-coupling
structure. Still, perhaps a strongly-twisted “fishnet” limit exists, and might simplify some
of the features of the model. We hope to return to some of these questions in the future.
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A Bound states and Fermion grading

Let us briefly review the construction of bound states in the symmetric and anti-symmetric
representation (see also [19]). Here we will consider the two-particle representation (2.21)
in the case where the two momenta satisfy the bound-state condition. We will then see that
the representation becomes reducible (but indecomposable) and that a short representation
for the bound state appears. This will allow us to check which representation is symmetric
and which is antisymmetric (in the string and mirror theory). We summarise here our
findings:

e The string-theory bound states are in the symmetric representation. For LL bound
representations, the highest-weight state is bosonic, whereas for RR representations
it is fermionic.
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e The mirror-theory bound states are in the anti-symmetric representation. For LL
bound representations, the highest-weight state is fermionic, whereas for RR repre-
sentations it is bosonic.

A.1 LL bound states

We work in the basis (¢7 @ ¢F, ¢r @@t , or QPr, 1 @¢r ). Let J be any of the supercharges
in the left-left two-particle representation defined by (2.21). It is convenient to make the
two-particle change of basis [19]

J =F UF, (A1)
with
n 0 0 0
110 ei%n e_;pln 0 ' i
2 1 —ipy _ipy
F=— _i(p1+p2) y = \/e 2 77% +te 2 77%' (A'2)
n 0 771 e 2 772 O
0 0 0 n
Then in the new basis we have
00 00 010 0
10 00 000 O
Q' =n , S'=n ) (A.3)
00 00 000 —1
00-10 000 0O
as well as
0 0 0 0
& mp 1| 0 00
S TTF ¥ w1 _ + ) <A4)
zixg n|le? (v —x3) 0 00
0 6%(1‘1 —23) =50
and ( :
—i(2pq +
0q e 2 (2t —a3) 0
i(2p1+p2) _
&= M lloo 0 = (wf —wy) | (A.5)
Ty Ty MO0 0 —q
00 0 0
In the above
= e 7 azjﬂ te P xf@ : ¢ =e 3 x;ﬂ te P xf@ . (A.6)
2 m 2 m

The S-matrix in the new basis, S’(p1, p2) = F~1(p2, p1)S(p1, p2) F(p1, p2), becomes diagonal

10 0 0
01 0 0
o =S5 | g g e 0 - (A7)
Ty~ %y

—i(p1=p2) gt o
00 0 N e

-
Ty —Tg
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String-theory bound state. In the string theory, we see that we may create a bound-
state in the Bethe equations when

a” (p1) = 27 (p2). (A.8)
Let us also define the bound-state parameters
Xtp)=2"(p), X (=2 (p2). (A.9)
We then have n = e%@n(p) and
00 00 01# 0
g—__ " (1000 e 0004 (A.10)

X*() oo o0 o0 X-(p)looo -1’
00-10 000 0

where “#” indicates some non-zero terms. From this it is easy to see that the 2x 2 upper left
blocks form a sub-representation isomorphic to the fundamental representation. This block
is spanned by the state ¢f ® ¢r and by a symmetric combination of ¢ ® @] and @] ® ¢r.
Hence, we are dealing with a symmetric representation with bosonic highest-weight state.

Mirror-theory bound state. In the mirror theory the bound state condition is in-
stead [12]

' (p1) =27 (p2) s (A.11)
and we set
X (p=2"(p), X'(p)=2"(p2). (A.12)
Then
00 00 010 0
~ n |1000 ~ n 000 0
/__W #0 00/ Q/Z_X_(p) 000 —1 (A-13)
0#-10 000 0

The 2 x 2 lower right blocks form a subrepresentation isomorphic to the fundamental
representation. In this case, this is the antisymmetric combination. Hence, we are dealing
with an anti-symmetric representation with fermionic highest-weight state given by a linear
combination of ¢f ® ¢f and ¢ ® ¢p.

A.2 RR bound states

We work in the basis (¢ @ ¢r, d5 @ vn, ¥r @ Pk, vr @¢rn) and make the two-particle change
of basis

J/ — :F—l.]':E‘7 (A.14)
with
n 0 0 0
i(p1+pa)
1 s i —1 3
R L Y e St
n1o e 2 1m —e 210
0 0 0 n
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Then in the new basis we have

00 0 0 010 0
10 0 0 . 000 0

§ — , - A.16

"loo 0 o0 Q=n14y00_1 (A.16)
00—10 000 0

The generators Q' and S’ are more involved, we only need their explicit expressions in the
two cases discussed below.

String-theory bound state. If we set

a2~ (p1) = 2" (p2) (A.17)
and define
Xt p)=a(p), X (p)=2a (p2), (A.18)
then n = eilipn(p) and
00 00 010 0
, n 1000 , n o000
_ 7 g =" . A.19
=" l#0 00 X*t(p) 000 —1 (A-19)
0# -10 000 O

The 2 x 2 lower right blocks form a sub-representation isomorphic to the fundamental
representation. This representation spans the vector space consisting of the symmetric
combination of ¢f ® @& and ¢f ® ¢F, as well as ¢ ® 5. Hence, we are dealing with a
symmetric representation with fermionic highest-weight state.

Mirror-theory bound state. If we now set

' (p1) =27 (p2) s (A.20)
and define
X (p)=2"(m), Xt(p)=2z"(p2), (A.21)
then we have
00 0O 01# 0
, n 10 00 , n 000 #
_ S = — . A.22
Q X—(p) |00 0 0]’ Xt(p) 1000 —1 ( )
00-10 000 O

The 2 x 2 upper left blocks form a subrepresentation isomorphic to the fundamental rep-
resentation. Hence, we are dealing with a anti-symmetric representation with bosonic
highest-weight state.
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B All creation operators are created equal

In this appendix we demonstrate that all states

Buy)10)  Ba(wa)l0)  Bo(yp)l0),  Ba(y5)0) . (B.1)
are proportional to each other provided that

Yt =ys =vz = 1/yF . (B.2)

To achieve this we show that there exist linear combinations

W) = Bu(yE) |0) + ey, ) B (y5) 0) (B.3)

whose norm is zero for appropriately chosen coefficients c(y;, yﬁ) Since

(= (0] Cu (()) + (el u)) (0] Co (W)) (B4)

this entails computing quantities of the form (0] C,(y)Bw (3 ) |0). In order to avoid singu-
larities we assume two different rapidities yli and yéﬁ and only take the appropriate limit
at the end of the calculation.

Let us focus on the linear combination involving left and right creation operators,
which is the most nontrivial (recall that massless modes can be obtained as limits of the
massive ones). We consider the linear combination

) = Bu(y™)[0) + c(y™) Ba(1/yT) [0) (B.5)

and aim to find the function ¢(y*) such that this state has zero norm.
From the RTT relations it follows that (to simplify the result we use the explicit

expression of n(y*))

21 T(y;,

<0’CL(3/1 BL y2 ‘0 yl y2 QLI y1 QL2 1/2) mn2 M (B-G)
h Y1 — Y2
2

YL Y i Y(yy,ys
(01, ()8 (155 10) = ,/—1—1 QL,1<y%>QR,2<1/y;F> 2y W 02)
Y1 Yo Y1 — Y
Yi yz QO Q 2 T(y,¥2)
<O|CR(1/y1 )BL(yQ )10) = ¥ R 1(1/3/1 ) L2(92 ) h77 1712 ) (B.8)
Y1 y2 Y1 — Yo
0| Ca(1/yF) By (1 0= L2 0 (1)1 Tlyrove) B.9
(0] Cr(1/y7)Br(1/y5) [0) = =~ (/y1)R2(/yg)h —, (B.9)
1 Yo ?11 —Ys
with
Ly
Ty ye) =1 — [ IT S5 (1. 25) S5 (%, 2) - (B.10)
J j=1
One is then interested in the limit yfc — (y*)* and yéﬁ — y*. Notice that
Ty, y2) = (y1 — v2) T(y1,92) (B.11)
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where T(yl, y2) has no singularity in that limit. It then follows that upon taking the limit
the norm of |¢) vanishes provided that

c(y™) = \/’F% (B.12)

Similar results are obtained for the two remaining linear combinations Bg(y™) |0) +
c(y*)Br(1/y) [0) and Bs(y*) [0) + c(y™)Br(1/yT) |0).

Finally, let us mention that this proportionality argument naturally extends to states
for which the operators By (y*) and Bg(1/yT) are part of strings of B operators, as in (3.73),
rather than just acting on the vacuum. For instance, let us consider two states of the form

V) [IBwi) 10, Baly) []Bews)10) (B.13)
J J

where the products are over two identical (arbitrary) strings of B-operators, and the ra-
pidities of the standalone operators satisfy yr = 1 /ys. One can use the commutation
relations (3.25)—(3.31) to bring the standalone B-operators to the right, so that they act
on the vacuum. This yields some scalar prefactor. For example, we have

LL (£ £
BB %) = i e ) Bl B, (B.14)
LR xi
Bu(1/yT)B.(z*) = —WBL(#)BR(UW : (B.15)

In fact, using the explicit expressions of the coefficients F™", At C'® and D'* we find
that the prefactors are identical, e.g.

FLL(y:I:,m:t)_ CLR(wi,l/y¥)
ALL(yzl:jx:I:) - DLR(:L-:I:jl/y:F) )

(B.16)

and similarly for other S-matrix elements. Therefore, calling the product over the reorder-
ing factors C(yi5; ¥ j), the two expressions are now of the form

C(y; yuy) (HB*J Ysj ) ) | Bu(i) 10) = C(uis {yss}) (HB i (U g ) v),

(B.17)

ZJL ay*,J (HB %,J yw ) BR(ZUI:»LE) 0) = yL ) {yw} (HB *,J ym ) ),

where in the last equality we used the fact, proved above, that the two standalone B
operators produce proportional states. This construction generalises to the case of multiple
equivalent roots, as well as the case in which the string of B operators (the product over j)
is replaced by a linear combination of products of B operators. The case where one acts
with Bg or Bg follows the same logic.
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